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\ (\ Multi-armed bandits

Robbins’ multi-armed bandit problem: how to play in a (rigged) casino?
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Oracle feedback

The oracle model

A stochastic first-order oracle (SFO) model of v; is a random vector ¥; of the form

1A/t =V + Ut aF ht (SFO)

where Uy is zero-mean and b, = E[?; | F;] — v(x:) is the bias of ?;




s time discrete tir Learning with oracle feedback Le g bandit feedback

O®0000

Oracle feedback

The oracle model

A stochastic first-order oracle (SFO) model of v; is a random vector ¥; of the form
1A/t =V + Ut ar ht

where Uy is zero-mean and b, = E[?; | F;] — v(x:) is the bias of ?;

(SFO)

> Bias: [b¢]eo < B:
> Variance: E[|U:|% | Fi] < of
» Second moment: K[|V, 2 | Fi] < M?

\,




Learning with oracle feedback

O®0000

Oracle feedback

The oracle model

A stochastic first-order oracle (SFO) model of v, is a random vector 7, of the form

1A/t =V + U[ aF b[ (SFO)

where Uy is zero-mean and b, = E[¥; | F;] — v(x;) is the bias of ¥,

Algorithm Hepce-O # ExpWEIGHT with SFO feedback
Require: set of actions A; sequence of payoff vectors v; € RA t=1,2,...
s A
Initialize: y; € R A( ;. (e} PRI A))
forallt=1,2,...do -~ ”& - Taerglg<)
setx; < A(yr) # mixed strategy
play a; ~ x; and receive vq, # choose action/ get payoff
observe V; < v; # full info feedback
set Y1 < yi + ViVt #update scores

end for
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Regret analysis

» Use constanty; = y

» Fix benchmark strategy p € X and consider the Fenchel coupling: ¢

g

# complications otherwise

Fi=F(p,y:1) = ), palogpa +log D exp(ya.e) - (ys, p)
ac A acA
> Energy inequality:
Fra < Fe+p{Pe, x: — p) + %)’2 Ve zoo
> Expand and rearrange:
F, - F N
(v, p— x1) < % +(Us, %0 = p) + {be,xt — p) + % Pl

> How to proceed?




Learning with oracle feedback

[e]e]e] Jele]

Regret analysis, cont'd

Bound each term separately:
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Regret analysis, cont'd
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Regret of Hedge-O

= Assume:
> Sequence of payoff vectors v; € RA; SFO feedback ~» |uitioQizaiea ot 3-°= F- Lg 14

2logm
"1\ 5T
T M

15 Then: forall p € X, HEpce-O enjoys the bound

T
Reg,(T)<2) B:+

t=1

1 MaBnuatikiv
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Regret of Hedge-O

= Assume:
> Sequence of payoff vectors v; € R; SFO feedback

2logm
P y= T2
i My

15 Then: forall p € X, HEpce-O enjoys the bound

i T
Regp(T)SZZB¢+ 2logm -y M?
=1 =1

> (’)(ﬁ) regret if feedback is unbiased (b; = 0) and has finite variance (M; < M)

Remarks:

> This bound is tightin T *> Abernethy et al., 2008

»> Logarithmic dependence on m é Can deal with exponentially many arms!

1 MaBnuatikiv
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Regret of Hedge

Theorem (Auer et al., 1995)

= Assume:
> Sequence of payoff vectors v; € [0,1]; Full info feedback

> y=/Clogm)/T

1= Then: HEDGE enjoys the bound

Reg,(T) <\/2logm - T = O(VT)

Bnpatkdy
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Regret of Hedge

Theorem (Auer et al., 1995)

= Assume:
> Sequence of payoff vectors v; € [0,1]; Full info feedback

> y=/Clogm)/T

1= Then: HEDGE enjoys the bound

Reg,(T) <\/2logm - T = O(VT)

Remarks:
» Cannot achieve O(1) regret as in continuous time # Why?
> This bound is tightin T > Abemethy et al, 2008

> Logarithmic dependence on m & Can deal with exponentially many arms!
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Learning with bandit feedback

Three types of feedback (from best to worst):

> Partial information / Bandit: only chosen component u; (o) = vq,,¢

Importance weighted estimators

Fix a payoff vector v € R and a probability distribution P on A. Then the importance weighted estimator of v,

is the random variable mired greateyy
1, Vo [Py if a is drawn (a =
Vo= — Vg = / (=) (IWE)
Py 0 otherwise (a # f8)

IWE as an oracle model
. AL (=)
> Unbiased: E[Va] =va ~> EL%S = TR NPT Lalenvs =va = by =0

» Second moment: E[vﬁ] = vi/Pa [ Execcese | w M, = O(1/ ming xq,)

110 MAaBNUaTIKGY



Regret analysis, cont'd

Learning with bandit feedback
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The EXP3 algorithm

Algorithm Exponential weights for exploration and exploitation (EXP3) # Hepce with bandit feedback

Require: set of actions .4; sequence of payoff vectors v¢ € [0,1]4, £ =1,2,...

Initialize: y; € RA

forallt=1,2,... do

set xy « A(yt) # mixed strategy
play o ~ x¢ and receive Vot # choose action / get payoff
N Vay,t .
set vy < €q; #IW estimator
Xyt
set yrip < yr + PVt # update scores

end for
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Regret analysis

> Use constant y; = y # complications otherwise

» Fix benchmark strategy p € X and consider the Fenchel coupling:

Fi=F(p,y:1) = ), palogpa +1og 3 exp(ya) = (y1,p)
ac A acA

*> Energy inequality:
1.2

Fin SFt+)/<1A’t>xt—P)+§)/ :

oo

143

> Expand and rearrange:

Fi —Fin Y

+(Ut,xt—p)+£ 2

oo

A

Vit

(vi,p—xt) <

> No bias, but E[ | ¥; io] = O(1/ ming x4,¢) is unbounded X

> How to proceed? \
<

‘b
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Energy inequality

Basic lemma

Fix some y, w € R, and let x oc exp(y). Then:

log 3" exp(ya +wa) <log 3" exp(ya) + (x,w) + Ll
acA acA
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[e]e]e]e] Jele)

Energy inequality

Basic lemma

Fix some y € RA, w € (—o0,1]*, and let x oc exp(y). Then:

log > exp(ya +wa) <log > exp(ya) + (x,w) + > XaWe
acA acA acA

. ‘A&‘é &va\cw(‘ og» ‘H&— ?nsag:: {\[ -(:e\) Gt‘- |+ £+ ne
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Regret analysis, cont'd
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Regret of EXP3

Theorem (Auer et al., 1995)

= Assume:

> EXP3is run for T iterations with y = \/logm/(mT)
> Then: Forall p € X, the learner enjoys the bound

E[Reg,(T)] <2/mlogm-T

Bnpatkdy
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Regret of EXP3

Theorem (Auer et al., 1995)

= Assume:

> EXP3is run for T iterations with y = \/logm/(mT)
> Then: Forall p € X, the learner enjoys the bound

E[Reg,(T)] <2/mlogm-T

Remarks:

v Tightin T > Abernethy et al, 2008
X Worse than full info bound by a factor of /m

> Regret can be improved to O(v/mT) but no lower

» T must be known

# cf. Hedge-O

= Audibert & Bubeck, 2010; Abernethy et al,, 2015

A\ Thoughts?




References |

1

2

3

)

19

[10]
1]

Abernethy, J,, Bartlett, P. L., Rakhlin, A., and Tewari, A. Optimal strategies and minimax lower bounds for online convex games. In COLT '08:
Proceedings of the 2 1st Annual Conference on Learning Theory, 2008.

Abernethy, ]., Lee, C, and Tewari, A. Fighting bandits with a new kind of smoothness. In NIPS "15: Proceedings of the 29th International
Conference on Neural Information Processing Systems, 2015.

Audibert, J.-Y. and Bubeck, S. Regret bounds and minimax policies under partial monitoring. Journal of Machine Learning Research, 11:
2635-2686,2010.

Auer, P, Cesa-Bianchi, N,, Freund, Y, and Schapire, R. E. Gambling in a rigged casino: The adversarial multi-armed bandit problem. In
Proceedings of the 36th Annual Symposium on Foundations of Computer Science, 1995.

Blackwell, D. An analog of the minimax theorem for vector payoffs. Pacific Journal of Mathematics, 6:1-8, 1956.

Bubeck, S. and Cesa-Bianchi, N. Regret analysis of stochastic and nonstochastic multi-armed bandit problems. Foundations and Trends in
Machine Learning, 5(1):1-122,2012.

Cesa-Bianchi, N. and Lugosi, G. Prediction, Learning, and Games. Cambridge University Press, 2006.

Fudenberg, D. and Levine, D. K. The Theory of Learning in Games, volume 2 of Economic learning and social evolution. MIT Press, Cambridge,
MA, 1998.

Hannan, J. Approximation to Bayes risk in repeated play. In Dresher, M., Tucker, A. W., and Wolfe, P. (eds.), Contributions to the Theory of
Games, Volume lll, volume 39 of Annals of Mathematics Studies, pp. 97-139. Princeton University Press, Princeton, NJ, 1957.

Shalev-Shwartz, S. Online learning and online convex optimization. Foundations and Trends in Machine Learning, 4(2):107-194,2011.

Sorin, S. Exponential weight algorithm in continuous time. Mathematical Programming, 116(1):513-528, 2009.




