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1 Remember..

.. from last course, that faces of a d-polytope have dimensions in {0, 1, . . . , d− 1}.

Figure 1: A supporting hyperplane and its normal vector of an edge (left) and the normal vectors of the
supporting hyperplanes of two facets of a 3-simplex (right)

Recall, that for every face of a polytope we can define the cone of the normal vectors of
its supporting hyperplanes. The dimension of this cone is complementary to the dimension of
the face, e.g. the cone of the normal vectors of the supporting hyperplanes of an edge in a 3-
polytope, is 2-dimensional. For example, in the 3-simplex in Fig. 1, the cone of normal vectors
to the front vertical edge is the 2-dimensional circular sector lying on the unique vertical plane
to this edge, and defined by the normal vectors of the two facets intersecting at this edge.

2 Special Polytopes

2.1 Simplex

A d-simplex is the convex hull of d + 1 affinely independent points in Rd. Every k-face of a
d-simplex is itself a k-simplex defined by k + 1 points.

All d-simplices are affinely isomorhic to each other so it is useful to have a canonical model.
We will use the convex hull of the vectors in the standard basis of Rd+1 and call it the standard
d-simplex, see Figure 2.

A d-simplex has d + 1 vertices,
(
d+1
2

)
edges and d + 1 facets since every facet is determined

by the one vertex not contained in it.

2.2 Simple polytopes

A simple d-polytope has the property that every vertex belongs to the minimum number of d
facets. An example is the d-dimensional hypercube.
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Figure 2: Standard 1-simplex (left), 2-simplex (middle), and 3-simplex (right).

Figure 3: A simple polytope (3-cube).

2.3 Simplicial polytopes

A simplicial d-polytope is a d-polytope all of whose facets are defined by the minimum number
of d vertices. Every proper face of a simplicial polytope is a simplex but itself it may not
be a simplex. The convex hull of every set of points in Rd in general position is a simplicial
polytope.

2.4 Further properties

All polygons (2-polytopes) are simple and simplicial. The only d-polytope, d ≥ 3, with this
property is the d-simplex.

Every polytope can be transformed into a simplicial polytope by a sufficiently generic per-
turbation of its vertices or by triangulating its facets. For example the cube in Fig. 3 is not
simplicial. To make it simplicial we infinitesimally perturb one vertex of every facet which
makes every facet a triangle.

Example of simple but not simplicial polytope: Cube.
Example of simplicial but not simple polytope: the cyclic polytopes (e.g. C3(5) in Fig. 6),

the perturbed cube in Figure 4
Example of a polytope which is not simple neither simplicial: the square based pyramid

(Fig. 5).

Figure 4: A cube perturbed into a simplicial polytope (2 views).

2



Figure 5: The square based pyramid is neither simplicial nor simple.

Figure 6: The cyclic polytope C3(5).

3 Complexity of Polytopes

An important class of polytopes are Cyclic polytopes denoted: Cd(n), where d is the dimension
and n the number of points, see Fig. 6 where d = 1 and n = 5.

The moment curve is defined by

m : R→ Rd, t 7→ m(t) := (t, t2, ..., td).

The cyclic polytope Cd(n) is defined as the convex hull of n points on the moment curve:

m(ti) = (ti, t
2
i , ..., t

d
i ), for i = 1, ..., n, where ti ∈ R.

The points m(ti) are the vertices of the cyclic polytope. In fact any number of ≤ d/2 vertices
of Cd(n) forms a face; a polytope with this property is called a neighborly polytope. Cyclic
polytopes are simplicial and have the property to maximize the number of facets among all
d-polytopes with the same number of vertices.

At this point we discussed about f-vectors and h-vectors, which may be omitted by the
reader if desired. For a d-polytope P we define its f-vector as:

f(P ) := (f−1, f0, .., fd) ⊂ Nd+2, where fk is the number of k-faces in P .

By convention, we set f−1 = 1 (void facet) and fd = 1 (whole polytope). The f-vectors satisfy
the very well known Euler’s formula:∑d

i=0(−1)ifi = 1− (−1)d

Furthermore, we can define the h-vector of a simplicial polytope P as:

h(P ) := (h0, ..., hd) ∈ Zd+1, where hk :=
∑k

i=0(−1)k−i
(
d−i
d−k

)
fi−1.

The following equations hold (Dehn-Sommerville equations):

hd−k = hk, for all k = 0, 1, . . . , d.
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Figure 7: The incidence and adjacency graphs of a triangle.

Theorem 1 (Upper Bound Theorem) [McMullen 1970] Every d-polytope with n vertices
has at most as many k-faces as the corresponding cyclic polytope Cd(n):

fk−1(P ) ≤ fk−1(Cd(n))

As a corollary we obtain that every d-polytope P with n vertices has O(nbd/2c) k-faces.

4 How to store a Polytope

A d-polytope can be stored as a graph. We use either the incidence graph or the adjacency
graph. The incidence graph contains a vertex for every face of the polytope, including the
empty face and the polytope itself and an edge for every incidence relation between two faces
(which means that there is an edge between A, B if dim(A) = dim(B)− 1 and A ⊂ B or vice
versa).

A simpler method to store a polytope P is by its adjacency graph: its vertices correspond
to the facets of P and there is an edge between to vertices if the corresponding facets intersect
at a ridge.

For a triangle ABC its incidence and adjacency graph are shown in Figure 7.
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