== Nuclear Vibrations
== Nuclear Rotations

== Collective degrees of freedom differ from

single-particle effects

=z Require proper description (new models)
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Figure 12.1. Landscape ploi of ihe energy of ihe firsi exciied 2° siale E,(2) In the region
50 = Z <82and 50 < N < 82 The lines connect the £,(2]) values in isotope chains (taken Figure 12.2. Systematics of the B(E2; 0] — 2]) values for the cven—even nuclei with N = 82
from Wood 1992). Z <98. The B(E2) values are cxpressed in Weisskopf units (WU) (taken from Wood 1992).
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2 Major mode for nuclear vibrations
(quantised!) is the quadrupole vibration

== Can be described as fluctuations on the
nuclear density distribution around a
spherical (or even deformed) equilibrium
shape

== One can start from the liquid-drop model
and build a coherent description of nuclear

vibrations
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R is the radius in the direction (8,p) of the nuclear

surface
A describes the multipolarity of the shape

Dynamics:

B . C;
Hwbr = Z %'alulz -+ Z: 7|aiulzr
A

A
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Figure 12.4. Nuclear shape changes corresponding to quadrupole (A = 2), octupole (A = 3) and
hexadecupole (A = 4) deformations (1aken from Ring and Schuck 1980).
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YA .
MIEA i) = Te[d‘r r'Y, (Fp(r).

In expanding the density around the equilibrium value py but always using a constant
density for r < Ry and vanishing density outside (r > R;), we obtain

p(F) = po(r) = Ry i =Y b, () +6@)

]

b

.

3 0 ’
A, = ~—ZeRy | —— b —-¥b;_,
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So, the EA radiation follows the selection rule An; = £1 and the EA moments of all
states vanish. The B(EXx;, x — 0%) for the n; = | — n; = 0 transition becomes

(12.13)

. 2
3R} Ze)' B
4 ZwA B;\ X

B(EXx; A — 0%) = (

and one obtains the ratio in B(E2) values for the quadrupole vibrational nucleus

B(E2;4] — 27)=2B(E2:2] — 0)). (12.14)

Typical values for the B(E2; 2} — 07) values are of the order of 10-50 Weisskopf units
(wu). A number of these ratios are fully independent of the precise values of the C;. B;
coefficients and are from a purely geometric origin.
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compare with HO

equidistant
phonon energies
are observed

Best examples in
Figure 12.6. Relative B(£2) values for the deformed bands in ' ''* "M Cd (thick lines). The other
excitations present part of the multi-phonon quadrupole vibrational spectrum (taken from Wood et th e C d Pd re gi O n
9

al 1992).
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with m the nucleon mass and Ry = roA'/?

A —1) Zle?
2r2A+ 1) Ry

as = 18.56 keV

G=Gkx-DHr+2

Do deviations exist?
Is the vibrational model successful?
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i ~ . -
MEI 0. Hl = —e Y VU Y, (7). V
(MEL ). HI = —e > Virt Vi (7))
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for constant density, incl. isospin:

typically, a low-lying collective state is ~10%
of the T=0 sum rule
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<= Nuclear rotations are

<= The Bohr Hamiltonian is
involved for rotational
nuclei

== Spherical nucleic can not
exhibit rotational features

== Axial shapes are ideal for
such studies
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transformed collective variables «;, to the laboratory «;,, values.

Yiu(rotated) = Y D (Y5, (lab)
~

Uy = Z D} ().
"

the nuclear radius R(6. p) remains invariant under a rotation

Using the transformation from the lab into the rotated, body-fixed axis system. the five
s, reduce to rwo real independent variables ayy and ax» = ax_> (with ax; = ay_; = 0).

axy = Bcosy

1 :
an = —fsiny

V2
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(a) y values of 07, 120° and 240° yield prolate spheroids with the 3, | and 2 axes
as symmelry axes;

(b) ¥y = 1807, 300° and 60° give oblate shapes;

(¢) with y not a multiple of 60°, triaxial shapes result;

(d) the interval 0° < y < 60° is sufficient to describe all possible quadrupole
deformed shapes;

(e) the increments along the three semi-axes in the body-fixed systems are evaluated

5R|=R(2 Ro—Ro\/’ﬂLos(y—-—)
2
5R3=R( ,%)—R —Ro‘/:pcos(y+7”)

as

SRy = R(0.0) — Ry = > 5 (12.32)
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Bohr Hamiltonian becomes

H=T@B,y)+UB.y).

(a] VIBRATOR
UB.y) ~pg

{b) PROLATE ROTOR UB.y) = %ng(azo(ﬁ, y) — aio)z
<8, ’
£ + Coalan(B.y) — ayy)”

S\

{d) TRIAXIAL ROTOR
B= B

2
y # 0%, 60° Ti = 432ﬂ2 sin? (y - Tﬂk) k=1,23.

T =T + 1B2(B* + B*y7)
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For fixed values of B and y, T is the collective rotational kinetic energy with moments
of inertia J,. With 8, y changing, the collective rotational and 8, y vibrational energy
become coupled in a complicated way. Using the irrotational value for B> (section 12.1),
these irrotational moments of inertia become

3 2
jm'ol — EMAR&BZ s‘mz (J/ _ Tﬂk) k=1.2.3, (1239)

whereas for rigid body inertial moments, one derives

(12.40)
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We can remark that: (i) 7™ vanishes around the symmetry axes; (ii) J"™ shows
a stronger B-dependence (~ B?%) compared to a B-dependcnce only in J™®4; (iii) the
experimental moments of inertia J*® can, in a first step be derived from the 2 excitation
energy assuming a pure rotational J(J + 1) spin dependence. A relation with the
deformation variable 8 can be obtained with the result

hZﬂZA'I/J

200 (MeV™'). (12.41)

Vi -

Jlrrm <Jexp < jﬂgld
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l 3 3 :
———— | sin3y — T +U(B.y). (1243
+ﬁ:sin3y 3y (sm yay)]+ 1 tUB.y). ( )

(12.44)

T.J.Mertzimekis e http://mertzimekis.gr « @tmertzi

for the collective wavefunction is

Wi =) gk (B ¥IIMK).
K

2J + 1
JMK) = —s;rTD'{”‘(Q)'
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(1) K = 0 bands (J; = 0). The wavefunction, since rotational axial vibrational
motions decouple, now becomes

1V ko) = 80(B.Y)IJ. M. K =0). (12.48)

A spin sequence J =0, 2,4, 6, ... appears and describes the collective, rotational motion.
For the vibrational motion, one can approximately also decouple the ayy (B-vibrations)
from the a»> (y-vibrations) oscillations. Superimposed on each vibrational (ng, n) ) state.
a rotational band is constructed, according to the energy cigenvalue

2

4

h
Epyn,(J) =hawgng + 1)+ ho,2n, + 1) + 7 J(J+ 1), (12.49)
0

with ng = 0,1.2...5n, = 0,1,2,... and with wg and w, the B and y vibrational
frequencies.
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Here, symmetrized, rotational wavefunctions are needed to give good parity, with
the form

|

Wi k) =8k (B.y)—=lIIMK) + (=)’ |JM - K)], (12.50)
V2

and with even K values. For such K $# 0 bands, the spin sequence results with J = | K|,

K|+ 1, |[K|+2,.... Here now, the y-vibration couples to the rotational motion, with

the resulting energy spectrum

K n’
A R T (2ny i %) + 5710 + D= KL 23
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Figure 12.18. Various quadrupole shape oscillations in a spheroidal nucleus. The upper part shows
projections of the nuclear shape in directions perpendicular and parallel to the symmetry axis. The
lower part shows the spectra associated with excitations of one or two quanta, including the specitic
values of the various oscillation energies hwg, iw,. The value of N, used in the figure that classifies
the gamma vibration is defined as N, = 2n, + |K|/2. The rotational energy is assumed to be
given by J(J + 1) — K2 and harmonic oscillatory spectra are considered. (Taken from Bohr and
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Figure 12.19. (a) Band structure observed in 2 **Pu. The E2 transitions connecting the members
of the band are shown by arrows. The gamma lines corresponding to these transitions are marked.
eg, 6° — 47 (at ~ 160 keV) in part (b). The disconunuity in transition energy at high spin 1s
discussed 1n Chapter 13. (b) Coulomb ¢xcitation with 5.6-5.8 MeV/u ***Pu. Doppler shift-corrected
gamma spectra for **Pu and **Pu arc shown (Spreng er al 1983) (taken from Wood 1992).
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