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Ηλεκτρική δυναµική ενέργεια

Το έργο που απαιτείται για να φέρει δύο φορτία σε 
απόσταση (αισθητής) αλληλεπίδρασης παράγεται 
από κάποια δύναµη αντίθετη στη δύναµη Coulomb:

12 Electrostatics: charges and fields

that the charges are free to move under the influence of other kinds of
forces as well, we can find the equilibrium arrangement in which the
charge distribution will remain stationary. In the same sense, Newton’s
laws of motion are all there is to mechanics. But in both mechanics and
electromagnetism we gain power and insight by introducing other con-
cepts, most notably that of energy.
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Figure 1.4.
Three charges are brought near one another.
First q2 is brought in; then, with q1 and q2 fixed,
q3 is brought in.

Energy is a useful concept here because electrical forces are con-
servative. When you push charges around in electric fields, no energy is
irrecoverably lost. Everything is perfectly reversible. Consider first the
work that must be done on the system to bring some charged bodies into
a particular arrangement. Let us start with two charged bodies or parti-
cles very far apart from one another, as indicated in Fig. 1.4(a), carrying
charges q1 and q2. Whatever energy may have been needed to create
these two concentrations of charge originally we shall leave entirely out
of account. How much work does it take to bring the particles slowly
together until the distance between them is r12?

It makes no difference whether we bring q1 toward q2 or the other
way around. In either case the work done is the integral of the product:
force times displacement, where these are signed quantities. The force
that has to be applied to move one charge toward the other is equal and
opposite to the Coulomb force. Therefore,

W =
∫

(applied force) · (displacement)

=
∫ r12

r=∞

(
− 1

4πε0

q1q2

r2

)
dr = 1

4πε0

q1q2

r12
. (1.9)

Note that because r is changing from ∞ to r12, the differential dr is
negative. We know that the overall sign of the result is correct, because
the work done on the system must be positive for charges of like sign;
they have to be pushed together (consistent with the minus sign in the
applied force). Both the displacement and the applied force are negative
in this case, resulting in positive work being done on the system. With q1
and q2 in coulombs, and r12 in meters, Eq. (1.9) gives the work in joules.

This work is the same whatever the path of approach. Let’s review
the argument as it applies to the two charges q1 and q2 in Fig. 1.5. There
we have kept q1 fixed, and we show q2 moved to the same final posi-
tion along two different paths. Every spherical shell, such as the one
indicated between r and r + dr, must be crossed by both paths. The
increment of work involved, −F · ds in this bit of path (where F is the
Coulomb force), is the same for the two paths.6 The reason is that F has
the same magnitude at both places and is directed radially from q1, while

6 Here we use for the first time the scalar product, or “dot product,” of two vectors.
A reminder: the scalar product of two vectors A and B, written A · B, is the number
AB cos θ , where A and B are the magnitudes of the vectors A and B, and θ is the angle
between them. Expressed in terms of Cartesian components of the two vectors,
A · B = AxBx + AyBy + AzBz.
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W3 = − ∫
P3

∞
F3 ⋅ ds = − ∫

P3

∞
F31 ⋅ ds − ∫

P3

∞
F32 ⋅ ds =

q1q3

4πε0r31
+

q2q3

4πε0r32

Συνολικό έργο: U =
1

4πε0 ( q1q2

r12
+

q1q3

r13
+

q2q3

r23 )
Το έργο αυτό µπορεί να χαρακτηριστεί δυναµική ενέργεια 
του συστήµατος των τριών συγκεκριµένων φορτίων στις 
τρεις συγκεκριµένες θέσεις.

W = ∫
P2

∞
(−F2) ⋅ ds = ∫

r12

∞
(−F2) ds cos θ = ∫

r12

∞ (−
q1q2

4πε0r2 ) dr =
q1q2

4πε0r12
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Ηλεκτρικό δυναµικό

Όπως το ηλεκτρικό πεδίο ορίζεται από τη δύναµη ανά µονάδα φορτίου που ασκείται σε 
δοκιµαστικό φορτίο από τη δράση κάποιου φορτίου-πηγής, έτσι και το ηλεκτρικό δυναµικό 
ορίζεται από τη δυναµική ενέργεια ανά µονάδα φορτίου που έχει δοκιµαστικό φορτίο σε 
κάποιο σηµείο του ηλεκτρικού πεδίου.

V =
U
q

=
Qq

4πε0r
⋅

1
q

⟹ V(r) =
Q

4πε0r

Μονάδα SI: Volt = 1 V =
1 J
1 C

=
N ⋅ m

C
⟹ 1

N
C

= 1
V
m

Με άλλα λόγια, το δυναµικό είναι το έργο που παράγει το πεδίο για να αποµακρύνει το 
δοκιµαστικό φορτίο στο άπειρο, κανονικοποιηµένο στο δοκιµαστικό φορτίο:

V = −
W∞

q

Παράγωγη βασική µονάδα ενέργειας: 1 eV = e ⋅ 1 V = 1.6 × 10−19 C ⋅ 1 J/C = 1.6 × 10−19 J

Κώστας ΒελλίδηςΦυσική ΙΙΙ,  ΕΚΠΑ  2021-22
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Διαφορά δυναµικού

Ο ορισµός του δυναµικού µε αναφορά στην άπειρη απόσταση φορτίου και πηγής εισάγει 
µια απροσδιόριστη σταθερή (όπως σε όλες τις µορφές δυναµικής ενέργειας): το φορτίο 
µπορεί να έχει µια ανεξάρτητη της απόστασης δυναµική ενέργεια στο άπειρο, την οποία 
δεν µπορούµε να µετρήσουµε.

Το ενδιαφέρον εστιάζεται στη διαφορά του δυναµικού ή τάση µεταξύ δύο σηµείων του 
ηλεκτρικού πεδίου, δηλαδή στη µεταβολή της δυναµικής ενέργειας φορτίου κατά τη 
µετακίνησή του ανάµεσα στα δύο σηµεία, από την οποία η απροσδιόριστη σταθερή 
απαλείφεται:

ΔVfi = Vf − Vi = −
Wi→f

q

όπου Wi→f το έργο που παράγει το πεδίο για να µετακινήσει το φορτίο q από τη θέση i 
στη θέση f.

Συναρτήσει της δυναµικής ενέργειας:

ΔVfi =
Uf

q
−

Ui

q
=

ΔUfi

q

Κώστας ΒελλίδηςΦυσική ΙΙΙ,  ΕΚΠΑ  2021-22
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Σχέση του ηλεκτρικού δυναµικού µε το ηλεκτρικό πεδίο

Το διαφορά ηλεκτρικού δυναµικού είναι το επικαµπύλιο ολοκλήρωµα του ηλεκτρικού πεδίου:

ΔVfi = −
Wi→f

q
= − ∫

f

i

F
q

⋅ ds ⟹ ΔVfi = − ∫
f

i
E ⋅ ds

Το επικαµπύλιο ολοκλήρωµα του 
του πεδίου είναι ανεξάρτητο της 
διαδροµής µεταξύ των ορίων του, 
επειδή το πεδίο είναι κεντρικό:

E ⋅ ds = E(r) ̂r ⋅ ds = E(r)dr =
q

4πε0
⋅

dr
r2

2.1 Line integral of the electric field 59

field implies that its curl is zero. See Appendix F for a discussion
of the various vector operators in different coordinate systems.

P1 P1

E

ds

P1

P2 P2 P2

Pa
th

Figure 2.1.
Showing the division of the path into path
elements ds.

2.1 Line integral of the electric field
Suppose that E is the field of some stationary distribution of electric
charges. Let P1 and P2 denote two points anywhere in the field. The line
integral of E between the two points is

∫ P2
P1

E · ds, taken along some path
that runs from P1 to P2, as shown in Fig. 2.1. This means: divide the
chosen path into short segments, each segment being represented by a
vector connecting its ends; take the scalar product of the path-segment
vector with the field E at that place; add these products up for the whole
path. The integral as usual is to be regarded as the limit of this sum as
the segments are made shorter and more numerous without limit.

Let’s consider the field of a point charge q and some paths running
from point P1 to point P2 in that field. Two different paths are shown in
Fig. 2.2. It is easy to compute the line integral of E along path A, which
is made up of a radial segment running outward from P1 and an arc of

Path A

Path B

q

r1

P1

r
r2

P2ds

ds

ds

E

E

E

E
E

Figure 2.2.
The electric field E is that of a positive point
charge q. The line integral of E from P1 to P2
along path A has the value (q/4πε0)(1/r1 − 1/r2).
It will have exactly the same value if calculated
for path B, or for any other path from P1 to P2.

⟹ − ∫Path A
E ⋅ ds = − ∫Path B

E ⋅ ds

=
q

4πε0 ( 1
r2

−
1
r1 )

Άρα, για κλειστή διαδροµή (r1=r2), 
ισχύει ο νόµος της κυκλοφορίας 
του στατικού ηλεκτρικού πεδίου: ∮ E ⋅ ds ≡ 0

= − ∫
P2

P1

E1 ⋅ ds − ∫
P2

P1

E2 ⋅ ds − ⋯
για πολλές πηγές

Κώστας ΒελλίδηςΦυσική ΙΙΙ,  ΕΚΠΑ  2021-22
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Σχέση του ηλεκτρικού πεδίου µε το ηλεκτρικό δυναµικό

Σε διαφορική µορφή:

dV = − E ⋅ ds = − (Exdx + Eydy + Ezdz)

dV =
∂V
∂x

dx +
∂V
∂y

dy +
∂V
∂z

dz = ∇V ⋅ ds

Γενική µορφή απειροστής µεταβολής µιας βαθµωτής συνάρτησης στο χώρο:

Άρα:
E = − ∇V

• Το επικαµπύλιο ολοκλήρωµα του πεδίου δίνει τη διαφορά δυναµικού ανάµεσα στα όρια 
του ολοκληρώµατος. 

• Η βαθµίδα του δυναµικού δίνει το πεδίο (αντίστροφες πράξεις). 

• Η απροσδιοριστία µιας προσθετικής σταθερής στη συνάρτηση δυναµικού γίνεται τώρα 
σαφής: προσθέτοντας µια αυθαίρετη σταθερή στο δυναµικό, η βαθµίδα του (εποµένως 
και το πεδίο) δεν αλλάζει.

Κώστας Βελλίδης

⟹ ∇ × E = − ∇ × ∇V ≡ 0
Το ηλεκτροστατικό πεδίο 
είναι αστρόβιλο.

Φυσική ΙΙΙ,  ΕΚΠΑ  2021-22
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Ο νόµος κυκλοφορίας ηλεκτροστατικού πεδίου σε διαφορική µορφή

Κώστας ΒελλίδηςΦυσική ΙΙΙ,  ΕΚΠΑ  2021-22

} ⟹

⟹ ∫S(C)
curl E ⋅ da = 0 ∀ C ⟹ curl E ≡ ∇ × E = 0

∮C
E ⋅ d l = ∫S(C)

curl E ⋅ daΑπό το θεώρηµα του Stokes:

∮C
E ⋅ d l = 0 ∀ C

Από το νόµο της κυκλοφορίας 
σε ολοκληρωτική µορφή:

Ο στροβιλισµός του στατικού ηλεκτρικού πεδίου µηδενίζεται παντού.
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Σχέση στροβιλισµού και κυκλοφορίας του ηλεκτροστατικού πεδίου

Το επικαµπύλιο ολοκλήρωµα ενός διανυσµατικού πεδίου κατά µήκος µιας κλειστής καµπύλης 
ορίζει την κυκλοφορία του πεδίου γύρω από την καµπύλη. Για το ηλεκτρικό πεδίο (στατικό ή 
αργά µεταβαλλόµενο) είναι πάντα 0.

7

Ο νόµος της κυκλοφορίας ηλεκτροστατικού πεδίου

x

x
x

x

x

x

Για να βρούµε την τοπική κυκλοφορία του ηλεκτρικού 
πεδίου, την υπολογίζουµε αρχικά κατά µήκος ενός 
απειροστού ορθογώνιου παραλληλογράµµου ABCD στο 
επίπεδο xy µε φορά αντίθετη των δεικτών του ρολογιού. 
Κατά µήκος των πλευρών AB και CD συνεισφέρει µόνο 
η συνιστώσα : πάνω στην πλευρά CD διαφέρει κατά 

 από την  στο ίδιο σηµείο x πάνω στην 
πλευρά AB. Επειδή οι δύο πλευρές διανύονται κατά

Ex
+(∂Ex /∂y)dy Ex

την αντίθετη φορά, η συνολική συνεισφορά τους στην κυκλοφορία είναι .−(∂Ex /∂y)dydx
Όµοια, η συνεισφορά από τις πλευρές BC και DA είναι , οπότε από το νόµο 
της κυκλοφορίας του ηλεκτρικού πεδίου:

(∂Ey /∂x)dxdy

∂Ey

∂x
−

∂Ex

∂y
= 0 και µε την ίδια ανάλυση στα επίπεδα yz και zx:

∂Ez

∂y
−

∂Ey

∂z
= 0,

∂Ex

∂z
−

∂Ez

∂x
= 0

⟹ (
∂Ez

∂y
−

∂Ey

∂z ) ̂i − ( ∂Ex

∂z
−

∂Ez

∂x ) ̂j + (
∂Ey

∂x
−

∂Ex

∂y ) k̂ = 0 ⟹ ∇ × E ≡ 0

Κώστας ΒελλίδηςΦυσική ΙΙΙ,  ΕΚΠΑ  2021-22
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Οι εξισώσεις Poisson και Laplace

Από τις δύο µορφές της µερικής διαφορικής εξίσωσης του δυναµικού, δηλαδή µε µερικές 
παραγώγους χώρου, η εξίσωση Poisson χαρακτηρίζεται µη οµογενής και προσδιορίζει το 
δυναµικό από τις πηγές του, ενώ η εξίσωση Laplace χαρακτηρίζεται οµογενής και 
προσδιορίζει το δυναµικό στο κενό (µακριά από πηγές—γενικά, δεν είναι 0).

Αντικαθιστώντας στο νόµο του Gauss το ηλεκτρικό πεδίο µε το ηλεκτρικό δυναµικό:

∇ ⋅ E =
ρ
ε0

⟹ ∇ ⋅ ( − ∇V ) =
ρ
ε0

⟹ ∇2V = −
ρ
ε0

Εξίσωση Poisson

Στο κενό (απουσία φορτίων-πηγών ⇒ ρ = 0):

∇2V =
∂2V
∂x2

+
∂2V
∂y2

+
∂2V
∂z2

= 0 Εξίσωση Laplace

Οι εξισώσεις Poisson και Laplace είναι από τις πιο θεµελιακές της Μαθηµατικής Φυσικής.

Κώστας ΒελλίδηςΦυσική ΙΙΙ,  ΕΚΠΑ  2021-22
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Ισοδυναµικές επιφάνειες

I 

II 

III IV 

V1 

V2 

V3 

V4 

Equal work is done along
these paths between the
same surfaces.

No work is done along
this path on an
equipotential surface.

No work is done along this path 
that returns to the same surface.

63124-4 EQU I POTE NTIAL S U R FACE S
PART 3

the charge while the electric field does work W on it. By the work–kinetic energy
theorem of Eq. 7-10, the change !K in the kinetic energy of the particle is

!K " Kf # Ki " Wapp $ W. (24-11)

Now suppose the particle is stationary before and after the move. Then Kf and
Ki are both zero, and Eq. 24-11 reduces to

Wapp " #W. (24-12)

In words, the work Wapp done by our applied force during the move is equal to
the negative of the work W done by the electric field—provided there is no
change in kinetic energy.

By using Eq. 24-12 to substitute Wapp into Eq. 24-1, we can relate the work
done by our applied force to the change in the potential energy of the particle
during the move.We find

!U " Uf # Ui " Wapp. (24-13)

By similarly using Eq. 24-12 to substitute Wapp into Eq. 24-7, we can relate our work
Wapp to the electric potential difference !V between the initial and final locations of
the particle.We find

Wapp " q !V. (24-14)

Wapp can be positive, negative, or zero depending on the signs and magnitudes
of q and !V.

24-4 Equipotential Surfaces
Adjacent points that have the same electric potential form an equipotential
surface, which can be either an imaginary surface or a real, physical surface. No
net work W is done on a charged particle by an electric field when the particle
moves between two points i and f on the same equipotential surface. This follows
from Eq. 24-7, which tells us that W must be zero if Vf " Vi. Because of the path
independence of work (and thus of potential energy and potential), W " 0 for
any path connecting points i and f on a given equipotential surface regardless of
whether that path lies entirely on that surface.

Figure 24-2 shows a family of equipotential surfaces associated with the elec-
tric field due to some distribution of charges. The work done by the electric field

CHECKPOINT 2

In the figure of Checkpoint 1, we move
the proton from point i to point f in a
uniform electric field directed as
shown. (a) Does our force do positive
or negative work? (b) Does the proton
move to a point of higher or lower po-
tential?

Fig. 24-2 Portions of four equipotential surfaces at electric potentials V1 " 100 V, V2 "
80 V, V3 " 60 V, and V4 " 40 V. Four paths along which a test charge may move are shown.
Two electric field lines are also indicated.
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Οι επιφάνειες σταθερού δυναµικού λέγονται 
ισοδυναµικές και είναι χαρακτηριστικές για το 
ηλεκτρικό πεδίο, κάθετες πάντα στις δυναµικές 
γραµµές του.

Παραδείγµατα:
632 CHAPTE R 24 E LECTR IC POTE NTIAL

on a charged particle as the particle moves from one end to the other of paths
I and II is zero because each of these paths begins and ends on the same
equipotential surface and thus there is no net change in potential. The work
done as the charged particle moves from one end to the other of paths III and
IV is not zero but has the same value for both these paths because the initial
and final potentials are identical for the two paths; that is, paths III and IV
connect the same pair of equipotential surfaces.

From symmetry, the equipotential surfaces produced by a point charge or
a spherically symmetrical charge distribution are a family of concentric
spheres. For a uniform electric field, the surfaces are a family of planes per-
pendicular to the field lines. In fact, equipotential surfaces are always perpen-
dicular to electric field lines and thus to , which is always tangent to these
lines. If were not perpendicular to an equipotential surface, it would have a
component lying along that surface. This component would then do work on a
charged particle as it moved along the surface. However, by Eq. 24-7 work
cannot be done if the surface is truly an equipotential surface; the only possi-
ble conclusion is that must be everywhere perpendicular to the surface.
Figure 24-3 shows electric field lines and cross sections of the equipotential
surfaces for a uniform electric field and for the field associated with a point
charge and with an electric dipole.

E
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E
:

E
:

Equipotential surface 

Field line 

(b) 

(c)

(a) 

+ 

+

Fig. 24-3 Electric field lines (purple) and cross sections of equipotential surfaces (gold)
for (a) a uniform electric field, (b) the field due to a point charge, and (c) the field due to
an electric dipole.
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Οµογενές πεδίο.
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on a charged particle as the particle moves from one end to the other of paths
I and II is zero because each of these paths begins and ends on the same
equipotential surface and thus there is no net change in potential. The work
done as the charged particle moves from one end to the other of paths III and
IV is not zero but has the same value for both these paths because the initial
and final potentials are identical for the two paths; that is, paths III and IV
connect the same pair of equipotential surfaces.

From symmetry, the equipotential surfaces produced by a point charge or
a spherically symmetrical charge distribution are a family of concentric
spheres. For a uniform electric field, the surfaces are a family of planes per-
pendicular to the field lines. In fact, equipotential surfaces are always perpen-
dicular to electric field lines and thus to , which is always tangent to these
lines. If were not perpendicular to an equipotential surface, it would have a
component lying along that surface. This component would then do work on a
charged particle as it moved along the surface. However, by Eq. 24-7 work
cannot be done if the surface is truly an equipotential surface; the only possi-
ble conclusion is that must be everywhere perpendicular to the surface.
Figure 24-3 shows electric field lines and cross sections of the equipotential
surfaces for a uniform electric field and for the field associated with a point
charge and with an electric dipole.

E
:

E
:

E
:

Equipotential surface 

Field line 

(b) 

(c)

(a) 

+ 

+

Fig. 24-3 Electric field lines (purple) and cross sections of equipotential surfaces (gold)
for (a) a uniform electric field, (b) the field due to a point charge, and (c) the field due to
an electric dipole.
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Πεδίο σηµειακού 
φορτίου.
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on a charged particle as the particle moves from one end to the other of paths
I and II is zero because each of these paths begins and ends on the same
equipotential surface and thus there is no net change in potential. The work
done as the charged particle moves from one end to the other of paths III and
IV is not zero but has the same value for both these paths because the initial
and final potentials are identical for the two paths; that is, paths III and IV
connect the same pair of equipotential surfaces.

From symmetry, the equipotential surfaces produced by a point charge or
a spherically symmetrical charge distribution are a family of concentric
spheres. For a uniform electric field, the surfaces are a family of planes per-
pendicular to the field lines. In fact, equipotential surfaces are always perpen-
dicular to electric field lines and thus to , which is always tangent to these
lines. If were not perpendicular to an equipotential surface, it would have a
component lying along that surface. This component would then do work on a
charged particle as it moved along the surface. However, by Eq. 24-7 work
cannot be done if the surface is truly an equipotential surface; the only possi-
ble conclusion is that must be everywhere perpendicular to the surface.
Figure 24-3 shows electric field lines and cross sections of the equipotential
surfaces for a uniform electric field and for the field associated with a point
charge and with an electric dipole.
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Fig. 24-3 Electric field lines (purple) and cross sections of equipotential surfaces (gold)
for (a) a uniform electric field, (b) the field due to a point charge, and (c) the field due to
an electric dipole.
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Πεδίο ηλεκτρικού 
διπόλου.
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Το θεώρηµα της µοναδικότητας

Κώστας Βελλίδης

Αναζητούµε το δυναµικό V σε µια περιοχή του χώρου που περιβάλλεται από επιφάνειες 
πάνω στις οποίες παίρνει γνωστές αµετάβλητες τιµές. Υποθέτουµε ότι σε κάποια µέρη 
αυτής της περιοχής υπάρχει κατανοµή φορτίου, οπότε το V ικανοποιεί την εξίσωση Poisson.

Υποθέτουµε δύο λύσεις V1 και V2 της εξίσωσης µε αυτές τις συνθήκες, µε  και 
, και τη διαφορά τους V3=V1−V2. Αφαιρώντας τις δύο εξισώσεις, προκύπτει ότι 

το V3 ικανοποιεί την εξίσωση Laplace  σε όλη την περιοχή. Οι V1 και V2 πρέπει να 
ταυτίζονται στις περιβάλλουσες επιφάνειες, οπότε εκεί V3=0.

∇2V1 = − ρ/ε0
∇2V2 = − ρ/ε0

∇2V3 = 0

Από το νόµο του Gauss γνωρίζουµε ότι όταν µια περιοχή δεν περιέχει φορτίο και 
περιβάλλεται από µια ισοδυναµική επιφάνεια, τότε σε αυτή δεν υπάρχει καθόλου πεδίο και 
συνεπώς το δυναµικό είναι σταθερό σε όλη την περιοχή. Αυτές ακριβώς τις συνθήκες 
ικανοποιεί το δυναµικό V3: είναι λύση της εξίσωσης Laplace, δηλαδή δεν οφείλεται σε φορτία, 
και παίρνει σταθερή τιµή V3=0 σε όλο το σύνορο της περιοχής. Άρα πρέπει να παίρνει την 
ίδια τιµή 0 σε όλη την περιοχή, οπότε V1=V2 όχι µόνο στο σύνορο αλλά και σε όλη την 
περιοχή. Άρα η λύση της εξίσωσης Poisson µε τις δεδοµένες συνθήκες είναι µοναδική.

Ένα σηµαντικό πόρισµα αυτού του θεωρήµατος είναι ότι και το πεδίο είναι επίσης µοναδικό, 
οπότε, αφού από το νόµο του Gauss η έντασή του είναι E=σ/ε0 κοντά στην επιφάνεια 
οποιουδήποτε αγωγού, και η επιφανειακή πυκνότητα φορτίου σ είναι επίσης µοναδική: µόνο 
µία κατανοµή φορτίου ικανοποιεί τις συνοριακές συνθήκες.

Φυσική ΙΙΙ,  ΕΚΠΑ  2021-22
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Δυναµικό ηλεκτρικού διπόλου
638 CHAPTE R 24 E LECTR IC POTE NTIAL

where u is measured from the dipole axis as shown in Fig. 24-10a. We can now
write V as

(electric dipole), (24-30)

in which p (! qd) is the magnitude of the electric dipole moment defined in
Section 22-5. The vector is directed along the dipole axis, from the negative to
the positive charge. (Thus, u is measured from the direction of .) We use this
vector to report the orientation of an electric dipole.
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CHECKPOINT 5

Suppose that three points are set at equal (large) distances r from the center of the di-
pole in Fig. 24-10: Point a is on the dipole axis above the positive charge, point b is on
the axis below the negative charge, and point c is on a perpendicular bisector through
the line connecting the two charges. Rank the points according to the electric potential
of the dipole there, greatest (most positive) first.

Fig. 24-10 (a) Point P is a distance r
from the midpoint O of a dipole.The line
OP makes an angle u with the dipole axis.
(b) If P is far from the dipole, the lines of
lengths r(%) and r(&) are approximately par-
allel to the line of length r, and the dashed
black line is approximately perpendicular
to the line of length r(&).

Induced Dipole Moment
Many molecules, such as water, have permanent electric dipole moments. In other
molecules (called nonpolar molecules) and in every isolated atom, the centers of
the positive and negative charges coincide (Fig. 24-11a) and thus no dipole
moment is set up. However, if we place an atom or a nonpolar molecule in an
external electric field, the field distorts the electron orbits and separates the
centers of positive and negative charge (Fig. 24-11b). Because the electrons are
negatively charged, they tend to be shifted in a direction opposite the field. This
shift sets up a dipole moment that points in the direction of the field. This
dipole moment is said to be induced by the field, and the atom or molecule is then
said to be polarized by the field (that is, it has a positive side and a negative side).
When the field is removed, the induced dipole moment and the polarization
disappear.

p:

+ 

(a) 

+ 

(b) 

p 

E 

The electric field shifts
the positive and negative
charges, creating a dipole.

Fig. 24-11 (a) An atom, showing the positively charged nucleus (green) and
the negatively charged electrons (gold shading). The centers of positive and 
negative charge coincide. (b) If the atom is placed in an external electric field ,
the electron orbits are distorted so that the centers of positive and negative charge
no longer coincide. An induced dipole moment appears. The distortion is
greatly exaggerated here.
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:
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V =
1

4πε0 ( +q
r(+)

+
−q
r(−) ) =

q
4πε0

r(−) − r(+)

r(−)r(+)

⟹ V(r ≫ d) =
qd cos θ
4πε0r2

=
p cos θ
4πε0r2

⟹ V(r) =
p ⋅ ̂r

4πε0r2

Εφόσον το δυναµικό µεταβάλλεται ως  σε µεγάλες αποστάσεις από το δίπολο, το πεδίο 
µεταβάλλεται ως , όπως έχουµε ήδη δει.

r−2

r−3
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where u is measured from the dipole axis as shown in Fig. 24-10a. We can now
write V as

(electric dipole), (24-30)

in which p (! qd) is the magnitude of the electric dipole moment defined in
Section 22-5. The vector is directed along the dipole axis, from the negative to
the positive charge. (Thus, u is measured from the direction of .) We use this
vector to report the orientation of an electric dipole.
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Suppose that three points are set at equal (large) distances r from the center of the di-
pole in Fig. 24-10: Point a is on the dipole axis above the positive charge, point b is on
the axis below the negative charge, and point c is on a perpendicular bisector through
the line connecting the two charges. Rank the points according to the electric potential
of the dipole there, greatest (most positive) first.

Fig. 24-10 (a) Point P is a distance r
from the midpoint O of a dipole.The line
OP makes an angle u with the dipole axis.
(b) If P is far from the dipole, the lines of
lengths r(%) and r(&) are approximately par-
allel to the line of length r, and the dashed
black line is approximately perpendicular
to the line of length r(&).

Induced Dipole Moment
Many molecules, such as water, have permanent electric dipole moments. In other
molecules (called nonpolar molecules) and in every isolated atom, the centers of
the positive and negative charges coincide (Fig. 24-11a) and thus no dipole
moment is set up. However, if we place an atom or a nonpolar molecule in an
external electric field, the field distorts the electron orbits and separates the
centers of positive and negative charge (Fig. 24-11b). Because the electrons are
negatively charged, they tend to be shifted in a direction opposite the field. This
shift sets up a dipole moment that points in the direction of the field. This
dipole moment is said to be induced by the field, and the atom or molecule is then
said to be polarized by the field (that is, it has a positive side and a negative side).
When the field is removed, the induced dipole moment and the polarization
disappear.
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Fig. 24-11 (a) An atom, showing the positively charged nucleus (green) and
the negatively charged electrons (gold shading). The centers of positive and 
negative charge coincide. (b) If the atom is placed in an external electric field ,
the electron orbits are distorted so that the centers of positive and negative charge
no longer coincide. An induced dipole moment appears. The distortion is
greatly exaggerated here.
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r(−) − r(+) ≈ d cos θ

r(−)r(+) ≈ r2
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Δυναµικό συνεχούς κατανοµής φορτίου

V(r) = ∑
All sources

q(ri)
4πε0ri

⟶ V(r) =
1

4πε0 ∫All sources

dq(r)
r

Μακρύ σύρµα µε οµοιόµορφη 
γραµµική πυκνότητα φορτίου λ:

V(r) = − ∫ E ⋅ ds = − ∫
r λ

2πε0r′ 
dr′ 

⟹ V(r) = −
λ

2πε0
ln r + const .

68 The electric potential

any other point P2 at distance r2 requires the work per unit charge, using
Eq. (1.39):

φ21 = −
∫ P2

P1
E · ds = −

∫ r2

r1

(
λ

2πε0r

)
dr

= − λ

2πε0
ln r2 + λ

2πε0
ln r1. (2.21)

This shows that the electric potential for the charged wire can be taken as

φ = − λ

2πε0
ln r + constant. (2.22)

The constant, (λ/2πε0) ln r1 in this case, has no effect when we take −grad φ to
get back to the field E. In this case,

E = −∇φ = −r̂
dφ

dr
= λr̂

2πε0r
. (2.23)

2.6 Uniformly charged disk
Let us now study the electric potential and field around a uniformly
charged disk. This is a charge distribution like that discussed in
Section 1.13, except that it has a limited extent. The flat disk of radius
a in Fig. 2.9 carries a positive charge spread over its surface with the

y

a
ds

s

z

x

P2

P1

(0, y, 0)
s (C/m2)

Figure 2.9.
Finding the potential at a point P1 on the axis of
a uniformly charged disk.

constant density σ , in C/m2. (This is a single sheet of charge of infinites-
imal thickness, not two layers of charge, one on each side. That is, the
total charge in the system is πa2σ .) We shall often meet surface charge
distributions in the future, especially on metallic conductors. However,
the object just described is not a conductor; if it were, as we shall soon
see, the charge could not remain uniformly distributed but would redis-
tribute itself, crowding more toward the rim of the disk. What we have
is an insulating disk, like a sheet of plastic, upon which charge has been
“sprayed” so that every square meter of the disk has received, and holds
fixed, the same amount of charge.

Example (Potential on the axis) Let us find the potential due to our uni-
formly charged disk, at some point P1 on the axis of symmetry, which we have
made the y axis. All charge elements in a thin, ring-shaped segment of the disk
lie at the same distance from P1. If s denotes the radius of such an annular seg-
ment and ds is its width, its area is 2πs ds. The amount of charge it contains, dq,
is therefore dq = σ 2πs ds. Since all parts of this ring are the same distance away
from P1, namely, r =

√
y2 + s2, the contribution of the ring to the potential at

P1 is dq/4πε0r = σ s ds
/(

2ε0
√

y2 + s2)
. To get the potential due to the whole

disk, we have to integrate over all such rings:

φ(0, y, 0) =
∫

dq
4πε0r

=
∫ a

0

σ s ds

2ε0
√

y2 + s2
= σ

2ε0

√
y2 + s2

∣∣∣∣
a

0
. (2.24)

Δίσκος µε οµοιόµορφη επιφανειακή πυκνότητα φορτίου σ:

V(0,y,0) = ∫
dq

4πε0r
= ∫

a

0

σ2πsds
4πε0r

=
σ

2ε0 ∫
a

0

sds

y2 + s2

u = y2 + s2 ⟹ du =
sds

y2 + s2

⟹ ∫
a

0

sds

y2 + s2
= ∫

y2 + a2

y2

du = y2 + a2 − |y |

⟹ V(0,y,0) =
σ

2ε0 ( y2 + a2 − |y |)

Κώστας Βελλίδης

E = − ∇V = −
dV
dr

̂r =
λ ̂r

2πε0r

αποτέλεσµα που έχουµε ήδη 
βρει µε απευθείας υπολογισµό 
του πεδίου.
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Η µέθοδος των ειδώλων
Η περίπτωση φορτίου Q σε απόσταση r 
από “άπειρη” γειωµένη πλάκα µοιάζει µε 
εκείνη του ηλεκτρικού διπόλου µε ροπή 
2Qr: το δυναµικό είναι 0 σε κάθε σηµείο P 
της πλάκας, όπως είναι και στο επίπεδο 
που είναι κάθετο στο κέντρο O του διπόλου 
(επειδή 

).
p ⋅ ̂r = 0 ⇒ V = p ⋅ ̂r/(4πε0r2)

= 0

Άρα, οι δυναµικές γραµµές του πεδίου στο χώρο από την 
πλευρά της πλάκας όπου βρίσκεται το φορτίο Q θα είναι 
όπως του πεδίου ενός διπόλου µε υποθετικό φορτίο  
(“είδωλο”) συµµετρικό του Q ως προς το επίπεδο της πλάκας.

−Q

Το πεδίο στο P (κάθετο στην πλάκα) είναι τότε: E =
−2Qr

4πε0(r2 + x2)3/2
=

σ
ε0

και η επιφανειακή πυκνότητα φορτίου της πλάκας σε 
απόσταση x από την προβολή του Q είναι: σ(x) =

−Qr
2π(r2 + x2)3/2

Στην ιδέα αυτή βασίζεται η γενική µέθοδος των ειδώλων, χρήσιµη σε εφαρµογές χαµηλού 
βαθµού συµµετρίας, όπου αντικαθιστούµε αγώγιµες επιφάνειες µε συστήµατα φορτίων τα 
οποία, µαζί µε τα αρχικά φορτία, δηµιουργούν ισοδυναµικές επιφάνειες που ταυτίζονται µε 
τις αγώγιµες επιφάνειες.


