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Kef�laio 1

Q¸roi Lp

1.1 O q¸roc Lp(X,A, µ), 1 6 p <∞

'Estw (X,A, µ) q¸roc mètrou kai èstw 1 6 p <∞. Gia eukolÐa, ja jewroÔme p�nta ìti to µ eÐnai

σ-peperasmèno: dhlad , ìti mporoÔme na gr�youme X =
∞⋃
s=1

As, ìpou As ∈ A kai µ(As) < ∞

gia k�je s > 1.

JewroÔme ton grammikì q¸ro Lp(µ) ìlwn twn metr simwn sunart sewn f : X → K (ìpou

K = R   C) gia tic opoÐec ∫
X

|f |pdµ <∞.

OrÐzoume sqèsh isodunamÐac ston Lp(µ) jètontac f ∼ g an f = g µ-sqedìn pantoÔ. To sÔnolo

Lp(µ) twn kl�sewn isodunamÐac [f ], f ∈ Lp(µ) gÐnetai grammikìc q¸roc me pr�xeic tic

[f ] + [g] = [f + g] kai a[f ] = [af ].

Ja suneqÐsoume na qrhsimopoioÔme to sÔmbolo f gia thn kl�sh [f ], enno¸ntac ìti h [f ] ∈ Lp(µ)

antiproswpeÔetai apì opoiad pote sun�rthsh stoiqeÐo thc. An loipìn f ∈ Lp(µ), orÐzoume

‖f‖p =

(∫
X

|f |pdµ
)1/p

.

H taÔtish sunart sewn pou sumpÐptoun µ-sqedìn pantoÔ gÐnetai gia na ikanopoieÐtai h ‖f‖p =

0 =⇒ f = 0. Pr�gmati, an
∫
X
|f |pdµ = 0 tìte f = 0 µ-sqedìn pantoÔ, dhlad  [f ] = [0].

Ja deÐxoume ìti h ‖ · ‖p eÐnai nìrma. ParathroÔme arqik� ìti o Lp(µ) eÐnai grammikìc q¸roc:

Pr�gmati, èstw f, g ∈ Lp(µ). Tìte, gia k�je x ∈ X èqoume

|f(x) + g(x)|p 6 (|f(x)|+ |g(x)|)p 6
(
2 max{|f(x)|, |g(x)|}

)p
= 2p max{|f(x)|p, |g(x)|p} 6 2p(|f(x)|p + |g(x)|p),
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�ra ∫
X

|f + g|p dµ 6 2p
(∫

X

|f |p dµ+

∫
X

|g|p dµ
)
<∞,

dhlad  f + g ∈ Lp(µ).

Prìtash 1.1.1. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw 1 6 p <∞. O q¸roc (Lp(µ), ‖·
‖p) eÐnai q¸roc me nìrma.

Apìdeixh. Profan¸c, ‖f‖p > 0 gia k�je f ∈ Lp(µ), kai eÐdame ìti an ‖f‖p = 0 tìte f = 0.

EÐnai epÐshc �meso ìti an f ∈ Lp(µ) kai a ∈ K, tìte

‖af‖p = |a|‖f‖p.

Mènei loipìn na deÐxoume thn trigwnik  anisìthta. Aut  prokÔptei �mesa apì thn anisìthta

tou Minkowski, thn opoÐa deÐqnoume parak�tw.

L mma 1.1.2 (anisìthta Young). An x, y > 0 kai p, q > 1 me 1
p

+ 1
q

= 1, tìte

(1.1.1) xy 6
xp

p
+
yq

q

me isìthta mìno an xp = yq.

Apìdeixh. H sun�rthsh f : (0,+∞) → R me f(x) = lnx eÐnai gnhsÐwc koÐlh. An loipìn

a1, . . . , am > 0 kai tj ∈ (0, 1) me t1 + · · ·+ tm = 1, tìte

m∑
j=1

tj ln aj 6 ln(t1a1 + · · ·+ tmam),

apì thn anisìthta Jensen. 'Epetai ìti

(1.1.2) at11 a
t2
2 · · · a

tm
m 6 t1a1 + · · ·+ tmam

me isìthta mìno an a1 = · · · = am. H anisìthta aut  genikeÔei thn anisìthta arijmhtikoÔ-

gewmetrikoÔ mèsou. An t1 = · · · = tm = 1/m, paÐrnoume

m
√
a1 · · · am 6

a1 + · · ·+ am
m

.

Eidik  perÐptwsh thc (1.1.2) eÐnai h

(1.1.3) atb1−t 6 ta+ (1− t)b.

Efarmìzoume thn anisìthta (1.1.3) me a = xp, b = yq. AfoÔ 1
p

+ 1
q

= 1, epilègontac t = 1
p
,

sumperaÐnoume ìti

xy = a1/pb1/q 6
a

p
+
b

q
=
xp

p
+
yq

q

me isìthta mìno an xp = a = b = yq.
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Orismìc 1.1.3 (suzugeÐc ekjètec). An p, q > 1 kai 1
p

+ 1
q

= 1, lème ìti oi p kai q eÐnai

suzugeÐc ekjètec. SumfwnoÔme ìti o suzug c ekjèthc tou p = 1 eÐnai o q =∞.

Prìtash 1.1.4 (anisìthta Hölder). 'Estw (X,A, µ) ènac q¸roc mètrou, f ∈ Lp(µ) kai

g ∈ Lq(µ), ìpou p, q > 1 suzugeÐc ekjètec. Tìte, fg ∈ L1(µ) kai

(1.1.4)

∫
X

|fg| dµ 6

(∫
X

|f |p dµ
)1/p(∫

X

|g|q dµ
)1/q

,

dhlad 

(1.1.5) ‖fg‖1 6 ‖f‖p‖g‖q.

Apìdeixh. Upojètoume pr¸ta ìti

‖f‖pp =

∫
X

|f |p dµ = 1 kai ‖g‖qq =

∫
X

|g|q dµ = 1.

Apì thn anisìthta tou Young, gia k�je x ∈ X isqÔei

|f(x)g(x)| 6 1

p
|f(x)|p +

1

q
|g(x)|q.

Oloklhr¸nontac thn teleutaÐa anisìthta paÐrnoume∫
X

|fg| dµ 6
1

p

∫
X

|f |p dµ+
1

q

∫
X

|g|q dµ =
1

p
+

1

q
= 1 = ‖f‖p‖g‖q.

Sthn genik  perÐptwsh: mporoÔme na upojèsoume ìti ‖f‖p 6= 0 kai ‖g‖q 6= 0 (alli¸c f ≡ 0  

g ≡ 0 µ−sqedìn pantoÔ kai to aristerì mèloc thc zhtoÔmenhc anisìthtac mhdenÐzetai, opìte den

èqoume tÐpota na deÐxoume). JewroÔme tic sunart seic

f1 =
f

‖f‖p
kai g1 =

g

‖g‖q
.

ParathroÔme ìti∫
X

|f1|p dµ =
1

‖f‖pp

∫
X

|f |p dµ = 1 kai

∫
X

|g1|q dµ =
1

‖g‖qq

∫
X

|g|q dµ = 1.

Apì thn eidik  perÐptwsh thc anisìthtac pou deÐxame parap�nw, èqoume∫
X

|f1g1| dµ 6 1, dhlad ,

∫
X

|fg| dµ 6 ‖f‖p‖g‖q.

Prìtash 1.1.5 (anisìthta Minkowski). 'Estw (X,A, µ) enac q¸roc mètrou kai 1 6 p <∞.

An f, g ∈ Lp(µ), tìte

(1.1.6)

(∫
X

|f + g|p dµ
)1/p

6

(∫
X

|f |p dµ
)1/p

+

(∫
X

|g|p dµ
)1/p

,

dhlad 

(1.1.7) ‖f + g‖p 6 ‖f‖p + ‖g‖p.
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Apìdeixh. H anisìthta eÐnai apl  sthn perÐptwsh p = 1. Sth sunèqeia jewroÔme thn perÐptwsh

1 < p <∞. MporoÔme na upojèsoume ìti ‖f + g‖p > 0. Gr�foume

‖f + g‖pp =

∫
X

|f + g|p dµ =

∫
X

|f + g|p−1|f + g| dµ

6
∫
X

|f + g|p−1|f | dµ+

∫
X

|f + g|p−1|g| dµ

6

(∫
X

|f + g|(p−1)q dµ

)1/q

‖f‖p +

(∫
X

|f + g|(p−1)q dµ

)1/q

‖g‖p,

ìpou, sto teleutaÐo b ma, efarmìsame thn anisìthta Hölder gia ta zeug�ria |f + g|p−1, |f | kai
|f + g|p−1, |g|. ParathroÔme ìti (p− 1)q = p (oi p kai q eÐnai suzugeÐc ekjètec). Sunep¸c,(∫

X

|f + g|(p−1)q dµ

)1/q

=

(∫
X

|f + g|p dµ
)1/q

= ‖f + g‖p/qp .

'Epetai ìti

‖f + g‖pp 6 ‖f + g‖p/qp

(
‖f‖p + ‖g‖p

)
.

Qrhsimopoi¸ntac thn p− p
q

= 1 sumperaÐnoume ìti

‖f + g‖p =
‖f + g‖pp
‖f + g‖p/qp

6 ‖f‖p + ‖g‖p.

1.2 Plhrìthta tou Lp(X,A, µ), 1 6 p <∞

Se aut n thn par�grafo deÐqnoume thn plhrìthta tou Lp(X,A, µ), 1 6 p <∞.

Je¸rhma 1.2.1. O Lp(µ), 1 6 p <∞ eÐnai q¸roc Banach.

Gia thn apìdeixh ja qrhsimopoi soume èna genikì krit rio. DÐnoume pr¸ta k�poiouc ori-

smoÔc.

Orismìc 1.2.2. 'Estw (xn) akoloujÐa se ènan q¸ro X me nìrma. Lème ìti h seir�
∑∞
n=1 xn

sugklÐnei an up�rqei x ∈ X ¸ste

Sn :=
n∑
k=1

xk → x.

Lème ìti h seir�
∑∞
n=1 xn sugklÐnei apolÔtwc an

∑∞
n=1 ‖xn‖ < +∞.

L mma 1.2.3. 'Estw X ènac q¸roc me nìrma. Ta ex c eÐnai isodÔnama:

(a) O X eÐnai pl rhc.

(b) An (xn) eÐnai akoloujÐa ston X me
∑∞
n=1 ‖xn‖ < +∞, tìte h seir�

∑∞
n=1 xn sugklÐnei.
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Apìdeixh. Upojètoume pr¸ta ìti o X eÐnai pl rhc. 'Estw (xk) akoloujÐa ston X, me thn

idiìthta
∑∞
k=1 ‖xk‖ <∞. Gia tuqìn ε > 0, up�rqei n0(ε) ∈ N ¸ste, gia k�je n > m > n0,

‖xm+1‖+ · · ·+ ‖xn‖ < ε.

Tìte, an n > m > n0,

‖sn − sm‖ = ‖xm+1 + · · ·+ xn‖ 6 ‖xm+1‖+ · · ·+ ‖xn‖ < ε.

To ε > 0  tan tuqìn, �ra h (sn) eÐnai Cauchy. O X eÐnai pl rhc, �ra h sn sugklÐnei se k�poio

x ∈ X.

AntÐstrofa, èstw (xk) akoloujÐa Cauchy ston X. Gia ε = 1
2k
, k = 1, 2, . . ., mporoÔme na

broÔme s1 < s2 < · · · < sk < · · · ¸ste, gia k�je n > m > sk,

‖xn − xm‖ <
1

2k
.

Eidikìtera,

sk+1 > sk > sk =⇒ ‖xsk+1 − xnk‖ <
1

2k

gia k�je k ∈ N. 'Ara,
∞∑
k=1

‖xsk+1 − xsk‖ < 1 < +∞.

H
∑∞
k=1(xsk+1 − xsk ) sugklÐnei apolÔtwc, opìte (apì thn upìjes  mac) sugklÐnei: up�rqei

x ∈ X ¸ste
m∑
k=1

(xsk+1 − xsk )→ x,

dhlad , xsm+1−xs1 → x. 'Ara, xsk → x+xs1 . DeÐxame ìti h (xk) èqei sugklÐnousa upakoloujÐa.

EÐnai ìmwc kai akoloujÐa Cauchy, �ra sugklÐnei ston X. 'Epetai ìti o X eÐnai pl rhc.

Apìdeixh tou Jewr matoc 1.2.1. 'Estw (fk) akoloujÐa ston Lp(µ) me thn idiìthta

∞∑
k=1

‖fk‖p = M < +∞.

Gia k�je n ∈ N orÐzoume gn(x) =
∑n
k=1 |fk(x)|, x ∈ X. Tìte,

‖gn‖p 6
n∑
k=1

‖fk‖p 6M,

dhlad  gn ∈ Lp(µ) kai
∫
X
gpndµ 6 Mp. H (gn) eÐnai aÔxousa, �ra orÐzetai h g(x) = lim gn(x) ∈

[0,∞]. Apì to je¸rhma monìtonhc sÔgklishc,∫
X

gpdµ = lim
n→∞

∫
X

gpndµ 6Mp.
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Sunep¸c, h gp eÐnai oloklhr¸simh. 'Epetai ìti g(x) =
∑∞
k=1 |fk(x)| < +∞ sqedìn pantoÔ.

OrÐzoume sn(x) =
∑n
k=1 fk(x). Apì thn g(x) < +∞ èqoume ìti h s(x) = lim sn(x) =∑∞

k=1 fk(x) sugklÐnei sqedìn pantoÔ. H s eÐnai metr simh kai apì thn |sn(x)| 6 gn(x) 6 g(x)

sumperaÐnoume ìti |s(x)| 6 g(x) sqedìn pantoÔ. 'Epetai ìti∫
X

|s|pdµ 6
∫
X

gpdµ 6Mp <∞,

dhlad  s ∈ Lp(µ). Tèloc, parathroÔme ìti

|sn(x)− s(x)|p 6 2p max{|sn(x)|p, |s(x)|p} 6 2p|g(x)|p

sqedìn pantoÔ. AfoÔ |sn(x)− s(x)|p → 0 sqedìn pantoÔ, qrhsimopoi¸ntac to je¸rhma kuriar-

qhmènhc sÔgklishc blèpoume ìti ∫
X

|sn − s|pdµ→ 0.

Autì deÐqnei ìti ‖sn − s‖p → 0. Apì to L mma 1.2.3 èpetai ìti o Lp(µ) eÐnai q¸roc Banach. 2

1.3 O q¸roc L∞(X,A, µ)

Sthn perÐptwsh p =∞, o q¸roc L∞(X,A, µ) apoteleÐtai apì tic metr simec f pou eÐnai {frag-

mènec sqedìn pantoÔ}. O akrib c orismìc eÐnai o ex c.

Orismìc 1.3.1. 'Estw (X,A, µ) ènac q¸roc mètrou. H kl�sh L∞(µ) apoteleÐtai apì ìlec

tic metr simec sunart seic f : X → K gia tic opoÐec up�rqei β > 0 ¸ste

µ ({x ∈ X : |f(x)| > β}) = 0.

Gia mia tètoia f , jètoume ‖f‖∞ to infimum ìlwn aut¸n twn β. Parathr ste ìti to infimum

eÐnai minimum: an (βn) eÐnai mÐa gnhsÐwc fjÐnousa akoloujÐa me βn → ‖f‖∞, tìte

µ ({x ∈ X : |f(x)| > βn}) = 0

gia k�je n kai {x ∈ X : |f(x)| > ‖f‖∞} =
⋃∞
n=1{x ∈ X : |f(x)| > βn}, �ra

µ ({x ∈ X : |f(x)| > ‖f‖∞}) = 0.

EÔkola blèpoume ìti o L∞(µ) eÐnai grammikìc q¸roc. An gia k�poia f ∈ L∞(µ) isqÔei

‖f‖∞ = 0, tìte sumperaÐnoume ìti f = 0 µ−sqedìn pantoÔ. 'Etsi, gia f, g ∈ L∞(µ), jètoume

f ∼ g an f = g µ−sqedìn pantoÔ sto X.

Orismìc 1.3.2. 'Estw (X,A, µ) ènac q¸roc mètrou. Tìte, to sÔnolo twn kl�sewn isoduna-

mÐac tou q¸rou L∞(µ) wc proc th sqèsh ∼ sumbolÐzetai me L∞(µ). O L∞(µ) gÐnetai grammikìc

q¸roc me tic profaneÐc pr�xeic.
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Ja gr�foume, ìpwc kai prin, f ∈ L∞(µ) antÐ gia [f ] ∈ L∞(µ). Tèloc, gia mia f ∈ L∞(µ)

jètoume

‖f‖∞ = min {β > 0 : µ ({x ∈ X : |f(x)| > β})} .

Lème ìti o ‖f‖∞ eÐnai to ousi¸dec supremum thc f .

Prìtash 1.3.3. 'Estw (X,A, µ) q¸roc mètrou. O q¸roc (L∞(µ), ‖ · ‖∞) eÐnai q¸roc me

nìrma.

Apìdeixh. Af netai wc �skhsh.

Je¸rhma 1.3.4. 'Estw (X,A, µ) ènac q¸roc mètrou. O q¸roc me nìrma (L∞(µ), ‖ · ‖∞)

eÐnai q¸roc Banach.

Apìdeixh. JewroÔme ta sÔnola

An,m = {x ∈ X : |fn(x)− fm(x)| 6 ‖fn − fm‖∞} , n,m ∈ N

gia ta opoÐa isqÔei µ(X \ An,m) = 0. 'Etsi, an orÐsoume A =
⋂
n,mAn,m èqoume µ(X \ A) = 0

kai

sup
x∈A
|fn(x)− fm(x)| 6 ‖fn − fm‖∞

gia k�je n,m ∈ N, �ra h {fn} eÐnai omoiìmorfa Cauchy sto A kai sunep¸c omoiìmorfa sugklÐ-

nousa. Up�rqei loipìn mia metr simh sun�rthsh f : X → K ¸ste fn → f omoiìmorfa sto A.

Dhlad ,

‖fn − f‖∞ = ‖(fn − f)χA‖∞ 6 sup
x∈A
|fn(x)− f(x)| → 0.

Autì deÐqnei ìti f ∈ L∞(µ) kai fn → f ston L∞(µ).

1.4 Fragmènoi grammikoÐ telestèc kai sunarthsoeid 

'Estw X kai Y dÔo q¸roi me nìrma. Mia apeikìnish T : X → Y lègetai grammikìc telest c an

T (ax1 + bx2) = aT (x1) + bT (x2)

gia k�je x1, x2 ∈ X kai a, b ∈ K. H eikìna tou T eÐnai o upìqwroc Im(T ) = {T (x) : x ∈ X}
kai o pur nac tou T eÐnai o upìqwroc Ker(T ) = {x ∈ X : T (x) = 0}. O T eÐnai grammikìc

isomorfismìc an eÐnai èna proc èna kai epÐ, dhlad  an Im(T ) = Y kai Ker(T ) = {0}.
'Enac grammikìc telest c T : X → Y lègetai fragmènoc an up�rqei M > 0 ¸ste

‖T (x)‖ 6M‖x‖

gia k�je x ∈ X. Apì thn grammikìthta tou T kai tic idiìthtec thc nìrmac èpetai ìti o T eÐnai

fragmènoc an kai mìno an eÐnai suneq c:
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Je¸rhma 1.4.1. 'Estw X,Y q¸roi me nìrma kai T : X → Y grammikìc telest c. Ta ex c

eÐnai isodÔnama:

(a) O T eÐnai suneq c apeikìnish.

(b) O T eÐnai suneq c sto 0.

(g) O T eÐnai fragmènoc.

Apìdeixh. An o T eÐnai suneq c, tìte eÐnai suneq c kai sto 0.

Upojètoume ìti o T eÐnai suneq c sto 0. Gia ε = 1 > 0, mporoÔme na broÔme δ > 0 ¸ste

‖x‖ 6 δ =⇒ ‖T (x)‖ 6 1.

'Estw x ∈ X, x 6= 0. Tìte, ‖(δ/2‖x‖)x‖ 6 δ �ra ‖T ((δ/2‖x‖)x)‖ 6 1. Dhlad ,

‖T (x)‖ 6M‖x‖

gia k�je x ∈ X, ìpou M = 2/δ.

Tèloc, upojètoume ìti o T eÐnai fragmènoc kai deÐqnoume ìti eÐnai suneq c. Up�rqei M > 0

me thn idiìthta ‖T (x)‖ 6M‖x‖ gia k�je x ∈ X. 'Estw x0 ∈ X kai ε > 0. Epilègoume δ = ε/M .

Tìte, an ‖x− x0‖ < δ èqoume

‖T (x)− T (x0)‖ = ‖T (x− x0)‖ 6M‖x− x0‖ 6Mδ = ε.

SumbolÐzoume me B(X,Y ) to sÔnolo t¸n fragmènwn grammik¸n telest¸n T : X → Y . O

B(X,Y ) eÐnai grammikìc q¸roc.

Orismìc 1.4.2. An T ∈ B(X,Y ) jètoume

‖T‖ = inf{M > 0 : ∀x ∈ X, ‖T (x)‖ 6M‖x‖}.

AfoÔ o T eÐnai fragmènoc, to sÔnolo ston orismì eÐnai mh kenì, �ra h ‖T‖ orÐzetai kal�.

ParathroÔme epÐshc ìti to inf eÐnai sthn pragmatikìthta min. Dhlad ,

‖T (x)‖ 6 ‖T‖ · ‖x‖, x ∈ X.

Autì faÐnetai wc ex c: paÐrnoume fjÐnousa akoloujÐa Mn → ‖T‖ me thn idiìthta

‖T (x)‖ 6Mn‖x‖, x ∈ X.

Af nontac to n→∞ blèpoume ìti

‖T (x)‖ 6 lim
n→∞

Mn‖x‖ = ‖T‖ · ‖x‖.

Prìtash 1.4.3. 'Estw T : X → Y fragmènoc grammikìc telest c. Tìte,

‖T‖ = sup{‖T (x)‖ : ‖x‖ 6 1} = sup{‖T (x)‖ : ‖x‖ = 1}.
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Apìdeixh. DeÐqnoume mìno thn pr¸th isìthta. 'Estw A = sup{‖T (x)‖ : ‖x‖ 6 1}. An ‖x‖ 6 1,

tìte ‖T (x)‖ 6 ‖T‖ · ‖x‖ 6 ‖T‖. 'Ara, A 6 ‖T‖.
AntÐstrofa, an x 6= 0 tìte ‖(x/‖x‖)‖ 6 1 �ra

‖T (x/‖x‖)‖ 6 A =⇒ ‖T (x)‖ 6 A‖x‖.

Apì ton orismì thc ‖T‖ paÐrnoume ‖T‖ 6 A.

Prìtash 1.4.4. H apeikìnish ‖ · ‖ : B(X,Y )→ R+ me T 7→ ‖T‖ eÐnai nìrma, kai an o Y eÐnai

q¸roc Banach tìte o B(X,Y ) eÐnai q¸roc Banach.

Apìdeixh. DeÐqnoume mìno thn plhrìthta. 'Estw (Tn) akoloujÐa Cauchy ston B(X,Y ). Gia

k�je ε > 0 up�rqei n0(ε) ∈ N ¸ste ‖Tn − Tm‖ 6 ε an n,m > n0.

Tìte, an x ∈ X kai n,m > n0, èqoume ‖Tn(x)− Tm(x)‖ 6 ε‖x‖. Autì deÐqnei ìti h (Tn(x))

eÐnai Cauchy ston Y kai afoÔ o Y eÐnai pl rhc up�rqei yx ∈ Y me Tn(x)→ yx.

OrÐzoume T : X → Y me T (x) = yx = limn Tn(x). EÔkola elègqoume ìti o T eÐnai grammikìc

telest c. Ja deÐxoume tautìqrona ìti T ∈ B(X,Y ) kai ‖T − Tn‖ → 0. Gia k�je x ∈ X kai

n > n0,

‖T (x)− Tn(x)‖ = ‖ lim
n

(Tm(x)− Tn(x))‖ = lim
n
‖Tm(x)− Tn(x)‖

6 lim sup
n
‖Tm − Tn‖ · ‖x‖ 6 ε‖x‖.

Autì deÐqnei ìti (T − Tn) ∈ B(X,Y ), �ra T = (T − Tn) + Tn ∈ B(X,Y ). EpÐshc, ‖T − Tn‖ 6 ε

gia k�je n > n0, kai afoÔ to ε > 0  tan tuqìn, ‖T − Tn‖ → 0.

Orismìc 1.4.5. K�je grammikìc telest c f : X → K lègetai grammikì sunarthsoeidèc. O

q¸roc B(X,K) ìlwn twn fragmènwn grammik¸n sunarthsoeid¸n f : X → K lègetai duðkìc

q¸roc tou X kai sumbolÐzetai me X∗.

AfoÔ o (K, |·|) eÐnai pl rhc, o duðkìc q¸roc X∗ k�je q¸rou X me nìrma eÐnai q¸roc Banach,

ìpou

‖f‖ = sup{|f(x)| : ‖x‖ = 1}.

'Estw X,Y q¸roi me nìrma. 'Enac grammikìc telest c T : X → Y lègetai isomorfismìc an

eÐnai isomorfismìc grammik¸n q¸rwn (dhl. èna proc èna kai epÐ) kai oi T, T−1 eÐnai fragmènoi

telestèc. EÔkola elègqoume ìti o T : X → Y eÐnai isomorfismìc an kai mìno an up�rqoun

M1,M2 > 0 ¸ste
1

M2
‖x‖ 6 ‖T (x)‖ 6M1‖x‖, x ∈ X.

Lème ìti dÔo q¸roi me nìrma X kai Y eÐnai isìmorfoi an up�rqei isomorfismìc T : X → Y .

Oi X kai Y lègontai isometrik� isìmorfoi an up�rqei isomorfismìc T : X → Y me thn epiplèon

idiìthta

‖T (x)‖ = ‖x‖, x ∈ X.
'Enac tètoioc isomorfismìc lègetai isometrÐa. Parathr ste ìti k�je isometrÐa diathreÐ tic apo-

st�seic: an x1, x2 ∈ X, tìte ‖T (x1)−T (x2)‖ = ‖x1−x2‖. Epomènwc, dÔo isometrik� isìmorfoi

q¸roi {tautÐzontai} tìso san grammikoÐ ìso kai san metrikoÐ q¸roi.
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1.5 Q¸roi Hilbert kai o L2(X,A, µ)

Q¸roi me eswterikì ginìmeno kai q¸roi Hilbert

Orismìc 1.5.1. 'Estw X grammikìc q¸roc p�nw apì to K. Mia sun�rthsh 〈·, ·〉 : X×X → K
lègetai eswterikì ginìmeno an ikanopoieÐ ta ex c:

(a) 〈x, x〉 > 0 gia k�je x ∈ X, me isìthta an kai mìno an x = 0.

(b) 〈x, y〉 = 〈y, x〉, gia k�je x, y ∈ X.

(g) gia k�je y ∈ X h sun�rthsh x 7→ 〈x, y〉 eÐnai grammik .

Prìtash 1.5.2 (anisìthta Cauchy-Schwarz). 'Estw X q¸roc me eswterikì ginìmeno. An

x, y ∈ X, tìte

|〈x, y〉| 6
√
〈x, x〉

√
〈y, y〉.

Apìdeixh. Exet�zoume pr¸ta thn perÐptwsh K = C. 'Estw x, y ∈ X kai èstw M = |〈x, y〉|.
Up�rqei θ ∈ R ¸ste 〈x, y〉 = Meiθ. Gia k�je migadikì arijmì λ = reit èqoume

0 6 〈λx+ y, λx+ y〉 = |λ|2〈x, x〉+ λ〈x, y〉+ λ〈x, y〉+ 〈y, y〉
= |λ|2〈x, x〉+ 2Re(λ〈x, y〉) + 〈y, y〉
= r2〈x, x〉+ 2Re(rMei(θ+t)) + 〈y, y〉.

Epilègoume to t ètsi ¸ste ei(θ+t) = −1. Tìte, èqoume

r2〈x, x〉 − 2rM + 〈y, y〉 > 0

gia k�je r > 0. PaÐrnontac r =
√
〈y, y〉/

√
〈x, x〉 èqoume to zhtoÔmeno (h perÐptwsh x = 0  

y = 0 eÐnai profan c).

Sthn perÐptwsh pou K = R, parathroÔme ìti gia k�je x, y ∈ X kai gia k�je t ∈ R isqÔei

0 6 〈tx+ y, tx+ y〉 = t2〈x, x〉+ 2t〈x, y〉+ 〈y, y〉.

H diakrÐnousa tou triwnÔmou wc proc t prèpei na eÐnai mikrìterh   Ðsh apì mhdèn. 'Ara, 4〈x, y〉2−
4〈x, x〉〈y, y〉 6 0. Autì dÐnei to zhtoÔmeno.

OrÐzoume ‖ · ‖ : X → R me ‖x‖ =
√
〈x, x〉. H anisìthta Cauchy-Schwarz mac epitrèpei na

deÐxoume ìti h ‖ · ‖ eÐnai nìrma:

Prìtash 1.5.3. 'Estw X q¸roc me eswterikì ginìmeno. H sun�rthsh ‖ · ‖ : X → R, me
‖x‖ =

√
〈x, x〉 eÐnai nìrma.

Apìdeixh. ArkeÐ na elègxoume thn trigwnik  anisìthta (oi �llec idiìthtec eÐnai aplèc). 'Omwc,

‖x+ y‖2 = 〈x+ y, x+ y〉 = ‖x‖2 + 〈x, y〉+ 〈y, x〉+ ‖y‖2

= ‖x‖2 + ‖y‖2 + 2Re(〈x, y〉)
6 ‖x‖2 + ‖y‖2 + 2|〈x, y〉|
6 ‖x‖2 + ‖y‖2 + 2‖x‖ · ‖y‖ = (‖x‖+ ‖y‖)2,

apì tic idiìthtec tou eswterikoÔ ginomènou kai thn anisìthta Cauchy-Schwarz.
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Parat rhsh 1.5.4. 'Estw X q¸roc me eswterikì ginìmeno kai èstw ‖·‖ h epagìmenh nìrma.
Apì thn anisìthta Cauchy-Schwarz èpetai eÔkola ìti to eswterikì ginìmeno eÐnai suneqèc wc

proc thn ‖ · ‖: An xn → x kai yn → y wc proc thn ‖ · ‖, tìte

〈xn, yn〉 → 〈x, y〉.

Gia thn apìdeixh gr�foume

|〈xn, yn〉 − 〈x, y〉| = |〈xn, yn − y〉+ 〈xn − x, y〉|
6 |〈xn, yn − y〉|+ |〈xn − x, y〉| 6 ‖xn‖ ‖yn − y‖+ ‖xn − x‖ ‖y‖.

H (xn) sugklÐnei �ra eÐnai fragmènh, kai ‖yn − y‖ → 0, ‖xn − x‖ → 0. 'Ara,

〈xn, yn〉 → 〈x, y〉.

Eidikìtera, gia k�je y ∈ X h apeikìnish x 7→ 〈x, y〉 eÐnai fragmèno grammikì sunarthsoeidèc

ston X.

Orismìc 1.5.5. 'Enac q¸roc Banach lègetai q¸roc Hilbert an up�rqei eswterikì ginìmeno

〈·, ·〉 ston X ¸ste ‖x‖ =
√
〈x, x〉 gia k�je x ∈ X.

Sth sunèqeia sumbolÐzoume touc q¸rouc Hilbert me H. K�je q¸roc Hilbert ikanopoieÐ ton

kanìna tou parallhlogr�mmou: gia k�je x, y ∈ H,

‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2.

AntÐstrofa, an h nìrma ‖·‖ enìc q¸rou Banach X ikanopoieÐ ton kanìna tou parallhlogr�mmou,

tìte proèrqetai apì eswterikì ginìmeno to opoÐo orÐzetai apì thn

〈x, y〉 =
1

4
{‖x+ y‖2 − ‖x− y‖2}

sthn perÐptwsh K = R, kai apì thn

〈x, y〉 =
1

4
(‖x+ y‖2 − ‖x− y‖2 + i‖x+ iy‖2 − i‖x− iy‖2)

sthn perÐptwsh K = C.

Kajetìthta

Orismìc 1.5.6 (kajetìthta). 'Estw X ènac q¸roc me eswterikì ginìmeno. Lème ìti ta

x, y ∈ X eÐnai orjog¸nia (  k�jeta) kai gr�foume x ⊥ y, an 〈x, y〉 = 0. An x ∈ X kai M eÐnai

èna mh kenì uposÔnolo tou X, lème ìti to x eÐnai k�jeto sto M kai gr�foume x ⊥M an x ⊥ y
gia k�je y ∈M .

Parathr seic 1.5.7. (a) To 0 eÐnai k�jeto se k�je x ∈ X, kai eÐnai to monadikì stoiqeÐo

tou X pou èqei aut n thn idiìthta.

(b) An x ⊥ y, isqÔei to Pujagìreio je¸rhma: ‖x+ y‖2 = ‖x‖2 + ‖y‖2.
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Orismìc 1.5.8. 'Estw X ènac q¸roc me eswterikì ginìmeno kai èstwM grammikìc upìqwroc

tou X. OrÐzoume

M⊥ = {x ∈ X : ∀y ∈M, 〈x, y〉 = 0}.
O M⊥ eÐnai kleistìc grammikìc upìqwroc tou X

Prìtash 1.5.9. 'Estw H q¸roc Hilbert, M kleistìc grammikìc upìqwroc tou H, kai x ∈ H.

Up�rqei monadikì y0 ∈M ¸ste

‖x− y0‖ = dist(x,M) = inf{‖x− y‖ : y ∈M}.

To monadikì autì y0 ∈M sumbolÐzetai me PM (x), onom�zetai probol  tou x ston M kai ikano-

poieÐ thn x− PM (x) ⊥M .

Apìdeixh. Jètoume δ = dist(x,M). Up�rqei akoloujÐa (yn) ston M ¸ste

‖x− yn‖ → δ.

Apì ton kanìna tou parallhlogr�mmou,

‖yn − ym‖2 = ‖(yn − x) + (x− ym)‖2

= 2‖yn − x‖2 + 2‖ym − x‖2 − ‖(yn + ym)− 2x‖2

= 2‖yn − x‖2 + 2‖ym − x‖2 − 4
∥∥∥yn + ym

2
− x
∥∥∥2

.

'Omwc, yn+ym
2
∈M , �ra ‖ yn+ym

2
− x‖ > δ. Epomènwc,

‖yn − ym‖2 6 2‖yn − x‖2 + 2‖ym − x‖2 − 4δ2 → 2δ2 + 2δ2 − 4δ2 = 0

ìtan m,n → ∞. 'Ara, h (yn) eÐnai akoloujÐa Cauchy ston H. O H eÐnai pl rhc, �ra up�rqei

y0 ∈ H ¸ste yn → y0. 'Epetai ìti y0 ∈M (oM eÐnai kleistìc) kai ‖x−y0‖ = limn ‖x−yn‖ = δ.

Gia th monadikìthta, qrhsimopoioÔme kai p�li ton kanìna tou parallhlogr�mmou. An ‖x −
y‖ = δ = ‖x− y′‖, tìte

0 6 ‖y − y′‖2 = 2‖x− y′‖2 + 2‖x− y‖2 − 4

∥∥∥∥y + y′

2
− x
∥∥∥∥2

6 2δ2 + 2δ2 − 4δ2 = 0.

'Ara, y = y′.

Gia ton teleutaÐo isqurismì jètoume w = x− PM (x). 'Estw ìti to w den eÐnai k�jeto ston

M . Tìte, up�rqei z ∈M ¸ste 〈w, z〉 > 0. Gia ε > 0 arket� mikrì, èqoume 2〈w, z〉 − ε‖z‖2 > 0.

'Ara,

‖x− (PM (x) + εz)‖2 = ‖w − εz‖2 = 〈w − εz, w − εz〉
= ‖w‖2 − 2ε〈w, z〉+ ε‖z‖2

= δ2 − ε(2〈w, z〉 − ε‖z‖2) < δ2,

to opoÐo eÐnai �topo giatÐ PM (x) + εz ∈M .
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Pìrisma 1.5.10. An H q¸roc Hilbert kaiM kleistìc gn sioc upìqwroc tou H, tìte up�rqei

z ∈ H, z 6= 0, ¸ste z ⊥M .

Apìdeixh. 'Estw x ∈ H \M . PaÐrnoume z = x− PM (x) 6= 0.

Sunarthsoeid  se q¸rouc Hilbert

'Estw H 6= {0} q¸roc Hilbert. Ja doÔme ìti o H∗ perièqei {poll�} sunarthsoeid , ta opoÐa

anaparÐstantai me polÔ sugkekrimèno trìpo apì ta stoiqeÐa tou H.

L mma 1.5.11. Gia k�je a ∈ H, h fa : H → R me fa(x) = 〈x, a〉 an kei ston H∗, kai

‖fa‖H∗ = ‖a‖H .

Apìdeixh. 'Eqoume

fa(λx+ µy) = 〈λx+ µy, a〉 = λ〈x, a〉+ µ〈y, a〉 = λfa(x) + µfa(y),

kai

|fa(x)| = |〈x, a〉| 6 ‖a‖ ‖x‖.

'Ara, fa ∈ H∗ kai ‖fa‖ 6 ‖a‖. Tèloc, an a 6= 0,

‖fa‖ >
|fa(a)|
‖a‖ =

|〈a, a〉|
‖a‖ = ‖a‖.

An a = 0, profan¸c ‖fa‖ = 0 (fa ≡ 0).

AntÐstrofa, k�je f ∈ H∗ anaparÐstatai sth morf  f = fa gia k�poio a ∈ H:

Je¸rhma 1.5.12 (je¸rhma anapar�stashc tou Riesz). 'Estw H q¸roc Hilbert, kai f ∈ H∗.
Up�rqei monadikì a ∈ H ¸ste f = fa.

Apìdeixh. OrÐzoumeM = Kerf = {x ∈ H : f(x) = 0}. OM eÐnai kleistìc grammikìc upìqwroc

tou H.

An M = H, tìte f ≡ 0 kai f = f0.

An M 6= H, tìte up�rqei z 6= 0, z ∈ H pou eÐnai k�jeto ston M . Tìte, gia k�je y ∈ H
èqoume

f(f(z)y − f(y)z) = f(z)f(y)− f(y)f(z) = 0.

'Ara f(z)y − f(y)z ∈M , kai afoÔ z ⊥M paÐrnoume

〈f(z)y − f(y)z, z〉 = 0 =⇒ f(z)〈y, z〉 = f(y)〈z, z〉

=⇒ f(y) =
〈
y,
f(z)z

‖z‖2
〉

= fa(y),

ìpou a = f(z)z/‖z‖2. H monadikìthta tou a eÐnai apl . An f(y) = 〈y, a〉 = 〈y, a′〉 gia k�je

y ∈ H, tìte a− a′ ⊥ y gia k�je y ∈ H. 'Ara, a = a′.
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Pìrisma 1.5.13. 'Estw H q¸roc Hilbert. H apeikìnish T : H → H∗ me T (a) = fa eÐnai

antigrammik  isometrÐa kai epÐ.

ShmeÐwsh. Lègontac ìti h T eÐnai antigrammik , ennooÔme ìti T (λa + µa′) = λT (a) + µT (a′)

gia k�je a, a′ ∈ H kai gia k�je λ, µ ∈ K.

Apìdeixh. (a) Gia thn antigrammikìthta thc T , parathroÔme ìti

fλa+µa′(x) = 〈x, λa+ µa′〉 = λ〈x, a〉+ µ〈x, a′〉 = λfa(x) + µfa′(x),

�ra

T (λa+ µa′) = fλa+µa′ = λfa + µfa′ = λT (a) + µT (a′).

(b) Apì to L mma 1.5.11 èqoume ‖T (a)‖ = ‖fa‖ = ‖a‖. Dhlad , h T eÐnai isometrÐa.

(g) An f ∈ H∗, up�rqei a ∈ H ¸ste T (a) = fa = f , apì to je¸rhma anapar�stashc tou Riesz.

Dhlad , h T eÐnai epÐ.

Je¸rhma 1.5.14. 'Estw M kleistìc upìqwroc tou q¸rou Hilbert H kai èstw f ∈ M∗.

Up�rqei monadikì f̃ ∈ H∗ ¸ste f̃ |M = f kai ‖f̃‖H∗ = ‖f‖M∗ .

Apìdeixh. OM eÐnai q¸roc Hilbert, �ra to je¸rhma anapar�stashc tou Riesz mac dÐnei monadikì

w ∈M ¸ste

f(x) = 〈x,w〉, x ∈M.

AfoÔ (profan¸c) w ∈ H, mporoÔme na orÐsoume f̃ : H → R me

f̃(x) = 〈x,w〉, x ∈ H.

Tìte, to f̃ eÐnai fragmèno grammikì sunarthsoeidèc ston H, epekteÐnei to f , kai

‖f‖M∗ = ‖w‖ = ‖f̃‖H∗ .

Mènei na deÐxoume th monadikìthta: èstw ìti k�poio g ∈ H∗ ikanopoieÐ ta parap�nw. Tìte, apì

to je¸rhma anapar�stashc tou Riesz ston H, up�rqei u ∈ H ¸ste

g(x) = 〈x, u〉, x ∈ H.

'Omwc tìte, 〈x,w − u〉 = 0 gia k�je x ∈M , opìte w − u = z ∈M⊥. Tìte,

‖u‖2 = ‖w‖2 + ‖z‖2

apì to Pujagìreio je¸rhma, kai afoÔ ‖u‖ = ‖g‖ = ‖f‖ = ‖f̃‖ = ‖w‖, prèpei na èqoume ‖z‖ = 0,

to opoÐo dÐnei z = 0 =⇒ w = u. 'Epetai ìti g = f̃ .
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Orjokanonikèc b�seic

Orismìc 1.5.15. 'Estw X q¸roc me eswterikì ginìmeno. Mia peperasmènh   �peirh akolou-

jÐa (ek) ⊆ X lègetai orjokanonik , an 〈ei, ej〉 = δij (1 an i = j kai 0 an i 6= j). An (ek) eÐnai

mia orjokanonik  akoloujÐa ston X, tìte to {ek : k ∈ N} eÐnai grammik� anex�rthto sÔnolo.

Pr�gmati, an
∑n
k=1 λkeik = 0, tìte gia k�je j = 1, . . . , n èqoume

0 =
〈 n∑
k=1

λkeik , eij

〉
=

n∑
k=1

λk〈eik , eij 〉 = λj .

Orismìc 1.5.16. 'Estw H q¸roc Hilbert. Mi� orjokanonik  akoloujÐa (ek) lègetai orjo-

kanonik  b�sh tou H an

H = span{ek : k ∈ N}.

Prìtash 1.5.17. 'Estw H ènac apeirodi�statoc diaqwrÐsimoc q¸roc Hilbert. Up�rqei orjo-

kanonik  b�sh {ek : k ∈ N} tou H.

Apìdeixh. ParathroÔme pr¸ta ìti k�je orjokanonik  oikogèneia {ei : i ∈ I} tou H eÐnai arijm -

simo sÔnolo: pr�gmati, an ei 6= ej eÐnai stoiqeÐa miac tètoiac oikogèneiac, tìte ‖ei − ej‖ =
√

2.

Thn Ðdia stigm , afoÔ o q¸roc eÐnai diaqwrÐsimoc den gÐnetai na up�rqoun uperarijm sima to

pl joc shmeÐa tou pou na apèqoun an� dÔo apìstash Ðsh me
√

2. JewroÔme loipìn mia orjo-

kanonik  akoloujÐa {ek : k ∈ N} tou H (h di�taxh twn stoiqeÐwn thc b�shc eÐnai tuqoÔsa) h

opoÐa na eÐnai megistik , dhlad  na mhn perièqetai gn sia se k�poia �llh. Autì gÐnetai me qr sh

tou l mmatoc tou Zorn. Tìte, o upìqwroc span{ek : k ∈ N} eÐnai puknìc ston H (alli¸c, ja

mporoÔsame na broÔme monadiaÐo z ⊥ ek gia k�je k, kai h (ek) den ja  tan megistik ). 'Ara, h

(ek) eÐnai orjokanonik  b�sh tou H.

L mma 1.5.18. 'Estw X q¸roc me eswterikì ginìmeno kai èstw (en) orjokanonik  akoloujÐa

ston X. Gia k�je x ∈ H kai k�je n ∈ N,

d(x, span{e1, . . . , en}) =

∥∥∥∥∥x−
n∑
k=1

〈x, ek〉ek

∥∥∥∥∥ .
Apìdeixh. 'Estw λ1, . . . , λn ∈ K kai y =

∑n
k=1 λkek. ParathroÔme ìti∥∥∥∥∥x−

n∑
k=1

λkek

∥∥∥∥∥
2

= ‖x‖2 +

n∑
k=1

|λk − 〈x, ek〉|2 −
n∑
k=1

|〈x, ek〉|2.

'Ara, ∥∥∥∥∥x−
n∑
k=1

λkek

∥∥∥∥∥
2

> ‖x‖2 −
n∑
k=1

|〈x, ek〉|2

kai isìthta mporeÐ na isqÔei mìno an λk = 〈x, ek〉, k = 1, . . . , n, dhlad  an y =
∑n
k=1〈x, ek〉ek.

To epìmeno je¸rhma dÐnei isodÔnamouc qarakthrismoÔc tou ìti h (en) eÐnai orjokanonik 

b�sh.
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Je¸rhma 1.5.19. 'Estw (ek) orjokanonik  akoloujÐa se ènan q¸ro Hilbert H. Ta ex c eÐnai

isodÔnama:

(a) H (ek) eÐnai orjokanonik  b�sh tou H.

(b) An x ∈ H kai 〈x, ek〉 = 0 gia k�je k, tìte x = 0.

(g) An x ∈ H kai sn(x) =
∑n
k=1〈x, ek〉ek, tìte sn(x)→ x. Dhlad ,

x =
∑
k

〈x, ek〉ek.

(d) IsqÔei h isìthta tou Parseval: gia k�je x ∈ H,

∞∑
k=1

|〈x, ek〉|2 = ‖x‖2.

Apìdeixh. (a) =⇒ (b) 'Estw x ∈ H. AfoÔ o F = span{ek : k ∈ N} eÐnai puknìc, up�rqei

akoloujÐa (yn) ∈ F me yn → x. Apì thn upìjesh èqoume x ⊥ y gia k�je y ∈ F . Tìte,

0 = 〈x, yn〉 → 〈x, x〉. 'Ara, 〈x, x〉 = 0, to opoÐo shmaÐnei ìti x = 0.

(b) =⇒ (g) ParathroÔme pr¸ta ìti x− sn(x) ⊥ sn(x): pr�gmati,

〈x, sn(x)〉 =

n∑
k=1

|〈x, ek〉|2 = ‖sn(x)‖2 = 〈sn(x), sn(x)〉.

Apì to Pujagìreio je¸rhma paÐrnoume

‖x‖2 = ‖x− sn(x)‖2 + ‖sn(x)‖2 = ‖x− sn(x)‖2 +

n∑
k=1

|〈x, ek〉|2.

Sunep¸c.
∑n
k=1 |〈x, ek〉|

2 6 ‖x‖2 gia k�je n, kai af nontac to n→∞ paÐrnoume thn anisìthta

Bessel
∞∑
k=1

|〈x, ek〉|2 6 ‖x‖2.

Eidikìtera, h seir�
∑∞
k=1 |〈x, ek〉|

2 sugklÐnei, kai apì thn

‖sm(x)− sn(x)‖2 =

m∑
k=n+1

|〈x, ek〉|2

h opoÐa isqÔei gia k�je m > n, èpetai ìti h {sn(x)} eÐnai akoloujÐa Cauchy. AfoÔ o H eÐnai

pl rhc, up�rqei y ∈ H ¸ste sn(x)→ y. Apì thn sÔgklish aut  blèpoume ìti 〈x−y, ek]rangle =

0 gia k�je k, kai h upìjes  mac (to (b)) exasfalÐzei ìti

x = y = lim
n→∞

sn(x) = lim
n→∞

n∑
k=1

〈x, ek〉ek =

∞∑
k=1

〈x, ek〉ek.
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(g) =⇒ (d) 'Estw x ∈ H. Elègxame ìti ‖x‖2 = ‖x−sn(x)‖2 +
∑n
k=1 |〈x, ek〉|

2 gia k�je n. AfoÔ

‖x− sn(x)‖ → 0, èpetai ìti
∞∑
k=1

|〈x, ek〉|2 = ‖x‖2.

(d) =⇒ (a) 'Estw x ∈ H. Elègxame ìti ‖x‖2 = ‖x − sn(x)‖2 +
∑n
k=1 |〈x, ek〉|

2 gia k�je n.

AfoÔ
∑n
k=1 |〈x, ek〉|

2 → ‖x‖2, èpetai ìti ‖x − sn(x)‖ → 0. Dhlad , sn(x) → x. AfoÔ k�je

sn(x) ∈ span{ek : k ∈ N}, èpetai ìti

H = span{ek : k ∈ N}.

Dhlad , h {ek} eÐnai orjokanonik  b�sh tou H.

Je¸rhma 1.5.20 (Riesz-Fisher). K�je diaqwrÐsimoc q¸roc Hilbert H eÐnai isometrik� isì-

morfoc me ton `2.

Apìdeixh. O H èqei orjokanonik  b�sh {ek : k ∈ N}. OrÐzoume T : H → `2 me

T (x) = (〈x, e1〉, . . . , 〈x, ek〉, . . .).

(a) O T eÐnai kal� orismènoc, giatÐ
∑
k |〈x, ek〉|

2 = ‖x‖2 < +∞, �ra T (x) ∈ `2.
(b) H grammikìthta tou T elègqetai eÔkola.

(g) ‖T (x)‖2`2 =
∑
k |〈x, ek〉|

2 = ‖x‖2, �ra o T eÐnai isometrÐa (eidikìtera, eÐnai èna proc èna).

(d) 'Estw (a1, . . . , ak, . . .) ∈ `2. OrÐzoume xN =
∑N
k=1 akek. Tìte, an N > M èqoume

‖xN − xM‖2 =

N∑
k=M+1

a2
k → 0

kaj¸c N,M → ∞, kai autì deÐqnei ìti h (xN ) eÐnai akoloujÐa Cauchy ston H. O H eÐnai

pl rhc, �ra up�rqei x ∈ H ¸ste xN → x.

'Eqoume 〈xN , em〉 → 〈x, em〉 kaj¸c N →∞, kai an N > m,

〈xN , em〉 = 〈
N∑
n=1

anen, em〉 = am.

'Ara, 〈x, em〉 = am, m ∈ N. Tèloc,

T (x) = (〈x, em〉)m∈N = (am)m∈N,

�ra o T eÐnai epÐ.
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OrjomonadiaÐoi telestèc

'Estw H1 kai H2 dÔo q¸roi Hilbert. 'Enac grammikìc telest c U : H1 → H2 lègetai orjomona-

diaÐoc an eÐnai 1-1 kai epÐ, kai ikanopoieÐ thn

‖Ux‖H2 = ‖x‖H1

gia k�je x ∈ H1. Parathr ste ìti tìte o U−1 : H2 → H1 orÐzetai kal� kai eÐnai epÐshc

orjomonadiaÐoc. EpÐshc, eÔkola elègqoume ìti gia k�je x, y ∈ H1 isqÔei

〈Ux,Uy〉H2 = 〈x, y〉H1 .

Autì prokÔptei, gia par�deigma, apì thn

〈u, v〉 =
1

t

[
‖u+ v‖2 + ‖u− v‖2 + i‖u+ iv‖2 − i‖u = iv‖2

]
h opoÐa isqÔei se k�je q¸ro me eswterikì ginìmeno. Sunèpeia twn aotelesm�twn thc prohgoÔ-

menhc upoparagr�fou eÐnai ìti opoioid pote dÔo apeirodi�statoi diaqwrÐsimoi q¸roi Hilbert H1

kai H2 eÐnai orjomonadiaÐa isodÔnamoi: an {ek} eÐnai mia orjokanonik  b�sh tou H1 kai {vk} eÐnai
mia orjokanonik  b�sh tou H2 tìte h apeikìnish U : H1 → H2 me

x =

∞∑
k=1

〈x, ek〉ek 7→ Ux =

∞∑
k=1

〈x, ek〉vk

eÐnai orjomonadiaÐoc telest c. Eidik  perÐptwsh eÐnai to Je¸rhma 1.5.20: k�je apeirodi�statoc

diaqwrÐsimoc q¸roc Hilbert eÐnai orjomonadiaÐa isodÔnamoc me ton `2.

Suzug c telest c

KleÐnoume aut n thn par�grafo me mia efarmog  tou jewr matoc anapar�stashc tou Riesz.

Je¸rhma 1.5.21. 'Estw H q¸roc Hilbert kai èstw T : H → H fragmènoc grammikìc

telest c. Up�rqei monadikìc fragmènoc grammikìc telest c T ∗ : H → H me thn idiìthta: gia

k�je x, y ∈ H,

(1.5.1) 〈Tx, y〉 = 〈x, T ∗y〉.

O T ∗ onom�zetai suzug c telest c tou T . IkanopoieÐ epÐshc tic ‖T‖ = ‖T ∗‖ kai (T ∗)∗ = T .

Apìdeixh. ParathroÔme pr¸ta ìti gia k�je y ∈ H to grammikì (elègxte to) sunarthsoeidèc `y
pou orÐzetai apì thn

`y(x) = 〈Tx, y〉

eÐnai fragmèno. Pr�gmati,

|`y(x)| 6 ‖Tx‖ ‖y‖ 6 (‖T‖ ‖y‖) ‖x‖
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gia k�je x ∈ H. Apì to je¸rhma anapar�stashc tou Riesz up�rqei monadikì ay ∈ H ¸ste

〈Tx, y〉 − `y(x) = 〈x, ay〉

gia k�je x ∈ H. OrÐzoume T ∗ : H → H me T ∗(y) = ay. Tìte, h (1.5.1) ikanopoieÐtai autom�twc.

Qrhsimopoi¸ntac tic idiìthtec tou eswterikoÔ ginomènou elègqoume �mesa ìti o T ∗ eÐnai ìntwc

grammikìc telest c. Tèloc,

‖T‖ = sup{|〈Tx, y〉| : ‖x‖ 6 1, ‖y‖ 6 1}
= sup{|〈x, T ∗y〉| : ‖x‖ 6 1, ‖y‖ 6 1}
= ‖T ∗‖.

Gia thn (T ∗)∗ = T arkeÐ na parathr soume ìti {〈Tx, y〉 = 〈x, T ∗y〉 gia k�je x, y ∈ H} an kai

mìno an {〈T ∗x, y〉 = 〈x, Ty〉 gia k�je x, y ∈ H}, k�ti pou prokÔptei an p�roume suzugeÐc sthn

pr¸th isìthta kai antistrèyoume touc rìlouc twn x kai y.

1.6 O duðkìc tou Lp

'Estw p, q > 1 suzugeÐc ekjètec. Gia k�je g ∈ Lq(µ), h apeikìnish φg : Lp(µ)→ K me

φg(f) =

∫
X

fgdµ

eÐnai fragmèno grammikì sunarthsoeidèc diìti

|φg(f)| =
∣∣∣∣∫
X

fg dµ

∣∣∣∣ 6 ‖g‖q‖f‖p
apì thn anisìthta Hölder. H Ðdia anisìthta deÐqnei ìti ‖φg‖ 6 ‖g‖q.

OrÐzoume T : Lq(µ) → (Lp(µ))∗ me T (g) = φg. To epìmeno je¸rhma deÐqnei ìti o T eÐnai

isometrikìc isomorfismìc.

Je¸rhma 1.6.1. 'Estw (X,A, µ) q¸roc mètrou kai èstw 1 < p < ∞. O duðkìc q¸roc tou

Lp(µ) eÐnai isometrik� isìmorfoc me ton Lq(µ), ìpou q o suzug c ekjèthc tou p.

Apìdeixh. Ja upojèsoume ìti µ(X) < ∞ (h epèktash an to µ eÐnai σ-peperasmèno, den pa-

rousi�zei duskolÐec). JewroÔme ton telest  T : Lq(µ) → (Lp(µ))∗ me T (g) = φg. Apì thn

suz thsh sthn arq  thc paragr�fou prokÔptei eÔkola ìti o T eÐnai kal� orismènoc fragmènoc

grammikìc telest c.

DeÐqnoume pr¸ta ìti o T eÐnai isometrÐa. 'Estw g ∈ Lq(µ), g 6= 0. OrÐzoume f me f(x) =

|g(x)|q−1sign(g(x)). Tìte, f ∈ Lp(µ) kai∫
X

|f |pdµ =

∫
X

|g|qdµ.

Sunep¸c,

‖T (g)‖ = ‖φg‖ >
|φg(f)|
‖f‖p

=
‖g‖qq
‖g‖q/pq

= ‖g‖q.
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Mènei na deÐxoume ìti o T eÐnai epÐ. 'Estw φ : Lp(µ) → K fragmèno grammikì sunarthsoeidèc.

OrÐzoume ν : A → K me

ν(A) = φ(χA).

H ν orÐzetai kal� giatÐ χA ∈ Lp(µ) (afoÔ µ(X) < ∞). EpÐshc, h ν eÐnai mètro: apì thn

grammikìthta tou φ èpetai ìti h ν eÐnai peperasmèna prosjetik , kai an (An) eÐnai mÐa fjÐnousa

akoloujÐa sthn A me
⋂
nAn = ∅, tìte

|ν(An)| 6 ‖φ‖ · ‖χAn‖p = ‖φ‖ (µ(An))1/p → 0.

To Ðdio epiqeÐrhma deÐqnei ìti µ(A) = 0 =⇒ ν(A) = 0, dhlad  to ν eÐnai apìluta suneqèc wc

proc to µ. Apì to je¸rhma Radon-Nikodym, up�rqei metr simh sun�rthsh g ¸ste

φ(χA) = ν(A) =

∫
A

gdµ =

∫
X

χAgdµ.

'Epetai ìti

φ(f) =

∫
X

fgdµ

gia k�je apl  metr simh sun�rthsh f . Ja deÐxoume ìti g ∈ Lq(µ). JewroÔme mia akoloujÐa

apì aplèc metr simec sunart seic hk me 0 6 hk ↗ |g|q kai jètoume gk = h
1/p
k sign(g). Tìte,

‖gk‖pp = ‖hk‖1 kai ∣∣∣∣∫
X

gkg

∣∣∣∣ = |φ(gk)| 6 ‖φ‖ · ‖gk‖p,

�ra ∣∣∣∣∫
X

gkgdµ

∣∣∣∣ 6 ‖φ‖ · ‖hk‖1/p1 .

Apì thn �llh pleur�, gkg = h
1/p
k |g| > h

1/p
k h

1/q
k = hk. 'Ara,

‖hk‖1 6

∣∣∣∣∫
X

gkgdµ

∣∣∣∣ 6 ‖φ‖ · ‖hk‖1/p1 ,

to opoÐo dÐnei ‖hk‖1 6 ‖φ‖q. PaÐrnontac k → ∞ kai qrhsimopoi¸ntac to je¸rhma monìtonhc

sÔgklishc, blèpoume ìti ∫
X

|g|qdµ = lim
k

∫
X

hkdµ 6 ‖φ‖q.

Autì deÐqnei ìti g ∈ Lq(µ). T¸ra, ta φg kai φ sumfwnoÔn stic aplèc sunart seic oi opoÐec eÐnai

puknèc ston Lp(µ). Lìgw sunèqeiac, T (g) = φg ≡ φ, dhlad  o T eÐnai isometrÐa epÐ.

Sthn apìdeixh tou Jewr matoc 1.6.1 qrhsimopoi jhke to je¸rhma Radon–Nikodym. Pa-

rak�tw dÐnoume mia apìdeixh autoÔ tou jewr matoc, pou qrhsimopoieÐ thn jewrÐa twn q¸rwn

Hilbert (to epiqeÐrhma eÐnai tou von Neumann).

Je¸rhma 1.6.2 (Radon–Nikodym). 'Estw (X,A, µ) ènac q¸roc mètrou. Upojètoume ìti to

µ eÐnai σ-peperasmèno. 'Estw ν èna proshmasmèno mètro ston (X,A) to opoÐo eÐnai apolÔtwc

suneqèc wc proc to µ. Tìte, up�rqei monadik  h ∈ L1(X,A, µ) ¸ste ν(A) =
∫
A
h dµ gia k�je

A ∈ A.
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Apìdeixh. Ja exet�soume mìno thn perÐptwsh pou to µ eÐnai peperasmèno kai to ν eÐnai mh

arnhtikì (apì aut  thn eidik  perÐptwsh paÐrnoume to genikì sumpèrasma me basik� epiqeir mata

thc jewrÐac mètrou).

JewroÔme to mètro λ = µ + ν ston (X,A). Apì tic upojèseic mac, to λ eÐnai mh arnhtikì,

peperasmèno mètro. JewroÔme ton q¸ro Hilbert L2(X,A, λ) kai orÐzoume φ : L2(X,A, λ) → R
me

φ(f) =

∫
X

f dν.

To φ eÐnai grammikì sunarthsoeidèc ston L2(X,A, λ) kai

|φ(f)| 6
∫
X

|f | dλ 6
√
λ(X)

(∫
X

f2dλ

)1/2

=
√
λ(X) ‖f‖2,

dhlad  to φ eÐnai fragmèno. Apì to je¸rhma anapar�stashc tou Riesz, up�rqei g ∈ L2(X,A, λ)

me thn idiìthta

φ(g) =

∫
X

fg dλ,

dhlad , ∫
X

f dν =

∫
X

fg dλ

gia k�je f ∈ L2(X,A, λ).

DeÐqnoume pr¸ta ìti 0 6 g 6 1 sqedìn pantoÔ wc proc λ. Pr�gmati, an An = {x ∈ X :

g(x) > 1 + 1/n} tìte, jewr¸ntac thn f = χAn blèpoume ìti

λ(An) > ν(An) >

(
1 +

1

n

)
λ(An),

�ra λ(An) = 0. AfoÔ A := {x : g(x) > 1} =
⋃∞
n=1 An, èpetai ìti λ(A) = 0. Me an�logo trìpo,

an Bn = {x ∈ X : g(x) 6 −1/n} tìte, jewr¸ntac thn f = χBn blèpoume ìti

0 6 ν(Bn) 6 − 1

n
λ(Bn),

�ra λ(Bn) = 0. AfoÔ B := {x : g(x) < 0} =
⋃∞
n=1 Bn, èpetai ìti λ(B) = 0.

Apì thn λ = µ+ ν mporoÔme t¸ra na gr�youme

(1.6.1)

∫
X

f(1− g) dν =

∫
X

fg dµ

gia k�je f ∈ L2(X,A, λ), kai mporoÔme na upojèsoume ìti oi g kai 1−g eÐnai mh arnhtikèc pantoÔ
sto X. Jètontac C = {x : g(x) = 1} kai jewr¸ntac thn f = χC , blèpoume ìti µ(C) = 0. AfoÔ

to ν eÐnai apìluta suneqèc wc proc to µ, èpetai ìti ν(C) = 0. MporoÔme loipìn na upojèsoume

ìti 0 6 g < 1 pantoÔ sto X.

'Estw A ∈ A. Gia k�je n ∈ N jewroÔme thn fn = (1 + g + · · ·+ gn)χA kai apì thn (1.6.1)

èqoume ∫
A

(1− gn+1) dν =

∫
A

g
1− gn+1

1− g dµ.
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Apì to je¸rhma monìtonhc sÔgklishc sumperaÐnoume ìti

ν(A) =

∫
A

dν =

∫
A

g

1− g dµ.

To A ∈ A  tan tuqìn, opìte jètontac h = g
1−g èqoume to zhtoÔmeno (elègxte thn oloklhrwsi-

mìthta kai th monadikìthta thc h).

1.7 Prosèggish sunart sewn ston Lp

Se aut n thn par�grafo parousi�zoume dÔo basik� apotelèsmata prosèggishc twn sunart sewn

pou an koun se q¸rouc Lp.

Je¸rhma 1.7.1. 'Estw (X,A, µ) ènac q¸roc mètrou kai èstw 1 6 p < ∞. JewroÔme thn

oikogèneia S pou apoteleÐtai apì ìlec tic aplèc sunart seic s : X → K gia tic opoÐec isqÔei

(1.7.1) µ({x ∈ X : s(x) 6= 0}) <∞.

H S eÐnai pukn  ston Lp(µ).

Apìdeixh. Arqik� parathroÔme ìti an s ∈ S eÐnai mia apl  sun�rthsh me kanonik  morf 

s =

n∑
j=1

ajχAj ,

ìpou ta Aj ∈ A eÐnai xèna kai an aj 6= 0 tìte µ(Aj) <∞, èqoume∫
X

|s|p dµ =

n∑
j=1

|aj |pµ(Aj) <∞.

Dhlad  S ⊆ Lp(µ).

'Estw f ∈ Lp(µ), f > 0. Tìte, up�rqei aÔxousa akoloujÐa apl¸n sunart sewn {sn} me
0 6 sn 6 f kai sn ↗ f . AfoÔ 0 6 sn 6 f , èqoume sn ∈ Lp(µ) gia k�je n, �ra sn ∈ S (�skhsh).

Epiplèon, |f − sn|p 6 fp kai afoÔ f ∈ Lp(µ), to je¸rhma kuriarqhmènhc sÔgklishc dÐnei ìti∫
X

|sn − f |p dµ→ 0,

dhlad  ìti ‖sn − f‖p → 0. 'Ara, oi jetikèc sunart seic ston Lp(µ) proseggÐzontai apì aplèc

wc proc thn ‖ · ‖p. H genik  perÐptwsh sunart sewn me timèc sto K èpetai apì aut n me tic

sun jeic teqnikèc.

Sth sunèqeia ja asqolhjoÔme me thn prosèggish Borel metr simwn sunart sewn pou orÐ-

zontai se k�poio metrikì q¸ro (X, d). DÐnoume pr¸ta ènan orismì:
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Orismìc 1.7.2 (forèac). 'Estw (X, d) ènac metrikìc q¸roc kai èstw f : X → K. To kleistì
sÔnolo

(1.7.2) supp(f) = {x ∈ X : f(x) 6= 0}

lègetai forèac thc f .

JewroÔme ton upìqwro Cc(X) tou q¸rou C(X) twn suneq¸n sunart sewn sto X pou a-

poteleÐtai apì ìlec tic suneqeÐc sunart seic f : X → K pou èqoun sumpag  forèa, dhlad 

mhdenÐzontai èxw apì k�poio sumpagèc sÔnolo K = K(f) ⊆ X. Gia {polloÔc} metrikoÔc q¸-

rouc, oi sunart seic ston Lp(µ), ìpou 1 6 p <∞, proseggÐzontai apì suneqeÐc sunart seic me

sumpag  forèa. Gia lìgouc aplìthtac, ja apodeÐxoume autì to apotèlesma mìno sthn perÐptwsh

X = Rn. Ja qreiastoÔme to je¸rhma Tietze.

Je¸rhma 1.7.3 (Je¸rhma Tietze). 'Estw (X, d) ènac metrikìc q¸roc, èstw F ⊆ X kleistì

kai èstw f : F → K suneq c. Tìte, up�rqei suneq c sun�rthsh g : X → K pou epekteÐnei thn

f , dhlad  g|F = f , kai epiplèon ikanopoieÐ thn ‖g‖∞ = ‖f‖∞.

Je¸rhma 1.7.4. 'Estw 1 6 p < ∞. To sÔnolo Cc(Rn) twn suneq¸n sunart sewn me

sumpag  forèa tou Rn eÐnai puknì ston Lp(Rn).

Apìdeixh. Logw tou Jewr matoc 1.7.1, arkeÐ na deÐxoume ìti k�je apl  sun�rthsh s ∈ S, pou
epiplèon èqei sumpag  forèa (�skhsh), proseggÐzetai apì suneqeÐc sunart seic me sumpag 

forèa. 'Estw ε > 0 kai s ∈ S me sumpag  forèa. Apì to Je¸rhma Luzin, an A = {x ∈ Rn :

s(x) 6= 0}, tìte up�rqei kleistì sÔnolo Fε ⊆ A me µ(A \ Fε) < ε ¸ste h s|Fε na eÐnai suneq c.

Qrhsimopoi¸ntac thn exwterik  kanonikìthta tou mètrou Lebesgue, brÐskoume fragmèno anoiktì

sÔnolo Uε ⊇ A me µ(Uε \ A) < ε. Tìte, to E = Fε ∪ (Rn \ Uε) eÐnai kleistì sÔnolo kai h s|E
eÐnai suneq c (exhg ste giatÐ). Apì to Je¸rhma Tietze, up�rqei suneq c sun�rthsh g : Rn → R
me

g|Fε = s, g|Rn\Uε = 0 = s kai ‖g‖∞ 6 ‖s‖∞.

Sunep¸c µ({x : s(x) 6= g(x)}) = µ(Uε \A) + µ(A \ Fε) < 2ε. 'Epetai ìti

‖s− g‖pp =

∫
{x:s(x)6=g(x)}

|s− g|p dx 6 2p‖s‖p∞µ({x : s(x) 6= g(x)})

�ra

‖s− g‖p 6 2‖s‖∞21/pε1/p = Cε1/p,

ìpou h stajer� C eÐnai anex�rthth apì to ε. Apì thn kataskeu , h g èqei sumpag  forèa. 'Ara,

o Cc(Rn) eÐnai puknìc ston Lp(Rn).

1.8 Sunèlixh

'Estw f, g ∈ L1(Rn). JewroÔme th sun�rthsh φ : Rn × Rn → K me

(1.8.1) φ(x, y) = f(x− y)g(y),
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h opoÐa eÐnai metr simh. An kei epÐshc ston L1(R2n):∫
Rn
|φ(x, y)| dx = |g(y)|

∫
Rn
|f(x− y)| dx = |g(y)|‖f‖1

apì to analloÐwto tou mètrou Lebesgue stic metajèseic. Epomènwc,∫
Rn

(∫
Rn
|φ(x, y)| dx

)
dy =

∫
Rn
|g(y)|‖f‖1 dy = ‖f‖1‖g‖1 <∞.

Apì to Je¸rhma Tonelli èpetai ìti φ ∈ L1(R2n) kai apì apì to Je¸rhma Fubini èqoume ìti to

olokl rwma ∫
Rn
f(x− y)g(y) dy

orÐzetai sqedìn gia k�je x ∈ Rn kai epiplèon (an jèsoume thn tim  tou Ðsh me mhdèn ekeÐ pou

den orÐzetai) san sun�rthsh tou x orÐzei èna stoiqeÐo tou L1(Rn).

Orismìc 1.8.1 (sunèlixh). 'Estw f, g ∈ L1(Rn). Tìte, h sun�rthsh f ∗g pou orÐzetai sqedìn
pantoÔ apì thn

(1.8.2) (f ∗ g)(x) =

∫
Rn
f(x− y)g(y) dy

an kei ston L1(Rn) kai lègetai sunèlixh twn f kai g.

Oi epìmenec prot�seic perigr�foun k�poiec basikèc idiìthtec thc sunèlixhc.

Prìtash 1.8.2. An f, g ∈ L1(Rn), tìte

(1.8.3) ‖f ∗ g‖1 6 ‖f‖1‖g‖1.

Epiplèon, h apeikìnish (f, g) 7→ f ∗ g eÐnai suneq c (wc proc thn ‖ · ‖1).

Apìdeixh. Gia th sun�rthsh φ(x, y) = f(x− y)g(y) èqoume ìti

‖f ∗ g‖1 =

∫
Rn

∣∣∣∣∫
Rn
f(x− y)g(y) dy

∣∣∣∣ dx 6
∫
Rn

(∫
Rn
|φ(x, y)| dx

)
dy

= ‖f‖1‖g‖1.

Gia th sunèqeia thc f ∗g ja deÐxoume ìti an oi fk, f, gk, g ∈ L1(Rn) ikanopoioÔn tic ‖fk−f‖1 → 0

kai ‖gk − g‖1 → 0, tìte ‖fk ∗ gk − f ∗ g‖1 → 0. Pr�gmati,

‖fk ∗ gk − f ∗ g‖1 = ‖fk ∗ (gk − g) + (fk − f) ∗ g‖1 66 ‖fk ∗ (gk − g)‖1 + ‖(fk − f) ∗ g‖1
6 ‖fk‖1‖gk − g‖1 + ‖fk − f‖1‖g‖1 → 0,

an sundu�soume tic upojèseic me to gegonìc ìti supk ‖fk‖1 <∞ (afoÔ h (fk) eÐnai sugklÐnousa

ston L1(Rn)).



1.8 Συνελιξη · 25

Prìtash 1.8.3. 'Estw f, g, h ∈ L1(Rn). H sunèlixh èqei tic ex c idiìthtec:

(i) EÐnai digrammik , dhlad 

(1.8.4) (f + g) ∗ h = f ∗ h+ g ∗ h kai f ∗ (g + h) = f ∗ g + f ∗ h.

(ii) EÐnai metajetik , dhlad 

(1.8.5) f ∗ g = g ∗ f.

(iii) EÐnai prosetairistik , dhlad 

(1.8.6) (f ∗ g) ∗ h = f ∗ (g ∗ h).

Apìdeixh. To (a) eÐnai �meso. Lìgw thc sunèqeiac thc (f, g) 7→ f ∗ g, gia na apodeÐxoume ta (b)

kai (g) se pl rh genikìthta arkeÐ na ta apodeÐxoume gia tic suneqeÐc sunart seic me sumpag 

forèa, lìgw tou Jewr matoc 1.7.4.

(b) Gia th metajetikìthta, gr�foume

(f ∗ g)(x) =

∫
Rn
f(x− y)g(y) dy =

∫
Rn
f(z)g(x− z) dz = (g ∗ f)(x),

ìpou k�name thn allag  metablht c z = x− y.
(g) Gia thn prosetairistikìthta, èqoume:(

f ∗ (g ∗ h)
)
(x) =

∫
Rn
f(x− y)(g ∗ h)(y) dy

=

∫
Rn
f(x− y)

(∫
Rn
g(y − z)h(z) dz

)
dy

=

∫
Rn

(∫
Rn
f(x− y)g(y − z) dy

)
h(z) dz

=

∫
Rn

(∫
Rn
f(x− z − u)g(u) du

)
h(z) dz

=

∫
Rn

(f ∗ g)(x− z)h(z) dz

=
(
(f ∗ g) ∗ h)(x),

ìpou k�name thn allag  metablht c u = y − z.





Kef�laio 2

Parag¸gish kai Olokl rwsh

2.1 Eisagwg 

'Estw f : [a, b]→ R mia Riemann oloklhr¸simh sun�rthsh. JewroÔme to aìristo olokl rwma

thc f :

F (x) =

∫ x

a

f(y)dy, a 6 x 6 b.

GnwrÐzoume ìti an x ∈ [a, b] kai h f eÐnai suneq c sto x tìte h F eÐnai paragwgÐsimh sto x kai

F ′(x) = f(x). GnwrÐzoume epÐshc ìti to sÔnolo twn shmeÐwn asunèqeiac thc f èqei mhdenikì

mètro Lebesgue.

SÔmfwna me ton orismì thc parag¸gou, h F eÐnai paragwgÐsimh sto x an up�rqei to ìrio

lim
h→0

F (x+ h)− F (x)

h
,

to opoÐo, sthn perÐptws  mac, paÐrnei thn morf 

lim
h→0

1

h

∫ x+h

x

f(y)dy = lim
|I|→0

1

|I|

∫
I

f(y)dy

an qrhsimopoi soume ton sumbolismì I = (x, x+h) kai gr�youme |I| gia to m koc tou diast matoc
I. Ja all�xoume lÐgo to plaÐsio, jewr¸ntac to ìrio

lim
|I|→0
x∈I

1

|I|

∫
I

f(y)dy,

ìpou, plèon, jewroÔme ìla ta anoikt� diast mata I ta opoÐa perièqoun to x kai af noume to

m koc touc na p�ei sto mhdèn. Parathr ste ìti h posìthta 1
|I|

∫
I
f(y)dy eÐnai h mèsh tim  thc f

sto di�sthma I. P�li, eÐnai eÔkolo na elègxoume ìti, an h f eÐnai oloklhr¸simh sto [a, b], tìte

lim
|I|→0
x∈I

1

|I|

∫
I

f(y)dy = f(x)
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se k�je shmeÐo sunèqeiac thc f (�ra, sqedìn pantoÔ sto [a, b]).

To er¸thma pou ja mac apasqol sei eÐnai to ex c: dÐnetai mia sun�rthsh f ∈ L1(Rn). EÐnai

swstì ìti

(2.1.1) lim
m(B)→0
x∈B

1

m(B)

∫
B

f(y)dy = f(x)

sqedìn pantoÔ ston Rn? Me B sumbolÐzoume anoiktèc mp�lec tou Rn: gia dojèn x jewroÔme

ekeÐnec tic mp�lec pou perièqoun to x kai af noume ton ìgko touc (isodÔnama, thn aktÐna touc)

na p�ei sto mhdèn.

Parathr ste ìti h (2.1.1) isqÔei se k�je shmeÐo sunèqeiac thc f . An upojèsoume ìti h f

eÐnai suneq c sto x kai an jewr soume tuqìn ε > 0 tìte up�rqei δ > 0 ¸ste: an |y − x| < δ

tìte |f(x) − f(y)| < ε/2. Tìte, gia k�je mp�la B pou perièqei to x kai èqei aktÐna mikrìterh

apì δ/2, ìla ta y ∈ B ikanopoioÔn thn |y − x| < δ, ap� ìpou paÐrnoume∣∣∣∣f(x)− 1

m(B)

∫
B

f(y) dy

∣∣∣∣ =

∣∣∣∣ 1

m(B)

∫
B

(f(x)− f(y)) dy

∣∣∣∣
6

1

m(B)

∫
B

|f(x)− f(y)| dy 6
ε

2
< ε.

'Epetai h (2.1.1).

To basikì apotèlesma autoÔ tou kefalaÐou eÐnai to je¸rhma parag¸gishc tou Le-

besgue, to opoÐo dÐnei k�ti polÔ isqurìtero.

Je¸rhma 2.1.1 (je¸rhma parag¸gishc tou Lebesgue). An f ∈ L1(Rn) tìte

(2.1.2) lim
m(B)→0
x∈B

1

m(B)

∫
B

f(y)dy = f(x)

sqedìn pantoÔ wc proc to mètro Lebesgue m ston Rn.

Gia thn apìdeixh ja qreiasteÐ na k�noume bajÔterh melèth thc sumperifor�c twn mèswn tim¸n

miac oloklhr¸simhc sun�rthshc se mp�lec. Sthn epìmenh par�grafo eis�goume thn megistik 

sun�rthsh twn Hardy kai Littlewood kai melet�me thn sun�rthsh katanom c thc me thn

bo jeia tou l mmatoc k�luyhc tou Vitali.

2.2 H megistik  sun�rthsh twn Hardy kai Littlewood

Orismìc 2.2.1 (megistik  sun�rthsh). 'Estw f ∈ L1(Rn). OrÐzoume th megistik  sun�rthsh

f∗ thc f wc ex c:

(2.2.1) f∗(x) = sup
x∈B

1

m(B)

∫
B

|f(y)| dy, x ∈ Rn

ìpou to supremum paÐrnetai p�nw apì ìlec tic anoiktèc mp�lec pou perièqoun to x. Me lÐga lì-

gia, antikajistoÔme to (zhtoÔmeno) ìrio twn mèswn tim¸n tou Jewr matoc 2.1.1 me to supremum

touc, kai thn f me thn |f |.
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Oi basikèc idiìthtec thc f∗ dÐnontai sto epìmeno je¸rhma.

Je¸rhma 2.2.2. 'Estw f ∈ L1(Rn). Tìte:

(i) H f∗ eÐnai metr simh.

(ii) IsqÔei f∗(x) <∞ sqedìn pantoÔ.

(iii) Gia k�je α > 0 isqÔei

(2.2.2) m({x ∈ Rn : f∗(x) > α}) 6 Cn
α
‖f‖1,

ìpou Cn = 3n.

Apìdeixh. DeÐqnoume pr¸ta ìti h f∗ eÐnai metr simh sun�rthsh. ParathroÔme ìti, gia k�je

α > 0 to sÔnolo Eα = {x ∈ Rn : f∗(x) > α} eÐnai anoiktì. Pr�gmati, an f∗(x) > α tìte

up�rqei mp�la Bx h opoÐa perièqei to x kai gia thn opoÐa

1

m(Bx)

∫
Bx

|f(y)| dy > α,

kai tìte, gia k�je z ∈ Bx èqoume

f∗(z) >
1

m(Bx)

∫
Bx

|f(y)| dy > α,

dhlad  Bx ⊆ Eα.
O isqurismìc (ii) eÐnai sunèpeia tou isqurismoÔ (iii). ParathroÔme ìti, gia k�je α > 0 isqÔei

{x : f∗(x) =∞} ⊆ {x : f∗(x) > α},

�ra

m({x : f∗(x) =∞}) 6 m({x : f∗(x) > α}) 6 Cn
α
‖f‖1.

Af nontac to α→∞ sumperaÐnoume ìti m({x : f∗(x) =∞}) = 0.

Parat rhsh 2.2.3. H basik  anisìthta (2.2.2) eÐnai mia asjenoÔc tÔpou anisìthta, me

thn ènnoia ìti upoleÐpetai tou isqurismoÔ ìti ‖f∗‖1 6 Cn‖f‖1. Pr�gmati, an eÐqame k�ti tètoio

tìte, apì thn anisìthta Markov, gia k�je α > 0 ja gr�fame

m({x : f∗(x) > α}) 6 1

α
‖f∗‖1 6

Cn
α
‖f‖1.

Sthn pragmatikìthta, h f∗ den eÐnai (sqedìn potè) oloklhr¸simh, kai h (2.2.2) eÐnai h kalÔterh

plhroforÐa pou ja mporoÔsame na p�roume gia thn katanom  thc sunart sei thc ‖f‖1,

Gia thn apìdeixh tou isqurismoÔ (iii) ja qrhsimopoi soume èna l mma k�luyhc tou Vitali.
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L mma 2.2.4. 'Estw B = {B1, B2, . . . , BN} mia peperasmènh oikogèneia apì anoiktèc mp�lec

ston Rn. MporoÔme na broÔme 1 6 i1, . . . , ik 6 N ¸ste oi mp�lec Bi1 , . . . , Bik na eÐnai xènec

an� dÔo kai na isqÔei

(2.2.3) m

(
N⋃
`=1

B`

)
6 3n

k∑
j=1

m(Bij ).

Apìdeixh. H epilog  twn Bij gÐnetai me ton pio fusiologikì trìpo. Sto pr¸to b ma, epilègou-

me mÐa apì tic mp�lec, thn Bi1 , ètsi ¸ste na èqei thn megalÔterh dunat  aktÐna. Katìpin, thn

afairoÔme apì thn B mazÐ me ìlec tic mp�lec thc B pou thn tèmnoun. Oi upìloipec mp�lec sqhma-

tÐzoun mia upooikogèneia B′ thc B sthn opoÐa epanalamb�noume thn Ðdia diadikasÐa. Epilègoume

mÐa apì tic mp�lec thc B′, thn Bi2 , ètsi ¸ste na èqei thn megalÔterh dunat  aktÐna. Katìpin,

thn afairoÔme apì thn B′ mazÐ me ìlec tic mp�lec thc B′ pou thn tèmnoun. SuneqÐzontac me autìn
ton trìpo, met� apì N to polÔ b mata, èqoume epilèxei k�poiec (xènec) mp�lec Bi1 , . . . , Bik kai

h diadikasÐa termatÐzetai.

Gia thn apìdeixh thc (2.2.3) ja qrhsimopoi soume thn ex c parat rhsh: an B kai B′ eÐnai

dÔo anoiktèc mp�lec me B ∩ B′ 6= ∅ kai an h aktÐna r(B) thc B eÐnai megalÔterh   Ðsh apì thn

aktÐna r(B′) thc B′, tìte h B′ perièqetai sthn mp�la B̃ pou èqei to Ðdio kèntro me thn B kai

aktÐna r(B̃) = 3r(B). H apìdeixh eÐnai apl  sunèpeia thc trigwnik c anisìthtac.

SumbolÐzontac me B̃ij th mp�la pou èqei to Ðdio kèntro me thn Bij kai aktÐna r(B̃ij ) =

3r(Bij ), kai parathr¸ntac ìti k�je B` ∈ B tèmnei k�poia Bij gia thn opoÐa r(B`) 6 r(Bij ),

sumperaÐnoume ìti
N⋃
`=1

B` ⊆
k⋃
j=1

B̃ij .

'Ara,

m

(
N⋃
`=1

B`

)
6 m

(
k⋃
j=1

B̃ij

)
6

k∑
j=1

m(B̃ij ) = 3n
k∑
j=1

m(Bij ).

'Etsi, èqoume apodeÐxei thn (2.2.3).

Apìdeixh tou isqurismoÔ (iii). 'Estw α > 0. OrÐzoume Eα = {x : f∗(x) > α} kai gia
k�je x ∈ Eα epilègoume anoikt  mp�la Bx me x ∈ Bx kai

1

m(Bx)

∫
Bx

|f(y)| dy > α.

IsodÔnama,

(2.2.4) m(Bx) <
1

α

∫
Bx

|f(y)| dy.

JewroÔme tuqìn sumpagèc K ⊆ Eα. 'Eqoume K ⊆
⋃
x∈K Bx, �ra up�rqei peperasmènh oikogè-

neia B = {Bx1 , . . . , BxN } ¸ste

K ⊆
N⋃
`=1

Bx` .
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Apì to l mma tou Vitali mporoÔme na broÔme 1 6 i1, . . . , ik 6 N ¸ste oi mp�lec Bxij , j =

1, . . . , k, na eÐnai xènec, kai

(2.2.5) m

(
N⋃
`=1

Bx`

)
6 3n

k∑
j=1

m(Bxij ).

AfoÔ oi Bxi1 , . . . , Bxik eÐnai xènec, sundu�zontac tic (2.2.4) kai (2.2.5) gr�foume

m(K) 6 m

(
N⋃
`=1

Bx`

)
6 3n

k∑
j=1

m(Bxij )

6
3n

α

k∑
j=1

∫
Bxij

|f(y)| dy =
3n

α

∫
⋃k
j=1 Bxij

|f(y)| dy

6
3n

α

∫
Rn
|f(y)| dy =

3n

α
‖f‖1.

AfoÔ m(Eα) = sup{m(K) : K sumpagèc uposÔnolo tou Eα}, èpetai to zhtoÔmeno. 2

2.3 To je¸rhma parag¸gishc tou Lebesgue

Se aut n thn par�grafo apodeiknÔoume to Je¸rhma 2.1.1 kai parousi�zoume k�poiec parallagèc

kai k�poiec shmantikèc efarmogèc tou.

Apìdeixh tou Jewr matoc 2.1.1. 'Estw f ∈ L1(Rn). Gia thn apìdeixh tou jewr matoc

arkeÐ na deÐxoume ìti, gia k�je α > 0, to sÔnolo

Eα =

x ∈ Rn : lim sup
m(B)→0
x∈B

∣∣∣∣ 1

m(B)

∫
B

f(y) dy − f(x)

∣∣∣∣ > 2α


èqei mètro m(Eα) = 0. Tìte, to sÔnolo E =

⋃∞
n=1 E1/n èqei mètro m(E) = 0, kai gia k�je

x /∈ E isqÔei

lim sup
m(B)→0
x∈B

∣∣∣∣ 1

m(B)

∫
B

f(y) dy − f(x)

∣∣∣∣ = 0,

dhlad ,

lim
m(B)→0
x∈B

1

m(B)

∫
B

f(y) dy = f(x).

StajeropoioÔme α > 0 kai gia tuqìn ε > 0 epilègoume suneq  sun�rthsh g me sumpag  forèa,

h opoÐa ikanopoieÐ thn

‖f − g‖1 < ε.

AfoÔ h g eÐnai suneq c, gia k�je x ∈ Rn èqoume

lim
m(B)→0
x∈B

1

m(B)

∫
B

g(y) dy = g(x).
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Gr�foume

1

m(B)

∫
B

f(y) dy − f(x) =
1

m(B)

∫
B

(f(y)− g(y)) dy +
1

m(B)

∫
B

g(y) dy − g(x)

+ g(x)− f(x),

opìte∣∣∣∣ 1

m(B)

∫
B

f(y) dy − f(x)

∣∣∣∣ 6 1

m(B)

∫
B

|f(y)− g(y)| dy +

∣∣∣∣ 1

m(B)

∫
B

g(y) dy − g(x)

∣∣∣∣
+ |g(x)− f(x)|

6 (f − g)∗(x) +

∣∣∣∣ 1

m(B)

∫
B

g(y) dy − g(x)

∣∣∣∣+ |g(x)− f(x)|,

�ra

lim sup
m(B)→0
x∈B

∣∣∣∣ 1

m(B)

∫
B

f(y) dy − f(x)

∣∣∣∣ 6 (f − g)∗(x) + |g(x)− f(x)|.

An loipìn orÐsoume

Fα = {x : (f − g)∗(x) > α} kai Gα = {x : |f(x)− g(x)| > α},

èqoume Eα ⊆ Fα ∪Gα (an u+ v > 2α tìte eÐte u > α   v > α).

T¸ra, qrhsimopoi¸ntac thn

m(Fα) = m({x : (f − g)∗(x) > α}) 6 3n

α
‖f − g‖1

(blèpe Je¸rhma 2.2.2 (iii)) kai thn

m(Gα) = m({x : |f(x)− g(x)| > α}) 6 1

α
‖f − g‖1

pou eÐnai �mesh apì thn anisìthta tou Markov, paÐrnoume

m(Eα) 6 m(Fα) +m(Gα) 6
3n + 1

α
‖f − g‖1 =

C′n
α
ε,

ìpou C′n = 3n + 1. AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti m(Eα) = 0, kai h apìdeixh

eÐnai pl rhc. 2

Parat rhsh 2.3.1. 'Amesh sunèpeia tou Jewr matoc 2.1.1 eÐnai to gegonìc ìti: an f ∈
L1(Rn) tìte |f(x)| 6 f∗(x) sqedìn pantoÔ (exhg ste giatÐ).

Orismìc 2.3.2. Mia metr simh sun�rthsh f ston Rn lègetai topik� oloklhr¸simh an

gia k�je mp�la B ⊂ Rn h sun�rthsh f(x)χB(x) eÐnai oloklhr¸simh. SumbolÐzoume me L1
loc(Rn)

thn kl�sh twn topik� oloklhr¸simwn sunart sewn.
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ParathroÔme ìti an f ∈ L1
loc(Rn) kai an stajeropoi soume mia anoikt  mp�la B0 (p.q. thn

B(0, k) gia k�poion k ∈ N) tìte gia k�je x ∈ B0 èqoume

1

m(B)

∫
B

f(y) dy =
1

m(B)

∫
B

f(y)χB0(y) dy

an jewr soume B pou perièqei to x kai eÐnai arket� mikr  ¸ste na perièqetai sthn B0. Efar-

mìzontac loipìn to je¸rhma parag¸gishc gia thn oloklhr¸simh sun�rthsh f · χB0 blèpoume

ìti

lim
m(B)→0
x∈B

1

m(B)

∫
B

f(y)dy = f(x)

sqedìn pantoÔ sthn B0. K�nontac thn Ðdia doulei� me B0 = B(0, k), k = 1, 2, . . . , èqoume thn

akìloujh epèktash tou Jewr matoc 2.1.1:

Je¸rhma 2.3.3. An f ∈ L1
loc(Rn) tìte

(2.3.1) lim
m(B)→0
x∈B

1

m(B)

∫
B

f(y)dy = f(x)

sqedìn pantoÔ wc proc to mètro Lebesgue m ston Rn. 2

MporoÔme m�lista na deÐxoume k�ti isqurìtero. DÐnoume pr¸ta ènan orismì.

Orismìc 2.3.4. 'Estw f ∈ L1
loc(Rn). To sÔnolo Lebesgue Leb(f) thc f apoteleÐtai apì

ìla ta x ∈ Rn gia ta opoÐa |f(x)| <∞ kai

lim
m(B)→0
x∈B

1

m(B)

∫
B

|f(y)− f(x)| dy = 0.

Sthn Par�grafo 2.1 eÐdame ìti an h f eÐnai suneq c sto x tìte x ∈ Leb(f). EpÐshc, eÐnai fanerì

ìti an x ∈ Leb(f) tìte

lim
m(B)→0
x∈B

1

m(B)

∫
B

f(y)dy = f(x).

To epìmeno je¸rhma deÐqnei ìti an f ∈ L1
loc(Rn) tìte sqedìn k�je x ∈ Rn an kei sto sÔnolo

Lebesgue thc f .

Je¸rhma 2.3.5. 'Estw f ∈ L1
loc(Rn). Tìte,

m(Rn \ Leb(f)) = 0.

Apìdeixh. 'Estw q ∈ Q. Efarmìzontac to Je¸rhma 2.3.3 gia thn topik� oloklhr¸simh sun�r-

thsh |f(y)− q| blèpoume ìti up�rqei Eq ⊂ Rn me m(Eq) = 0 ¸ste: an x /∈ Eq tìte

lim
m(B)→0
x∈B

1

m(B)

∫
B

|f(y)− q| dy = |f(x)− q|.
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Jètoume E =
⋃
q∈Q

Eq. Tìte, m(E) = 0 kai ja deÐxoume ìti: an x /∈ E kai |f(x)| < ∞ tìte

x ∈ Leb(f).

JewroÔme tuqìn ε > 0 kai epilègoume rhtì q me |f(x)− q| < ε. Gr�foume

1

m(B)

∫
B

|f(y)− f(x)| dy 6
1

m(B)

∫
B

|f(y)− q| dy + |f(x)− q|

gia k�je mp�la B me x ∈ B, kai af nontac to m(B)→ 0 paÐrnoume

lim sup
m(B)→0
x∈B

1

m(B)

∫
B

|f(y)− f(x)| dy 6 |f(x)− q|+ |f(x)− q| < 2ε,

diìti x /∈ Eq. AfoÔ to ε > 0  tan tuqìn, èpetai ìti

lim
m(B)→0
x∈B

1

m(B)

∫
B

|f(y)− f(x)| dy = 0,

dhlad  x ∈ Leb(f).

MÐa endiafèrousa kai qr simh efarmog  tou jewr matoc parag¸gishc tou Lebesgue afor�

thn dom  twn metr simwn uposunìlwn tou Rn.

Orismìc 2.3.6. 'Estw E metr simo uposÔnolo tou Rn. Lème ìti to x ∈ Rn eÐnai shmeÐo

puknìthtac tou E an

lim
m(B)→0
x∈B

m(E ∩B)

m(B)
= 1.

Autì shmaÐnei ìti gia k�je ε ∈ (0, 1) kai gia k�je anoikt  mp�la B pou perièqei to x kai èqei

arket� mikr  aktÐna, isqÔei

m(E ∩B) > (1− ε)m(B).

Efarmìzontac to Je¸rhma 2.3.3 sthn topik� oloklhr¸simh sun�rthsh χE paÐrnoume amèswc

to ex c:

Je¸rhma 2.3.7. 'Estw E metr simo uposÔnolo tou Rn. Tìte, sqedìn k�je shmeÐo tou E

eÐnai shmeÐo puknìthtac tou E kai sqedìn k�je x /∈ E den eÐnai shmeÐo puknìthtac tou E �

akribèstera, sqedìn ìla ta x /∈ E eÐnai shmeÐa puknìthtac tou Rn \ E, �ra ikanopoioÔn thn

lim
m(B)→0
x∈B

m(E ∩B)

m(B)
= 0.
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2.4 Oikogèneiec kal¸n pur nwn kai proseggÐsewn thc mo-

n�dac

Se aut n thn par�grafo ja asqolhjoÔme me mèsec timèc miac oloklhr¸simhc sun�rthshc f oi

opoÐec prokÔptoun apì thn sunèlixh thc f

(f ∗Kδ)(x) =

∫
Rn
f(x− y)Kδ(y) dy

me mia oikogèneia (Kδ) sunart sewn oi opoÐec ikanopoioÔn kat�llhlec sunj kec.

Orismìc 2.4.1 (oikogèneia kal¸n pur nwn). Mia oikogèneia (Kδ)δ>0 sunart sewn ston Rn

lègetai oikogèneia kal¸n pur nwn,   pio apl� pur nac, an ikanopoieÐ ta ex c:

(i) Gia k�je δ > 0, ∫
Rn
Kδ(y) dy = 1.

(ii) Up�rqei stajer� M > 0 ¸ste, gia k�je δ > 0,∫
Rn
|Kδ(y)| dy 6M.

(iii) Gia k�je η > 0,

lim
δ→0

∫
|y|>η

|Kδ(y)| dy = 0.

H sunèlixh f ∗Kδ miac fragmènhc metr simhc sun�rthshc f me mia oikogèneia kal¸n pur nwn

(Kδ)δ>0 sugklÐnei sthn f se k�je shmeÐo sto opoÐo h f eÐnai suneq c:

Je¸rhma 2.4.2. 'Estw {Kδ}δ>0 mia oikogèneia kal¸n pur nwn kai èstw f : Rn → K frag-

mènh metr simh sun�rthsh. Tìte, gia k�je x ∈ Rn sto opoÐo h f eÐnai suneq c, èqoume

lim
δ→0

(f ∗Kδ)(x) = f(x).

Apìdeixh. Upojètoume ìti h f eÐnai suneq c sto x kai jewroÔme tuqìn ε > 0. Apì th sunèqeia

thc f sto x, up�rqei δ > 0 ¸ste: an |y| < η tìte |f(x − y) − f(x)| < ε. Qrhsimopoi¸ntac thn

idiìthta (i) thc (Kδ), gr�foume

(f ∗Kδ)(x)− f(x) =

∫
Kδ(y)f(x− y) dy − f(x) =

∫
Kδ(y)[f(x− y)− f(x)] dy.

Sunep¸c,

|(f ∗Kδ)(x)− f(x)| =
∣∣∣∣∫ Kδ(y)[f(x− y)− f(x)] dy

∣∣∣∣
6
∫
|y|<η

|Kδ(y)| |f(x− y)− f(x)| dy +

∫
|y|>η

|Kδ(y)| |f(x− y)− f(x)| dy.
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Gia to pr¸to olokl rwma parathroÔme ìti: an |y| < η tìte |f(x − y) − f(x)| < ε. Qrhsimo-

poi¸ntac kai thn idiìthta (ii) thc (Kδ), paÐrnoume∫
|y|<η

|Kδ(y)| |f(x− y)− f(x)| dy 6Mε.

Gia to deÔtero olokl rwma qrhsimopoioÔme thn idiìthta (iii) thc (Kδ) gia to sugkekrimèno η:

èqoume ∫
|y|>η

|Kδ(y)| |f(x− y)− f(x)| dy 6
∫
|y|>η

|Kδ(y)| (|f(x− y)|+ |f(x)| dy

6 2‖f‖∞
∫
|y|>η

|Kδ(y)| dy → 0

kaj¸c to δ → 0. Sunep¸c,

lim sup
δ→0

|(f ∗Kδ)(x)− f(x)| 6Mε,

AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti (f ∗Kδ)(x)→ f(x) kaj¸c to δ → 0.

Orismìc 2.4.3 (oikogèneia proseggÐsewn thc mon�dac). Mia oikogèneia (Kδ)δ>0 sunart sewn

ston Rn lègetai oikogèneia proseggÐsewn thc mon�dac,   pio apl� prosèggish thc

mon�dac, an ikanopoieÐ ta ex c:

(i) Gia k�je δ > 0, ∫
Rn
Kδ(y) dy = 1.

(ii) Up�rqei stajer� M > 0 ¸ste, gia k�je δ > 0 kai gia k�je y ∈ Rn,

|Kδ(y)| 6 M

δn
.

(iii) Up�rqei stajer� M > 0 ¸ste, gia k�je δ > 0 kai gia k�je y ∈ Rn,

|Kδ(y)| 6 Mδ

|y|n+1
.

MporoÔme profan¸c na upojèsoume ìti h stajer� M eÐnai h Ðdia sta (ii) kai (iii). Parathr ste

ìti h anisìthta sthn (ii) eÐnai isqurìterh apì aut n sthn (iii) an |y| 6 δ. TeleÐwc antÐstoiqa, h

anisìthta sthn (iii) eÐnai isqurìterh apì aut n sthn (ii) an |y| > δ.

H epìmenh prìtash deÐqnei ìti oi upojèseic tou OrismoÔ 2.4.3 eÐnai isqurìterec apì autèc

tou OrismoÔ 2.4.1. Gia na to epalhjeÔsoume, ja qrhsimopoi soume to ex c aplì l mma.

L mma 2.4.4. Gia k�je η > 0 isqÔei

(2.4.1)

∫
|x|>η

dy

|y|n+1
=
nωn
η
,
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ìpou ωn eÐnai o ìgkoc thc monadiaÐac EukleÐdeiac mp�lac:

ωn =
πn/2

Γ
(
n
2

+ 1
) .

Apìdeixh. Me olokl rwsh se polikèc suntetagmènec (gr�foume y = tθ, ìpou θ ∈ Sn−1 kai

t ∈ [η,∞)) èqoume ∫
|y|>η

dy

|y|n+1
=

∫
Sn−1

∫ ∞
η

tn−1 1

tn+1
dt dθ

= |Sn−1|
∫ ∞
η

1

t2
dt =

|Sn−1|
η

,

ìpou |Sn−1| = nωn eÐnai h epif�neia thc monadiaÐac EukleÐdeiac sfaÐrac.

Prìtash 2.4.5. K�je oikogèneia (Kδ)δ>0 proseggÐsewn thc mon�dac eÐnai oikogèneia kal¸n

pur nwn.

Apìdeixh. DeÐqnoume pr¸ta ìti up�rqei R > 0 ¸ste: gia k�je δ > 0,∫
Rn
|Kδ(y)| dy 6 R.

'Estw δ > 0. Qrhsimopoi¸ntac to L mma 2.4.4 kai tic idiìthtec (ii) kai (iii) twn proseggÐsewn

thc mon�dac, gr�foume∫
Rn
|Kδ(y)| dy =

∫
|y|<δ

|Kδ(y)| dy +

∫
|y|>δ

|Kδ(y)| dy

6
M

δn

∫
|y|<δ

1 dy +Mδ

∫
|y|>δ

dy

|y|n+1

=
M

δn
· ωnδn +Mδ · nωn

δ

= (n+ 1)ωnM.

'Ara, èqoume to zhtoÔmeno me R = (n+ 1)ωnM .

Gia thn trÐth idiìthta thc oikogèneiac kal¸n pur nwn, stajeropoioÔme η > 0 kai qrhsimo-

poi¸ntac to L mma 2.4.4 kai thn idiìthta (iii) twn proseggÐsewn thc mon�dac, gr�foume∫
|y|>η

|Kδ(y)| dy 6Mδ

∫
|y|>η

dy

|y|n+1
=
Mnωn
η

δ → 0

kaj¸c to δ → 0.

ParadeÐgmata 2.4.6. (a) 'Estw ϕ : Rn → R mia mh arnhtik , fragmènh sun�rthsh pou

mhdenÐzetai èxw apì th monadiaÐa mp�la {y : |y| 6 1} kai èqei olokl rwma∫
Rn
ϕ(y) dy = 1.



38 · Παραγωγιση και Ολοκληρωση

Gia k�je δ > 0 orÐzoume Kδ(y) = δ−nϕ(δ−1y). H (Kδ)δ>0 eÐnai oikogèneia proseggÐsewn thc

mon�dac.

(b) O pur nac thc jermìthtac Ht ston Rn orÐzetai wc ex c:

Ht(y) =
1

(4πt)n/2
e−|y|

2/4t.

H oikogèneia (Hδ2)δ>0 eÐnai oikogèneia proseggÐsewn thc mon�dac.

To epìmeno basikì je¸rhma {epekteÐnei} to Je¸rhma 2.4.2.

Je¸rhma 2.4.7. 'Estw (Kδ)δ>0 oikogèneia proseggÐsewn thc mon�dac. Gia k�je f ∈ L1(Rn)

isqÔei

lim
δ→0

(f ∗Kδ)(x) = f(x)

se k�je shmeÐo Lebesgue x thc f . Sunep¸c, f ∗Kδ → f sqedìn pantoÔ kaj¸c to δ → 0.

Gia thn apìdeixh tou Jewr matoc 2.4.7 ja qrhsimopoi soume to akìloujo l mma.

L mma 2.4.8. 'Estw f ∈ L1(Rn) kai èstw f ∈ Leb(f). OrÐzoume

A(r) =
1

rn

∫
|y|6r

|f(x− y)− f(x)| dy, r > 0.

Tìte, h sun�rthsh A eÐnai fragmènh, suneq c, kai

lim
r→0
A(r) = 0.

Apìdeixh. DeÐqnoume pr¸ta ìti h A(r) eÐnai suneq c. ArkeÐ na deÐxoume ìti h sun�rthsh

r 7→ rnA(r) eÐnai suneq c se k�je r > 0. Ja qrhsimopoi soume thn apìluth sunèqeia tou

oloklhr¸matoc: afoÔ f ∈ L1(Rn), an jewr soume mia akoloujÐa rk → r+ tìte

0 6 rnkA(rk)− rnA(r) =

∣∣∣∣∣
∫
|y|6rk

|f(x− y)− f(x)| dy −
∫
|y|6r

|f(x− y)− f(x)| dy

∣∣∣∣∣
=

∫
r<|y|6rk

|f(x− y)− f(x)| dy → 0

kaj¸c to k →∞, diìti h y 7→ |f(x− y)− f(x)| eÐnai topik� oloklhr¸simh kai m({y : r < |y| 6
rk})→ 0 ìtan k →∞. Parìmoio epiqeÐrhma deÐqnei th sunèqeia apì arister�.

AfoÔ x ∈ Leb(f) èqoume

lim
m(B)→0
x∈B

1

m(B)

∫
B

|f(z)− f(x)| dz = 0.

'Omwc,

A(r) = ωn
1

m(B(x, r))

∫
B(x,r)

|f(z)− f(x)| dz,
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�ra eÐnai fanerì ìti A(r)→ 0 kaj¸c to r → 0.

H A eÐnai suneq c kai limr→0A(r) = 0. Sunep¸c, up�rqei M1 > 0 ¸ste 0 6 A(r) 6M1 gia

k�je r ∈ [0, 1]. Gia r > 1 gr�foume

A(r) =
1

rn

∫
|y|6r

|f(x− y)− f(x)| dy

6
1

rn

∫
B(x,r)

|f(z)| dz +
1

rn

∫
|y|6r

|f(x)| dy

6
∫
B(x,r)

|f(z)| dz +
1

rn
|f(x)|ωnrn

6M2 := ‖f‖1 + ωn|f(x)|.

'Epetai ìti 0 6 A(r) 6 max{M1,M2} gia k�je r > 0.

Apìdeixh tou Jewr matoc 2.4.7. 'Estw ε > 0. BrÐskoume pr¸ta N ∈ N ¸ste

∞∑
k=N

1

2k
< ε.

Sth sunèqeia, gia k�je δ > 0 gr�foume

|(f ∗Kδ)(x)− f(x)| 6
∫
Rn
|f(x− y)− f(x)| |Kδ(y)| dy

6
∫
|y|6δ

|f(x− y)− f(x)| |Kδ(y)| dy

+

∞∑
k=0

∫
2kδ<|y|62k+1δ

|f(x− y)− f(x)| |Kδ(y)| dy

6
M

δn

∫
|y|6δ

|f(x− y)− f(x)| dy

+

∞∑
k=0

Mδ

∫
2kδ<|y|62k+1δ

|f(x− y)− f(x)| 1

|y|n+1
dy

6M A(δ) +

∞∑
k=0

Mδ

(2kδ)n+1

∫
|y|62k+1δ

|f(x− y)− f(x)| dy

= M A(δ) +

∞∑
k=0

Mδ

(2kδ)n+1
(2k+1δ)nA(2k+1δ)

= M A(δ) +

∞∑
k=0

2nM

2k
A(2k+1δ)

6M1

[
A(δ) +

∞∑
k=0

1

2k
A(2k+1δ)

]
,
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ìpou M1 = 2nM . T¸ra, qrhsimopoioÔme to gegonìc ìti ‖A‖∞ < ∞ kai to gegonìc ìti

limδ→0A(δ) = 0. Up�rqei δ0 > 0 ¸ste gia k�je 0 < δ < δ0 na èqoume

A(2kδ) <
ε

3
, k = 0, 1, . . . , N.

Tìte, gia k�je 0 < δ < δ0 paÐrnoume

|(f ∗Kδ)(x)− f(x)| 6M1

[
A(δ) +

N−1∑
k=0

1

2k
A(2k+1δ) +

∞∑
k=N

1

2k
A(2k+1δ)

]

6M1

[
ε

3
+

(
N−1∑
k=0

1

2k

)
ε

3
+ ‖A‖∞

∞∑
k=N

1

2k

]

6M1

[
ε

3
+

2ε

3
+ ‖A‖∞ε

]
= M1(1 + ‖A‖∞)ε.

AfoÔ to ε > 0  tan tuqìn, èpetai ìti limδ→0(f ∗Kδ)(x) = f(x). 2

To teleutaÐo je¸rhma aut c thc paragr�fou anafèretai sth sÔgklish thc f ∗Kδ sthn f wc

proc thn ‖ · ‖1.

Je¸rhma 2.4.9. 'Estw (Kδ)δ>0 oikogèneia kal¸n pur nwn. Gia k�je f ∈ L1(Rn) kai gia

k�je δ > 0, h sunèlixh

(f ∗Kδ)(x) =

∫
Rn
f(x− y)Kδ(y) dy

eÐnai oloklhr¸simh sun�rthsh ston Rn, kai

‖(f ∗Kδ)− f‖1 → 0 kaj¸c to δ → 0.

Apìdeixh. 'Estw ε > 0. Gia k�je δ > 0 gr�foume

‖(f ∗Kδ)− f‖1 =

∫
Rn
|(f ∗Kδ)(x)− f(x)| dx

6
∫
Rn

∫
Rn
|f(x− y)− f(x)| |Kδ(y)| dy dx

=

∫
Rn

(∫
Rn
|f(x− y)− f(x)| dx

)
|Kδ(y)| dy

=

∫
Rn
‖f−y − f‖1 |Kδ(y)| dy,

ìpou f−y(x) = f(x− y). T¸ra, qrhsimopoioÔme to gegonìc ìti

lim
y→0
‖f−y − f‖1 = 0

(�skhsh). Dhlad , up�rqei η > 0 ¸ste

|y| < η =⇒ ‖f−y − f‖1 < ε.
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Tìte, qrhsimopoi¸ntac kai thn ‖f−y − f‖1 6 ‖f−y‖1 + ‖f‖1 = 2‖f‖1, èqoume

‖(f ∗Kδ)− f‖1 6
∫
|y|<η

‖f−y − f‖1|Kδ(y)| dy +

∫
|y|>η

‖f−y − f‖1|Kδ(y)| dy

6 ε

∫
Rn
|Kδ(y)| dy + 2‖f‖1

∫
|y|>η

|Kδ(y)| dy

6Mε+ 2‖f‖1
∫
|y|>η

|Kδ(y)| dy,

ìpou M := sup ‖Kδ‖1 < ∞ (afoÔ h (Kδ) eÐnai pur nac). Af nontac to δ → 0 kai qrhsimo-

poi¸ntac thn

lim
δ→0

∫
|y|>η

|Kδ(y)| dy = 0,

paÐrnoume

lim sup
δ→0

‖(f ∗Kδ)− f‖1 6Mε,

kai afoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti ‖(f ∗Kδ)− f‖1 → 0 kaj¸c to δ → 0.





Kef�laio 3

Metasqhmatismìc Fourier

3.1 Metasqhmatismìc Fourier ston L1(Rn)

Orismìc 3.1.1 (metasqhmatismìc Fourier). 'Estw f ∈ L1(Rn). O metasqhmatismìc

Fourier thc f eÐnai h sun�rthsh f̂ : Rn → C me

f̂(ξ) =

∫
Rn
f(x)e−2πi〈ξ,x〉dx, ξ ∈ Rn.

L mma 3.1.2. O telest c F1 : L1(Rn) → L∞(Rn) pou orÐzetai apì thn F1(f) = f̂ eÐnai

fragmènoc telest c, kai ‖F1‖ 6 1.

Apìdeixh. 'Estw f ∈ L1(Rn). Gia k�je ξ ∈ Rn èqoume

|f̂(ξ)| =
∣∣∣∣∫

Rn
f(x)e−2πi〈ξ,x〉dx

∣∣∣∣ 6 ∫
Rn
|f(x)| |e−2πi〈ξ,x〉| dx

=

∫
Rn
|f(x)| dx = ‖f‖1.

'Epetai ìti

‖f̂‖∞ = sup
ξ
|f̂(ξ)| 6 ‖f‖1.

H grammikìthta tou F1 eÐnai apl : apì thn grammikìthta tou oloklhr¸matoc èpetai ìti, gia

k�je f, g ∈ L1(Rn) kai gia k�je a, b ∈ K isqÔei ̂af + bg = af̂ + bĝ.

L mma 3.1.3. 'Estw f ∈ L1(Rn). O metasqhmatismìc Fourier f̂ thc f eÐnai suneq c sun�r-

thsh kai mhdenÐzetai sto �peiro:

(3.1.1) lim
|ξ|→∞

|f̂(ξ)| = 0.

Eidikìtera, h f̂ eÐnai omoiìmorfa suneq c.
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Apìdeixh. Gia th sunèqeia thc f̂ stajeropoioÔme ξ ∈ Rn kai tuqoÔsa akoloujÐa (tk) ston Rn

me tk → 0. Gr�foume

|f̂(ξ + tk)− f̂(ξ)| 6
∫
Rn
|f(x)| |e−2πi〈ξ+tk,x〉 − e−2πi〈ξ,x〉| dx

=

∫
Rn
|f(x)| |e−2πi〈ξ,x〉| |e−2πi〈tk,x〉 − 1| dx

=

∫
Rn
|f(x)| |e−2πi〈tk,x〉 − 1| dx.

OrÐzoume gk(x) = |f(x)| |e−2πi〈tk,x〉 − 1|. AfoÔ limk→∞(e−2πi〈tk,x〉) = 1 gia k�je x, èqoume

gk(x)→ 0 sqedìn pantoÔ (se k�je x gia to opoÐo |f(x)| <∞). EpÐshc,

0 6 gk(x) 6 |f(x)|(|e−2πi〈tk,x〉|+ 1) = 2|f(x)|.

MporoÔme loipìn na efarmìsoume to je¸rhma kuriarqhmènhc sÔgklishc: èqoume

lim
k→∞

∫
Rn
gk(x) dx = 0,

dhlad  f̂(ξ + tk)→ f̂(ξ). Autì apodeiknÔei ìti h f̂ eÐnai suneq c sto ξ.

Gia thn apìdeixh thc (3.1.1) mporoÔme na doulèyoume me di�forouc trìpouc. O pr¸toc

eÐnai xekin soume apodeiknÔont�c thn gia thn qarakthristik  sun�rthsh enìc orjogwnÐou Q =∏n
j=1[aj , bj ]. Sthn perÐptwsh n = 1 èqoume

χ̂[a,b](ξ) =

∫ b

a

e−2πiξtdt =
e−2πiξa − e−2πiξb

2πiξ
,

�ra

|χ̂[a,b](ξ)| 6
2

2π|ξ| → 0

kaj¸c to |ξ| → ∞. Sthn genik  perÐptwsh, qrhsimopoi¸ntac to je¸rhma Fubini, gr�foume

χ̂Q(ξ) =

∫ b1

a1

· · ·
∫ bn

an

e−2πi
∑n
j=1 ξjtjdtn · · · dt1

=

n∏
j=1

∫ bj

aj

e−2πiξjtjdtj =

n∏
j=1

e−2πiξjaj − e−2πiξjbj

2πiξj
.

Parathr¸ntac ìti k�je ìroc tou ginomènou fr�ssetai apolÔtwc apì bj−aj (jumhjeÐte to L mma
3.1.2) mporoÔme na gr�youme

|χ̂Q(ξ)| 6 1

π|ξj0 |
∏
j 6=j0

(bj − aj),

ìpou |ξj0 | = ‖ξ‖∞ > |ξ|√
n
. Autì apodeiknÔei ìti ‖ξ‖∞ → 0 kaj¸c to |ξ| → ∞, kai sumperaÐnoume

ìti lim|ξ|→∞ χ̂Q(ξ) = 0.



3.1 Μετασχηματισμος Fourier στον L1(Rn) · 45

'Eqoume t¸ra thn (3.1.1) gia k�je apl  sun�rthsh f pou eÐnai grammikìc sunduasmìc qa-

rakthristik¸n sunart sewn orjogwnÐwn thc morf c Q =
∏n
j=1[aj , bj ]. Me èna epiqeÐrhma pro-

sèggishc, blèpoume ìti to Ðdio isqÔei gia k�je f ∈ L1(Rn).

'Enac �lloc trìpoc eÐnai o ex c: gia k�je ξ 6= 0 orÐzoume ξ′ = ξ
2|ξ|2 kai parathroÔme ìti∫

Rn
f(x− ξ′)e−2πi〈x,ξ〉dx = e−2πi〈ξ′,ξ〉

∫
Rn
f(x− ξ′)e−2πi〈x−ξ′,ξ〉dx

= e−πi
∫
Rn
f(z)e−2πi〈z,ξ〉dx

= −f̂(ξ).

'Ara, mporoÔme na gr�youme

|f̂(ξ)| =
∣∣∣∣12
∫
Rn

(f(x)− f(x− ξ′))e−2πi〈x,ξ〉dx

∣∣∣∣
6

1

2

∫
Rn
|f(x)− f−ξ′(x)| dx

=
1

2
‖f − f−ξ′‖1 → 0

kaj¸c to |ξ| → ∞ (jumhjeÐte ìti fh(x) := f(x+ h) kai parathr ste ìti |ξ′| = 1
2|ξ| → 0).

Parat rhsh 3.1.4. Ja sumbolÐzoume me C0(Rn) thn kl�sh twn suneq¸n sunart sewn g :

Rn → C pou mhdenÐzontai sto �peiro. Wc t¸ra èqoume deÐxei ìti an f ∈ L1(Rn) tìte f̂ ∈ C0(Rn).

Oi epìmenec dÔo prot�seic mac dÐnoun basikèc algebrikèc idiìthtec tou metasqhmatismoÔ

Fourier.

Prìtash 3.1.5. 'Estw f ∈ L1(Rn). Tìte:

(i) An h ∈ Rn kai (τhf)(x) = f−h(x) = f(x− h),

τ̂hf(ξ) = f̂(ξ)e−2πi〈ξ,h〉.

(ii) An h ∈ Rn,
̂e2πi〈·,h〉f(ξ) = (τhf̂)(ξ).

(iii) An δ > 0 kai fδ(x) = f(δx),

f̂δ(ξ) =
1

δn
f̂(ξ/δ).

Apìdeixh. (i) Gr�foume

τ̂hf(ξ) =

∫
Rn
τhf(x)e−2πi〈x,ξ〉dx =

∫
Rn
f(x− h)e−2πi〈x−h,ξ〉e−2πi〈h,ξ〉dx

= e−2πi〈h,ξ〉
∫
Rn
f(z)e−2πi〈z,ξ〉dz = e−2πi〈h,ξ〉f̂(ξ).
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(ii) Gr�foume

̂e2πi〈·,h〉f(ξ) =

∫
Rn
e2πi〈x,h〉f(x)e−2πi〈x,ξ〉dx =

∫
Rn
f(x)e−2πi〈x,ξ−h〉dx

= f̂(ξ − h) = (τhf̂)(ξ).

(iii) Gr�foume

f̂δ(ξ) =

∫
Rn
fδ(x)e−2πi〈x,ξ〉dx =

∫
Rn
f(δx)e−2πi〈δx,ξ/δ〉dx

=
1

δn

∫
Rn
f(z)e−2πi〈z,ξ/δ〉dz =

1

δn
f̂(ξ/δ).

Prìtash 3.1.6. 'Estw f, g ∈ L1(Rn). Tìte, f ∗ g ∈ L1(Rn) kai

f̂ ∗ g(ξ) = f̂(ξ) · ĝ(ξ)

gia k�je ξ ∈ Rn.

Apìdeixh. H sun�rthsh F : R2n → C me F (x, y) = f(x − y)g(y)e−2πi〈ξ,x〉 eÐnai metr simh kai

an kei ston L1(Rn). Pr�gmati,∫
Rn

∫
Rn
|F (ξ, y)| dy dξ =

∫
Rn

∫
Rn
|g(ξ)| |f(y)| dy dξ

=

∫
Rn
|g(ξ)|

(∫
Rn
|f(y)| dy

)
dξ

=

∫
Rn
|g(ξ)| ‖f‖1dy = ‖f‖1‖g‖1 <∞.

MporoÔme loipìn, qrhsimopoi¸ntac to je¸rhma Fubini kai thn Prìtash 3.1.5 (i), na gr�youme

f̂ ∗ g(ξ) =

∫
Rn

(∫
Rn
f(x− y)g(y)dy

)
e−2πi〈ξ,x〉dx

=

∫
Rn
g(y)

(∫
Rn
f(x− y)e−2πi〈ξ,x〉dx

)
dy

=

∫
Rn
g(y)e−2πi〈ξ,y〉f̂(ξ) dy

= f̂(ξ)ĝ(ξ).
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3.2 O tÔpoc antistrof c tou Fourier

Skopìc mac se aut n thn par�grafo eÐnai na apodeÐxoume ton tÔpo antistrof c tou Fourier sthn

ex c morf :

Je¸rhma 3.2.1 (tÔpoc antistrof c). An f ∈ L1(Rn) kai f̂ ∈ L1(Rn) tìte

f(x) =

∫
Rn
f̂(ξ)e2πi〈x,ξ〉dξ sqedìn pantoÔ.

Gia thn apìdeixh ja qrhsimopoi soume ta apotelèsmata tou KefalaÐou 2. Basikì rìlo ja

paÐxei epÐshc o akìloujoc pollaplasiastikìc tÔpoc:

Je¸rhma 3.2.2 (pollaplasiastikìc tÔpoc). 'Estw f kai g dÔo oloklhr¸simec sunart seic

ston Rn. Tìte, ∫
Rn
f̂(ξ)g(ξ) dξ =

∫
Rn
f(y)ĝ(y) dy.

Apìdeixh. H sun�rthsh F (ξ, y) = g(ξ)f(y)e−2πi〈ξ,y〉 eÐnai metr simh kai an kei ston L1(R2n).

Efarmìzontac to je¸rhma Fubini paÐrnoume∫
Rn
f̂(ξ)g(ξ) dξ =

∫
Rn

(∫
Rn
f(y)e−2πi〈ξ,y〉dy

)
g(ξ) dξ

=

∫
Rn

(∫
Rn
g(ξ)e−2πi〈ξ,y〉dξ

)
f(y) dy

=

∫
Rn
ĝ(y)f(y) dy.

Ja qrhsimopoi soume epÐshc mia eidik  sun�rthsh:

L mma 3.2.3. 'Estw δ > 0 kai èstw x ∈ Rn. Gia th sun�rthsh

gδ(ξ) = e−πδ|ξ|
2

e2πi〈x,ξ〉

isqÔei ìti

ĝδ(y) =
1

δn/2
e−π

|x−y|2
δ .

Apìdeixh. JewroÔme thn sun�rthsh h(ξ) = e−πδ|ξ|
2

. Apì thn Prìtash 3.1.5 (ii) èqoume

ĝδ(y) = (τxĥ)(y) = ĥ(y − x).

JewroÔme t¸ra thn sun�rthsh u(ξ) = e−π|ξ|
2

. Tìte, h(ξ) = u(
√
δξ). Apì thn Prìtash 3.1.5 (iii)

èqoume

ĥ(y) =
1

δn/2
û(y/
√
δ).
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Tèloc, upologÐzoume thn

û(y) =

∫
Rn
e−π|ξ|

2

e−2πi〈ξ,y〉dξ =

n∏
j=1

∫
R
e−πξ

2
j e−2πiξjyjdξj .

Aplìc upologismìc (migadik  olokl rwsh) deÐqnei ìti∫
R
e−πt

2−2πiytdt = e−πy
2
∫
R
e−π(t+iy)2dt = e−πy

2

.

Sunep¸c,

ĥ(y) =

n∏
j=1

e−πy
2
j = e−π|y|

2

kai

ĝδ(y) = ĥ(y − x) =
1

δn/2
û
(y − x√

δ

)
=

1

δn/2
e−

π|y−x|2
δ .

Apìdeixh tou Jewr matoc 3.2.1. JewroÔme thn oikogèneia (Kδ2)δ>0. Elègqoume pr¸ta

ìti eÐnai oikogèneia proseggÐsewn thc mon�dac: gia k�je δ > 0, k�nontac thn allag  metablht c

y = δz paÐrnoume ∫
Rn
Kδ2(y) dy =

1

δn

∫
Rn
e
−π|y|

2

δ2 dy =

∫
Rn
e−π|z|

2

dz = 1.

EÐnai profanèc ìti, gia k�je δ > 0 kai gia k�je y ∈ Rn, èqoume

0 6 Kδ2(y) =
1

δn
e
−π|y|

2

δ2 6
1

δn
.

Mènei na deÐxoume ìti: an |y| > δ tìte |Kδ2(y)| 6 Mδ/|y|n+1 gia k�poia stajer� Mn > 0.

Qrhsimopoi¸ntac thn et > tn+1/(n+ 1)! me t =
√
π|y|/δ, gr�foume

0 6 Kδ2(y) =
1

δn
e
−π|y|

2

δ2 6
1

δn
(n+ 1)!δn+1

π(n+1)/2|y|n+1
=

Mnδ

|y|n+1
,

ìpou Mn = (n+ 1)!/π(n+1)/2.

'Estw x ∈ Rn. Apì ton pollaplasiastikì tÔpo (Je¸rhma 3.2.2) èqoume∫
Rn
f̂(ξ)gδ2(ξ) dξ =

∫
Rn
f(y)ĝδ2(y) dy.

Apì to L mma 3.2.3 èqoume ĝδ2(y) = 1
δn
e
−π |x−y|

2

δ2 , �ra∫
Rn
f̂(ξ)e−πδ

2|ξ|2e2πi〈x,ξ〉 dξ =

∫
Rn
f(y)Kδ2(x− y) dy = (f ∗Kδ2)(x)

gia k�je δ > 0.
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ParathroÔme ìti, apì to je¸rhma kuriarqhmènhc sÔgklishc, gia k�je x ∈ Rn isqÔei

lim
δ→0

∫
Rn
f̂(ξ)e−πδ

2|ξ|2e2πi〈x,ξ〉 dξ =

∫
Rn
f̂(ξ)e2πi〈x,ξ〉 dξ.

Apì thn �llh pleur�, afoÔ h (Kδ2)δ>0 eÐnai oikogèneia proseggÐsewn thc mon�dac, gia k�je

x ∈ Leb(f) èqoume

lim
δ→0

(f ∗Kδ2)(x) = f(x).

AfoÔ m(Rn \ Leb(f)) = 0, èpetai to zhtoÔmeno. 2

Pìrisma 3.2.4 (monadikìthta). 'Estw f, g ∈ L1(Rn). An f̂(ξ) = ĝ(ξ) gia k�je ξ ∈ Rn, tìte
f(x) = g(x) sqedìn pantoÔ.

Apìdeixh. AfoÔ f̂ − g = f̂ − ĝ = 0, èqoume f − g ∈ L1(Rn) kai f̂ − g ∈ L1(Rn). 'Ara,

(f − g)(x) =

∫
Rn
f̂ − g(ξ)e2πi〈x,ξ〉dξ = 0 sqedìn pantoÔ.

Dhlad , f(x) = g(x) sqedìn pantoÔ.

H parat rhsh thc epìmenhc Prìtashc ja mac faneÐ qr simh sthn epìmenh par�grafo.

Prìtash 3.2.5. An f ∈ L1(Rn) kai f̂ > 0, kai an h f eÐnai suneq c sto 0, tìte f̂ ∈ L1(Rn),

�ra

f(x) =

∫
Rn
f̂(ξ)e2πi〈x,ξ〉dξ sqedìn pantoÔ.

Apìdeixh. Epistrèfoume sthn apìdeixh tou tÔpou antistrof c. Gia x = 0 kai gia k�je δ > 0

èqoume ∫
Rn
f̂(ξ)e−πδ

2|ξ|2 dξ = (f ∗Kδ2)(0).

AfoÔ f̂ > 0, to je¸rhma monìtonhc sÔgklishc deÐqnei ìti

lim
δ→0

∫
Rn
f̂(ξ)e−πδ

2|ξ|2 dξ =

∫
Rn
f̂(ξ) dξ.

AfoÔ h f eÐnai suneq c sto 0, èqoume

lim
δ→0

(f ∗Kδ2)(0) = f(0).

'Epetai ìti ∫
Rn
f̂(ξ) dξ = f(0),

dhlad  f̂ ∈ L1(Rn). Katìpin, efarmìzetai to Je¸rhma 3.2.1.
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3.3 Metasqhmatismìc Fourier ston L2(Rn)

Skopìc mac eÐnai na orÐsoume ton metasqhmatismì Fourier miac sun�rthshc f ∈ L2(Rn). Ja

upojèsoume pr¸ta ìti f ∈ L1(Rn) ∩ L2(Rn). Tìte, apì thn Par�grafo 3.1 gnwrÐzoume ìti

orÐzetai kal� o metasqhmatismìc Fourier f̂ = F1(f).

Je¸rhma 3.3.1. An f ∈ L1(Rn) ∩ L2(Rn) tìte f̂ ∈ L2(Rn) kai

‖f̂‖2 = ‖f‖2.

Apìdeixh. OrÐzoume g me g(x) = f(−x). EÐnai fanerì ìti g ∈ L1(Rn) ∩ L2(Rn) kai

ĝ(ξ) =

∫
Rn
f(−x) e−2πi〈x,ξ〉dx =

∫
Rn
f(−x) e−2πi〈−x,ξ〉 dx

=

∫
Rn
f(−x) e−2πi〈−x,ξ〉 dx = f̂(ξ).

Sunep¸c,

f̂ ∗ g(ξ) = f̂(ξ) ĝ(ξ) = f̂(ξ) f̂(ξ) = |f̂(ξ)|2 > 0.

EpÐshc, h f ∗ g eÐnai suneq c sto 0. 'Eqoume

|(f ∗ g)(h)− (f ∗ g)(0)| =
∣∣∣∣∫

Rn
f(x)g(h− x) dx−

∫
Rn
f(x)g(−x) dx

∣∣∣∣
=

∣∣∣∣∫
Rn
f(x)f(x− h) dx−

∫
Rn
f(x)f(x) dx

∣∣∣∣
6
∫
Rn
|f(x)| |f(x− h)− f(x)| dx

=

∫
Rn
|f(x)| |f(x− h)− f(x)| dx

=

∫
Rn
|f(x)| |f−h(x)− f(x)| dx

6 ‖f‖2 ‖f−h − f‖2 → 0

kaj¸c to h→ 0, ìpou sto tèloc qrhsimopoi same thn anisìthta Cauchy-Schwarz gia tic f kai

f−h − f ∈ L2(Rn), kai to gegonìc ìti limh→0 ‖f−h − f‖2 = 0.

Apì thn Prìtash 3.2.5 sumperaÐnoume ìti f̂ ∗ g ∈ L1(Rn) kai

(f ∗ g)(0) =

∫
Rn
f̂ ∗ g(ξ) dξ.

'Omwc,

(f ∗ g)(0) =

∫
Rn
f(x)g(−x) dx =

∫
Rn
f(x)f(x) dx =

∫
Rn
|f(x)|2dx = ‖f‖22
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kai ∫
Rn
f̂ ∗ g(ξ) dξ =

∫
Rn
f̂(ξ)ĝ(ξ) dξ =

∫
Rn
f̂(ξ)f̂(ξ) dξ

=

∫
Rn
|f̂(ξ)|2dξ = ‖f̂‖22.

Sunep¸c, ‖f‖2 = ‖f̂‖2.

Apì to Je¸rhma 3.3.1 èqoume ìti o metasqhmatismìc Fourier eÐnai ènac kal� orismènoc frag-

mènoc grammikìc telest c sto puknì uposÔnolo L1(Rn)∩L2(Rn) tou L2(Rn), kai m�lista eÐnai

isometrÐa. Sunep¸c, up�rqei fragmènh grammik  epèktash F2 autoÔ tou telest  se olìklhro

ton L2(Rn). Ja lème ìti o F2 eÐnai o metasqhmatismìc Fourier ston L2(Rn) kai ja suneqÐsoume

na gr�foume f̂ = F2(f) gia k�je f ∈ L2(Rn).

Me b�sh autìn ton orismì, h f̂ = F2(f) eÐnai to L2-ìrio thc akoloujÐac {ĝk}, ìpou {gk}
eÐnai mia akoloujÐa ston L1(Rn)∩L2(Rn) h opoÐa sugklÐnei sthn f wc proc thn ‖·‖2. MporoÔme,

gia par�deigma, na epilèxoume thn akoloujÐa sunart sewn

(3.3.1) gk(x) = f(x)χ{|x|6k}(x).

'Ara, h f̂ eÐnai to L2-ìrio thc {ĝk}, ìpou

(3.3.2) ĝk(ξ) =

∫
{|x|6k}

f(x)e−2πi〈x,ξ〉dx.

To epìmeno je¸rhma deÐqnei ìti o F2 : L2(Rn)→ L2(Rn) eÐnai ènac orjomonadiaÐoc telest c.

Je¸rhma 3.3.2. O F2 eÐnai orjomonadiaÐoc.

Apìdeixh. AfoÔ o F2 eÐnai isometrÐa, to sÔnolo tim¸n tou eÐnai ènac kleistìc upìqwroc M tou

L2(Rn). Upojètoume ìti up�rqei h ∈ L2(Rn) me ‖h‖2 6= 0 kai thn idiìthta∫
Rn
f̂(x)h(x) dx = 0

gia k�je f ∈ L2(Rn). ParathroÔme ìti o pollaplasiastikìc tÔpoc tou Jewr matoc 3.2.2

epekteÐnetai ston L2(Rn), �ra∫
Rn
f(y)ĥ(y) dy =

∫
Rn
f̂(x)g(x) dx = 0

gia k�je f ∈ L2(Rn). 'Epetai ìti ĥ = 0, �ra ‖h‖2 = ‖ĥ‖2 = 0, to opoÐo eÐnai �topo.

MporoÔme epÐshc na perigr�youme ton antÐstrofo metasqhmatismì Fourier F−1
2 .

Je¸rhma 3.3.3. Gia k�je g ∈ L2(Rn) èqoume

(3.3.3) (F−1
2 g)(x) = (F2g)(−x).
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Apìdeixh. Gia thn apìdeixh ekfr�zoume thn F−1
2 (f̂) san to L2-ìrio thc akoloujÐac sunart sewn

(3.3.4) fk(x) =

∫
{|y|6k}

f̂(y)e2πi〈x,y〉dy.

ExhgoÔme pr¸ta thn (3.3.4) sthn perÐptwsh pou f ∈ L1(Rn) ∩ L2(Rn). OrÐzoume

f̃(x) =

∫
Rn
f̂(y)e2πi〈x,y〉dy = ‖ · ‖2 − lim

k→∞
fk(x)

kai parathroÔme ìti

〈h, f̃〉 =

∫
Rn
h(x)

(∫
Rn
f̂(y)e2πi〈x,y〉dy

)
dx

=

∫
Rn

(∫
Rn
h(x)e−2πi〈x,y〉dx

)
f̂(y) dy

= 〈F2h, f̂〉

gia k�je h ∈ L1(Rn) ∩ L2(Rn). Dhlad ,

〈h, f̃〉 = 〈F2h, f̂〉 = 〈F2h,F2f〉 = 〈h, f〉

gia k�je h ∈ L1(Rn) ∩ L2(Rn). 'Epetai ìti

(3.3.5) f(x) = f̃(x) =

∫
Rn
f̂(y)e2πi〈x,y〉dy.

Jètontac g = f̂ = F2(f), èqoume

(3.3.6) F−1
2 g(x) =

∫
Rn
g(y)e2πi〈x,y〉dy = (F2g)(−x).

Ta Jewr mata 3.3.2 kai 3.3.3 eÐnai gnwst� wc {je¸rhma Plancherel}.



Kef�laio 4

Seirèc Fourier

4.1 Seirèc Fourier oloklhr¸simwn sunart sewn

Se autì to kef�laio jewroÔme 2π-periodikèc Lebesgue metr simec sunart seic f : R→ C. Mia

tètoia sun�rthsh prosdiorÐzetai apì tic timèc thc sto T = (−π, π]   opoiod pote �llo di�sthma

m kouc 2π. Gia k�je 1 6 p <∞ jewroÔme ton q¸ro Lp(T) twn 2π-periodik¸n metr simwn f gia

tic opoÐec ∫
T
|f(t)|pdt <∞,

tautÐzontac wc sun jwc sunart seic pou eÐnai Ðsec sqedìn pantoÔ, efodiasmèno me th nìrma

‖f‖p =

(
1

2π

∫
T
|f(t)|pdt

)1/p

.

O (Lp(T), ‖·‖p) eÐnai q¸roc Banach (h apìdeixh eÐnai ìmoia me aut n pou dìjhke sto Kef�laio 1).

JewroÔme epÐshc ton q¸ro (L∞(T), ‖·‖∞) twn {ousiwd¸c fragmènwn} 2π-periodik¸n metr simwn

f , o opoÐoc eÐnai q¸roc Banach me nìrma thn

‖f‖∞ = min{M > 0 : m({t ∈ T : |f(t)| > M}) = 0} = lim
p→∞

‖f‖p.

Orismìc 4.1.1 (trigwnometrikì polu¸numo). Trigwnometrikì polu¸numo eÐnai mia sun�rthsh

thc morf c

(4.1.1) p(t) =

n∑
k=−n

cke
ikt

ìpou n > 0, ck ∈ C kai |cn| + |c−n| 6= 0. O n eÐnai o bajmìc tou p. JewroÔme epÐshc ìti h

mhdenik  sun�rthsh eÐnai trigwnometrikì polu¸numo mhdenikoÔ bajmoÔ.
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Qrhsimopoi¸ntac thn grammikìthta tou oloklhr¸matoc kai to gegonìc ìti

1

2π

∫
T
eiktdt =

{
0 an k 6= 0

1 an k = 0

elègqoume eÔkola ìti

(4.1.2) ck =
1

2π

∫
T
p(t)e−iktdt gia k�je |k| 6 n.

Orismìc 4.1.2 (trigwnometrik  seir�). Trigwnometrik  seir� eÐnai mia seir� thc morf c

(4.1.3)
∞∑

k=−∞

cke
ikt.

To summetrikì n-ostì merikì �jroisma thc seir�c (4.1.3) eÐnai to trigwnometrikì polu¸numo

(4.1.4) sn(t) =

n∑
k=−n

cke
ikt.

Orismìc 4.1.3 (seir� Fourier). 'Estw f ∈ L1(T). H seir� Fourier thc f eÐnai h trigwnometrik 

seir�

(4.1.5)
∞∑

k=−∞

cke
ikt,

ìpou

(4.1.6) ck = ck(f) =
1

2π

∫
T
f(t)e−iktdt.

To summetrikì n-ostì merikì �jroisma thc seir�c (4.1.5) eÐnai to trigwnometrikì polu¸numo

(4.1.7) sn(f, t) =

n∑
k=−n

ck(f)eikt.

Parathr seic 4.1.4. PolÔ suqn� eÐnai protimìtero na douleÔoume me thn seir� Fourier

hmitìnwn kai sunhmitìnwn thc f . Gr�foume

sn(f, t) = c0 +

n∑
k=1

(cke
ikt + c−ke

−ikt)

= c0 +

n∑
k=1

[(ck + c−k) cos kt+ i(ck − c−k) sin kt]

=
a0

2
+

n∑
k=1

(ak cos kt+ bk sin kt),
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ìpou a0 = 2c0, ak = ck + c−k kai bk = i(ck − c−k). AntÐstrofa, an mac dojeÐ mia seir�

sunhmitìnwn kai hmitìnwn

a0

2
+

∞∑
k=1

(ak cos kt+ bk sin kt)

ìpou

ak =
1

π

∫
T
f(t) cos kt dt kai bk =

1

π

∫
T
f(t) sin kt dt,

tìte mporoÔme na thn gr�youme sth morf  (4.1.5) jètontac 2ck = ak − ibk.
An h f eÐnai �rtia, dhlad  f(−t) = f(t) gia k�je t, tìte ìloi oi suntelestèc bk mhdenÐzontai,

kai

ak =
2

π

∫ π

0

f(t) cos kt dt.

An h f eÐnai peritt , dhlad  f(−t) = −f(t) gia k�je t, tìte ìloi oi suntelestèc ak mhdenÐzontai,

kai

bk =
2

π

∫ π

0

f(t) sin kt dt.

Parathr ste ìti an h f paÐrnei pragmatikèc timèc tìte c−k = ck, �ra oi ak kai bk eÐnai pragmatikoÐ

arijmoÐ.

H pr¸th mac prìtash deÐqnei ìti an ta merik� ajroÐsmata sn thc trigwnometrik c seir�c

(4.1.3) sugklÐnoun se mia oloklhr¸simh sun�rthsh f wc proc thn ‖ · ‖1, tìte ck = ck(f) gia

k�je k.

Prìtash 4.1.5. 'Estw
∑∞
k=−∞ cke

ikt mia trigwnometrik  seir� kai èstw f ∈ L1(T). An

‖sn − f‖1 → 0 kaj¸c to n→∞, tìte

ck = ck(f) gia k�je k ∈ Z.

Apìdeixh. StajeropoioÔme k ∈ Z kai gr�foume

ck(f) =
1

2π

∫
T
(f(t)− sn(t))e−iktdt+

1

2π

∫
T
sn(t)e−iktdt.

ParathroÔme ìti, an |n| > k tìte

1

2π

∫
T
sn(t)e−iktdt = ck.

'Ara, gia k�je |n| > k èqoume

|ck(f)− ck| =
∣∣∣∣ 1

2π

∫
T
(f(t)− sn(t))e−iktdt

∣∣∣∣
6

1

2π

∫
T
|f(t)− sn(t)| dt = ‖f − sn‖1 → 0

kaj¸c to n→∞. 'Epetai ìti ck = ck(f).
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'Estw f ∈ L1(T). ParathroÔme ìti, gia k�je k ∈ Z,

|ck(f)| =
∣∣∣∣ 1

2π

∫
T
f(t)e−iktdt

∣∣∣∣ 6 1

2π

∫
T
|f(t)| dt = ‖f‖1.

Me �lla lìgia, h {ck(f)}∞k=−∞ eÐnai fragmènh. IsqÔei ìmwc k�ti isqurìtero:

Je¸rhma 4.1.6 (Riemann-Lebesgue). 'Estw f ∈ L1(T). Tìte,

lim
|k|→∞

ck(f) = 0.

Apìdeixh. 'Estw ε > 0. Ja qrhsimopoi soume to gegonìc ìti ta trigwnometrik� polu¸numa

eÐnai pukn� ston L1(T) (ja doÔme di�forec apodeÐxeic sth sunèqeia): up�rqei trigwnometrikì

polu¸numo pε ¸ste

‖f − pε‖1 < ε.

'Estw n0 = n0(ε) o bajmìc tou pε. Gia k�je |k| > n0 isqÔei

ck(f) =
1

2π

∫
T
(f(t)− pε(t))e−iktdt = ck(f − pε)

diìti
∫
T pε(t)e

−iktdt = 0. Sunep¸c,

|ck(f)| = |ck(f − pε)| 6 ‖f − pε‖1 < ε

gia k�je |k| > n. 'Epetai to zhtoÔmeno.

4.1aþ O pur nac tou Dirichlet

'Estw f ∈ L1(T). Xekin¸ntac apì thn parat rhsh ìti

sn(f, t) =

n∑
k=−n

ck(f)eikt =

n∑
k=−n

(
1

2π

∫
T
f(x)e−ikxdx

)
eikt

=
1

π

∫
T
f(x)

(
1

2

n∑
k=−n

eik(t−x)

)
dx,

dÐnoume ton parak�tw orismì.

Orismìc 4.1.7. O n-ostìc pur nac tou Dirichlet eÐnai h sun�rthsh

(4.1.8) Dn(y) =
1

2

n∑
k=−n

eiky, n > 0.

SÔmfwna me autìn ton orismì, o prohgoÔmenoc upologismìc mac dÐnei to ex c.

L mma 4.1.8. 'Estw f ∈ L1(T). Gia k�je n > 0 isqÔei

(4.1.9) sn(f, t) =
1

π

∫
T
f(x)Dn(t− x) dx.
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Parat rhsh 4.1.9. Ja qrhsimopoioÔme suqn� tic parak�tw basikèc idiìthtec tou pur na

Dn.

(i) Apì ton Orismì 4.1.7 paÐrnoume: an 0 < |y| 6 π tìte

Dn(y) =
1

2
e−iny

n∑
k=−n

ei(k+n)y =
1

2
e−iny

2n∑
k=0

eiky

=
1

2
e−iny

ei(2n+1)y − 1

eiy − 1
=

1

2

ei(n+1)y − e−iny

eiy − 1

=
1

2

eiy/2
(
ei(n+ 1

2 )y − e−i(n+ 1
2 )y
)

eiy/2(eiy/2 − e−iy/2)

=
sin
(
n+ 1

2

)
y

2 sin y
2

.

(ii) P�li apì ton orismì thc Dn, kai apì thn grammikìthta tou oloklhr¸matoc, èqoume

(4.1.10)
1

π

∫
T
Dn(y) dy = 1,

gia k�je n. Parathr ste ìti h Dn eÐnai �rtia sun�rthsh. 'Ara, mporoÔme epÐshc na

gr�youme thn prohgoÔmenh isìthta sth morf 

(4.1.11)
2

π

∫ π

0

Dn(y) dy = 1.

(iii) Ta dÔo basik� �nw fr�gmata gia thn |Dn(y)| eÐnai:

(4.1.12) |Dn(y)| 6 1

2

n∑
k=−n

|eiky| = 2n+ 1

2
= n+

1

2

me isìthta ìtan y = 0, kai

(4.1.13) |Dn(y)| =

∣∣∣∣∣ sin
(
n+ 1

2

)
y

2 sin y
2

∣∣∣∣∣ 6 1

2 sin y
2

6
π

2y
, 0 < y < π,

h opoÐa prokÔptei apì to gegonìc ìti sin t > 2t
π

gia k�je t ∈ (0, π/2). AfoÔ h Dn eÐnai

�rtia, sumperaÐnoume ìti

(4.1.14) |Dn(y)| 6 π

2|y| , 0 < |y| < π.

Orismìc 4.1.10. Gia k�je n > 1 orÐzoume

(4.1.15) D∗n(y) =
Dn−1(y) +Dn(y)

2
, y ∈ T.
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Prathr ste ìti

(4.1.16) D∗n(y) =
1

2 sin y
2

(
sin
(
n− 1

2

)
y + sin

(
n+

1

2

)
y
)

=
sin(ny)

2 tan y
2

.

An f ∈ L1(T), gia k�je n > 1 kai gia k�je t ∈ T jètoume

(4.1.17) s∗n(f, t) :=
1

π

∫
T
f(x)D∗n(t− x) dx.

Dedomènou ìti

(4.1.18) Dn(y)−D∗n(y) =
Dn(y)−Dn−1(y)

2
=
einy + e−iny

4
=

cos(ny)

2
,

sumperaÐnoume ìti

(4.1.19) sn(f, t) = s∗n(f, t) +
1

2π

∫
T
f(x) cosn(t− x) dx.

L mma 4.1.11. 'Estw f ∈ L1(T). Gia k�je t ∈ T isqÔei

sn(f, t)− s∗n(f, t)→ 0 kaj¸c to n→∞.

Apìdeixh. Lìgw thc (4.1.19) arkeÐ na elègxoume ìti

1

2π

∫
T
f(x) cosn(t− x) dx = cos(nt)

1

2π

∫
T
f(x) cos(nx) dx+ sin(nt)

1

2π

∫
T
f(x) sin(nx) dx→ 0,

to opoÐo isqÔei apì to l mma Riemann-Lebesgue.

Parat rhsh 4.1.12. JewroÔme thn sun�rthsh

φ(y) =
1

2 tan y
2

− 1

y
.

EÔkola elègqoume ìti to limy→0 φ(y) up�rqei, �ra φ ∈ L∞(T). An loipìn f ∈ L1(T) tìte

fφ ∈ L1(T), kai apì to l mma Riemann-Lebesgue èqoume

1

π

∫
T
f(x)φ(t− x) sinn(t− x) dx→ 0.

'Epetai ìti

s∗n(f, t)− 1

π

∫
T
f(x)

sinn(t− x)

t− x dx =
1

π

∫
T
f(x)φ(t− x) sinn(t− x) dx→ 0.

Apì to L mma 4.1.11 katal goume sthn

(4.1.20) sn(f, t)− 1

π

∫
T
f(x)

sinn(t− x)

t− x dx→ 0.
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Parat rhsh 4.1.13. AfoÔ D∗n = 1
2
(Dn−1 + Dn), oi basikèc idiìthtec thc D∗n prokÔptoun

�mesa apì autèc thc Dn. 'Eqoume ìti h D
∗
n eÐnai �rtia sun�rthsh, kai

(4.1.21)
1

π

∫
T
D∗n(y) dy =

2

π

∫ π

0

D∗n(y) dy = 1

gia k�je n > 1. Ta dÔo basik� �nw fr�gmata gia thn |D∗n(y)| eÐnai:

(4.1.22) |D∗n(y)| 6 1

2
(|Dn−1(y)|+ |Dn(y)|) 6 1

2

(
n− 1

2
+ n+

1

2

)
= n

me isìthta ìtan y = 0, kai

(4.1.23) |Dn(y)| 6 π

2|y| , 0 < |y| < π.

4.1bþ Je¸rhma Dini kai je¸rhma Marcinkiewicz

To je¸rhma Dini mac dÐnei mia ikan  sunj kh gia thn sÔgklish thc seir�c Fourier miac oloklh-

r¸simhc sun�rthshc se dedomèno shmeÐo.

Je¸rhma 4.1.14 (Dini). 'Estw f ∈ L1(T) kai èstw t ∈ T me thn ex c idiìthta: up�rqei

α ∈ C ¸ste

(4.1.24)

∫ π

0

∣∣∣∣f(t+ x) + f(t− x)

2
− α

∣∣∣∣ dxx <∞.

Tìte,

(4.1.25) lim
n→∞

sn(f, t) = α.

Apìdeixh. Lìgw tou L mmatoc 4.1.11 arkeÐ na deÐxoume ìti

s∗n(f, t)− α→ 0.

AfoÔ

s∗n(f, t) =
1

π

∫
T
f(t− x)

sin(nx)

2 tan x
2

dx =
2

π

∫ π

0

f(t+ x) + f(t− x)

2

sin(nx)

2 tan x
2

dx

kai

α =
2

π

∫ π

0

αD∗n(x) dx =
2

π

∫ π

0

α
sin(nx)

2 tan x
2

dx,

èqoume

s∗n(f, t)− α =
2

π

∫ π

0

(
f(t+ x) + f(t− x)

2
− α

)
sin(nx)

2 tan x
2

dx.

ParathroÔme ìti h sun�rthsh

Ft(x) :=

(
f(t+ x) + f(t− x)

2
− α

)
1

2 tan x
2
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gr�fetai sth morf 

Ft(x) = At(x) +Bt(x) :=

(
f(t+ x) + f(t− x)

2
− α

)
1

x
+

(
f(t+ x) + f(t− x)

2
− α

)
φ(x),

ìpou φ(x) = 1
2 tan x

2
− 1
x
. 'Eqoume dei ìti φ ∈ L∞, �ra h Bt eÐnai oloklhr¸simh (exhg ste giatÐ).

Apì thn upìjesh, h At eÐnai epÐshc oloklhr¸simh. Sunep¸c, Ft ∈ L1 kai èpetai ìti

s∗n(f, t)− α =
2

π

∫ π

0

Ft(x) sin(nx) dx→ 0

apì to l mma Riemann-Lebesgue.

Parathr seic 4.1.15. (a) Ac upojèsoume ìti up�rqoun ta pleurik� ìria

f(t+ 0) = lim
x→t+

f(x) kai f(t− 0) = lim
x→t−

f(x).

An h (4.1.24) ikanopoieÐtai gia k�poion α, tìte èqoume anagkastik�

α =
f(t+ 0) + f(t− 0)

2
.

Pr�gmati, an eÐqame
∣∣∣ f(t+0)+f(t−0)

2
− α

∣∣∣ = r > 0, tìte ja up rqe δ ∈ (0, π) ¸ste: an 0 < x < δ

tìte ∣∣∣∣f(t+ x) + f(t− x)

2
− α

∣∣∣∣ > r

2
.

'Omwc tìte ja eÐqame ∫ δ

0

∣∣∣∣f(t+ x) + f(t− x)

2
− α

∣∣∣∣ dxx >
∫ δ

0

r

2x
dx =∞,

to opoÐo eÐnai �topo.

Eidikìtera, an h f eÐnai suneq c sto t kai an ikanopoieÐtai h (4.1.24) tìte èqoume anagkastik�

α = f(t).

(b) Ac upojèsoume ìti h f eÐnai paragwgÐsimh sto t. Tìte, h sun�rthsh

x 7→ f(t+ x)− f(t)

x

eÐnai fragmènh se mia perioq  tou 0. 'Ara, up�rqoun δ ∈ (0, π) kai M > 0 ¸ste: an 0 < |x| < δ

tìte |f(t+ x)− f(t)| 6M |x|. Dhlad , gia k�je 0 < x < δ,∣∣∣∣f(t+ x) + f(t− x)

2
− f(t)

∣∣∣∣ 6 1

2

[
|f(t+ x)− f(t)|+ |f(t− x)− f(t)|

]
6Mx.

Sunep¸c, ∫ δ

0

∣∣∣∣f(t+ x) + f(t− x)

2
− f(t)

∣∣∣∣ dxx 6
∫ δ

0

Mx
dx

x
= Mδ <∞,
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kai ∫ π

δ

∣∣∣∣f(t+ x) + f(t− x)

2
− f(t)

∣∣∣∣ dxx 6
1

δ

∫ π

0

∣∣∣∣f(t+ x) + f(t− x)

2
− f(t)

∣∣∣∣ dx <∞
(exhg ste giatÐ), �ra h (4.1.24) ikanopoieÐtai me α = f(t). 'Etsi èqoume to ex c:

Je¸rhma 4.1.16. 'Estw f ∈ L1(T) kai èstw t ∈ T sto opoÐo h f eÐnai paragwgÐsimh. Tìte,

(4.1.26) lim
n→∞

sn(f, t) = f(t).

To epìmeno je¸rhma mac dÐnei èna aplì krit rio pou exasfalÐzei ìti sn(f, t)→ f(t) sqedìn

pantoÔ.

Je¸rhma 4.1.17 (Marcinkiewicz). 'Estw f ∈ L1(T). Gia kaje x ∈ T orÐzoume

w1(f, x) =
1

2π

∫
T
|f(t+ x)− f(t)| dt.

An ∫ π

0

w1(f, x)
dx

x
<∞,

tìte sn(f, t)→ f(t) sqedìn pantou sto T.

Apìdeixh. Apì to je¸rhma Fubini èqoume

1

2π

∫
T

(∫ π

0

|f(t+ x)− f(t)| dx
x

)
dt =

∫ π

0

(
1

2π

∫
T
|f(t+ x)− f(t)| dt

)
dx

x

=

∫ π

0

w1(f, x)
dx

x
<∞.

'Ara, ∫ π

0

|f(t+ x)− f(t)| dx
x
<∞

sqedìn gia k�je t ∈ T. ParathroÔme ìti

w1(f,−x) =
1

2π

∫
T
|f(t− x)− f(t)| dt =

1

2π

∫
T−x
|f(s)− f(s+ x)| ds

=
1

2π

∫
T−x
|f(s+ x)− f(s)| ds =

1

2π

∫
T
|f(s+ x)− f(s)| ds

= w1(f, x).

Epanalamb�nontac ton arqikì upologismì blèpoume t¸ra ìti

1

2π

∫
T

(∫ π

0

|f(t− x)− f(t)| dx
x

)
dt =

∫ π

0

w1(f,−x)
dx

x
<∞,

�ra ∫ π

0

|f(t− x)− f(t)| dx
x
<∞
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sqedìn gia k�je t ∈ T. T¸ra,∫ π

0

∣∣∣∣f(t+ x) + f(t− x)

2
− f(t)

∣∣∣∣ dxx <∞

sqedìn gia k�je t ∈ T, kai apì to je¸rhma Dini èpetai ìti sn(f, t) → f(t) sqedìn gia k�je

t ∈ T.

4.2 Seirèc Fourier suneq¸n sunart sewn

Skopìc mac se aut n thn par�grafo eÐnai na deÐxoume ìti up�rqoun suneqeÐc 2π-periodikèc

sunart seic f : R → C pou h seir� Fourier touc apoklÐnei se k�poio shmeÐo. Ja d¸soume dÔo

apodeÐxeic. H pr¸th eÐnai èmmesh kai qrhsimopoieÐ thn arq  omoiìmorfou fr�gmatoc (je¸rhma

Banach-Steinhaus) en¸ h deÔterh eÐnai kataskeuastik .

Orismìc 4.2.1 (stajerèc Lebesgue). Gia k�je n > 0, h n-ost  stajer� Lebesgue Ln orÐzetai

wc ex c:

(4.2.1) Ln = 2‖Dn‖1 =
1

π

∫
T
|Dn(y)| dy.

L mma 4.2.2. 'Estw n ∈ N kai èstw ε > 0. Up�rqei f : T→ C suneq c ¸ste ‖f‖∞ 6 1 kai

1

π

∫ π

−π
|f(x)− signDn(x)| dx < ε

2n+ 1
,

ìpou signu eÐnai to prìshmo tou u (kai sign 0 = 0). Sunep¸c,

sup
f∈C(T),‖f‖∞61

|sn(f, 0)| = Ln.

Apìdeixh. Ja qrhsimopoi soume to gegonìc ìti an g : T→ R eÐnai mia Riemann oloklhr¸simh

sun�rthsh, tìte gia k�je δ > 0 up�rqei suneq c sun�rthsh f : T→ R ¸ste |f(x)| 6 ‖g‖∞ gia

k�je x ∈ T kai
1

π

∫
T
|f(x)− g(x)| dx < δ.

H sun�rthsh g(x) = signDn(x) eÐnai Riemann oloklhr¸simh (èqei peperasmèna to pl joc sh-

meÐa asunèqeiac, ìsa eÐnai ta shmeÐa sta opoÐa all�zei prìshmo h Dn) kai ‖g‖∞ = 1. MporoÔme

loipìn na broÔme suneq  sun�rthsh f : T→ C ¸ste ‖f‖∞ 6 1 kai

1

π

∫ π

−π
|f(x)− signDn(x)| dx < ε

2n+ 1
.
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Tìte,

|sn(f, 0)| =
∣∣∣∣ 1π
∫
T
f(y)Dn(−y) dy

∣∣∣∣
>

∣∣∣∣ 1π
∫
T

signDn(y)Dn(−y) dy

∣∣∣∣− 1

π

∫
T
|f(y)− g(y)||Dn(−y)| dy

>

∣∣∣∣ 1π
∫
T

signDn(y)Dn(y) dy

∣∣∣∣− 2ε‖Dn‖∞
2n+ 1

>
1

π

∫
T
|Dn(y)| dy − ε,

ìpou qrhsimopoi same to gegonìc ìti h Dn, �ra kai h signDn, eÐnai �rtia, kaj¸c kai thn

‖Dn‖∞ = n+ 1
2
. Apì ta parap�nw blèpoume ìti |sn(f, 0)| > Ln − ε.

Apì thn �llh pleur�, gia k�je f ∈ C(T) me ‖f‖∞ 6 1 èqoume

|sn(f, 0)| 6 1

π

∫
T
|f(y)| |Dn(y)| dy 6 ‖2Dn‖1‖f‖∞ 6 Ln,

kai h apìdeixh eÐnai pl rhc.

Prìtash 4.2.3. IsqÔei

Ln ∼
4 lnn

π2

kaj¸c to n→∞.

ShmeÐwsh. O sumbolismìc an ∼ bn shmaÐnei ìti h akoloujÐa {an − bn} eÐnai fragmènh: up�rqei
stajer� A > 0 ¸ste |an− bn| 6 A gia k�je n. 'Enac �lloc trìpoc gia na perigr�youme thn Ðdia

idiìthta eÐnai na gr�youme an− bn = O(1). Gr�fontac an = bn + o(1) ennooÔme ìti an− bn → 0

kaj¸c to n→∞.

Apìdeixh. AfoÔ h Dn eÐnai �rtia kai sin t
2
> 0 sto (0, π), èqoume

Ln =
2

π

∫ π

0

|sin((n+ 1/2)t)|
(

1

2 sin t
2

− 1

t

)
dt

+
2

π

∫ π

0

|sin((n+ 1/2)t)| 1
t
dt = An +Bn.

O pr¸toc ìroc eÐnai fragmènoc: afoÔ h φ(t) =
(

1
2 sin t

2

− 1
t

)
eÐnai fragmènh, èqoume An = O(1).

Gia ton deÔtero ìro, k�nontac thn allag  metablht c s =
(
n+ 1

2

)
t paÐrnoume

Bn =
2

π

∫ nπ+π/2

0

| sin s| ds
s

=
2

π

∫ nπ

π

| sin s| ds
s

+O(1)

= Cn +O(1),
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afoÔ, lìgw thc lims→0+
sin s
s

= 1, èqoume∫ π

0

sin s

s
ds = O(1) kai

∫ nπ+π/2

nπ

| sin s|
s

ds 6
π

2

1

nπ
6

1

2
.

Mènei loipìn na deÐxoume ìti

(4.2.2) Cn :=
2

π

∫ nπ

π

| sin s| ds
s

=
4

π2
lnn+O(1).

'Eqoume

Cn =
2

π

n−1∑
k=1

∫ (k+1)π

kπ

| sin s|
s

ds

=
2

π

n−1∑
k=1

∫ π

0

| sin(kπ + t)|
kπ + t

dt

=
2

π

∫ π

0

(sin t)

n−1∑
k=1

1

kπ + t
dt.

ParathroÔme ìti, gia k�je t ∈ (0, π),

1

(k + 1)π
6

1

kπ + t
6

1

kπ
,

�ra

1

π

n−1∑
k=1

1

k + 1
6
n−1∑
k=1

1

kπ + t
6

1

π

n−1∑
k=1

1

k
.

Ta dÔo ajroÐsmata
∑n−1
k=1

1
k+1

kai
∑n−1
k=1

1
k
eÐnai lnn+O(1). AfoÔ

∫ π
0

sin t dt = 2, katal goume

sthn

Cn =
4

π2
lnn+O(1)

kai h apìdeixh eÐnai pl rhc.

Pìrisma 4.2.4. Gia k�je f ∈ L∞(T) kai gia k�je t ∈ T kai n > 2 isqÔei

|sn(f, t)| 6 C(lnn) ‖f‖∞,

ìpou C > 0 apìluth stajer�.

Apìdeixh. 'Eqoume

|sn(f, t)| =
∣∣∣∣ 1π
∫
T
|f(t− x)| |Dn(x)| dx

∣∣∣∣ 6 1

π

∫
T
‖f‖∞|Dn(x)| dx

= 2‖Dn‖1‖f‖∞ 6 C · lnn ‖f‖∞

diìti 2‖Dn‖1 = Ln 6 C · lnn apì thn Prìtash 4.2.3.
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Apì to L mma 4.2.2 kai thn Prìtash 4.2.3, gia k�je n up�rqei fn ∈ C(T) ¸ste

|sn(fn, 0)| ∼ Ln ∼
4

π2
lnn.

Ja deÐxoume ìti up�rqei mÐa f ∈ C(T) ¸ste

sup
n
|sn(f, 0)| = +∞.

Eidikìtera, h f èqei seir� Fourier h opoÐa apoklÐnei sto shmeÐo 0. Gia thn apìdeixh ja qrhsi-

mopoi soume to je¸rhma Banach-Steinhaus. Gia lìgouc plhrìthtac dÐnoume thn (sqetik� apl )

apìdeix  tou, h opoÐa basÐzetai sto je¸rhma Baire.

Prìtash 4.2.5. 'Estw X pl rhc metrikìc q¸roc kai èstw F oikogèneia suneq¸n sunart -

sewn f : X → R me thn ex c idiìthta: gia k�je x ∈ X to sÔnolo {f(x) : f ∈ F} eÐnai fragmèno.
Tìte, up�rqoun x0 ∈ X kai r,M > 0 ¸ste |f(x)| 6M gia k�je x ∈ B(x0, r) kai gia k�je f ∈ F .

Apìdeixh. Gia k�je m ∈ N orÐzoume

Am = {x ∈ X : gia k�je f ∈ F , |f(x)| 6 m}.

K�je Am eÐnai kleistì uposÔnolo tou X: an xk ∈ Am kai xk → x tìte, gia k�je f ∈ F èqoume

|f(xk)| 6 m kai, apì th sunèqeia twn f ∈ F paÐrnoume f(xk) → f(x) kaj¸c k → ∞, �ra, gia

k�je f ∈ F èqoume |f(x)| 6 m, dhlad  x ∈ Am.
Parathr ste ìti X =

⋃∞
m=1 Am: 'Estw x ∈ X. Apì thn upìjesh, to {f(x) : f ∈ F} eÐnai

fragmèno, dhlad  up�rqei Mx > 0 ¸ste, gia k�je f ∈ F , |f(x)| 6Mx. Up�rqei m = m(x) ∈ N
me m >Mx. Tìte, x ∈ Am.

O X eÐnai pl rhc metrikìc q¸roc, opìte to je¸rhma Baire mac exasfalÐzei ìti k�poio Am0

èqei mh kenì eswterikì, dhlad  up�rqoun x0 ∈ X kai r > 0 ¸ste B(x0, r) ⊆ Am0 . 'Omwc tìte,

h F eÐnai omoiìmorfa fragmènh sthn B(x0, r): gia k�je x ∈ B(x0, r) kai gia k�je f ∈ F isqÔei

|f(x)| 6 m0.

H arq  tou omoiìmorfou fr�gmatoc diatup¸netai gia mia oikogèneia F fragmènwn grammik¸n

telest¸n T : X → Y pou èqoun thn idiìthta to {T (x) : T ∈ F} na eÐnai fragmèno ston Y gia

k�je x ∈ X. An o X eÐnai pl rhc, h grammikìthta twn T ∈ F kai h apl  idèa thc apìdeixhc thc

Prìtashc 4.2.5 mac dÐnoun ìti oi nìrmec ‖T‖, T ∈ F eÐnai omoiìmorfa fragmènec:

Je¸rhma 4.2.6 (arq  omoiìmorfou fr�gmatoc, Banach-Steinhaus). 'Estw X q¸roc Banach,

Y q¸roc me nìrma, kai èstw F mia oikogèneia apì fragmènouc grammikoÔc telestèc T : X → Y

me thn idiìthta: gia k�je x ∈ X,

sup{‖Tx‖ : T ∈ F} < +∞.

Tìte, up�rqei M > 0 ¸ste

gia k�je T ∈ F , ‖T‖ 6M.
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Apìdeixh. Gia k�je T ∈ F orÐzoume fT : X → R me fT (x) = ‖T (x)‖. K�je fT eÐnai Lipschitz

suneq c sun�rthsh. An x, y ∈ X, tìte

|fT (x)− fT (y)| = | ‖T (x)‖ − ‖T (y)‖ | 6 ‖T (x)− T (y)‖ 6 ‖T‖ ‖x− y‖.

Apì thn upìjes  mac gia thn F blèpoume ìti gia k�je x ∈ X

sup{|fT (x)| : T ∈ F} = sup{‖T (x)‖ : T ∈ F} < +∞

dhlad  to sÔnolo {fT (x) : T ∈ F} eÐnai fragmèno.
Apì thn Prìtash 4.2.5 up�rqoun x0 ∈ X kai r,M1 > 0 ¸ste gia k�je x ∈ B(x0, r) kai gia

k�je T ∈ F ,
|fT (x)| = ‖T (x)‖ 6M1.

'Estw x ∈ BX . Tìte, gia k�je T ∈ F èqoume ‖T (x0 + (r/2)x)‖ 6M1 kai ‖T (x0)‖ 6M1 (giatÐ

x0, x0 + (r/2)x ∈ B(x0, r)). 'Ara, gia k�je T ∈ F

‖T (x)‖ =
2

r
‖T ((r/2)x)‖ =

2

r
‖T (x0 + (r/2)x)− T (x0)‖

6
2

r
(‖T (x0 + (r/2)x)‖+ ‖T (x0)‖) 6 4M1

r
.

AfoÔ to x ∈ BX  tan tuqìn, èpetai ìti ‖T‖ 6M := 4M1/r gia k�je T ∈ F .

Je¸rhma 4.2.7. Up�rqei f ∈ C(T) ¸ste

sup
n
|sn(f, 0)| = +∞.

Apìdeixh. Gia k�je n jewroÔme ton telest  Tn : (C(T), ‖ · ‖∞)→ C me

Tn(f) = sn(f, 0).

K�je Tn eÐnai fragmèno grammikì sunarthsoeidèc: h grammikìthta elègqetai eÔkola, kai

‖Tn‖ = sup{|sn(f, 0)| : f ∈ C(T), ‖f‖∞ 6 1} = Ln.

Apì thn Prìtash 4.2.3 èqoume

sup
n
‖Tn‖ = sup

n
Ln = +∞.

O (C(T), ‖ · ‖∞) eÐnai q¸roc Banach. Efarmìzontac to je¸rhma Banach-Steinhaus blèpoume

ìti up�rqei f ∈ C(T) ¸ste

sup
n
|Tn(f)| = +∞.

Dhlad , supn |sn(f, 0)| = +∞. Eidikìtera, h seir� Fourier thc f apoklÐnei sto shmeÐo 0.
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4.2aþ Mia kataskeu  tou Lebesgue

KleÐnoume aut n thn par�grafo me mia kataskeuastik  apìdeixh thc Ôparxhc suneqoÔc f : T→ R
gia thn opoÐa

lim sup
n→∞

|sn(f, 0)| =∞.

To epiqeÐrhma ofeÐletai ston Lebesgue. Sthn Parat rhsh 4.1.12 eÐdame ìti, gia k�je f ∈ L1(T)

kai gia k�je t ∈ T,

(4.2.3) sn(f, t)− 1

π

∫
T
f(x)

sinn(t− x)

t− x dx→ 0.

Ja orÐsoume mia �rtia sun�rthsh f : T→ R, jètontac

f(t) =

∞∑
k=1

ck sin(nkt)χIk (t), 0 < t < π,

ìpou {nk}∞k=1 eÐnai mia gnhsÐwc aÔxousa akoloujÐa fusik¸n pou ja epilegeÐ kat�llhla, χIk

eÐnai h qarakthristik  sun�rthsh tou diast matoc Ik =
(
π
nk
, π
nk−1

]
, kai {ck} eÐnai mia fjÐnousa

mhdenik  akoloujÐa jetik¸n pragmatik¸n arijm¸n pou ja epilegeÐ kat�llhla. Epeid  ta dia-

st mata Ik èqoun xènouc foreÐc, autì pou perimènoume apì thn (4.2.3) eÐnai ìti, an epilèxoume

kat�llhla tic paramètrouc, o basikìc ìroc sto merikì �jroisma snk (f, 0) ja eÐnai o k-ostìc,

dhlad  o ck sin(nkt)χIk (t).

Arqik� orÐzoume c1 = 1, n1 = 2 kai I1 = (π/2, π]. Sto I1 èqoume

f(t) = c1 sin(n1t).

Ac upojèsoume ìti èqoume orÐsei n1 < n2 < · · · < nk−1, touc c1, . . . , ck−1, kai ta diast mata Ij ,

j = 1, . . . , k − 1. OrÐzoume

φ(t) =

k−1∑
j=1

cj sin(njt)χIj (t) an t ∈ (π/nk−1, π]

kai φ(t) = 0 alli¸c. ParathroÔme ìti h t 7→ φ(t)/t eÐnai fragmènh: pr�gmati, h φ mhdenÐzetai

sto [0, π/nk−1], �ra

|φ(t)| 6 c1 6
c1nk−1

π
t.

Apì to l mma Riemann-Lebesgue èqoume

lim
n→∞

∫ π

0

φ(t)

t
sin(nt) dt = 0.

OrÐzoume nk = nk−1Nk, ìpou o Nk > 2k eÐnai arket� meg�loc ¸ste na isqÔei

(4.2.4)

∣∣∣∣ 2π
∫ π

0

φ(t)

t
sin(nkt) dt

∣∣∣∣ < 1.
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Sth sunèqeia, jètoume Ik = (π/nk, π/nk−1] kai orÐzoume f(t) = ck sin(nkt) sto Ik, ìpou 0 <

ck < ck−1 < 1 ton opoÐo ja epilèxoume. Gia na ektim soume to merikì �jroisma snk (f, 0) arkeÐ,

apì thn (4.2.3), na ektim soume to

2

π

∫ π

0

f(t) sin(nkt)
dt

t
=

2

π

(∫
(0,π/nk]

+

∫
(π/nk,π/nk−1]

+

∫
(π/nk−1,π]

)
=: Ak +Bk + Ck.

Apì thn (4.2.4) blèpoume ìti Ck = O(1): sto (π/nk−1, π] èqoume f(t) = φ(t), �ra∣∣∣∣∫ π

0

f(t) sin(nkt)
dt

t

∣∣∣∣ =

∣∣∣∣∫ π

0

φ(t)

t
sin(nkt) dt

∣∣∣∣ < π

2
.

EpÐshc, anex�rthta apì ton trìpo epilog c twn ck, apì thn sin y 6 y sto (0, π) kai thn 0 < ck 6 1

èqoume

|Ak| 6
∫

(0,π/nk]

| sin(nkt)|
dt

t
6 nk

π

nk
= π.

Tèloc,

Bk = ck

∫
Ik

(sinnkt)
2 dt

t
= ck

∫
Ik

1− cos(2nkt)

2t
dt

=
ck
2

∫
Ik

dt

t
− ck

2

∫
Ik

cos(2nkt)
dt

t

=: B′k −B′′k .

Gia ton B′k èqoume

B′k =
ck
2

∫
Ik

dt

t
=
ck
2

ln

(
nk
nk−1

)
=
ck
2

(lnNk).

Epilègontac ck = (lnNk)−ε, ìpou 0 < ε < 1, èqoume ck → 0 kai

B′k =
1

2
(lnNk)1−ε →∞

kaj¸c to k →∞. To olokl rwma ston ìro B′′k isoÔtai me∫
Ik

cos(2nkt)
dt

t
=

sin(2nkt)

2nkt

∣∣∣π/nk−1

π/nk

+

∫
Ik

sin(2nkt)

2nk

dt

t2
.

Apì thn epilog  twn nk èqoume ìti

sin(2nkt)

2nkt

∣∣∣π/nk−1

π/nk

=
sin(2π)

2π
− sin(2πNk)

2πNk
= 0.

EpÐshc, ∣∣∣∣∫
Ik

sin(2nkt)

2nk

dt

t2

∣∣∣∣ 6 1

2nk

∫ ∞
π/nk

dt

t2
=

1

2nk

nk
π

=
1

2π
= O(1).

Sugkentr¸nontac ìlec tic ektim seic mac, blèpoume ìti

snk (f, 0) =
1

2
(lnNk)1−ε +O(1),

ap� ìpou èpetai ìti snk (f, 0)→∞.
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4.3 Stoiqei¸deic idiìthtec twn seir¸n Fourier

KleÐnoume autì to Kef�laio me k�poiec aplèc kai qr simec idiìthtec twn seir¸n Fourier, tic

opoÐec ja qrhsimopoioÔme suqn� sta epìmena. K�poiec polÔ stoiqei¸deic idiìthtec eÐnai oi ex c:

(i) An f, g ∈ L1(T) kai α ∈ C tìte

ck(f + αg) = ck(f) + α c−k(g)

gia k�je k ∈ Z.
(ii) An f ∈ L1(T), α ∈ R kai fα(t) = f(t+ α), tìte

ck(fα) =
1

2π

∫
T
f(t+ α)e−iktdt = eikαck(f)

gia k�je k ∈ Z.
(iii) An f ∈ L1(T), n ∈ Z kai gn(t) = f(t)eint, tìte

ck(gn) =
1

2π

∫
T
f(t)einte−iktdt = ck−n(f).

gia k�je k ∈ Z.
Oi epìmenec prot�seic dÐnoun touc suntelestèc Fourier twn sunart sewn pou prokÔptoun an

oloklhr¸soume   paragwgÐsoume mia sun�rthsh   an p�roume thn sunèlixh dÔo sunart sewn.

Prìtash 4.3.1. 'Estw f ∈ L1(T) kai èstw F to aìristo olokl rwma thc f :

F (t) = c+

∫ t

0

f(s) ds, t ∈ T.

Tìte,

ck(F − c0(f)t) =
ck(f)

ik
gia k�je k ∈ Z \ {0}.

Apìdeixh. Parathr ste arqik� ìti

F (t+ 2π)− F (t) =

∫ t+2π

t

f(x) dx =

∫
T
f(x) dx = 2πc0(f).

'Ara, an c0(f) 6= 0 tìte h F den eÐnai 2π-periodÐk . Gi� autìn ton lìgo jewroÔme thn sun�rthsh

G(t) = F (t)−c0(f)t. H G eÐnai 2π-periodik , apolÔtwc suneq c, kai G′(t) = f(t)−c0(f) sqedìn

pantoÔ sto T. Gia k�je k 6= 0 èqoume

ck(G) =
1

2π

∫
T
G(t)e−iktdt

=
1

2π

G(t)e−ikt

−ik

∣∣∣π
−π

+
1

2π(ik)

∫
T
(f(t)− c0(f))e−iktdt

=
1

(ik)
ck(f).
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Prìtash 4.3.2. 'Estw f ∈ L1(T). An h f eÐnai apolÔtwc suneq c, tìte

ck(f ′) = (ik)ck(f)

gia k�je k ∈ Z, kai lim|k|→∞[kck(f)] = 0. Dhlad , ck(f) = o(1/|k|).

Apìdeixh. ParathroÔme ìti

f(t) = f(−π) +

∫ t

−π
f ′(x) dx

diìti h f eÐnai apolÔtwc suneq c. Katìpin, efarmìzoume thn Prìtash 4.3.1.

Gia ton teleutaÐo isqurismì qrhsimopoioÔme to gegonìc ìti ck(f ′) → 0 ìtan |k| → ∞, to

opoÐo èpetai apì to l mma Riemann-Lebesgue afoÔ f ′ ∈ L1(T).

Pìrisma 4.3.3. 'Estw f ∈ Cm(T), dhlad  h f eÐnai m forèc suneq¸c paragwgÐsimh. Tìte,

ck(f (m)) = (ik)mck(f)

gia k�je k ∈ Z, kai lim|k|→∞[kmck(f)] = 0. Dhlad , ck(f) = o(1/|k|m).

Apìdeixh. EÐnai �mesh sunèpeia thc Prìtashc 4.3.2, thn opoÐa efarmìzoume, diadoqik�, m forèc.

Je¸rhma 4.3.4. 'Estw f, g ∈ L1(T). An f ∗ g eÐnai h sunèlixh twn f kai g, h opoÐa orÐzetai

mèsw thc

(f ∗ g)(x) =
1

2π

∫
T
f(x− t)g(t) dt,

tìte

ck(f ∗ g) = ck(f)ck(g)

gia k�je k ∈ Z.

Apìdeixh. Sto Kef�laio 1 eÐdame ìti h f ∗ g orÐzetai kal� sqedìn pantoÔ sto T, eÐnai oloklh-
r¸simh sun�rthsh, kai ‖f ∗ g‖1 6 ‖f‖1‖g‖1. Qrhsimopoi¸ntac to je¸rhma Fubibi gr�foume

ck(f ∗ g) =
1

2π

∫
T

(
1

2π

∫
T
f(x− t)g(t) dt

)
e−ikxdx

=
1

2π

∫
T
g(t)e−ikt

(
1

2π

∫
T
f(x− t)e−k(x−t)dx

)
dt

=
1

2π

∫
T
g(t)e−iktck(f) dt

= ck(f)ck(g).
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Pìrisma 4.3.5. 'Estw f ∈ L1(T). An p(t) =
∑N
k=−N ck(p)eikt eÐnai èna trigwnometrikì

polu¸numo bajmoÔ N tìte h sunèlixh f ∗ p eÐnai trigwnometrikì polu¸numo bajmoÔ mikrìterou

  Ðsou apì N , to opoÐo dÐnetai apì thn

(f ∗ p)(t) =

N∑
k=−N

ck(f)ck(p)eikt.

Apìdeixh. ParathroÔme ìti

(f ∗ p)(t) =
1

2π

∫
T
f(x)p(t− x) dx

=
1

2π

∫
T
f(x)

N∑
k=−N

ck(p)eik(t−x) dx

=

N∑
k=−N

ck(p)

(
1

2π

∫
T
f(x)e−ikx dx

)
eikt

=

N∑
k=−N

ck(f)ck(p)eikt,

�ra h f ∗ g eÐnai trigwnometrikì polu¸numo bajmoÔ mikrìterou   Ðsou apì N .





Kef�laio 5

Ajroisimìthta seir¸n Fourier

5.1 Cesàro ajroisimìthta

Orismìc 5.1.1. 'Estw {ck} akoloujÐa migadik¸n arijm¸n. Lème ìti h {ck} sugklÐnei kat�
Cesàro ston ` ∈ C an h akoloujÐa

Ck :=
c1 + · · ·+ ck

k
→ `

kaj¸c to k →∞.

Prìtash 5.1.2. An limk→∞ ck = ` tìte h {ck} sugklÐnei kat� Cesàro ston `.

Apìdeixh. K�noume pr¸ta thn epiplèon upìjesh ìti ck → 0 kai deÐqnoume ìti Ck → 0. JewroÔme

ε > 0 kai brÐskoume k1(ε) ∈ N me thn idiìthta: gia k�je k > k1 isqÔei |ck| < ε/2. Tìte, gia

k�je k > k1 èqoume

|Ck| 6
|c1 + · · ·+ ck1 |

k
+
k − k1

k

ε

2
<
|c1 + · · ·+ ck1 |

k
+
ε

2
.

O A := |c1 + · · ·+ ck1 | exart�tai apì to ε. Epilègoume k2(A) = k2(ε) ∈ N me thn idiìthta: gia

k�je k > k2,
|c1 + · · ·+ ck1 |

k
=
A

k
<
ε

2
.

An jèsoume k0 = max{k1, k2} tìte, gia k�je k > k0,

|Ck| 6
A

k
+
ε

2
< ε.

'Ara, Ck → 0.

Gia thn genik  perÐptwsh efarmìzoume to prohgoÔmeno sthn akoloujÐa c′k := ck − `.

Parat rhsh 5.1.3. To antÐstrofo den isqÔei. H akoloujÐa ck = 1 + (−1)k apoklÐnei, all�

sugklÐnei kat� Cesàro sto 1.
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Orismìc 5.1.4. 'Estw {ck} akoloujÐa migadik¸n arijm¸n. OrÐzoume

sn =

n∑
k=1

ck kai σn =
1

n

n∑
k=1

sk.

Lème ìti h seir�
∑∞
k=1 ck sugklÐnei kat� Cesàro ston s ∈ C an

lim
n→∞

σn = s.

Parat rhsh 5.1.5. Apì thn Prìtash 5.1.2 èpetai ìti: an limn→∞ sn = s tìte limn→∞ σn =

s, �ra h seir�
∑∞
k=1 ck sugklÐnei kat� Cesàro ston s.

Apì thn �llh pleur�, an z 6= 1, |z| = 1, kai an orÐsoume ck = zk, k > 0, tìte h seir�∑∞
k=0 ck apoklÐnei diìti ck 6→ 0, ìmwc

lim
n→∞

σn = lim
n→∞

1

n

n−1∑
k=0

k∑
s=0

zk =
1

1− z .

Dhlad , h seir�
∑∞
k=0 z

k sugklÐnei kat� Cesàro ston 1
1−z .

5.2 O pur nac tou Fejér

Orismìc 5.2.1 (Cesàro mèsoi). 'Estw f ∈ L1(T). An ck = ck(f) eÐnai oi suntelestèc Fourier

thc f , to n-ostì merikì �jroisma thc seir�c Fourier thc f orÐsthke wc ex c:

sn(f, t) =

n∑
k=−n

ck(f)eikt.

O n-ostìc Cesàro mèsoc thc seir�c Fourier thc f orÐzetai apì thn

σn(f, t) =
s0(f, t) + s1(f, t) + · · ·+ sn(f, t)

n+ 1
, n > 0.

MporoÔme na ekfr�soume thn σn(f, t) se kleist  morf , gr�fontac

σn(f, t) =
1

n+ 1

n∑
m=0

sm(f, t) =
1

n+ 1

n∑
m=0

m∑
k=−m

ck(f)eikt =
1

n+ 1

n∑
k=−n

 n∑
m=|k|

1

 ck(f)eikt

=
1

n+ 1

n∑
k=−n

(n+ 1− |k|)ck(f)eikt =

n∑
k=−n

(
1− |k|

n+ 1

)
ck(f)eikt.

Dedomènou ìti

sm(f, t) = (f ∗ 2Dm)(t)

ìpou Dm eÐnai o m-ostìc pur nac tou Dirichlet, mporoÔme epÐshc na gr�youme

σn(f, t) =
1

n+ 1

n∑
m=0

(f ∗ 2Dm)(t) =

(
f ∗ 2D0 + 2D1 + · · ·+ 2Dn

n+ 1

)
(t).
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Orismìc 5.2.2 (pur nac Fejér). O n-ostìc pur nac tou Fejér eÐnai to trigwnometrikì po-

lu¸numo

Kn(t) =
1

n+ 1

n∑
m=0

Dm(t).

Parathr ste ìti

Kn(t) =
1

2(n+ 1)

n∑
m=0

m∑
k=−m

eikt =
1

2

n∑
k=−n

(
1− |k|

n+ 1

)
eikt.

MporoÔme epÐshc na ekfr�soume ton Kn se kleist  morf , qrhsimopoi¸ntac to gegonìc ìti

Dm(t) =
sin
(
m+ 1

2

)
t

2 sin t
2

.

Gr�foume
n∑

m=0

sin
(
m+ 1

2

)
t

2 sin t
2

=
1

2 sin t
2

Im

(
n∑

m=0

ei(m+1/2)t

)
kai parathroÔme ìti

Im

(
n∑

m=0

ei(m+1/2)t

)
= Im

(
eit/2

n∑
m=0

eimt
)

= Im

(
1− ei(n+1)t

e−it/2(1− eit)

)
= Im

(
ei(n+1)t/2 e

−i(n+1)t/2 − ei(n+1)t/2

e−it/2 − eit/2

)
=

sin((n+ 1)t/2)

sin(t/2)
Im
(
ei(n+1)t/2

)
=

sin2((n+ 1)t/2)

sin(t/2)
.

Sunep¸c, èqoume to ex c:

L mma 5.2.3. Gia k�je n > 0 kai gia k�je t ∈ T ,

Kn(t) =
1

2

n∑
k=−n

(
1− |k|

n+ 1

)
eikt,

kai

Kn(t) =
1

2(n+ 1)

(
sin((n+ 1)t/2)

sin(t/2)

)2

.

Parathr seic 5.2.4. Apì to L mma 5.2.3 eÐnai fanerì ìti o pur nac tou Fejér Kn eÐnai mh

arnhtik  �rtia sun�rthsh. Lìgw thc Kn(−t) = Kn(t), èqoume

1

π

∫
T
Kn(t) dt =

2

π

∫ π

0

Kn(t) dt = 1.
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EpÐshc,

Kn(t) 6
1

n+ 1

n∑
m=0

|Dm(t)| 6 1

n+ 1

n∑
m=0

(
m+

1

2

)
=

1

n+ 1

(
n(n+ 1)

2
+
n+ 1

2

)
=
n+ 1

2
.

Tèloc, gia k�je 0 < |t| < π èqoume

Kn(t) =
1

2(n+ 1)

(
sin((n+ 1)t/2)

sin(t/2)

)2

6
1

2(n+ 1)

1

(t/π)2
=

π2

2(n+ 1)t2
.

Gia touc Cesàro mèsouc σn(f, x) ja qrhsimopoioÔme suqn� thn anapar�stash

σn(f, x) =
1

π

∫
T
f(x− t)Kn(t) dt =

1

π

∫
T

(
f(x+ t) + f(x− t)

2

)
Kn(t) dt

  thn

σn(f, x) =
1

π

∫ π

0

(f(x+ t) + f(x− t))Kn(t) dt.

Oi sqèseic autèc prokÔptoun �mesa apì to gegonìc ìti h Kn eÐnai �rtia sun�rthsh (me aplèc

allagèc metablht c).

Je¸rhma 5.2.5 (Fejér). 'Estw f ∈ L1(T) kai èstw x ∈ T. An ta pleurik� ìria f(x+ 0) kai

f(x− 0) up�rqoun, tìte

σn(f, x)→ f(x+ 0) + f(x− 0)

2
kaj¸c to n → ∞. Eidikìtera, an h f eÐnai suneq c se k�je shmeÐo enìc kleistoÔ diast matoc

I ⊂ T, tìte σn(f, x)→ f(x) omoiìmorfa sto I.

Apìdeixh. Gr�foume

σn(f, x)− f(x) =
2

π

∫ π

0

(
f(x+ t) + f(x− t)

2
− f(x+ 0) + f(x− 0)

2

)
Kn(t)dt

=
2

π

∫ π

0

(
f(x+ t)− f(x+ 0)

2
+
f(x− t)− f(x− 0)

2

)
Kn(t)dt.

'Estw ε > 0. Up�rqei δ > 0 ¸ste |f(x+ t)− f(x+ 0)| < ε kai |f(x− t)− f(x− 0)| < ε gia k�je

t ∈ (0, δ). 'Ara,∣∣∣∣ 2π
∫ δ

0

(
f(x+ t)− f(x+ 0)

2
+
f(x− t)− f(x− 0)

2

)
Kn(t)dt

∣∣∣∣
6

2

π

∫ δ

0

(
|f(x+ t)− f(x+ 0)|

2
+
|f(x− t)− f(x− 0)|

2

)
Kn(t)dt

6
2

π

∫ δ

0

εKn(t) dt 6 ε.
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Sto (δ, π) èqoume

Kn(t) 6
π2

2(n+ 1)δ2
.

Sunep¸c,∣∣∣∣ 2π
∫ π

δ

(
f(x+ t)− f(x+ 0)

2
+
f(x− t)− f(x− 0)

2

)
Kn(t)dt

∣∣∣∣
6

π2

2(n+ 1)δ2

2

π

∫ π

δ

(
|f(x+ t)− f(x+ 0)|

2
+
|f(x− t)− f(x− 0)|

2

)
dt

6
M(f)

(n+ 1)δ2
→ 0

kaj¸c to n→∞. 'Ara,

lim sup
n→∞

(σn(f, x)− f(x)) 6 ε

kai èpetai to zhtoÔmeno. Sthn perÐptwsh pou h f eÐnai suneq c se k�je shmeÐo enìc kleistoÔ

diast matoc I ⊂ T, apì thn omoiìmorfh sunèqeia thc f sto I blèpoume ìti h epilog  tou δ sto

parap�nw epiqeÐrhma eÐnai anex�rthth apì to x ∈ I (exart�tai mìno apì to ε), �ra σn(f, x) →
f(x) = f(x+0)+f(x−0)

2
omoiìmorfa sto I.

'Ena pìrisma tou Jewr matoc 5.2.5 eÐnai h puknìthta twn trigwnometrik¸n poluwnÔmwn ston

(C(T), ‖ · ‖∞) kai ston (L1(T), ‖ · ‖1) pou eÐqe qrhsimopoihjeÐ gia thn apìdeixh tou l mmatoc

Riemann-Lebesgue.

Je¸rhma 5.2.6. Gia k�je g ∈ C(T) kai gia k�je ε > 0 up�rqei trigwnometrikì polu¸numo

qε ¸ste

‖g − qε‖∞ < ε.

EpÐshc, gia k�je 1 6 p < ∞, gia k�je f ∈ Lp(T) kai gia k�je ε > 0 up�rqei trigwnometrikì

polu¸numo qε ¸ste

‖f − qε‖p < ε.

Apìdeixh. GnwrÐzoume ìti h σn(g) = g ∗ 2Kn eÐnai trigwnometrikì polu¸numo, wc sunèlixh

miac oloklhr¸simhc sun�rthshc me to trigwnometrikì polu¸numo 2Kn. Apì to prohgoÔmeno

je¸rhma èqoume ìti σn(g)→ g omoiìmorfa, diìti h g eÐnai suneq c. Dhlad , ‖g−σn(g)‖∞ → 0.

Gia to tuqìn loipìn ε > 0 èqoume

‖g − σn(g)‖∞ < ε

an to n eÐnai arket� meg�lo. Autì apodeiknÔei ton pr¸to isqurismì.

Gia ton deÔtero, èstw f ∈ Lp(T) kai ε > 0. MporoÔme na broÔme g ∈ C(T) ¸ste ‖f − g‖p <
ε/2. Sth sunèqeia, jewroÔme trigwnometrikì polu¸numo qε ¸ste ‖g − qε‖∞ < ε/2. AfoÔ

‖g − qε‖p =

(
1

2π

∫
T
|g(x)− qε(x)|pdx

)1/p

6 ‖g − qε‖∞ < ε/2,

o isqurismìc èpetai apì thn trigwnik  anisìthta gia thn ‖ · ‖p.
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Parat rhsh 5.2.7. Gia k�je n orÐzoume δn = 1
n+1

kai Kδn = 2Kn. H oikogèneia {Kδn}
eÐnai prosèggish thc mon�dac (sto T). Pr�gmati, gia k�je n isqÔei

1

2π

∫
T
Kδn(t)dt =

1

π

∫
T
Kn(t)dt = 1.

EpÐshc,

|Kδn(t)| = 2Kn(t) 6 2
n+ 1

2
=

1

δn

kai, gia k�je 0 < |t| < π, èqoume

|Kδn(t)| = 2Kn(t) 6
π2

(n+ 1)t2
=
π2δn
t2

.

Apì ta apotelèsmata thc Paragr�fou 2.4 (  mia apl  parallag  thc apìdeix c touc) èqoume

to ex c je¸rhma pou {sumplhr¸nei} to Je¸rhma 5.2.5:

Je¸rhma 5.2.8. 'Estw f ∈ L1(T). Gia k�je x ∈ Leb(f) isqÔei σn(f, x) → f(x) kaj¸c to

n→∞. Eidikìtera, σn(f, x)→ f(x) sqedìn pantoÔ sto T. 2

To epìmeno je¸rhma anafèretai sthn Lp-sÔgklish twn Cesàro mèswn σn(f) sthn f .

Je¸rhma 5.2.9. 'Estw 1 6 p <∞. Gia k�je f ∈ Lp(T) isqÔei

lim
n→∞

‖σn(f)− f‖p = 0.

Apìdeixh. Gr�foume

‖σn(f)− f‖p =

(
1

2π

∫
T
|σn(f, x)− f(x)|pdx

)1/p

=

(
1

2π

∫
T

∣∣∣∣ 1π
∫
T
(f(x+ t)− f(x))Kn(t) dt

∣∣∣∣p dx)1/p

6
1

π

∫
T

(
1

2π

∫
T
|f(x+ t)− f(x)|p dx

)1/p

Kn(t) dt

=
1

π

∫
T
‖ft − f‖pKn(t) dt,

ìpou ft(x) = f(x+ t), qrhsimopoi¸ntac thn anisìthta tou Minkowski∥∥∥∥∫
T
G(x, t)dν(t)

∥∥∥∥
Lp(T)

6
∫
T
‖G(x, t)‖Lp(T)dν(t)

gia thn G(x, t) = f(x+ t)− f(x), me dν(t) = 1
π
Kn(t) dt (to gegonìc ìti to ν eÐnai mh arnhtikì

èpetai apì to ìti Kn > 0, parathr ste epÐshc ìti G ∈ Lp).
OrÐzoume F (t) = ‖ft − f‖p. GnwrÐzoume ìti h F eÐnai suneq c sto 0, �ra

σn(F, 0)→ F (0) = 0 kaj¸c to n→∞.



5.3 Χαρακτηρισμος των τριγωνομετρικων σειρων που ειναι σειρες Fourier · 79

'Omwc,

σn(F, 0) =
1

π

∫
T
F (t)Kn(−t) dt =

1

π

∫
T
F (t)Kn(t) dt =

1

π

∫
T
‖ft − f‖pKn(t) dt,

�ra

‖σn(f)− f‖p 6 σn(F, 0)

kai èpetai to sumpèrasma.

Parathr ste ìti to Je¸rhma 5.2.9 èqei wc sunèpeia to deÔtero mèroc tou Jewr matoc 5.2.6.

DeÐqnei epÐshc ìti h apeikìnish f 7→ {ck(f)}∞k=−∞ eÐnai 1-1.

Je¸rhma 5.2.10 (monadikìthta). 'Estw f ∈ L1(T). An ck(f) = 0 gia k�je k ∈ Z, tìte
f ≡ 0.

Apìdeixh. AfoÔ ck(f) = 0 gia k�je k, èqoume

σn(f, t) =

n∑
k=−n

(
1− |k|

n+ 1

)
ck(f)eikt = 0

gia k�je n, dhlad  σn(f) ≡ 0. Apì to Je¸rhma 5.2.9 blèpoume ìti

‖f‖p = ‖σn(f)− f‖p → 0.

'Ara, ‖f‖p = 0 kai autì deÐqnei ìti f ≡ 0.

5.3 Qarakthrismìc twn trigwnometrik¸n seir¸n pou eÐnai

seirèc Fourier

Se aut n thn par�grafo exet�zoume an up�rqoun k�poia apl� krit ria ta opoÐa na mac epitrèpoun

na doÔme an k�poia trigwnometrik  seir� eÐnai h seir� Fourier miac sun�rthshc f ∈ Lp(T).

JewroÔme loipìn mia trigwnometrik  seir�

(5.3.1)
∞∑

k=−∞

cke
ikt

kai touc Cesàro mèsouc

(5.3.2) σn(t) =

n∑
k=−n

(
1− |k|

n+ 1

)
cke

ikt.

thc seir�c (5.3.1).

Je¸rhma 5.3.1. H (5.3.1) eÐnai h seir� Fourier miac suneqoÔc sun�rthshc f ∈ C(T) an kai

mìno an h akoloujÐa sunart sewn {σn} twn Cesàro mèswn thc sugklÐnei omoiìmorfa sto T.
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Apìdeixh. Upojètoume pr¸ta ìti up�rqei f ∈ C(T) ¸ste ck(f) = ck gia k�je k ∈ Z. Tìte,

σn(t) = σn(f, t).

Apì to Je¸rhma 5.2.5 sumperaÐnoume ìti σn → f omoiìmorfa sto T.
AntÐstrofa, èstw ìti h {σn} sugklÐnei omoiìmorfa se k�poia sun�rthsh f sto T. H f eÐnai

suneq c wc omoiìmorfo ìrio trigwnometrik¸n poluwnÔmwn. ParathroÔme ìti, gia k�je k ∈ Z,
an jewr soume n > |k| tìte (

1− |k|
n+ 1

)
ck =

1

2π

∫
T
σn(t)e−iktdt.

Kaj¸c to n→∞ èqoume (
1− |k|

n+ 1

)
ck → ck

kai, afoÔ σn → f omoiìmorfa,

1

2π

∫
T
σn(t)e−iktdt→ 1

2π

∫
T
f(t)e−iktdt = ck(f).

'Epetai ìti ck = ck(f) gia k�je k, dhlad  h (5.3.1) eÐnai h seir� Fourier thc f .

Sth sunèqeia melet�me thn perÐptwsh 1 < p <∞.

Je¸rhma 5.3.2. 'Estw 1 < p < ∞. H (5.3.1) eÐnai h seir� Fourier miac sun�rthshc f ∈
Lp(T) an kai mìno an h akoloujÐa {σn} twn Cesàro mèswn thc eÐnai fragmènh ston Lp(T).

Dhlad , an up�rqei M > 0 ¸ste ‖σn‖p 6M gia k�je n.

Apìdeixh. ParathroÔme pr¸ta ìti

‖σn(f)‖p =

(
1

2π

∫
T
|σn(f, x)|pdx

)1/p

=

(
1

2π

∫
T

∣∣∣∣ 1π
∫
T
f(x+ t)Kn(t) dt

∣∣∣∣p dx)1/p

6
1

π

∫
T

(
1

2π

∫
T
|f(x+ t)|p dx

)1/p

Kn(t) dt

=
1

π

∫
T
‖ft‖pKn(t) dt,

ìpou ft(x) = f(x + t), qrhsimopoi¸ntac thn anisìthta tou Minkowski ìpwc kai sthn apìdeixh

tou Jewr matoc 5.2.9. AfoÔ ‖ft‖p = ‖f‖p gia k�je t ∈ T, sumperaÐnoume ìti

‖σn(f)‖p 6 ‖f‖p
1

π

∫
T
Kn(t) dt = ‖f‖p

gia k�je n ∈ N.
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Gia thn antÐstrofh kateÔjunsh ja qrhsimopoi soume to ex c: an 1 < p <∞ kai {fn} eÐnai
mia fragmènh akoloujÐa ston Lp(T) tìte up�rqei upakoloujÐa {fkn} thc {fn} h opoÐa sugklÐnei
asjen¸c se k�poia g ∈ Lp(T): autì shmaÐnei ìti

1

2π

∫
T
fkn(x)h(x) dx→ 1

2π

∫
T
g(x)h(x) dx

gia k�je h ∈ Lq(T), ìpou q eÐnai o suzug c ekjèthc tou p. Mia �mesh apìdeixh autoÔ tou

isqurismoÔ èqoume an skeftoÔme ìti h monadiaÐa mp�la Bp tou Lp(T) eÐnai asjen¸c sumpag c

(diìti o Lp eÐnai autopaj c q¸roc, �ra isodÔnama mil�me gia th monadiaÐa mp�la tou (Lq(T))∗

me thn w∗-topologÐa). EpÐshc, h asjen c topologÐa sthn Bp eÐnai metrikopoi simh diìti anafe-

rìmaste se diaqwrÐsimoouc q¸rouc. Efarmìzoume loipìn autì to apotèlesma gia thn {fn} h
opoÐa perièqetai se k�poio pollapl�sio thc Bp.

Upojètoume ìti h {σn(f)} eÐnai fragmènh ston Lp(T). Tìte, up�rqei upakoloujÐa {σkn(f)}
thc {σn(f)} h opoÐa sugklÐnei asjen¸c se k�poia g ∈ Lp(T): gia k�je h ∈ Lq(T),

1

2π

∫
T
σkn(f, x)h(x) dx→ 1

2π

∫
T
g(x)h(x) dx.

'Opwc kai sthn prohgoÔmenh apìdeixh, parathroÔme ìti, gia k�je m ∈ Z, an jewr soume kn >
|m| tìte (

1− |m|
kn + 1

)
cm =

1

2π

∫
T
σkn(f, t)e−imtdt.

Kaj¸c to n→∞ èqoume (
1− |m|

kn + 1

)
cm → cm

kai, afoÔ h t 7→ e−imt an kei ston Lq(T),

1

2π

∫
T
σkn(f, t)e−imtdt→ 1

2π

∫
T
g(t)e−imtdt = cm(g).

'Epetai ìti cm = cm(g) gia k�je m, dhlad  h (5.3.1) eÐnai h seir� Fourier thc g.





Kef�laio 6

Lp�SÔgklish

6.1 SÔgklish ston L2(T)

Se autì to Kef�laio melet�me thn Lp-sÔgklish twn seir¸n Fourier. Gia k�je 1 < p < ∞ to

er¸thma eÐnai an gia k�je f ∈ Lp(T) isqÔei

(6.1.1) ‖sn(f)− f‖p → 0 kaj¸c to n→∞.

H perÐptwsh p = 2 eÐnai h aploÔsterh. UpenjumÐzoume ìti o L2(T) eÐnai q¸roc Hilbert. H ‖ · ‖2
ep�getai apì to eswterikì ginìmeno

(6.1.2) 〈f, g〉 =
1

2π

∫
T
f(x)g(x) dx.

L mma 6.1.1. H akoloujÐa {eikx}∞k=−∞ eÐnai orjokanonik  b�sh ston L2(T).

Apìdeixh. 'Eqoume deÐ ìti

(6.1.3) 〈eikx, eisx〉 = δk,s

gia k�je k, s ∈ Z, kai apì to Je¸rhma 5.2.10 èqoume ìti an f ∈ L2(T) kai ck(f) = 0 gia k�je

k ∈ Z, tìte f ≡ 0. IsodÔnama, an 〈f, eikx〉 = 0 gia k�je k ∈ Z tìte f = 0. To sumpèrasma

èpetai apì to Je¸rhma 1.5.19.

'Ameso pìrisma thc genik c jewrÐac twn q¸rwn Hilbert eÐnai t¸ra to ex c.

Je¸rhma 6.1.2. 'Estw f ∈ L2(T). Tìte,

(6.1.4) ‖sn(f)− f‖2 → 0 kaj¸c tp n→∞

kai

(6.1.5) ‖f‖22 =
1

2π

∫
T
|f(x)|2dx =

∞∑
k=−∞

|ck(f)|2.



84 · Lp–Συγκλιση

6.2 SÔgklish ston Lp(T), 1 6 p <∞

Skopìc mac eÐnai na exet�soume an ‖sn(f)−f‖p → 0 gia k�je f ∈ Lp(T), sthn genik  perÐptwsh

1 6 p < ∞. 'Opwc eÐdame sthn prohgoÔmenh par�grafo, h ap�nthsh eÐnai katafatik  sthn

perÐptwsh p = 2. H prìtash pou akoloujeÐ deÐqnei ìti to prìblhma diatup¸netai isodÔnama

mèsw thc akoloujÐac telest¸n f 7→ sn(f):

Prìtash 6.2.1. 'Estw 1 6 p <∞. Ta akìlouja eÐnai isodÔnama:

(a) Gia k�je f ∈ Lp(T) isqÔei ‖sn(f)− f‖p → 0.

(b) Up�rqei stajer� Ap > 0 ¸ste: gia k�je f ∈ Lp(T) kai gia k�je n > 0,

‖sn(f)‖p 6 Ap‖f‖p.

Apìdeixh. (a) =⇒ (b) Gia k�je n ∈ N jewroÔme ton telest  Tn : Lp(T) → Lp(T) me Tn(f) =

sn(f). O Tn eÐnai grammikìc kai, gia k�je f ∈ Lp(T) isqÔei

‖Tn(f)‖p = ‖sn(f)‖p = ‖f ∗ 2Dn‖p 6 ‖2Dn‖1 ‖f‖p = Ln‖f‖p,

dhlad  o Tn eÐnai fragmènoc.

'Estw f ∈ Lp(T). Apì thn upìjesh ‖sn(f)− f‖p → 0 èpetai ìti h {Tn(f)} = {sn(f)} eÐnai
fragmènh ston Lp(T). Dhlad , up�rqei cf > 0 ¸ste

sup
n
‖Tn(f)‖p 6 cf <∞.

T¸ra, efarmìzoume to je¸rhma Banach-Steinhaus: up�rqei Ap > 0 ¸ste supn ‖Tn‖ 6 Ap.

Tìte, gia k�je f ∈ Lp(T) kai gia k�je n > 0,

‖sn(f)‖p = ‖Tn(f)‖p 6 ‖Tn‖ ‖f‖p 6 Ap‖f‖p.

(b) =⇒ (a) 'Estw f ∈ Lp(T) kai èstw ε > 0. Epilègoume trigwnometrikì polu¸numo g tètoio

¸ste ‖f − g‖p 6 ε. Apì thn upìjesh, gia k�je n èqoume

‖sn(f)− sn(g)‖p = ‖sn(f − g)‖p 6 Ap‖f − g‖p 6 Apε.

An N eÐnai o bajmìc tou g tìte gia k�je n > N èqoume sn(g) = g. Sunep¸c, gia k�je n > N

èqoume

‖sn(f)− f‖p 6 ‖sn(f)− sn(g)‖p + ‖sn(g)− g‖p + ‖g − f‖p 6 Apε+ 0 + ε = (Ap + 1)ε.

AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti limn→∞ ‖sn(f)− f‖p = 0.

Mia sunèpeia thc Prìtashc 6.2.1 eÐnai ìti sthn perÐptwsh p = 1 to prìblhm� mac èqei

arnhtik  ap�nthsh. Ac upojèsoume ìti up�rqei stajer� A1 > 0 me thn idiìthta: an ‖f‖1 6 1

tìte gia k�je n > 0 isqÔei

‖sn(f)‖1 6 A1.
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JewroÔme ton pur na tou Fejér KN . GnwrÐzoume ìti ‖2KN‖1 = 1 gia k�je N ∈ N, �ra

‖sn(2KN )‖1 6 A1.

ParathroÔme ìti

sn(2KN ) = 2KN ∗ 2Dn = σN (2Dn).

O pur nac tou Dirichlet Dn eÐnai suneq c sun�rthsh, �ra σN (2Dn)→ 2Dn omoiìmorfa kaj¸c

to N →∞. 'Epetai ìti

‖2Dn‖1 = lim
N→∞

‖σN (2Dn)‖1 = lim
N→∞

‖sn(2KN )‖1 6 A1.

'Omwc, èqoume deÐ ìti h akoloujÐa Ln = ‖2Dn‖1 ∼ 4
π2 lnn → ∞, to opoÐo eÐnai �topo. To

epiqeÐrhma autì deÐqnei ìti:

Prìtash 6.2.2. Up�rqei f ∈ L1(T) tètoia ¸ste ‖sn(f)− f‖1 6→ 0 kaj¸c to n→∞. 2

Gia th melèth tou probl matoc sthn perÐptwsh 1 < p <∞ (kai p 6= 2) ja doÔme mia deÔterh

anagwg , afoÔ pr¸ta eis�goume dÔo nèec ènnoiec.

Orismìc 6.2.3 (suzug c sun�rthsh). 'Estw f ∈ L1(T) kai èstw
∑
cke

ikx h seir� Fourier

thc f . JewroÔme thn trigwnometrik  seir�

(6.2.1)
∞∑

k=−∞

(−i)(sign k)cke
ikx =

∞∑
k=−∞

sign k

i
cke

ikx,

ìpou signx = 1 an x > 0, signx = −1 an x < 0 kai sign 0 = 0. An up�rqei oloklhr¸simh

sun�rthsh h opoÐa èqei seir� Fourier thn (6.2.1), thn sumbolÐzoume me f̃ kai lème ìti h f̃ eÐnai

h suzug c sun�rthsh thc f .

Gia par�deigma, an f ∈ L2(T) tìte up�rqei monadik  g ∈ L2(T) me ck(g) = (−i)(sign k)ck(f).

Pr�gmati,
∞∑

k=−∞

|(−i)(sign k)ck(f)|2 = ‖f‖22 − |c0(f)|2 <∞,

�ra h Ôparxh thc g exasfalÐzetai apì to je¸rhma Riesz-Fisher, h g eÐnai h suzug c sun�rthsh

f̃ thc f , kai

(6.2.2) ‖f̃‖2 6 ‖f‖2.

Lème ìti gia k�poion 1 < p < ∞ èqoume suzugÐa ston Lp(T) an up�rqei stajer� Ap > 0

¸ste: gia k�je f ∈ Lp(T) up�rqei h suzug c sun�rthsh f̃ (ìpwc orÐsthke parap�nw), h f̃ an kei

ston Lp(T), kai

‖f̃‖p 6 Ap‖f‖p.
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Orismìc 6.2.4 (probol ). 'Estw f ∈ L1(T) kai èstw
∑
cke

ikx h seir� Fourier thc f . Jew-

roÔme thn trigwnometrik  seir�

(6.2.3)
∞∑
k=0

cke
ikx.

An up�rqei oloklhr¸simh sun�rthsh h opoÐa èqei seir� Fourier thn (6.2.3), thn sumbolÐzoume

me Pf kai lème ìti h Pf eÐnai h probol  thc f .

Lème ìti gia k�poion 1 < p < ∞ èqoume probolèc ston Lp(T) an up�rqei stajer� Ap > 0

¸ste: gia k�je f ∈ Lp(T) up�rqei h probol  Pf (ìpwc orÐsthke parap�nw), h Pf an kei ston

Lp(T), kai

‖Pf‖p 6 Ap‖f‖p.

Prìtash 6.2.5. 'Estw 1 6 p <∞. Tìte, (a) èqoume suzugÐa ston Lp(T) an kai mìno an (b)

èqoume probolèc ston Lp(T).

Apìdeixh. (a) =⇒ (b) 'Estw f ∈ Lp(T) me seir� Fourier thn
∑
k ck(f)eikx. Apì thn upìjesh,

h f̃ ∈ Lp(T) kai ‖f̃‖p 6 Ap‖f‖p. JewroÔme thn

g =
c0(f)

2
+
f + if̃

2
.

Parathr ste ìti |c0(f)| 6 ‖f‖1 6 ‖f‖p. Profan¸c, g ∈ Lp(T) kai

‖g‖p 6
|c0(f)|

2
+
‖f‖p + ‖f̃‖p

2
6
‖f‖p

2
+

(Ap + 1)‖f‖p
2

=
Ap + 2

2
‖f‖p.

Qrhsimopoi¸ntac tic sqèseic ck(f̃) = (−i)(sign k)ck(f) blèpoume ìti

ck(g) = ck(f) an k > 0 kai ck(g) = 0 an k < 0.

'Ara, g = Pf kai ‖Pf‖p 6 A′p‖f‖p (me A′p = (Ap + 2)/2).

(b) =⇒ (a) 'Estw f ∈ Lp(T) me seir� Fourier thn
∑
k ck(f)eikx. Apì thn upìjesh, h Pf ∈ Lp(T)

kai ‖Pf‖p 6 Ap‖f‖p. JewroÔme thn sun�rthsh

g =
2

i

(
Pf − c0(f)

2
− f

2

)
.

'Opwc prin, deÐqnoume ìti g ∈ Lp(T) kai ‖g‖p 6 A′p‖f‖p. Aplèc pr�xeic deÐqnoun ìti ck(g) =

(−i)(sign k)ck(f), �ra g = f̃ .

To epìmeno je¸rhma deÐqnei ton basikì lìgo gia ton opoÐo melet�me thn suzug  sun�rthsh.

Je¸rhma 6.2.6. 'Estw 1 6 p < ∞. Tìte, èqoume suzugÐa ston Lp(T) an kai mìno an gia

k�je f ∈ Lp(T) isqÔei ‖sn(f)− f‖p → 0.

Apìdeixh. Sundu�zontac tic Prot�seic 6.2.1 kai 6.2.5 blèpoume ìti arkeÐ na apodeÐxoume thn

isodunamÐa twn parak�tw dÔo prot�sewn:
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(a) Up�rqei Ap > 0 ¸ste ‖sn(f)‖p 6 Ap‖f‖p gia k�je f ∈ Lp(T) kai k�je n ∈ N.

(b) Up�rqei Bp > 0 ¸ste gia k�je f ∈ Lp(T) h probol  Pf an kei ston Lp(T) kai ‖Pf‖p 6
Bp‖f‖p.

(a) =⇒ (b) 'Estw f ∈ Lp(T) me seir� Fourier thn
∑
k ck(f)eikx. ParathroÔme ìti

ck(e−inxf(x)) =
1

2π

∫
T
e−inxf(x)e−ikxdx =

1

2π

∫
T
f(x)e−i(k+n)xdx = ck+n(f)

gia k�je k ∈ Z. 'Ara,

einxsn(e−inxf, x) = einx
n∑

k=−n

ck(e−inxf)eikx =

n∑
k=−n

ck+n(f)ei(k+n)x

=

2n∑
j=0

cj(f)eijx.

An orÐsoume Pnf(x) =
∑2n
k=0 ck(f)eikx, èpetai ìti

‖Pnf‖p = ‖einxsn(e−inxf, x)‖p = ‖sn(e−inxf, x)‖p 6 Ap‖e−inxf‖p = Ap‖f‖p.

Ja deÐxoume ìti h akoloujÐa {Pnf} eÐnai basik  ston Lp(T): jewroÔme tuqìn ε > 0 kai èna

trigwnometrikì polu¸numo g bajmoÔ Nε tètoio ¸ste ‖f − g‖p 6 ε. Tìte,

‖Pnf − Png‖p = ‖Pn(f − g)‖p 6 Ap‖f − g‖p 6 Apε.

'Estw n,m > Nε/2. Tìte, Png(x) = Pmg(x) =
∑Nε
k=0 ck(g)eikx, �ra

‖Pnf − Pmf‖p 6 ‖Pnf − Png‖p + ‖Png − Pmg‖p + ‖Pmg − Pmf‖p 6 Apε+ 0 +Apε = 2Apε.

'Etsi, h {Pnf} eÐnai basik , �ra up�rqei h ∈ Lp(T) tètoia ¸ste

‖Pnf − h‖p → 0.

Eidikìtera, ‖Pnf − h‖1 → 0, �ra

ck(h) = lim
n→∞

ck(Pnf)

gia k�je k ∈ Z. Autì deÐqnei ìti ck(h) = ck(f) an k > 0 kai ck(h) = 0 an k < 0. 'Ara, h = Pf .

Tèloc, afoÔ ‖Pnf − h‖p → 0 èqoume

‖h‖p = lim
n→∞

‖Pnf‖p 6 Ap‖f‖p.

(b) =⇒ (a) ParathroÔme ìti

ei(2n+1)xP (e−i(2n+1)xf) = ei(2n+1)x
∞∑
k=0

c2n+1+k(f)eikx =
∑

s=2n+1

cse
isx,
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�ra

einxsn(e−inxf) = Pnf = Pf − ei(2n+1)xP (e−i(2n+1)xf).

Pollaplasi�zontac aut n thn isìthta me e−inx kai antikajist¸ntac thn f me thn einxf , paÐr-

noume

sn(f) = e−inxP (einxf)− ei(n+1)xP (e−i(n+1)xf).

'Epetai ìti

‖sn(f)‖p 6 ‖P (einxf)‖p + ‖P (e−i(n+1)xf)‖p 6 Bp‖einxf‖p +Bp‖e−i(n+1)xf‖p = 2Bp‖f‖p

gia k�je n > 0.

Pìrisma 6.2.7. Ston L1(T) den èqoume suzugÐa. 2

6.3 Oloklhrwtik  anapar�stash thc suzugoÔc apeikìnishc

Gia th melèth thc suzugoÔc apeikìnishc qrei�zetai na eis�goume ton suzug  pur na Dirichlet

kai ton suzug  pur na Fejér.

Orismìc 6.3.1 (suzug c pur nac Dirichlet). Gia k�je n > 0 orÐzoume

(6.3.1) 2D̃n(t) =

n∑
k=−n

(−i)(sign k)eikt = (−i)
n∑
k=1

(eikt − e−ikt).

Gia na upologÐsoume autì to �jroisma, parathroÔme pr¸ta ìti

n∑
k=1

eikt = eit
1− eint

1− eit =
eiteint/2(e−int/2 − eint/2)

eit/2(e−it/2 − eit/2)

= ei(n+1)t/2 sin(nt/2)

sin(t/2)
.

Antikajist¸ntac to t me −t, kai sundu�zontac tic dÔo parast�seic, blèpoume ìti

D̃n(t) =
sin(nt/2)

2 sin(t/2)
(−i)(ei(n+1)t/2 − e−i(n+1)t/2)(6.3.2)

= 2 sin(nt/2)
sin((n+ 1)t/2)

2 sin(t/2)
=

cos(t/2)

2 sin(t/2)
− cos((n+ 1/2)t)

2 sin(t/2)

=
1

2 tan(t/2)
− cos((n+ 1/2)t)

2 sin(t/2)
.

Apì ta parap�nw blèpoume ìti h D̃n(t) eÐnai peritt  sun�rthsh, kai

(6.3.3) |D̃n(t)| = 1

2

∣∣∣∣∣
n∑

k=−n

(−i)(sign k)eikt

∣∣∣∣∣ 6 2n

2
= n.
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EpÐshc, apì thn

|D̃n(t)| =
∣∣∣∣2 sin(nt/2)

sin((n+ 1)t/2)

2 sin(t/2)

∣∣∣∣
kai thn sin(t/2) > t/π, 0 < t < π, èqoume

(6.3.4) |D̃n(t)| 6 π

|t| gia k�je 0 < |t| < π.

Orismìc 6.3.2 (suzug c pur nac Fejér). Gia k�je n > 0 orÐzoume

K̃n(t) =
1

n+ 1
(D̃0(t) + · · ·+ D̃n(t))(6.3.5)

=
cos(t/2)

2 sin(t/2)
− 1

n+ 1

n∑
k=0

cos((k + 1/2)t)

2 sin(t/2)
.

UpologÐzoume to �jroisma tou dexioÔ mèlouc thc (6.3.5) wc ex c:

Re

(
n∑
k=0

ei(k+1/2)t

)
= Re

(
eit/2

n∑
k=0

eikt
)

= Re

(
ei(n+1)t/2 sin((n+ 1)t/2)

sin(t/2)

)
=

2 cos((n+ 1)t/2) sin((n+ 1)t/2)

2 sin(t/2)

=
sin((n+ 1)t)

2 sin(t/2)
.

Sunep¸c,

(6.3.6) K̃n(t) =
cos(t/2)

2 sin(t/2)
− 1

n+ 1

sin((n+ 1)t)

[2 sin(t/2)]2
.

Parathr ste ìti h K̃n(t) eÐnai peritt  sun�rthsh, kai

|K̃n(t)| 6 1

n+ 1

n∑
k=0

|D̃n(t)| 6 1

n+ 1

n∑
k=0

k =
n

2
.

EpÐshc,

(6.3.7)

∣∣∣∣K̃n(t)− cos(t/2)

2 sin(t/2)

∣∣∣∣ 6 1

n+ 1

∣∣∣∣ sin((n+ 1)t)

[2 sin(t/2)]2

∣∣∣∣ 6 π2

4(n+ 1)t2
, 0 < |t| < π.

Parat rhsh 6.3.3. MporoÔme na deÐxoume ìti

lim
n→∞

‖K̃n‖1 = +∞

me to ex c epiqeÐrhma: xanagr�foume ton suzug  pur na Fejér sth morf 

K̃n(t) =
cos(t/2)

2 sin(t/2)

(
1− sin((n+ 1)t)

(n+ 1) sin t

)
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kai qrhsimopoi¸ntac thn ∣∣∣∣ sin((n+ 1)t)

(n+ 1) sin t

∣∣∣∣ 6 π

2t(n+ 1)
, 0 < t < π/2

paÐrnoume ∣∣∣∣1− sin((n+ 1)t)

(n+ 1) sin t

∣∣∣∣ > 1

2
gia k�je

π

n+ 1
< t <

π

2
.

'Ara,

‖K̃n‖1 >
1

2

∫ π/2

π/(n+1)

cos(t/2)

2 sin(t/2)
dt =

1

2
ln(sin(t/2))

∣∣∣π/2
π/(n+1)

=
1

2

[
ln(
√

2/2)− ln(sin(π/2(n+ 1)))
]
→∞

kaj¸c to n→∞.

Skopìc mac eÐnai ekfr�soume san olokl rwma thn trigwnometrik  seir�∑
k

(−i)(sign k)ck(f)eikt

ìpou f ∈ L1(T). Upojètoume pr¸ta ìti h f eÐnai èna trigwnometrikì polu¸numo bajmoÔ to polÔ

Ðsou me N :

f(t) =

N∑
k=−N

cke
ikt.

Gia k�je n > 1 orÐzoume

(6.3.8) s̃n(f, t) =

n∑
k=−n

(−i)(sign k)cke
ikt.

Aplìc upologismìc (parìmoioc me autìn pou k�name gia to sn(f, t)) deÐqnei ìti

(6.3.9) s̃n(f, x) = (2D̃n ∗ f)(x) =
1

π

∫
T
f(x− t)D̃n(t) dt.

AfoÔ h D̃n(t) eÐnai peritt , mporoÔme na xanagr�youme thn (6.3.9) sth morf 

(6.3.10) s̃n(f, x) = − 1

π

∫
T
f(x+ t)D̃n(t) dt

  sth morf 

(6.3.11) s̃n(f, x) =
1

π

∫
T

(
f(x− t)− f(x+ t)

2

)
D̃n(t) dt.

Epiplèon, epeid  h proc olokl rwsh sun�rthsh sto dexiì mèloc thc (6.3.11) eÐnai �rtia, mporoÔme

epÐshc na gr�youme

(6.3.12) s̃n(f, x) = − 1

π

∫ π

0

(f(x+ t)− f(x− t))
(

1

2 tan(t/2)
− cos((n+ 1/2)t)

2 sin(t/2)

)
dt.
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AfoÔ h f eÐnai trigwnometrikì polu¸numo, gia k�je n > N èqoume

f̃(x) = s̃n(f, x).

Eidikìtera, s̃n(f, x)→ f̃(x) gia k�je x, kaj¸c to n→∞. Apì thn �llh pleur�, parathr¸ntac

ìti

eik(x+t) − eik(x−t) = (−2i)eikx sin(kt),

paÐrnoume

f(x+ t)− f(x− t) =

N∑
k=−N

ck(eik(x+t) − eik(x−t)) = (−2i)

N∑
k=1

cke
ikx sin(kt).

'Epetai ìti h sun�rthsh

t 7→ f(x+ t)− f(x− t)
sin(t/2)

eÐnai fragmènh, �ra oloklhr¸simh, san sun�rthsh tou t sto [0, π]. Apì to l mma Riemann-

Lebesgue, ∫ π

0

(
f(x+ t)− f(x− t)

sin(t/2)

)
cos((n+ 1/2)t) dt→ 0

kaj¸c to n→∞, afoÔ to olokl rwma autì ekfr�zetai mèsw twn n-ost¸n suntelest¸n hmitì-

nwn kai sunhmitìnwn oloklhr¸simwn sunart sewn. PaÐrnontac loipìn to ìrio kaj¸c to n→∞
sthn (6.3.12), blèpoume ìti h f̃ ekfr�zetai apì to (apìluta sugklÐnon) olokl rwma

(6.3.13) f̃(x) = − 1

π

∫ π

0

f(x+ t)− f(x− t)
2 tan(t/2)

dt.

To er¸thma pou prokÔptei eÐnai an to olokl rwma sto dexiì mèloc thc (6.3.13) sugklÐnei sthn

perÐptwsh pou h f an kei se k�poion Lp(T), p > 1. H epìmenh prìtash deÐqnei ìti an k�ti tètoio

eÐnai swstì tìte den ja ofeÐletai sto gegonìc ìti h f(x+ t)− f(x− t) eÐnai mikr  gia mikr� t,

all� sthn allhloexoudetèrwsh twn jetik¸n kai arnhtik¸n tim¸n thc.

Je¸rhma 6.3.4 (Lusin). Up�rqei suneq c 1-periodik  sun�rthsh f tètoia ¸ste

(6.3.14)

∫ 1

0

|f(x+ t)− f(x− t)|
t

dt = +∞

gia k�je x ∈ R.

Apìdeixh. Arqik�, kataskeu�zoume suneq  1-periodik  sun�rthsh g me tic ex c idiìthtec:

(i) |g(x)| 6 1.

(ii) Up�rqei A > 0 ¸ste |g(x+ t)− g(x− t)| 6 A|t|.

(iii) IsqÔei ∫ 1

1/n

|g(nx+ nt)− g(nx− nt)|
t

dt ∼ lnn.
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MporoÔme na xekin soume me mia suneq  sun�rthsh g : [0, 1] → R h opoÐa paÐrnei tic timèc

g(0) = 0, g(1) = 0, g(1/4) = 1 kai eÐnai grammik  sta diast mata [0, 1/4] kai [1/4, 1]. Katìpin

thn epekteÐnoume se mia 1-periodik  sun�rthsh, thn opoÐa suneqÐzoume na sumbolÐzoume me g.

EÐnai fanerì ìti |g(x)| 6 1, kai den eÐnai dÔskolo na elègxoume ìti up�rqei stajer� A > 0 ¸ste

|g(x+ t)− g(x)| 6 A|t| gia k�je x.

Parathr ste ìti, gia k�je x ∈ [0, 1],

(6.3.15)

∫ 1

0

|g(x+ t)− g(x− t)| dt > c > 0.

Pr�gmati, h sun�rthsh

x 7→
∫ 1

0

|g(x+ t)− g(x− t)| dt

eÐnai gn sia jetik , suneq c kai 1-periodik , �ra paÐrnei jetik  el�qisth tim  c. EpÐshc, apì

thn (i) èqoume

(6.3.16)

∫ 1

0

|g(x+ t)− g(x− t)| dt 6 2.

Gia k�je n èqoume

In :=

∫ 1

1/n

∣∣∣∣g(nx+ nt)− g(nx− nt)
t

∣∣∣∣ dt(6.3.17)

=

∫ n

1

∣∣∣∣g(nx+ y)− g(nx− y)

y

∣∣∣∣ dy
=

∫ 1

0

|g(nx+ t)− g(nx− t)|
(

1

t+ 1
+ · · ·+ 1

t+ n− 1

)
dt.

AfoÔ

c1 lnn 6
1

t+ 1
+ · · ·+ 1

t+ n− 1
6 c2 lnn

gia k�je t ∈ [0, 1], apì tic (6.3.15) kai (6.3.16) sumperaÐnoume ìti

c1c lnn 6 In 6 2c2 lnn,

dhlad  isqÔei h (iii). Apì thn (ii) blèpoume epÐshc ìti

(6.3.18)

∫ 1/n

0

∣∣∣∣g(nx+ nt)− g(nx− nt)
t

∣∣∣∣ dt 6 2An · 1

n
= 2A.

Sundu�zontac thn (iii) me thn (6.3.18) katal goume sthn

(6.3.19)

∫ 1

0

∣∣∣∣g(nx+ nt)− g(nx− nt)
t

∣∣∣∣ dt 6 C lnn.

Proqwr�me t¸ra ston orismì thc f . H idèa eÐnai na orÐsoume

f(x) =

∞∑
n=1

εng(knx),
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ìpou oi εn > 0 ja epilegoÔn ètsi ¸ste
∑∞
n=1 εn <∞ kai h gnhsÐwc aÔxousa akoloujÐa fusik¸n

(kn) ja epilegeÐ me kat�llhlo trìpo ¸ste na petÔqoume sugkekrimènh sqèsh an�mesa stouc εn
kai Ikn .

Gr�foume

Jn :=

∫ 1

1/kn

∣∣∣∣f(x+ t)− f(x− t)
t

∣∣∣∣ dt(6.3.20)

> εn

∫ 1

1/kn

∣∣∣∣g(knx+ knt)− g(knx− knt)
t

∣∣∣∣ dt
−

∞∑
j=1,j 6=n

εj

∫ 1

1/kn

∣∣∣∣g(kjx+ kjt)− g(kjx− kjt)
t

∣∣∣∣ dt
> εnIkn − C

n−1∑
j=1

εj ln kj − 2
∞∑

j=n+1

εj

∫ ∞
1/kn

dt

t

> εnIkn − C
n−1∑
j=1

εj ln kj − 2 ln kn

∞∑
j=n+1

εj .

Mènei na epilèxoume ta εn kai kn ètsi ¸ste h teleutaÐa posìthta na teÐnei sto +∞ kaj¸c to

n→∞. Epilègoume

εn =
1

n!
kai kn = 2(n!)2

kai elègqoume ìti Jn → +∞.

Orismìc 6.3.5 (perikekommènoc metasqhmatismìc Hilbert). 'Estw f ∈ L1(T). Gia k�je

0 < ε < π orÐzoume

(6.3.21) Hεf(x) = − 1

π

∫ π

ε

f(x+ t)− f(x− t)
2 tan(t/2)

dt = − 1

π

∫
ε<|t|6π

f(x+ t)

2 tan(t/2)
dt.

Prìtash 6.3.6 (p = 2). 'Estw f ∈ L2(T). Tìte,

lim
ε→0+

‖Hεf − f̃‖2 = 0.

Apìdeixh. DeÐqnoume pr¸ta ìti

(6.3.22) ‖Hεf‖2 6 c‖f‖2,

ìpou c > 0 eÐnai mia stajer� anex�rthth apì thn f kai to ε. Gia to skopì autì gr�foume

Hεf(x) =
1

π

∫
ε<|t|6π

f(x− t)
(

1

2 tan(t/2)
− 1

t

)
dt(6.3.23)

+
1

π

∫
ε<|t|6π

f(x− t)
t

dt =: A(x) +B(x).
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Parathr ste ìti

A(x) = (f ∗ 2φ1)(x) kai B(x) = (f ∗ 2φ2)(x),

ìpou

φ1(t) = χ[−π,−ε)∪(ε,π](t)

(
1

2 tan(t/2)
− 1

t

)
kai

φ2(t) = χ[−π,−ε)∪(ε,π](t)
1

t
.

Ja deÐxoume ìti supk |ck(φ1)| 6M kai supk |ck(φ2)| 6M gia k�poia stajer� M > 0. Tìte,

‖A‖2 = ‖f ∗ 2φ1‖2 = 2

(
∞∑

k=−∞

|ck(f)|2|ck(φ1)|2
)1/2

6 2M‖f‖2

kai

‖B‖2 = ‖f ∗ 2φ2‖2 = 2

(
∞∑

k=−∞

|ck(f)|2|ck(φ2)|2
)1/2

6 2M‖f‖2,

�ra

‖Hεf‖2 6 ‖A‖2 + ‖B‖2 6 4M‖f‖2.

Gia na fr�xoume touc ck(φ1) parathroÔme ìti h sun�rthsh t 7→ 1
2 tan(t/2)

− 1
t
eÐnai fragmènh, �ra

|ck(φ1)| 6 ‖φ1‖1 6
1

π

∫ π

0

∣∣∣∣ 1

2 tan(t/2)
− 1

t

∣∣∣∣ dt = M1 <∞.

Gia na fr�xoume touc ck(φ2) upojètoume, qwrÐc periorismì thc genikìthtac, ìti k > 0 kai

upologÐzoume:

ck(φ2) =
1

2π

∫ −ε
−π

e−ikt
dt

t
+

1

2π

∫ π

ε

e−ikt
dt

t

=
(−2i)

2π

∫ π

ε

sin kt

t
dt =

(−i)
π

∫ πk

εk

sin t

t
dt.

T¸ra, qrhsimopoioÔme to gegonìc ìti up�rqei stajer�M2 > 0 ¸ste, gia k�je a < b sto (0,∞),∣∣∣∣∫ b

a

sin t

t
dt

∣∣∣∣ 6M2.

Sundu�zontac ta parap�nw paÐrnoume thn (6.3.22): up�rqei c > 0 ¸ste: gia k�je f ∈ L2(T) kai

gia k�je ε ∈ (0, π),

(6.3.24) ‖Hεf‖2 6 c‖f‖2.

DeÐqnoume t¸ra ìti to sumpèrasma thc prìtashc isqÔei gia trigwnometrik� polu¸numa.

Pr�gmati, apì thn (6.3.13) èqoume ìti

(6.3.25) p̃(x) = − 1

π

∫ π

0

p(x+ t)− p(x− t)
2 tan(t/2)

dt
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gia k�je trigwnometrikì polu¸numo p, �ra

lim
ε→0

Hεp(x) = p̃(x).

'Eqoume epÐshc deÐ ìti oi Hεp kai p̃ eÐnai fragmènec sto T (anex�rthta apì to ε), �ra

(6.3.26) lim
ε→0+

‖Hεp− p̃‖2 = 0.

T¸ra, gia k�je f ∈ L2(T) kai gia k�je δ > 0 epilègoume trigwnometrikì polu¸numo p ¸ste

‖f − p‖2 < δ, kai gr�foume

‖Hεf − f̃‖2 6 ‖Hεf −Hεp‖2 + ‖Hεp− p̃‖2 + ‖p̃− f̃‖2
= ‖Hε(f − p)‖2 + ‖Hεp− p̃‖2 + ‖(p− f)˜‖2
6 c‖f − p‖2 + ‖Hεp− p̃‖2 + ‖p− f‖2
6 (c+ 1)δ + ‖Hεp− p̃‖2,

qrhsimopoi¸ntac kai thn (6.2.2). Apì thn (6.3.26) sumperaÐnoume ìti

(6.3.27) lim sup
ε→0+

‖Hεf − f̃‖2 6 (c+ 1)δ,

kai afoÔ to δ > 0  tan tuqìn, paÐrnoume to zhtoÔmeno.

H melèth thc sumperifor�c thc Hεf sthn perÐptwsh pou h f eÐnai apl¸c oloklhr¸simh eÐnai

polÔ pio leptì jèma. Arqik�, ja sundèsoume thn Hεf(x) me touc mèsouc σ̃n(f, x), oi opoÐoi

orÐzontai wc ex c:

(6.3.28) σ̃n(f, x) =

n∑
k=−n

(
1− |k|

n+ 1

)
(−i)(sign k)ck(f)eikx,

tìte eÔkola elègqoume ìti

(6.3.29) σ̃n(f, x) = (2K̃n ∗ f)(x) =
1

π

∫
T
f(x− t)K̃n(t) dt.

AfoÔ h K̃n(t) eÐnai peritt  sun�rthsh, mporoÔme na xanagr�youme thn (6.3.9) sth morf 

(6.3.30) σ̃n(f, x) = − 1

π

∫
T
f(x+ t)K̃n(t) dt

  sth morf 

(6.3.31) σ̃n(f, x) =
1

π

∫
T

(
f(x− t)− f(x+ t)

2

)
K̃n(t) dt.

Epiplèon, epeid  h proc olokl rwsh sun�rthsh sto dexiì mèloc thc (6.3.31) eÐnai �rtia, mporoÔme

epÐshc na gr�youme

(6.3.32) σ̃n(f, x) = − 1

π

∫ π

0

(f(x+ t)− f(x− t))
(

cos(t/2)

2 sin(t/2)
− 1

n+ 1

sin((n+ 1)t)

[2 sin(t/2)]2

)
dt.
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Je¸rhma 6.3.7 (Lebesgue). 'Estw f ∈ L1(T). Tìte,

σ̃n(f, x)−H1/nf(x)→ 0 sqedìn pantoÔ.

Epiplèon, an h f̃(x) up�rqei, tìte σ̃n(f, x) = σn(f̃ , x).

Apìdeixh. Apì ton orismì thc H1/nf kai thn (6.3.32) èqoume

σ̃n(f, x)−H1/nf(x) = − 1

π

∫ 1/n

0

(f(x+ t)− f(x− t)) K̃n(t) dt

− 1

π

∫ π

1/n

(f(x+ t)− f(x− t))
(
K̃n(t)− 1

2 tan(t/2)

)
dt

= An(x) +Bn(x).

Qrhsimopoi¸ntac thn |K̃n(t)| 6 n/2 blèpoume ìti

|An(x)| 6 c1n

∫ 1/n

0

|f(x+ t)− f(x− t)| dt→ 0

se k�je x ∈ Leb(f), dhlad  sqedìn pantoÔ sto T.
Qrhsimopoi¸ntac thn

∣∣∣K̃n(t)− 1
2 tan(t/2)

∣∣∣ 6 π2

4(n+1)t2
sto [1/n, π] blèpoume ìti

|Bn(x)| 6 c2
n

∫ π

1/n

|f(x+ t)− f(x− t)| dt
t2
.

Gr�foume

c2
n

∫ π

1/n1/4

|f(x+ t)− f(x− t)| dt
t2

6
c2√
n

∫ π

0

|f(x+ t)− f(x− t)| dt 6 c3‖f‖1√
n
→ 0.

Mènei na ektim soume to

c2
n

∫ 1/n1/4

1/n

|f(x+ t)− f(x− t)| dt
t2
.

JewroÔme thn sun�rthsh

Fx(t) =

∫ t

0

|f(x+ s)− f(x− s)| ds.

H Fx eÐnai apolÔtwc suneq c, kai mporoÔme na gr�youme

c2
n

∫ 1/n1/4

1/n

|f(x+ t)− f(x− t)| dt
t2

=
c2
n

∫ 1/n1/4

1/n

F ′x(t)
dt

t2
=
c2
n

Fx(t)

t2

∣∣∣1/n1/4

1/n
+

2c2
n

∫ 1/n1/4

1/n

Fx(t)
dt

t3
.
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Gia k�je x ∈ Leb(f) èqoume limt→0+
Fx(t)
t

= 0, �ra

c2
n

∣∣∣∣Fx(t)

t2

∣∣∣1/n1/4

1/n

∣∣∣∣ 6 c2
n3/4

Fx(1/n1/4)

1/n1/4
+ c2

Fx(1/n)

1/n
→ 0

kaj¸c to n→∞. Apì thn �llh pleur�,

2c2
n

∫ 1/n1/4

1/n

Fx(t)
dt

t3
6

2c2
n

∫ ∞
1/n

dt

t2
·max

{
Fx(t)

t
: t ∈ [1/n, 1/n1/4]

}
= 2c2 max

{
Fx(t)

t
: t ∈ [1/n, 1/n1/4]

}
→ 0

kaj¸c to n→∞. 'Etsi, èqoume

c2
n

∫ 1/n1/4

1/n

|f(x+ t)− f(x− t)| dt
t2
→ 0

gia k�je x ∈ Leb(f) kaj¸c to n→∞.

DeÐxame ìti limn→∞An(x) = limn→∞Bn(x) = 0 gia k�je x ∈ Leb(f), �ra σ̃n(f, x) −
H1/nf(x)→ 0 sqedìn pantoÔ sto T.

Tèloc, ac upojèsoume ìti h f̃ up�rqei. Tìte, aplìc upologismìc deÐqnei ìti

σ̃n(f, x) = (f ∗ 2K̃n)(x) = (f̃ ∗ 2Kn)(x) = σn(f̃ , x).

Autì prokÔptei gia par�deigma apì thn isìthta

ck(f̃ ∗ 2Kn) = ck(f̃)ck(2Kn) =

(
1− |k|

n+ 1

)
(−i)(sign k)ck(f)

kai thn (6.3.28).

Pìrisma 6.3.8. 'Estw f ∈ L1(T). Tìte, to ìrio limε→0+ Hεf(x) up�rqei sqedìn pantoÔ sto

T an kai mìno an to limn→∞ σ̃n(f, x) up�rqei sqedìn pantoÔ sto T. Epiplèon, ta dÔo aut� ìria

sumpÐptoun, an up�rqoun.

Apìdeixh. An to ìrio limε→0+ Hεf(x) up�rqei sqedìn pantoÔ sto T, tìte to limn→∞H1/nf(x)

up�rqei sqedìn pantoÔ sto T kai to zhtoÔmeno èpetai �mesa apì to Je¸rhma 6.3.7.

Upojètoume loipìn ìti to limn→∞ σ̃n(f, x) up�rqei sqedìn pantoÔ sto T. Tìte, to ìrio

limn→∞H1/nf(x) up�rqei sqedìn pantoÔ sto T. JewroÔme tuqìn ε ∈ (0, 1) kai ton monadikì

fusikì n gia ton opoÐo 1
n+1

6 ε < 1
n
. Tìte,

Hεf(x)−H1/nf(x) = − 1

π

∫ 1/n

ε

f(x+ t)− f(x− t)
2 tan(t/2)

dt

�ra

|Hεf(x)−H1/nf(x)| 6 1

π

∫ 1/n

1/(n+1)

∣∣∣∣f(x+ t)− f(x− t)
2 tan(t/2)

∣∣∣∣ dt
6 cn

∫ 1/n

0

|f(x+ t)− f(x− t)| dt→ 0
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gia k�je x ∈ Leb(f) kaj¸c to n→∞. Autì apodeiknÔei ìti oi Hεf(x) kai H1/nf(x) èqoun thn

Ðdia sumperifor� kaj¸c to ε→ 0+ kai to n→∞ antÐstoiqa. 'Epetai ìti to ìrio limε→0+ Hεf(x)

up�rqei kai eÐnai Ðso me to limn→∞ σ̃n(f, x) sqedìn pantoÔ sto T.

Pìrisma 6.3.9. 'Estw f ∈ L2(T). Tìte, limε→0+ Hεf(x) = f̃(x) sqedìn pantoÔ sto T.

Apìdeixh. AfoÔ f ∈ L2(T), gnwrÐzoume ìti f̃ ∈ L2(T). Sunep¸c,

σ̃n(f, x) = σn(f̃ , x)→ f̃(x)

sqedìn pantoÔ sto T kaj¸c to n→∞. Apì to Pìrisma 6.3.8 paÐrnoume

lim
ε→0+

Hεf(x) = lim
n→∞

σ̃n(f, x) = f̃(x)

sqedìn pantoÔ sto T.



Kef�laio 7

O metasqhmatismìc Hilbert

ston Lp(T)

Se autì to Kef�laio ja doÔme ìti gia k�je 1 < p <∞ kai gia k�je f ∈ Lp(T),

‖f − sn(f)‖p → 0

kaj¸c to n→∞. Gia to skopì autì ja deÐxoume ìti o metasqhmatismìc Hilbert

Hf(x) = lim
ε→0

Hεf(x) = lim
ε→0
− 1

π

∫
ε<|t|<π

f(x− t)
2 tan(t/2)

dt

orÐzetai kal� gia k�je f ∈ L1(T) kai ìti gia k�je 1 < p < ∞ up�rqei stajer� Cp > 0 tètoia

¸ste, gia k�je f ∈ Lp(T),

‖Hf‖p 6 Cp‖f‖p
kai f̃ = Hf . Autì deÐqnei ìti èqoume suzugÐa ston Lp(T) kai katìpi mporoÔme na efarmìsoume

tic anagwgèc tou prohgoÔmenou KefalaÐou.

Basikì rìlo sthn apìdeixh twn parap�nw ja paÐxoun to je¸rhma parembol c tou Marcin-

kiewicz (to opoÐo suzht�me sthn Par�grafo 7.1), h di�spash Calderón-Zygmund miac oloklh-

r¸simhc sun�rthshc (thn opoÐa perigr�foume sthn Par�grafo 7.2) kai o megistikìc telest c

f 7→Mf = f∗, ìpou f∗ eÐnai h megistik  sun�rthsh thc f pou èqoume suzht sei sto Kef�laio

2.

7.1 To je¸rhma parembol c tou Marcinkiewicz

'Eqoume deÐ ìti an f ∈ L1(Rn) tìte h megistik  sun�rthsh Mf = f∗ thc f den eÐnai genik�

oloklhr¸simh, ikanopoieÐ ìmwc thn ex c anisìthta asjenoÔc tÔpou: gia k�je λ > 0,

(7.1.1) m({x : Mf(x) > λ}) 6 c

λ
‖f‖1,
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ìpou c > 0 apìluth stajer� (anex�rthth apì thn f kai thn tim  tou λ). EÐnai epÐshc eÔkolo na

doÔme ìti o megistikìc telest c f 7→ Mf apeikonÐzei ton L∞(Rn) ston L∞(Rn). Pr�gati, gia

k�je anoikt  mp�la B me x ∈ B èqoume

1

m(B)

∫
B

|f(y)| dy 6
1

m(B)

∫
B

‖f‖∞dy = ‖f‖∞,

sunep¸c

(7.1.2) |Mf(x)| = sup
x∈B

1

m(B)

∫
B

|f(y)| dy 6 ‖f‖∞.

'Epetai ìti

(7.1.3) ‖Mf‖∞ 6 ‖f‖∞.

'Ena er¸thma pou prokÔptei eÐnai ti mporoÔme na poÔme gia thn sumperifor� thc Mf an upojè-

soume ìti f ∈ Lp(Rn) gia k�poio 1 < p <∞. Ja melet soume autì to prìblhma sto genikìtero

plaÐsio twn upogrammik¸n telest¸n.

Orismìc 7.1.1. 'Estw (X,A, µ) q¸roc mètrou. 'Enac telest c f 7→ Tf lègetai upogrammikìc

an gia k�je f1 kai f2 gia tic opoÐec oi Tf1 kai Tf2 orÐzontai kal�, oi T (f1 + f2) kai T (af1),

a ∈ K, orÐzontai kal� kai ikanopoioÔn tic

(7.1.4) |T (f1 + f2)(x)| 6 |Tf1(x)|+ |Tf2(x)| sqedìn pantoÔ

kai

(7.1.5) |T (af1)(x)| 6 |a| |Tf1(x)| sqedìn pantoÔ

Lème ìti ènac upogrammikìc telest c eÐnai (isquroÔ) tÔpou (p, p) gia k�poio 1 6 p 6 ∞ an

orÐzetai kal� san telest c apì ton Lp(µ) ston Lp(µ) kai up�rqei stajer� Ap > 0 ¸ste

(7.1.6) ‖Tf‖p 6 Ap‖f‖p

gia k�je f ∈ Lp(µ). 'Omoia, lème ènac upogrammikìc telest c eÐnai asjenoÔc tÔpou (p, p) gia

k�poio 1 6 p <∞ an orÐzetai kal� gia k�je f ∈ Lp(µ) kai up�rqei stajer� Ap > 0 ¸ste

(7.1.7) λpm({x : |Tf(x)| > λ}) 6 App‖f‖pp

gia k�je f ∈ Lp(µ) kai gia k�je λ > 0.

Sun jwc, ja jewroÔme telestèc T oi opoÐoi orÐzontai fusiologik� se èna zeÔgoc q¸rwn

Lp0(µ) kai Lp1(µ). EÐnai bolikì na jewr soume ton q¸ro Lp0(µ)+Lp1(µ) ìlwn twn sunart sewn

f oi opoÐec gr�fontai sth morf  f = f0 + f1 gia k�poiec f0 ∈ Lp0(µ) kai f1 ∈ Lp1(µ). O

Lp0(µ) + Lp1(µ) gÐnetai q¸roc Banach me nìrma thn

(7.1.8) ‖f‖Lp0+Lp1 = inf{‖f0‖p0 + ‖f1‖p1 : fi ∈ Lpi , f = f0 + f1}.

To basikì apotèlesma aut c thc paragr�fou eÐnai to je¸rhma parembol c tou Marcinkiewicz.

Me L(µ) sumbolÐzoume tic metr simec sunart seic.
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Je¸rhma 7.1.2 (Marcinkiewicz). 'Estw 0 < p0 < p1 6 ∞ kai èstw T : Lp0(µ) + Lp1(µ) →
L(µ) upogrammikìc telest c, o opoÐoc eÐnai asjenoÔc tÔpou (p0, p0) me stajer� A0 kai isquroÔ

tÔpou (p1, p1) me stajer� A1. Tìte, gia k�je p0 < p < p1 o T eÐnai isquroÔ tÔpou (p, p) me

stajer�

Ap = 2

(
p

p− p0
+

p

p1 − p

)1/p

A

1
p
− 1
p1

1
p0
− 1
p1

0 A

1
p0
− 1
p

1
p0
− 1
p1

1

an p1 <∞, kai

Ap = 2

(
p

p− p0

)1/p

A
p0
p

0 A
1− p0

p

1

an p1 =∞.

Apìdeixh. Exet�zoume qwrist� tic peript¸seic p1 <∞ kai p1 =∞.

(a) H perÐptwsh 0 < p0 < p < p1 < ∞. 'Estw f ∈ Lp(µ) kai δ > 0 to opoÐo ja epilegeÐ

argìtera. Gia k�je λ > 0 orÐzoume

fλ0 (x) =

{
f(x) an |f(x)| > δλ

0 alli¸c

kai

fλ1 (x) =

{
f(x) an |f(x)| 6 δλ

0 alli¸c.

ParathroÔme ìti fλ0 ∈ Lp0(µ), fλ1 ∈ Lp1(µ) kai f = f1 + f2. Gia ton pr¸to isqurismì, parath-

roÔme ìti p0 − p < 0 kai gr�foume

‖fλ0 ‖p0p0 =

∫
{x:|f(x)|>δλ}

|f(x)|p|f(x)|p0−pdµ 6 (δλ)p0−p
∫
{x:|f(x)|>δλ}

|f(x)|pdµ(7.1.9)

6 (δλ)p0−p‖f‖pp <∞.

Gia ton deÔtero isqurismì, afoÔ p1 − p > 0, èqoume

‖fλ1 ‖p1p1 =

∫
{x:|f(x)|6δλ}

|f(x)|p|f(x)|p1−pdx 6 (δλ)p1−p{x : |f(x)| 6 δλ}|f(x)|pdµ(7.1.10)

6 (δλ)p1−p‖f‖pp <∞.

Tèloc, apì ton orismì twn fλ0 kai fλ1 eÐnai fanerì ìti f = fλ0 + fλ1 .

Sth sunèqeia, gia eukolÐa ston sumbolismì jètoume mg(s) = m({x : |g(x)| > s}). Apì thn

upogrammikìthta tou T èqoume |Tf | 6 |Tfλ0 |+ |Tfλ1 | sqedìn pantoÔ, �ra

{x : |Tf(x)| > λ} ⊆ {x : |Tfλ0 (x)| > λ/2} ∪ {x : |Tfλ1 (x)| > λ/2},

kai autì mac dÐnei

(7.1.11) mTf (λ) 6 mTfλ0
(λ/2) +mTfλ1

(λ/2).
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Apì tic upojèseic mac èqoume

(7.1.12) mTfλ0
(λ/2) 6 Ap00

(
2

λ

)p0 ∫
{x:|f(x)|>δλ

|f(x)|p0dx

kai

(7.1.13) mTfλ1
(λ/2) 6 Ap11

(
2

λ

)p1
‖fλ1 ‖p1p1 = Ap11

(
2

λ

)p1 ∫
{x:|f(x)|6δλ

|f(x)|p1dx.

T¸ra, gr�foume

‖Tf‖pp =

∫ ∞
0

pλp−1mTf (λ) dλ(7.1.14)

6
∫ ∞

0

pλp−1mTfλ0
(λ/2) dλ+

∫ ∞
0

pλp−1mTfλ1
(λ/2) dλ,

kai qrhsimopoioÔme tic (7.1.11) kai (7.1.12) gia na fr�xoume ta dÔo oloklhr¸mata. 'Eqoume∫ ∞
0

pλp−1mTfλ0
(λ/2) dλ 6 p(2A0)p0

∫ ∞
0

λp−1λ−p0
∫
{x:|f(x)|>δλ}

|f(x)|p0dx(7.1.15)

= p(2A0)p0
∫
|f(x)|p0

∫ |f(x)|/δ

0

λp−p0−1dλ dx

=
p

p− p0

(2A0)p0

δp−p0

∫
|f(x)|pdx

=
p

p− p0

(2A0)p0

δp−p0
‖f‖pp

kai ∫ ∞
0

pλp−1mTfλ1
(λ/2) dλ 6 p(2A1)p1

∫ ∞
0

λp−1λ−p1
∫
{x:|f(x)|6δλ}

|f(x)|p1dx

= p(2A1)p1
∫
|f(x)|p1

∫ ∞
|f(x)|/δ

λp−p1−1dλ dx

=
p

p1 − p
(2A1)p1

δp−p1

∫
|f(x)|pdx

=
p

p1 − p
(2A1)p1

δp−p1
‖f‖pp.

Sunep¸c,

(7.1.16) ‖Tf‖p 6

(
p

p− p0

(2A0)p0

δp−p0
+

p

p1 − p
(2A1)p1

δp−p1

)1/p

‖f‖p

gia k�je δ > 0. Epilègoume to δ na ikanopoieÐ thn

δp1−p0 =
(2A0)p0

(2A1)p1
,
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kai antikajist¸ntac sthn prohgoÔmenh sqèsh èqoume to sumpèrasma.

(b)H perÐptwsh 1 6 p0 < p < p1 =∞. 'Estw f ∈ Lp(µ). Epilègoume apì thn arq  δ = 1
2A1

.

Gia k�je λ > 0 orÐzoume tic fλ0 kai fλ1 ìpwc kai sthn prohgoÔmenh perÐptwsh. Parathr ste ìti

(7.1.17) ‖Tfλ1 ‖∞ 6 A1‖fλ1 ‖∞ 6 A1δλ = λ/2.

Sunep¸c, apì thn

{x : |Tf(x)| > λ} ⊆ {x : |Tfλ0 (x)| > λ/2} ∪ {x : |Tfλ1 (x)| > λ/2},

paÐrnoume

(7.1.18) mTf (λ) 6 mTfλ0
(λ/2) +mTfλ1

(λ/2) = mTfλ0
(λ/2).

Apì tic upojèseic mac èqoume

(7.1.19) mTfλ0
(λ/2) 6 Ap00

(
2

λ

)p0 ∫
{x:|f(x)|>δλ

|f(x)|p0dx.

'Ara, qrhsimopoi¸ntac kai thn 2A1 = 1/δ, èqoume

‖Tf‖pp 6
∫ ∞

0

pλp−1mTfλ0
(λ/2) dλ(7.1.20)

6 p(2A0)p0
∫ ∞

0

λp−1λ−p0
∫
{x:|f(x)|>δλ}

|f(x)|p0dx

= p(2A0)p0
∫
|f(x)|p0

∫ |f(x)|/δ

0

λp−p0−1dλ dx

=
p

p− p0

(2A0)p0

δp−p0

∫
|f(x)|pdx

=
p

p− p0

(2A0)p0

δp−p0
‖f‖pp

=
p

p− p0
(2A0)p0(2A1)p−p0 ‖f‖pp.

'Epetai ìti

‖Tf‖p 6 2

(
p

p− p0

)1/p

A
p0
p

0 A
1− p0

p

1 ‖f‖p.

Dhlad , o T eÐnai (isquroÔ) tÔpou (p, p).

Eidikìtera, sthn perÐptwsh p0 = 1 kai p1 =∞ to Je¸rhma 7.1.2 paÐrnei thn ex c aploÔsterh

morf .

Je¸rhma 7.1.3. 'Estw T : L1(µ) + L∞(µ) → L(µ) upogrammikìc telest c, o opoÐoc eÐnai

asjenoÔc tÔpou (1, 1) me stajer� A kai isquroÔ tÔpou (∞,∞) me stajer� B. Tìte, gia k�je

1 < p <∞ o T eÐnai isquroÔ tÔpou (p, p) me stajer�

Ap = 2

(
p

p− 1

)1/p

A
1
pB

1− 1
p .



104 · Ο μετασχηματισμος Hilbert στον Lp(T)

To Je¸rhma 7.1.3 efarmìzetai gia ton megistikì telest  f 7→ Mf . 'Opwc eÐdame sthn

eisagwg  aut c thc paragr�fou, o M eÐnai asjenoÔc tÔpou (1, 1) me stajer� c kai isquroÔ

tÔpou (∞,∞) me stajer� 1. Apì ton orismì tou M blèpoume eÔkola ìti eÐnai upogrammikìc

telest c. Sunep¸c, apì to Je¸rhma 7.1.3 paÐrnoume amèswc to ex c.

Je¸rhma 7.1.4. 'Estw 1 < p <∞. Gia k�je f ∈ Lp(Rn) èqoume Mf ∈ Lp(Rn) kai

‖Mf‖p 6 2

(
p

p− 1

)1/p

C
1
p
n ‖f‖p,

ìpou Cn = 3n.

Parathr ste ìti

2

(
p

p− 1

)1/p

C
1
p
n = O

(
1

p− 1

)
kaj¸c to p→ 1+.

7.2 Di�spash Calderón-Zygmund

'Estw f : T→ C oloklhr¸simh sun�rthsh. SumbolÐzoume me fT th mèsh tim  thc |f |:

fT =
1

2π

∫
T
|f(y)| dy.

JewroÔme ènan λ > 0 tètoion ¸ste

fT =
1

2π

∫
T
|f(y)| dy < λ.

Ja doulèyoume me ta legìmena anoikt� duadik� diast mata tou T. Aut� eÐnai ta anoikt� dia-

st mata pou prokÔptoun ìtan diairoÔme diadoqik� to T se anoikt� diast mata me to Ðdio m koc.

Sto pr¸to b ma loipìn qwrÐzoume to T sta anoikt� diast mata T1 = (−π, 0) kai T2 = (0, π).

Parathr ste ìti

fT1 + fT2

2
=

1

2

(
1

π

∫
T1

|f(y)| dy +
1

π

∫
T2

|f(y)| dy
)

= fT < λ,

�ra toul�qiston mÐa apì tic mèsec timèc fT1 kai fT2 eÐnai mikrìterh apì λ. EpÐshc, gia i = 1, 2

èqoume

fTi 6 2fT < 2λ.

SuneqÐzoume thn diadikasÐa wc ex c: an h mèsh tim  thc f se k�poio upodi�sthma eÐnai mikrìterh

  Ðsh apì λ tìte diairoÔme autì to di�sthma se dÔo anoikt� diast mata Ðsou m kouc. An h mèsh

tim  thc f se k�poio upodi�sthma eÐnai megalÔterh apì λ tìte krat�me autì to di�sthma kai to

onom�zoume Ij (an eÐnai to j-ostì di�sthma pou proèkuye kat� autìn ton trìpo). Tìte,

λ <
1

m(Ij)

∫
Ij

|f(y)| dy = fIj < 2λ.
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Ac upojèsoume ìti, met� apì k b mata, èqoume krat sei ta I1, . . . , In. 'Ola ta diast mata I pou

den èqoun krathjeÐ èqoun thn idiìthta ìti fI < λ. QwrÐzoume kajèna apì aut� ta diast mata se

dÔo anoikt� diast mata Ðsou m kouc. H mèsh tim  thc f se kajèna apì aut� eÐnai mikrìterh   Ðsh

apì 2λ kai up�rqei toul�qiston apì at� sto opoÐo h mèsh tim  thc f eÐnai mikrìterh apì λ. EkeÐna

ta diast mata sta opoÐa h mèsh tim  thc f eÐnai metaxÔ λ kai 2λ ta metonom�zoume se In+1, . . . , Im
kai ta krat�me. Aut� eÐnai ta diast mata pou prokÔptoun sto (k+ 1)-ostì b ma. SuneqÐzontac

aut n thn diadikasÐa paÐrnoume mia oikogèneia {Ij} apì xèna anoikt� duadik� upodiast mata tou

T me tic ex c idiìthtec:

(i) Gia k�je j isqÔei

(7.2.1) λ <
1

m(Ij)

∫
Ij

|f(y)| dy < 2λ,

sunep¸c,

(7.2.2)
∑
j

m(Ij) 6
1

λ

∑
j

∫
Ij

|f(y)| dy 6
1

λ

∫
T
|f(y)| dy.

(ii) An Ω =
⋃
j Ij tìte sqedìn gia k�je x ∈ T \ Ω up�rqei mia fjÐnousa akoloujÐa {Js(x)}

duadik¸n diasthm�twn, h opoÐa sugklÐnei sto x, me thn idiìthta: gia k�je s,

(7.2.3)
1

m(Js)

∫
Js

|f(y)| dy < λ.

H (7.2.3) isqÔei sqedìn pantoÔ sto T \ Ω, diìti den mporoÔme na isquristoÔme ìti isqÔei

aparaÐthta sta �kra twn duadik¸n upodiasthm�twn tou T. An, epiplèon, upojèsoume ìti
x ∈ Leb(f), tìte

(7.2.4) |f(x)| = lim
s→∞

1

m(Js)

∫
Js

|f(y)| dy 6 λ.

Sunep¸c, |f(x)| 6 λ sqedìn pantoÔ sto T \ Ω.

H oikogèneia {Ij} pou prokÔptei me thn parap�nw diadikasÐa onom�zetai di�spash Calderón-

Zygmund thc f sto epÐpedo λ. Me b�sh aut n thn di�spash orÐzoume

(7.2.5) gλ(x) := g(x) = f(x)χT\K(x) +
∑
j

(
1

m(Ij)

∫
Ij

f(y) dy

)
χIj (x)

kai

(7.2.6) bλ(x) := b(x) = f(x)− g(x) =
∑
j

(
f(x)− 1

m(Ij)

∫
Ij

f(y) dy

)
χIj (x).

Parathr ste ìti, gia k�je x ∈ Ω èqoume x ∈ Ij gia k�poio j, kai

(7.2.7) |g(x)| 6 1

m(Ij)

∫
Ij

|f(y)| dy 6 2λ.
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AfoÔ |g(x)| = |f(x)| 6 λ sqedìn pantoÔ sto T \ Ω, èpetai ìti

(7.2.8) ‖g‖∞ 6 2λ.

Gia thn b èqoume b(x) = 0 gia k�je x ∈ T \ Ω. EpÐshc, eÔkola elègqoume ìti

(7.2.9)

∫
Ij

b(x) dx =

∫
Ij

f(x) dx−m(Ij) ·
1

m(Ij)

∫
Ij

f(y) dy = 0

gia k�je j, kai

1

m(Ij)

∫
Ij

|b(x)| dx =
1

m(Ij)

∫
Ij

∣∣∣∣∣f(x)− 1

m(Ij)

∫
Ij

f(y) dy

∣∣∣∣∣ dx(7.2.10)

6
2

m(Ij)

∫
Ij

|f(y)| dy 6 4λ

gia k�je j.

To epìmeno je¸rhma sunoyÐzei thn kataskeu  pou perigr�yame.

Je¸rhma 7.2.1 (di�spash Calderón-Zygmund sto epÐpedo λ). 'Estw f ∈ L1(T) kai èstw

λ > 0 me
1

2π

∫
T
|f(y)| dy < λ.

Up�rqei akoloujÐa {Ij} xènwn anoikt¸n duadik¸n upodiasthm�twn tou T tètoia ¸ste:

(7.2.11) |f(x)| 6 λ sqedìn gia k�je x ∈ T \
⋃
j

Ij

kai

(7.2.12) λ 6
1

m(Ij)

∫
Ij

|f(y)| dy 6 2λ gia k�je j.

An Ω =
⋃
j Ij tìte

(7.2.13) m(Ω) 6
1

λ

∫
Ω

|f(y)| dy 6
2π

λ
‖f‖1.

Epiplèon, an orÐsoume

(7.2.14) g(x) = f(x)χT\Ω(x) +
∑
j

(
1

m(Ij)

∫
Ij

f(y) dy

)
χIj (x)

kai

(7.2.15) b(x) =
∑
j

(
f(x)− 1

m(Ij)

∫
Ij

f(y) dy

)
χIj (x),



7.3 Υπαρξη του μετασχηματισμου Hilbert για ολοκληρωσιμες συναρτησεις · 107

tìte f(x) = g(x) + b(x), kai oi sunart seic G kai B èqoun tic ex c idiìthtec:

(7.2.16) |g(x)| 6 2λ

sqedìn gia k�je x ∈ T,

(7.2.17) ‖g‖pp 6 (2λ)p−1‖f‖1

gia k�je 1 6 p <∞, kai

(7.2.18)

∫
Ij

b(y) dy = 0,
1

m(Ij)

∫
Ij

|b(y)| dy 6
2

m(Ij)

∫
Ij

|f(y)| dy

kai

(7.2.19) ‖b‖1 6 2‖f‖1.

Apìdeixh. To mìno pou mènei na elègxoume eÐnai h (7.2.17), h opoÐa eÐnai apl  sunèpeia thc

‖g‖∞ 6 2λ. 'Eqoume∫
T
|g(x)|pdx 6

∫
T
‖g‖p−1
∞ |g(x)| dx 6 (2λ)p−1

∫
T
|g(x)| dx 6 (2λ)p−1

∫
T
|f(x)| dx.

gia k�je p > 1.

7.3 'Uparxh tou metasqhmatismoÔ Hilbert gia oloklhr¸si-

mec sunart seic

MporoÔme t¸ra na apodeÐxoume thn Ôparxh tou metasqhmatismoÔ Hilbert gia k�je oloklhr¸simh

sun�rthsh.

Je¸rhma 7.3.1 (Ôparxh kai orismìc tou metasqhmatismoÔ Hilbert). 'Estw f ∈ L1(T). To

ìrio

(7.3.1) lim
ε→0

Hεf(x) = lim
ε→0
− 1

π

∫
ε<|t|<π

f(x− t)
2 tan(t/2)

dt

up�rqei sqedìn gia k�je x ∈ T. OrÐzoume

(7.3.2) Hf(x) = p.v.

∫
T

f(x− t)
2 tan(t/2)

dt := lim
ε→0
− 1

π

∫
ε<|t|<π

f(x− t)
2 tan(t/2)

dt.

H kal� orismènh sun�rthsh Hf eÐnai o metasqhmatismìc Hilbert thc f .

Apìdeixh. Gia k�je λ > ‖f‖1 jewroÔme thn di�spash Calserón-Zygmund thc f sto epÐpedo λk:

sth sunèqeia ja gr�foume g = gλk , f = fλk kai Ij = (xj − Lj/2, xj + Lj/2). OrÐzoume epÐshc

2Ij := (xj − Lj , xj + Lj) kai Ω∗ =
⋃
j 2Ij . Parathr ste ìti

(7.3.3) m(Ω∗) 6
∑
j

m(2Ij) = 2
∑
j

m(Ij) = 2m(Ω) 6
2

λ

∫
T
|f(y)| dy.
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Gia k�je 0 < ε < π èqoume Hεf = Hεg +Hεb kai afoÔ g ∈ L2(T) gnwrÐzoume ìti orÐzetai h

(7.3.4) g̃(x) = lim
ε→0

Hεg(x)

kai ‖g̃‖2 6 C1‖g‖2. O basikìc isqurismìc eÐnai o ex c:

Isqurismìc 1. To limε→0 Hεb(x) up�rqei sqedìn pantoÔ sto T \ Ω∗.

'Eqontac apodeÐxei ton Isqurismì 1 gia k�je λ > ‖f‖1 mporoÔme na oloklhr¸soume thn

apìdeixh tou jewr matoc wc ex c. JewroÔme mia gnhsÐwc aÔxousa akoloujÐa (λk) me λk > ‖f‖1
kai λk →∞. Gia k�je k up�rqei to

lim
ε→0

Hεf(x) = g̃λk (x) + lim
ε→0

Hεbλk (x)

gia ìla ta x ∈ T \ Ω∗λk . 'Ara, to limε→0 Hεf(x) up�rqei gia ìla ta x ∈ T \
⋂
k Ω∗λk . 'Omwc, apì

thn (7.3.3), gia k�je n > 1 èqoume

(7.3.5) m

(⋂
k

Ω∗λk

)
6 m(Ω∗λn) 6

2

λn

∫
T
|f(y)| dy → 0

kaj¸c to n → ∞. 'Ara, m
(⋂

k Ω∗λk
)

= 0 kai autì apodeiknÔei ìti to limε→0 Hεf(x) up�rqei

sqedìn pantoÔ sto T.

Gia thn apìdeixh tou IsqurismoÔ 1 arkeÐ na deÐxoume ìti sqedìn pantoÔ sto T \ Ω∗ tìte h

{Hεb(x)}ε>0 eÐnai Cauchy, dhlad  ìti

(7.3.6) lim
ε,η→0

|Hεb(x)−Hηb(x)| = 0.

Arqik� ja deÐxoume k�ti asjenèstero:

Isqurismìc 2. Sqedìn pantoÔ sto T \ Ω∗ isqÔei

(7.3.7) lim sup
ε,η→0

|Hεb(x)−Hηb(x)| <∞.

Apìdeixh tou IsqurismoÔ 2. JewroÔme 0 < η < ε < π kai gr�foume

(7.3.8) Hεb(x)−Hηb(x) = − 1

π

∫ x−η

x−ε

b(t)

2 tan x−t
2

dt− 1

π

∫ x+ε

x+η

b(t)

2 tan x−t
2

dt.

Ja fr�xoume apolÔtwc to ∫ x+ε

x+η

b(t)

2 tan x−t
2

dt.

'Omoia douleÔoume me to �llo olokl rwma. Parathr ste ìti x /∈ 2Ij gia k�je j kai ìti b(t) =∑
j b(t)χIj (t) gia k�je t ∈ T. Sunep¸c,

(7.3.9)

∫ x+ε

x+η

b(t)

2 tan x−t
2

dt =
∑

{j:(x+η,x+ε)∩Ij 6=∅}

∫
(x+η,x+ε)∩Ij

b(t)

2 tan x−t
2

dt.
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Parathr ste epÐshc ìti an (x+ η, x+ ε)∩ Ij 6= ∅ tìte sumbaÐnei èna apì ta ex c: (a) x+ η ∈ Ij ,
(b) x+ ε ∈ Ij   (g) Ij ⊆ [x+ η, x+ ε]. EpÐshc, kajèna apì ta (a)   (b) mporeÐ na sumbaÐnei gia

mÐa (to polÔ) tim  tou j diìti ta Ij eÐnai xèna. Exet�zoume tic treÐc autèc peript¸seic qwrist�:

(a) x + η ∈ Ij : JumhjeÐte ìti 2Ij = (xj − Lj , xj + Lj). AfoÔ x /∈ 2Ij , èqoume |x − xj | > Lj .

EpÐshc, afoÔ x+ η ∈ Ij èqoume |x+ η − xj | < Lj/2. Sunep¸c,

η = |η| > |x− xj | − |x+ η − xj | > Lj −
Lj
2

=
Lj
2
.

'Epetai ìti

(x+ η, x+ ε) ∩ Ij ⊆ (x+ η, x+ η + Lj) ⊆ (x+ η, x+ η + 3η) = (x+ η, x+ 3η).

Upojètoume epiplèon ìti x ∈ Leb(f). PaÐrnontac up� ìyin kai thn b(x) = 0, èqoume∣∣∣∣∣
∫

(x+η,x+ε)∩Ij

b(t)

2 tan x−t
2

dt

∣∣∣∣∣ 6
∫ x+3η

x+η

|b(t)|
2| tan x−t

2
|
dt

=

∫ 3η

η

|b(x+ t)− b(x)|
2| tan t

2
|

dt 6
c

η

∫ 3η

η

|b(x+ t)− b(x)| dt

6
3c

3η

∫ 3η

0

|b(x+ t)− b(x)| dt = o(1)

kaj¸c to η → 0. Dhlad , sqedìn pantoÔ sto T \ Ω∗ èqoume

(7.3.10)

∣∣∣∣∣
∫

(x+η,x+ε)∩Ij

b(t)

2 tan x−t
2

dt

∣∣∣∣∣ = o(1)

kaj¸c to η → 0.

(b) x+ ε ∈ Ij : To Ðdio epiqeÐrhma deÐqnei ìti

(7.3.11)

∣∣∣∣∣
∫

(x+η,x+ε)∩Ij

b(t)

2 tan x−t
2

dt

∣∣∣∣∣ = o(1)

kaj¸c to ε→ 0.

(g) Ij ⊆ [x+ η, x+ ε]: Qrhsimopoi¸ntac thn
∫
Ij
b(t) dt = 0 gr�foume∫

(x+η,x+ε)∩Ij

b(t)

2 tan x−t
2

dt =

∫
Ij

b(t)

2 tan x−t
2

dt(7.3.12)

=
1

2

∫
Ij

b(t)

(
1

tan x−t
2

− 1

tan
x−xj

2

)
dt

=
1

2

∫
Ij

b(t)k(t, x, xj) dt,
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ìpou xj eÐnai to mèso tou Ij kai

(7.3.13) k(t, x, xj) =
1

tan x−t
2

− 1

tan
x−xj

2

=
sin

t−xj
2

sin x−t
2

sin
x−xj

2

.

ParathroÔme ìti, afoÔ x /∈ 2Ij , gia k�je t ∈ Ij èqoume min{|x− xj |, |x− t|} > Lj/2, �ra

|x− t| 6 |x− xj |+ |xj − t| 6 |x− xj |+ Lj/2 6 2|x− xj |

kai

|x− xj | 6 |x− t|+ |t− xj | 6 |x− t|+ Lj/2 6 2|x− t|.

Epeid  oi posìthtec |x − t|, |x − xj |, |xj − t| eÐnai mikrèc ìtan ta η, ε eÐnai mikr� (lìgw thc

Ij ⊆ [x + η, x + ε]) mporoÔme na antikatast soume ta hmÐtona me ta orÐsmat� touc, kai ètsi

katal goume sto fr�gma

|k(t, x, xj)| 6 c1
|xj − t|

|x− t| |x− xj |
6 c2

Lj
(x− xj)2

,

afoÔ |t− xj | 6 Lj/2 gia k�je t ∈ Ij kai |x− t| ' |x− xj |.
Telik�, ∣∣∣∣∣

∫
(x+η,x+ε)∩Ij

b(t)

2 tan x−t
2

dt

∣∣∣∣∣ 6 1

2

∫
Ij

|b(t)| |k(t, x, xj)| dt(7.3.14)

6 c3
Lj

(x− xj)2

∫
Ij

|b(t)| dt

6 c3
Lj

(x− xj)2

∫
Ij

|f(t)| dt.

SunoyÐzontac ta parap�nw èqoume: sqedìn gia k�je x ∈ T \ Ω∗ kai kaj¸c ta η, ε→ 0,

|Hεb(x)−Hηb(x)| 6
∑

{j:Ij⊆[x−ε,x−η]}

c3Lj
(x− xj)2

∫
Ij

|f(t)| dt(7.3.15)

+
∑

{j:Ij⊆[x+η,x+ε]}

c3Lj
(x− xj)2

∫
Ij

|f(t)| dto(1)

6 c3∆(f, x) + o(1),

ìpou

(7.3.16) ∆(f, x) =
∑
j

Lj
(x− xj)2

∫
Ij

|f(t)| dt, x ∈ T \ Ω∗.

An deÐxoume ìti

(7.3.17)

∫
T\Ω∗

∆(f, x) dx < +∞,
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tìte ja sumper�noume ìti

(7.3.18) lim sup
ε,η→0

|Hεb(x)−Hηb(x)| < +∞,

sqedìn pantoÔ sto T \ Ω∗, dhlad  ton Isqurismì 2.

Pr�gmati, arkeÐ na parathr soume ìti an x ∈ T\Ω∗ tìte x /∈ 2Ij gia k�je j, �ra |x−xj | > Lj .

'Epetai ìti ∫
T\Ω∗

Lj
(x− xj)2

dx 6
∫
T\2Ij

Lj
(x− xj)2

dx 6 2Lj

∫ ∞
Lj

ds

s2
=

2

Lj
,

�ra ∫
T\Ω∗

∆(f, x) dx =
∑
j

(∫
Ij

|f(t)| dt

)
Lj

∫
T\Ω∗

Lj
(x− xj)2

dx(7.3.19)

6
∑
j

(∫
Ij

|f(t)| dt

)
Lj ·

2

Lj

6 2
∑
j

∫
Ij

|f(t)| dt 6 2

∫
Ω

|f(t)| dt

6 4π ‖f‖1.

'Etsi, h apìdeixh tou IsqurismoÔ 2 eÐnai pl rhc. 2

Apìdeixh tou IsqurismoÔ 1. 'Estw x ∈ T \ Ω gia to opoÐo ∆(f, x) < +∞. JewroÔme tuqìn

N ∈ N. Gia ε, η > 0 arket� mikr�, èqoume (x− ε, x− η) ∩ Ij = ∅ kai (x+ η, x+ ε) ∩ Ij = ∅ gia
k�je j = 1, . . . , N . 'Ara,

|Hεb(x)−Hηb(x)| 6
∑

{j:Ij⊆[x−ε,x−η]}

c3Lj
(x− xj)2

∫
Ij

|f(t)| dt(7.3.20)

+
∑

{j:Ij⊆[x+η,x+ε]}

c3Lj
(x− xj)2

∫
Ij

|f(t)| dto(1)

6
∞∑

j=N+1

Lj
(x− xj)2

∫
Ij

|f(t)| dt.

AfoÔ ∆(f, x) < +∞, èqoume

lim
N→∞

∞∑
j=N+1

Lj
(x− xj)2

∫
Ij

|f(t)| dt = 0.

'Ara,

lim sup
ε,η→0

|Hεb(x)−Hηb(x)| = 0,

kai h apìdeixh tou IsqurismoÔ 1 eÐnai pl rhc. Me dedomèno ton Isqurismì 1, èqoume apodeÐxei

to je¸rhma.
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Parathr seic 7.3.2. (a) Apì thn (7.3.19) kai thn anisìthta tou Markov blèpoume ìti, gia

k�je λ > 0,

(7.3.21) m({x ∈ T \ Ω∗ : ∆(f, x) > λ}) 6 c

λ

∫
Ω

|f(t)| dt.

(b) 'Estw λ > ‖f‖1 kai b = bλ. PaÐrnontac ε → π− kai exet�zontac prosektik� thn parap�nw

apìdeixh blèpoume ìti, sqedìn pantoÔ sto T \ Ω∗ èqoume

|Hηb(x)| 6 c1∆(f, x) +
c2
η

∫ x+3η

x+η

|b(t)| dt+
c2
η

∫ x−η

x−3η

|b(t)| dt(7.3.22)

6 C (∆(f, x) +Mb(x))

gia k�je 0 < η < π. Af nontac to η → 0+ blèpoume epÐshc ìti, sqedìn pantoÔ sto T \ Ω∗

èqoume

(7.3.23) |Hb(x)| 6 C ∆(f, x).

7.4 O metasqhmatismìc Hilbert ston Lp(T)

Sthn prohgoÔmenh par�grafo deÐxame ìti o metasqhmatismìc Hilbert Hf orÐzetai kal� gia k�je

f ∈ L1(T). To epìmeno par�deigma deÐqnei ìti den eÐnai, genik�, oloklhr¸simh sun�rthsh:

jewroÔme mia mh arnhtik  sun�rthsh f ∈ L1(T) h opoÐa mhdenÐzetai èxw apì to [0, π/2). Tìte,

gia k�je x ∈ [−π/2, 0) èqoume

Hf(x) = lim
ε→0+

Hεf(x) = − 1

π

∫ π/2

0

f(t)

2 tan((x− t)/2)
dt.

Sto parap�nw olokl rwma èqoume x < 0 kai t > 0, �ra tan((x − t)/2) = − tan((|x| + t)/2).

Sunep¸c,

Hf(x) =
1

π

∫ π/2

0

f(t)

2 tan((|x|+ t)/2)
dt >

1

π

∫ |x|
0

f(t)

2 tan(|x|/2)
dt(7.4.1)

>
c

|x|

∫ |x|
0

f(t) dt.

An t¸ra epilèxoume d(t) = d
dt

(
1

ln(1/t)

)
mporoÔme na elègxoume ìti f > 0, f ∈ L1(T) kai h Hf

den eÐnai oloklhr¸simh (�skhsh).

'Opwc ìmwc sumbaÐnei kai me thn megistik  sun�rthsh, èqoume thn ex c anisìthta asjenoÔc

tÔpou:

Je¸rhma 7.4.1. Up�rqei stajer� C > 0 ¸ste, gia k�je f ∈ L1(T) kai gia k�je 0 < ε < π

kai λ > 0,

(7.4.2) m({x : |Hεf(x)| > λ}) 6 C

λ
‖f‖1.
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Apìdeixh. MporoÔme na upojèsoume ìti λ > ‖f‖1. Pr�gmati, an λ 6 ‖f‖1 mporoÔme na gr�-

youme

(7.4.3) m({x : |Hεf(x)| > λ}) 6 2π 6
2π

λ
‖f‖1.

JewroÔme loipìn λ > ‖f‖1 kai thn di�spash Calderón-Zygmund f = g+ b thc f sto epÐpedo λ.

AfoÔ

(7.4.4) {x : |Hεf(x)| > λ} ⊆ Ω∗λ ∪ {x ∈ T \ Ω∗λ : |Hεf(x)| > λ},

arkeÐ na ektim soume ta m(Ω∗λ) kai m({x ∈ T \ Ω∗λ : |Hεf(x)| > λ}). JumhjeÐte ìti

m(Ω∗λ) 6
∑
j

m(2Ij) = 2
∑
j

m(Ij) 6
2

λ

∑
j

∫
Ij

|f(y)| dy(7.4.5)

6
4π

λ
‖f‖1.

Gia to deÔtero sÔnolo, gia k�je x ∈ T \ Ω∗λ gr�foume

(7.4.6) Hεf(x) = Hεg(x) +Hεb(x).

'Ara,

{x ∈ T \ Ω∗λ : |Hεf(x)| > λ}(7.4.7)

⊆ {x ∈ T \ Ω∗λ : |Hεg(x)| > λ/2} ∪ {x ∈ T \ Ω∗λ : |Hεb(x)| > λ/2}.

GnwrÐzoume ìti g ∈ L2(T), �ra Hεg ∈ L2(T) kai ‖Hεg‖2 6 c1‖g‖2. Apì thn anisìthta tou

Markov,

λ2

4
m({x ∈ T \ Ω∗λ : |Hεg(x)| > λ/2}) 6

∫
T
|Hεg(x)|2dx 6 c21

∫
T
|g(x)|2dx(7.4.8)

6 c2λ

∫
T
|g(x)| dx 6 c3λ‖f‖1.

'Ara,

(7.4.9) m({x ∈ T \ Ω∗λ : |Hεg(x)| > λ/2}) 6 4c3
λ
‖f‖1.

Gia to deÔtero sÔnolo sthn (7.4.7) qrhsimopoioÔme to gegonìc ìti

(7.4.10) |Hεb(x)| 6 c4(∆(f, x) +Mb(x))

gia k�je x ∈ T \ Ω∗λ. 'Ara,

{x ∈ T \ Ω∗λ : |Hεb(x)| > λ/2}
(7.4.11)

⊆ {x ∈ T \ Ω∗λ : ∆(f, x) > λ/(4c4)} ∪ {x ∈ T \ Ω∗λ : Mb(x) > λ/(4c4)}.
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'Omwc,

(7.4.12)

∫
T\Ω∗

λ

∆(f, x) dx 6 c5‖f‖1,

�ra

(7.4.13) m({x ∈ T \ Ω∗λ : ∆(f, x) > λ/(4c4)}) 6 c6
λ
‖f‖1.

EpÐshc, gia thn megistik  sun�rthsh Mb thc b gnwrÐzoume ìti

(7.4.14) m({x ∈ T \ Ω∗λ : Mb(x) > λ/(4c4)}) 6 c7
λ
‖b‖1 6

c8
λ
‖f‖1.

Sundu�zontac ìlec autèc tic ektim seic èqoume to sumpèrasma.

Je¸rhma 7.4.2. Gia k�je 1 < p < 2 up�rqei stajer� Cp = O
(

1
p−1

)
¸ste: gia k�je

f ∈ Lp(T) h Hf ∈ Lp(T) kai

(7.4.15) ‖Hf‖p 6 Cp‖f‖p.

Epiplèon, Hf(x) = f̃(x) sqedìn pantoÔ sto T. Sunep¸c, èqoume suzugÐa ston Lp(T).

Apìdeixh. 'Eqoume deÐ ìti gia k�je f ∈ L2(T) isqÔei ‖Hf‖2 6 c1‖f‖2. Dhlad , o H eÐnai

isquroÔ tÔpou (2, 2). Apì to Je¸rhma 7.4.1, gia k�je f ∈ L1(T) kai gia k�je λ > 0 èqoume

m({x : |Hf(x)| > λ}) 6 c2
λ
‖f‖1.

Sunep¸c, o H eÐnai asjenoÔc tÔpou (1, 1). Apì to je¸rhma tou Marcinkiewicz, gia k�je 1 <

p < 2 o H eÐnai isquroÔ tÔpou (p, p) me stajer� Cp = O
(

1
p−1

)
. Dhlad , gia k�je f ∈ Lp(T),

1 < p < 2,

(7.4.16) ‖Hf‖p 6 Cp‖f‖p.

Mènei na deÐxoume ìti Hf(x) = f̃(x) sqedìn pantoÔ. Gia k�je n ∈ N jewroÔme thn f(x) −
σn(f, x). AfoÔ σn(f) ∈ L2(T) kai Hσn(f) = σ̃n(f), èqoume

(7.4.17) H(f − σ(f))(x) = Hf(x)− σ̃n(f, x)

sqedìn pantoÔ. Apì thn (7.4.16) paÐrnoume

(7.4.18) ‖Hf − σ̃n(f)‖p 6 Cp‖f − σn(f)‖p.

Apì to je¸rhma tou Fejér èqoume ‖f − σn(f)‖p → 0, �ra ‖Hf − σ̃n(f)‖p → 0. Eidikìtera,

‖Hf − σ̃n(f)‖1 → 0, �ra

(7.4.19) lim
n→∞

ck(σ̃n(f)) = ck(Hf)
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gia k�je k ∈ Z. 'Omwc,

σ̃n(f, x) =

n∑
k=−n

(
1− |k|

n+ 1

)
(−i)(sign k)ck(f)eikx,

�ra, gia n > |k| èqoume

(7.4.20) ck(σ̃n(f)) =

(
1− |k|

n+ 1

)
(−i)(sign k)ck(f)→ (−i)(sign k)ck(f)

kaj¸c to n→∞. 'Epetai ìti ck(Hf) = (−i)(sign k)ck(f) gia k�je k ∈ Z, �ra f̃ = Hf ∈ Lp(T)

kai ‖f̃‖p = ‖Hf‖p 6 Cp‖f‖p.

Sundu�zontac to Je¸rhma 7.4.2 me ta apotelèsmata thc Paragr�fou 6.2 èqoume �mesa to

ex c.

Je¸rhma 7.4.3. Gia k�je 1 < p < 2 kai gia k�je f ∈ Lp(T),

(7.4.21) ‖f − sn(f)‖p → 0

kaj¸c to n→∞. 2

Pern�me t¸ra sthn perÐptwsh 2 < p <∞.

Je¸rhma 7.4.4. Gia k�je 2 < p <∞ up�rqei stajer� Cp = O(p) ¸ste: gia k�je f ∈ Lp(T)

h Hf ∈ Lp(T) kai

(7.4.22) ‖Hf‖p 6 Cp‖f‖p.

Epiplèon, Hf(x) = f̃(x) sqedìn pantoÔ sto T. Sunep¸c, èqoume suzugÐa ston Lp(T).

Apìdeixh. AfoÔ p > 2 èqoume Lp(T) ⊆ L2(T). Sunep¸c, gia k�je f ∈ Lp(T) èqoume f̃ = Hf ∈
L2(T). Mènei loipìn na deÐxoume ìti Hf ∈ Lp(T) kai ìti ‖Hf‖p 6 Cp‖f‖p.

JumhjeÐte ìti, gia ton skopì autì, arkeÐ na deÐxoume ìti

(7.4.23) ‖σn(f̃)‖p 6 Cp‖f‖p

gia k�je n ∈ N. JewroÔme ton suzug  ekjèth q tou p kai deÐqnoume ìti, gia k�je g ∈ Lq(T) me

‖g‖q 6 1 isqÔei

(7.4.24) |〈σn(f̃), g〉| =
∣∣∣∣ 1

2π

∫
T
σn(f̃ , t)g(t) dt

∣∣∣∣ 6 Cp‖f‖p.

Lìgw thc puknìthtac twn trigwnometrik¸n poluwnÔmwn ston Lq(T) mporoÔme na upojèsoume

ìti h g eÐnai trigwnometrikì polu¸numo. Tìte, σn(f̃), g ∈ L2(T), opìte h tautìthta tou Parseval
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mac dÐnei

|〈σn(f̃), g〉| =

∣∣∣∣∣
n∑

k=−n

(
1− |k|

n+ 1

)
(−i)(sign k)ck(f)ck(g)

∣∣∣∣∣(7.4.25)

=

∣∣∣∣∣
n∑

k=−n

ck(f)

(
1− |k|

n+ 1

)
(−i)(sign k)ck(g)

∣∣∣∣∣
=

∣∣∣∣ 1

2π

∫
T
f(t)σn(g̃, t) dt

∣∣∣∣
= |〈f, σn(g̃)〉|.

Qrhsimopoi¸ntac thn anisìthta Hölder kai thn ‖σn(g̃)‖q 6 ‖g̃‖q paÐrnoume

(7.4.26) |〈σn(f̃), g〉| 6 ‖σn(g̃)‖q‖f‖p 6 ‖g̃‖q‖f‖p 6 Cq‖g‖q‖f‖p

ìpou Cq = O
(

1
q−1

)
= O

(
p
q

)
= O(p) kaj¸c to q → 1 (dhlad , kaj¸c to p→∞). 'Epetai ìti

(7.4.27) ‖σn(f̃)‖p = sup
{
|〈σn(f̃), g〉| : ‖g‖q 6 1

}
6 Cp‖f‖p.

To je¸rhma eÐnai t¸ra �mesh sunèpeia thc (7.4.22).

Sundu�zontac to Je¸rhma 7.4.4 me ta apotelèsmata thc Paragr�fou 6.2 èqoume to ex c.

Je¸rhma 7.4.5. Gia k�je 2 < p <∞ kai gia k�je f ∈ Lp(T),

(7.4.28) ‖f − sn(f)‖p → 0

kaj¸c to n→∞. 2

7.5 H kl�sh L lnL tou Zygmund

Sthn teleutaÐa par�grafo autoÔ tou KefalaÐou koit�zoume pio prosektik� touc upogrammikoÔc

telestèc pou eÐnai tautìqrona asjenoÔc tÔpou (1, 1) kai isquroÔ tÔpou (∞,∞). H epìmenh

prìtash mac dÐnei ènan aplì qarakthrismì touc.

Prìtash 7.5.1. 'Enac upogrammikìc telest c T orismènoc ston L1(T) + L∞(T) eÐnai tau-

tìqrona asjenoÔc tÔpou (1, 1) kai isquroÔ tÔpou (∞,∞) an kai mìno an up�rqoun stajerèc

c1, c2 > 0 tètoiec ¸ste, gia k�je λ > 0,

(7.5.1) m({x : |Tf(x)| > λ}) 6 c1
λ

∫ ∞
λ/c2

m({x : |f(x)| > t}) dt.
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Apìdeixh. Gia thn apìdeixh thc (7.5.1) epanalamb�noume mèroc thc apìdeixhc tou jewr matoc

tou Marcinkiewicz sthn eidik  perÐptwsh p0 = 1 kai p1 =∞. Epilègoume apì thn arq  δ = 1
2A

,

ìpou A eÐnai h stajer� sthn anisìthta isquroÔ tÔpou (∞,∞). Gia k�je λ > 0 orÐzoume

fλ0 (x) =

{
f(x) an |f(x)| > λ/2A

0 alli¸c

kai

fλ1 (x) =

{
f(x) an |f(x)| 6 λ/2A

0 alli¸c.

Parathr ste ìti

(7.5.2) ‖Tfλ1 ‖∞ 6 A‖fλ1 ‖∞ 6 λ/2.

Sunep¸c, apì thn

{x : |Tf(x)| > λ} ⊆ {x : |Tfλ0 (x)| > λ/2} ∪ {x : |Tfλ1 (x)| > λ/2},

paÐrnoume

m({x : |Tf(x)| > λ}) 6 m({x : |Tfλ0 (x)| > λ/2}) +m({x : |Tfλ1 (x)| > λ/2})(7.5.3)

= m({x : |Tfλ0 (x)| > λ/2}).

Apì thn anisìthta asjenoÔc tÔpou (1, 1) èqoume

(7.5.4) m({x : |Tfλ0 (x)| > λ/2}) 6 c
c1
λ

∫
{x:|f(x)|>λ/c2

|f(x)| dx.

Me allag  metablht c kai twn stajer¸n c1, c2 èqoume thn (7.5.1). AntÐstrofa, an deqtoÔme thn

(7.5.1) tìte, gia k�je f ∈ L1(T) paÐrnoume thn anisìthta asjenoÔc tÔpou (1, 1) antikajist¸ntac

to λ/c2 me 0. EpÐshc, gia k�je f ∈ L∞(T) parathroÔme ìtim({x : |f(x)| > s}) = 0 an s > ‖f‖∞,
�ra to olokl rwma mhdenÐzetai an λ > c2‖f‖∞. Sunep¸c, èqoume m({x : |Tf(x)| > λ}) = 0 an

λ > c2‖f‖∞, kai èpetai ìti ‖Tf‖∞ 6 c2‖f‖∞.

H anisìthta (7.5.1) dÐnei arketèc plhroforÐec gia thn oloklhrwsimìthta thc Tf . Gia pa-

r�deigma, an f ∈
⋃
p>1 L

p(T) tìte mporoÔme na sumper�noume ìti Tf ∈ L1(T). 'Omwc, autì

den eÐnai to bèltisto apotèlesma. H kat�llhlh kl�sh gia to er¸thma eÐnai h kl�sh L lnL tou

Zygmund, thn opoÐa orÐzoume sth sunèqeia.

Orismìc 7.5.2 (h kl�sh L lnL tou Zygmund). Lème ìti mia metr simh sun�rthsh f an kei

sthn kl�sh L lnL(T) an∫
T
|f(x)| ln+ |f(x)| dx =

∫ ∞
0

m({x : |f(x)| > λ}) d(λ ln+ λ)

dλ
<∞,

ìpou ln+ t = ln t an t > 1 kai ln+ t = 0 alli¸c.
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Je¸rhma 7.5.3. 'Estw T ènac upogrammikìc telest c, orismènoc ston L1(T) + L∞(T), o

opoÐoc eÐnai tautìqrona asjenoÔc tÔpou (1, 1) kai isquroÔ tÔpou (∞,∞). Tìte, o T apeikonÐzei

ton L lnL(T) ston L1(T), kai

(7.5.5) ‖Tf‖1 6 c+ c

∫
T
|f(x)| ln+ |f(x)| dx,

ìpou c > 0 eÐnai mia apìluth stajer�.

Apìdeixh. AfoÔ m({x : |Tf(x)| 6 1}) 6 2π, arkeÐ na deÐxoume ìti

(7.5.6) I :=

∫
{|Tf |>1}

|Tf(x)| dx 6 c

∫
T
|f(x)| ln+ |f(x)| dx

gia k�poia apìluth stajer� c > 0.

Qrhsimopoi¸ntac thn (7.5.1) kai to je¸rhma Tonelli gr�foume

I =

∫ ∞
1

m({x : |Tf(x)| > λ}) dλ 6 c

∫ ∞
1

1

λ

∫ ∞
cλ

m({x : |f(x)| > s}) ds dλ

= c1

∫ ∞
c

m({x : |f(x)| > s})
∫ s/c

1

dλ

λ
ds

= c1

∫ ∞
c

m({x : |f(x)| > s}) ln+(s/c) ds,

ap� ìpou èpetai to sumpèrasma.

To sumpèrasma tou Jewr matoc 7.5.3 eÐnai bèltisto, ìpwc faÐnetai apì to epìmeno je¸rhma

sqetik� me ton megistikì telest  Hardy-Littlewood.

Je¸rhma 7.5.4. 'Estw f ∈ L1(T) tètoia ¸ste Mf ∈ L1(T). Tìte, f ∈ L lnL(T).

Apìdeixh. DeÐqnoume pr¸ta ìti, gia k�je λ < ‖f‖1,

(7.5.7)
1

2λ

∫
{|f |>λ}

|f(x)| dx 6 m({x : Mf(x) > λ}).

Pr�gmati, an jewr soume thn di�spash Calderón-Zygmund thc f sto epÐpedo λ, gia k�je j

èqoume

(7.5.8) λ <
1

m(Ij)

∫
Ij

|f(x)| dx 6 2λ

kai

(7.5.9) |f(x)| 6 λ sqedìn pantoÔ sto T \
⋃
j

Ij .
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Apì thn arister  anisìthta sthn (7.5.8) blèpoume ìti
⋃
j Ij ⊆ {x : Mf(x) > λ}, en¸ apì thn

dexi� anisìthta èqoume

(7.5.10)

∫
⋃
j Ij

|f(x)| dx 6 2λm

(⋃
j

Ij

)
6 2λm({x : Mf(x) > λ}).

Epiplèon, afoÔ apì thn (7.5.9) èqoume {x : |f(x)| > λ} ⊆
⋃
j Ij , apì thn (7.5.10) paÐrnoume

amèswc thn (7.5.7). Oloklhr¸nontac aut n thn anisìthta blèpoume ìti∫ ∞
‖f‖1

1

λ

∫
{|f |>λ}

|f(x)| dx dλ =

∫
{x:|f(x)|>‖f‖1}

|f(x)|
∫ |f(x)|

‖f‖1

dλ

λ
dx

6 2

∫ ∞
0

m({x : Mf(x) > λ}) dλ,

ap� ìpou èpetai to sumpèrasma tou jewr matoc.





Kef�laio 8

To je¸rhma parembol c tou

Riesz kai h anisìthta

Hausdorff-Young

8.1 To je¸rhma parembol c tou Riesz

'Estw (p0, q0) kai (p1, q1) dÔo zeÔgh deikt¸n me 1 6 pj , qj 6∞. Ac upojèsoume ìti

‖T (f)‖q0 6M0‖f‖p0 kai ‖T (f)‖q1 6M1‖f‖p1 ,

ìpou T eÐnai ènac grammikìc telest c. To er¸thma eÐnai an mporoÔme na poÔme ìti

‖T (f)‖q 6M‖f‖p

gia �lla zeÔgh (p, q). 'Opwc ja doÔme, aut  h anisìthtisqÔei an oi timèc twn p kai q ikanopoioÔn

kat�llhlh grammik  sqèsh sthn opoÐa emfanÐzontai oi antÐstrofoi twn deikt¸n p0, p1, q0 kai q1.

Gia thn akrib  diatÔpwsh tou jewr matoc eis�goume pr¸ta k�poio sumbolismì. 'Estw (X,µ)

kai (Y, ν) dÔo q¸roi mètrou. JewroÔme ton q¸ro Lp0 +Lp1 ìlwn twn sunart sewn f ston (X,µ)

pou gr�fontai sth morf  f = f0 + f1 gia k�poiec f0 ∈ Lp0(X,µ) kai f1 ∈ Lp1(X,µ). OmoÐwc

orÐzoume ton q¸ro Lq0 + Lq1 (pou apoteleÐtai apì sunart seic ston (Y, ν)).

Je¸rhma 8.1.1 (Riesz). 'Estw T ènac grammikìc telest c apì ton Lp0 +Lp1 ston Lq0 +Lq1 .

Upojètoume ìti o T eÐnai fragmènoc apì ton Lp0 ston Lq0 kai apì ton Lp1 ston Lq1 . Dhlad ,

up�rqoun stajerèc M0,M1 > 0 ¸ste

‖T (f)‖q0 6M0‖f‖p0 gia k�je f ∈ Lp0

kai

‖T (f)‖q1 6M1‖f‖p1 gia k�je f ∈ Lp1 .
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An to zeÔgoc (p, q) ikanopoieÐ tic

1

p
=

1− t
p0

+
t

p1
kai

1

q
=

1− t
q0

+
t

q1

gia k�poion 0 6 t 6 1, tìte o T eÐnai fragmènoc apì ton Lp ston Lq, kai

‖T (f)‖q 6M‖f‖p

gia k�je f ∈ Lp. Epiplèon, M 6M1−t
0 M t

1.

Prèpei na tonÐsoume ìti to je¸rhma isqÔei gia Lp-q¸rouc sunart sewn me migadikèc timèc,

diìti h apìdeix  tou qrhsimopoieÐ teqnikèc migadik c an�lushc. Xekin¸ntac apì th lwrÐda 0 6
Re (z) 6 1 sto migadikì epÐedo, ja orÐsoume mia analutik  sun�rthsh Φ pou sqetÐzetai me ton

T , tètoia ¸ste oi upojèseic ‖T (f)‖q0 6 M0‖f‖p0 kai ‖T (f)‖q1 6 M1‖f‖p1 na metafr�zontai

se k�poia fr�gmata gia thn Φ stic eujeÐec Re (z) = 0 kai Re (z) = 1 antÐstoiqa. Katìpin, to

sumpèrasma ja prokÔyei apì to gegonìc ìti h Φ ja eÐnai fragmènh sto shmeÐo t tou pragmatikoÔ

�xona.

H an�lus  mac gia thn Φ ja basisteÐ sto ex c l mma.

L mma 8.1.2 (to l mma twn tri¸n eujei¸n). 'Estw Φ(z) mia olìmorfh sun�rthsh sth lwrÐda

S = {z ∈ C : 0 < Re (z) < 1}, h opoÐa eÐnai epÐshc suneq c kai fragmènh sthn kleist  j kh

thc S. An

M0 = sup
y∈R
|Φ(iy)| kai M1 = sup

y∈R
|Φ(1 + iy)|,

tìte

sup
y∈R
|Φ(t+ iy)| 6M1−t

0 M t
1

gia k�je 0 6 t 6 1.

Apìdeixh. K�noume arqik� thn epiplèon upìjesh ìtiM0 = M1 = 1 kai sup06x61 |Φ(x+iy)| → 0

kaj¸c to |y| → ∞. Se aut n thn perÐptwsh, orÐzoume M = sup |Φ(z)| ìpou to supremum

paÐrnetai p�nw apì ìla ta z sthn kleist  j kh thc S. MporoÔme na upojèsoume ìti M >

0. JewroÔme mia akoloujÐa {zn} shmeÐwn thc S me |Φ(zn)| → M kaj¸c to n → ∞. Lìgw

thc upìjes c mac gia thn Φ, h akoloujÐa {zn} den mporeÐ na teÐnei sto apeiro, �ra up�rqei

upakoloujÐa {zkn} thc {zn} h opoÐa sugklÐnei se k�poio shmeÐo z0 sthn kleist  j kh thc S.

Apì thn arq  tou megÐstou, to z0 den mporeÐ na eÐnai eswterikì shmeÐo thc lwrÐdac (alli¸c, h

Φ eÐnai stajer  kai to sumpèrasma èpetai kat� profan  trìpo). 'Ara, to z0 an kei sto sÔnoro

thc S, ìpou èqoume |Φ| 6 1. Autì apodeiknÔei ìti M 6 1 kai èqoume to zhtoÔmeno gi� aut n thn

eidik  perÐptwsh.

An apl¸c upojèsoume ìti M0 = M1 = 1, orÐzoume

Φε(z) = Φ(z)eε(z
2−1), ε > 0.

Qrhsimopoi¸ntac thn eε[(x+iy)2−1] = eε(x
2−1−y2+2ixy, blèpoume ìti |Φε(z)| 6 1 stic eujeÐec

Re (z) = 0 kai Re (z) = 1. Epiplèon,

sup
06x61

|Φε(x+ iy)| → 0 kaj¸c to |y| → ∞,
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afoÔ h Φ eÐnai fragmènh. Sunep¸c, apì thn pr¸th perÐptwsh, gnwrÐzoume ìti |Φε(z)| 6 1 gia

k�je z sthn kleist  j kh thc S. Af nontac to ε→ 0, blèpoume ìti |Φ| 6 1 ìpwc jèlame.

Tèloc, an den èqoume k�poia prìsjeth plhroforÐa gia tic timèc twn M0 kai M1, orÐzoume

Φ̃(z) = Mz−1
0 M−z1 Φ(z), kai parathroÔme ìti h Φ̃ ikanopoieÐ tic upojèseic thc prohgoÔmenhc

perÐptwshc: h |Φ̃| eÐnai fragmènh apì 1 stic eujeÐec Re (z) = 0 kai Re (z) = 1. 'Ara, |Φ̃(z)| 6 1

gia k�je z ∈ S, kai autì oloklhr¸nei thn apìdeixh tou l mmatoc.

Apìdeixh tou Jewr matoc 8.1.1. ApodeiknÔoume pr¸ta ton isqurismì tou jewr matoc

sthn perÐptwsh pou h f eÐnai apl  sun�rthsh. MporoÔme epÐshc na upojèsoume ìti ‖f‖p = 1.

JewroÔme ton suzug  ekjèth q∗ tou q kai ja deÐxoume ìti

(8.1.1)

∣∣∣∣∫ (Tf) · g dν
∣∣∣∣ 6M‖f‖p‖g‖q∗

gia k�je g ∈ Lq
∗
(Y, ν). An apodeÐxoume thn (8.1.1), apì duðsmì èpetai ìti

‖T (f)‖q 6M‖f‖p.

(a) Upojètoume pr¸ta ìti p <∞ kai q > 1. JewroÔme apl  sun�rthsh f ∈ Lp, kai orÐzoume

fz = |f |γ(z) f

|f | ìpou γ(z) = p

(
1− z
p0

+
z

p1

)
kai

gz = |g|δ(z) g|g| ìpou δ(z) = q∗
(

1− z
q∗0

+
z

q∗1

)
,

me touc q∗, q∗0 kai q∗1 na sumbolÐzoun touc suzugeÐc ekjètec twn q, q0 kai q1 antÐstoiqa. Para-

thr ste ìti ft = f kai

‖fz‖p0 = 1 an Re (z) = 0

en¸

‖fz‖p1 = 1 an Re (z) = 1.

'Omoia, ‖gz‖q∗0 = 1 an Re (z) = 0 kai ‖gz‖q∗1 = 1 an Re (z) = 1. EpÐshc, gt = g. To tèqnasma

eÐnai na jewr soume thn

Φ(z) =

∫
(Tfz) · gz dν.

AfoÔ h f eÐnai èna peperasmèno �jroisma thc morf c f =
∑
k akχEk me ta sÔnola Ek na eÐnai

xèna kai na èqoun peperasmèno mètro, blèpoume ìti h fz eÐnai epÐshc apl , kai

fz =
∑
k

|ak|γ(z) ak
|ak|

χEk .

AfoÔ h g =
∑
j bjχFj eÐnai epÐshc apl , èqoume

gz =
∑
j

|bj |δ(z)
bj
|bj |

χFj .
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Sunep¸c,

Φ(z) =
∑
j,k

|ak|γ(z)|bj |δ(z)
ak
|ak|

bj
|bj |

(∫
T (χEk )χFj dν

)
,

�ra h sun�rthsh Φ eÐnai olìmorfh sth lwrÐda 0 < Re (z) < 1, kai eÐnai fragmènh kai suneq c

sthn kleist  thc j kh. Efarmìzontac thn anisìthta Hölder kai qrhsimopoi¸ntac to gegonìc

ìti o T eÐnai fragmènoc ston Lp0 me nìrma M0, blèpoume ìti an Re (z) = 0 tìte

|Φ(z)| 6 ‖T (fz)‖q0‖gz‖q∗0 6M0‖fz‖p0 = M0.

'Omoia blèpoume ìti |Φ(z)| 6 M1 sthn eujeÐa Re (z) = 1. Apì to l mma twn tri¸n eujei¸n

sumperaÐnoume ìti h |Φ| fr�ssetai apìM1−t
0 M t

1 sthn eujeÐa Re (z) = t. AfoÔ Φ(t) =
∫

(Tf)g dν,

èqoume to zhtoÔmeno, toul�qiston sthn perÐptwsh pou h f eÐnai apl .

Genik�, an f ∈ Lp kai 1 6 p < ∞, epilègoume mia akoloujÐa {fm} apl¸n sunart sewn

ston Lp ètsi ¸ste ‖fn − f‖p → 0. AfoÔ ‖T (fn)‖q 6 M‖fn‖p, blèpoume ìti h {T (fn)} eÐnai
akoloujÐa Cauchy ston Lq. An deÐxoume ìti limn→∞ T (fn) = T (f) sqedìn pantoÔ, tìte ja

èqoume kai ‖T (f)‖q 6M‖f‖p.
Gia na to doÔme autì, gr�foume f = fU+fL, ìpou fU (x) = f(x) an |f(x)| > 1 kai fU (x) = 0

alli¸c, en¸ fL(x) = f(x) an |f(x)| < 1 kai fL(x) = 0 alli¸c. Me ton Ðdio trìpo gr�foume k�je

fn san �jroisma fn = fUn + fLn . MporoÔme na upojèsoume ìti p0 6 p1 (h perÐptwsh p0 > p1

exet�zetai me an�logo trìpo). Tìte, p0 6 p 6 p1, kai afoÔ f ∈ Lp èqoume fU ∈ Lp0 kai

fL ∈ Lp1 . Epiplèon, afoÔ ‖fn − f‖p → 0, mporoÔme eÔkola na elègxoume ìti ‖fUn − fU‖p0 → 0

kai ‖fLn − fL‖p1 → 0. Apì thn upìjesh, T (fUn ) → T (fU ) ston Lq0 kai T (fLn ) → T (fL) ston

Lq1 . ern¸ntac se kat�llhlec upakoloujÐec blèpoume ìti h T (fn) = T (fUn ) + T (fLn ) sugklÐnei

sthn T (f) sqedìn pantoÔ. Autì apodeiknÔei ton isqurismì.

(b) Mènei na exet�soume tic peript¸seic q = 1 kai p = ∞. Sthn perÐptwsh p = ∞ èqoume

anagkastik� p0 = p1 = ∞, opìte oi upojèseic ‖T (f)‖q0 6 M0‖f‖∞ kai ‖T (f)‖q1 6 M1‖f‖∞
se sunduasmì me thn anisìthta Hölder mac dÐnoun

‖T (f)‖q 6 (‖T (f)‖q0)1−t(‖T (f)‖q1)t 6M1−t
0 M t

1‖f‖∞.

Tèloc, an p < ∞ kai q = 1, tìte q0 = q1 = 1 kai mporoÔme epilègontac gz = g gia k�je

z na akolouj soume thn Ðdia poreÐa me aut n thc apìdeixhc gia thn perÐptwsh q > 1. 'Etsi,

oloklhr¸netai h apìdeixh tou jewr matoc. 2

Parat rhsh 8.1.3. 'Enac lÐgo diaforetikìc, all� qr simoc, trìpoc na doÔme to Je¸rhma

8.1.1 eÐnai o ex c: upojètoume ìti o grammikìc telest c T eÐnai arqik� orismènoc stic aplèc

sunart seic tou X, tic opoÐec apeikonÐzei se sunart seic tou Y oi opoÐec eÐnai oloklhr¸simec

se k�je sÔnolo peperasmènou mètrou. Rwt�me gia poi� zeÔgh (p, q) o T eÐnai isquroÔ tÔpou

(p, q), dhlad  up�rqei M = Mp,q > 0 ¸ste

(8.1.2) ‖T (f)‖q 6M‖f‖p

gia k�je apl  sun�rthsh f . H qr simh idiìthta thc kl�shc twn apl¸n sunart sewn eÐnai ìti

eÐnai h Ðdia gia ìlouc touc q¸rouc Lp. Epiplèon, an h (8.1.2) isqÔei, tìte o T epekteÐnetai
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monos manta ston Lp kai an p <∞ tìte h (8.1.2) exakoloujeÐ na isqÔei gia k�je f ∈ Lp(µ), me

thn Ðdia stajer� Mp,q (to Ðdio isqÔei kai gia p =∞ an µ(X) <∞).

Xekin¸ntac apì aut n thn parat rhsh, orÐzoume to di�gramma Riesz tou T na apoteleÐtai

apì ìla ta shmeÐa (x, y) ∈ [0, 1] × [0, 1] gia ta opoÐa o T eÐnai isquroÔ tÔpou (1/x, 1/y) kai

jètoume Mx,y thn mikrìterh jetik  stajer� gia thn opoÐa isqÔei

(8.1.3) ‖T (f)‖1/y 6Mx,y‖f‖1/x

gia k�je apl  sun�rthsh f . Me aut n tn orologÐa èqoume to ex c:

Je¸rhma 8.1.4. 'Estw T ènac grammikìc telest c orismènoc stic aplèc sunart seic tou

X, tic opoÐec apeikonÐzei se sunart seic tou Y oi opoÐec eÐnai oloklhr¸simec se k�je sÔnolo

peperasmènou mètrou.

(a) To di�gramma Riesz tou T eÐnai kurtì uposÔnolo tou [0, 1]× [0, 1].

(b) H (x, y) 7→ logMx,y eÐnai kurt  sun�rthsh se autì to sÔnolo.

Apìdeixh. O pr¸toc isqurismìc tou Jewr matoc 8.1.4 mac lèei ìti an (x0, y0) = (1/p0, 1/q0) kai

(x1, y1) = (1/p1, 1/q1) eÐnai dÔo shmeÐa sto di�gramma Riesz tou T , tìte to eujÔgrammo tm ma

pou orÐzoun perièqetai sto di�gramma Riesz tou T . Autì prokÔptei �mesa apì to Je¸rhma 8.1.1.

Gia ton deÔtero isqurismì parathroÔme ìti arkeÐ na elègxoume thn kurtìthta thc logMx,y se

k�je eujÔgrammo tm ma pou perièqetai sto di�gramma Riesz tou T , k�ti pou prokÔptei apì thn

anisìthta M 6M1−t
0 M t

1 tou Jewr matoc 8.1.1.

Lìgw thc diatupwshc tou Jewr matoc 8.1.4, to Je¸rhma 8.1.1 suqn� apokaleÐtai {je¸rhma

kurtìthtac tou Riesz}.

8.2 Anisìthta Hausdorff-Young

Ja d¸soume tèsseric efarmogèc tou jewr matoc tou riesz. H pr¸th eÐnai h anisìthta Hausdorff-

Young gia touc suntelestèc Fourier miac sun�rthshc f ∈ Lp(T), 1 6 p 6 2.

Je¸rhma 8.2.1 (anisìthta Hausdorff-Young). 'Estw 1 6 p 6 2. An f ∈ Lp(T) kai∑∞
k=−∞ cke

ikx eÐnai h seir� Fourier thc f , tìte

(8.2.1)

(
∞∑

k=−∞

|ck|q
)1/q

6

(
1

2π

∫
T
|f(x)|pdx

)1/p

,

ìpou q eÐnai o suzug c ekjèthc tou p.

Apìdeixh. ParathroÔme pr¸ta ìti sthn perÐptwsh p = q = 2 h (8.2.1) isqÔei wc isìthta, apì

thn tautìthta tou Parseval. EpÐshc, èqoume deÐ ìti isqÔei sthn perÐptwsh p = 1 kai q =∞: an

f ∈ L1(T) tìte

|ck(f)| 6 ‖f‖1
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gia k�je k ∈ Z, �ra sup{|ck| : k ∈ Z} 6 ‖f‖1.
Efarmìzoume to Je¸rhma 8.1.1 gia touc q¸rouc X = T me to kanonikopoihmèno mètro

Lebesgue kai Y = Z me to mètro arÐjmhshc, to opoÐo dÐnei m�za 1 se k�je monosÔnolo. JewroÔme

ton telest  T : L2(T) + L1(T) → L2(Z) + L∞(Z) o opoÐoc apeikonÐzei thn f sthn akoloujÐa

{ck(f)}∞k=−∞ twn suntelest¸n Fourier thc. Parathr ste ìti L2(T) ⊂ L1(T), �ra L2(T) +

L1(T) = L1(T). EpÐshc, L2(Z) ⊂ L∞(Z), �ra L2(Z) + L∞(Z) = L∞(Z).

'Eqoume ‖T (f)‖L2(Z) = ‖f‖L2(T) gia k�je f ∈ L2(T) kai ‖T (f)‖L∞(Z) 6 ‖f‖L1(T) gia k�je

f ∈ L1(T). Dhlad , ikanopoioÔntai oi upojèseic tou Jewr matoc 8.1.1 gia ta zeÔgh (2, 2) kai

(1,∞) me M2,2 = 1 kai M1,∞ = 1. An p ∈ (1, 2) kai q eÐnai o suzug c ekjèthc tou p, blèpoume

ìti oi p, q ikanopoioÔn tic

1

p
=

1− t
2

+
t

1
kai

1

q
=

1− t
2

+
t

∞ =
1− t

2

me t = 1− 2
q
∈ (0, 1). Apì to Je¸rhma 8.1.1 paÐrnoume amèswc thn

‖T (f)‖q 6M1−t
2,2 M

t
1,∞‖f‖p = ‖f‖p

gia k�je f ∈ Lp(T). H teleutaÐa anisìthta eÐnai akrib¸c isodÔnamh me thn (8.2.1).

H deÔterh efarmog  mac eÐnai h duðk  anisìthta Hausdorff-Young:

Je¸rhma 8.2.2 (duðk  anisìthta Hausdorff-Young). 'Estw 2 6 q 6∞ kai èstw p o suzug c

ekjèthc tou q. An f ∈ L1(T) kai
∑∞
k=−∞ |ck(f)|p <∞, tìte f ∈ Lq(T) kai

(8.2.2)

(
1

2π

∫
T
|f(x)|qdx

)1/q

6

(
∞∑

k=−∞

|ck|p
)1/p

.

Apìdeixh. ParathroÔme pr¸ta ìti sthn perÐptwsh p = q = 2 h (8.2.2) isqÔei wc isìthta: h

upìjesh ìti {ck}∞k=−∞ ∈ L2(Z) kai to je¸rhma Riesz-Fisher exasfalÐzoun ìti f ∈ L2(T) kai ìti

‖f‖L2(T) = ‖{ck}‖L2(Z). H perÐptwsh p = 1 kai q = ∞ eÐnai apl : an
∑∞
k=−∞ |ck| < ∞ tìte h

seir�
∑∞
k=−∞ cke

ikx sugklÐnei omoiìmorfa se mia sun�rthsh f gia thn opoÐa èqoume ck(f) = ck
gia k�je k ∈ Z kai

|f(x)| =

∣∣∣∣∣
∞∑

k=−∞

cke
ikx

∣∣∣∣∣ 6
∞∑

k=−∞

|ck|

gia k�je x ∈ T, �ra ‖f‖L∞(T) 6 ‖{ck}‖L1(Z).

Efarmìzoume to Je¸rhma 8.1.1 gia touc q¸rouc Q = Z me to mètro arÐjmhshc kai U = T
me to kanonikopoihmèno mètro Lebesgue. JewroÔme ton telest  T ′ : L2(Z) + L1(Z)→ L2(T) +

L∞(T) o opoÐoc apeikonÐzei thn {ck} sth sun�rthsh f(x) =
∑∞
k=−∞ cke

ikx. 'Estw 1 < p < 2.

Parathr ste ìti Lp(Z) ⊂ L2(Z), �ra, an {ck} ∈ Lp(T) èqoume ìti h

T ′({ck})(x) =

∞∑
k=−∞

cke
ikx ∈ L2(T).
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'Eqoume ‖T ′({ck})‖L2(T) = ‖{ck}‖L2(Z) an {ck} ∈ L2(Z) kai ‖T ′({ck})‖L∞(T) 6 ‖{ck}‖L1(Z) an

{ck} ∈ L1(Z). Dhlad , ikanopoioÔntai oi upojèseic tou Jewr matoc 8.1.1 gia ta zeÔgh (2, 2)

kai (1,∞) me M2,2 = 1 kai M1,∞ = 1. AfoÔ oi p, q ikanopoioÔn tic

1

p
=

1− t
2

+
t

1
kai

1

q
=

1− t
2

+
t

∞ =
1− t

2

me t = 1− 2
q
∈ (0, 1), apì to Je¸rhma 8.1.1 sumperaÐnoume ìti an f ∈ L1(T) kai {ck(f)}∞k=−∞ ∈

Lp(Z) tìte f ∈ Lq(T) kai

‖f‖q = ‖T ′({ck})‖q 6M1−t
2,2 M

t
1,∞‖{ck}‖p.

H teleutaÐa anisìthta eÐnai akrib¸c isodÔnamh me thn (8.2.2).

H epìmenh efarmog  eÐnai h anisìthta Hausdorff-Young gia to metasqhmatismì Fourier ston

Rn.

Je¸rhma 8.2.3 (anisìthta Hausdorff-Young). 'Estw 1 6 p 6 2 kai èstw q o suzug c ekjèthc

tou p. O metasqhmatismìc Fourier F epekteÐnetai monos manta apì thn kl�sh twn apl¸n

f ∈ L1(Rn) ston Lp(Rn) kai gia k�je f ∈ Lp(Rn) èqoume F(f) ∈ Lq(Rn) kai

(8.2.3) ‖F(f)‖q 6 ‖f‖p.

Apìdeixh. Sto Kef�laio 3 eÐdame ìti o F = F1 : L1(Rn)→ L∞(Rn) ikanopoieÐ thn ‖F(f)‖∞ 6
‖f‖1 gia k�je f ∈ L1(Rn), kai ìti o o F = F2 : L2(Rn) → L2(Rn) ikanopoieÐ thn ‖F(f)‖2 =

‖f‖2 gia k�je f ∈ L2(Rn). EpÐshc, oi F1 kai F2 sumfwnoÔn stic aplèc oloklhr¸simec sunar-

t seic.

Apì thn 1 6 p 6 2 èqoume ìti Lp(Rn) ⊂ L1(Rn) + L2(Rn). 'Ara, gia k�je f ∈ Lp(Rn)

mporoÔme na orÐsoume thn F(f) (exhg ste giatÐ) kai to Je¸rhma 8.1.1 mac dÐnei thn (8.2.3). H

monadikìthta thc epèktashc prokÔptei apì thn puknìthta twn apl¸n oloklhr¸simwn sunart -

sewn ston Lp(Rn).

Parat rhsh 8.2.4. AxÐzei ton kìpo na doÔme to di�gramma Riesz pou antistoiqeÐ se kajèna

apì ta parap�nw trÐa jewr mata:

(a) Je¸rhma 8.2.1: To di�gramma Riesz eÐnai to kleistì trÐgwno me korufèc ta shmeÐa (0, 0),(
1
2
, 1

2

)
kai (1, 0).

(b) Je¸rhma 8.2.2: To di�gramma Riesz eÐnai to kleistì trÐgwno me korufèc ta shmeÐa (1, 1),(
1
2
, 1

2

)
kai (1, 0).

(g) Je¸rhma 8.2.3: To di�gramma Riesz eÐnai to eujÔgrammo tm ma me �kra ta shmeÐa
(

1
2
, 1

2

)
kai (1, 0), dhlad  to koinì sÔnoro twn parap�nw dÔo trig¸nwn.

Autì pou mac dÐnoun ta parap�nw trÐa jewr mata eÐnai ìti to eujÔgrammo tm ma me �kra ta shmeÐa(
1
2
, 1

2

)
kai (1, 0) perièqetai sto di�gramma Riesz kai stic treÐc pript¸seic. Sto Je¸rhma 8.2.1

èqoume kai to shmeÐo (0, 0) lìgw thc tetrimmènhc anisìthtac ‖f‖1 6 ‖f‖∞. Apì thn kurtìthta

tou diagr�mmatoc Riesz èpetai to (a). Sto Je¸rhma 8.2.2 èqoume kai to shmeÐo (1, 1) lìgw thc

anisìthtac ‖T ′({ck}‖1 6 ‖T ′({ck}‖∞ 6 ‖{ck}‖1. Apì thn kurtìthta tou diagr�mmatoc Riesz

èpetai to (b). To gegonìc ìti to trÐto di�gramma den mporeÐ na epektajeÐ af netai wc �skhsh.
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H teleutaÐa mac efarmog  eÐnai h anisìthta tou Young gia thn sunèlixh ston Rn (thn opoÐa

èqoume  dh shzht sei stic ask seic tou KefalaÐou 1).

Je¸rhma 8.2.5 (anisìthta Young). 'Estw 1 6 p, q, r 6∞ pou ikanopoioÔn thn 1
q

= 1
p

+ 1
r
−1.

An f ∈ Lp(Rn) kai g ∈ Lq(Rn) tìte f ∗ g ∈ Lr(Rn) kai

(8.2.4) ‖f ∗ g‖q 6 ‖f‖p‖g‖r.

Apìdeixh. ArkeÐ na apodeÐxoume thn (8.2.4) gia aplèc oloklhr¸simec f kai g. StajeropoioÔme

thn g kai jewroÔme ton telest  f 7→ T (f) = f ∗ g. Mia basik  anisìthta gia sunlÐxeic (apl 

sunèpeia thc anisìthtac Minkowski) pou èqoume  dh qrhsimopoi sei, mac exasfalÐzei ìti

‖T (f)‖r = ‖f ∗ g‖r 6Mg‖f‖1

gia k�je apl  oloklhr¸simh f , ìpou Mg = ‖g‖r. EpÐshc, apì thn anisìthta Hölder èqoume

‖T (f)‖∞ = ‖f ∗ g‖∞ 6 ‖g‖r‖f‖r∗ = Mg‖f‖r∗

gia k�je apl  oloklhr¸simh f , ìpou r∗ eÐnai o suzug c ekjèthc tou r. Efarmìzoume to Je¸rhma

8.1.1 wc ex c: apì thn upìjesh gia ta p, q kai r èqoume t = r
(

1− 1
p

)
∈ [0, 1], kai gi� aut n thn

tim  tou t ikanopoioÔntai oi 1−t
r

+ t
∞ = 1

q
kai 1−t

1
+ t

r∗ = 1
p
. 'Ara, to Je¸rhma 8.1.1 mac dÐnei

‖T (f)‖q = ‖f ∗ g‖q 6M1−t
g M t

g‖f‖p = ‖g‖r‖f‖p

gia k�je apl  oloklhr¸simh f .

AntÐstoiqo apotèlesma isqÔei gia touc Lp(T): an oi 1 6 p, q, r 6 ∞ ikanopoioÔn thn 1
q

=
1
p

+ 1
r
− 1, tìte gia k�je f ∈ Lp(T) kai g ∈ Lq(T) èqoume f ∗ g ∈ Lr(T) kai

(8.2.5) ‖f ∗ g‖q 6 ‖f‖p‖g‖r.

Ed¸, to eÔroc twn (p, q, r) gia ta opoÐa isqÔei h anisìthta eÐnai autom�twc megalÔtero, afoÔ

‖g‖r1 6 ‖g‖r ìtan r1 6 r.

To di�gramma Riesz thc anisìthtac tou Young ston Rn (gia stajer  tim  tou r) eÐnai to

eujÔgrammo tm ma me �kra ta shmeia
(
1− 1

r
, 0
)
kai

(
1, 1

r

)
. To antÐstoiqo di�gramma Riesz thc

anisìthtac tou Young sto T (gia stajer  tim  tou r) eÐnai to trapèzio me korufèc ta shmeÐa

(0, 0), (1, 1),
(
1− 1

r
, 0
)
kai

(
1, 1

r

)
.



Kef�laio 9

Abel ajroisimìthta kai o

pur nac tou Poisson

9.1 Abel ajroisimìthta kai mh efaptomenik  sÔgklish

Se autì to kef�laio tautÐzoume ton T me to ∂D, to sÔnoro tou monadiaÐou dÐskou D = {z ∈
C : |z| < 1} sto migadikì epÐpedo. Gia k�je 0 6 α < π/2 jewroÔme to sÔnolo Ωα(0) pou èqei

koruf  to 1 = ei0 kai �noigma α wc thn kurt  j kh tou dÐskou (me kèntro to 0) aktÐnac sinα

kai tou {1}, apì thn opoÐa afairoÔme to shmeÐo 1. To sÔnolo autì mac epitrèpei na orÐsoume

tn ènnoia thc {mh efaptomenik c} sÔgklishc sto 1. EÔkola elègqoume ìti ta shmeÐa tou Ωα(0)

ikanopoioÔn thn sunj kh

(9.1.1) 1 6
|1− z|
1− |z| 6 2 max

{
1

1− sinα
,

1

cosα

}
.

MporoÔme loipìn isodÔnama na jewr soume ton {k¸no}

(9.1.2) Γα(0) =

{
z ∈ D :

|1− z|
1− |z| 6 α

}
, α > 1.

Orismìc 9.1.1. 'Estw α > 1 kai èstw f(z) sun�rthsh fragmènh sto D. Lème ìti h f

sugklÐnei (kat� Abel) mh efaptomenik� me t�xh α ston L kaj¸c to z → 1 an

(9.1.3) lim
z→1,z∈Γα(0)

f(z) = L,

kai gr�foume limz→1 f(z) = L(Aα).

Sthn perÐptwsh α = 1 onom�zoume aut n thn sÔgklish {aktinik }, diìti to z paÐrnei timèc

sthn aktÐna pou sundèei to 0 me to 1.
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Orismìc 9.1.2. 'Estw {ck}∞k=0 akoloujÐa migadik¸n arijm¸n. Lème ìti h seir�
∑∞
k=0 ck

sugklÐnei (kat� Abel) mh efaptomenik� me t�xh α > 1 ston s an gia thn sun�rthsh f(z) =∑∞
k−0 ckz

k isqÔei limz→1 f(z) = s(Aα).

Prìtash 9.1.3. An h
∑∞
k=0 ck sugklÐnei kat� Cesàro ston s tìte h

∑∞
k=0 ck sugklÐnei (kat�

Abel) mh efaptomenik� me t�xh α > 1 ston s, gia k�je α > 1.

Apìdeixh. SumbolÐzoume me sn kai σn ta merik� ajroÐsmata kai touc Cesàro mèsouc thc {ck}.
Apì thn upìjesh èqoume sn = o(n). ParathroÔme arqik� ìti

(9.1.4)
n∑
k=0

ckz
k = (1− z)

n−1∑
k=0

skz
k + snz

n.

Sunep¸c, an to ìrio k�poiou apì ta dÔo mèlh thc (9.1.4) up�rqei, tìte up�rqei kai to ìrio tou

�llou kai ta dÔo ìria eÐnai Ðsa. Epiplèon, afoÔ snz
n = o(1), èqoume

(9.1.5)
∞∑
k=0

ckz
k = (1− z)

∞∑
k=0

skz
k

an opoiad pote apì tic dÔo seirèc sugklÐnei. K�nontac �llh mia �jroish kat� mèrh, kai qrh-

simopoi¸ntac to gegonìc ìti nσn−1z
n−1 = o(1) gia k�je z ∈ D kaj¸c to n → ∞, blèpoume

ìti

(9.1.6)
∞∑
k=0

ckz
k = (1− z)2

∞∑
k=0

(k + 1)σkz
k = f(z)

an opoiad pote apì tic dÔo seirèc sugklÐnei. ParathroÔme t¸ra ìti an |z| < 1 tìte h seir� sto

dexiì mèloc thc (9.1.6) sugklÐnei apolÔtwc kai ìti to �jroism� thc fr�ssetai apì c/(1− |z|)2,

sunep¸c to �jroisma sto aristerì mèloc thc (9.1.6) eÐnai ki autì peperasmèno. Sth sunèqeia

deÐqnoume ìti h f(z) sugklÐnei sto s mh efaptomenik�. Ja qrhsimopoi soume thn tautìthta

(9.1.7) 1 = (1− z)2
∞∑
k=0

(k + 1)zk, |z| < 1.

Akribèstera, gia dojèn ε > 0 up�rqei δ > 0 ¸ste |f(z)−s| 6 ε gia k�je z ∈ Γα(0) me |1−z| 6 δ.

Pr�gmati, sundu�zontac tic (9.1.6) kai (9.1.7) blèpoume ìti

f(z)− s = (1− z)2
N∑
k=0

(k + 1)(σk − s)zk + (1− z)2
∞∑

k=N+1

(k + 1)(σk − s)zk =: I + J.

AfoÔ
∞∑

k=N+1

(k + 1)rk 6
∞∑
k=0

(k + 1)rk =
1

(1− r)2
,

epilègontac N ètsi ¸ste |σk − s| 6 ε/2α2 gia k�je k > N + 1 sumperaÐnoume ìti an z ∈ Γα(0)

tìte

|J | 6
(

2α2

|1− z|2ε

) ∞∑
k=N+1

(k + 1)|z| 6 ε

2
.
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'Eqontac stajeropoi sei to N , parathroÔme ìti

|I| 6 c|1− z|2
N∑
k=0

(k + 1) 6 cNδ
2 6

ε

2
,

arkeÐ na p�roume to δ arket� mikrì.

Skopìc mac eÐnai na efarmìsoume thn Prìtash 9.1.3 stic seirèc Fourier. Dedomènou ìti h

�jroish ston Orismì 9.1.2 eÐnai p�nw apì touc k > 0, gia k�je f ∈ L1(T) me seir� Fourier thn∑∞
k=−∞ cke

ikx orÐzoume

(9.1.8) C0(x) = c0, Ck(x) = c−ke
−ikx + cke

ikx an k > 1

kai

(9.1.9) C̃0(x) = c0, C̃k(x) = (−i)(−c−ke−ikx + cke
ikx) an k > 1.

Apì thn Prìtash 9.1.3 èqoume

(9.1.10)
∞∑
k=0

Ck(x) = f(x) (Aα) sqedìn pantoÔ sto T

kai

(9.1.11)
∞∑
k=0

C̃k(x) = Hf(x) (Aα) sqedìn pantoÔ sto T.

MporoÔme loipìn na upojèsoume ìti oi (9.1.10) kai (9.1.11) sqÔoun tautìqrona sqedìn pantoÔ

sto T. Pio sugkekrimèna, an z = reix ∈ Γα(0) tìte, sqedìn gia k�je x ∈ T,

(9.1.12) lim
z→1,z∈Γα(0)

∞∑
k=0

Ck(x)rkeikx = f(x)

kai

(9.1.13) lim
z→1,z∈Γα(0)

∞∑
k=0

C̃k(x)rkeikx = Hf(x).

ParathroÔme ìti to Γα(0) eÐnai summetrikì, dhlad  z ∈ Γα(0) an kai mìno an z ∈ Γα(0), kai ìti

(9.1.14)
∞∑
k=0

Ck(x)rkeikt =

∞∑
k=−∞

ckr
|k|ei|k|teikx.

Sunep¸c, sqedìn gia k�je x ∈ T èqoume

(9.1.15) lim
re±it→1,re±it∈Γα(0)

∞∑
k=−∞

ckr
|k|e±i|k|teikx = f(x).
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'Omoia, apì thn (9.1.13) aut  th for�, gia ta Ðdia x èqoume

(9.1.16) lim
re±it→1,re±it∈Γα(0)

∞∑
k=−∞

(sign k)ckr
|k|e±i|k|teikx = iHf(x).

Apì tic (9.1.15) kai (9.1.16) blèpoume ìti

(9.1.17)

lim
reit→1,reit∈Γα(0)

(
∞∑

k=−∞

ckr
|k|eikteikx −

∞∑
k=−∞

(sign k)ckr
|k|e−ikteikx

)
= f(x)− iHf(x)

kai

(9.1.18)

lim
reit→1,reit∈Γα(0)

(
∞∑

k=−∞

ckr
|k|eikteikx −

∞∑
k=−∞

(sign k)ckr
|k|e−ikteikx

)
= f(x) + iHf(x)

sqedìn pantoÔ sto T. 'Eqoume loipìn to ex c:

Je¸rhma 9.1.4. 'Estw f ∈ L1(T) me seir� Fourier thn
∑∞
k=−∞ cke

ikx. Tìte, sqedìn gia

k�je x ∈ T,

(9.1.19) lim
reit→1,reit∈Γα(0)

∞∑
k=−∞

ckr
|k|eikteikx = f(x)

kai

(9.1.20) lim
reit→1,reit∈Γα(0)

∞∑
k=−∞

(−i)(sign k)ckr
|k|eikteikx = Hf(x).

Apìdeixh. H (9.1.19) prokÔptei an prosjèsoume tic (9.1.17) kai (9.1.19), en¸ h (9.1.20) prokÔ-

ptei an afairèsoume thn (9.1.17) apì thn (9.1.18) kai qrhsimopoi soume thn summetrÐa tou Γα(0)

gia na jèsoume t ìpou −t.

9.2 O pur nac tou Poisson kai o suzug c pur nac tou Pois-

son

Oi posìthtec pou emfanÐzontai sto aristerì mèloc twn (9.1.19) kai (9.1.20) antistoiqoÔn sth

sunèlixh thc f me tic sunart seic P (z) kai Q(z) pou èqoun seirèc Fourier tic

(9.2.1) P (z) =

∞∑
k=−∞

r|k|eikx, z = reix, 0 < r < 1

kai

(9.2.2) P̃ (z) = Q(z) =
∞∑

k=−∞

(−i)(sign k)r|k|eikx, z = reix, 0 < r < 1
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antÐstoiqa. H P eÐnai o pur nac tou Poisson kai h Q eÐnai o suzug c pur nac tou Poisson. Suqn�

jewroÔme tic Pr(x) = P (reix) kai Qr(x) = Q(reix) san mia oikogèneia pur nwn me deÐkth to

r ∈ (0, 1). Pr¸toc mac stìqoc eÐnai na gr�youme tic Pr kai Qr se kleist  morf . AjroÐzontac

thn gewmetrik  seir� sthn (9.2.1) blèpoume ìti

(9.2.3) Pr(x) =

∞∑
k=0

rkeikx +

∞∑
k=1

rke−ikx =
1

1− reix +
re−ix

1− re−ix ,

ap� ìpou paÐrnoume

(9.2.4) Pr(x) =
1− r2

1− 2r cosx+ r2
=

1− r2

(1− r)2 + 2r(1− cosx)
.

TeleÐwc an�loga, ajroÐzontac thn gewmetrik  seir� sthn (9.2.2) blèpoume ìti

(9.2.5) Qr(x) = (−i)
∞∑
k=1

rkeikx − (−i)
∞∑
k=1

rke−ikx = (−i)
(

reix

1− reix −
re−ix

1− re−ix

)
,

ap� ìpou paÐrnoume

(9.2.6) Qr(x) =
2r sinx

1− 2r cosx+ r2
=

2r sinx

(1− r)2 + 2r(1− cosx)
.

Parathr ste ìti an z = reix tìte apì tic (9.2.3) kai (9.2.5) èqoume

(9.2.7) P (z) + iQ(z) =
1

1− reix +
reix

1− reix =
1 + z

1− z ,

dhlad  h P + iQ eÐnai analutik  sun�rthsh ston D.

Apì thn (9.2.4) faÐnetai ìti h Pr(x) eÐnai periodik , jetik  kai �rtia sun�rthsh, eÐnai fjÐ-

nousa sto [0, π), kai ikanopoieÐ thn

(9.2.8) Pr(x) 6
1− r2

(1− r)2
=

1 + r

1− r 6
2

1− r .

MporoÔme epÐshc na d¸soume to fr�gma

(9.2.9) Pr(x) 6
1− r2

2r(1− cosx)
6

1− r
2r(sin(x/2))2

6
π(1− r)

2rx2
.

Tèloc, apì thn (9.2.1) paÐrnoume

(9.2.10)
1

2π

∫
T
Pr(x) dx = 1.

'Epetai to ex c:

Prìtash 9.2.1. H oikogèneia {Pr}0<r<1 eÐnai oikogèneia proseggÐsewn thc mon�dac - �ra,

kai oikogèneia kal¸n pur nwn - kaj¸c to r → 1−.
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O suzug c pur nac tou Poisson èqei antÐstoiqec idiìthtec. Apì thn (9.2.6) èqoume ìti h

Qr(x) eÐnai peritt  sun�rthsh kai ikanopoieÐ tic

(9.2.11) |Qr(x)| 6 cr|x|
(1− r)2

kai |Qr(x)| 6 c

|x| .

EpÐshc, apì thn (9.2.5),

(9.2.12)
1

2π

∫
T
Qr(x) dx = 0.

Tèloc, mporeÐ kaneÐc na elègxei ìti h ‖Qr‖1 den eÐnai fragmènh kaj¸c to r → 1−.

Orismìc 9.2.2. 'Estw α > 1. Gia k�je x ∈ T jètoume Γα(x) = {z ∈ D : e−ixz ∈ Γα(0)}.
Dhlad , to Γα(x) prokÔptei apì strof  tou Γα(0) tètoia ¸ste h koruf  tou na brejeÐ sto eix.

Parìmoio orismì mporoÔme na d¸soume gia to Ωα(x).

Gia k�je f ∈ L1(T) kai gia k�je α > 1 orÐzoume thn mh efaptomenik  megistik  sun�rthsh

thc f ∗ Pr t�xhc α wc ex c:

(9.2.13) Nα(f ∗ Pr, x) = sup
z=reit∈Γα(x)

|(f ∗ Pr)(t)|.

H N1 onom�zetai aktinik  megistik  sun�rthsh.

Je¸rhma 9.2.3. Gia k�je α > 1 up�rqei mia stajer� cα > 0 me thn ex c idiìthta: gia k�je

f ∈ L1(T) kai gia k�je x ∈ T,

(9.2.14) Nα(f ∗ Pr, x) 6 cαMf(x).

Apìdeixh. Apì to gegonìc ìti k�je z = reix ∈ Γα(x) eÐnai thc morf c rei(x+s) ìpou reis ∈
Γ|alpha(0), blèpoume ìti

(9.2.15) (f ∗ Pr)(x) = I =
1

2π

∫
T
f(u)Pr(x+ s− u) du =

1

2π

∫
T
f(x+ u)Pr(s− u) du,

�ra

(9.2.16) |I| 6 1

2π

∫ 0

−π
|f(x+ u)|Pr(s− u) du+

1

2π

∫ π

0

|f(x+ u)|Pr(s− u) du.

Ja doulèyoume mìno me to

(9.2.17) K :=
1

2π

∫ π

0

|f(x+ u)|Pr(s− u) du.

Gia to �llo olokl rwma ergazìmaste me ton Ðdio trìpo. OrÐzoume

(9.2.18) Fx(u) = F (u) =

∫ u

0

|f(x+ v)| dv.
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H F eÐnai apolÔtwc suneq c kai F ′(u) = |f(x+ u)| sqedìn pantoÔ. Oloklhr¸nontac kat� mèrh

blèpoume ìti

(9.2.19) K = K1 +K2 = F (u)Pr(s− u)
∣∣∣π
0
−
∫ π

0

f(u)P ′r(s− u) du.

Gia ton ìro K1, qrhsimopoi¸ntac tic F (0) = 0, F (π) 6 cMf(x) kai Pr(s − π) 6 cα, blèpoume

ìti

K1 6 cαMf(x).

Epiplèon, afoÔ gia k�je 0 < u < π isqÔei

F (u)

sin u
2

6 cMf(x),

èqoume

(9.2.20) K2 6 c

(∫ π

0

sin(u/2)P ′r(s− u) du

)
Mf(x).

Gia na fr�xoume to olokl rwma sthn (9.2.20) diakrÐnoume dÔo peript¸seic. An 0 < r 6 1/2,

gr�foume∣∣∣∣∫ π

0

sin(u/2)P ′r(s− u) du

∣∣∣∣ 6 ∫
T
|P ′r(u)| du2

∫ 0

−π
P ′r(u) du 6 2Pr(0) 6

4

1− r 6 8.

An 1/2 < r < 1 parathroÔme ìti∣∣∣∣∫ π

0

sin(u/2)P ′r(s− u) du

∣∣∣∣ 6 ∫
T

∣∣∣sin s− u
2

∣∣∣ |P ′r(u)| du

6 c|s|
∫
T
|P ′r(u)| du+ c

∫
T
|u| |P ′r(u)| du =: K3 +K4.

Gia na fr�xoume to K4 parathroÔme ìti h uP ′r(u) eÐnai �rtia, �ra

K4 = −2

∫ π

0

uP ′r(u) du = −2uPr(u)
∣∣∣π
0

+

∫ π

0

Pr(u) du(9.2.21)

= −2πPr(π) + 2π 6 2π.

Tèloc, gia na fr�houme to K3, parathroÔme ìti

1

2
|s| 6 r|s| 6 c|r − reis| 6 c|r − 1|+ c|1− reis|,

�ra

(9.2.22) K3 6 c(1− r) 1

1− r + c
|1− reis|

1− r 6 c+ cα.

Sundu�zontac tic (9.2.21) kai (9.2.22) paÐrnoume K2 6 cαMf(x), kai èpetai to sumpèrasma.
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Pìrisma 9.2.4. 'Estw 1 6 p 6 ∞ kai α > 1. Up�rqei stajer� cα,p > 0 tètoia ¸ste, gia

k�je f ∈ Lp(T),

(9.2.23) ‖Nα(f ∗ Pr)‖p 6 cα,p‖f‖p

an 1 < p 6∞, kai

(9.2.24) λm({x : Nα(f ∗ Pr)(x) > λ}) 6 c1,p‖f‖1

gia k�je λ > 0, an p = 1.

Pìrisma 9.2.5. 'Estw 1 < p 6 ∞ kai α > 1. Up�rqei stajer� cα,p > 0 tètoia ¸ste, gia

k�je f ∈ Lp(T),

(9.2.25) Nα(f ∗Qr, x) 6 cα,pM(f̃)(x),

�ra, an 1 < p <∞,

(9.2.26) ‖Nα(f ∗Qr)‖p 6 cα,p‖f‖p.

Apìdeixh. AfoÔ (σn(f)∗Qr)(x) = (σ̃n(f)∗Pr)(x) kai p > 1, èpetai ìti (f ∗Qr)(x) = (f̃ ∗Pr)(x).

Tìte, to sumpèrasma èpetai apì to Je¸rhma 9.2.3 kai to Pìrisma 9.2.4.

Sqetik� me thn Lp-sÔgklish èqoume to ex c.

Je¸rhma 9.2.6. 'Estw 1 6 p <∞. Gia k�je f ∈ Lp(T) èqoume

(a) ‖f ∗ Pr‖p 6 ‖f‖p gia k�je r < 1.

(b) limr→1− ‖f ∗ Pr − f‖p = 0.

(g) limz=reix→1,z∈Γα(0) ‖f ∗ Pr(x+ ·)− f‖p = 0.

An�logo apotèlesma isqÔei gia p =∞, an upojèsoume ìti f ∈ C(T).

Apìdeixh. Gia to (a) parathroÔme ìti ‖f ∗ Pr‖p 6 ‖f‖p‖Pr‖1 = ‖f‖p. H apìdeixh tou (b)

eÐnai entel¸c an�logh me aut n tou Jewr matoc 5.2.9. Gia to (g), sthn perÐptwsh p < ∞
parathroÔme ìti

|(f ∗ Pr)(x+ t)− f(t)| 6 cMf(x)

apì to Je¸rhma 9.2.3, kai

lim
z=reix→1,z∈Γα(0)

(f ∗ Pr)(x+ t) = f(t)

sqèdìn pantoÔ, apì to Je¸rhma 9.1.4. MporoÔme loipìn na efarmìsoume to l mma tou Fatou.

H perÐptwsh p =∞ elègqetai epÐshc eÔkola.

Gia ton suzug  pur na Poisson èqoume to akìloujo:
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Je¸rhma 9.2.7. 'Estw f ∈ L1(T). Tìte, gia k�je α > 1,

(9.2.27) lim
z=reix→1,z∈Γα(0)

[(f ∗Qr)(x+ t)−H1−rf(t)] = 0 sqedìn pantoÔ,

kai up�rqei stajer� cα > 0, pou exart�tai mìno apì to α, ¸ste

(9.2.28) sup
z=reix∈Γα(0)

|(f ∗Qr)(x+ t)−H1−rf(t)| 6 cαMf(x) sqedìn pantoÔ.

Sunep¸c, an f ∈ Lp(T), 1 < p <∞, èqoume epÐshc

(9.2.29) lim
z=reix→1,z∈Γα(0)

‖(f ∗Qr)(x+ ·)−H1−rf‖p = 0.

Apìdeixh. Oi (9.2.27) kai (9.2.28) elègqontai me epiqeir mata an�loga me aut� pou qrhsimopoi-

 same gia ton suzug  pur na tou Fejér, ta opoÐa t¸ra sundu�zoume me to Je¸rhma 9.2.3 gia na

qrhsimopoi soume thn mh efaptomenik  sÔgklish. Perigr�foume thn apìdeixh gia thn aktinik 

perÐptwsh. ParathroÔme pr¸ta ìti, apì thn

Q1(x) =
2 sinx

2(1− cosx)
=

1

tan(x/2)
, x 6= 0

èqoume

(f ∗Qr)(t)−H1−rf(t) =
1

2π

∫
|x|61−r

f(t− x)Qr(x) dx(9.2.30)

+
1

2π

∫
1−r<|x|<π

f(t− x)(Qr(x)−Q1(x)) dx = I1(t) + I2(t).

Qrhsimopoi¸ntac thn (9.2.11) paÐrnoume

|I1(t)| 6 c

1− r

∫
|x|61−r

|f(t− x)| dx,

�ra |I1(t)| 6 cMf(t) kai |I1(t)| = o(1) kaj¸c to r → 1− se k�je f ∈ Leb(f). Epiplèon, afoÔ h

Qr(x)−Q1(x) =
1− r
1 + r

Q1(x)Pr(x)

eÐnai peritt  kai fjÐnousa sto (0, π), kai afoÔ apì thn (9.2.11)

1− r
1 + r

Q1(x) 6
1− r
1 + r

1

sin(x/2)
< π, 0 < x < π,

blèpoume ìti

|I2(t)| 6 c

∫
T
|f(t− x)|Pr(x) dx 6 cMf(t).

Tèloc, èna epiqeÐrhma an�logo me autì st n apìdeixh tou Jewr matoc 6.3.7 blèpoume ìti

|I2(t)| = o(1) kaj¸c to r → 1−.


