
5 

Multipole Expansion (Potentials at large distances)  
• What is the potential due to a point charge (monopole)? 

V 𝐫𝐫 =
1

4𝜋𝜋𝜖𝜖0
𝑞𝑞
𝑟𝑟

 

• What is the potential due to a dipole at large distance? 

V 𝐫𝐫 =
1

4𝜋𝜋𝜖𝜖0
𝑞𝑞

r+  
−

𝑞𝑞
r−  

 

r±
2 = 𝑟𝑟2 +

𝑑𝑑
2

2

∓ 𝑟𝑟𝑑𝑑cos𝜃𝜃 

≈ 𝑟𝑟2 1 ∓
𝑑𝑑
𝑟𝑟

cos𝜃𝜃  

for 𝑟𝑟 ≫ 𝑑𝑑, and using binomial expansion 
1
r±

= 

(for 𝑟𝑟 ≫ 𝑑𝑑) 

1
r+
−

1
r−

= 

V 𝐫𝐫 =
1

4𝜋𝜋𝜖𝜖0
𝑞𝑞𝑑𝑑cos𝜃𝜃 
𝑟𝑟2

 

(goes like 𝟏𝟏/𝒓𝒓) 

(goes like 𝟏𝟏/𝒓𝒓𝟐𝟐 at large 𝒓𝒓) 

= 𝑟𝑟2 1 ∓
𝑑𝑑
𝑟𝑟

cos𝜃𝜃 +
𝑑𝑑2

4𝑟𝑟2
 

≈
1
𝑟𝑟

1 ±
𝑑𝑑
2𝑟𝑟

cos𝜃𝜃
 

  So, 
𝑑𝑑
𝑟𝑟2

cos𝜃𝜃 
1
𝑟𝑟

1 ∓
𝑑𝑑
𝑟𝑟

cos𝜃𝜃
−12
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Multipole Expansion (Potentials at large distances)  

• What is the potential due to a quadrupole at large distance? 

(goes like 𝟏𝟏/𝒓𝒓𝟑𝟑 at large 𝒓𝒓) 

• What is the potential due to a octopole at large distance? 

(goes like 𝟏𝟏/𝒓𝒓𝟒𝟒 at large 𝒓𝒓) 

Note1: Multipole terms are defined in terms of their 𝒓𝒓 dependence, not in 
terms of the number of charges.   

Note 2: The dipole potential need not be produced by a two-charge system only . A 
general 𝑛𝑛-charge system can have any multipole contribution. 
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Multipole Expansion (Potentials at large distances)  
• What is the potential due to a 

localized charge distribution? 

V(𝐫𝐫) =
1

4𝜋𝜋𝜖𝜖0
�
𝑑𝑑𝑞𝑞
r   =

1
4𝜋𝜋𝜖𝜖0

�
𝜌𝜌(𝐫𝐫′)

r 𝑑𝑑𝜏𝜏′  

Using the cosine rule, 

r2 = 𝑟𝑟2 + 𝑟𝑟′2 − 2𝑟𝑟𝑟𝑟′cos𝛼𝛼 

r2 = 𝑟𝑟2 1 +
𝑟𝑟′

𝑟𝑟

2

− 2
𝑟𝑟′

𝑟𝑟
cos𝛼𝛼  

Define:  𝜖𝜖 ≡
𝑟𝑟′

𝑟𝑟
𝑟𝑟′

𝑟𝑟
− 2cos𝛼𝛼  r = 

1
r

= 

1
r

=
1
𝑟𝑟

1 −
1
2
𝜖𝜖 +

3
8
𝜖𝜖2 −

5
16

𝜖𝜖3 + ⋯  (using binomial expansion) 

So, 

Or, 

Source coordinates: (𝑟𝑟′,𝜃𝜃′,𝜙𝜙′)  
Observation point coordinates: (𝑟𝑟,𝜃𝜃,𝜙𝜙)  
Angle between 𝐫𝐫 and 𝐫𝐫′: 𝛼𝛼 r = 𝑟𝑟  1 +

𝑟𝑟′

𝑟𝑟
𝑟𝑟′

𝑟𝑟
− 2cos𝛼𝛼  

1
𝑟𝑟

1 + 𝜖𝜖 −1/2 

𝑟𝑟 1 + 𝜖𝜖 



Multipole Expansion (Potentials at large distances)  

1
r

=
1
𝑟𝑟

1 −
1
2
𝜖𝜖 +

3
8
𝜖𝜖2 −

5
16

𝜖𝜖3 + ⋯  

=
1
𝑟𝑟 1 −

1
2

𝑟𝑟′

𝑟𝑟
𝑟𝑟′

𝑟𝑟 − 2cos𝛼𝛼 +
3
8

𝑟𝑟′

𝑟𝑟

2 𝑟𝑟′

𝑟𝑟 − 2cos𝛼𝛼
2

−
5

16
𝑟𝑟′

𝑟𝑟

3 𝑟𝑟′

𝑟𝑟 − 2cos𝛼𝛼
3

+ ⋯  

=
1
𝑟𝑟 1 +

𝑟𝑟′

𝑟𝑟 cos𝛼𝛼 +
𝑟𝑟′

𝑟𝑟

2

3cos2𝛼𝛼 − 1 /2 −
𝑟𝑟′

𝑟𝑟

3

5cos3𝛼𝛼 − 3cos𝛼𝛼 /2 + ⋯  

=
1
𝑟𝑟 �

𝑟𝑟′

𝑟𝑟

𝑛𝑛∞

𝑛𝑛=0

𝑃𝑃𝑛𝑛(cos𝛼𝛼) 

V(𝐫𝐫) 
8 

=
1

4𝜋𝜋𝜖𝜖0
�

1
𝑟𝑟 𝑛𝑛+1

∞

𝑛𝑛=0

� 𝑟𝑟′ 𝑛𝑛 𝑃𝑃𝑛𝑛(cos𝛼𝛼)𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ =
1

4𝜋𝜋𝜖𝜖0
�
𝜌𝜌(𝐫𝐫′)

r 𝑑𝑑𝜏𝜏′  

• What is the potential due to a 
localized charge distribution? 

V(𝐫𝐫) =
1

4𝜋𝜋𝜖𝜖0
�
𝑑𝑑𝑞𝑞
r   =

1
4𝜋𝜋𝜖𝜖0

�
𝜌𝜌(𝐫𝐫′)

r 𝑑𝑑𝜏𝜏′  

𝑃𝑃𝑛𝑛(cos𝛼𝛼) are Legendre polynomials 



V(𝐫𝐫) =
1

4𝜋𝜋𝜖𝜖0
�

1
𝑟𝑟 𝑛𝑛+1

∞

𝑛𝑛=0

� 𝑟𝑟′ 𝑛𝑛 𝑃𝑃𝑛𝑛(cos𝛼𝛼)𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ 

Multipole Expansion of 𝐕𝐕(𝐫𝐫) 

Monopole potential 
( 1/𝑟𝑟 dependence) 

Dipole potential 
( 1/𝑟𝑟2 dependence) 

Quadrupole potential 
( 1/𝑟𝑟3 dependence) 
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Multipole Expansion (Potentials at large distances)  
• What is the potential due to a 

localized charge distribution? 

V(𝐫𝐫) =
1

4𝜋𝜋𝜖𝜖0
�
𝑑𝑑𝑞𝑞
r   =

1
4𝜋𝜋𝜖𝜖0

�
𝜌𝜌(𝐫𝐫′)

r 𝑑𝑑𝜏𝜏′  

=
1

4𝜋𝜋𝜖𝜖0𝑟𝑟
�𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ +

1
4𝜋𝜋𝜖𝜖0𝑟𝑟2

� 𝑟𝑟′(cos𝛼𝛼)𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ +
1

4𝜋𝜋𝜖𝜖0𝑟𝑟3
� 𝑟𝑟′ 2 3

2 cos2𝛼𝛼 −
1
2 𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ 

+⋯ 



Multipole Expansion (Few comments)  

• More terms can be added if greater accuracy is required 

• It is an exact expression, not an approximation. 

• At large 𝒓𝒓, the potential can be approximated by the first non-zero term. 

• A particular term in the expansion is defined by its 𝒓𝒓 dependence  
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+
1

4𝜋𝜋𝜖𝜖0𝑟𝑟2
� 𝑟𝑟′(cos𝛼𝛼)𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ +

1
4𝜋𝜋𝜖𝜖0𝑟𝑟3

� 𝑟𝑟′ 2 3
2

cos2𝛼𝛼 −
1
2

𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ 

+⋯ 

V 𝐫𝐫  

=
1

4𝜋𝜋𝜖𝜖0𝑟𝑟
�𝜌𝜌 𝐫𝐫′ 𝑑𝑑𝜏𝜏′ 

Monopole potential 
( 1/𝑟𝑟 dependence) 

Dipole potential 
( 1/𝑟𝑟2 dependence) 

Quadrupole potential 
( 1/𝑟𝑟3 dependence) 
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