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1 IIp®Tou opiopnoi

T Moyoug tov Ba Yivouv oUVTOIO GOELS, OAOL OL YPAUULKOL XDpoL O elva
MY adIK oL, EKTOC OV PITOL AVOPEPETAL KATL SLOPOPETLKO.

Opwonos 1.1 Mia (mpooetarprotiky)) ahyeppa A elvau évag (uyadikds) yoou-
WKGGS XDQOG OV elvau 6VYY0Svwg daktilog katioyvel (Ax)y = A(xy) = x(Ay)
v kdOe x,y € A ko X € C. Mia dAyefoa Aéyetou petadetikn av xy = yx yua
Kkabe x,y € A.

Evag vadyweoos J C A Aéyetar (yvijoro) aprlotepod (avtiotoryo deErd) 1dem-
dectnc Aavae € A,y € J = xy € J (avtictoyya yxr € J). Av éva 1éedeg
elvar 88816 Kau aQLoTeQd TOTE AéyeTaun OUPITAEVPO OEMDES 1] aTAd 1deDdES.

Mopaderypo 1.1 (o) Av X elvau yoouukds xwoog ko 2 elvar un kevé avvolo,
70 6vvoro F (2, X) SAwv twv cvvagticewv f : Q — X yplvetaw yoauuikds
XW00¢ av epodiactel ue tig mEd&els katd onuelo,

(f +Ag)(t) = f(t) + Ag(t)

(f,g € F(X), NeC, t e Q). Av X = C, enedr) to C elvauw dAyepoa, o
xwoos F(Q, C) elvaw dAyefoa ue morramraciacud

(f-9)(t) = f(t).9(t)

T'evikdtega, av X = A elvau dAyefoa, téte 0 ydoog F (2, A) elvau dAyefoa wg
JTQOG TO KATA GNUELO PLVOUEVO.

Tétoweg dAyePoes Aéyovrar AYEBPES CUVAPTICEMY.

(B) Eorw X yoauurds ywoog, kaw £(X) to 6bvoro twv yoouurdv axetkovi-
oewov T : X — X. Me t¢ katd onuelo yoouuxés modets, to L(X) yivetau
POQUULKOG xDQ0G. AV el TAE0V eQodiacOel e Tyv 6UvOeon TeleaTdV

(T-S)(xz)=T(S(x)) T,SeL(X), xz€X
76te 0 L(X) pivetau (ev yéver un uetabetikn) diyefoa.
Tétoieg dAyefoeg Aéyovrar AMYERPES TELEGTOV.
Opwouog 1.2 Av A elvau ula dhyefoa ko ||.| elvaw ulo véoua otnv A ue tnv
EMITAEOV 1IOLOTNTAL
[zl < l]-1yl (1

na kdOe x,y € A, tdéte 1 A Aéyeton vopuopiopuivy aryeppa. Av emiriéov n
(A, |-I) elvaw mAnong, téte n A Aéyeran ahyeppa Banach.



Mopatyprjoseis. (i) H ovvOnkn (1) eEaogariler Tnv ouveyelo Tov TOAMOTACL-
OLALOUOD
m:AxXA— A:(x,y) — 2y
[payuatt, xovue
lzy — zw| < [y — zw| + 2w — zw| < z]lly — w] + |z — 2]]w].
AV 0 TOMOTAACLAONOG ELVOL Y WOLoTd cuveyTig, Snhadn av yia kabe x € A ol
OLTELKOVIOELG
Mgt A—Ay—oy xou p,: A—A:y—yx

ELVOL CUVEYELG, DEV ETETAL EV YEVEL OTL O T ELVOL GUVEYNG. AV OUWG ETTL TTAEOV 1
(A, I.]) etvaw TANpNG, TOTE 0 TOATAAOLAOUOG ELVOL VITOYPEMTIKA GUVEXNG, KOl
uwolLoTa:

vrdoyet toodvvaun vooua |||y térowa wote (A, |.|1) va eivaw dAyefoa Banach.
H am6del&n agnvetol g doknon.

(i) KaOe vopuaptopévn GhyeBpa. upuTe0EToL LOOUETPLKA KO LOOUOPQLKE. (SA.
1 EUPUTEVON ELVOL LOPPLOUOG OAYEBPDOV) MG TUKVH VITOAYERPO aG AlYERPaG
Banach. Autd amodetkvieTolL aKpLBMg OTMG TO KVILOTOLYO UITOTELEGILOL VLA (-
POUG UE VOPUQL, YXPNOLUOTTOLDVTOG KOL THV GUVEYELQ TOU TOAAATAAOLOOUOV. Oa
KOTAOKEVAOOUUE WO, ‘OVYKEKPLUEVY gugpitevon sopakdato (L. Mapdypago
3.0).

2 Topadeiyporo

2.1

To ompa tov wyadikdv apbumv (C, |.|) eivar ahyeBpa Banach. @ dei&ovue
apyotepa (Oempnua Gelfand-Mazur) 6t gtvar 1 povn’ dtanpetikn aiyeBpa Banach.

2.2

1. Tw kdBe n € Nto ovvoro (C™, .|| ) lvon ahyeBpa Banach wg tpog Tig mtpd-
Eeig Katd ovvretayuévn Kow vy vopua |(z,, )| = max{|z;| : i = 1,...,n}.
Etvon petabetikn aryeppa pe povado (1,1, ...1).

2. 'Boto I' # () obvoro. To ovvoro (£°°(T), ||| o) €lvon ahyeBpa Banach wg

7pog TG TPGEelg Katd onueto ko v vopua | flle, = sup{|f(v)| : v € T}
Etvon petabetikn alyeBpa pe povada 1, 6mov 1(y) = 1 yio xadbe v € T .



2.3  ALYEBPES CUVEYMV CUVAPTI|CEMV

1. 'Eotw K ovunayng Hausdorff tooloyukog ywpog (.. K = [0, 1]). Eivo yvem-
016 61 0 Y pog (C(K), || o) TV ouvexdv cuvaptoeny f : K — C givon
(KAheLot0g voywpog tov (£°°(K), |.| o ), Gpa) xmpog Banach. Emeldn to (ko
ONUELD) YLVOUEVO OUVEY MY OUVOPTHOEWV ELVOL OVVEYNG ovvapTnon, o C'(K) &l
vau (vtdhyefpa tov £°°(K), apa) ahyefpa Banach, petabetikn kon pe povado
(tnv otabepr ovvaptnon 1).

2. 'Eotw X tomukd ovpstoryng Hausdorff tortohoyikog xwpog (st.y. X = R). Ovo-
uaovpe C, (X) 10 00voro Twv ovveymv ovvaptnoewv f : X — C mov ‘un-
devifovtal 0To artelpo’. Anhadn pto cuveyng ovvaptnon f avikel otov C, (X)
€€ oplopot otav yia kabe e > 0 vapyer K, C X ovunoyég wote t ¢ K, =
|f(t)] < e. Tétoeg ovvaptoelg etvar gpoyuéves, dnhadn C, (X) C £°°(X).
Mahota givor govepd 0tL o C(X) eivor vdiyeppa tov £°°(X). Enedn o
C,(X) etvan kau ||| oo -Khewotog (Goknom), etvar (uetobetikn) alyefpo Banach.
[Mopatnpolue dumg Ot dev el Lovada, ekTOg av o X elvol ouumayng (Goknom).

Aoknon. AnodeiEte ot o yhpog C,, (X) tov cuveydv ovvaptioemv f : X —
C mov undevitovran ¢Ew amd kdmowo ovumayég K, C X amotelel vrooihvolo,
udhota 1demdeg, Tov C, (X) mov eivar ||| o, -muxvo! otov C (X).

3. Kabe pun kevo ovoro I yivetan TommKd Guptayng ympog 0tav epodlacdel ue
TNV SLOKPLTY TOTOLOYLOL, Kot TOTE TO. GUUITOYT] VITOOVVOAG TOU ELVOL TCL TTETEPTL-
opéva. Emougving o ypog

¢o(T) = {f : T — C:V¥e> 030, CT, T,| < o0, [f(7)] <e¥y ¢ T}

gtvar, oo 1o (2), uetadetikn ahyefpa Banach kau €xel povado av Kaw povov ov
10 I eivoun emepaouévo. Mahota, etvar kheloto 1demdeg g (£°°(T), |.[ o0 )-

2.4  AlyePpeS HETPYCLUOYV CUVOPTI|CEWY
'Eotw (X, 8, 1) x®pog uetpov. O¢toupe
£29(X) = {f € £>°(X), f petpiiowun}.

Emteld1] 1o G0poLopa KoL To YLVOUEVO UETPNOLULMDY CUVAPTIOEMY ELVOL UETPTOLUT
ovvaptnon, . £°°(X) etvan viradyeBpa g £°° (X), KoL ELdN TO OUOLOUOPPO

10tav 0 X eivar petpucde ympoc, Tomucd cupwoyg Kat i ovurayng, 1o C, (X) etvon yvioro
Weddeg tov C (X). TRAPYOUV OUNG TOTKG CUUTTOYELG U1 GUUTTOYELS Ydpol X 0TOUG 0TTolovg
wyver C,,(X) = C,(X).



OPLO LETPNOLUMV OUVAPTNOEWY ELVOL LETPNOLUY GUVAPTNOT, N £°° (X)) elvan G-
veppa Banach, popavmg HeTadeTikn Kol e Hovada. (ENUELMOE OTL UEYPL TWPOL
N VITOPEN TOU UETPOU 11 SEV ETTAUEE KAVEVQ POXO).

O¢Tovue
N(X,p)={f € L£>(X): f=0pu-oyedov mavrov}

Kau topatnpodue ot 1o N (X, u) eivor 1deddeg e £°°(X), dmhadn av [ €
N(X,pn) kaw g € £°(X) wote fg € N(X,p). Enerar evkola 0Tt 0 (dpog
NALKO
L (X, p) = £L2(X)/N(X, p)

elva alyeBpa. Emiong To opoldpoppo 0pLo i-undevikmv ouvapTioemy elvoL i-
undevikn, apa 1o N (X, ) etvon ||| oo -Kheroto demdeg e £°°(X). Emopévag
M VOpUO TNALKO glval TIANPNG VOPUA OTOV X(DPO TINALKo. Ouuilom Ot 1 vopuo
mnixo .|, opiletan amd Tov Timo

If + Ny = d(f,N) = inf{[f = gl : g € N}

Amoderkvietan (Goknon!) otL, av Bgoovue

[flless = mf{A>0: pu({t € X = [f(t)] > A}) = 0}

Yo f € £°(X) (o ‘ovouddeg ppdypa’ mg f) te | f| .5 = [If + N, Towri-
Covue ovvnbmg wa f € £°°(X) ue mv khaon mg f + N, Ko avogepouaote
otV alyeBpoa Banach (L (X, i), |.|less) TOV OUOLOIDG QPAYUEVOV UETPNOL-
uwv ovvapmoenvi. Mahota 1 vopua g L= (X, i) ovpforiletar ouvidwg

[-loo oveiyio | css-

2.5 H alyeppa. Tov diokov

Botw T ={z€C:|z| =1},D = {z € C: |z] < 1}, ko (C(T),|.Ily) n
ahyefpa Banach tov ovveydv cuvaptoeny [ : T — C. Aéue OTL piao oLvap-
mon f € C(T) avikel oty aryeppa tov diokov A(D) av 1 f enexteivetol oe
ulo ouveyn ouvédpon f : D — C, mov elvar ohdpopen 6Tov ovolkTd dioko D.
[Mopadelynotog apLv, KAOE ouvapPTNON P TNG LOPPNG

n
p(ew) _ Z akeike
k=0

2 Mia petpriomn owvéptnon f : X — C Aéyetol ovotwdmg ppayuévn av || fll... < oo.
K&6g ovolwdmg HeTpnoLin ouvaptnon elvor oyedov avtol 101 (e (e PAYUEVT] LETPTOLY OV-
VAPTNON).



omov ay, € C, avnker otnv A(D). Tétoleg ouvaptnoelg AEYovToL avaAvTikd ToL-
PWVOUETOLKA TTOAVDVUUA.

[Mapatnpotue ot av f € A(D),
| £+ := sup{|f(2)| : z € T} = sup{| f(2)| : z € D} = | flp

amd ™Y apyy Tov peyiotov ( [, 6.49). ‘Enetan edukdtepa 6L 1) enéktoon f
glvoL LovodLk (av vITtapyeL).

Etvan gpavepd otim A(D) etvon veahyeppa g C(T). Ioyvptlowon 0Tt elvon KAEL-
ot vrtalyeppa. Mpaypot, éoto {f,, } pia faotkn akohovbio otnv A(D). Amd
TNV 0P TOV UEYLOTOV ETETAL OTL

1o = Tl = 1 = fun v

ETOUEVIG 1] oKohovOila { fn} ovykAiver opolduoppa oto D oe pla ouveyn ov-
vapon g. Ao 1o Osdpnua ovykiong tov Weierstrass ( [8], 6.4) €metol 0L 1
g €lvar oAOpop@ otov avolktod dioko D. Apa av f = ¢g|T, tote f € A(D) ko
pepona || f,, — fllr — 0.

"Eneton 6L A(D) elvon ahyeBpo Banach, kou Befaimg eivor petabetikn ko gxel
uovada. Iapatnpnoe 0t 10 oUVoro P, TWV AVAMTIKOV TPLYOVOUETPLKDV TT0-
Mwvipmv atotelel viddyeBpa g A(D). Toyvplfopat OTL glva TUKVY VITdAye-
Bpa, dnhadn otLkabe f € A(D) mpooeyylleTal 0mo aVOlUTIKG TPLYWVOUETPLKL
TOMVDVUUOL, OUOLOUoPQa 0To T.

AmodeIEn.
Hagationen 1. 'Botw f: D — C ovvexiig, 0 < p < 1. ©¢tw f,(2) = f(pz).

T(:)‘ES limpflﬂfp — flg = 0. Ipdyuat n f elvor opoLdpop@a Guveyng, apa yia
KaOe £ > 0 vrapyer 0 > 0 ®oTe

zy2weD, |z—w| <§=|f(z) — fw)| <e.

Emopévag, av 1 — p < §, 1ote yia k60e 2 € D woyvel |z — pz| < 6 dpa

[fp(2) = F(2)| = [f(pz) — f(2)] <e.

agationon 2. 'Botw f € A(D). Tote yuakabe p € (0, 1) novvdpon f, eivar
olopopgn otov dioko D, = {z € C : [2] < 1}. Emouévwg éxel duvapooelpd n
omola ouyKhivel opoldpoppa ota cuusayh vroovwvora tov D, dpa kou oto T.

Avioutov f € A(D) kaw e > 0, emhéyovpe, and v [Mapatnpnon 1, p € (0,1)
wote || f, — fly < £/2. And mv Moaparpnon 2, vTdpyer avalVTIKO TPLYWVO-
uetpLko6 molvovupo p oote | f, — plly < €/2. Emouévog | f — ply < & xoun
amodelEn etvon TAnpng. O



2.6 H alyeppa Banach (¢1(Z),]|| - |, *)

Elvaw yvwoto 0TL 0 Ymwpog

k=+oc0

2 ={a= (ap)nez: Y lapl < oo}

k=—oc0
elval yMpog Banach wg tpog tv vopua |.[; omov

k=+oco

lady = D laxl.

k=—o0

Ave,, € (1(Z) eivon n axorovBio wov €xel povada oy B£omn n Kar puNdEV oTIG
vrolouteg, o £1(Z) eivar v Khewot| ypauukt OMkn tov owvorov E = {e,, :
n € 7} (wéhota 1o E eivon fdon Schauder tov £1(Z)). To E yivetar (apehav)
opado (Loopopen ue ™V Z) av epodlaodel e Ty Tpakn * Omov e, * €,, =
€1t - H TTPAEN 0UTH EEKTELVETAL YPOUUKS TNV YpouuLKY) 6Nk ¢, (Z) Tov
E:

Avtaa =) age, Ko b =Y bye,, elvon memepaouéva abpotouata, BEtovue
a*b:E E apb.er xe,,
k m

KoL Tapampovpe 0t axb =3 cpe, 0movc, =3 apb, .

MopoUpe Vo ETTEKTELVOULE TNV TTPAEN * TNG GVVEMENS (convolution) otov ympo
01(2), eite mapatnpdvTag OTL ElVOL GUVEXTG WG TTPOG TNV VOpuA. ||.[ 1, elte amev-
Oeiog og eENg: av a,b € £1(Z) opiLovue v axkorovbia ¢ = (c,,) = a * b amd

™V OYEoN
k=+o0

¢, = Z apb,,_ ne’

k=—o0

(M oeLpd oLYKALVEL 0TTOAVTA YLOTL N (@), ) ELVOL OTTOAUTO 0OPOLOLULY Kat Yo KOOE
n € Zn (b,,_;) evar gpayuevn). Mpémer va derybel 6t  (¢,,) aviker otov
Y(7). Tpbrynam,

Dolenl = 1D arby il

n n k
ZZ‘CLM-‘bnw’:Z|ak|2‘bn7k’
n k k n

= alli-ol

IN



07OV 1) EVaALOYT TV 00 0OPOLOEMV ELVAL ETTLTPETTY), CLPOV TPOKELTAL YLOL OEL-
pEg BTV Opwv, Kau 1 Tehevtaia womta wyder yiom 35 (b, i =3 [b,|
v k&0 k € Z. 'Brol amodeiydnke cvyypdvog ot c = a * b € £1(Z) xar dm
la*blly < llaf, [l

H 7pooeTouplotikn ot Ta TG CUVEMENG ATTOSELKVVETAL WG EENG
(ax(bxc)), = Zak(b *C)pk
k

= Zak(zbn—k—mcm :Z Zakbn m)
k m
= 3@+ B = (@55 ),

m

H emusptoum'] WLoTTa TG vaéhgng G TTPOG TNV TPOGOEDT) LOYVEL TETPLU-
uéva, emopévag amodeiydnke 6t n (1(2), |||, *) eivar &hyeppo Banach.

(axb), Zakbn k—Zan _jbj=(bxa),

deiyver 0TL M ahyePpa eivor petadetikn. TENoG, ELEyyeTOL AUETT OTL TO GTOLYELD
eq 0mov (eg),, = 0, ¢ Elvan Hovada g dhyeppag.

H oygonm

HMopamypnon. H dhyeppa (£1(Z),*) dev eivar GhyePpa cuvapToewy, YLt
0 TOMOTAAOLAONOG SEV ELVOL TO KATA ONUELD YIvOueVo. OTmG TUPOTNPNOULUE,
0 TOMOTACOLOOUOG * OPLoONKE UECW TNG akysﬁpmﬁg doung tov ‘cuvorov det-
KtV Z. Zt0 Hapaéewan 8 0o ‘avamapactioovue’ myv (£1(Z), .1, *) wg &h-
YEBPOL OUVAPTNOEWV.

Mutopet va. ehéyEel kaveig evkora (Goknon) 6t o yopog (£1(Z),|.|l1) (kow ye-
vikotepa, o /1 (T)) yiverar uetadetikn dhyeBpa Banach pe to katd onueio yuvo-
UEVO, 1] OTToLaL OUWG deV €xel wovada. H dhyeBpa outh dev elvar LoOUop@), wg
dhyefoa, ne ™y (£1(Z), *) (evar oL vroketpevol ympot Banach tovtifovton).

2.7 H dhyeppa Banach (LY(T), || - ||;, *)

O ydpog Banach (L1(T),|.|;) twv Lebesgue ohokAnpdoiumv ouvapt\oemy f

T — C ue vopuo
£l = o= / eit)|dt



yivetou uetadetikn aiyeppo Banach ympig povado av epodiaobel ue v ovve-
MEN

(Fea)e) = o [ rteriglete-as

H amddelEn agnvetor wg Aoknom.

Mopatipnon Tevikotepo amoderkvietor 0T, av G €lvol TOTKA CUUTTOYNG
oudda, opitetarn dhyeppa Banach L1 (G), omou 1 ohokMipmon yivetow wg mpog
10 Aeyouevo petpo Haar. H ahyefpa autn) elvor petadetikn av KoL uovov av 1
G elvar afehove), KoL el Hovado av Kol Hovov av 1) tostoloyia e G elvon
N SwakprTn). H pelétn g GAyeBpag auTg OITOTELEL AVTLKELUEVO TNG AEYOUEVNG
‘APNPNUEVNG OPUOVIKTG AVAAVONG .

2.8 H ahyeppa tov Wiener W q A(T)

[Tpoxertar yio 1o ovvoro W tmv ouvapThoewv f TG HopeNG

k=+o0

f(t) = Z aget*t t €0, 2]

k=—o0

omou Y- |ag| < oo. Bmewdn [e'F = 1 yiakéBe t € (0,27, 1 oepd 3, aze™*
OVYKALVEL QITOMUTOL KOl OUOLOUOPPA MG TTPOG ¢, pa 0PLLEL GUVEYY GUVAPTION,
dMhadn o ywpog W elvar vitoywpog tov ympov Banach  C([0, 27]). Agv givon
OpwG KAELOTOG G TTPOG TNV VOPRA. |. [ o (GoKMOM).

Agv glval GUECHS PavePO OTL 0 W elval KAELOTOG G TTPOG TO KATA ONUELD YLVO-
wevo, ot etvan dnhadn vtahyeBpa e C ([0, 27]). Avtd amoderkvieTan wg eEng:
Av f(t) =30, ape™™ xaug(t) = 37, bye™ ™ eivar dlo otoyeia tov W, tote

st = (Soue) (Saemt) = 5 oo
k n kE n
) T o) S SRS P
k m m k

m

(M evalhayn Tov 0OpoLoEmV LvaL ELTPETTY AOY® AOMVTNG ABpOoLoLUOTNTAG).

Emneldn), omwg dei€ape oto Mapaderyna 2.6, 1 akohovdia ((a * b),,, ) elvar amod-
AvTo aBpoloun, £mteton OTL To (KOTa ONuEeLo) yivouevo fg avnker oto W.

Ynueioon. To yeyovog Ot ko to anAiko f/g, otav opiletan, avnker oty W,
amodelyOnke mpwta omwd tov N. Wiener. Mio ol 7o aueon omodel€n, mov



860nKe amd tov 1. Gelfand, amotéheoe wla amd TLg TPMTEG EMTUYIES TNG (VEQG
t0TE) OEWplag TwV alyePpdv Banach.

OL OUVTELEOTEG a, TNG OELPAG KaBoplZovTal Hovadikd asd v f, yLott

1 271
% fzntdt Z ak / e—tn—k)t g4 — a,

Y10 kGOe . € Z (pNOWOTOiN G TNV OUOOUOPEY OVYKALOY TG 0e1pdG). Ot ov-
VIELEOTEG avToL Aéyovton ovveeheotég Fourier g f kaw ovuforilovrar f(n).

Emopévog 1 ametkovion

W — 01Z): f — ]

(f( ))nEZ

(0 ‘uetaoynuatiopdg Fourier’) etvar 1-1 xou exti. Elvou mpogavag ypoguui, Ko
delEaue TPONYouuEVIDS OTL Elval Lop@pLouds, dSnhadn ot f.g = f * g.

Av howtdv egodiaoovue v W ue v vopua |||, 0mtov
£l = > 1F (k)
i

torsn (W |-l ) YiveTon toouetpucd wwdpopgm pe v (£1(Z),||.|1, *), ko eo-
UEV(DG YLVETOL akyeﬁpa Banach.

2.9 H ahyeppa B(X) tov telestov ¢ €vo yopo Banach X.

Eivauw yvooto ot 1o 00voro
B(X) ={T € £(X) : T ovveyns}

TV YPOWUK®OV Kot ppayuévov ametkovioenv T @ X — X osotehel yhpo
Banach av £@odiao0el pe v vopua

IT] = sup{[|T€]| - € € X, Jl¢]} < 1}
Emtiong etvan vtahyeppo e ahyeppog £(X) Ohwv TV YPOUIK®OY OITELKOVL-
oemv Tov X 0TOV €0t TV, Kat tkovorotel v avioomta (1). TIpdyuott, ov

T,S € B(X) tote yuo ke € € X gyovue

(T o SYON = 1TSENI < NTIISE < ITI-1SI-1€]

10



ETTOUEVIG 1 YPOUWKT] ATtetkovion T o S elval Qpoypev) Kot WaAOoTo, TALPVO-
VIO supremum g Tpog & 0TV uovadiaia ogaipa Tov X oty tponyovuevn
AVLOOTITOL TTPOKVITTEL OTL

|7 S| < TS|

npayna ov detyvel ot 1 aiyefpa (B(X), |||, o) elvan dhyeBpa Banach.

H dhyeBpa auth €xel povada, Tov TAVTOTIKO teheot) I, 0AAG dev elvanl TOTE
uetabetikn, extog av dimX = 1. Tpaypatt, av o X €lvol HovodLaoTtoTog, TOTe
KAOE YpopuLKy atetkOvion 6tov X avTLoTOLYEL O EVOV YOdLKO apLBod, eoue-
vog 1 B(X) etvon toopopen pe 1o C, apa petadetikn. Lo to avilotpopo, vode-
TovuE OTL 1) S1A0TaoN TOU X ELVOL TOUAAYLOTOV 2, Kait eTTAEYOUUE SVO YPOUULKE
aveEaptnto davidopata &, n otov X. And 1o Oewpnuo Hahn-Banach vrapyouv
€ € X* e £(6) = 1, £°(C) = 0 y1at ke € ¢ [€] wew () = 1, 77(C) = 0
yia Ka0e ¢ ¢ [n]. Av optow T'(¢) = £*({)n kow S(¢) = n*(¢)&, ov tekeotég T, S
elvar ppayuévol kar T'(S(n)) = nevar S(T(n)) = 0.

Mopoatipnon. Méow tov teheotwv 1,5, TS kar ST umopel Kaveig va de
OTL oplleTon o odyepikn epgutevon g ahyeBpag My (C) tov 2 X 2 wya-
dikdv mvakwv oty B(X). Me v idia. uebodo pmopet kavelg va dei&et 0T, oV
dim(X) > n, 1o1e 1 ahyeBpa M, (C) eugutedetar oopop@ikd ot B(X).

3

3.1 Ka0e ahyeppo Banach dpa oe ydpo Banach

Kda0e kherotn vahyeppa g dhyeppag Banach B(X) tov gppayuévmv teleotdv
o’évav ympo Banach X eivar ahyefpa Banach. @a dei&ovue OtL, aviiotpoga,
KaOe alyeppo Banach pmopel va “ovamapaotadel” 6’autny Ty popen.

Opwonos 3.1 Eotw A dhyeBoa Banach. Mo avamoepaotoc) 17 Tepd.oTooy T
e A o’évav ydoo Banach X elvau évag uoogiouds m : A — B(X) (dnladin
o ametkovion wov dtatneel abpoicuata kot yivoueva). Av n A Exel uovada,
ovvibwg araitodue (1) = I. Mia avaraodotaon ovoudietar moty av elval
1-1.

Oeopnua 3.1 Kdbe dAyefoa Banach Séyetau ulo toouetoikn (doa motn) ava-
TAQAGTAOT G€ KATOoLoV Yoo Banach.

AnoderEn Ot X = A @ C ko ||(z, V)] = |z|| + |A|. Etvaw edkohro va deiEet
Kavelg 0tL o (X, |.|) etvon ywpog Banach. Av x € A opilw Tov teheot) 7(x) :

11



X — X amd v oygon
m(x)(y,A) = (zy + xA,0).
Elvau govepd Ot 1) atetkovion m(x) elva YpouuLK, KoL elvoL Qpayuév yuotl

Iw (@), M = I(zy + 2, 0)] = |zy + Al < Jzy| + [=A]
< el dyl+ 12D = l=[1(y, M-

Eopévig £xoupe OPLOEL 0L OITELKOVLOT)
m: A— B(X):z— 7(z).

H empeplotikn oo deiyver 0t w(z + y) = 7(x) + m(y) Kow 1 TpoceTon-
protkn detyver ot w(zy) = 7w(x) o w(y) yia KaOe x,y € A. H 7 elvan dnhadn
HOPPLOUOG, kat 1) TTponyotuevn aviootnta detyvel ot |r(x)| < |z|. Emuthéov
g éroue |m(2)(0, 1)] = |(z,0)] = ], dpot rehucs

[m ()] = [l

Emopévog 1 7 elvol TpayuorTL (e LOOUETPLKY apdotaon g A otov X. O

HMopatypnon 1 O xhewotog voywpog X; = {(z,0) : € A} tov X givon -
avalroiwtog, dradn 7(z)(X;) C X; yua ke x € A. Emouévog av Oeoovue
m () = m(x)| X, 1018 7, () € B(X;) Kow 1) ametkovion 7, lval wia Topd-
otaon ™G A otov UkpdTepo’ xmpo Banach X . Avn A éxel povada, T0Te Ko 1
4 VAL LOOUETPLKT (apa ToTh). Av Oumg 1 A dev £xeL Lovada, elval duvotov
N 7y Vo uny etvan ot (Y. otov xy = 0 yuo kabe y € A, tote my (x) = 0).

Mopatipyon 2 H tapdotoon mov Kataokevdobnke oty amodelEn tov Oc-
wpnuatog dev etvan ot et g B(X) (EKTOG ATd TNV TETPLYUUEVT] TTEPLITTWOT)
A = C). Zmyv nepimtwon X = A @ C, autd QULVETOL AUECNHG OTTO TO YEYOVOG
onm(z)(X) C X, yuo ke x € A. AMG KO 0TV TEPLTTOON TNG T4, UWTOPEL
KOVeLg tavta vo Bpel Katodnha z € A, y* € A* wote o teheome T € B(X;)
omov T'(2) = y*(2)z (2 € A) va unv eivan g popeng T'(z) = w4 (w)z Yo
Kamow w € A (Goknon).

EwWwodtepa av A = M,,(C) = B(C™), o ydpog B(X;) £xel didotaon n?, evd
n A éyeL dudotaon n2.

OL TOPUTNPNOELG QUTEG SELYVOLY OTL 0 XMPOG X TTOV ETUAEEAUE ELVAL EV YEVEL
7oA “pueyahog”. Etol to @ehpnua £xel mteploootepo Bempntikn ala wopd mpa-
KTLKY YPNOLUOTNTO. AV S0OEL PLot CUYKEKPLUEVT] GAYERPOL, EVOLOPEPETOL KAVELG
TOAMAEG POPEG VO. BPEL TOV “ULKPOTEPO” X DPO OOV UTOPEL CUTY) VO dPAOEL (0TO
TEAEVTOLO TTOPASELYILOL O YMPOG AVTOG elval Tpogavdg o C™ kaw oyt o B(C™)).

12



3.2 H povadomoinon

‘Onwg Ba dovpue ot cuvereLa, 1 wovado oe wa ddyeBpa Banach woillel ol
ONUOVTIKO POLO. TTAPYOUV OUMG TOAD EVOLOPEPOVOES UAYERPES TTOV dEV EYOUV
Hovada. Mia oty KATOOKEVT ETITPETEL TTAVTOL VO, ‘ETLOVVATTOVUE” OVAST. 08
wia dhyeBpa. H dLadikaolo auth emiTpemnel TOAESG oPEG (OAAG OyL TTAvVTA) TNV
AVayOYN TOV TPOPANUATMV TTOV AopovV AAYEBPES XWPLG LOVADQ OF TPOPAN-
UOTL OAYERPMV 1e HOVAada.

Av A givon pia dlyeBpa, opitovue A, = A @ C. O yopog A4 yiveton ahyeppa
av oploovue

(2, My, 1) = (zy + My + pz, ) w,y € A, A\ peC.

H A, éxer povada to otouyeto (0, 1). Eréyyetar aueoa ot 1o ovvoro {(z,0) :
x € A} evor yvnolo Wemdeg g A, Kot LAAoTa Heytotko (dnh. dev vrdpyet
A0 YVNOL0 LOEWOES TNG A TTOV VAL TO TEPLEYEL), AoV el auvdlaotaon 1. To
1OeMdEC AVTO £LVOL LOOLOPPO, WG ArYERPX, Le TV A. (ENUELWOE OTL, AKOWOL KOl
av 1 A gxeLndn povada 1, ) A elvan yvioLo vtoovoro G A4, KoL T0 GTOLXELD
(1,0) Sev elvauw uovdda tng Aq).

OpiZovue wia vopua | - | oy A4 0md tov THmo
Iz, Ml = ] + [Al-

Onwg eldape ko oty apdypago 3.1, || - ||, etvan tinpng vopua oty A .
EEaAhov gxouvue

Iz, N)-(y, )l = (zy + Ay + pa, A, = |zy + Ay + pa| + | Ayl
Izl + Ayl + etz -+ Al gl
(] 4 IAD Clyll 4+ Teel) = 1, My )5

emopevagm (Aq, || -||1) etvar ahyeBpa Banach. Tehog, emeldn ||(z,0)| = |z otav
x € A, euputevon g A oty A, €lVOL LOOUETPLKT).

IN

AelEope howdv ot

Mpotaon 3.2 KdOe dAyefoa Banach A eugputetetar toouogpikd Kot tooUe TOUKA
WG UEVIOTIKO LOewdeg o€ uia alyefoo Banach A ue uovdada. H Ay Aéyetau 1
uovadomoinon tng A.

Moparipnon H emhoyn g vopuag oty A, dev etvar povadikn). Hapadely-
LOTOG Y APLV:

13



Ipéraon 3.3 Av i A dev et uovdda kaw  eivar e LOOUETPIKT TaQdoTAG
g A oe kdmotov ywoo Banach X, téte n A4 elvar toduooen, we diyefoa, ue
v vadiyepoa B := n(A) + CI tng B(X), uéow tng arxetkdviong

(x,\) — 7w(z) + Al
Av dowrdv ‘uetagpéoovue” tnv végua tne B C B(X) otnv A, Oétovrag
Iz, Ml = m(z) + M|

16t N | - | €lvon wila véa véoua otnyv A, 1 omoia elvar teodvvaun ue tnv | - ||

An6deiEn O 7(A) eivor Tnpng, apa KAewoTog vtoywpog tov B(X) ko I ¢
w(A). Av ovopdooupe § v (Betikn) amootoon tov I and tov 7(A), mapotn-
povue OTL

[m(x) + M| > A6  yakaBe (z,N). (*)

Enopévag av m(z)+ A = 010te A = 0 ko ovvenog 7(z) = 0 apa z = 0. Avto
detyver ot | - |, etvan pdrypatt vopua oty A .

=
Emtiong, av wa akohovdia (y,,) (0mov y,, = (z,,, A,,)) CUYKAVEL WG TPOG TNV
[ -l TOTE Ao TNV aviooTTa (¥) mpokvmter 6T N (A,,) elvon Paoikn (oto C),
apa xoum (r(x,)) = (7(y,,) — A\, 1) evon Baowkn oty B(X), Ko GUVERHOG
N (x,,) (eivon Baoikn, apa) cuykhiver oty A (0ol 1 T elVaL LOOUETPLEL), PO
TEMKA 1 (Y,,) OLYKALVEL oG TTpog TV || - ||; -

Avtiotpoga, o o akohovdia (1, ) CLYKMVEL WG TTPOG TV |- ||, TOTE GUYKALVEL
Kot ¢ Tpog ™V | - |-, OTwg mpokimTer amd Ty ovicoTTaL

I
() + M| < [w(@)] + (Al = [z + Al = G, Al -

Suvendg ot 800 vopueg || - . ko | - |, otmv A4 eivan 1oodhvopues. O

SNV TEPLITTWON TTOV 1) T ELVOL 1] TTOPAOTAON TTOV KATAOKEVAOONKE 0TNV TOPA-
ypago 3.1, n vopua || - || . etvar oty porypoatkoTTa tom pe my || - |1 . Trapyovv
PG TEPLTTOOELS, OTTWG B dovue apyoTepa, Omov dleg emhoyeg TG | - | €l
vau 1o xpnowpes. Mapadetypatog xapwy, av N A givar GAyeBpa TeEAeoTmV, TOTE
1 PUOLOLOYLKT| ETLAOYT VOPUAG 0TIV Hovadostolnon etvar 1 | - . 6mov 7 1 tawv-
TOTLKT) TAPAoTaon TG A.
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4 H opnddo TOV AVILOTPEYINMY GTOLELOV

"Eotw A ahyeppa ue povada 1. ‘Eva otorgelo = € A AEYETOL AVTLETPEYLNO OV
vrapyeL y € A wote zy = 1 = yx (kow oL Vo 1odTTEG Elval avayKaieg). To y,
av VIapyEL, elval Lovadikd kar ovpporitetar 2. To oUvoro Twv avILoTpei-
LV otoLyelwv ™G A etvan (ev yever un afelioviy) opdda (g TPOG TO YLVOUEVO)
Ko oupBoriZetan Inv(A).

ZT0Y0G QAUTNG TG TUPUYPAPOV ELVAL VO OTTOOELEOVUE OTL TO GVVOLO TWV CVTL-
OTPEPLUMVY OTOLXELWV wag alyePpac Banach A4 pe povada etvor avouktd viroot-
VOAO TG A Kol OTL ATOTELEL TOTTOMOYLKT] OUASO (OTNV TOTTOMOYLAL TNG VOPUAG).

To amhd aAhd Bepehmdeg Anupo 4.1 Tov axolovbel deiyvel OTL, 0 wa Ghye-
Bpa Banach, ka0e yewuetpikn oelpd, pe ‘AOYo’ IKpOTEPO OTTO EVOL, OUYKALVEL.
H amtdde1lEn ¥ pNnoWOTOLEL TV EVVOLAL TG ATTOAVTIG OUYKAONG. Ouuilm Ot pio
oepa Y. x,, o’évav xmpo Banach ovykiiver amdlvta €€ oplopol 6tav 1 oelpd
wn opvNTKOV opduav > [z, | cvykiiver. Mid amthn epappoyn e TAnpoTn-
TOG SELYVEL OTL, OV 0L OELPA OVYKALVEL OTTOAMVTOL, TOTE GUYKALVEL.

Ajupa 4.1 Avz € Ak ||z < 1 téte 10 (1 — )~ vadoyer

(e o]
Ano6derEn Eq’ooov ||z < |lz|™ xau |z| < 1, elvouw cagég otu ) oewpd > x™

n=0
ovykAver aorvta. ‘Botw y o aBpotoud tg. apoatnpovue 6t

1—2"*! = (1—2)(1+a+a? 423+ 42") = Q4r+a?+a3 4. +a™)(1-1).

n+1

Kabmg n — oo, éxovue © — 0 eTOUEVOG

1=1-2)y=yQ1—xz)
TPAYUOL TOV SElYVEL OTL TO Y ELVOL TO OVTLOTPOQo Tov 1 — . O

To ANupo. TOMEG POPEG SLATLITMVETAL LOOdVVOUE WG EENG:

“Av |1 — a| < 1 tote T0 @~ vGPYEL”

Ozopnua 4.2 Eotw Inv(A) to 60volo Twv aviiotoé v atoryelwv wds di-
vepoag Banach A. Tote

(i) To avvodo Inv(A) elvaw avoktd,

(ii) n amewdwvion b = b=t : Inv(A) — Inv(A) eivou cvveyric (doa ouotouoo-
@LOUOG).
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An6deiln (i) pémer va det€ovpe 6tL av a € Inv(A) T0Te, Y10 KAOE 2 ue apkeTa
wkpn) vopua, el a + x € Inv(A). Tpagovue a + = = a(l + a 1z). And 1o
Anupa 4.1, av |a=tz] < 1 tote 10 (1 + a~ ') eivow aviiotpéyuo, Gpa kot to
a + x glvar avuotpéyyo. Exopévag av |z| < 1/|la™t| tote a + x € Inv(A)
KOl GUVETTMG 1) ovoLKTY) Wtdho pe kEvrpo a kaw aktivo a1~ mepiéyetar oto
Inv(A).

(i) AvTO elvar Gueco amod To eduevo Anuuo
Aupa 43 Avb € Inv(A), y € Axa |y| < 2o~ )71, té1e b —y € Inv(A)

Kot
[(b—y)~" =7 < 2072 ]yl

Am6deiEn Emedn [yt < |yl|b~ 1] < 170 1 —yb~ ! eivar avuiotpéyipo, dpa.
kw10 b — y = (1 — yb~1)b eivar avuiotpéypo. ‘Exovue

b=yt =bt=bHA—yb )t 1)

AM\G -
(L—yb ) =D (o )"
n=0
apa
b—y)t=bt =071 (o )"
n=1
ETTOUEVG
. = 1gm ety b T
65— < S db 1 = ot <ot
o1

vt 1 — [lyb~ | > 1. 0

5 To @aona

5.1 Opopoi ko Bookés 1dLOTNTES

Av T glval ypouukog TEAEOTNG O'EVOV YPOUULKO YmPo X TETEPAOUEVNG SLAL-
otaong, 10te to ohvoho o(T) = {A € C: A\ =T ¢ Inv(B(X))} eivau 10 6voro
TV WTR®vV tov T, dnhadn To 6Voro TV PLLOV TOV YaQaKTNOLGTIKOD TO-
Avwviuov det(A — T') tov T. Ezteldn) o ywpog X elva, 0mmg gxovue €€ apyns
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vo0EoeL, uyadikds, Emeton oo to Osusddeg Osonua tng dAyefoag OTL TO
o(T) dev glvar Kevo.

OL OVALOYLOUOL OUTOL BEV YEVIKEVOVTOL GUECT. O OTTELPOILAOTUTOVS YMPOUG,.
[Mpohra-mpmta, 1 “opllovoa” evog teheotn dev £xel Evvola. ev yével. Emiong opwe,
TO 0VVOLO TV LOLOTLUDV EVOG TELEOTI| WTOPEL VAL ELVOL KEVO:

Mopaderypo Av X eivar o ydpog Banach C([0, 1]) xou M eivan o teheoTng mov
opiletar amd v oxeon (M f)(t) = tf(t), f € X, tote 0 M glvan @payuevog
TEAEOTNG KO eV £xEL LOLOTUEG. AV OUG OPLOOVIE

o(M)={NeC: X[ - M ¢ Inv(B(X))}
10t 10 0 (M) eV elvan kevo (Lahota LoovTon pe to cupoyeg [0, 1]).

(OL 0t0dELEELG TWV LOYVPLOUDY OUTMOV APIVOVTOL OTOV AVALYVMOTI.)

Oa dei&ovpe OtL to Paoua o (1) kaOe ppayuévou teheotn T 0’eévav ympo Banach
ELVOL TTOVTO, U1 KEVO OLUTTAYES VITOoVVOLO Tov C.

Opwonog 5.1 Eorw A dAyefoa Banach ue uovdda kaw x € A. To @aoua o(x)
0V T €lval T0 6VVOLO

o(x) ={A e C: A1 —xz ¢ Inv(A)}.
Av n A dev éyel uovdda, téte 10 0(x) 00lGeTOU GTNV LOVASOTONGY

olx)={AeC:\1—z¢Inv(A")}.

Moaparypyon Av A eivor diyeppa Banach ywpig povada kaw z € A, tote 0 €
o(x) (ywotis).

Oeopnua 5.1 To pdoua kdbe ororyelov a tng A elvow un kevé cuvumayés vmo-
ovvolo tov C.

An6d1En Xwpic BAAPN TG YEVIKOTNTOG WTopolue Vo, virodoovue otLm A £yl
uovada.

Agtyvouue mpota ot to o(a) etvon gpayuévo. Mpayuat, av |A| > |a] tote
[Atal < 1 dpa amd To Afpupa 4.1 10 A1 —a = A(1 — A" La) éxer aviiotpogo.
Emouévog 1o o(a) mepiexeton otnv KAL) praia pe Kevrpo 0 ko oktiva ||a.
Agiyvoupue THpa OTL T0 CUITANP®UE Tov o (a) elvar avolkto. Av A ¢ o(a) tote
Al —a € Inv(A). AMG to Inv(A) eivor avolkTo (4.2), eopuevmg vtapyeL € > 0
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wote ke b € A ue [b— (A1 —a)| < e va aviker oto Inv(A). Apa av |p—A| <
e tote ul —a € Inv(A) ondte p ¢ o(a). (AN amode&n: 1o C\o(a) eivon
GVOLKTO YLOTL ELVOL 1] AVTLOTPOQPY ELKOVOL TOU 0vOLKTOU ouvolou Inv(A) péow
™G oVVEYOVG OVVAPTNONG A H A1 — a.)

T va dei&ovpe 6t o(a) # ) mapatnpodue tpdTa OtL ov A, 1 & o(a) ToTE
M —a) ' —(ul—a) ' =(Hp-NA—a) (ul—a)*

(roAhomhaotaoe kou ta d0o ueln g wotntog ue (A1 — a)(pul — a), Tapotn-
pOVTaG OTL OAoL oL Opot petatiOevan).’

"Eotw topa ¢ € A* (0 duikdg tov ympov Banach A).
O¢tovpe f(A) = ¢[(A1 —a)1].
H f opiletar Kou glvar ohopopen oto avorktd ovvoro C\o(a) ywatt to 6pLo

’ . . f(ﬂ) - f()\)
Fy = lim .
o (1l —a) ' —(A\1—a)!
- ane ( s )
= lim ¢(=(\1—a) "' (u

RSP

= —o(1-a)?)

- >
|
IS
V\
A
S~—

vrtapyet. Moapatnpnoe 0t 80 (Kot ToPAKAT®) XPNOLUOTOLOVIE TNV CUVEYELD
™G avTLoTpognG (Anupa 4.2 (i) Kabwg KoL TV OUVEXELN TG @ .

Av 1o o(a) Ntav kevo, 1 f Oa Nrav akepara. EEdAiov

i = i 5o [(1-5) ] o,

Emopévog 1 f o ftav akepona Ko @poyuevi), apa otadepn amd to Bempnuo
tov Liouville ([8], 5.13). Epooov paiiota €xer 0plo 0 kabwg |A| — oo Oa enpemne
va undevileton ovton. Ao to Osdpnue. Hahn-Banach 6uwg vrapyel ¢ wote
d(—a1) # 0, dmhadn f(0) # 0, dromo. O

Enuelwoe OTL 0TV ATOSELED XPNOLOTOMNONKE KOTE OVoLmdT TPOTO 1) LITOOET
ot A elvan wyadikr) aGhyeppa.

Ocopnua 5.2 (Gelfand-Mazur) KdOe wyadikn Siouwpetikt) dhyefoa Banach ei-
Vo LGOUETQLKA Laopooen e to C.

31 oyéon ot ovoudletol TOVTOHTNTA TOV EmMAvovTa (resolvent identity).
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An6deiEn Ava € A, vapyel €va A oto o(a). AMG og pio Stoupetikn ahyepa
A, kaBe un undevikod otoryelo eivar avtoTpEPuo. Agol 1o A1 — a dev elvar
avuotpeypo, Oa wottar pue 0, dhadn a = A1. Exouevog 1 A amotelelton
ad moAhathaoLa TG povadag. Etvar oageg ot

lafl = A1) = [A|
KO 1] ATTELKOVION @ > A Otov a = A1 €Lvol LOOUETPLKOG LOOUOPPLOUOC. O

Moaparypyon H petadetikomro g ahyeppoag dev mpotmotifetat, oAl elva
£Vl 0ITO TOL CUIITEPAOUATA TOV OEWPNUOTOG,

H gaopoatikn aktive p(a) evog otouyelov a € A oplletal amd T oyeon
pla) =max{|A\|: A € o(a)}.
Enetan 0o v amrddelEn tov Oswpnuatog 5.1 6t

pla) < |al, (2)

KOWL 1] AVLOOTNTOL WITOPEL Va. giva yviota (L.y. 0tav a? = 0 tote o(a) = {0}, dpa
pla) = 0).
To paoua, Kol ETOUEVOG 1] POOUATIKY] OKTIVA, EVOG OTOLYELOV OpLLOVTOL Ko~
Bapd olyeBpukd. To emduevo Bempnuo eEKPPATEL TNV PACUOTIKY OKTIVOL OU-
VOPTNOEL TG VOPUOG, CUVOEEL SNAASON ULl KaOapa aAYEBPLKT] TTOCOTITO (UE ULOL
torrohoyik). H ekgppaon avtn Buuiler Tov thmo

1

— = lim |a,|*
R n—oo

yLoL TV aKTivae ovyKhong R g (aptBuntikng) dvvapooepds Y. a,,z™.
n=0

Ocopnua 5.3 Av A elvaw dhyefoa Banach kaw a € A,

pla) = lim o™

b= inf an
n

An6de1En Emeidn) mévra woyvet inf |a™|* < lim|a™|* < lim|a™| %, apket vo
del&ovpe OTL

1

(1) pla) <infla™|* wowén (i) Iim|a™|™ < p(a).
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(i) Av A € o(a) t0te Yoo kaBe n € N éxovpe A™ € o(a™) (8eg to Anuua
5.4 ov akohovBel) apa || < |la™|| (G)sd)pnua 5.1). Enouévwg A < [la™]|*.
TMaipvovtog maximum og pog A € a(a), éxovue p(a) < [la™||= yiokdOen € N.

(ii) Eotw ¢ € A*. Onwg oty amddelEn tov Bewpnuatog 5.1, 1 ouvaptnon
h(A) = A[(A1 — a) 1] opiLetan kau eivar ohduopgn oto C\o(a), dpa Ko 010
{X\: |\ > p(a)}. Emopévawg m ouvaptmon

o) =1 (5) = o —z0))

opiZetar kau glvar ohopopen oto {z € C : 0 < |z| < ﬁ} * Eneldi) o dplo
lir% g(z) = ¢g(0) € C, (to 0 eivor eTOVOLOING AVOUAALL VIO TV g, GpA) 1)
z—
g opileton kat elvar oAdpopgn otov dioko {z € C : |z| < ﬁ}, ETOUEVIIG
AVOTTTOOOETOL OE QUVOUOOELPQL

= i c, 2", |2 < L

= pla)

Ioyvoitouar 6t c,, = p(a™) yia kaBe n € N.
Mpaypot, yio |z] < m (< ﬁ) E¢povpe artd o Anuua 4.1 6T

o>
(1—2za)~ Z

apa, oo 1 ¢ ELVOL YPOUULKT KOL OUVEYTNG,

o0

9(2) = (L —za)™") = 2"(a™), |2 <=

= lal
O Ioyuplopdg £mTeTal THPA Ao TV LOVOILKOTITO TNG SUVAUOOELPAG YLOL TV ¢.

Emouévog n GSLpd ZOO 2" p(a™) ovykhiver (OXL uovov otav |z| < ” H ARG
Ka) otav |z <5 ) Korca OUVETELXL, VIO | 2] <5 ) gxovue lim,, , 2" ¢(a™) =
0. Etopévogm aKokovGLa QUTY) ELVOLL (POYLLEVT), 67]7\0167] v kabe ¢ € A* vrap-

xeL K () < 400 oote

[p(z"a™)| < K, (2) yio Kabe n.

YEdd Bérovpe L = +o0 étav p(a) = 0.
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A7t 10 Oedpnua Opotopdppov Ppdrynatog ([9], 3.42) ovumepalvoupe OTL VITAP-
xeu wa otabepd K (z) (aveEaptin g ¢) T€tola mote yio. Kabe n va toyvel
[z a™| < K(z), dnhadn

K(2)* , , 1
(Z|> v KaOe n, 0tav |z| < — .
z

pla)
Emopévag lim|a™ | < o kaBe |2 < s, omoTe

Jam | <

Tima™ [+ < pa)
Ko 1 artodel€n etvan tinpng. O

Hepampioeig (i) H vmopEn tov opiov lim |a™|# umopel va amodetyOei amev-
Betog amd v avicomra |zy|| < ||z|.|y| (doknon).

(ii) To Oempnua Tov amodeiEaue ovoudletar ovyva Oswpnua Gelfand - Beurling.
O A. Beurling @épeton 0Tt avaKaAPe TPHTOG TOV THTO THG PUOUATIKTG OKTIVOG
otV Appovikn Avalvon, eve o 1. Gelfand glvan avtog mov €dwoe v oodelEn
OTNV YEVIKT] TTEPLITTWON).

T v epimrwon g dhyeppag Banach L (T) o thmog g qpaopatikng axti-
vog Loodvvapel (0rtmg Bo dovue apyOTEPX) UE TNV LOOTNTO

1 27 ) .
lim / ™) (e8)dt = sup | F (k)]
keZ

0

. 1 27 . )
fio = 5o [ fletyeivtar
0
SV oddelEN Touv OemPNUATOG 5.3 YPNOLUOTIOOAUE TO
Aqupa 54 X €o(z) = \" € o(z™).
An6deiEn Eotw 0Tt A™ ¢ o(z™). Eyovue t0Te
(™ = A" Lz - A (2™ L+ 22+ LA ) =1

apa, eTELON OLOL OL OPOL UETOTLOEVTAL,

1 = [z =A@+ 27 2A + .+ A" H))(z — A1)
= (z—=AD)[(z™ = A" Lzt +an 20+ L+ An )L

H mtpdTn oot ta deiyvel 0Tt 1o £ — A1 €)EL ApLOTEPG AVTLOTPOPO KoL 1) deTepn
OTL &gl 8eELa avtioTpoo. Tuventmg (z — A1) € Inv(A) dnhadn A ¢ o(z). O
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5.2 EEaptnon tov gdonatos awd Ty alyeppa

"Eotw A GhyeBpa Banach pe povada kow B khewot) vradyefpa g A ue 1 € B.
'BEotw x € B. Av z € Inv(3B), tote Bépana & € Inv(A). To aviioTpopo Oumg
dev Loy VEL KaT avaryKnv:

Mopadevypo Eoto A = C(T), B = A(D) (TTapaypagog 2.5). Av x € B eivan
novvdpmon z(z) =z (2 € T),Wote 271 € A add ™! ¢ B, yuoti m (ouveyng)
ouwvapmon z — 21 (z € T) dev déyetar ohduopen ETEKTAON 0TOV dLOKO.

Emouévog av O¢oovue
oalx) = {AeC: Al —z¢Inv(A)}
oglx) = {AeC: A1 —z¢Inv(B)}

TOTE QITO TAL TPONYOVUEVQL ELVALL OOPEG OTL, OV - € B,

oa(x) Coplr)

Kow OTL gV YEveL dev 1oy Vel 1ot Anhadn kabng 1 B “uwkpaivel”, to o g ()
“ueyahwver”. Ouwg 1o sup{|A| : A1 — z ¢ Inv(B)} dev uetafarleton, yiotl
(OTwg @aivetan aTd ToV TOHTO TNG PACUATIKNG akTivag (5.3)) eEapTator uovov
amo ™V ||z, ko oL omd v B. Oa detovpe uahoto OTL To 0 () TPOKVITTEL
amd 10 0 4 () “yeuilovtag” kamoleg oo TG “Tplmes” Tov o 4 ().

Oa ypeLaobel £va TOTOAOYIKO Aupa. OuuLm 0Tl (CUVEKTIKT) CUMOTAOCH O
EVOLV TOTTOMOYLKO YMPO AEYETOL £VO. UEYLOTIKO OCUVEKTIKO VITOGVUVOLO TOV Y (DPOV.
To olvopo evog vitoouvorov V ouuforileton OV.

Aqupa 5.5 Eorw X tomoloykds yawoog, V.C W C X avouktd obvoia dote
OV NW = (. Téte to V elvau évawon cvvektikdv cuvviotwodv tov W.

An6deiEn Oa delEw ot KGOe ouviothoa  Tov W mov Téuvel to V mepLéyeton
o’avtd. paypat, av U = X\V, ta U, V eivar E¢va avolktd ovvoha Ko To 2
TEPLEYETOL OTNV EVOOT TOUG, YLOTL

QCVUX\V)=VUX\V)UJV =V UUUIV
aAa Q C W, apa QN AV = 0.
Aot 1o 2 etvan ovvektiko ko QN V £ (0, Ba woyver ot QNU = 0, apa Q C V.

Emeta ot
V= U{Q C W ovvektikn ovviotooa : V N Q #£ (0}

yatt ke x € V. C W mepgyeton og wo ovviotooa tov W. O
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Oeopnua 5.6 Eotw A diyefoa Banach ue uovdda kauw B kAewotn vadlyefoa
e Auel € B. Tore

(i) Inv(B) = | {U C (BN Inv(A)) ovvektkn cvmotwoa : U NInv(B) £ 0}.

(ii) Av x € B, téte 10 0g(x) elvaw Evwon tov o 4(x) kKaw kKdTOLWV QTS TIS
PPAYUEVESG OVVEKTIKES ovwioToeg Tov C\o 4 (x). Zvykekouéva, av C elvar to
6UV0A0 TV GUVEKTIKDV 6uMeTWodV Tov C\o 4 (), TdTE

og(r) =04(x)U U{V €eC:VCopg(x)}.

An6deiEn (i) Egoapuolovue 1o Anuua otov tomohoyko ympo X = B yia 1o
avoktd ovvora V. = Inv(B) xkow W = B N Inv(A). Apkel va deiEovue ot
VAW =0.

Avy € OV NW , vrapyovv z,, € V wote ||z,, —y| — 0. Enewdn z,, € Inv(B) C
Inv(A) kou y € Inv(A), émeton amd ™y cvvéyea g a — a~* oto Inv(A) om
2,1 —y ] — 0. Autd Suwg avTipdokeL He Tov ETOUEVO LoYVPLOUO:
Ioyvowoude ||z, — oo.

AmédeiEn Av oy, M (2,1) 0o eiye wio @poyuévn vrakolovdia, éotw (y,1).
Trdpyern € N dote |y, —y| < 44, dmov M = sup |y, *||. Tote dpwg

11—y yl < lys -y, — vl < 1. ométe yi,ty € Inv(B) (Afupa 4.1) dpa ka
y € Inv(B) = V. Avtd duwg astokhetetan, yiott y € AV evo 1o V elvon ovoLkTo.
O ToyvpLopog amodelydnke.

(ii) O¢tovpe Q) = C\o 4(2), Qg = C\og(z). Ta Q 4, Qg elvar AVOLKTA VTTO-
ovvoha tov C xar Qg C Q4. Entong 005 N2y = D yuott av A € 9Q 5 t01e
Al — z € Jlnv(B) ondte, arwd Vv amodelEn tov (i), A\1 — = ¢ Inv(A) dnhadn
AEQy.

A7 to AMppa, 1o 5 Ba elval Evnor KATToLwV amtd TLG CUVEKTIKEG GUVLOTMOEG
Tou () 4:

Qp = U{VQQA OUVEKTIKN ouvioTwoa : VN Qg # 0}
= (J{vee:vnag#0}

Zuvenmg 1o o g () Bo arotelelTon 0TT0 TO T 4 () KOL TLG VTTOAOUTEG GUVEKTIKEG
OUVLOTAOOES TOV (2 4, EKELVEG TTOV SEV TEUVOUV TO g, SNA. TTOV TEPLEXOVTOL OTO

op(zx):

op(r) = oalr)U(op(®)NQy)
= UA(JU)UU{VEC’:VQUB(QC)}
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[Mopotpnoe T€hog OTL 0TO 0 5(x) TEPLEXOVIOL UOVOV PPUYUEVEG GUVLOTMOES
ToU 5, YLOTL, 0OV TO 0 () Elvol PPAYUEVO, 1] (LOVOOLKT) U1 PPOYUEVT] OU-
VIOTMOO TOU 5 OEV LITOPEL VOL TTEPLEYETAL OTO T (), CUVETMG TEPLEYETAL OTO
Op. 0

Mopropa 5.7 Av x € B kaw 10 0 4(x) dev ywollel to emimedo (dnradiy av to
C\o 4 (z) elvar cvvekTikd), TéTe 0 g(x) = 0 4 ().

Ano6deiEn v neplntwon avt to C\o 4 (7) dev €xel ppoyuéveg ouvIoTOOEGS,
apa dev TéuveL 10 o g (). O

opwopa 5.8 Me 1ic vrobéoeis tov Oewonuatog,
dop(x) Coa(x) Cop(x).

An6de1En O ouviothoeg Tov avotktol ouvorov 2, = C\o 4 () elvar avorktd
ovvoro (Yot av V' C Q 4 eivan ouviotooa Kow A € V, Stahéyovtag e > 0 dote
B(\e) C Q, mapatnpodue 6t to V U B(\, €) elvow OUVEKTIKO KoL OUVETHG
nepeyeton oto V). Eopevg 1 évoon

U{V €C:VCog(x)}

LVOL AVOLKTO VITOOUVOAO TOV 0 g (), AP SEV TEUVEL TO GUVOPO Tov. AMLGL

LV €€:V Cop@)} Uoala) = op(a)

a6 10 Oewpnua. Zvvenmg 0o g(x) C o 4(x).
Ag dchoovpe ko pia aevbetog amddelEn tov Moplopatog:

"Eotw A € do g(z). Tote vrtapyer axorovdia (A,,) oto C\og(x) dote A,, — .
Av )\ ¢ 0 4(z) 1ote 10 (A1 — 2) 1 vmdpyer oy A omdte, amd T GUVE ELD TNG
avtotpogng (4.2(ii)), n akorovdia ((A,,1 —z)~ 1) ovykhiver oto (A1 — z)~1
omv A. Autd onuaiver 6w ((A,,1 — 2) 1) elvar Baoikn akorovBio otoryelmv
mg B, dpa cuykhivel oty B 070 1810 dpto (A1 — z) ™1, mpdypa mov avtifaivel
070 YEYOVOG OTL A € 0 (). 0

Iopwopa 5.9 Av x € B ko 10 og(x) éxet kevd eowteokd, 16Te 0 g(x) =
o 4(x).
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An6deiEn Av 1o o 5(b) €xeL Kevo eowtepikd, 10te do g(b) = o5 (b). 0

HMopatypnon Eotw B alyefpo Banach pe povada ko x € B. Avto og(z) dev
YWPLLEL TO EMLTEDO, TOTE TO PAOUA TOV T dev “ueyahmvel” kKabmg “ukpaiver”
N dAyeBpa wg mpog TV ool vitoroyiLeton ( 5.7). Avtd cupBaiver Y. Otav
og(xz) CRWotavog(z) = B(0,1) U B(3,1).

Av il 10 o () €xEL KEVO E0MTEPLKO, TOTE TO PAOUA TOV T OeV “UKpaivel”
Kabhg “pueyahmvel” 1 dhyefpa wg Tpog TV orola vtohoyiZetor ( 5.9). Auto
ovupaiver .y, 0tav og(z) € RN otav og(z) = T.
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6 Tlopapmuo:
YUVopTIOELS UE TIUES o€ yopovs Banach

6.1 OloxkMjpoua cVVEXOVS CUVAPTNONS

Eoto X ydpog Banach, f : [a,b] — X ovveyng ouvaptnomn. To ohokAnpouo

b
/ ft)dt e X

opiZetar g 10 | - || x-0pLo TV peptkmv abpotoudTwy:

AvP ={a=ty <t <..<t, = Db} elvou dauépion tov [a, b], oplovue

= Z J) (b — te—1)-
k=1

H opowopopen cuvéyela g f oto [a, b] deiyver 6t to diktvo {S(f,P)}, ov-
’ 5 A b ’ / ’ ’
YKMVEL KOL TO OMOKANPWUOL fa f(t)dt etvan €€ opLopov To 0pLod Tov.

T kaBe z* € X* €xovue

z* </b f(t)dt) = (th (f,P)) h zn::c te —ti_1)
b
_ / 2 (f(1))dt. 3)

Emtiong, eneidn
IS(f, P < Z If @)t — th1),

dev elvan dVokoho va deilEelg ot

b b
/ f(t)dtHS [ 1sonae < o o

a

S TIpdrywatt, yio k60e € > 0 umdpyer & > 0 wote | f(t) — f(s)| < € étav t, s € [a, b] xou
[t—s| < 8. Av P, eivar pia Stopépion Tov [a, b] pe [t —t,_ 1] < & yuokabe k, eréyyeton evkoha
o kaOe exhémtuvol) mg P wavomotel [S(f, P) — S(f, P, )| < e(b—a)|f]__ (6mov |f]__ =
sup{[[lf(®)] : t € [a,b]}. Svvendg av P, P, elvan exhentivoelg g P, tote |S(f, Py) —
S(f, P2)| < 2e(b—a) | f]__ . mpbyna mov deiyver 6t to diktvo {S(f, )} etvou dixtvo Cauchy,
apa, epooov o X eivan ydpog Banach, ovykhivel.
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Onov ||f]l o = sup{|f(®)| : t € [a,b]}. Av howmdv C([a,b], X) elvar o xdpog
OV TV oVVEX®MV ouvaptoewV f : [a,b] — X, 1 amekovion

b
(C(la, 0], X), |- o) = (X, H‘H)=f—>/ f(t)dt

TTOU ELVOL TTPOPOAVMG YPOUULKT], ELVOIL GUVEYTG.

Av vy :[0,1] — C elvon pla KoTd TUMROTo Aeto Koumoin kon f = v* — X elvan
ovveyng ovvaptnon (6mov v* = ([0, 1]) C C), opifovue

1
[#@az= [ e war
¥ 0
6.2 OLOUOPYPES CLVAPTIOELS

Eotw U C C avowkto ovvoro kot f : U — X. H f Aéyeton ohdpopen av yio
kaBe z € U vrapyer f/(z) € X dote

f(w) — f(2)

w—=z

. Y o
&}an f(z)||=0.

Moapadevypa 6.1 Stnv axddeisn tov Oswonuatog 5.1 delfaue dti, av a elvau
éva otowyelo wdg diyefoag Banach A ue uovada, n emdvovoa cvvagtnonr(A) =
(A1 — a)~1 oglletau kau elvau 0Aduogpn oo avoktd avvoro C\o(a), yatl

lim ||T =T g a2 =

= W — A

lim [|—(A1—a) ' (pl —a) '+ (A\1—a)2|=0.
=

H f Aéyeton ao@evig ohopopyn av yio kabe z* € X* 1 ouvapton z* o f :
U — C elvai oAOpopen.

Mia ohOpop@n cuvapTnon eivol aobeving ohopopen. Mpayuatt, yio Kabe r* €
X* gyovue

2" (f(w)) —x*(f(2))

—2*(f(2))

. (Mm))‘m* =10 g,
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TPAYROL TTOU SelyveL ot Tapaywyog (z*o f)” vdpyer ko pahota (x*o f) () =
z*(f'(2))-

TTopAdELYUOTOG Y APLY, OL SUVAILOOELPES LE CUVTEAEOTEG 0TO X 0pLLovv olopop-
(PEG GUVOPTNOELG:

Ipétaon 6.2 Eotw a;, € X (k=0,1,...) kaw
1

Ty, fag |V

T kale z, € Cn dvvauooelod

f2) =) ap(z—2,)* e
k=0

ovykAver amdlvra (Sni. 3, |lag|.lz — z,|F < o0) étav |z — z,| < Rxan
oVYKAMON elval ouoLduoQ@pn o€ KAOE GUUTOYES VTOGVVOAO TOV AVOLKTOU OlOKOU
D(z,,R):={z € C:|z—zy| < R}. H f elvar 0Aduoopn cvvdotnon ogtouévny
otov dioko D(z,, R) ue tués otov X.

EmumAéov n f elvauw amegidoiata mapaywylown otov D(z,, R) kaw ot cvvrede-
oTéC TG SVVAUOGELQdS 0QILoVvTaL HOVAOIKA Ao TNV GYEGN

FM(z,)

YT TR

An6deiln. Eival akpipog 1 tduo ue v mepttwon a;, € C. Zuvomtkd, yuo
KaOe p < R, m duvapooelpd (4) ovykhiver amorvta otav |z — z,| < p amod To
KPLTnpLo pilac, Ko n xAnedrnra tov X eEao@aillel OTL Ho GELPE TOV CUYKAL-
VEL ATTOMVTOL, OUYKALVEL G TTpog TV vopua Tov X. To kprtnplo pilag deiyvet
eTTLONG OTL 1] SUVAUOTELPA,

6(2) = 3 k(s — 25
k=1

£xeL TV 191 axtiva o0YKAMoNG pe v (4), emouévog opilel Eva otouyelo g(z) €
X vy ka0e z € D(z,, R).

Oa del€ovpe OTLY f elval TOPAYWYLOUT e TaPAymYo TV g. YToBETovue ywplg
BLGPN TG yevikoTTOg OTL 2, = 0. T 2z, w € D(0, p) pe 2z # w, €xovue

@ = I@) oy ki’“ (—w _ kw“) '

Z—w Z—Ww
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, 2k —wk
"Evog utoAoyLopOG delyveL OTL 0 atOuds (

- kwkl) OV TOPUTAV®D
Z—w

(k=1) k2

14 ’ ’ ! k
napevheon undevileton yio k = 1 ko ppaooetol oo |z — w| 5 yio

k > 2. Zvvenwg
f(z) = flw S _
e LY B S
Z—w
k=2
AMG, epooov p < R, T0 Kprinplo pitag deiyver 0T 1) 0elpd OeTikdv dpwv

o>
3 Jlag k2 p* 2 ovykhiver. Emopévig amd v tehevtaio avicdmro éxovpe Ot

f(z) = f(w)

Z—w

lim
Z—w

— g(w)H =0. O

Hopatipyon. Avy f : U — X eivow ao0evidg ovveyne, dnh. av yio KaOe
x* € X* novvapmon z* o f : U — C elvaw ovveyne, dev metor OTL 1 1dLa 1
f etvow (norm-) ovveyng (apaderypas). Av ouwg 1 f elvar aoBevdg oAouopen,
T0TE

Afupae 6.3 Kdbe aoOevig oiduoopn ovvdotnon elvae || - ||-ovvexrg.

An6datEn’ Eoto f : U — X ao0evig ohdpopen kow 2, € U. Avn f dev eivan
OUVEYNG OTO Z,, VTLApPYEL e > 0 Kou akorovbia (z,,) oto U wote |z, —2,| < 1/n
Kt [f(2) — F(z0)] > & onbre
f(zn) — f(Zo)
Zp —

> ne. (5
ZO

O¢tm

IR (AR

n
Zn — %o

KoL Tapatnp® ot 1) akohovdia (z,,) elvar aobevng @poyuévn. payuatt, yio
KGOt ¥ € X* n mapdywyog (2% o f)(z,) vdpyet, eTOpUEVIOG
lim,, *(x,,) = (z* o )" (z,) Kou &pa ) axohovdia (z*(z,,)) elval pporyuév.

ATt0 TV 0pY1 OUOLOUOPPOU PPAYIATOC, 1) (Z,, ) Elvar ppayuévn otov X, tpdryno
7OV avTLpdoKkeL pe Ty (5). O

¢ Evyaplotm tov IT. Kohopmdka yio Ty amddeEn aut).
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Oeopnua 6.4 KdOe ac0evig 0Aduooen cuvdoTnon elvat TomKd Tagactdowun
w¢ (norm-cvykAlvovoa) SUVaUoGELQd, Kot GUVETMS E(VaL 0AOUOQPT).

Anr6daiEn. 'Eoto 2, € U. Emléyw p > 0 dote o kKhewotdg diokog D(zq, p) =
{2 €C:|2—2y| < p} vamepiéyetor oto U. Oétm y(t) = 2z, + pett (t € [0,27]).
[ kGOe z* € X*, emeldn 1 z* o f elvan ohopopen oto U, elvat Topaotaoiun
ue duvapooepd oe wa Iepoyn Tov D(2g, p), 0mtdTe vITAPYKOVY ) (27) € C toTe
v k@Be z € D(zq, p)

o>
g (z—2,)F.
Mdota, elvol yvmaoTo 0Tt oL varakaatég ¢ (z*) dvovtan amd tovg Thmovg

¢ (z*) = 1/3:*(f(w)) dw.

2mi ), (w— I Lan

‘Ouwg, 0ol 1 f elval (norm-) ouveyNG, To OLOKANPDUOTOL

1 flw) 12 flpe't)
= — — 2 dw=— [ L @tdt
kT o /v (w— z,)kt1 v 27r2'/0 (pett — z,)k+1 1'pe

vrapyovv otov X, Kow otd v (3) éxovue ¢ () = a*(x),) Yo kabe k € N.

0o exovus z*(f(2)) =
g(2) amd to Bempnua

WG TPOG TNV Vopua Tov X otav \z — 2z, < P Yot
2*(g(2)) Yo k4O x* € X* amd myv (3), omote f(z
Hahn - Banach.

o
Apxel Aowtdv va delEm 6t 1 duvapooepd g(z) = S x4 (2 — 2,)* cvykhiver
k=0
T0TE
) =

Emewdn  f elvou ouveyng 0to ouumayeg ouvoro v, vtapyer M dote || f(w)] <
M yio xabe w € v*, omote

lfwl M

\w—zo|k+1 - pk+1

, . M
v kafe w € v, apa |z, | < o5

Kou emopévog lim|z, |1/* < 1/p, mpdypa mov detyver 6tL 1 axtivo ovykhong
o>

k

™G SUVAUOOELPAG Y Xk (2 — 2,)"™ elvon TovhayLoToV p. O

k=0

Hopwopa 6.5 Eorw U C C avowktd ovvoro kau f: U — X 0Aduoopn cuvdg-
wnon. ['a k4Oe z,, € U vrdoyel dlokog D(z,, R,) C U (émov R, = d(z,,0U))

ko z,, € X wote
o>
E (z—z,)k
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v z € D(z,, R,). MdAota oL ovvtedeotés ., SiSovtar ard tnv oxéon

_ 1 f(w)
T, = 27”,/’y(u}_%)nHalw

Omov 7y elval KUKAOS KEVTQOU z, Kaw aktivas p < R,.

6.3 Ozopnuora Cauchy

STV Tapdypopo auTy Oa vITEVOLILOM, XWPLG ATOSELEELS, TIG EVVOLEG KO OLTTO-
Tehéopata amo TV Miyadikn Avaivon oty nopen ou Ba ypnotpuosownfoiv
0TI GUVEYELQ. AVAQEP®M ETLONG TNV ETEKTUOT TOV ATOTEAEOUATMV CUTMOV YLO.
OUVOPTNOELG UE TUEG OF Y MPoug Banach.

‘Oleg oL kaumoreg Oa virotiBevTon Katd Tunuota Aeleg (dnhadn cuveyelg ov-
vapmoelg v : [0,1] — C dote 1 v/ va vTapyEL Ko Vo Eival QPayuEv) To-
VIOU €KTOG amtd memepaouevo mAn0og onuetwv). Av v : [0,1] — C elvar pia
KopstOn, ypagouvue v* = ([0, 1]). AV Y1, Yo, v, Vyy ELVOL KAELOTEG KOUTULES,
Betovue I = 75 Uvs U... U~ . Zdotnua kapxviomv I ovopdovue v ypou-
LK) QITELKOVLOT) TTOU OPLLETOL 0TO GUVOAO TMV OMOKANPOOLUWY OUVOPTOEWV

¢ : T* — C amwod v oyxeon
n
/¢:Z/ .
r k=1 Yi

Ewdwkotepa, yia z ¢ I'* Ogtovue

Indp(2) = kg Ind, (z) = g 2m/ - Zdw.
-1

Eva obomua kapmirov I Aéyeton Oetikd aposavatorenevo av (i) v;Ny; = 0
v i # j kau (i) to Ind(2) elvan 0 N 1 yio kaOe 2z ¢ T*. Exouévog to Guumin-
popa Tov I amoteheitan amd do ovoktd ovvoha, to ‘eveds’ ins(T') xou to
‘ekt0g’ out(I') Tov I'*, wov opilovran amd TG OYEoELS

ins(I') = {2z ¢TI : Indp(2) =1
out(I") ={z ¢ I : Ind(2) =0

YTrevOvuZovue 10
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Oeopnua 6.6 Xgapiko Oeovpnua Cauchy ([8], 5.19). Eorw U C C avoktd
ke f : U — C oAduoogn. Av I elvaw éva cvotnuo kaumrdiwv eto U, wote
Indp(z) = 0 pa kdOe z ¢ U, té1€

/F f(w)dw = 0

kaw yuo kdBe z € U\I™,

Indp(2).f(z) = /
r

To Oedpnuo. YEVIKEVETOL AUETT YLOL OMOUOPPES CUVOPTNOELG IUE TUUEG OF Y MPOUG
Banach:

Mpotaon 6.7 Eorw X ydoos Banach, U C C avokté vvoro kaw f : U — X
oAduoogn cvvdgtnon. Av I elvaw éva ovotnua koaurviwv oto U ue Indp(z) =

0 yia kdbe z ¢ U, té1e
/ f(w)dw =0
r

kow ya kdOe z € U\I'™,

1

Tndp(2).f(2) = / f(w)
N

w—z

dw.

"~ 2mi

Emouévws, av Ty, I'y elvaw 6Y0 ovotiuata kauriAwv oto U, wote Indp (2) =
Indp_(2) ya kdOe 2 ¢ U, téte

(w)dw = / f(w)duw.

Fl 2

An6de1En Epooov 1 f sivan ovveyng, To ohoKANpwua fF f(w)dw vrapyer Ko
optLet otoryeto Tov X.

Takade 2 € X, égovpe ([, f(w)dw) = [ a*(f(w))dw = 0 yiazin ovvép-
mon z* o f : U — C etvouw ohopopen. Amd 1o Oewpnuo. Hahn-Banach emeton
AOLTTOV OTL fr f(w)dw = 0. OLvEOLOLTTOL LOYVPLOUOL 0TTOdELKVVOVTOL Opota. O

Mépopa 6.8 (Ozdpnua Liouville) Av f : C — X elvaw 0Aduooen kot poay-
uévn tote elvaw otabegn.

AnddeiEn Mo kabe z* € X*, ) ovvapmon z* o f : C — C elvan ohopopen Kot
PPayREVY, apa., atd 1o Oedpnua Liouville, elvan otabepn: z*(f(z)) = x*(f(0))
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yia ka0e z € C. Aol 1 LooTnTa vt Loy veL Yo kabe 2 € X*, amd to Oempnuo
Hahn-Banach éneton ot f(z) = f(0) yia ka0e z € C. O

Oa yperaobolue emiong to avamtuyuae Laurent wdg oAOUOPENG GUVAPTNONG
YOPW Ao Pl LEUOVOUEVT avopaiio. H amddel€n etvon ot 1 tdio pe v me-
PLITTWON CUVAPTNONG Ue Wyodikeg Tueg ([8], 6.81).

Iopopa 6.9 (Avamrvypne Laurent). Fotw U ={2€C:0< |z —2,| < R},
X ywoo¢ Banach xau f : U — X oAduogo@n. Tote vrdoyovv uovadikd
{a,, :n€Z} C X wote

R I N L T
k=0 k=1 o

0mov ot dVo celpés ovykAivovy amdivta ya z € U kow ouotduogpa ota cu-
umayn vroovvola tov U. Ow 6uvtedeatés a,, didovtal ard Tis oyécels
1 fw)

S Qe A
“n = omi L (w— z, )"t

Omov 7y elvat KUKAOG KEVTQOU z, Ko aktivag p < R.

Ava_, = 0y kdbe n = 1,2, ..., 10Te (KOw POVOV TOTE) 1) f ETEKTEIVETAL OE
OAOLLOPY) CUVAPTNOT GE ULGL TTEPLOYT TOV Z,, KOL TO 2, ELVAL EXOVOLOdNS Ave-
wodio yioe v f. Av umapyerk > 0 dote a_y, # 0 xava_,, = 0 yio KaOe n > k,
te M 2 — (2 — 2,)* f(2) emexteivetar oe ohdpopen cuVdpTON OE W TTE-
PLOYM TOV 2, KO TO Z, Elvon TOAOG TAENS K. Av a_,, # 0 yio Gmelpovg delkteg
n € N, 1ote (ko uovov T0Te) T0 z, OEV ELVOL OVTE ETOVOLMOING AvmUakict 0VTE
TOAOG, ELVOL OVCLOdNS avouaric yio TV f.

To eOUEVO YEMUETPLKO AMUUAL, TTOU ELVaL TPOQaveS Otav To ovumayeg K eivar

TL.Y. TETEPAOUEVT] EVIOT] KAELOTMOV dlokwv, amodelkvieton oto [8], 12.8.

Afquna 6.10 Av K C U C C dmov U avoktd kou K ovumayés, vwdoyet Ostid
moocavatoouévo cbotnua keurviov I oto U wote K C ins(T') kaw C\U C
out(T").

Enrouévwg (arnd tnv Hodtaocn 6.7) av X ywoog Banach kaw f : U — X 0Ad-

Hoo@n ToTE
/ f(w)dw =0
r

33



Kail

yo kaOe z € K.

Opopog 6.1 Eorw K C U C C émov U avoktd kaw K ovumayés. Adue ot
éva ovornua keurdAwv T dmov T'* C U mepukheierto K oto U av elvar Ostikd
moocavatorouévo, K C ins(I') ke C\U C out(I").

Oa yperaobovpe emtiong wio aobevi wopen Tov Oewpnuatog Runge ([8] 12.14).

Oeopnua 6.11 Eotw U C C avokté cbvoro kaw f : U — C oAduooen cv-
vaotnon. Yudoyew akorovbia (r,,) amd ontés cvvaotnioes, oAduoopes ato U,
wote r,, — [ ouotduoopa ota cvumayn vwoovvoia tov U.
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7 O Xuvopmolekog Aoyiouog

7.1 Ewoyoyn

Ztabepomotovpe wa ahyeppa Banach A pe povada ko éva otorgelo z € A. T
KOTAANAEG WyadIKEG oVvapTNOoELS f, BELOUUE VO OPLOOVUE ALVTLOTOLYC. OTOL-
vela f(z) € A.

Avp(z) = Y apz® (a; € C) eivan mohvdvupo, yplpovpie
k=0

p(x) = Z a,xk.
k=0

H ametkdvion p — p(x) elvan pop@Lopog amd Ty dAyefpa Tmv ToAvmviimy
otV A. MaAoTa, TalpVeL TWEG 0TV (TTPOPOUVAOG LETAOETIKT) GLYERPT TTOV TTaL-
payeTaL o To x Kot Ty povada 1 g A.

ZTOY0G QTG TG TOPAYPAPOU ELVOL 1) ETEKTOON QLUTNG THG OITELKOVLONG OF O\~
AEC KOTIYOPLEG GUVAPTIOEMV.

[Moapadetypotog xapwv, avn f : C — C eivor OAOUOp@N OUVAPTHOT), TOTE EXEL
duvapooelpd

f(z) = Zakzkv ap €C (6)
k=0

TTOV OVYKAVEL, LAAOTO OTTOAVTO. KOLL OUOLOUOP(OL 0TC. GUUITOYT] VTTOOUVOAQL TOV
C, KoL WITopOUpE V. OPLOOVUE

f(z)= Z apr® € A.
k=0

[Mpaypatt, 1 0€Lpa ovT GUYKALVEL (OTNV TOTTOAOYLA TNG VOPUAG TG A), Yot

(o e} (o @]
S lagllz®| <7 Jagll]® < oo,
k=0 k=0

ETTOUEVIG 1] OELPAL GUYKALVEL ATTOAVTOL Ap0. (0o 1 A eLvou TAHENS) OVYKALVEL.
Moparypnon 'Etol emekteivaue TV atelkovion p — p(x) og pio ametkovion
O, : f— f(x) and myv ahyeppa H(C) Tov aKEPULOY CUVOPTIOEMV UE TUES
omv A. ENuelwoe TV ooy OTTIKNG O OYEOT UE TV TPONYOVUEVH ARG
YPOPO: EKEL OPLLAUE OVVOPTNOELS UE TTedLO optopoV To C Ko Tiueg oty A (..
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duvapooepéc > by 2% ne ovvteheotéc by, € A kou z € C), evdd Tdpa. (€xovtag
otabepomonoel €va ototyelo = € A) optlovue pla ametkovion P, g popgng
. (f) = apx® € A, dmov oL ouvteheotég a,, avikouv oo C.

[Mopotnpoue OTL deV elval ATAPALTNTO 1] OKTIVO oUYKMoNg R Tng Suvapooet-
pag (6) vaL elvan 00, APKEL VO ELVAL LEYOADTEPY) ATTO TNV (POONTLKT OKTLVOL p(T)
tou z. Tlpdyuom, av p(z) < p < R 1618, edoov p(z) = lim,, [|*|*/*, vrdpyer

ko € N dote av k > kg va oybe |25 1/* < p, omote
o> (e ]
D laglla®l < ) laglpk < oo
K>k K>k

Emopévog, av 1 f €lvor OAOUOp@Y) 08 (oL avoLKTY UItaho. KEVTPOU 0 tov mepLe-
xeL 0LOKANPO TO paopa o(x) Tov z, T0Te To otovyelo f(x) g A opileton. Aev
apKOUV OUMG TETOLEG OUVAPTNOELS. [Tapadelypatog xapwy, av x € Inv(A), tote
10 271 opiletan, evdd M cuvdpmon f(z) = 271 dev eivaw ohduopen ot K-
wa paio yopw amto 1o 0. BeBaimg 1 f elvar oAOpop@n 0To avolkTd oUVOLO
C\{0} mov mepieyeL to o(x), dev elvan OUWG oMK TAPAOTACLUY UE dUVOO-
0£LPA 0°AVTO TO OVVOAO, OALG LOVOV TomKd. Oa. Y PeLaoOEl LAMOTO. VO OPLOOVUE
otouyeta f(z) g A yLo GUVAPTNOELG TTOU ELVOL OLOUOPPES OE ULOL TTEPLOYT] TOU
o (), OTWG TOPASELYUOTOG YAPLV GUVAPTIOELS TTOV TTAULPVOUY TNV Tiun) 0 o€ €val
“coppatt” tov o(z) kou 1 og éva ahro. To otouyelo f(x) wopel va opLobet, dmmg
Ba dovpe, “UETATPETOVTAG TOV 0AOKANQWTIKS TUTTO Tov Cauchy o€ oplopd”.

Se eldikeg Katnyopleg akyePpwv (Omwg etvaw or C* dlyeBpeg), uropovue vo
TPOYMPNOOVUE AKOWUY TEPLOOOTEPO, Kaw Vo, oploovue otovxelae f(x) g A ya
OULVOPTNHOELS TTOV elva (ATA®G) ouveyelg oto o(x). To Beua avtd Ba pag ama-
OYOMNOEL PYOTEPQL.

7.2 Opopog Tov ZuvapTnotekoy Aoyiopuov

O oplopdg Bo dobel og Tplar Prinata: Ba OPLOOVUE TPMTA PNTEG CUVAPTIOELG
TOV T, OT1) OLVEXELL O BPOoTE UL LCOSVVOUT LOPPT LECM TOV OAOKATPMTLKOV
TOT0V Tov Cauchy, Ko £€T0L Bl PTACOUNE OTOV YEVIKO OPLOUO.

Emextelvouue v amelkovion p — p(x) Kot apynv oo To TOAOVUUS OTLG
PTES GUVOPTBELS, TNG LWOPPNG " = p/q OTOV p, ¢ TToAvdVVU. TTpémer Humg
va eEetdioovpe ote o “kAdopa” r(z) = p(x)(g(x)) "t éxel évvora, dnhadn wote
wyvel g(z) € Inv(A).
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Afquua 7.1 (gpoopatikis arewovions) o kdOe rolvdvouo p,

o(p(x)) ={p(2) : z € o(x)}.

An6deEn Av 1o p elvan 0tabepo, 1o p(x) elvar Tohhasthaoto tov 1 € A, omdte
T0 OVUTTEPAOWO. aANOVEL. TTOOETM AOLTTOV OTL TO P deV elvan 0TabePo.

'Eoto z € C. ©¢tovpe g(w) = p(w) — z (w € C). To TOAMVUHO ¢ TTOPAYOVTO-
TToLelToL
g(w) = c(w —wq)(w —ws) ... (W —wy)

OOV W1, ..., w,, OL PLLEG TOL ¢ Kaw ¢ # 0. Emouévog
q(z) =clr —w 1) (z —wyl) ... (z —w,1) € A

[Mopotpnoe OtL, emeldn oL Tapdyovieg © — w; 1 petatifevron peta&l tovg, To
YLVOUEVO TOUG EXEL OVTLOTPOYPO ALV KOL LOVOV v KaOEVaG £xel avtioTpoo. Emo-
uevawg, M oyéon z ¢ o(p(x)), dMhadn q(z) = p(x) — 21 € Inv(A), woduvouel
ue mv z — w;1 € Inv(A), dhadn w, ¢ o(x), Yo k4be i = 1, ... n. Emopévag
z ¢ o(p(x)) av ko povov av w # w; Yo Kabe w € o(x), dMhadn g(w) # 0,
woduvaua p(w) # z o kabe w € o(x). O

"Eotw U C C avowktd. Zvuporitovue H(U) v ahyefpo Tmv OMOpOPQ®Y oU-
vaptoewv f : U — C xau Bétovue R(U) = {f € HU) : f pnm} ko
PU)={fe€ HU): f molwvuuo}.

Mia pneny ovvaptnon f ypdgetar f = p/q 00U T TOAVDOVUIA P, ¢ SEV EYOUV
KOWEg pllec. Mia tétota ouvaptnon aviker oto R(U) av Kow uovov av o piteg
ToV ¢ dev avnkouvv oto U. Etvaw govepd otun P(U) eivan vidyefpa tg R(U)
mov etvan vrdyeppa g H(U).

H amerkovion
PU) — A: p— p(x)

glva Koha optouevn (paypatt, ov p(z) = q(z) yio kabe z € U tote, emeldn
10 U glvar amelpo 00VoLo, 0L OUVIEAESTEG TWV P KOL ¢ TAVTLLOVTOL, dpa p(x) =
q(z)). Elvaw govepd OTL 1] OTELKOVLOT] QUTH] ELVOL LOPPLOUOG OhYERPDV, dNAAST
ot

p1(2) + pa(z) = (p1 + p2)(x) ¥ py(2)p2(x) = (p1p2)(2).

Tuvoaptotakés hoyopos yo to Cevyog (U, z) héyeton kKabe popgiopnog @ :
U — A (6mov U dhyeBpa ovvaptnoewmv amd to U oto C mov mepleyel v
P(U)) mov ikavomotel ®(p) = p(z) otov p € P(U).
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Afupa 7.2 Eotw U C C avowktd. O cvvagtnoaxds doyiouds p — p(x) eme-
kreiveraw otnv R(U) avka uévovava(x) C U. Hemékraon  , elvau uovadikij
Kat 0piGetan amo tnv oxéon

@, (f) = p(z)(q(x))" = f(z)
omov f =p/q.
An6deiln. Amod to mponyoluevo Anuua TtpokOmTeL OTL av r = p/q elvar pnTi

OUVAPTNOT UE TOMOUG eKTOG ToL o (), Tote ¢(x) € Inv(A). Mropolue Loutov
va opioovpe r(z) = p(x)q(z) L.

Av doutov o(z) C U xar € R(U), 0 @,(r) € A opiletar. Eivar @avepd ot
®,(p) = p(z) niap € P(U).
Ioyvpitouon 6w m @, elvon wopropdg: Mpdypat, av r, = p;/q; € R(U) (i =
1,2), emewdn 1o p; (), ¢;(x) " petatiBevion, éyovpe

D,(ry).@,(r3) =py (2)q1 () po(2)ga(x) ™ = py (2)pa(2)(qy (2)go(x)) 7t

= (p1p2)(2)((q192) () = P, (rira)

Ko

(1) +P,(ry) =p1(2)q4 (2)"! + po(x)gq(x)

= (p1(2)q2(2) + po()gy () g (2) " q1 (z)”

1 D192 + P2gq
=®,(p1dz +p2a1)-(Pp(q142)) " = @, (12qq?1)
192

1

=&, (r; +73)
(n (*) €meton amd TV TOAMATAAOLOOTIKOTNTO, TG P ,, TTOL NON €Yol deiker).

"Eotm, ovIlotpoga, 0Tt 0plletal £vag ovvaptnolakog Aoyouog @ : R(U) —
A. Toyvpiopon 0t o(z) C U. Hpdyuate: ywo kabe z ¢ U Bétw p(w) = w —
z (w € C). Tore L € R(U) ko

1 1

1= 2()8(p) = (e —21) = (2= 1P()

ovvendg x — 21 € Inv(A) dnhadn z ¢ o(z).
Emtiong ywa ka0e r = p/q € R(U) éxovue
O(r) = &(p)(2(q)) " = p(z)(q(x)) ' = @,(r)

TPAYLOL TTOV OTTODELKVUEL KoL TNV povadikomta tov @ . O

1 1 —1

"Avpqg=qpxarq € Inv(A) t0te ¢ 'p=q 'peq ' = q 'qpq ! = pq
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Moapatipyon 7.3 Av S C A, o perabéms tov S ogilletauw axd tnv oyéon
8 ={ye A:ys=syVse S}

Eivar gavepd 6t o 8 eivol ahyefpo kar mepiéyer v povada g A. Emmhéov
(av M A elvaw GhyePpo Banach) 1 8 eivar khewot) vdiyeppa g A. Hapa-
mpovue OtL oyer 8§ C 8 xou 0L £va VITOGUVOLO 8 Elvol HETAOETLKO OV KO
LOVOV av TTEPLEXETOL 0TOV HeTOOETN Tov, Lloodvvapa av 8”7 C 8. %

Emiong eléyyeton evkoro 6Tt av o € Inv(A) tote 21 € {z}”.
ATt TV TAPOTNPNOT AUTH TPOKVITTEL OTL

O ovvagtnolaxds Aoyiouds P , waiover Tyes oTnv {z}”, Sniadn én
p(x)(q(x))~" € {x}". Edikéreoa to ovvoro @ ,(R(U)) anoredel uerabetik)
vaaiyepoa tne A mov megiéyet to x kaw tnv 1.

[ vo emekTelvouue Tov ouvaptnotako hoywopd oty H(U), elvan avoykato
V0L EK(pPAOOVLE TOV ®, oe o Looduvaun Hopepi) ou emdexeton eméktaon. H
LOP@N OUTH TTPOKVITTEL OITO TOV OAOKANP®TLKO TUTo Tov Cauchy, av “oaviika-
taotnoovpue TV uetafint) w € C pe to otoyelo © € A”. Tpemel Opwg vo
amodel€ovue OTL 1] “OVTIKATAOTOON” QUTH EYEL EVVOLOL:

IMpotaon 7.4 Av U C C avoktd mov megiéyel to o(x) kaw v € R(U) onth
oVVAQTNeN TOTE Yra Kabe OeTikd mpocavatoiouévo cvotnua kauxsvAwv D gov
smeoukdelel o o(x) oto U (Oguoudg 6.1), éyovue
1
r(z) = ,/r(w)(wl —z) Ldw.
21 Jn

Eidikdteoa 1o odokAnowua avto dev eEaptdtol amrd To TEoeavaTOMGUEVO G-
otnua kourxvdwv T, agkel to T va meouklelel to o(x) oto U.

Anr6de1En. Kot apynv to oOLoKANPOUO VITAPYEL, YLOTL 1] GUVAPTION
w — r(w)(wl — )~ opifetan ko elvar ovveyng oto I'*.

Ka6g pntn cuvaptnon r ypagetoL oG TETEPACUEVO AHpOLoUOL

r(w) = p(w) + Y ey p(w—z,)7"
m,k
OOV p TOMVDVUWO, ¢, 1, € C KoL 2, OL TOMOL TG 7 (vaAvON 08 aThd KAA-

opata). ATO THV YPOUULKOTITO TOU OMOKANPMUOTOS, OPKEL AOLTTOV VOL OTTOdEL-
Eovue v [pdTaon yio kabEvav amd Tovg Opovg Tov 0OPOLoIATOG CuTOD (FTOV

8 Edkoha amodetkvveton ot 8”7 = §7.

39



gtvow g popeng w — (w — A\)F yua k € Z kaw A € C). Apkel houmdv va. amo-
del&ovue To

Auna 7.5 Eotw A ¢ o(z) ke T éva Octikd moooavatorouévo ovotnua ka-
urviwv ue Indp(N) = 0 kew Ind(2) = 1 pra kdOe z € o(x). Téte

(M —2)" = /()\—w)”(wl o) Ldw

211 T

pia KOs n € 7. Av udheta n € N, 1o cuuméoaocua 1oy el xwIs TOVUS TEQLOQL-
ouovg A ¢ o(x) ku Ind(A) = 0.

AnédeiEn. Ovopalovue y,, 10 ohokAnpwua de&id. Av w ¢ o(x),

M —2)(wl —2) =1+ (\—w)(wl —z)" L.

Emopévog
1
A\ —2)y,, = 5 / (A=—w)"1+ (A —w)(wl —z) ) dw
r
1 1
- /(/\ —w)dw+ o [ w) I wl —2)
r r

AMG T0 TPdTO OhoKANpoU undeviletan yia ke n € Z\{—1} (agod nw —
(A —w)™ gyeL mapdyovoa) odra koL yion = —1 agov Ind(A) = 0. Emouévog

()‘1 - ‘T)yn = Yn+1
yio kKaOe n € Z. Apkel houtdv va artodelEovpe To Anupa yio n = 0, dnhadn ot

1
1=—"— [ (wl—2)tdw.
21 Jn
Eotw v, (t) = pe't, t € [0,27] émov p > |z]. Hopampodue o, av U =
C\o(z), yo xabe 2 ¢ U gyovue Indp(2) = 1 = Ind,yp(z). Cvopifovpe OtL M
owdpmon f : U — A : w — (wl — x)~1 opiletan kau eivor ohdpopen.
Emopévog amd 1o Oshpnua tov Cauchy (Ipdtaon 6.7),

27 27
Yp

1 1
/(wl —z) tdw=— [ (wl—2) tdw.
T
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Opmg 0tav w € 75, éyovpe [w| = p > |z emopévwg ) oelpd

ZOO l‘k
k=0 w

ouyKMiveL 670 5 (1 — &)1 = (wl — 2)~ T opoldpoppa wg TPog w € 7}, OMOTE

s 1 1
— (wl — x)_ldw = Z 3:"“/ ——dw = a;OInd%(O) =1

wktl
P

(ywortt L w™dw = 0 o6tavm € Z\{—1}) ko 1 amodel&n elvan minpng. O

Opropodg 7.1 (Zvvapmorakog Aoywonog (functional calculus)) Eotw U C C
éva avolktd 6hvoro mov mwegiéxel to o(x). EmAéyovue (Afjuua 6.10) éva Ostikd
moocavatolouévo cbotnua keurviov I mov megukelel to o(x) oto U. Tdte
v kdOe f € H(U) to olokAfowua

1
21

/ fw)(wl —z) tdw
r
00(el éva atowyelo tng A to omolo cvuporillovue f(x).

Mopatipnon. To 0LoKANPOUO AUTO VTAPYEL, YLOTL 1] GUVAPTNOM

w — f(w)(wl — )~ eivar opropévn kan ovveyng oto I'*. EEGAov, emedi 1
ouvVapTNON oV elvor ohopopen oto Q := U\o(z), arnd to Oempnua Cauchy
(Mpdtaon 6.7) €metar OTL T0 OhoKANpwUa TTov opilel to f(z) dev eEaptaton
a7t TO TPOCUVAUTOMOUEVO cVoTHU Kautohwv T, apkel vo mepukhelel o o(x)
oto U (ywoti %o tétowa ovompata kapmihov I'y, Iy ikavomowotv Indy. (z) =
Indp, (2) yio k60e 2 ¢ Q).

Enopévawg o f(z) elvon Kahd opLopgvo.
Ago v IIpotaon 7.4 emetan Ot 0tav 1 f ewvon pnn, exovpe f(z) = f(z).

Oa yperaobel To
Aqupa 7.6 Me tovg ovuforouots Tov Teonyovuévov ogLouod
1 _ x
[f@)] < 5 VD) flr sup{l(wl —2) ] s w € T}
Smov V(T') elvau to unjkog tng kaumvAng kau | f|p := sup{| f(w)| : w € T'*}.
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AnédIEn mpogavig.

Ocopnua 7.7 (i) H ameikévion
¢, :HU) — A: f— f(x)
elvar cvvapTnoaxds Aoywouds, ko £(x) € {x}" yia kdbe f € H(U).

(ii)Av f, f,, € HU) ke f,, — f ouotduoopa ota cvumayt vroctivoia tov U,
tote |, () — £(x)|| — 0.

An6deiEn Tov Oewpnuatos. Amodeikviovue mtpata to (ii): Emdéyouue €va
BeTikd TPOcAVATOAOUEVO oVoTNUA KoumuAwv I tov tepikhetel to o () oto U.
Ao To Mppa £xovue

[f(z) — £, (2)] < %V(F)Hf = fulrsup{l(wl — )7 : w e T*}

10 07oto TeLver 0to 0 epocov to I elvan ouptoyeg vtoovoro tov U.

Arddeén Tov (i) H ypauwkomra mg @4, eivor tpogoving. Av f, g € H(U), ywa
va delEm ot @, (fg) = D, (f). P}, (9) emhéyw, amd 1o Oewpnuo Runge (6.11)
axorovdies f,,, 9, € H(U) pnudv ovvoptnoemy mov cuykivouy otig f Kot
g AVTLOTOLY O, OUOLOUOPPA. 0T CUIITAYT) VtooUvoro, Tov U. Tote kou 1 (f,,9,,)
B telvel 0TV fg OUOLOUOPQO. 0T oVUTTOYN VIToaUVOAD Tov U. Emteldn o @,
emekteivel Tov @, (Mpdtaom 7.4), éxovue

q)h(fngn> = q)p(fngn) = q)p<fn)q)p(gn> = q)h(fn)q)h<gn)
yie kaBe n € N. Opwg amo to (i) Exw
[, (z) —£(z)| = 0 kv g, (2) —g(z)] =0
KO OUVETTMOG, MOY® TNG CUVEYELOS TOV YLVOUEVOU,

®,(fg) = hTILn(ph(fngn> = hTfLIl‘I)h<fn>‘I’h(9n) = ®;, ()P, (9)-

Téhog, n oyéon f(z) € {x} mpoximrer amd To yeyovog otun {z}’/ elvan khewom)
vrdhyeBpa g A ko on £, (z) € {z} yia k@b n € N (Hapatnpnon 7.3),
agov ou f,, elvow pntég. O

Mopatypyon. To otovyeio () g A eEaptaton Oyt oo Ty da Vv f, ahha
Ao TOV TEPLOPLOUO TNG OF ULOL OVOLKTH TTepoy) Tov o (). TIpdyuatt av oL ov-
vapmoelg f,g € H(U) tovtilovion og kamowo avolkto V pe o(z) C V C U,
TOTE EMAEYOVTAG £va cvoTnua Kapumolwv I wov va wepukdelel o o(x) oto V,
Bplokovue f(x) = g(z) amd Tov optopod (7.1). Avtn 1 apathpnon odnyet otov
ETTOUEVO OPLOUO:
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Oponog 7.2 Av f, g elvor 0ASuoo@eg uyaditkés ovVagTHoELS OQLOUEVES OE VOL-
KTd 6Uvoda mov meoiéyovv to o(x), yodgovue [ = g étav vrdoyel avolktd
U D o(z) dote f(z) = g(z) Vz € U. Zvuporitovue Hol(x) to cbvoro twv
kAdoewv toodvvauiag. Me tig moopavels modEeg, n Hol(x) elvar dAyefoa ue
uovada (ywols tororoyia). Tavtilovue cvvnbwg ula kKAdon ue évav aviimeo-
owrd tng kau yodgovue f € Hol(x) drav n cvvdotnon f oolletar kou elvau
0Abuoogn oe uia (avouktj) weooxn Uy Tov o(x).

To Bedpnua TOV GKOAOVOEL ELVOL OTTAY OVOSLOTUTIWOT TOV TTPOTYOUUEVOV.

Ocopnua 7.8 H areikdévion

Hol(z) — A
f= @)

elvat (kard 0oLouévog) woe@Louds aiyefodv wov ikavomrowel p(x) = p(x) drav
p moAvavvuo kau £(z) € {z} yia kdOe f € Hol(z).

Ipotaon 7.9 Movadikétnta) Eorw @ : Hol(x) — A uoopiouds aryefomv
UE TIG LOLOTNTES

(a) ®(p) = p(x) pa kdOe ToAvdVULO P Ko

(b) Av f, f, elvar 0ASuoQ@pes CUVAQTNOELS 0QLOUEVES G éva VOLKTO GUVOAO
U mov megiéyet to o(x) kaw av f,, — [ ouotduogpa ota cuumay) vrocv-
voia tov U, téte |®(f,,) — @(f)| — 0.

Téte ®(f) = f(x) yra kdbe f € Hol(x).

An6deiEn. 'Eoto mpoto 6t n f € Hol(z) elvaw pnti ovvapton, f = p/q.
"Exovue fq = p apa, agod o ® eivar popgropds, (f)P(q) = P(p) dnradn
O(f)q(z) = p(x) amod 1o (a). AMG T0 g dev undevileton oto o(x), apa q(x) €
Inv(A) emopévag (f) = p(z)(q(z)) " = f().

‘Eotw topa g € Hol(z). Trdpyer 1018 avorktod ovvoro U, D o(x) wote g €
H(U,). Am6 1o @ewpnua. Runge, vrapyovv pntég ovvapmoels g, € H(U,)
WOTE g,, — g OUOLOLOPPAL TTA GVUTTAYY) VITOTVUVOAa Tov U . Emopévag oo to
(b) éxovue [ (g,,) — ®(g)| — 0. Eniong yvopiLovue ou g, (z) — g(z)| — 0
(@edpnua 7.7 (ii)). Aei&aue oumg ot D(g,,) = g, (z) yia kabe n. Eropuévog
®(g) = g(x) ko awddelEn eivon Tnpng. O

Ozopnua 7.10 (gpaopatikis axewkovions) Av f € Hol(z), tdte
o(f(z)) = flo(x)).
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An6dei&n 'Eotw U C C avowkto pe o(z) C U wote f € H(U). Av z € o(x)
1oTE 1) GUVapTon g : U — C omov

f(w)—f(z)
o(w) = { 9= gy w # 2

f’(z; avw =z

gtva ohopopen oto U ko f(w) — f(2) = (w — 2)g(w) yua x4be w € U. Egap-
UOLOVTAG OTNV OYEO0N 0UTH) TOV Hop@Lopd @4, , Exovue

f(z) = f(2)1 = (2 — z1)g(2).

Agov x — 21 ¢ Inv(A), n wotyta avt detyver ot f(x) — f(2)1 ¢ Inv(A),
dhadn ot f(z) € o(f(x)). Emopévog f(o(z)) C o(f(z)).

Avtiotpoga av ¢ ¢ f(o(z)) tote 1o ovvoho V = {w € C : f(w) # (} elvan
avolkToO Kou mepLéyel 1o o(z), ko 1 ouvépton h 6mov h(w) = (f(w) — )1
oplZeTan Kou glvon ohopopen oto V. OpiLeton Aowtdv 1o h(z) € A kau woyve

h(z)(f(z) — (1) = (f(z) — (Dh(z) = 1,
apaf(z)—C1 € Inv(A), dhadn( ¢ o(f(x)). Enouevog f(o(z)) 2 o(f(x)). O

Mépwopa 7.11 Av f € Hol(x), tdte
p(f(x)) = sup{|f(2)] : z € o(x)}.

Eidikdteoa, avw ¢ o(x),

1

d(w,o(z)) = =20

AnéderEn H mpdn 00Tt ElVOiL GUEOT) OITO TO OEDMPUOL (POOUOTIKNG CLITEL-
KOVIONG, KoL 1 deVTEPN ELVOL EQAPUOYH TG TPOTNG 0TV ouvaptnon f(z) =
(w—2z)~L.

Ipétaon 7.12 (Xdvleon anewkovicemv) Av [ € Hol(z) kaw g € Hol(f(z))
76te h := go f € Hol(x) kaw h(z) = g(f(x)).
(AkoiBéoteoa n oyxéon g o f € Hol(x) onuaiver: vadoyet avoktéd U D o(x)

wote f € H(U) kawn g o f va ooilbetaw kaw va eivar oAduoggpn oto U.)

AndédeiEn Ottw y = f(z). Trbpyovv Uy, U, C C avowktd pe o(x) C Uy kau
o(y) CU, wote f € H{Uy) xoawg € H(U,). Opitw

Up={z€U;: f(z) €U} = Uy f~1(U,)
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Ko

h(z) = g(f(2)), z€U,.
To U,, elvar avorkto Ko h givor ohopopen oto Uy, .
Ioyvprondg o(z) C U,,.
Hpdaypan, av z € o(x) 16018 2 € Uy kav f(2) € f(o(x)). AMG f(o(z)) =
o(f(x)) = o(y) amd o Bewpnua paocuatikig ametkoviong. Erewdn o(y) C U,
&yo f(z) € U,. Anhadn z € U,,.
Edel€a howdv ot b € Hol(x), dnhadn ot to h(x) opiletar, kau pével vo SelEw
o h(z) = g(y).
Emléyw éva OeTikd mpooavatolopévo ohotnua kaumviov ') wov mepukhele
0 0(y) oto U,. Tote

1

gly) = i

/ g(w)(wl —y) tdw. (7)
N

g9

o va ekgppdom 1o (wl —y)~t = (wl — f(x))~! uéow Tov OLoKANPWTLIKOY

TOTOV TPETEL VOL ETUAEEW EVOL KOTAMNAO GVOTNUO KOUTUAWY.
To ovvoro insI'y = {2 € C : Indpg(z) =1}={z€C: Indp (2) # 0} etvan
avolkto kou o o(y) C insT', elvou ovpraryég, omdte vrapyer avouktd W dote
oly) €W C W CinsT,. Agov f(o(x)) = o(y) kawn f elvon cuveyns, To
V= f~YW) N U, eivon avoixto pe

o(x) CV CU, v oly) = flo(x) C (V) C FIV) C insT,.

Emhéym €va etk mpooavatoMouévo ovotnua koumvlwv I wov mepukhelet
10 o(z) oto V.

HMapampm 6w yio kaOe w € Ty woyver w ¢ f(V) dpan ovvdpmon f,,(z) :=

w_lf(z) oplZetan Ko elvon ohopopen oto V. Emouévag f,, € Hol(z) xou

Wl=t@) ™ = £,0) = o [ ()1 — o) s
r
1

_ 1 o -1
- 2mi /F w— f(2) (21 — )™ dz. ®)
Avukadotdvrag v (8) oty (7) exw
1
gly) = o g(w)(wl — f(x))*ldw
¢!

Iy

- % Fgg(w) (;m/rw—lf(z) (zl—x)ldz) dw.
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Ao 10 Oewpnpo. Fubini () ovvapmon (w, 2) — wgf}‘}()z) (21 — z)~1 eivan ov-

vexng oto I'y x ') n tehevtaia mapdotaon wovton ue

217”/r‘ (217” /F wfi(?z;z)dw) (21 — 2)dz.

AN Yo kG0e 2 € T éxw z € V dpa f(z) € f(V) Cins(T',), omote

1 g(w)
2mi I, W f(2)

dw = g(f(2)) = h(z)

amd to Osdpnua Cauchy, dpo TeEMKA

80) = 5r; [ M1~ )z = h(o)

211 T

Ko 1 amodelEn £xel ohokinpwbet. O

7.3 H arnewkévion z — f(x)

MéypL Tpa, elyoue 0TaOEPOTONOEL £VO, OTOLYELD T 08 o, dAyeBpa Banach A
ue povada, Kau giyope pehetnoer v asetkovion f — f(z) kabog n f ueta-
Badheton oto ovuvoro Hol(z) Twv (KAAGEMV) CUVOPTNOEWY TTOU ELVOIL OAOUOPPES
o€ Wa TEPLOYN TV o ().

AMGLOVUE TOPA OTTTLKT): OTAOEPOTOLOVIE Wiek CUVAPTNON f, OAOUOPYPY) OF £VOL
avolkto ouvoro U kon peretape v f(x) wg ovvdornon tov x. T va oplleton
opwg o f(x) mpémer 10 o(x) vo mepLeyxetan oto U. Autd odnyel 0tov akOLoubo
OpLOUo

Opopog 7.3 Eorw U C C avoktd. Oétovue

Ay={r e A:0(x) CU}.
H enduevn Mpotaon eEaoparilel 0Tt T0 A eivon ovolktd ohvohro.

Mpotaon 7.13 Eorw x € A. INa kdOe avowktd U C C ue o(x) C U vrdoyet
6> 0dwoteavy € Ara |y —z| <dtére a(y) C U.
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An6deiEn Av 1o ovumépaoua dev toyve, Bo vinpye U C C avoukto ue o(x) C
U kay, € A oot |y, —z| — 0alkd o(y,,) € U ya kaOe n. Anhadin Oa
VINPYE Z,, € 0(y,,)N(C\U) yia xaBe n. Enewdn |z,,| < [y, [, M (2,,) elvon @pory-
uevn. Mepvovtag og vrakolovbia, uropd vo vrobeow ot 1 (z,,) OUYKALVEL,
€0tw 070 z. Bewdn z,, ¢ U éxw z ¢ U dpa z ¢ o(x), dhadn 21 —x € Inv(A).
Ouwg z,,1—y,, € A\Inv(A) ko z,,1—y,, — 21—z, TPAYLO TOV AVILPAOKEL
ue 1o yeyovog ot 1o A\Inv(.A) eivon khetoto. O

Ozopnua 7.14 Eotw U C C avowkté ke f € H(U). H aretkévion
(A1) — (A - ]) s 2 — £(2)

elvaw ovveyng.

AnédaiEn. 'Eotw x € Ay.
Ztafepomolw £va. OETIKA TPOOUVOTOMOUEVO oVoTHUa Kaumoimv I wov mept-
KAeteL to o(x) oto U. To ohvoro

V=insT'={z€C:Indp(z) =1} = {z € C: Indp(z) # 0}

elvar avorkto ko o(x) CV C U.

Ao v Mpodtaon 7.13, vrdpyer & > 0 dote o kabe y € A ue |y| < § va
wyver o(x +y) C V. Eneton ot & + y € A kau 0t 1o ovotqua Kourdimv I
nepukAeler to o(x + y) oto U. Etouévog 1o ohokAnpmua.

1
21

[ fwwt — @+ )
opiZetan kou wootvtan pe f(z + y). Exovue
f(a) ~fa+9) = 5 [ Fw)((wl —a)" = @i = (2 +5)H)dw
T

ETOUEVMG, 0TTO TO ANuua 7.6,

V()

[f(z)—fz+y)| < - =

| £l sup{l(wl—2)"" = (wl—(z+y)) | : w e I*}.

‘Botw M = sup{|(wl —z)7 || : w € T*}. To M sivou memepaopévo, yiati
ouwvapmon w — (wl — z)~ 1 eivan (opLopévn ko) ovveyng oto ovumayée I'*.

47



Avy € A pe |yl < min( J) tote |y| < Yo KaBe w € T,

. 1
2 2| (wl —2)~1

ETTOUEVIG ATt TO Anupa 4.3 €xovue
[(wl— (2 +y)™t — (Wl —2)" ] < 2(wl — )2 Jy] < 2M3|y]
yio KaOe w € T ko ouvenmg

V(L)

[f(2) = £z + )| < —= [l M2y

npayua ov deiyver ot |f(z) — f(z + y)| — 0 xabwgy — 0. O

7.4 H npopoln) tov Riesz

Eva otouyeio p piag dhyeppog A Méyetal tovrodvvamo av p? = p. Ev yéveln
A WITOPEL VoL UMV TEPLEYEL TOUTOSVVALLO, EKTOG OITTO TO. TETPLUUEVA, dnhadn) To 0
Ko to 1. Autd ovufaiver yio apaderypa oty C(K), OTov 0 cupmayms xmpog
K givow ovvektikog. Av oumg o K dev eLvol OUVEKTIKOG, 1] XOPAKTHPLOTLKY OU-
VAPTNON X g KAOE U1 KEVOU avoLKTOU Kot KAELGTOU YVIHOLOU Vtocuvoiov F tou
K etvaw pun tetpupévo tavutodivapo otorxeto g C(K).
Oa deiEw OoTL KOs ahlyefpoa Banach A pe povada mov TePLEYEL VO OTOLYELO UE
1] CUVEKTLKO QOO0 TTEPLEYEL KO EVOL 1] TETPLUUEVO TOUTOSVVOUO OTOLYELO.
TroBétm OTL TO PAoUa EVOG OToLKEOY = € A WITOPEL VA YPOPEL 0TV HOPEPT
o(x) = Fy UF, omov Fy, Fy elvan Eéva khelotd ovvora. Emuhéym E€va avouktd
ovvora Uy, Uy dote F; C U, kKouw ovopalo f; : Uy UU; — C v xapaxtpt-
otk ovvaption tov U,. Tote 1 f; elvaw ohopopen oty seproyn U = U; U U,
v o(A), apa f; € Hol(z), omote 1o f; () elvonw Kahd 0pLouévo ototyelo g A.
[Cpapovue

p; = f;(2) (1=1,2).

Ol eTOUEVES LOLOTITEG ELVOIL AUEGEG CUVETIELEG TOU CUVOPTIOLAKOV AOYLOUO:
Enewdn f,f; = fi0;. €xovue p;p; = p;0;; xou ewdikotepa p? = p;. Emeidn
fi1+ fo =10t U, égovue py +py = 1. AV D # F, # o(z) t01¢ f;(0(x)) =
{0, 1}, kou emopevmg o (p; ) = {0, 1} amd to Bempnua QUORATIKNG OITTELKOVIONG.
Emouévowg ta p; elvol i TETPLUIEVO TOUTOSVVOIO OTOLYELD TG A (LAMOTO TG
{:L‘}//).

Av emhEEW €va BeTIKA TPOOAVOTOMOUEVO oVvoTNuae Kourtvimv I'; mov va mte-
pucheier 1o F; oto U\F} (i # j), tote 10 ovomua I' = T'y + T’y mepurheiel 1o
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o(z) oto U, kou apa.

f1(w)(wl — ) tdw = % / (wl — )" tdw

(X r,

i)

=

Il
3|
| =
~.
—

agoV N f1 wovtar pue 1 oto I'; kaw pe 0 oto I's,.

Mopatypnon. To yeyovog 6t p; # 1 otav Fy # o(x) delyvel OtL, 0Tov 0pLopod
TOV OVVAPTNOLOKOD Aoytopo¥ (BA. Oprouod 7.1), To ovotnue Kaumdionv I wpémet
vaL TePLKAELEL 0OASKANQO TO 0 ().

SuvoypiLovue:

Opwonos 7.4 Eotw F kAetotd vwoovvoro tov pdouatog o(x) evdg atotyelov
wag dryefoas Banach A ue novdda, ue tnvididtnta to o(x)\ F va elvou exiong
kAetot6 . Mo k4O OsTixd woocavaroreuévo cvetnua keurviwv T eto C wov
meowkdelel to F oto ovumAnowua tov o(x)\F (dni. téroo date F C ins T kau
o(z)\F C outT') oolfovue to Tovtodbvauno otoryeio tov Riesz pr € A and
TNV oxéon .

= — 1—2)"tdz.
57 (21 —x) 'dz

r

Pr

potaon 7.15 (i) pp € {z}".
(il) pfo = P
(iti) pp = 0 av kaw uévovav F = Q kow p = 1 av kow uévov av F = o(x).

Hopatypnon Fevikotepa av o(x) = F;UF,U...UF,, dmov ta F; elvon khewota
Eéva vroouvora tou C, T0TE T AVTLOTOL O TAVTOSVVOUD OTOLKELL P = P;

n
LKOVOTTOLOUY Pip; =DPjP; = 0;;p; KoL > pi=1
i=1

2dmhadn o F va elval avolktd Kol KAELOTO 0TV OXETLKY) ToTTohoyia Tov o ()
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8 H mpofoln Tov Riesz ot alyefpeg teheotadrv

v opaypogo avty 0o eEetdoovue TowTodOvauo otorrelo TG AAYERPOG
Banach B(X) omov X eivan ypog Banach.

Tuupomouds Av T eivor (ppoyUEVOS) TELEOTNG IOV dpa o’évav xhpo Banach
Y, ue o(T) 6a ovuporilovue to @dopo tov T wg meog v dAyefoa Banach
B(Y).Etwor, A ¢ o(T) av kow povov v o teheotg AI — T' amerkoviler tov Y 1-
1 kaw ezt Tov Y (00TE 0 AvTioTPopdg TOV Oa elval PPAYUEVOGS, 0Ttd TO Bempnua
CLVOLKTNG QLITELKOVLONG).

8.1 Tevikég 1010t TES

"Eotw X ydpog Banach kar A € B(X). Zrabepomolovpe £vo, avorkTo KoL KAEL-
016 vtooUvoro F' C o(A) ko oupuforifovpe TO 0vTLOTOLYO TAVTOSVVOIO OTOL-
Y€Lo, 1 TTPOPOA, Tov Riesz ue Pp (mwap. 7.4).

Oeopnua 8.1 Eotw X, = Pp(X), Xy = (I — Pp)(X). Téte o0 X4, X, elvou
kAgtoTol vITOYWEOL TOV X TETOLOL (DGTE

(l)Xl ﬁXQ == {O}ICO!LXl +X2 :X

(i) T(X;) C X, pra kdbe T € { A} (Adue 1 0 X; elvar viepavarroiwTog yia
Tov A)

(iii) av A; € B(X,) elvauw o wegrogiouds tov A arov X; téte 0(A;) = F kau
o(Ay) =o(A)\F.

Anladn oe kdOe (un TeTOWUEVO) AVOIKTO Kau KAEL0TS voovvoro tov o(A)
AVTLOTOLYEL EVa (U7 TETQUUIUEVO) CUUTANOWUATIKO [EUYOC A0 KAELGTOUS VTO-
xWoovg wov elvar vregavaioiwtor yia tov A.

Anddeign (i) Etvan ot Goknom), xp1oLiHotolmvTag To YEYovog 0t 0 P glvau
ovveyng Ko tautodivauog, va detEeg ot X, = ker(I — Pg) Kou emouévng Ot
0 X, elvan kheroto¢'? ko emiong 6L kavomoteiton 1 (i).

(i) Av T € {A}, 10te TPr = PpT agob Pr € {A}’. Emopévog yio. kG0e
x € X, éovue

Tx =T(Ppx) = Pp(Tz) € Pp(X) = X,

Lgyuizm o v yéver To medio TdY evog ppayIévou TEAEOTY) WITOPEL VaL [V Elval KAELOTO
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apa T(X;) C X;.Opoiwg T(X5) C X,.

(iii) Apxel va delEw ot (a) 0(A) = o(A;) Uo(4,) kau ot
(b)o(A;) C Fxaro(Ay) Co(A)\F.

AnodaiEn tov (a) Eotw 2 ¢ 0(A). Oétw R, = (2I—A) L. AoV R, € {A} C
{A} éxovpe R, (X;) C X, amd o (ii). Svpforifovue Tov meptopoud tov R,
otov X, ne RY, ométe RY € B(X,).

[ ke x € X, ypagovtog I, € B(X;) Yo TOV TOVTOTIKO TEAEOTH), £XOVUE
Rg,l)(zfl —Aj)r=R_ (2 —A)x ==z

xau opolwg (2I; — A )Rz = z, dpa R = (2, — AL

Ouotmg R? = (21, — Ay) L. Emopévag 2 & o(A;) xou z & o(A,).

Avtiotpoga, €0tw z ¢ o(Ay) Ko z ¢ o(A,). Tote vapyovv teheoteg T; €

B(X,;) wote

Ti(zl; — Ay) = (2I; —A)T; = I; (i=1,2).

K2

OptLw evav teheo T otov X amd mv oyxéon T(z, + x5) = T2y + Thzs Vit
xz; € X, . Ened\ T = T, Pp + T5(I — Pg), 0 T €lvor (ppayuevos TeAEOTNG,.
Avz € Xy, 10te (2] — A)x = (2I; — Ay)z € Xy xawTx = Ty € X4, Gpa
T(zI — A)x = (2I — A)Tz = x. To 1dwo woyveL Kow ov & € Xo, Gpa KoL YLo
kd0e z € X = X; + X,. Emougvag T = (21 — A)7 ! Gpa z ¢ o(A). Avtd
oTodELKVVEL TO (a).

An6de1En tov (b) Eotw 2z ¢ F. Emhéym avowktd Eéva ovvora U, dote F C U,
Ko (0(A)\F) U{z} C U,. Eotw f n xapaktnpiotkn tov U; Ko €0Tw

f =w)t wel;
g(w)—{o w € U,.

Tote ou f, g elvar ohdpopgeg oto U = U; U U, Gpa f,g € Hol(A). Emeldn
fw) = g(w)(z — w) Yo x&Be w € U €xovpe

f(A) = g(A) (2] = A) = (I — A)g(A).
AMG £(A) = Pr apa, yuo xabe x € X,

r=f(A)xr =g(A)(z] — A)x = (21 — A)g(A)z.
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Ouwg g(A) € {A} ko emopuévog g(A)(X;) € X;. Apaav T : X; — X,
elva o TepLoplopog tov g(A) oto X, 1 ponyoduevn lodtTa divel

yio kaBe x € X, mparyno tov deiyver 0t 2 ¢ o(Aq).

‘Opota amodetkvieton 0t o(Ay) C o(A)\F. O

8.2 Meuovouiva oNUELN TOV PACHATOS

TroOeTw THpa OTL TO 2, ElVaL HELOVOUEVO onuelo Tov o( A). Zvufoltovue P,
v tpofoin Riesz P, 4, X, TOv VIO WPO X,y xar A, tov TEPLOPLOUO TOV A
otov X . Tote amtd 1o Oempnua 8.1 gxovpe ot A(X,) C X, kaw ot o(A,) =
{2, }. Enetondn (A, —2,I) = {0}, palim | (A, —z,I)*|'/* = 0 (@edpnua
5.3).

Mpotoon 8.2 X, ={z € X :lim,, |(z,] — A)"z|Y/™ = 0}.
Ano6deiEn Eoto z € X . Tote
[(z0 — AYFalVF = (2] — Ag) PP < (21 — Ag)* Il V¥,

Gpalim,, |(z,I — A)™z|Y/™ = 0.

TroBétw aviiotpopa 6T T0 = € X wkavomotel lim,, || (z,I — A)™z|*/™ = 0.
Ovoudtw B tov teheot) A — z, I xauv B, By toug mteploptopots tov B otovg
vroympovg X, kau (I — P,)X. Tpagw entong = = =, + 2, O6mov z, € X, Ko
x, € X,. Amo 1o Oedpnua 8.1 £xw OTL To PAONQ Tov TeEheoT) B, dev mepLéyel
70 0 (810TL TO 2, OEV AVIKEL OTO PACUA TOV GVTIOTOL{OV TEPLOPLOUOV TOu A).
Suvendg 0 By €lvoL ovTLOTPEYLIOGS, apa. Yo KaBe n € N €xovue

ol = By By, | < 1By "By | < 1By ™ By, .

Av ovopdow a,, = |B™z||/™ xowy,, = |B2z, |/ tote éxw

4
B = |BY x| = |B™ x| = |B™ (z—x, )| < [B™z|+[B"x,| = an+77 -
1
Enedn z, € X, €govue v,, — 0 amd v Tponyoduevn Tapaypopo Ko e
VIToBEcEWMG £XOVUE v, — 0. ATTO TNV TEAEVTALOL AVIOOTNTA ETETAL OLWG TOTE OTL
|z | /™ — 0, Tprypa ov dev umopet va cupfet av z; # 0.
Svvenogr =z, € X,. O
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8.3 II6lot Tov emMiovTa TeheoTy)

‘Eotw A € B(X). Ocwpolue tov emdovra teheot) R, := (21 — A)~1. O te-
Ae0TNG 0VTOG 0pileTan yia kKabe 2 010 avolktod ovvoro C\o(A) kaw 1 ouvaptnon
C\o(A) — B(X) : z — R, elvar ohopopen (IMapaderypa 6.1).

Eotw 2z, € o(A) uepovouévo onueto. TOTe TO 2, ELVOL UEUOVOUEVT] ALVODUCL-
Ao TG ovvaptnong z — R, mov dev eivan enovoddng (Tpdyuatt, ov To
lim R, = T vrapyeL, tote eréyyetarevkora 0w T (z, I —A) = (2, I—A)T =1,

22z,
onote z, ¢ o(A)). Emouévmg, amod to Iopopa 6.9  ouvapmon z — R, el
avasmtuypo Laurent Kovtd o1o 2,

o (e @)
Rz = Z Ak<z - zo)k + Z Bk<z - Zo)ik
k=0 k=1
omov A, B), € B(X). Eyovue

Y e Ve — A1
Bk_Z?Ti/,y@) 2,)" Hwl — A)~Hdw

OOV 7y elval KUKAOG e KEVTPO 2, KO OKTLVOL 7" TETOLOL (DOTE TO Y™ VoL (INV TEUVEL
10 0(A)\{z,}. Mahota, t0 2, givor TOAOG TAENG N av Kow povov av B, # 0
Ko B, = 0 yoom > n.

Aqupo 8.3 I kdbe k € N épovue

By =P,y kw By = (A—z,1)F 1P .

An6deiln. Emhéyw avouktd Eéva ovvora Uy, Uy HoTE
B(z,,r) CU; xa o(A)\{z,} CU,.

Oetw U = U; UU, xou €¢oto [ : U — C m yopaktpiotikn tov U, . Tote
f € HOl(A) Kol f(A) = P{zo}.

Eoto I' éva tpocavotolopévo ouotnuo kapmudov ov sepikheterto o (A)\{z, }
oto Us. Iopoatnpnoe 0t 1o cvotuae kKoumvrov I'; = T+ nepicheler to o (A)
oto U. Emopévwg, av k € N kat g, (2) = f(2)(z — z,)F, t0te 1 g, 0piletan kow
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glva ohopopegn oto U, Kau xovue

1
(A= 2 PPy = (A= 2, D) = gy(4) =5 [ guw)wl = 4) du
'y
— o [ @l — ) dw s o g )wr - a)
~ o ) IR v 2wi,vgk R v
1
=3 (w—2,)F(wl — A)"tdw = By,

vy

k

apov N g5 (2) undeviteton oto I'™* Kou wobtaw pe (z — z,)* oto v*. O

Azd to AMupa emetan om By, | x = (4, —z,)* 1 xavav B, = 0to1e B,, = 0
yio kabe n > k.

AvTo amodetkvieL TV

Ipétaon 8.4 Eva usuovwuévo onueio z, tov o(A) elvau wédog tng R, tdEne
ng, av ko uovov av (A — z,I)" P, y = 0 ko (A — zOI)”o_lP{ZO} # 0, On-
2adn av kow uévov av (A, — z,I)™ = 0kaw (A, — z,1)™ 1 + 0. Aga 70 2,
elvar ovolwdns avoualiia tng R, av ko uoévov av o tedeotis A, — z, 1 (elvar
Yyevdoundevodvvauog arrd) dev elvar undevodvvauog.

H axorovBia {ker((z,I—A)™)} etvar adEovoa akohoubLlo KAELOTMV VITOYMPMV
tov X mov etvan A-avarroiwror. Erouévwg to ovoro

Y, = Ej ker((z,/ —A)")={r e X:IneN: (z,] —A)"z =0}

n=1

TOV YEVIKEVUEVOVY 1OLOSAVUGUATOV TOU A eLvOL YPOUULKOG XDPog (0L ovar-
YKOOTIKA KAeLoTOg). BV yével umopet va etvon {0}. Av oumg o A €xeL yevikeuueva
un undevika wodraviopata, tote £xel Wodiaviopota. Mpaypat, éotm z # 0,
xz €Y,,karéotwn € Noehdyotog wote (z,]—A)"z = 0. Avn = 1,710 x €lvon
Wodtdvuopa tov A. Av oy, tote 10 Y = (2,1 — A)™ L elvar (un undevikod)
1OodLavvoua touv A.

Av éva z € X wavomotel (z,] — A)™x = 0 yuo kamowo n € N tote fEana
limy, [|(z,I — A)*z||*/* = 0 ondre € X, (TIpdTaon 8.2). Anhadi

Y, CX,.

[16te Loy VEL LOOTNTA,
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Ipértaon 8.5 Eva usuovwuévo onuelo z, tov o(A) elvar tdrog e R, av ko
Uovov av

X,={zeX:3neN: (2,1 —A)"x =0}.
Eyouvue téte !

0 # ker(z,I — A) C ker((2,1 — A)?) C ... Cker((z,] — A)") = X,
kau ker((z,I — A)™) = X, ya kdOe n > n,, éwov n,, elvow 5 tdEn tov wéAov.
Eidwkdtega, to 2, elvaw tdtotiun tov A.

An6d&iEn. Ymobétw on Y, = X . Tote X, = U, X,,, omov kabe X,, =
ker((z,I — A)™) elvan kKAelotdg VITOKWPOG Tov Ydpov Banach X . Aztd to O¢-
dpnua Katnyoptag tov Baire, kdmotog X, Oa €xel un Kevo e0mTEPLKO, OTOTE
X,, = X,. Av n, elvor 0 EAAYL0TOG AKEPALOG TTOV LKAVOTTOLEL CLUTHV TNV LOO-
mra, 1ot (2,1 — A)™(X,) = {0} (dpa ker((z,I — A)™) = X ) xou

(2, — A)e1(X,) # {0} (dpa ker((z,1 — A)™~1) # X)), emouévag
B,, 11 =0xu B, %0, dMkadM 10 2, elvar xOhog Mg R, T4ENG 7,

Av avtiotpoga To z, elvow OAog TG R, TaEng n,, 10te amd v I[Ipotaon
8.4 0 Teheotg (2,1 — A)|x, elvon pmdevodivapog TaENg n,, dNhadi (2,1 —
A)e(X,) = {0} kau (2,1 — A)"™eH(X,) # {0}. O

Mopatpioes (i) And v Tponyovuevn amoddelEn eivon povepod 6tL o Y, el-
VoL KAELOTOG VIO WwPOg Tov X av KoL OVOV av 1] akolovBia TV VToympmy
{ker((z,I —A)™)} tepuartiletar. Agv apkel OUmG AUTO YLOL VO ELVAL TO 2, TOMOG
™me 12,

Mopaderypo O teheotg

ag ag

W02 - 02 : (ay,a,,...) — (0,0, 573"

)

elval Pevudoundevodivapog (aoknom), alha oxL undevoditvapog agod W (e,, ) #
0 6tav n > 1. Mapora ovtd wyder 0 # ker(W) = ... = ker(W™) = [e;] yua
KaOe n € N.

(i) Tevikotepa amodetkvieton 0T €va onuelo z, € C elvar tdhog e R, av koL
UOVOV v Ko oL §10 akolovbieg

ker(z,I — A) Cker((z,I — A)?) C ... Cker((z,I — A)™) C ...

"o oupBoropdg A C B onuaiver A C Bxar A # B
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Ko
ran(z, I — A) Dran((z,I — A)2?) D ... Dran((z, ] — A)™) D ...

£Y0VV OETLKO KO TETEPAOUEVO UNKOG. TOTE EXOUV AVAYKOAOTIKA TO LOLO UNKOG,
7OV TOVTLLETOL PE TNV TAEN TOU 1, TOV TOMOV, KO WAALOTOL
ker P, =ran(z,I — A)™e, omdte

X =ker(z,I — A)" @ran(z, I — A)™o.
(BA. [4], TTpoTaom 50.2).
(iii) AetEape oL av to 2, elvar TOhog TG R, toTe elvan tdrotun tov A. To ovi-
0TPOQPo dev aknBevel ev yEVEL: Pia LOLOTLUY TOV A SEV ELVOL AVOYKAOTIKG TOAOG
mg R, oUte mavta pepovmuévo onuelo tov o A) (Mapaderyua;)

(iv) Ymo g ouvOnkeg g [potaong 8.5, dev emetan kat'ovaykny ot o X, 1
Karolog amd tovg ker ((z, I — A)™) éxeL memepaouevn duaotaon. (Ilapaderynas;)

8.3.1 Ewu wepintomon: dim(X,) < oo

SNV TEPUTTMON QUTH LoYVEL KT avaykny 1 wootta Y, = X, dpa o Ppeudoun-
devodivapog teheotg z, I — A, elvon undevoduvaog omdTe (astd T TpoTaom
8.4) 10 z, elvaw TOhog TG R,

@étovue B := 2z, I — A_. Eivou oagég ém B(ker(B*) C ker(B*~1) yia x40¢ k.
Enouévag av emhéEovue o faon tov ker(z, I — A,) Kow TNV eEKTEIVOVUIE OE
Baon touv ker((z,1—A)?), petd oe Bdon tov ker((z,1— A)3) kow oVt KabeEng,
Kataokevafovue pto faon touv X, og Tpog TV 0TTolo 0 JTivakag tov B eivar
YVIHOLOL AV TPLYVLKOG.

AvTO amodetkvieL TV
IIpétaon 8.6 Av dim(X ) < oo, vwdoyel eAdyiotos n, dote (2,1 —A,)" =
0 kv o tedeotic A, totywvomoteltal. 2vykekoéva, vadoyet fdon tov X,

w¢ O¢ TNV omola o mvakas tov A, elval dvw TOLYWWKSS, Kal udlota To
orotyela Tng Staywviov Tov glval oAa (oo ue z,,.

Mopoarypnon. Exedn
{0} # ker(z,I — A) C ker((2,1 — A)?) C ... Cker((z,] — A)") = X,

elvar tpogaveg ot dimker((z,I — A)™) > nywan < n, KoL 1 aviooT)To,
WITOPEL VO ELVOL YVNOLOL (TTOPASELYIOL: EVOG UNOEVOSUVOOG TELEGTNG UE OELKT)
2 og gvav TPLG- (1] ATTELPO-) SLAOTATO YMPO).
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8.4 Alyefpucol teheoteg

"Evag teheotg A o évav ywpo Banach X Aéyetor abyeBpikos av vrapyeL mo-
Avodvupo p wote p(A) = 0. Otav dim X < oo, ke A € B(X) elvow alyefpl-
Kk6c. Mpdrypat, av dim X = n tote dim B(X) = n?, ondte ta I, A, A2, ..., A"
glvaL Ypouukd eEapTuéva, ouvertmg o A undeviletal amd £va TOMMVUUO
Badpov To ol n? + 1. To Oempnua Cayley-Hamilton Befaidvel 6T, oty stpory-
noTtkoTTo 0 A undevileton amd £va molvmvupo fabuod To ol n. O cuvap-
TNOLOKOG MOYLOUOG ETLTPETEL oL OTTAT) 0TTOSELEN TOV BEmPNUOTOG CVTOD:

Ocopnua 8.7 (Cayley - Hamilton) Av p elvau 1o yagaktnoiotiké molvdvouo
evig tedeotn) A oe ydoo memegaocuévng Sidotaons (Snladn p(z) = det(zl —
A)), téte p(A) = 0.

Anodeiln. Av o(A) = {21, 25, ..., 2,, }, TOTE VIAPYOVY OPKETA UKPOL KUKAOL
v; wote Ind., (2;) = ;5. AVT = 71 + ... +7,, 10te n I mepurcheier 1o o(A) o0
C, Gpa oo Tov oVVaPTHOLOKO MOYLOUO EXOVUE

P = 5 [ plwwl - ) dw,

27
AMG o ké0e w ¢ o(A) éxovue (wl — A)~t = (det(wl — A))~! B(w), dmmov
B(w) glva Tivakog Tov T OTOLYEL TOV ELVOL TOAVMVULG MG TTPOG W, dNAAST
0 B(w) elvol TOMMVUUO mG TTPOG w (ILE OLVTELEOTEG TTivakeg). Emougvawg

1 1
p(A) = — /p(w)(det(w[ — A) 1 B(w)dw = ,/B(w)dw =0
21 Jn 27 Jp
YLt 1) ouvapTnon w — B(w) glvon oAvovuuLKs, Gpa €XeL Tapayouoa. O

TroOétovpe Thpa 6TL 0 A glvar €vag alyePpLkog TEAEOTNG 0'EVOV (EVOEXOUEVIG
ameLpodiaototo) ympo Banach X. 'Eotw p €va molvmvupo eldyotov foduo
mov undeviCer tov A (éva (yadikd) TOAMOTAAOLO TOU EAAYLOTIKOU TOAVMVV-
wov tov A). Tote p(a(A)) = o(p(A)) = {0} and to Bedpnua (1 T Auua)
(POOUOTIKNG OITELKOVLONG, KOL OUVETIMG TO 0 (A) ELVOL TTETEPACUEVO OVVOAO, KOL
amotereltal akpLBmg amd TG PLLES TOV p.

'Eotw z, € o(A) ko d 1 ahyeppikn ToALaxAoTNTO TOV 2, WG TPOG P, dNAAdN
1N TOAAATAOTITOL TOV 2, G PLLag Tov p. loyvpilopal 0Tt To z, elvat TOLOG TOU
ermAboOVTa TELEOTY TAENG aKkpLpwG d, apa eLval LOLOTLUY ToU A.

pdyuatt, vrdpyer moludvupo ¢ ote p(z) = (2 — z,)%(z) Yo k&0 z kar
q(2,) # 0. Av A, Ay elvaw ou weproplopol tov A otovg X, = P, 1(X) xou
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Xy = (I= P, )(X) avtiotoya, 1ote 0(A,) = {2, } kaw o(A;) = o(A)\{2,}.
Enopévag to ovvoro o(q(A,)) = q(o(A,)) dev mepiéyer to 0. Apa 0 teheoTng
q(A,) etvar avtiotpéypog (otov X ). Ao v ahin peptd xovue p(A) = 0,
bpa p(A,) = (A, — 2,1)%(A,) = 0. Emopévag (A, — z,1)* = 0. Ouolwc,
0=p(A;) = (A; — 2,1)%q(A;) dpa q(A;) = 0 agod 2, ¢ a(A;).

Méver va dei€w ot (A, — 2, 1)4~1 # 0. Hpbyuot, av (A, — 2, 1)4"1 =0, t61e
v kabe x € X ypagoviog x = P,z + (I — P,)x, €rovue

(A—2z,1)" q(A)z = (A= 2, 1) T q(A) Pox + (A — 2,1)¥ 1 q(A) (I — Py)a
= q<Ao><Ao - Zol>dilpox + (Al - ZoI>d71Q(A1)(I - Po)x =0

dhadn (A — z,1)41q(A) = 0, mpdypo mov avuPaiver 0to yeyovdg OtL T p
€xeL eMayLoTo aduo.

AmodelEape Lowtov TV

Ipotaon 8.8 Av A € B(X) elvau aryefoukds tedeatiis, 10te T0 Qdoua Tov
elvau TETEQAOUEVO Ko AmOTEAE(TOL OO 1OLoTIUES. Kdbe tdotyun elvar molog
TOV EMAVOVTQ TEAEGTT) Ue TAEN (6T) TQOS TNV TOAAATASTNTA TNG LOLOTIUTIC WG
olCag tov eAayioTikol ToAvwviuov mov undeviter tov A.

8.5 Xuvwmayeig TeleoTiG

Evog teheotng A o évav ympo Banach X Aéyetar ovpmayns av omelkovilel
PPAYUEVO OVVOL OF OYETIKA GUUITOYY 0UVOAQ. 'Evag T€Tolog teheotng sivan Be-
Bawa ppoyuevog. Ewdikdtepa oL (pparyUEVoL TELEOTEG TETEPAOUEVNS TAENG (8-
radn ot A € B(X) mov ikavorooty dim(A(X)) < 0o) elvar ovumtoyels, Kot
T0 1810 Loy VEL YLoL NOrm-0pLa. AkolovOLOV 0TT0 TETOLOVG TeheoTES. AV 0 X glval
ywpog Hilbert, toTe avtioTpopo KGOE GUUTAYNG TEAEOTNG ELVOL OPLO OIG OKO-
Lovblag armd TeheoTég mEmEPAOUEVNG TAENG (BA. 7t.y. [5], 3.2). To 110 Loy veL oe
ToAOVG Y mpovg Banach, oy oumg og 6hovg [2].

Oa yperacBovue to yeyovog ot kabe z, € o(A)\{0} elvar pepovmuévo on-
ueto Tov paopotog tov A (BA. m.y. [5], 5.1). Av P, elvow 1) avtioTtouyt TpoBoin
Riesz kv X, = P,(X), tote 0 A, = Alx eivar aviiotpéyupog (yiati to
a(A,) = {z,} dev mepigyxer to 0), Kou emiong etvan ovumayng. Exouévog el-
VO TETEPAOUEVNG TAENG, YLott 1) povadiato uwdio tov A, (X) €xer un Kevo
£0MTEPLKO Kol OVUITTOYT KAELOT ONK. Aol 0 A, €lvoL OVTLOTPEPLUOG, ETTETOL
ot dim X, < 0o. Ao v mtpotaon 8.6 Emeton 0Tl vapyeL ehaylotog n, € N
MOTE 0 YWPOG X, VO LOOUTOL UE TOV Y MPO

{x€X:(z,] —A)ox =0}
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TWV YEVIKEVUEVDV 1OL0dLavvoudtov tov A. Eldikotepa, To 2, elva tdloTtiun Kat,
amd v mtpodtaon 8.5, elvar TOhog Tov emthovta tov A TaEng akppog n,,.
Mopatypnon To 0 avikel avaykaotkd oto o(A), otav dim X = oo (yuatt;),

OAAG EVOEYETAL VO, UMV ELVOL LOLOTLY], 1) VO UMV ELVOL LEULOVWUEVO ONUELO TOV
o(A).
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9 YUVEXELN TOV PAOUATOS

2V Topaypago vty Oa HELETHOOVUE TNV UETABOAN TOV PAoRaTog o () Ka-
Bmg petafarletal To otokelo = wag ahyeppag Banach A pe povada.

9.1 Hovvaptnon z — p(x)

ZeKwvape oo Ty el g ovvaptong r — p(x) : A — R. Eépovue Ot
p(x) < |z|, emopévwg av x,, — 0 tote p(x,,) — 0, SMAadN M p elvon ovvexng
010 0.

Epomua 1 Eival 1 p ouotduogpa ouvexng ouvaptnon;

[Mopotpnoe 6t av oe wa alyefpa Banach A wybel [p(z) — p(y)| < |z — ¥y,
TOTE 1) p ELVOL OUOLOUOPPO. ouvexng otV A. Oa det&ovue (Oempnua 9.5) OtL
avto ovufaivel otav 1 A eivon petabetikn. H o o un-petadetikn ahyeppo
glvar 1 ahyeBpa Mo (C) tov 2 X 2 (yadtk®dv) Tvakmv. AKOU Kot 6° auThv
NV AAMYEBPC, 1) OUOLOUOPEPT] CUVEYELQL TG P CTTOTUYYLVEL:

Mopaderypo Eotw

= (0 ): m=(2)

Tote “An - Bn” - % — 0 eva p(An) - p(Bn) =1

Aoxknon AeiEte 6t 1 ahyefpa Th(C) Tov Twv 2 X 2 dve ToLyO VKOV TUVOK®OV
etva un petadetikn, odam p : To(C) — RT elvan opoldpopgpa ovveyxng.

Epodmua 2 Eivawn p ovveyng;
Oa delEovpe 0TL avTod LoyvEL otav dim(A) < 0o (9.7), dev Loy el OUmG eV YEVEL:

Mopadevypo Kakutani Tmapyer pia axorovbio (A ) ammd (gpayuévous) un-
devodivapovg tekeotég otov H = (2(N) (omdte p(A,) = 0) mov ovykiivel o’
évav teheotn A ue p(A) > 0.

AnodeiEn Av {e, : n = 0,1,...} elvar 1 ovvnOiopévn Baon tov H, opitm
Ae,, = a(n)e,, . EAéyyetar evkoho ( Aoknon) 0t o A eneKTelveTOL O Qpay-

uevoteheom A : H — H ov kou povov av 1) akorovbia (a(n)) etvon gppoaypévn,
Ko uahota |A| = sup |a(n)).

Opttw ™V (a(n)) wg e&ng: Kabe Luydg dpog tibetan toog pe 1. And Toug vmod-
Aoutovg, KaOe devtepog Opog TiheTaL toog we 1/2. Amd Toug vitdlouTovs, Kabe
devtepog Opog TieTow toog pe 1/22, kou ovtm kabeEng:
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1 -1 -1 -1 -1 -1 -1 -1 =1
1121 —11/21 — 1121 —11/21 — 1
1 1/2 1 1/4 1 1/2 1 — 1 1/2 1 1/4 1 1/2 1 — 1
1 1/2 1 1/4 1 1/2 1 1/8 1 1/2 1 1/4 1 1/2 1 — 1
1 1/2 1 1/4 1 1/2 1 1/8 1 1/2 1 1/4 1 1/2 1 1/16 1

AnLad) oto k 0tddlo Bétm 1/2F oto mpwto kevod, agive éva kevod, Oétm 1/2F
0TO ETOUEVO, K.O.K.

AvEk=1,2,.. 6étw Age,, = a(n),e,, 1 OTOV
[ a(n) ava(n)+#1/2"
a(n)i = { 0  ava(n)=1/2~.
Hapatnpnoe 0t av o teheotng B opileton oo ) oxéon Be,, = b(n)e,, 1 10te
Bmtle  =bn)b(n+1)...b(n+m)e, .1, ETOUEVQRG Aik“ = 0 yuo KG.Oe

k € N. Anhodn kabe A, elvow undevoduvauog, ol 0 SelKTNG Tov UeYOMDVEL
TOAD YPNYOPO. e TO K.

Eniong elvar gavepd ot A — A, | = 1/2F — 0.
Méver va deiyBet ot p(A) # 0. Exovue
Am ey =a(0)a(l)...a(m)e,, 1,
apa |A™ | > a(0)a(1) ... a(m), omdte
1

p(A) > lin%}nf(a(O)a(l) .a(m))mi.

)

Av opwg m = 2P — 2, t0te

a(0)a(1)...a(m) = 12"".(1/2)% 7.(1/4)2"" ... (1/2)P~ 1
apa B
log(a(0)a(1)...a(m)) = Z 2P~ 1=nog(1/2)"
n=0

omote

1 223*1 p1 n
log((a(0)a(l)...a(m))mT) = 59 1 log(1/2) 2 on
Eneldn >0 n2™" = 2, émeton Ol
1 1
liminf((a(0)a(l)...a(m))=T) > 5 O



9.2 H ovvaptyon x — o(x)

O0 LELETNOOVUE TOPA TV GUVAPTNON Z — () TTOV TALPVEL TLUEG 0TO GVVOLO
TOV CUIWITOYMV W] KEVAOVY VITocuvorlwv tov C.

To Hapc’xéewua Kakutani dgtyver 0tL 1) vadpman CUTY TTOKAELETOL VOL ELVOLL
“ouvveyng”, ywott evo o(A4,,) = {0} yia k&g n, éxovue o(lim A,,) # {0}.

H €vvola Tng OUVEYELAG YLOL GUVAPTNOELG TTOU TTOLPVOUV TIUES OTO GUVOLO TMV
OUUTTOYDV U1 KEVOV vItoouvormv tov C pmopel va ekppaobel HEow Twv ako-
Lovbwv cuufolouwy:

TupBoropoi Av K C C ovurtayég ko e > 0, ypagpovue
(K),:={z€C:d(z,K) <e}

(K], :={2€C:d(z,K) <¢€}.

Etvar gpovepo ot to (K), elvon avouktn septoyn tov K kou to [K ], elvon khel-
ot meployn Tov K. Emiong, éva emyelpnuo. CUMITAYELOG ety VeL OTL Yia KaOg
avoikti teproyn U tov K vrtapyere > 0 wote K C (K), C U.

Ag BuunBovpe otL wia ouvapmon ¢ : R — (—1,1) Aéyeton dve nquovveyrs
oto z, € R av ywa xabe ¢ > 0 vrapyer § > 0 dote p(z) < p(z,) + € otav
|z — x| < J. Avtiotora n p héyeton kdTtw quovveyijc av p(z) > p(z,) — &,
67])\0167'] o(x,) < gp( )+, 0tav |z — x| < d. Av Bécovue P(z) := (—1, p(x)],
1OTE elval Qavepd OTL oL dVo nponyovpteveg 0y£ogLg Loduvauohy pe tg e (z) C
(®(x,)), kauw ®(z,) C (P(z)),. aviiotouya.

Kot avahoytov, uta ovvaptnon z — K(x) oplopévn o’€vav UeTpko ympo
(X, d) ov oL TiEG TG elva un Keva ovumayn) virootvola tov C Ba Aéyetol dvem
NULGVVENNS OTO T, v Yo KaOe € > 0 vrapyer 6 > 0 wote K (z) C (K(x,)),
otavd(z, x,) < 0 ko Bo Aéyetan kaTw nuiovvexs av K(z,) C (K(x)), otav
d(z,z,) < 6. H K 0o Aéyetar ouveyns av elvol Gvem Kot KATm NUoVvexnG.

T ueimon. ZTo 0UVOLO TOV (N KEVHV CUUTOY MV VIToouvOrmv Tov C oplletal 1
reyouevn uetoukr] tov Hausdorff A a6 tov 10mo

A(Ky, Ky) = max{sup{d(z,, Ky3) : z; € Ky}, sup{d(z3, K;) : 25 € Ky}}.

AmoderkvieTon 0TL N A £LVoL UETPLKT] KOl OTL TO GVVOLO TWV (1 KEVMV CUIITTOLY DV
VITOOVVOLMV TOL C YIveTow TANPNG UETPLKOG Y hpog wg tpog TV A. Eivar eikoho
va el kKavelg 0L 1) ouvaptnon K glvar ouveyng og tpog v A av KoL Lovov av
gLVaL VO KoL KATO NIOVVEXTG.

"Exovue o1 amodeiEer (mpotaon 7.13) ot
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Ipértaon 9.1 (ve Nuisvvereln Tov @aopatos) H ovvdornon x — o(x) el-
var avw Quevvexns otnv A.

HMopatypnon 9.2 Exerar St kou 1 ovvdgotnon x — p(x) elvaw dvw nuov-
vexrs. Hodyuaty, ave > 0,0 € A ko emAéEw § > 0 dote o(y) C (o(x)),
otav |z —y| < 9, téte, emedn p(y) € o(y) C (o(x)),, vrdoyet A € o(x) dote
lp(y) — Al < ¢, ondte p(y) < |A|+¢€ < p(x) + e

To mapaderypo Kakutani detyver 0tL 1 o 8gv €lvol KATW MWOVVEXNG €V YEVEL.
To emduevo Bedpnua delyvel OTL 1) KAT® MULOVVEXELD EEACPUMEETAL, AV 1 O
neploplobel og PeTAOETIKES VITOAYERPES TG A.

Oa ypeLaodel (o ATk TapoTNPN o).

Aqupa 9.3 Eotw A dlyeBoa Banach ue uovada kow a,b € A ue ab = ba. Tdte
p(ab) < p(a)p(b).

An6deiEn Emedn ab = ba eyovue (ab)™ = a™b™ qpa |(ab)™|| < |a™].]0™|-
To CLUTEPAOUO ETETOL AITO TOV TUITO TNG PAOUATIKNG OKTIVAG (Oempnua 5.3).
O

Mpotaon 9.4 Eotw A diyefoa Banach ue uovéda kaw x,y € A ue vy = yz.
Tote
o(z) C o) p(z—y)-
Emouévwg
Afo(z),0(y)) < plz—y) < |z —yl.

Am6deEn Av o (z) L [0(Y)] (z—y)> VIEPYELA € 0(2) wote d(N, o(y)) > p(o—
y). Exovue oumg amodei&et (stoptopa 7.11) ot

1
R CTErR

dpa p((A1 — ) Ypz —y) < 1. Enedn ta otoyeic a = (A1 — )t xau
b = x —y ueratiBevral, éxovpe p((A1—y) Lz —y)) < p(A1—y) Hp(z—y),
Gpa p((A1—y) 1) (z—y)) < 1. Autd duwg onuaivel bt 1—(A1—y) 1) (z—y) €
Inv(A). Tote duwg

AM—z2=A—-y)(1— A —y) Ha—y)) €Inv(A)

TPAYUOL TTOV OVILPAOKEL UE TO YEYOVOG OTL A € o (). O
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Mopatipyon H [Mpdtoaon avth (kabohg kot to Oshpnua Tov akolovdel) pwo-
pel v amoderyBel, Omwg Oa dovue, ko pe v Pondera g Bewplag Gelfand yio
uetabetikeg alyeBpeg Banach (BA. 10.12).

Ocopnua 9.5 Eorw A uetabetikn dhyefoa Banach ue uovida. Téte n 6vvdg-
mon x — o(x) elvaw cvveyns (udiota ouotduoopa cuveyns) otnv A, kot to
{010 woyvel yia v © — p(x).

An6deiEn H opodpopen ouvveyxeia g z — o(x) elvan dueon oo vy oxeon
A(o(z),0(y)) < |z —yl.

[ v p, mapatnpnoaue ndN oty 9.2 otL, av p(x —y) < §, n oxéon o(z) C
[0()] p(—y) OVVETGYETOL TV p(2) < p(Yy) + 0. Emerdn) o(y) C [0(2)] 515y
exovpe kaw p(y) < p(x) + 4. Temkmdg howrtov p(z —y) < 0 = |p(x) — p(y)| < 4,
KOl OUVETTMG

lp(x) —py)| < plz—y) <z —y| O

'‘Eotw = oL €otw OTL o(z) C U dmov U ovorktd aivolo. ot .
Eo € A ko €ot C U omov U K10 ovvoro. H I1 on 9.1
detyvel o av z,, — x, 101€ o(x,,) C U tehka. To emduevo Bedpnua eivon
utor onpovtiky Bektimon: detyvel 0Tt dev elvat duvoTov ta ovvola o(x,,) va
Pplokovrol oha pueoa oe eva “oppatt” tov U.

Ozmpnua 9.6 (Newburgh) Eotw x € A ko éotw 6t o(x) C U UV bmov
U,V &éva avowktd odvora. Av o(x) N U # 0, téte vadoyer 6 > 0 dote pa
kdOe y € Aue |z —y| < § vawyvdeo(y)NU # 0.

Am6deiEn Av dev Loy leL To ovumEpaoua, vTapyel akorovdia (y,,) oty A mov
ovykAlver 010  wote o (y,, )N U = D yia kabe n. And v [potaon 9.1 pmopovue
va virobécovpe 6t o(y,,) CU UV, apao(y, ) C V.

'BEotw [ : UUV — C n yopakmpiotkn tov U. Exeldn 1o o(z) xau o(y,,)
nepeyovrar oto U UV, opitovtar to f (), f(y,,). Exovue amodeiel (Oempnua
7.14) 6w lim,, f(y,,) = f(z). Ouwg £(y,,) = 0 agot n f undevitetar oto o(y,, ),
evo f(x) £ 0 agov 1 € f(o(x)).

H avtigpaon avt deiyver 0t o (y,,) N U # 0 tehka. O

Oeopnua 9.7 Eorw A dryefoa Banach ue povada. Eotw x, € A ue oMkd un
oVVeKTLKS @pdoua. Téte n ouvdotnon v — o(x) elvaw cuveyrjs 6To T,
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An6deiEn Oo yperacOolue povov v akorovdn o ta tov o(x) (Br. 9.2.1):
T ke € > 0 10 o(x) Wropel va KahvgOel amd menepaouevo TAn0og Eévav
avolKTOV ouvormv Vi, ... V. mtov 10 kaBéva €xelL dIAUETPO KPOTEPY AT €.

Ao 10 Oedpnua Newburgh, enedn V; No(z) # 0 yia i = 1,...n, umopd va
Bpw d; > 0 wote av ||z —y|| < J; vawoxder V; Na(y) # 0.

Eotww y € A pe |z —y| < mind,;. Av A € o(z), vnapyer i wote A € V;, apa
vrapyel p € o(y) ue | — A < € (agot diam(V;) < e), apa d(\,o(y)) < e.
Agi&ape howtov ot o(x) C (o(y))..
Ao ™V GAAN pepLd, AOYw Gvew Muovveyelog vdpyel 6, > 0 wote o(y) C
(o(x)).. Av hourtov |z — y| < min{d,,d1,...9,,}, tote A(o(x),0(y)) <e. O

Moaparypnon To Ochpnuo avto e@apUoOleToL ELOIKOTEP OTAV 1 A £XEL TTETE-
paouev duaotoon. Kuplwg opwg 1o Oempnuo. (poapuolouevo 6Ty IEPLTTmon)
A = B(X), omov X ympog Banach) detyver 0t KGOe cuumayng TeAeoTNG ELVOL
ONUELD OLVEYELAG TG artelkoviong A — o (A).

9.2.1 OMKG (1 GUVEKTIKOL HETPIKOL YMDPOL

Ag ovopdoovue arootvdeon oe evav (Hausdorff) tortoroyikd ywpo (X, 7) éva
Cevyog un kevdv avolktov ouvohov U,V ue UNV = Pk U UV = X.
Emopévog 0 X elvar GuvekTikog av KoL povov av dev dexetal amootvdeon. O
Y hpog X AEYETAL OMKG 1) CUVEKTIKOG 0V KAOe Leyog ONUELnY TOV UTTOPEL VO
SLaywpLodel pe Pl arooVvOEo).

'Etol, évog ywpog Hausdorff elva OMKa pun ouvekTikog ov €xeL po Ao oo
avolkTa Ko khewotd ovvora. Tpdyuott, ov B elvon pia Baon yio v 7 oo
AVOLKTA Kot KAELOTA 0VVOAQ, TOTE Yo KaOe = # y oto X vrapyer B € B ue
x € Bxavy ¢ B, otote n amoctvdeon (B, X\ B) dwoywpilel ta x Ka y.

To avtiotpogo Loyel otav o X eivan cvproyng. Mpdypate: av o X givar ok
U1 OLVEKTIKOG, Yo kaBe x € X ko yuo KaOe avorktd ohvoho U mov mepLeyeL
10 2, B0 KATAOKEVAOM VAL AvOLKTO Ko KAewoto ovvoro V wote x € V C U.
AvU = X, 0¢tw V = U. Av Oy, 0 ovumtinpouae U tov U elvor OUUToyES.
To kae y € U*, dudheEe pio awootdvdeon V,, U, uex € V,, y € U,. Agoi n
owkoyévela {U,, : y € U} kalbmrtel To ovpmayég ovvoro U, €xel TEMEPUOUEVO
vrokohvppa {U; : ¢ = 1,...,n}. To ovvoho W = U,U, €lvar avoKto Kot
KAELOTO, TepLEyeL to U ol OxL To x, apa to V = WE £yel Tig amantodueveg
WoTreg. 2

2Enetou topa 6t y1a kd0e = € X 1) ovvektikh ovviotdoo C () Tov 2 ivar ovooivoho: Av
Yy # x, vapyEL avorkTo Kon Kheloto ovvoro Q C X nex € Q xary ¢ Q. AMato C(z)NQ evon
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[Mopatnpnoe 6Tl To 6VVORO OAMV TMV OVOLKTMV KoL KAELOTMV VTOOUVOLWYV TOU
X elvor KAELOTO Kal 0¢ TPog ovumAnpouata (elvar odvdeouog Boole). Emoue-
voog av to X KaAOmtetan oo wa semepaouévn owkoyevewa {U, i = 1,...,n}
aTtO AVOLKTA KO KAELOTA 0VVORQL, TOTE KOAMDTTTETOL KO OLTTO (L. TTETTEPALOUEVT] OL-
Koyévewo {V; : i = 1,...,n} and Eéva avolktd Ko khewotd ovvoho ue V; C U,:
apkel va Oécovue V; = U, \(U,.,;U;).

"Eotm thpa X OMKG () OUVEKTIKOG OUUTTAYNG UETPLKOG Y hpog. Tote Yo kGO
e > 0 vapyer memepaocpévn owkoyevela {Vy, ..., V,, } and Eéva avorktd (Ko
KAELOTG) GUVOAQL e SLAUETPO TO TTOMD € Tov Kahvrttel To X . Tlpdynatt, yia ka0e
x € X éotw W, avoikt meployn Tov  pe dauetpo 1o molv € (o xmpog X
elVaL OMKA QPAYUEVOG). ALdheEe Thpa £va avolkTo Kat KAewotd ovvoho U, pe
x €U, CW,.Howoyévewa {U,, : x € X} elvar avolkto Kahvuua tov X, apa
xeL eva memepaopuevo vrrokaivpua {U; : i = 1,...,n}. To Intoduevo kaivuuo
TPOKVITTEL OTLMG GTNV TPONYOUUEVT] TOPAYPAPO.

L1 KEVO KO OYETLKA 0iVOLKTO KO KAELOTO 0TOV TOTtoAoyLko xmpo C(x), 0 07T0l0g ELvoL GUVEKTIKOG,
onote C(z) N Q = C(x), dhadn C(z) C Q, dpoy ¢ C(x). Anhadn, £vag GUUTOYNG XDPOG
Hausdorff eivaw olkd un ouvekTikdg av kow pdvov av dev €xel KaBOAou ouvekTikd vTochvola
(exTOG AT TOL LOVOGUVOAQL).
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10 MeraBetkes alyeppes Banach

10.1 Ide®dn ko pop@ropol

Av A glvar pia ahyePpo (LeTaBeTikn 1 0xL) Ko J €va (augplithevpo) IOEMOES TG
A, tote 0 Y wpog Tnhiko A/ J yivetow ahyefpa av epodlaobdel e Tig pakelg

(z+d)+y+d) = (x+y +4
MNe+J) = M)+
(x+J)w+d) = (xy +J

KO 1] KOVOVLKY OITELKOVLOT] TTNALKO
T A—>AlJ:x—x+7

glvol Lop@Lopog pe mupnva kerm = J. Avtiotpoga, av ¢ : A — B elvan
HOPPLOUOG OAYERPMV, TOTE O TVPNVOG TOV elval 1deddeg g A. Av 1 A €xgL
uovdda 1, tote A/ J éxer povéda'?, 1o 1 + 4.

Moapatyprjoseis (i) ‘Eva 1deddeg uuag GhyePpag pe Hovada VoL yvioLo av Kol
UOVOV av 8EV TEPLEXEL TNV UOVAD, LOOSVVAIO vV SV TEPLEYEL KAVEVA, OLVTL-
OTPEYLUO OTOLYELO.

(ii) KaOe ahyeppa Banach A pe povada, ektog amd 1o C, £xel yviolo aplotepd
1OemdN Kat yvnoro deEud 1dewdn. Mpdrypatt: 1 A TEPLEYEL KATOLO U1 AVTLOTPE-
PLULO OTOLYELD T, AAMMDG ELVOL LOOUETPLKA LoOpopen ue to C (Oedpnua 5.2). Av
T0 T 8eV £xEL APLOTEPO AVTLOTPOPO, TOTE T0 Ax = {ax : a € A} elvar yviolwo
apLoTEPO LOEMOES. AV TTALL TO T E)EL APLOTEPO AVTLOTPOYO ¥, TOTE TO Y SEV EXEL
APLOTEPO AVTLOTPOPO, YLOTL OAMMG O NTAV OVTLOTPEYLUO, 0TTOTE KL TO = Oa
Nrav aviotpéPpo. Tote To Ay elval YvioLo opLlotepo LOEMSEG,.

Svvenwg Kabe petadeTikn ahyefpa Banach pe povado xeL yvnoo auglthevpo
1OeMON. Aev £X0VV OUMG OLEG OL GAYERPEG YVIOLO QUQLITAEVPA LOEMOT (FTOPAL-
devypa: M, (C),n > 2).

"Eva (apLotepd, SeEL 1) auplaievpo) 10emdeg J wag ahyeppog A MEyetal peyt-
GTIKO OV ELVAL PVIOLO KOL OEV TEPLEYETAL YVIOLO, OF KOVEVO, (OUOELOES) LOEMDEC,
eKTog atd ™V A. Iapadetypatog yapwv, av ¢ : A — C elvan un undevikdg pop-
PLOUOG, TOTE O TTUPTVAG TOV ELVAL UEYLOTIKO LOEMSES, YLaTt £xeL ovvdLaoToon 1.

B3To avtiotpopo dev oylel kot avéykn: av mapadetyuatog xépw A = co kar J = {a € ¢y :
ae; = 0}, tote n A dev gyeL povada, odhan A/ J €xel povada to e, + J.
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Z10Y0G QUTNG TNG TOPAYPAPOU glvar va. detyOel OTL, og KaOe uetadetikn dhye-
Bpa Banach pe povada, KaHe neylotiko Oemdeg elval avTng TG LOPPNG.

Ocopnua 10.1 (Krull) Av A elvaw uia dryefooa ue uovdda, kdbe (aouoTeQd,
OeEl ) aupimAevoo) yvnoro 1dewdeg J tng A meotéxetarl o€ éva ueyioTiko (ouoet-
08¢) 10edeg.

Am6de1En Yrobetm OtLT0 J elval aplotepod 1demdeg TG A. Ou Ghleg TEPLTTH-
OELG AITTOSELKVVOVTOL OUOLAL.

OvopaZm S TNV OLKOYEVELD OV TWV PVHOLWV APLOTEPMV LOEMIDV TG A TOU
nepexovy 1o 7. H S diatdooetal peptkd amd Ty oyeon Tov mepLexeodat. Oa
SelEw OTL ExEL UEYLOTLKO OTOLYELO.

Av C C S elvon pulor OMKO SLATETOYUEVT OLKOYEVELD, Ot M - := UC Ko
woyvptLopon 0t 10 M~ etvan avo @payua g C. payuati: To M ~ mepiéyel
KaBe otoyyelo g C, apa ko to J. Av xz,y € M kava € A, 10Te VAP OLY
J1,d9 € Cootex € J1,y € 5 onOte ax € 7, C Mo yroti 10 J4 €l-
va apLotepd Wemdeg. Emlong, emetdn 1 C elvan oAK( SLUTETOYUEVT), UTOPM VO
voBeow 0Tt 1 C Jo, 0motE 2,y € Jo, Gpox +y € Jo C M . Apoto M
elva aplotepod 1demdec. Emuthéov, eival yvnolo, ylott kovéva otouyelo g C
dev mepLEEL TNV HovAada, apa oUTe T0 M - TV TEPLEYEL.

"Enteton amd to Anupa Zorn 0Tt 1) OLKOYEVELD, S €)EL EVOL UEYLOTLKO oToLy el M .
Avtd onuaivel 6Tl Kavéva otorelo g S dev mepléyel To M, eKTOg ot To 110
10 M. Toyuptlopan 6Tt To M ElvaL HEYLOTIKO WG TPOG TNV LOLOTNTOL TOV VO ELVOLL
apLotepo 1demdec. Tpdynott: ‘Ot elvol apLoTePo LOEMIEG Ko OTL TEPLEYEL TO J
glval 00gEg, apov M € S. Av topa K eivon £vo aplotepd Yoo 1demOeG TG
A mov srepieyer to M, tote 1o K avnker oty S, agov mepteyeL to J. Emouévng
K = M Moyw peyrotikomrog tov M oty S. O

Moapatipyon HvmopEn wovadag dev umopel va maparewpdel. lMapadeiypatog
xapLY, 0odetkvieTal (AoKNoM) OTL TO GUVOAO ¢y C ¢ TV aKOLOVBLDV (e TTe-
TEPACUEVO POPEX ELVOL LOEDDES TNG C(y TTOV OEV TEPLEYETAL OE KOVEVQ, UEYLOTLKO
1emdec.

Mpotaon 10.2 Av A elvau ula dAyefoa Banach ue uovada kow J éva (aototegd,
0e&l ) aupimievoo) yviowo tdewdes tne A, téte n kAewotn Onkn J tov J elvan
PV1o10 (0U0ELdES) LOEWEG.

AmédeiEn To yeyovdg Ot 10 J eivon 10eddeg émetal omd TV OUVEXELD TWV
alyeBpikdv mtpa&ewv. Ipemer va. amoderyBel OTL elvon yviioto, dSmiadn ot 1 ¢
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. Avtd mpdypott adnBevel, Yot 1 ovorkTy) wrdha pe kévrpo 1 kou aktivo 1
OTTOTEAELTOL OITO AVTLOTPEPLUOL oToLyela (Anuua 4.1), ETOUEVWG OEV TEUVEL TO

dJ. O

Mopatipyon Ko oty wpodtaon avt) 1 VrapEn wovadog 8ev WTopet vo. o
porelpOetl. TTapadelypotog xapLv, To WEMOES coy TG Co ELVOL YVIOLO, GG 1)
KAeLoTY) TOV ONKY SeV elvad.

opropa 10.3 KOs ueyiotikd (aptoteed, Se&l 1) auplmievoo) iéeddeg uiag dA-
yefoag Banach ue uovado eivar kAetoto.

AnédeiEn H khewot) tov Ok etvar (0poeldeg) yvinoto 1demdeg. O

Mpotaon 104 Av A elvau ula dAyefoa Banach ue uovida kow J éva aupl-
TAEVQO KAELGTS 18edeg g A, 16TE 0 )YhoOS TNAlKO AT epodiacuévos ue
v voguo TnAlKo

la+ 1, = nf{lla+z:z € J} =d(a,g)
elvau dAyefoa Banach ue uovada, kot § KavoviKs amxetkovion aniiko ™ : A —

A/ J elvau cvveyis (emt-)uoo@irouds.

An6deiEn To yeyovog ot m |.[, elvan mhpng vopua otov xwpo mnhiko A/J
KO OTL 1] AITELKOVLON TTNALKO ELVOL OUVEXTG OTTOOELKVVETOL 0TIV YEVIKT Omplal
TV ywpwv Banach (BA. m.y. [1], IIL.4). Méver vo. amodery el Ot

lab+ g < la+ g0+, -
[Mpdayuatt, av z,y € J €ovue

AMG (a 4+ 2)(b+y) = ab + (ay + xb + xy) xav ay + zb + zy € J, dpa
I(a +z)(b+y)| > [ab+ F|,. Emopévwg n wponyoduevn avioomro divet

(@a+z)(b+y)| < la+z][bo+yl.

lab+ Jly < lla+z|.[6+y]

Yio KGOe x,y € J, KoL TO OUUTEPAONOL ETETOL TTALPVOVTOG infimum wg Tpog
Koy, O

Ocopnua 10.5 Eotw A ulo uetabetikn dhyefoa ue wovdda kow J éva yvijoto
tdeddeg tng A. To J elvou ueytotikd tdeddeg av kat uévov av n dAyefoa xniiko
elvau odua.
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Anédeiln O¢tw B = A/J. 'Boww z € A\J, dnhadn n(z) € B\{0}. O¢to
M = Az + . Ebxola Brémerl kavelg 0TL 10 M elval 1o IKPOTEPO LOEMIEG TG
A mov mepiéyel to J Kau 1o x.

Av 10 J elvon peylotiko 1deddeg g A, tote to M dev glvar yviolo, dnhadn
A =M, apan(A) =n(Ax+ J) = n(A)r(z) dhadn B = Br(z) npaypa
nov onuatver Ot () € Inv(B), dpa 1 B eivol coua.

Avtiotpogo. av yio k40e . € A\J vrdpyer a € A dote w(a) = (w(x))~L,
101 O¢tovtag y = 1 — ax égovue 1 = ax + y omov y € J (vt w(y) =
(1) — 7(a)m(z) = 0, omoTE TO LOEMOES TOV TOPAYETOL OTTO TO J KO TO 2 eV
glva yvnoto, dhadn to J elvan peytotkd. O

'Botw A pla petadetikn diyeBpa Banach pue povada kow M €va neylotko 1de-
hdeg g A. Tote 1) ahyeBpa minhiko A /M eivar odua (@empnuoe 10.5), alrd
elvaw ko ahyeBpa Banach (ITpotaon 10.4), 16t 1o M eivor KAELOTO 18emEC.
Suvemmg amd 1o Oehpnua Gelfand - Mazur (5.2) vrdpyer evag (LOOUETPLKOS)
LOOUOPPLONOG A : A /M — C. Autd 0mmodetkvieL To

Hopwopa 10.6 Eotw A uetabetixn dAysfoa Banach ue uovdda kar J yvioio
weddeg tne A. To J elvou uepiotrd idewdeg av kaw uévov av n A/J elvau
LoOUETOLKA 1o0uoo@n ue to C.

Oponos 10.1 Xapoaxt)pog 17 TOAATAAGLUGTIKT] YPLUUIKT ROPYN © OF uic
dlyepoa A Aéyetar évag un undevikog uoogiouds ¢ = A — C. To gdvoro twv
xaoaxthiowv g A ovuforifovue M(A).

Moapatipyon Av 1 A €yl povada, tote €vag popelopog ¢ = A — C elvan
YAPAKTNPAG oV Kat ovov av p(1) = 1 (yuotis).

Suvemmg av SV0 YAPAKTNPES @ KoL P TG A €XOUV TOV 1810 TUPNVA, TOTE TAV-
TiLovran, ywatt yio kabe x € A wyber x — o(x)1 € ker(p) = ker(v)), dnhadn
bz —p(x)1) = 0 dpa y(z) = p(z)Y(1) = ¢(z).

Ocopnua 10.7 Eotw A ula uetabetikn dlyefoa Banach ue uovida. H amweiko-
won
p — kerp

glvat ouEovoeHUAVTn UETAED TOV GUVOAOV TV YAQAKTHOWV KAl TOU GUVO-
Aov twv ueytotikdv tdewdwv tng A.
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An6dIEN ‘Ontmg TapoTNPNOAUE OTNV 0PN TG TOPAYPAPOV, KAOE XOPaKTY)-
pag ¢ : A — C g A opilel Eva pueylotiko 1demdeg, tov mupnva tov, ker . H
TPONYOVUEVY TTAPOTNPNOT SELYVEL OTL 1] ATTELKOVLOT 0 — ker ¢ elvo 1-1.

"Eotw M peyotkod Weddeg mg A kav A = A/M — C o povadikog (yrortis)
LOOUETPLKOG LOOUOPPLOUOG TTov eEaoparilel To Osdpnua Gelfand - Mazur. Av
OVOUGLOOVUE 0 TV OVVOEST TOU A e TNV KOVOVIKT| GITELKOVLOT) TINALKO T,

o AS A

TOTE EYOUUE EVAV Lop@Lopd ¢ : A — Cue (1) = 1 ko kerp = kerm = M
(aov 0 A etvaw 1-1). Etouéving 1 ametkovion ¢ — ker ¢ etvon emtt. O

opwopa 10.8 To civoro M (A) twv yaparthowv kdOe uetabetiknc diyefoag
Banach A ue uovada dev elvar kevo.

AmOdEN Av 1 A £xeL un undeviKa PeYLOTIKG 1OEMSN, TOTE ATt TO TPONYOU-
UEVO OEdPNUOL EYEL YUPUKTNPEG. AV OEV EXEL UEYLOTIKA LOEDS), TOTE KAOE un
UNOEVLKO OTOLYELO TNG ELVAL AVTLOTPEWYLIO, OTOTE O LOOUOPPLONOG TG A ne to C
mov eEaoparilel To Oempnuo Gelfand - Mazur eivor (0 HOVASLKOG) XOPAKTNPAG
m™mg A (kow 0 Tupnvag tov, dnh. o {0}, etvon peylotko 1deddeg). O

Moapatipyon H petabdetikdmta g A 0To TPONYOUUEVO TOPLOUO SEV UTOPEL
ev yevel va moparewpbet. apadetypatog xapwv, n alyeppa M, (C) tovn X n
TVaKoV dev gxel (auplalevpa) tdemON (VoL aridi]) ETOUEVIG OEV EXEL YOO
KTNPEG.

Ao ™V G pepd dpwg, N vdiyepd g T, (C) mov amoteleitan amd Tovg
AV TPLYWVLKOVG TIVAKEG EYEL AKPLBMG N YOPUKTNPES (AWOKNOT)), TAPOLO TOU
dev elval PeTodeTIKY).

Moapatipyon E@ocov ta peytotikd 1demon wog uetodstikng alyeppag Banach
UE HOVAdQ elval KAELOTA, EMETOL OTL OL XOPAKTIPES TG ELVOL OUVEXELS. AUTO
OUWG LOYVEL YEVIKOTEPQL:

Mpotaon 10.9 KdbOe yaoaxtnoas wag diyefoas Banach (uetabetikic 1 dyt)
glvar ovvexng, ue vogua to moAv 1. Av udhota n diyefoa éxel uovada, tote

K&Og yaoartnoag Exet voouo axoipag 1.

An6deiEn 'BEotow ¢ € M(A). Oa delEm ot [p(z)] < 1 ywo kabe z € A pe
|z]| < 1.’Eotw ot vrapyer z, € A pe |z, ] < 1 ko p(x,) = X dmov [A| > 1.
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x| < 1, n oepd

y=y a"
n=1

ovykAlvel. AMG y = zy + x apa o(y) = p(z)e(y) + e(x) = p(y) + 1, atomo.

O¢tw x = x, /. Eneidn

Emopévog
lell = sup{lp(e)] = o] <1} < 1.
Av n A éyer povada, tote || = 1 emedn (1) =1. O

H enopevn IMpotaon yopokTtnpilel To aVILOTPEPLUE OTOLYELL AG UETOOETIKNG
aiyeBpag Banach pe povada, kabhg koL to paoua Kabe otoryelov g, HECW
TWV YOPUKTI POV TNG:

Mpotaon 10.10 Eorw A uetabetixn diyefoa Banach ue uovdda kow x € A.

(a) To x elvou avtiotoéyiuo otnv A av ko uévov av ¢(x) #+ 0 ywa kdbe ¢ €
M(A), tooddvaua av to x dev meoéyetar o€ Kavéva (UEPLGTIKG) LOEMIES TG

A.
(B)o(x) ={p(x): ¢ € M(A)}.

An6deiEn (o)) To olvoro J = Ax eivan 1demdeg g A. Av z ¢ Inv(A), tote
10 J €lvan yvNolo LOeMOES, APa TEPLEYXETOUL OE KOITOLO UEYLOTIKO LOEDDES, ApaL
(0716 To Oedpnua 10.7) to x undevileton ammd KATOoLoV X apakTeo g A. Avi-
0TPOPO. AV TO T UNSEVILETAL OTTO KATOLOV XOPAKTNPO 0, TOTE TEPLEXETOL OTO
UEYLOTIKO 1demdeg ker (.

(B) 'Eotw A € C. EE optopot A € o(x) av kow uovov av \1 — x ¢ Inv(A). Amo
70 (1) AT ovuPaivel av Kow povov av vrapyel ¢ € M(A) dote (Al —x) = 0,
dMiadn p(x) =A. O

e uia un petabetikn ahyeppa A, 1 QoopoTkn aktiva p : A — RT dgv eivan
ev yével vrompoobetikn): Hapadeiynatog xapwv av A = My (C) ko

(0 LY ,_(00
~\o o) " {10
t0t€ p(a) = p(b) = 0evo p(a +b) = 1.

H IMpotaon 10.10 emitpémner vo dei€ovue 0TL oe petadetikeg dhyeBpeg Banach oyt
UOVOV 1] POONATIKY) OKTIVA, GAAG KO TO 1810 TO (AONA ELVOL “VITOTPOODETIKO”
KaL “UTTOTOAAATAQOLOOTLIKO”.
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Afquna 10.11 Eorw A uetabetiki) diyefoa Banach ue uovdda, a,b € A. Téte
o(la+b) Co(a)+0o(b) rka o(ab) C o(a).o(b)

(6mov av A, B C C yodgovue A+ B={z4+w:z2€ A, w € B} kau A.B =
{zw:2z € A, we€ B}).

Erougvag p(a+b) < p(a) + p(b) ke p(ab) < p(a).p(b).

An6deiEn Ao v IMpodtaon 10.10 éneton Ot
ola+b)={ela+0b):pecM(A)}.

AMG p(a+b) = p(a) + o(b) yua xabe ¢ € M (A), dpa

ala+b) = {pla)+¢(b):pc M(A)}
C {pla) s p € M(A)} +{(b) : ¢ € M(A)}
+o(b).

a

(

o(a)
Opotwg, erteldn p(ab) = ¢(a).(b) yio kdbe p € M (A), amoderkvietal 1 dev-
TEPT OYEOM.
KaBe A € o(a+b) elvaw g popgng z+w 6mov z € o(a) kaww € o(b), apa || <
2]+ |w] < [2]+ p(b) < p(a) + p(b), emopévag p(a +b) < p(a) + p(b). Opoiwg,
emeldn Kabe p € o(ab) eivor ™ wopeng zw o6mov z € o(a) kaw w € o(b),
éxovpe |p| = |z].[w| < |z[.p(b) < pla).p(b), emonévag p(ab) < p(a).p(b). O

Mpoétaon 10.12 Eorw A dAyefoa Banach ue uovdda kow a,b € A ue ab = ba.
Tote
ola+b) Co(a)+0(b) xau o(ab) C o(a).o(b).

Emouévwg p(a+b) < p(a) + p(b) kaw p(ab) < p(a).p(b).

Am6deEn ApKel Vo EQAPUOCOUIE TO TTPONYOUUEVO AMUUOL OE W0 eTAOETIKT]
Banach vrtaiyeBpo B g A Tov Vo TEPLEYEL TA. a, b Ko el TAEOV VO, LKAVOTTOLEL
og(x) = 0 4(x) Yo xkabe x € B. Hapatnpnoe Ot emeldn ta a, b petatifevrat,
vITapyeL pia petadeTikn Banach vitahyeBpa g A o TO TEPLEYEL: TOPASELY-
HaTog xapwv 1 Khewot) ypouwkn 0mkn D tov cuvorov {a™b™ : n,m € N}.
Opwg N D dev el ev yéver TV WOMTA 04(x) = o 4(x) yvo kaBe z € D
(mopaderyna;).

Ovouatm Aowtdv B tov devtepo petabém {a, b}’ Twv a xau b, dSnhadm

B={xe€A:xs=sryoxades € A mote as = sa KoL bs = sb}.
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"Exouvue 1o mapotnpnoet (deg v IMapdaypago 7.2) 6tL 1 B elvar petadetikn
alyeBpo Banach pe povada, Kat eivar e0Koho vo eheYEelg OTL av y € B ko
y € Inv(A) tote y~ 1 € B. Emopévwg 1 B tkavomolel TLg embuunTéc 1dotnec,
O

Miopolue Thpa vo. dchoovue pia dedrepn amddelEn g IMpodtaong 9.4 ywplig
YPNOT] TOU OVVAPTNOLOKOD AOYLOUOV:

Mopropa 10.13 (BAr. 9.4) Eotw A diyefoa Banach ue uovdda ko a,b € A ue
ab = ba. Tote

Alo(a),o(b)) < pla—b).
Eidixdteoa, n poouatikn) aktive elvat ouotouoopa GuVveXT¢ o€ UeTAOETIKES VITAA-

vefoeg tng A.

An6deiEn And ™ oyxéon o(a) C o(b) + o(a — b) émeton 6L kaBe A € o(a)
elval ™G LopenG z + w omov z € a(b) kow w € o(a — b), apa |\ — z| = Jw| <
pla —b), emouevog d(\, o (b)) < p(a —b). Anhadn (ue Tovg ouuPoiopolg g
napaypapov 9.2)

0'((1) - [0—<b)]p(a7b)'

Enewdn p(a — b) = p(b — a), €rovue emiong

a(b) € [o(a)] pa-b)

TPAYUC TTOV aTodelkvueL To Tntoduevo. O
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10.2 O peraoymuoatiopnog Gelfand

Av A eivan petabetikn dhyefpa Banach pe povada, o detEovue 6tL vdpyet
évag ovutayng Hausdorft ydpog K kot £vag ouveyng LWop@Lopog alyefpmv

G : A — C(K) o omolog LaMoTa., 0€ TTOMES TEPLTTWOELS, elvar 1-1. Tote n A
ELVOL LOOUOPYPY], WG GAYERPX, LE WO AAYERPO CUVEY MV CUVAPTNOEWY oTov K.

‘Ontwg Ba dovpe, 0 xhpog K elval TO GUVOLO TOV XOPAKTNPWV TG A, EQOdLaL-
OUEVO UUE TV AOOEVEDTEPY] TOTOLOYLA TTOV KOOLOTA TOL OTOLYELD, TG A GUVEYELG
OUVOPTHOELG.

Opwonos 10.2 Eorw A ustabetixi) diyefoa Banach ue uovada. H aoBevig-*
tomohoyia (w*) oto ovvoro M(A) twv yagaktiowv tng A elvou  tomoroyla
NG oVYKMONG 0Ta onuela Tng A:

Av (@;) elvaw diktvo oto M(A) kaw ¢ € M(A),

0i S > i(a) > pla) Yae A.

Hw* eivar Snhadi o megrooiouds tne romoloylag pivéuevo tov C* 6to M(A).

Yvinmon Tevikdrepa, av X ydpog Banach. H acOeviig-* tomoloyia (w*) tov To-
moAoykot Svikot X* elvar €€ opLopoD 1) ToTohoYLa THG OUYKALONG 0Ta, onueto Tov X
H w* elvar dniadi o weproplopdg mg tomoroyiag ywouevo tov CX otov X*.

Av éva omoLodnote vroouvoro K g povadiaiog umarag tov X * epodiacdel pe v
(oyemikn) aobevi-* Tomoroyla, ToTe KOs x € X opllel wiow ouveyn ovvaptnon  :
K — C: ¢ — ¢(x), n omola LAMOTO ELVOL KOL (PPAYUEVT:

|2l & == sup{|z(#)] : ¢ € K} < ||

Gt |z(p)| = |p(z)] < |z| yvo xébe ¢ € K).

Av 10 K glvan w*-ovumayeg (omdte o ydpog C(K) eivar ydhpog Banach g mpog v
vOpua supremum), opitetol £Tol o ametkovion X — C(K) :  — T 1 omola elvon
yoouuky ' war, Myo g Tponyovuevng avicdmrag, ovveyng. To Thmua eivar va
emAEEEL Kavelg Tov xhpo K KOTOAANAQ, DOTE 1] AITELKOVLOT VT VO £)EL EOUUNTEG
dLotTEC.

TMopadelynatog XapLv, ov emAEEEL Kavelg OMOKANPY TV LOVOSLOLG UITAAA TOU SULKOU
(;rov elvan w*-oupstayng atd 1o Oempnuo AAdoylou - BA. [9] 17.1) 1 ametkdvion yiveton
LOOUETPLOL. AEV elvaiL OUWG TTOTE 7Tl (YLOTLs).

4 (2 + Ay)(¢) = dlz + Ay) = d(x) + Ap(Ay) = () + Aii() yiori T oToMeiar ¢ Tov K
ELVOLL YPOUULKES LOPPEG
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‘Otav 0o X eivaw petadetikn aryeppa Banach, to KatalAnho “Suikd aviikeluevo” eivan
TO GUVOLAO TOV YOPAKTHPMV, YLOTL GUTOL GEBOVTOL KO TV TOAMOTAACLAGTLKY) dour) TG

aAyeBpac.

"Eyxoupe deiEer (TIpotaon 10.9) 6t kabe yopakmpag wag aryeppog Banach A
elval ouveRNG, KoL ualoto €xel vopua to okt 1. Anhadn to ovvoro M (A)
TEPLEYETOL OTNV povadrata urdia (A*), tov dukov A* g A.

Mpotaon 10.14 Eotw A dAyefoa Banach ue uoviada. To ovvoro M (A) yive-
TaL cvumoyns xwoeog Hausdorff av epodiacOel ue tnv acbevn-* tomoloyia.

An6deiEn To xabe a € A 61w

D, ={z€C:|z|<|a|} xom D:= H D,.
acA

Anhadn 1o D eivar to ovoho OV Twv ovvaptnoewv § : A — C mov tkovo-
mowovv |0(a)| < |al yra kabe a € A. Kabe D, elvon ovumayég vmoouvoro tov C
ETOUEVMG, atd To Oempnua Tychonoft ([9] 16.1), to D glvar cupstoyng xHpog g
TPOG TNV TOTOLOYLAL YLvouevo. Av ¢ € M (A), 1ote p(a) € D, yvo. kaBe a € A
(oot |¢| < 1), apa ¢ € D. Anhadn 1o M (A) elvar vtoouvoro Tov D, ko 1
OYETLKTY TOTOAOYLO ELVAL, OTTWG TOPATNPNOAUE, 1] AoOEVNC-*. APKEL AOLTTOV VaL
dewyBel otL 10 M (A) glvan KheLoTO VITOGUVOLO TOU D.

'Eotw ¢; € M(A) xav 0 € D dote p,(z) — 0(z) Yo kabe © € A. Oa delEw
o0t 0 € M(A). Hpdyuot, yio k4e a, b € A éyouvpe

() (1) =lim, (1) = 1, agol ¢, (1) = 1 yio. kGO 1.

(B) B(ab) = lim ¢, (ab) = lim(p;(a)-¢;(b)) = limp,(a)-lim @;(b) = 6(a)-6(b)
agov @, (ab) = ¢, (a) - ¢,;(b) yio kaBe 1.

() 0(a+b) = 0(a) + 0(b) agoV ¢, (a + b) = p,(a) + ¢, (b) o kabe i. O
Moparypnon H vmapEn wovadag oty A dev wopel va aparewpdet. To-
PABELYLATOG Y APV, O XMDPOG TWV XAPAKTNPOV TG ¢, (N) dev elvar ovumoyng
(Goxkmon). Azd TV GAAN UEPLEL, TO OVVORO TV YUPOUKTNPMY WOG GAYERPOG TTe-
TEPAOUEVNG SLAOTOONG ELVOL TTETEPUOUEVO (YLOLTL;) KL CUVETTMG CUUTTAYES, ELTE
N dhyeBpa €xelL povada ette Oyt Tapdderyua TETolag Ghyeppag elval To €0~
UEVO.

Hoapaderyna Ztov ypouukd yopo A = C™ 1 ue Baon ey, eq, ... , €,, 0pilovue
TOMATAAOLOOUO 0TTO TOV KOVOva ege, = 0 = epeq yio kabe k = 0, ..., n Ko
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e;-e; = 0,5, Ywui, j = 1,...,n. Evkoha ehéyyeton 6Tt n A yivetar petadetiki

171

alyeBpa ymplg Hovada.

Enuetwoe OTL 1 AAYEBPO AT ELlval LoOpop@n e v alyeppa Twv (n + 2) X
(n + 2) mvaxwv ™G HopeNG

0 ag 0 0 0
00 0 0 0
0 0 a O 0
0 0 0 a 0
00 0 0 ..a,

Evkola ehéyyeton 0t M (A) = {p; 1 i =1,...,n}, 6mov @, (e;) = 6,
j=0,...,n.

Oponog 10.3 Eotw A ustabetiki) dAyefoa Banach ue uovdda kar v € A. Ogi-

fovue
2:M(A) = C:¢— o).

H amewxdévion G : © — T Aéyetau petaoyuotionods Gelfand.

YrevOuuiLovpe 6TL, 00 TOV 0pLoUO TG AobeVOUS-* Toohoylag, Yio Kabe x € A
n ovvapmon z : (M (A), w*) — C etvar ovveyng, dradn & € C(M(A), w*).
Oempnua 10.15 (Gelfand) O ueracynuatiouds Gelfand

Gix—z: A= CM(A),w")
(i) Elvau uoo@iouds aryepfoav ue tnv idiotnra G(1) = 1.
(ii) Ikavomowel T(M(A)) = o(x) pa kdbe x© € A.
(iii) Eivauw ovveyng, uahota

|2 = p(z) < ||z

yo kKaOe x € A.

(iv) ker(G) ={x € A: p(z) = 0}.

Ano6deiln (i) Na kabe p € M (A) gxovue

S

(Z+9)(p) =2(p) +U(p) = p(x) + ¢(y) = p(x +y) = (. +y)(p)
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ETTELON 1] ¢ ELVAL YPOUULKT), dSNAAST
G(x)+5(y) = Gz +y).
Emtiong
(@ -9)(p) = 2(p) - Y(p) = @(x) - p(y) = p(ry) = TYy(p)

ETTELON 1] ¢ ELVAL TOAOTAOOLOLOTLKT), SNAQST

G(x)-G(y) = G(xy).
Apan G elvar pop@Lopog aAyeBpmy, Kat

G(M)(p) = (1) =1
v kaBe @ € M(A), dnhadn G(1) = 1.
(ii) Two xaBe = € A gxovue amd v [Mpdtaon 10.10

o(x) ={p(r) : p € M(A)} ={2(p) : p € M(A)} = Z(M(A)).

(iii) ATto 70 (ii) £x0VUE, YPNOLUOTOLOVTAG TNV (2),

|Z] oo = sup{lz(p)| : o € M(A)} = sup{|A| : A € o(2)} = p(x) <[] .
(iv) Ao o (iii) tpoktmter 0Tt Z = 0 av kat povov av ||Z] o, = 0 dnhadn p(x) =

0. O

Opwonog 10.4 Eotw A dAyeBoa ue uovida. To prikoé (Radical) tov Jacobson
Rad(A) tng A elvaw 1 toun SAwv twv agLoteodv UePtoTIKAV 10DV TG AV
Rad(A) = {0}, n A Aéyetou nuuasta).
Av n A elvan uetabetiki) dAyefoa Banach ue uwovdda, tote
Rad(A) = ﬂ{]l/[ C A : M peyotukod 1demdec}h

= {zeA:¢(x)=0Vpec M(A)}

— (x4 pla) =0}
dMAadT To PLELKO TAVTIZETOL LLE TO GVVOLO TWV PEVOOUNSEVOSVVOUWMY GTOLYELWV
(awt0 dev aAnBeveL v yEveL og un LeTaDeTIKEG ANYEPPES).
Antd 1o (iv) Tov @ewpnuarog Gelfand émetal Ot

ker(g9) = Rad(A),

ETOUEVIG 1] A ELVOL NULOTTAT 0V KL LOVOV av 0 petaoynuatiopog Gelfand eivol

1-1.
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10.3 Tapodeiypota
10.3.1 H ahyeppa C(K)

Av K elvaw yoog cvumayns kaw Hausdorff kau t € K, to 6bvoro M, = {f €
C(K) : f(t) = 0} elvau ueytotixd idedeg tng C(K). KdOe uepiotikd ideddeg
¢ C(K) elvaw avtig tng uooeins. O ywoog twv yagakthowv tne C(K) eivau
oUoLoUOQPLKOG ue 1o K.

H areikovion Gelfand “elvor” n tavtotikn ameixdwon. Elvar itcouetoia kat .

Anodeiln (i) Avi € K 6¢tow 6,(f) = f(t) v f € C(K). Eivou oogég 0tL 1
“extiunon” 0, : C(K) — C eivan yapaxmpag e C(K). Emouévng o mupnvag
™mg, M, eivar peyrotkd Wemdeg g C(K). To Intnua elvan va dei&el kavelg
TO OVTLOTPOO.

"Eotm howwdv M éva peyiotiko 1deddeg g C'(K). Apkel va del&m OTL vtapyeL
t € K oote f(t) = 0y kaBe f € M. INati tote Ba egovpe M C M,, dpa,
aov 10 M glvar UeyLoTiko 1demdeg, M = M, .

'Eotw OTL 0 oyuplopdg dev aindevet, dnhadn Ot yio kabe s € K vmapyel
fs € M wote f4(s) # 0. Trapyel 1ote pla avorkth septoyn U, tov s wote m f,
va unv undevitetan movbeva oty Ug. To ovvoro {U, : s € K} amotelel avol-
KTO KOAUPUA TOU GUUTTAYoUG DPov K, ETOUEVIG EXEL EVOL TETEPAOUEVO VITOKAL-

aupo {Uy, ..., U, }. Ovoudtw fq, ..., f,, TLG OVILOTOLYEG CUVAPTNOELG KoL OET®
n o n
g=) fifi=>_IfiP
i=1 1=1

Ioyupilopol 0tL M g dev undevileton movbeva. Mpayuatt ke t € K avikel og
kdmoto U, 0o omoio n avriotorym f; dev undeviteton. Azd vy devtepn oot
éxovpe g(t) > |f;(t)]* > 0. Emopévag n ovvapmon 1/g opileton kon oviket
omv C(K). Ouwg, agol f; € M, n xpdn wootnto deiyver o0t g € M, dpa
1=(1/g).g € M, avtigaon.

"ET0L 0 Lo upLopuog amodelyOmnKe.

(i) AeiEape howdv Ot ) amekovion t — &, amelkovilel to K el Tov 6uvohou
TV yopakmpov g C(K). Malota 1 ameltkovion aut eivar kou 1-1, yuott
avt # s(t,s € K) vnapyer f € C(K) oote f(t) = 0 ko f(s) # 0 (Aquua
Urysohn), dniadn d,(f) = 0 xaw d,(f) # 0. Emouévig n ametkdvion

O:t—6,: K—MCK))
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glva apuguuovoonuave. o vo dei€ouvue OTL ElvaL OUOLOUOPPLOUOG OPKEL, CLPOV)
0 K glvol ovumaryng, vo. SelEovpe OTL ELVaL GUVEYNG.

'Eotw howtov (t;) diktvo otov K dote t; — ¢t € K. Tote ywa kaOe cuveyn
ouvapmon f woxle f(t;) — f(t), dradn §, (f) — d,(f) yvoxade f € C(K).
A6 Tov 0pLopd g aoOevolg-* TOTOLOYLAG, OUTO ONUOLVEL AKPLBMG OTL

8y > 4.
(iii) Av f € C(K), yiaxébe t € K éyovue
f(6,) = 6,(f) = f(®)
Shadh (f o ®)(t) = f(t) agob §, = ®(t). Emouévoc
(G(f))e@=f

omdTe, av “rovticovue” Toug ovumayelg ywpovg K kaw M (C(K)) uéow e @, o
uetaoynuatiopog Gelfand “tavtiCetor” pe v tavtotkn ametkovion: G(f) = f.

10.3.2 H aiyeppo tov diokov A(D)

Ag BuunBovue (apdypagog 2.5) 6t A(D) etvan to ovvoro tov f € C(T) mov
glvo TEPLOPLOUOL 0TO T OUVAPTIOEWV TTOV AVIKOUV 0TIV AhyERpaL

A={geC(D): gl oropopen }.

Ia kéBe z € D, g azekévon @, : A(D) — C émov ¢, (f) = f(2) eivaw yapa-
ktioag tns A(D), kauw kdOe yapaktioag Tng elvaw avtig Tng wooens. H amweikd-
won z — p, lvat opotouoeelouos tov D exl Tov yoov Twv xaoaktiowv tng
A(D).

H ameixdvion Gelfand ‘eivou” n armeikovion [ — f. Elvau ioouetoia (doa eivau
1-1, kau Exet kAeloTn etkOvVa) aArd dev elvau el

Hagationon Mapdro tovn A(D) eivan vrediyeBpa g C(T) mov el xhpo Yo
paxtpwv M(C(T)) = T, n A(D) éyer “mol) peyaritepo” xdhpo YapaKTPmV:

M(A(D)) ~ D.

Anédertn H amewdvion g — gl : A — A(D) eivan BeBaimg empuoppropdg
aiyeBpmv. Emumhéov, ard Ty apy1 TOU UEYLOTOU, ELVAL LOOUETPLKN:

lgltly = sup{lg(w)] : w € T} = sup{g(2)| : w € D} =gl ,
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ovventdg elvar 1-1. Eouévig 1 avtiotpopn g elvan (Loo-)Hop@Lopnog aye-
Bpwv. Anhadn n aretkovion f — f = A(D) — A eivon (L00-)UopPLONoOg alye-
Bpav.

Elvau evkoho tpa vo. eheyyOel Ot1, Y10 k4Oe 2z € D, ) ametkdvion
¢.f = [ AD) = C

etvan (0UvOgon un undevikmv nopeLopmv, apa) yopaktpag mg A(D).

Avtiotpoga av ¢ : A(D) — C eivou xapaxtmpag, 0étw z = ¢(f;) omov
filw) = w (w € T) ko mapampd ot |z| < |lo||f1] = 1, mradn 2z € D.
Oa dei€w 61l = . Mpdypot, av p(w) = S.7 a,wk elvor morvdvupo,

k=0
dmhadi p = >-7_ag fr, tote

p) =Y app(ff) = Z arp(fr)" Z =Dp(z) = ¢, (p).
k=0 k= k=0

Emte1dn oL ¢ Kow ¢, €LvaL GUVEYELG KOL TAVTLLOVTOL 0TO GUVOAO TWV TTIOAVMVOLWY,
mov etvan Tukvo oty A(D) (Onwg xovue amodei&et), emeton 0t (f) = ¢, (f)
v kabe f € A(D).

AelEae MoLTOV OTL 1] ATTELKOVLOM
U:z—p,:D— M(AD))

elvaw entl. Elvou evkoho va del kavelg bt etvon 1-1: av z # w, 1ote f; (2) # f1(w)
67]}‘0"61,] ¢z (fl) 7& ¢w(f1)

EEloov glkola eainBedetal OTL 1) avTioTeo@n OTELKOVLON @, — 2 ELVOL GUVE-

ANG: OV @, 2 ¢, t0te 0, (f1) = . (f1), dpaz; — z. Exouévog oL ovumoyeig
xdpot D kow M (A(D)) eivow opolopoppLkot.

Av f € A(D), yo kG0e z € D €yovue
flp) = w.(f) = f(z)
dmhady (f o ¥)(z) = f(2). Emopévac

(G(f)) ¥ =f.

omdTe, av “Tavticovus” Toug cvumayeig xmpovg D kow M (A(D)) uéow g ¥, o
uetaoynuoationodg Gelfand “rovtileton” pe v ameikovion: f — f.
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H ameicovion Gelfand sivon woopetplo: yio kabe f € A(D) éxovue

15(F)loe = sup{fly):pe M(A(D))} = sup{f(¢.) : z € D}
= sup{f(2): 2 € D} =sup{f(z): 2 € T} = | f]

MOY® TNG APYNG TOU UEYLOTOV.

Téhog, 1 ametkovion Gelfand dev sivan et tng C (M (A(D))): Tlpdypatt, av pio
ouwvapmon f € C(D) dev elvar ohdpopgn oto D (m.y. f(z) = 2), 10ten fo U1
avnker oty C(M(A(D))) arra oxL omv G(A(D)).

10.3.3 H alyeppa Wiener 1) aryeppa Fourier W

Ouuiovue (Topaypopog (2.8)) 0Tl TPOKeLTOL YLoL TO oUvolo W twv ouvapt-
OEQV f ™G HopeNg

f(eit) _ Z akeikt’ ettt T
k=—o0

omov 3 |az| < oo, kaun vopua etvau | fll,, =37, lagl.

O yoosc M (W) twv yaoaktiowv e(var ouotouoo@ukds ue Tov wovadialo KUkAo
T.

H ameixdwon Gelfand eivau 1-1, aArd dev elvau exl: Exer mukvi), alrd Syt kAo )
ELKOVA, KO (ETOUEVIIS) ) AVTIOTQOPN ATTELKOVIGT) OEV E[VOL GUVEXTG.
Am6daiEn H W eivaw vahyeBpa mg ahyeBpag C(T) (n oewpd 3, ay, ekt ou-
YKALVEL OuOLOpop@a) KoL mepLexel Ty povada 1. Apa, Kabe xapakTpog g
C(T) opier évav yapaxmpa tg W. Estiong, n W etvou ||+ || oo -rtvkvn oty C(T),
AoV TEPLEYEL TOL TPLYWVOUETPLKE Tolvmvupa. ' Emopuévag ké0e yapaktpog
e W enektetvetar povadika og yopaktmpa e C(T).

A yvopiZovue toug yapaktpeg g C(T): etvar akpimg oL ektipnoerg {9, :
z € T} (mapdypagog 10.3.1). Anhadn 1 aselkovion
O:T>MW):2z—4,

etvon 1-1 ko emt.

Agv givon pahoto dvokolo vo del€el Kavelg amevbelag (Xmplg T XPNom Tou
yapaktnplopov tog M (C(K)) 6t kabe yopakmpag ¢ e W eivon extiunon.

BAvt6 émeton m.y. amd To Oempnua Stone-Weierstrass 1) omd 1o @edpnuo Féjer.
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AmddelEn Av ¢ eivauyapaktipag e W, 0étw z = () Kauwoyupitopon ot 2z € T
KL = . Hpdypom, agevog éxovie |z| = [@(f1) < [l f1ll, = 1. ARG amd
&am, enewoh f, € Tv(W) apa ol fy) £ 0 drove o(fi 1) = (p(f1)) ", emopévo
L= () < [l = 1. EdeiSahowwov b = € T.

Topa, Yo k60e k € Z av fi,(e't) = e**t éxovue

2% = ((f1)* = (fF) = o(fx)

Mradn p(fr) = @.(f1)- Emouévmg oL ouveyelg YPOULWLKES LOPPES ¢ KAl ¢, TOUTL-
Tovrar oty ypouks 01K tov ouvorov { fy, : k € Z}, mov elvau tukvn oty W, dpa
tavtifovrar Tavtov. O loyvpLondg omodelydnke.

H ametkovion 6, — z elvow ovveyng, ywott av d, 2 6, toted, (f1) = 0,(f1),
apa z; — z. Ao oL dV0 YMPOL ELVaL CLUTTAYELS, 1) atetkOvion P elvar opoLo-
MOPPLOUOG.

T xd0e f € Wxawd, € M(W) drov 2z = €9, éyovue

G(Hp.) =08.(f) = f(e*)

dMhadn, av “ravtioovpe” Toug ympovg T kaw M (W), tote n amerkdvion Gelfand
“rovTiCeTal” pe TV TouToTik amtetkovion. Ewdikotepa, 1 ameikovion Gelfand
elvaw 1-1. Enttong, 1 eikdva g G etvan wukviy oty C(M (W), yiatin W eivon
mvkvi oty C(T).

Ouwg o petaoynuatiouos Gelfand dev amekoviler v W ent g C'(M(W)),
yatin W dev iootron pe v C(T): udpyouV GUVEYELG CUVOPTHOELS TTOU 1) GELPAL
Fourier Toug 8ev ovykAiver amrdlvto. 'Evo TETOL0 OVYKEKPLUEVO TTOPASELYUO, EL-
Va1

AmodetkvieTal OTL 1) 0ELp OVYKALVEL opotopop@a otov T, dpo opilel ovveyn
ovvaptnon, aAhd Befalwg dev ouykhiver amoluta. (Ag BuunBolue emiong ot
VITAPYOVV OUVEYELG OUVOPTNOELG TToU 1) 0eLpd. Fourier toug dev ovykAive).

To endpevo Ocdpnua amodeiyOnke apytkd amd Tov N. Wiener pe SLaqpopeTikeg
uefodovg. Znuepa, elvor va aueco opopa e Bewplag Gelfand.

Oeopnua 10.16 (Wiener) Avn f : T — C éyer amorbtwg ovykAivovea celod
Fourier ko devundevietaw movOevd otov T, téte 1) 1/ f éxet kaw avtn) amoritwg
ovykAivovoa celpd Fourier.
Me dAro Adywa:

Av f € Wkau f(e®t) # 0 yia ke €'t € T, té1e 1/f € W.
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An6deiEn T kabe ¢ = §, € M(W) and v vodeon gxovue ¢(f) # 0,
omote (Mpotaon 10.10 () f € Inv(W). Anhadn vtapyer g € W dote fg = 1.
O pdEeig dumg omv W €youvv opLobel katd onuelo, ondte g(t) = 1/ f(et) ya
K40e et € T.

H Oewpia Gelfand emitpémer o asthy omodelEn g akoAovdng eneKTaoNG TOU
Anupatog Tov Wiener.

Mpotaon 10.17 (Wiener - Levy) Av f € W kaw h elvaw ovvdotnoen odduoogn
oe wa meoroxn tov f(T), téte ho f € W.

An6deiEn Tapatmpotpe TpodTa OTL

o(f) ={p.(f) s o € MW)} = {f(e')) : e*") € T} = f(T).

Zuvenmg agov 1 h glvat oLOpop@n o€ o Teptoyn Tov o f), amd Tov cuvapT)-
OLOKO LOYLOUO YL OMOUOPEEG cuvapTnoelg opiletar to h(f) € W.

Oa detEovpe 0L h(f) = h o f. MMapatnpodue 6Tt avtd aknbedel Otavn h = p
elvau tohvdvupo. Emiong, av g elvar tohvmvupo ov dev undeviteton oto f(T),
tote q(f) = qof € Inv(W), apa a7 € W.Zuvemagn oyéon h(f) = ho foyber
otav N h = 2 eivaw pni ouvapon okdpopen oto f(T). AMG oo To Bedpnpuo
Runge, k40g ovvaptnon h ohduopen oe wa sepoyn U tov f(T) mpooeyyile-
TOL 0TTO oL akorovdia (7,,) TETOUDV PNTMV GUVOPTHOEMY OUOLOUOP(PO. OTC G-
wrrayn vrootvora tov U. Tote opwg |[h(f) —r, (f)|lw — 0 (@empnua 7.7). Zv-
vemmg yro kaOe et éxovpe h(f)(e't) = lim,, r,,(f)(e?t) = lim,, (r,, o f)(e?t) =

(he P)e't). O

10.3.4 H dhyeppa (1 (Z)

H dyeBpa avm elvou lodpopen wg dhyeBpo Banach pe myv dhyeBpo tov Wiener
uéow Tov petaoynuatiopod Fourier 7 : W — £1 : f — f (BA. mapayp. 2.6 Ko
2.8). Emopévag o xmwpog M (£1) tmv xopaxmipwv g eival opolopopprkdg te
tov T.

Svykekpuyéva n amerkovion W2 T — ML) = 2 — o, dmov ¢ ((x,,)) =
ZneZ x,,2™ eLlVOL OLOLOUOPPLOUOG.

AV “TOUTIO0VPE” TOVG Y MPOUG AVTOVG, TOTE 0 petaoynuationog Gelfand “tovti-
Cetou” pe Tov avTloTpogo uetaoynuatiopd Fourier, dSniadn

(G(@))(U(e?)) = (T2 (@))(0) = Y w e

nez
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v kG0 x = (z,,) € £1(2).

‘Onwg det€aue yio v (loopopen) dhyeBpa Wiener, o petaoynuotiopog Gelfand
etvar 1-1, kau €xel Tukviy etkdva, oAl dev eivon et g C'(M(£1)).

10.3.5 H ahyeppa L (R)

0 yoog twv yaoaxthowv tng L1 (R) eivar ouotouooqurds ue tov R ke o ue-
taoynuatiouds Gelfand “eivar” o uetacynuatiouds Fourier LY (R) — Cy(R). O
uetacynuatiouds Gelfand etvaun 1-1, emouévag n LY (R) elvau nuuasisj ddyePoc.

H ouvvéMEN (f, g) — f * g 6mov

e = [ fs)g—sds

— o0

opiLel moramhaotaoud otov L (R) wg mpog Tov omoio yivetal petafetikn G-
veppa Banach. '©

"Evo. onuavikd epyalelo YLoL To. ETOUEVO ELVOL TO YEYOVOG OTL 1) dpaon t — f,
omov f(s) = s — t g ouadag R otov ympo R emayer wa dpaon g R otov
yopo L (R):

Ipotaon 10.18 H areikdvion
VS : COO([R> % COO<[R) : g % gS

Smov'” g, (t) = g(t — s) emexreiveraun oe 1oouetowkd tedeotnh U, : LY(R) —
LY(R). I kdOe g € LY(R) n arexdvion s — Ug(g) + R — LY(R) elvau
GUVEXTIG.

TFodgpovue g, = Ugy(g) pra kdOe g € LY (R) keu s € R.

Ano6deitn Eotw g € C,,(R). Eneldn 1o pétpo Lebesgue etvar avaiholoto mg
TPOG UETAPOPEGS, EXOVUE YLt KGOE s € R

mqmmzjha—ww:/Mme=Mu
R R

Emouévwg o (stpopavig ypopukog) teheotg V, dwatnpet v |||, otov C,  (R).
Ewducotepa gtvan ||.||;-ouveyne, apa el LoVadIKY ETEKTAON OE YPOUULKY] LOO-
uetpia Uy : L1 (R) — L1 (R).

158\, [7], Mpdtaon 11.30.
"™Me C,_(R) ouufolfoupie TOV yMPO TMV GUVELDV CUVAPTIOEWV (e oupmayi qopéa. Eivau
yvwotd 6tLo C, (R) eival mukvog vmdywpog tov L1 (R) ([7], Hpdraon 11.29).
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[ tov detepo wyvpLonod, vitobetm Tpwto ot g € C, (R) ko O delEm ot
lim, o [Us(9) — gl =0.

[Mpaypat, av 1 g undevileton €Em amd to daotnua [—M, M], tote 1 g, un-
deviletan €Em amod 1o [—M + s, M + s|, apa n owkoyévewa {g, : |s|] < M}
PEPETOL OTTO TO ovuTtayeg [—2M, 2M]. Eneidn g eivan ouotduog@pa ouveyng,
yio kaBe € > 0 vapyel 6 > 0 dote yio ke z,y € R ue |z — y| < § va woyve
lg(z) — g(y)| < e/4M. Enopévog av |s| < min(d, M) éxouvpe

2M

loe =gl = [lott =)~ gtolde = [ lglt —5) — gttt <
R —2M
apa lim, o U (9) — gll, = 0.
Avtopan g € L1(R) eivan tuyaic, tote yio ka0e € > 0 vapye g. € C,,(R)
we lg — g.lly < e. Amd v mponyobuevn mapdypapo vdpyer 6 > 0 mote
1Us(g9.) — 9.1 < € yua k@be s € (—4, ). Tote duwg

IUs(9) —gli < Us(9) = Us(g)l1 +1Us(g2) — 9clls + lge — g1
< Ng—=9g:lli +1Us(g92) — gclh + llge — gl < 3¢

Yo KGOe s € (—3,0) (XPNOLUOTOINOQ TO YEYOVOGS OTL KGOE U, €lval LOOUETPLAL).
Avto detyver on lim o |Ug(g) — gy = 0. Téhog, av s — s, égovpe U, =
U,_s,Us, Kauovvemog

lim U, (g) ~ U, (@)l = lim |U,_, (U, (9)~ U (@)l =0. O

8§—8, o
H dhyeBpa (L1 (R), *) dev éxer povada (yiotis). @empoipe Aowwdv Ty wovado-
moinon mg A = L*(R) @ C. H L' (R) eivou peyiotikd 1deddeg oy A, ouve-
OGS VITAPYEL AKPLBMOG EVAG YAPAKTNPAG TG A, £0TW P, TOV uNdevilel TV
L*(R). ‘O)ot o1 dhhot xopaxtipeg g A opilovy yapaktpeg g L1 (R), xat
avtioTpoga kaOe yopaxmpag 1 g L1(R) exexteivetol povadikd og yapa-
kmpa p Mg A, Betovtag o(f, A) = P(f) + A
Oa deiEm 6T Orot ov xapakmpeg g L' (R) eivon tg popgig ¢, (€ € R), dmwov
1 ametkovion ¢, = L1 (R) — C opiletau amd v oygon

celh = [ " feitedr

(1o OAOKAPWLEL VITAPYEL, apo 1) ouvapTnont — f(t)e ¢ avijkerotov L1 (R)).
H o elvou ypogupuxn popen, 1 omoio dev eivou 1 pndevucn) (yiati mt.y. dev unde-

VILEL TNV Y OPUKTNPLOTIKN GUVAPTN oY Tov dtaotuatog [—1, 1]).

86



Ioyvpilopan 6L 1 @, givaw yapoxtipag g L1 (R), dSnhadn ot @, (f * g) =
©e(f)-pe(g). Dpdynom,

vellvg) = [ Urgwe s

_ /_:o (/_:o F(s)glt — s)ds> e—itEdt
=z /+Oo f(s) (/m g(t — s)e“tS)fdt) e *58ds

— o0 — o0

o /+OO £(s) (/m g(r)e—”&dr) e 15€ds

— o0 — o0

= [ ieedge s = ol Dvelo)

ommov 1) LWotnTa (*) émeton oo to Oedpnuo Fubini ko 1 oot ta (¥*) amd v
“adhoyn uetaPAnmg’ r = t— s, SMAAdY 6TV 0VOLA ATTO TO YEYOVOG OTL TO UETPO
Lebesgue otnv oudda R eivor avollolmTo mg TPOG UETAPOPEC.

Eivau gbkoln doxkmon'® va deifeig ot ametkovion £ — @, = R = M (L' (R))
etvar 1-1. Oa del€m OTL elvow e,

"Eotom houtdv ¢ € M (LY (R)). Ewdikdtepa 1 ¢ elvar cuveyng ypouuLKY) wope
otov L1(R) (avijkel otov dutkd tov). AAMLG etvar yvmotd ot o duikdg tov L (R)
elvon LoopeTpukd Lodpopog e tov L2 (R), dpa vrdpyel’? x € L>°(R) dote

o= | T fende (f € LV(R)).

Ioyvowoude 1 T kdOe f € LY(R) ue ¢(f) # 0,

e(f)x(s) = @(fs) oxedov yia kabe s € R. 9)

BymordyLoe o we(f) ywemy f(t) = exp(—[t — 1]).
B BA. [7], @empnua 11.24
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Amnddeén T xéOe g € L1(R)

o(Nelg) = o(frg) = / (f * 9)(E)x(t)dt

dmAadn N N
o(f) / g(t)x(B)dt = / 9(3)p(f, )ds. (10)

— 00 — o0

Aqgov 1 wodmTa avt wyvel yo kéle g € LY(R), émeton Ot oL cuvaptoeLg
s = o(f)x(s) xor s = ¢(f) optLovv ta dia otoryetao Tov L (R), apa elvan
0y£ed0V ovtov toeg. O

‘Eyxovue dei€el dpmg 6tL n amekdvion s — f, : R — LY(R) eivan ovveyg.
Aol kai 1 ¢ elvar ouveng, émetol ot s — o(fs) : R = C eivon ovveyng.
AMGZovTag Moy, av xpetaobel, TNV X 08 £Vo. GVVORO UETPOV UNSEV, UTOPM®
(Moyw g (10)) va vtoBeom Ot 1 X elvan cvveyng Kau OTL 1 tootnta. ( 9) oylel
v KaBe s € R. E@apudlovrag Ty 1o0tnTa auth du0 (opES, Lo 0To oNUelo
s+t Kau pa ywe v f, €rovue

e(fIx(s +1) = o(fsie) = 2((fs)e)) = @(fs)x () = o(f)x(s)x(t)
amd To omoto pokLITeL (aov p(f) # 0) ot
X(s+1t) = x(s)x(t) yaxabe s, teR. (11)
Ioxvoioude 2 Yrapyel € € R wote
x(t) = e 7?8,

AmdSeiEn Topoatnpnoe Tpmta 0T X Oev etvar undev. Hoygon (11) divel howtov
x(0) = 1. Zuvemdg amd TNV CUVEELX TG X, 08 KOTOL0 dtdoTtnua yupw ast'to 0
oL TWEG TG X Oa elva kovtd oo 1, apa vitapyer 6 > 0 wote

/6X(t)dt:b7é0.
0
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Ioyvpllopol Trpa OTL 1 X elvan Srapopiorun! TIpdypatt, XPNOLUOTOLDVTAG KoL
mv (11) €éxovue

B B 548
bx(s) = / x(t)x(s)dt = / X(t+ s)dt = / x(u)du.
0 0 s
A@ov m x elvan ovveyne, To ohokANpoupa SeELd elvaL SLOoPLOLUY] CUVAPTHON
TOU 8, APOL 1] X ELVOL SLaPOPLOLLY).

Mopm Aowtdv va mapaywyiom v (11) og mpog s :

X' (s +1).1=x"(s).x(t)

apa, Bgtovrag s = 0,

H Siapopuicn) avth eEtowon éxel yevikn Mom x (1) = x(0)e = ert. AMd apot

N X elvon @poypevn oto R, to A dev piropet Tapd va eivol Kabapd QavtaoTikog
apBuoc, dnhadn e popgng A = —ié ya kasmowo £ € R. O

AmtodelyBnke Aoutov OTL 1) 0TTELKOVLOT
£ — e : RU{oo} = M(L'(R)® C)

elvan appupovoonuaven. Fua va Set€m Ot elvar opolopopeLopds (6mov o RU{ oo}
ELVOL 1] CLUITYOTTOLN O EVOG onuelov Tou R), apkel va delEm OTL elval ouveync.
[ va Sel€m v ouveéyela og kamow &, € R, mpémet va delEw ot av &€ — &,
w01e ¢ (f) = @ (f) viakabe f € LY(R), dnhadn om

+oo

+oo
lim ft)e itedt = / f(t)e tteodt

e~€, ) -

KOL 0UTO ELVAL OITAY) CUVETTELD. TOU OEmPNUOTOG KUPLOPYTUEVNG OVYKAONG.

T va Sel€w TNV OLVVEXELX 0TO ONUELD 0O, TTPETEL VO SElEwW OTL Yia KGOe f €
LY(R) xauw k6Be € > 0 vdpyer K C R ovpmayés dote [pg(f)] < e yia kabe
¢ ¢ K. Ioodhvaua tpemel vo amoderydel To KAUOOLKO

AMuue 10.19 ( Riemann - Lebesgue) o kd0s f € L*(R),

+oo

lim f(t)e~#edt = 0.
E—+o0 oo
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An6de1En Emeldn) e *™ = —1, éyovue

pe(f) = _/+00 f(t)e*iﬂt*?)dt = —/+Oo Ft— g>e—it€dt

KOl OUVETTIG

+oo T ) +oo )
206(£) = [ (0= gle= e ar= [ (500 - Fyaneiesar
oo —o0
apa

2Aoe(N <15 = Fylh.
AMG M ouVEXELDL TG S — [, WG TTPOG TNV VOpUa |||, delyvel OTL o deELd pérog
tetver 0to 0 Kabmg to € Telvel 0to +oo. O

Aei€ape howmdv 61 10 R givon opotopopgikd pe to M (LE(R)). Av tovticovpe
T0Ug 80 AUTOVG YDPOUGS, TOTE 0 petaoynuotionos Gelfand Tovtileton pe tov
uetaoynuatiopd Fourier

FLMR) = Co(R) < f— ]
TTOV OPLLETAL OITO TNV OYEON
~ +OO .
flor= [ reisan

H ovvapmon f avijker oty Co (R) yLati eivan ovveyic ko limg | f&) =0,
omwg delEaye.
Ioyvoiouds O petaoynuotiopog Gelfand eiva 1-1.

ArédeiEn Av f € LY(R) xau f(€) = 0 yua ké0e &, mpémer va Sei€w 6w f = 0
oxedov mavtov. Apkel va det&w ot [ f(t)h(t)dt = 0yia “apKeTES” OUVOPTHOELG
h.Av g€ L'(R) xou g € L*(R), éxovue

o= [ :° Fotade = [ :O ([ 7 soesteat) gtaras

— oo

_ /m £(t) (/m g(x>emdx) dt

— o0 — o0

-/  ft)a(tr.

— o0
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Mével va BpeBolv “apketeéc” ouvapTnoelg e nopgng g. lopatnpolue TpmTo
6T KGOe ouvdpToN TS popic A(t) = p(t)e 2t dmov a > 0 kar p TOAVHVLLO
LOOUTOL E § L0 KATTOLL g TNG LOLAG Lop@ng (AoKN o). SUVETMG

/m FORBAt =0

—at?

YL KaOe ovvaptnon g popeng h(t) = p(t)e
Ioyvpilopan opmg otL kabe ovvaptnon ¢ € C, (R) mpooeyylletor opolduoppo
Ao YPOUULKOUG GUVOUAOUOUG TETOLWV oUVAPTNoEWY. TTpayroTt, v OVoudom
A Ty ypogk) 07Kk GAOV TOV GUVapToE®mY TS LopNg A(t) = A + et
omov\ € C,n=0,1,2,...xata > 0, tapatnpm 0Tt kdbe h € A enektelvetol og
OLVEYT] CUVAPTNOT] 0TIV CVUTTAYOTTOLN oM £VOG onuetov RU{oco} tou R (Bgtovtag
h(co) = A). Etoun A yivetow vtahyefpa g C(R U {oo}) mov mepiéyet tig
otabepec, ympPLLeL To ONUELD KOL TEPLEYEL TOV (YadIKO cuLuyn kKabe oToLy Elov
™me. Amd to Osdpnua Stone - Weierstrass (uuyadikn poper) émetar 0t A givor
mukvi oty C(R U {oo}). Apa vtapyer axorovdia (1),,) oty A mov ovykiivel
oV ¢ ouotdpuoppa. 0to R U {oo}. Emeldn (oc0) = 0, n axorovbia (h,,) 6mov
h,, (t) =, (t) — 1, (00) cuykhiver otV ¥ opotdpoppa oto R. A kabe h,,
elva ypopupkdg ouvduaouog 6pmv g popeng the 4t dpa f[R fh,, = 0y
KaBe n € N. Adyw opotdpopeng ovyKAong, EXeTol OTL f[R f1r = 0. Agpo¥ avtd
el yia kabe ¢ € C,(R), ovumepatvouue ot f = 0 oyedov mavtov.

10.3.6 Mia neradetikn alyefpo Banach wov dev eivon uiotin

To amhootepo TapPaderypa elvor vo EEKLVINOEL KAVELG OTTO £VaL UNdevodUVao
N Pevdoundevodivao otolelo x wag aiyeppag Banach B ue povada, Kat vo
Oswpnoel v wkpotept aiyeBpa Banach A mov mopdyel To x Kat 1 povada.
[poxerton yio Ty KAt ONkn g ahyefpog Twv tolhvmvipwy tov . H A éyxel
EVOLV LOVO YOPAKTN PO, EKELVOV TTOV UNdeVilel To . To pLtiikd TG elvo ETOUEVIG
0 TUPNVOG TOU YOPAKTNPC aUToV, eivol dnhadn to (ueytotikod!) 1demdeg mou
TOPAYEL TO T.

[La €voL GUYKEKPLUEVO TTOPASELYIQ, UTTOPEL KOVELG V. Bewpnoel TNV dhyefpa
B = M, (C) xoaw x € B 1OV TVOKQ TOV IKAVOTTOLEL T;; = 0; ;1.

'H axdua, wropet kaveig vo maper B = B((?) xav x € B T0V TEAEOTY) TOV
tkavorotel ze, = Le, . 1 yiokabe n € N.
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10.4 Ide®dn ko paouaTiKy) 6VvOeTY)

Mo petadetiky) dhyeBpa Banach A pe povada, * av eivar quiaris, ival 1oo-
HOPQLKTY), WG GAYERPO, UE WO GAYEBPO CUVEXDV CUVOPTNOEWY, TNV Ghyeppa
A C C(K) dnov K = M(A) o ovpmayng kon HausdorfF ydhpog twv xapaxt-
pwv G A ue v 0.00evn-* Tooloyia (Oedpnua 10.15). Emuwhéov 1 avicdtta

|Z] oo = sup{|Z(w)| : w € K} = sup{|A| : A € o(2)} = p(x) < ||
detyver 0tL M vopua | - || me A etvon ueyolitepn oo ™ vopud | - |- Avtd
ONUOLVEL OTL 1) EUPUTEVOT
(A1) = (CE), | o)
mg A oty C(K) péow tov petaoynuatiopot Gelfand eivol ouveyng.
Mapatpovue OTL N elkOVaL A ™mg A ywollel ta onuela tov K: ov wy # wy

vrapyer f = € A dote f(wy) = 0 ko f(wy) = 1.

Oponog 10.5 Mo uetabetixt) dAyePoa Banach A ue povada Aéyetar Kavo-
vik1) (regular) av yua kd0e kAewotd E C K kau kdOe w ¢ K vrdoyer f =7 € A
wote fly =0k f(w) = 1.

T wapddevypa, n dhyefpa A = C(K) eivan kavovikn: auto eivan To meplexo-
uevo tov Anupatog Urysohn (edw A = C(K)).

H ahyeppa tov dlokou dev glvar kovoviky. [Mpayuatt, Eepovue (Topaypagog
10.3.2) 61 M(A(D)) = D. Av E eivon dmepo ovpmoyég virootvoro tov D ko
uLot f undeviletor oto F, t0Te undeviletor mavtol (asmd Ty apym Thg TouToT)-
TOG).

H dhyeBpa £1(Z), adhd ko m (novadomoinon ™) L1 (R) eivan kavovikég dhye-
Bpeg Banach. ' H amddelEn agivetal wg Goknon).

Av A givon o kovovikn petafetikn alyepfpo Banach pe povada, oe kGO khet-
0106 10emdeg J C A avtiotouyel £vo kKhewotd viroovvoro Z(J) C K = M(A),
TO GUVOAO undeviouotv tov J:

Z(J)={we K :Z(w) =0 yiakabe x € J}.
Avika, og ka0 KAeLoTo vTtoovvoro Z C K avtioTouyel £va KAELoTO 1emdeg

I(Z)={z € A:Z(w) =0 yiakabe w € Z}.

2 eploplZOUaoTe i vkohio 0TV mepimTmon dhyeRpag e Lovado

2 Mémota ovtd alnBevel yio my dhyefpo L1 (G) yio omoladimote Tomkd cupwmoyy ofe-
Mavn opada G

92



Sy edukn sepltwon A = C(K), 1) avILoToLy o, oUTh ELVOL CUPULOVOOT UG-
vin: Av E C K elvar kAewoto, 1o povo kieoto wewdeg J € C(K) pe ovvoho
undeviopov Z(J) = E etvawnto J = I(E). (AnodelEn: doknon.)

Avto oumg dev elvon alnOeLa 08 OMEG TIG KAVOVIKEG neTabeTikeg GhyeBpeg Banach
ue povada.

Oponog 10.6 Av A eivau uwa kavovikn) uetabetikt) dAyefoa Banach ue uovdda,
éva kAewoté vroovvoro E C M (A) Aéyetaw advoho avvleons yio v A av
70 Uvo kAelotd ewdes J C A ue ovvolo undeviouot Z(J) = E elvou to
J=1(FE).

Av E C M (A) elvon khewoto, opllovue

Jo(E) ={x € A: vrapyeL avokto V D E ue z|y, = 0}
ko J(E)=Jy(F).

Amoderkvietar ot kaBe Kheloto dewdeg J C A pe ovvoro undeviouot Z(J) =
E xovomolet
JE)CJCI(E).

Emopévmg, £va khewotd ovvoho E C K elvar 00voro oUVOEONG oV KaiL LOVOV oV
J(E) = I(E), wodbvaua av kabe ouvaptnon = € A mov 1 T undeviletar 0to
E mpooeyyileton (og mtpog ) vopua g A) amd axorovdia (z,,) e A mov o
Z,, undevitovrar oe mepLoyeg tov E. 'Etol to mtpdfinua g otvBeong elvon €va
TPOPANUC TTPOGEYYLONG,

[N wapaderypa, eva khewotd £ C T eivar ovoho ouvBeong yio v Ghye-
Bpa Fourier 1] Wiener W avv yia xabe f € W (dnhadn g popyng f(t) =
2k f(k)etkt) mov undevitetan oto E, kon kGBe € > 0 vabpyer g € W (Snhadi
entiong g wopeng g(t) = >, G(k)etFt) mov undevitetow oe wa wegoy Tov
E, wrow oote Yo, | f(k) — g(k)| <e.

To poPAnua g oUvOeoNg elvoL amtd To. SVOKOMOTEPO TNG UPUOVIKNG OVAAL-
ong. Mohg to 1947 o L. Schwartz £€8moe to TPMOTO TAPASELYUA GUVOLOL OTOV
R3 mov dev elval ovvoko ovvOeong yioa v L1 (R3) (to ovykekpiuévo moapd-
derypo Nrav 1 povadiaia opaipa Sy Tov R3). To 1959 P. Malliavin £de1Ee 6Tt
yioL KGO ofehiovn Tomkd cupstoyn oudda G Tov deV ELVOL GCUUITTOYNG, VITAPYEL
E C M(LY(G)) mov dev eivau ovvoko ovvBeong yro v L1(G).

[MepLoodTepa WTopel Kavelg va BpeL oto [6, Kegpdaro 8].
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11 C* alyeppeg

11.1  EveMieg

Z10Y0G 0UTOU TOV KEQPAAALOV ELVAL O AELMUATIKOG Y APOKTNPLOUOG EKELVOV TMV
uetabetkdv alyefpdv Banach yia tig omoleg o petooynuotiowds Gelfand ei-
VOIL LOOUETPLOL Kait €7tl. Mia TEToLa, alyeBpa Oa elval Kot avayknV LOOUETPLKAL
LoouopPY, dMMAadN “dra” wg ahyePpa Banach, ue mv C(M(A), w*). Zntaue
dMAadn va yopaktnploovue wg alyeppeg Banach (Kau OxL amhdg g xhpovg
Banach) tig dlyeBpeg g nopgng C(K), tov K ovumayng kow Hausdorff tomo-
AOYLKOG Y MDPOG,.

[Mopoatpnoe ot kdbe C'(K) elvat eQodLaouévn Ue pov oakoun eomTepukn Tpakn,
my evéEMEN f — f*, omov f*(t) == f(t) (t € K).H dmapEn mg evéMEng nog
ETUTPETEL, UETAED ALY, VA ATTOUOVAOOULLE TOV TTpayratko vitoympo C g (K)
nov astotehetton omd g f € C(K) wote f = f* (Tig TPAYROTIKEG GUVOPTIOELS)
ko wov €xeL v Wt ta C(K) = Ok (K)+iCgk (K) (kabe pyadikn ovvaptnon
[ ypageton Katd povadiko tpomo f = fi + ify, 0mov ou f1 = (f + f*)/2 ko
fo = (f — *)/2i avikovv otov C i (K). Emutpénel emiong va aropovimoouue
10 ovvoro CT(K) tov un aovnuikdv cuvaptnoemv: elvor akpLBmg eKELVES oL
[ € C(K) yia 1 omoteg vrapyer g € C(K) ue g*g = f.

Trapyouv opmg Kow ahheg dhyeBpeg (Banach) tov podidfovtal Katd (UOLOAO-
YIKO TPOTO Ue o eVEMED), KaL TTOU TO. OTOLYELR TOVG SV “Uotdfovy” kabolou
UE WLYOSLKEG OLVOAPTNOELS, 0TtwG 1] dAyeRpa B(H) Ohwv tmv Tedeotdv 0 Evov
ypo Hilbert H (BA. mapaderyua 5 mod katw).

Ol KOLVEG LOLOTNTEG TETOLWV GAYERPDV 081 YOUV 0TOVG ETOUEVOVG OPLOUOVG:

Opwouog 11.1 EveéMEN (involution) o€ wa (wyadikr)) diyefoa A eivar o amet-
kowon x — x* : A — A ue ug 1016tnteg

(z+y) = °+y
(A\zx)* = Az*
(zy)r = ya°
(") = =z

va kabe x,y € Axa )\ € C.
Opwopog 11.2 Mia C* adyeppa. A elvaw wo dhyefoa Banach ue evéuén mov
ExelL TNV LOLOTHTOL

C* s atz] = |=)? (z € A).
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[Moapatnpnoe ot av o dhyeppa A ue evelEn £xer povada 1, Tote Kot avaykny
1* = 1 (ywoty). Av et mhéov ) A etvan C* ahyeppa, tote |1 = 1 (yuoti;).

Moapoamypnon 11.1 (i) Ze wa C* dAyefoa A, n evéuén elvow avtoudtws ovve-
x7S, udhota elvaw toouetola. Modyuartt, yia ke x € A éyovue ||z|? < |lz*z| <
[z*||.|z], doa |x| < |z*|. Epaoudtovrag tnv avedtnta avtij oto x* mookbatel
lz*]| < lz**|| = ||zl Zvvemddg |2*| = |-

(i) Hawodrnra |z|? < |z*z|| (z € A) agkel yia va e€acparioer Tnv w6y
g wootntag C*, dtav n vogua tng dAyefoag elvar vITOTOAAATAAGIOGTIKT.
THodyuat, amd tnv avedTnTa QUTY ETETAUL, OTWS UOMS TAQATNONOAUE, OTL
|z*|| = |z| v k&Oe x € A, omdTe

lzl? < o] < "] J2] = []?

doa toyveL 1ooTnTA.

11.1.1 Topoadeiyporo

1. H é\yefpa Banach C eivar C* dhyefpa wg mpog v evéMEN A — .

"Eyoupe dei&et (Oewpnuo Gelfand-Mazur) 6t kaOe dropetikn C* ahyeppa etvor
LOOUETPLKA LoOpopen e v C.

2. H d\yeBpa Banach C'(K) eivow C* dhyeBpa og tpog v eveéMEN f — f*,

omov f*(t) := f(t) (t € K). lpaypatt, oL ahyeBpLkeg LOLOTNTES ELVOL TPOPAL-
Vvelg, KoL

1 flloe = sup{|f* () f(t)] : t € K} = sup{|f(£)]* : t € K} = | f]2.

Oa dei&ovue (Oewpnua Gelfand-Naimark) ot ka0e petadetikn C* ahyefpa ue
UOVASOL ELVOL LOOUETPLKD. *-100U0p @1 (SNA0idT) 0 LOOUOPPLOUOG SLATNPEL KO TNV
evéMEn) ue kamoov C(K).

3. H amekovion f — f* mov oploaue 010 (2) dev elval E0WTEPLKT TPAEN
omv A(D) (av f € A(D), n f* 8ev elvar ohOpop@Y), EKTOG AV €lvo 0TadgpT).
Anhadi) n A(D) eivon Banach vrdlyeppa mg C(D), oy duwg C*- vrdhyeppa.
H amewodvion f — f# dmov f#(2) = f*(2) (2 € D) elvon evéMEn oy
A(D), kau padoto oopeTpikn (yiati;). Aev tkavosolel opwg v dtotnta C*.
Hoapadetynatog xépw, av f(z) = exp(iz), éxovue f7(2) = exp(—iz), dpa
I££#] = 11] =1, ardé | f| > |f(=0)| = e, Gpa | f£#] # | £

4. Av X glvoun tomkd ovumayng ywpog Hausdorff, n dAyeBpa Banach C (X)
etvar C* -GhyePpa wg mpog v evéMEN f —s f.
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To 8o el ko yio tig GhyeBpeg Banach £°°(T) ko Lo (2, S, ).

5. 'Eotw H wyadikds ympog Hilbert. ZEpovue oM 011 0 xpog B(H) dhwv tmv
YpoUuK®V Kot @payuevmv teheotov T : H — H amotehetl dlyePpo Banach pe
TOMATACOLOOUO TV 0VVOEDT AITELKOVIOEWY, LOVADX TOV TAVTOTIKO TeleoT |
KaL vopuo

I'T] == sup{|Tz| : = € H, =] < 1}.

Expetallevopevor v doun tov ympov Hilbert, uwopotue vo oploovue po. eve-
MEN otov B(H) wg ekng:

TN kaBe T € B(H) vapyer povadikog T* € B(H) (o ovluyng tov T) wote
(T*z,y) = (x,Ty) (z,y € H).
[Mpaypott, yio kabe x € H 1 asetkovion
fo:y— (&, Ty): H—C
ELVOL TTPOPAVAG YPCLUULKT), KL ELVOL PPOYILEVT] YLOUTL

[fe )] = (2, Ty)| < [Tyl < =] 1T]-y]-

Ao to Bemdpnuo avarapdotaong tov Riesz, vdpyer povodiko z,, € H dote

(Y, 22) = fo(y) = (z,Ty)

dMhadn (z,,y) = (x, Ty) yia kaOe y € H. Ereyyeton ghkola OTL 1) AITELKOVION
T :H— H:xz — z, elvow ypopukn, Kow 1 avieomta |z,]| = [|f.] <
[T|.|l| detyver ot etvon pparyuevn, dnradn T* € B(H). H povaducotnto tov
T* glvar e0KOAT ALOKNON).

[ Enuewdvoupe OTL 1) £VvoLo. Tov GLTUYOUG TELEGTY GUVOEETOL, GALGL SEV TAUTI-
CeToL pe ™y €vvola Tov dutkov TeELEOT) oV oplleTol og KaOe yxmpo Banach. Av
T € B(E), onov E yopog Banach, o duikodg teheotng avnket otov B(E*) kol oy
otov B(E). ]

Eivaw e0koho va eheyyBel ot 1 ametkovion T — T* etvan evéMEn otov B(H).
ELéyyovue ot tkavortotel Ty 1dotnta C*: Twa kabe = € H,

|T2|? = (Tw, Tz) = (T"Tw,x) < |T*Tz|.|| < |T*T|.|=[?,

emopuévag T2 < ||T*T| yvo k4Be T € B(H). Onmg £xovue 1O TapaTPNOEL,
N aviodTTa aut) ovverdyetar ™y womta |T|? = |[T*T| ywa xé0e T € B(H).

Tuumépaoua: H dhyeBpa B(H) etvon (ev yever un petabetikn) C* ahyeBpo ue
Hovada.
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Kabe |.|-kheom *-vmaryeppa A tov B(H) (dnhadn tétowa dote T € A =
T* € A) eivan, guoka, C* alyeBpa. To aEloonueimto (Tov dev Oa amodetEovue
£8(0) ELVOLL OTL LOYVEL TO OVTLOTPOPO:

Ocopnua 11.2 (Gelfand - Naimark) KdOe C* diyefoa (uetabetiki 1) dxu) ei-
Vau LOOUETOLKG F-160u0o@n ue wa || - |-kAewot *-vadiyepoa kdmrorov B(H).

11.1.2 H Movadomoinon
Oa dei&ovue OtL KGOe C* dhyeBpa ywPLg HOVADA EUPUTEVETAL LOOUETPLKA MG
HeYLoTiko 1emdeg o wa C* ahyePpa pe povado.

BEotw (A, | - |) wma C* -ahyeBpa ywplg wovado (dev vtobetm otL 1 A eivor
uetadetin). Eivar evkoho va ehéyEel kaveig 6T 1 povadomomuévn aryefpa
Ay =A@ C epodualeton pe v eveMEn (z, \)* = z* + A ((x,\) € A;).

Eepovpe 0tLn A4 yiveton ahyeppa Banach av eqpodiaodel pe tnv vopua ||-||; dmou
Iz, |y = =] + |\ (x € AN € C).H| - |, dev ixavomoiet” Ty 1dtémTa
C*. YrapyeL oumg pia (Loodvvaun) vopua oty A, wg ITPog TV OTTOLoL YIVETOL
C* dhyeppa. H voppo avti eivor ) || - ||, 00ou 7 elvon 1) Kavoviky apLotepn
napaotaon g A otov ywpo Banach A, dnhadn w(z)y = zy (Bh. [pdTaon
3.3). Eewdn 1 A etvow C* Ghyefpa, M T ELVOL LOOUETPLKT): TPAYUOTL, Vi KOO
e A,

Jz)? = v = |r(2)(@)] < |x(@)]|2*] = = (@)]- 2| < J]-|=|

apa |m(x)|| = |z||. Emopévmg, 0nmg mapatnpnooue oty mapaypago 3.2, ov
OPLOOVUE TN VOPUOL

Iz, M = |Im(z) + Al|| = sup{|zy + Ay| : y € A, |y]| < 1}
N (A, | |,) yiveton dhyeppa Banach ue povada.
TIoyupropnos Me tov opiopd (z, \)* = z* + X\, n (A4, | - ||,.) elvow C*-ddyeBpoa.
An6deEn To uovo mou pever va eheyy et etvor 1 WdoTTe C*:
'Eotw a = (z,\) € A;. T kabe y € A pe |y| < 1 6zwpodue to otouyeio

(y,0)*(z, \)* (2, M) (y,0) = ((x, \)(y,0))*((x, \)(y,0))
= ((zy + Ay)*(zy + Ay), 0) = (272,0) € A,

2 _
1=

2Av mapadeiyuotog xdpw x = x* € A 618 ||(2,9)*(2,9)];, = |=|? + 1 evod ||[(z, 9|
(ll +1)%.
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Omov 10 2 = xy + Ay avinker oty A (Tov tkavostotel v wwotnto C*), dpa
[212 = "2l AM][2* 2] = [m(2"2)]| = ("2, 0)] . Exo howdv

lzy + 2yl = [2l® = 2*2] = [(z*2,0)] = (5, 0)*(z, A)*(z, M) (y, 0)] »
< 1w, 0)lla”al l(y, 0)l~ < a*al ..
Emopévog
lal% = sup{zy + Ay sy € A, |y| <1} < |a*al,

Ko eTOUEVOG LoyVeL oot (Mapatnpnon 11.1). O

11.2 To Oewpnua Gelfand-Naimark

Ocopnua 11.3 Av A eivouw uetabetixny C*-dhyefoa ue uovdda, tdte 0 ueta-
oxnuatioudg Gelfand G : A — C(M (A), w") elvaw toouetola enl kau Sratnoel
v evéMEn, dnradn (Gx)* = G(x*) yia kdbe x € A.

XwptZovpe v amodelEn oe uepLKa Anupota:
Afqupa 114 (i) Avz € A ka x = x*, 161 () € Ry kdOe o € M (A).
(ii) I kdOe y € A kaw p € M(A), woxde p(y*) = ¢(y).

An6deiln (i) Ouuitm ot |l¢| = ¢(1) = 1.'Eoton € Z koawy = = + inl. O¢tw
o(r) =a+ifuea, € R Tote p(y) = p(x) + ing(l) = a+i(8 + n), omote

leW)? < yl? = ly*yl = [(z —inl)(z + inl)]|
= [2* +n1] < [2]? + n?

a? + (B +n)?

dpo a? + % +20n < |z|? o kdBe n € Z, mplryuo mov dev WITopet vo. ouuPet
napd povov av B = 0, dnradn ¢(z) € R.

(i) Kdabe y € A ypagetar povadikd y = yq + iy, ue y; = y,; (0mov y; =
(y+y*)/2, y5 = (y — y*)/2i). Ao 10 (i) £xovpe p(y;) € R. Suvemag

o(y*) = p(y1 —iy2) = ©(y1) —ip(y2) = ©(y1) +ip(ys) = @(y). O

HMopatipnon Zv amddelEn Tou ANUUATOC, OL LOVES LOLOTNTES TOV ( TTOU YP1)-
owporromnOnkav eivan 6tL (1) = 1 ko 61 ||| = 1. Enouévog 1o ouptépaoua
TOU ANUUaTog Loy Vel Yo kKabe ypouukn asetkovion ¢ : A — C mov €yeL av-
T€G TG V0 1810 TES. MAMOTO, lvar ovepod OTL apKel M doTTa |[¢| = ¢(1).
Mopotpnoe exiong ot petadetikdmra g C* dhyeBpag A dev xpNoLoTToL-
nonke.
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ANupa 11.5 o ke x € A woyde ||z| = p(x).

An6deEn Ao v 18LotTo. C* €xovue
Jz]* = |z*2|? = |[(z*2)* (2*2)| = |(2*z)?].

AMG M A givan petadetikn, dpa (z¥7)? = xrzatr = rirtrr = (v
ETTOUEVIG
Jz)* = l(=2)*22] = |22].
Me emaywyn Bpiokouvue, yia kabe n € N, ||z[?" = ||z2"]. Apa
m”l/m

P =a). O

p(z) = lim |z = lim ||z

An6deiEn tov Ocopruarog 11.3 Ao to Auua 11.4 tpokitel OTL 0 HETOOYN)-
wottopog Gelfand dvotnpet v eveéMEn: Tlpaypatt, av x € A £yovue
(@) (@) = p(z*) = p(x) = G(x)(¢) = (F2)"(¥)

v k@Be o € M(A), apa G(x*) = (Gz)*.
At To Anupo 11.5 ggouvpe 6Tt

|2 oo = p(z) = ||

v Kabe z € A. Emouéving o petaoynuatiopnog Gelfand eivar woouetpio g
A e g elkévag Tov A, 1) omola, ouventdg, elvan | - ||, -khetoth vdhyeBpa
mg C(M(A),w*). H A nepiéyer 1ig otabepég ovvoptoels. Emiong, ywpilet
To onuele. Tov M (A): spaypat av o, € M(A) ko T(p) = Z(), dnhadn
o(z) = P(z), ya k6be € A, 1018 © = 1. Téhog, av f = & € A, tote 0
f* = G(z*) avijkel emiong oty A.

Anhadn 1 A tkavomotet Tig vtoBéaelg Tov Oewpfuatog Stone - Weierstrass (ui-
yaSik1) pop@n) Ko eopevong toovtor e ™y C' (M (A), w*). O

HMopatipyon 11.6 Axd 1o Osdonua urooodue va cvumeodvovue 6L o dA-
vePoes Banach A(D) kou £*(Z) dev elvau C*-diyePoss. T tyv axolPeia, dev
vdoyovv eveliEels oTig AAYEPOES QUTES Ue Tic 0moles va yivovtaw C*-dAyeoeg.
Fatiavmy. n A(D) frav C*-diyefoa, téte o uetacynuatiouds Gelfand Oa frav
toouooqLoudce el tng diyefoag C(K), dmov K o ydoog Twv xagaktiowv tng
A(D). Ouwg éxovue SelEel (ITapdyoagos 10.3) 1 o uetacynuaticuds Gelfand
yiee v A(D) dev elvan eml. To idto kaw i Tpv dhyefoo L1 (7).
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Ipotaon 11.7 Av A, A, elvar uetabetixés C*-dAyefoeg ue uovada, ta ako-
AovOa glvar t6odVvauo

1. O C*-dAyepoeg A, kow Ao elvon oOUETOLKA *-LGOUOQPES.
2. Oudlyepoes A4 kow Ag elvow alyefoLkd toouoo@eg.
3. Outomoroykol ywoot M (A1) kaw M (Ay) elvar ouotouog@ikol.

AndédeiEn (1) = (2) Hpogavee.

(2) = (3) 'Botw T : Ay — Ay alyeBpLkog LoouopeLopog.
T k40e ) € M (A5), Bewpovue Ty ametkovion

Etvan 60vBeon pop@Lopdv, apa nop@Lopds, Kou dev undeviletol, Yot
Y(T(1)) =(1) = 1. Anhadn o T € M(A5). Opiletar AowTdv (o ometkovion

w: M(Ay) — M(AL) ) — poT.

Hw elvan 1-1, yioti av ¢ o T = 1y o T 101 ¥ = 0 agov n T eivau 1-1.

H w ivaw e, ywoti yuo k60e ¢ € M (A1), av ) = ¢oT 1, 09 elvou yapaktpag
™mg Ay ko w(y)) = ¢ .

Téhog M w elvar GUVEXNG WG TTPOG TG AoDEVELG-* TOTOAOYLES, YLATL OV 1,;, 1) €
M(Ay) Kou ), 25w, omhady ;(b)—=(b) yio kGbe b € A4, tOTE Y100 KGOE
a € A €xovue

w(tp;)(a) = ¢;(T(a)) = Y(T(a)) = w(t)(a),
dMhodn w(y;) = w(1h). Me Tov id0 TpdTo aiveton ot Ko nw ™ elvan ouveyrc.
(3) = (1) YroBETovpe OTL VITAPYEL OUOLOUOPPLONOG
Vi Ky = M(Ay) = M(Ay) ==Ky .

Tote Y xabe f € C(K4) novvapmmon foy : Ky — C elvon ovveyng (ovvBeon
ovveydv ovvaptoemy). ‘Etot oplletal po ametkovion

T, :C(Ky) = C(Ky): f— for.

ELéyyetan ehkola OTL 1 otetkovion auth) eivar 1-1 ko 7, pe avriotpogn Ty

g—gev .
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Eivou emtiong dueco 6t Ty drampei To dOpotoia To yivopevo ko v evélEn:
(fitfa)ov=frovtfaey, (fi-fa)ev=(f1o7) (f207), fov=for.
Téhog, ) T dratnpel Ko T vopua:

IT2 ()] = sup{f(7(t)) : t € Ky} =sup{f(s):s € K} = |f]

OOV YPNOLUOTONOOUE OTL 1) 7y astetkovilel Tov Ko eml tov K.

Anhadn, n T elvar €vag LooueTpLkog *-toopoppropog amd v C(K;) emt g
C(Ky).

‘Ouwg, amd 1o Bedpnua Gelfand-Naimark E¢povue Ot1, Yo i = 1,2, 0 uetooym-
wotouog Gelfand G, amewkoviCel v petadetikn C*-ahyefpo A, LOOUETPLKAL
Ko *-toopopgukd entt g C'(K; ). Emopévag 1 ovvheon

—1

gl Tl 92
T: A, —C(K;) — C(Ky) — A,

ELVaLL EVAG LOOUETPLKOG *-Lo0Uop@Lopds amd v A, el g As.

11.3 Merabeukig C*-ahyefpes yopic povado

Av A givon petadetikn C*-ahyefpa xoplg povada, 1 wovadomoinon e, A, 1e
™V vopua sov oplobnke oty 11.1.2, elvan petadetikn C* -ahyefpa pe povada,
ETOUEVIG 0 petaoynuatiopog Gelfand a — @ €lvol LOOUETPLKOG *-LOOUOPPLOUOG
mg A, emt g C(K; ), 6mov K; to ohvoro M (A4) tov xopakmpov g A,
ue TNV ao0gvi-* Tooloyla.

[Mapatnpnoe 6t A elvol PeYLOTIKO IOEMdEG TG A 1 , eTOUEVIGS (Oempnua 10.7)
vrapyer uovadikod ¢ € Ky dote kerp . = A. KabBe dihog yapaxtpag
™mg A4, TEPLOPLLONEVOG 0TV A, 0plleL EVOV XopaKTpa TG A. AVIoTPopa
KaAOE YopaKTNPAG ¢ TG A ETEKTELVETAL LOVADIKG O EVAV YOPAKTNPO P TG
A4 0¢tovrog @(z, A) := ¢(x) + A. Anhadn av ovopdoovue K, C K4 10 00volo
TWV YAPAKTNPOV TG A4 TTov dev undeviCouvv v A, éxovne K, = K, U{p .}
kK, ={p: ¢ € M(A)}.

Ioyvpwonds Av K elvar o tomodoyikds yoos (M(A),w*), téte o K elvau

ouoLoog@Lkog e tov K.

[paypot, av ¢,, ¢ € K tote ¢, () — ¢(x) Yo kabe & € A av Kow uovov av
@, (x, ) — §(x, A) yio ke (2, \) € A,. Apa ) amekovion ¢ — ¢+ K —
K, elvat opoloptoppLopoc.
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[Mopotpnoe ot yio kabe © € A ko ¢ € K wyber p(z,0) = ¢(x). Emous-
VOGS, 0V TAVTLOOUNE TOVG X mpovg K kat K, (LECK TNG ATELKOVIONG @ — @), O
uetaoynuatiopog Gelfand z — Z tov = (wg pog ™V A) dev elvar Topd o Te-
pLopLouog tov petaoynuatiopov Gelfand (z,0) — m (wg pog TV A, ) otov
K, dnhadn

(2,0)() = #(p) p€K.

S —

Elvaw gpavepd 0tL oL ouvaptoelg (z,0) ue x € A eivon akpifg EKELVEG OL V-
vapmoelg f € C(K;) ue mv wdomra f(¢.,) = 0. Mpaypot kabe f € C(K;)
elval ™G wopyng f = a ya €va. (ovadiko) a € A4, ko woyber a(p.,) = 0 av
Kaw povov av ¢ (a) = 0, dnhadn av ko povov a € A.

Emouévawg 1 A elvou LooueTpLkt kKot *-toopopgikn e v C*-dhyeppa
{FeCKy): flpos) =0}

AMG M ametkovion f — f| g elvol LoopETpLKog LOOUOPQPLONOG TG

{f € C(K1) : f(doo) = 0} emi e O, (K,).

Mpaypote: av wia f € C(K;) undevietor 0To onueio ¢, T0Te (apov VoL ov-
VEXNG 0TO P ) Yo kaBe € > 0 vrapyer avorkt steproyn U C K4 tov ¢, dote
|f ()] < & yuaxaBe P € U. Ottrovrag 2 = UC, 0 elvoL GUIITAYES VTTOGVUVOAO
tov K, Brémovpe OTL flr, € Co(K,) (xou LOKA || f] o = 1f1 5, lloo)-

Avtiotpoga, kabe g € C, (K ) emekteiveton oto K, Bétoviog g(¢.,) = 0, Ko
1 EMEKTOON ELVAL GUVEYNG OTO o, YTl yio kabe € > 0 vapyer K. C K,
ovurtayég wote |g(v)| < e ywo kabe ¢ ¢ K, (agod g € C, (K,)), dnhadn
vrapyer avolkt sepoyn U = (K )€ tov ¢, omov |g(v)] < e.

A0 TO TOPATAVHD CUUTEPOLVOVUE TO

Oeopnua 11.8 Av A uetabenrxh C*-dAyefoa, o uetacynuatiouds Gelfand ei-
vau 1ooue Totkdg *-1oouooquouds tng A exl tng C (M (A), w*). H A éxel uovida
av kat uévov av o M (A) elvar w*-cuumayrg.

Am6dIEn Av ) A dev £xeL povada, ToTe, 0TTWG SEIEAUE TOPATAV®, ELVOL LOO-
uetpka *-toopopen e v C, (M (A), w*). Exeton 6t o M (A) dev elvon w*-
OVUITTOYNG YTl av NTay, 1) otadepn) ovvaptnon 1 6o avike oty C, (M (A), w*),
apan A Ba elye povada. Av ok 1 A €xel povada, tote 0 M (A) elvon cupsa-
e, apa C, (M (A)) = C(M(A)) xau 1o arotéheopa €metan amd to 11.3. O
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11.4 O ovvapToLaKOS AOYIOUOS VL0 GUVELELS CUVOPTIOELS

Eykataieimovpe tmpa Tig uetabetikeg C* alyeBpec, Ko evOLAPEPOLOOTE VO
EQPAPUOCOVLLE TO TPONYOUUEVE artoTeléopata o Tuyaieg C* ahyeppeg.

"BEotw A o C* dlyeBpa pe wovada koL z € A. Av p €lvol TOAOVUUO, 1) AITEL-
Kovion p — p(z) elvar pop@Lopog amd v aAyefpo TmV TOAVOVOUWY 0TV
A. Me diha Aoyo (800évtog tov = € A) elvan £vag “Kavovag vtohoyLopol”
(calculus) Tov otouyetov p(x) € A ovvaptnoel tov p. H Oswplo Gelfand emtpe-
TEL, 0TIwG Ol dOVNE, VAL ETEKTELVOUUE OUTOV TOV KOVOVOL VITOMOYLOUOU 0Tt TaL
TOAVDVULLOL 08 KATTOLEG OUVEYELG OUVOPTNOELG TTOU TTPOCEYYLLOVTOL OO TOAVMD-
vopua®. OL ouvaptoelg autée Ba éxovv medio opLouol To PAsHE TOV OTOLYEIOY
x. T vo ggappooovpe e v petadetikn Oswpla, ElvoL avaykaio va delovue
ot oe C* dyePpec, To paopa dev eEaptaton amd Ty ahyeppa:

Aqupa 11.9 Av A elvau C* dhyefoa ue uovdda 1 kaw B elvau C*-vrdryefoa
e Aue 1 € B, téte yia kdbe x € Bioyvel 0 4(x) = ogz(x).

AnodarEn Apxel (yiati;) va dei€ouvpe 6tL av 10 z € B €yeL avriotpogo 1
oty A, 1018 1o 271 elvan oTouygeio g B.

YroBétovue mpota otL & = z*, ko ovoudlovue € = C*(x) v wKpOTEPN
C* vrtahyeBpa g A mou mepLexel to x ko v 1 (glvar 1 khewotn OnKn tou
oVVOLOU TV TTOAV®VOUWV Tov Z). Etvow gavepo ot € C B, kau 6t 1 € elvon
uetabetikn C* ahyeppo. Oa SelEm OTL TO T ELVOL AVTLOTPEYLUO OTOLYELD TNG
C. And 1o Anppa 11.4 yvopiZovue o0t p(z) € R yio kbe ¢ € M(C), dpa
oe(x) ={p(x): p € M(C)} C R. Zuvenmg, yio kabe n € N, 10 GTOLYELO

x,, = x— L1 elvaw avotpéyipo oty C, apo kow oty A. Eredn lim,, x,, = =
Ko TPdENy — ¥yt eivan ovveyig oto ovvoro Inv(A4), n axorovdia ((z,,)71),,
elva Boaoikn kol aotehettar amd otovyelo g €. Emouévwg Kow to 0ptd g,
x1, 0o aviiker oty € ko dpa oy B.

To TV yevikn mepimtwon 0Etw ¥y = z*x Ko Topatnpd OTL, ogov TO T ELVOL
avtotpéyo oty A, 10 idto toyveL yoto y (yatt L (2 )y = gt (27 ) =
1). And v mponyovuevn mapdypogo, to ¥y~ avikel oty B. Emeldn) 1 =
y (z*x) = (y~1o*)z, N uovadikdmra Tov aviotpdpov deiyvel Thpa ot 1
y~1z*, mov avijkeL oty B. O

Mopwopa 11.10 Eorw A wa C*-dryefoc.

B H enéxtoon auty) dev mpoiimoféTel ToV cuvapTnoLakd AoYLopd Yo OLOUOPPEG CUVOPTOELS,
Oa ouykpivovue Toug d10 AoYLoUoUg 0TO TELOG TG TTOPAYPAPO.
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(i) Av x € A elvaw puotoroyikd (normal) (Sni. av z*x = xzx*) téte ||z|| = p(x).

(ii) Av x € A eivar avtoovfvyés (dnradn av x = x*), téte o(x) C R.

AnddeiEn Tlepvovtag ev avaykn otV Lovadomoln o), Wopd vo, LIToBEcw OTL
n A éyer povada. Av z € A elvar @uotoroyko, N C*-vrahyefpa € = C*(x)
TTOU TTOPAYETAL OTTO TO x ebvol HeTAOETIKY, dpa || = p(x) 0md to Anupa 11.5.

To (ii) elvon Apeco amd to Tporyovuevo Anuuo kot Ty oodelEn tov. O

Hopatipnon H oyéon |z| = p(z) dev woyder BePana ev yever yia Tuyoia
otouyeia wag (un petadetixng) CF dhyeppag (.y. umopel 22 = 0). Mapdia
autd, atd To Anupo éretan ot og wo C* ahyeBpa A 1 vopua kabopileton po-
vadika oo v akyePpikn doun g A. payuat, yio kabe x € A €xovue
|z]? = |z*z| = p(z*2):

Jz)? = sup{|A| : A € o(a"2)}.

Anhadi M ||z[? wolton pe To supremum TV ATOAITOV TWUWHDV TV OTOLXELWY
TOV PAouatog o(x*r), Tov elval £va Kabapd alyefpLtkod avILKeevo. Ao Ty
TAPATNPNOT] CUTI] CUUTEPOLVOUILE OTL OL AITELKOVLOELG LeTAED C* ahyepmv o
SLoTNPOVV TV aAYERPLKT] oW ELVOL GUTOUGTMG CUVEYELS. ZUYKEKPLUEVOL

Ipoértaon 11.11 (Avtopary suvéyera popgropnav) Av A, Beivor C* dAyefoeg
ue wovada® xaw p : A — B elvaw *-uoopLouds, TéTe 0 p elvar GV VE)TC Ka td-
Mota ||| < 1. Av o ¢ elvar *-1o0uoo@iouds, Téte elvar tooueTola.

An6deiln Mopotpd ot 10 p(1) eivan povada g *-ahyeppag ¢(A), dpa Ko
™G KAELOTNG TG BNk, £0tw C. Etopgvag, meploptlopevog ev avaykn oty C*
aiyeppa C, pmopd va vrobeom ot p(1) = 1. Hapatnpnoe 6t o(¢(y)) C o(y)
(av A1 —y € Inv(A), 101e A1 — p(y) = p(A\1 —y) € Inv(C)) yio kabe y € A.
Emouévog yia kabe x € A gxovue p(p(z*r)) < p(z*x), dpa

2

le(@)|? = lle(z) p(@)| = p(e(z) p(z) = plp(z'z)) < plaz) = 2"z = ||,

dMradn [p(@)]| < |lz]. Av 0 ¢ elvar *-1oopnop@Lopds, TOTe eQapPUOLOVTaG To
TPONYOVUEVO, OTOV ¢ KOL OTOV (o~ 1, Bplokovue

le@) <zl = I~ (p(2)] < o)

apa fo(x)| = fzf. ©

%10 1810 amoTéheoa LoyveL KoL Yo CF dhyePpeg ywpig Lovada
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Mpotaon 11.12 (Movadikétnta s vopuos) Av A elvaw ula dAyefoa ue evé-
MEn, ToTE 00leTOU TO TOAV Wik véoua otnv A ws moog tnv omola elvou C*
dAyefoa.

[Mpoywpolue TMPA 0TNV KATAOKEVT] TOU GUVOPTHOLAKOUD AoyLopov. Oa ypeLa-
o0el eva Anupa.

Aqupo 11.13 Eotw A wa C* dhyefoa ue uovdda 1 kaw x € A ue x*x = xx*.
Av C = C*(x) elvau n C*-vaddyefoa tng A mov magdyeton arxd to x kow tnv 1,
767 0 Yoo M (C) TV yapvaktiowv tngs C elvar ouoLouoQPLKASS Ue TO paoua
o(z) tov x.

An6derln Enewdn o(z) = op(z) = {@(x) : ¢ € M(C)}, n amelkdvion
T:M(C) = o(@): ¢ — o)

elvau e7tL, Ka elvol BePalwg ouveyng (artd Tov 0pLopd TG TOTOAOYLAG TOU X MDPOU
M(C)).

Apkel hourtov vo dewyBet ot etvon 1-1. 'Botw ¢,1p € M(C) pe z(p) = Z(1),
dMradn p(x) = P(x). Tote p(z™) = P(z™) yio kdbe n € N. AMG oo to
A 114 &ovpe (2*) = () = B@) = Y(a*). Enopbvorg ¢(z*™)
Y(z*™) v kaBe m € N kow apa p(x™x*™) = Pp(x™x*™) yio kabe n,m
N. ‘Ouwg m € eivan 1 KAewot) ypouukn Onkn tov ovvorlov {x™z*™ : n,m
0,1,2,...} xou ou @ Kow P etvar ovveyels. 'Emetar Aowtov ot o = 1. O

hm 1

Ocopnua 11.14 (Zvvaptnowakog hoywouods) Eotw A wa C* dhyefoa ue wo-
vada 1 kow x € A. O 6vvaQTnotards AoYLeuos yLa ToAVdvuua

S P —A:p—px)
ETEKTEIVETAL GE *-LLOQPLOUO

¢.:Clo(x) — A

(&

av kot uévov av r*x = xx*. H eméktaon avtn (av vrxdoyet) e(vat novadikn ko

7 ’ /. ’ 7. * 7 *
LOOUETOLKT), Kaw TO medlo Tudv tng elvaw akopas n C*-vrxdiyefoa C*(x) tng
A mov magdyetor oo to x kow Tnv 1.

Av f € C(o(x)), yodgovue cvvibwg f(z) avei yia @ (f).
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An6deiln (o) H ovvonim z*x = zz* elvan ovaykaio yuo v Oop&n tov @ ..
paypot, av f, = o(x) — C elvon n ovvapmon f,(z) = z, tote (agpol 1 f,
elvar wohvavopo) ®.(f,) = @..(f,) = x. Emouévog z* = (.(f,))* = @.(f%)
agov 1 P, elvar *-popelopog. AMa ol cuvaptoelg f, Ko fi petatibevra,
OUVETIG KO OL ELKOVEG TOVG & KO ¥ TPETEL VO UETOTIOEVTOL.

(B) YroBETovue THpa OTLY GUVONKY 2z = T2* IKavoTToLeELTOL. ATtO TO AN, 1
amerkovion Z : M(C) — o(x) elvan opotopoppropos. Eivar evkolo va eléyEelg
OTL 1 OITELKOVLOT)

Ui Clo)) = CM(E) : f = fod

ELVOL LOOUETPLKOG *-1o0pop@Lopndg. AMG artd to Oempnua Gelfand - Naimark
(11.3) ) astetkovion
GLOME) = C:g—y

ELVaL LOOUETPLKOG *-Loopop@Lopds. Av ovoudow @, v otvbeon G o U, 1oTe
N @, eivor LooueTPLKOG *-toopoppropds g C(o(x)) ent vy € C A.

Mével va eheyyOet 6tL 1) P, ETEKTEIVEL TOV GUVOPTNOLOKO MOYLOUO YLOL TTOMV(D-
vupa. Apkel yravto va ehéyEovue otL @, (1) = 1 kaw ot @ (f,) = z. H mpidrn
oyéon ainBever yiott U(1) = 1 ko ©(1) = 1. H devtepn emiong aAnOedet yiott
U(f,) =2xmO(F)=zx.

(y) (Movadwdtnra) Eotw @ : C(o(x)) — A *-popgropndg ue (1) = 1 xou
®(f,) = x. Enewdn oL C(o(z)) ko A eivan C* ahyeppeg ne uovada, Emeton oo
v [potaon 11.11 6t o @ etvaw ovveyng. Epdoov ouwg o @ etvar *-poperouog,
yio ka0e n,m = 0,1, ... O ggovue

O(fefa™) = ©(fo)"(fo)™ = a"z™™ = O.(f,)" P (f,)"™ = o (f5f5)-
Enouévag ov ® kaw @ . tavtiZovron oty ypauukn 6nkn tov cuvohov { f2 f4m
n,m = 0,1,...}. AAG 1 ypopukn vty Onkn eivar avtoovfuyng vaiyefpa
mg C(o(x)) mov mepLeyeL TG 0TaOEPEG CUVAPTNOELG Kot XwpPLleL Ta onuelo
tov o (). Emouéving, amd to Oesdpnua Stone - Weierstrass, €ivol Tukvi] oTnv
C(o(x)). Apov ou @ kar P, elvon cuveyels, Emeton OTL Oo TavtifovTat. O

Elval Gueco mopLopa Tov ouvoptnolako Aoytopov ot to Anuua 7.1 (poaoua-
TIKNG QITELKOVLONG) ETEKTELVETOL 0TTO TOL ToOMvwvVupe og O v C(o(z)):

Ozdpnua 11.15 (paopatikng oxewkovions) Eortw A wa C*-dAyefoa ue uo-
vdda. Av x € A guoodoywd kau f € C(o(x)) tdte

o(f(x)) = flo(z)) = {f(2): z € o()}.
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An6deiEn Av C*(x) etvou 1) ukpdtepn C*-vmdahyefpa g A Tov TEPLEXEL TO T
KoLV 1, 1 amelkovion

¢, :Clo(z)) — C*(x) : f — f(2)

elval Loopop@Lopog odyeppav. Enouevog, A1 — f(z) € Inv(C*(x)) av Kow uo-
vov av A1 — f € Inv(C(o(x)). Autd oumg ovupaiver av KoL povov av A ¢
flo(z)). Zvvenmg o) (f(z)) = f(o(x))). Eépovpe bumg Tmpa (Afupa 11.4)
0T O (f(2)) = Uﬂ(f( ). O

ZUYKPLOT TOV GUVEPTI|CLEKDV AOYLON®V

O ovvaptolakog hoywowdg @, : C(o(x)) — A oV KATAOKEVAOUUE ETEKTEL-
vel, 0tav 1 A evar C*-GAyePpa kat TO T €LVaL QUOLOAOYLKO, TOV GUVOPTNOLOKO
roywouo f — f(x) : Hol(z) — A mov e@apudleTan o€ 0moLodnTote Ghyefpa
Banach.

[Mpaypatt, av p elvor ToAVOVUIO (Mag uetapinmc), 1ote p € Hol(x) koup(z) =
®_(p). Epooov ou f — f(z) kau @, elvan Lop@Lopol Tou GTEAVOUV TV HovAdaL
otV povada, emetol 0Tl 0o TavTILovTal Kat o€ KABE pnTn ovvaptnon. Av thpo
f € Hol(z) e medio opopod U D o(x), vrapyer axorovbia r,, € Hol(x)
ad PNTEG OUVOPTNOELG TTOV OUYKALVEL 0TIV f OUOLOUOPPOL OTOL GUUTTOLYT VITO-
ovvora tov U, dpa ry(z) — f(x). Ao v Ghn pepud opwg n akohovbia
(r,,) ouykAiver otV f opodpopga oto o(z), apa @ (r,,) — ®.(f). Erouévog
f(z) = @.(f).

O roywopog f — f(z) : Hol(x) — A €yeL BePana ol evplitepn epapuoyn:
oplletan yio KGOe otoyelo kabe dlyefpog Banach, evd o @, opiletar puovov
you C*-ahyefpec, KoL LWOAOTO LOVOV YL UOLOAOYLKA OTOLYELL. ATTO TNV GAAN
HepLa, Otav oplletat, o P, el ONUAVTLKOTUTA TLEOVEKTNUWOTAL:

(o) OpiZetan og KGOe ouveyn ovvaptnon, oyt uovov oty Hol(x).

(B) Avatnpel TV eveMEr, dSnhadn

f@) = (2.(0) = 2.(f") = f*(x) wa
() elvan LooueTpLkog, dSnhadm

[f (@) = sup{[f(2)] : z € o()}.

Mopatipyon To Oshpnua 11.14 AéeL OTL, 0V  ELVOL EVOL PUOLOAOYLKO OTOLYELD
wag C*-alyeBpag A, “umopoiue vo BEmPole TO T MG GUVAPTNOY OPLOUEV
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070 0 ()" KO, TAULPVOVTOG OVVOEDT, VO KATAOKEVAZOVUE “CUVOPTNOELS TOL 7.
Miopovpe, Yo TOPASELYI, VO KOTAOKEVAOOVUE TO. €ENG YPNOUOTATA OTOL-
yeto wag C* alyeBpag A (UeTabeTiknG 1) OyL):

BEotw x € A pue x = x* (tétoto otoryela Aéyovran avrosviuyn (selfadjoint)
1N Kopud popd eppetiava (hermitian)). Zépovpe topa 0t o(x) C R. Ocmpolue
T1G €ENG CUVAPTNOELG, OPLOUEVEG 0TO 0 (T):

f@) =1t fo) = (It +6)/2, f_(t) = (| =1)/2, falt) = V2

(m tehevtana opileton povov otav emmiéov o(x) C [0, +00)). Ovoudfovue Ta
avtlotorya otoyela g A

file) =lzl, fi(@) ==, f(2z)=2_, folz)= zt/?

A6 TG AVTLOTOL(ES LOLOTITEG TMV CUVOPTNOEMV OUUTEPOIVOUUE AUECHS OTL
r=x,—z_, |z| =z, +z_, z,x_ =0 = z_x,. Etol, xa0e avtoovluyég
otouyeto pag C*-alyeBpag exel “OeTiKO Kt apvnTiKo HEPOS”, “amoluTy Tiun”,
K, 0tav o(z) C [0,400), “TeTpaymvikn pila”. Ag ONUELOOOVUE OUMG OTL 1|
ATTOAVTI) TUUT] EV LKOVOTTOLEL UEPLKEG OLTTO TLG CVALUEVOUEVEG LOLOTITES: YLOL TTCL-
paderyua, dev elvan gv yéver olnbeia o |z + y| < |z| + |yl

Aoknon Av A eivar C*-ahyeBpo pe povada ko x = z* € A pe o(x) C
[0, +-00), va amodewyOel 6T 1) TeETPaywvIK pilo 21/2 elval To povadikd Oetixd
otouyeio y ™mg A mou ikavomotel y? = x (Méue 611 éva otougeio y wag C*-
anyeBpog A eivan Oetid otav givon avtooufuyég ko o(y) C [0, +00)).

Mopatipnon Av 1o x €lvol QUOLOAOYLKO oTorelo wag C* alyeppoag A ymplg
UOVASOL, LTOPOVIE VAL YPTOLUOTTOLOVUE TOV OUVOPTNOLAKO AOYLOUO OEWPMVTOG
TO T MG OTOLYELO TNG LOVAdOTOINONG A, UE THV TTapaTNPNoT OTL, oV 1) f glvar
ovveyng oto o(x), to otoweto f(x) g A, avikeL otV A av KoL Hovov ov
f£(0) = 0 (yrati;).
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12 To gpaonotiko Oeopnua

12.1 Ewoyoyn: Ateyovoroinor) TvaKkonyv

To ®aopatikd Oempnua, TOU ELVOL LOMG TO PAOIKOTEPO ATOTEAEOUA 0TIV Ogm-
plo. TeEAeoTMV, OTOTELEL YEVIKEVOT] TOU OVTLOTOLKOV Bempruatog amtd Ty Fpoap-
wkn AhyeBpa

“ Kabe avroovivyric teheomg T : C™ — C™ SL0ywVOTOLEITOL 0G TPOG KO-
mola. ogQokavovikij foon.”

Mitopoupe Vo SmMOOVUE Lo ATTOSELEN TOV BEMPNUOTOG AVTOU EQAUPUOLOVTOG TO
Osdpnua 11.14 oty C*-ahyeBpo B(H) TV @poyuevmy TEAEOTOV 0° EVaV X HPO
Hilbert H. Av T € B(H) eivon guotohoyikog tekeotg kar f € C(o(T)), wro-
povue va. optoovpe Tov (puotoroykd) teheotn) f(T) € B(H). Av o H gyel me-
nePaopEV duaotaot, otote 1o o(T) = {Ay, ...\, } elvar axpifng o ovvoro
TV WoTpmv tov T, Bempolue Tig (ovveyels) ovvaptoerg e, : o(T) — C mov
opiCovrar amd v oxéon e; (A ;) = 0, ;. Tote éyouvpe e;e; = e;0,

13
n n
z= 2)%61-(,2) Ko 1= Zlei(z)
1= 1=

yio Kabe z € o(T).
Av0eoovue E; = e, (T) € B(H), amo 1o Oempnua 11.14 tpoximtetdon E, = EF

(emewdn e; = e,), E,E; =E;d,;,

n n
T:;)\ZEZ- Ko I:;Ei.

Alotiotdvovpe howtdv ot B, elvon n 0007 (dnhadn ker(E,) = (E;(H))*H) *»
npoforn Tivm oTtov L0y mpPo tov T ov avtoTtor el oty Wotun ;. pdy-
wot, av z € H ko E;x = 2 1618 Ej2 = 0 y10 ka0 j i (emedn) E,E; = 0)
Ko

"
Tx = Z MEpr =\
k=1

Av avtiotpoga Tz = A,z tote

n n
Tx = Z)\kEk:B:)\i:v:AiZEkx
k=1 k=1

B apbyuon, x | E,;(H) < {(x,E,y) =0Vy € H < (E,z,y) =0Vy < E,x =0
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apo.

k=1

Emedn A\, —\; # 0y k # i kool B, elvon ava 800 kGOeteg, émetoan dn Bz =
0ywok # i (yroti o draviopoto Eyx, ov dev oy undevikd, Ba oy ypouuka
aveEapmra Aoyo kabetomrag). H oxéon 2 = 30" | E;z 1dpa ovvendyeta
z=E;z.

AmodelEaype Mooy To

Ocopnua 12.1 Av H elvaw ywoog Hilbert memeoaouévng didotaons ko T €
B(H) guotoroykdg, o tdtdymeot Tov avtieToLyovv € SLapoQETIKES LOLOTIUES
elvar avd 0vo kalstol kou magayovy tov H. Av E; elvar n 0001 moofoAn otov
LOLOYWQEO OV avTIGTOLYEL GTNV LOLOTIUN N ;, TOTE

T = zn: NE;.
=1

teodVvauo

KdOe puotodoyikos teAecTs 6 XDQO TEMEQUOUEVNS OLAGTAONS ExEL TIVAKA
SLayvio wg TEog wia 09BoKkavovikn faon Tov xweov (Tnv Evwaen o0xolwvon-
70TE 0QOOKAVOVIKDV SAGEDV TWV LOLOYWDOWY TOV).

Inueioon Ioyvel BEPara Kar To aviiotpoo: av evag teheotng T £xel mivaka
dLoydvio wg mtpog wa opBokavovikn faon Tov xmwpov, Tote Kow o T* eivol dia-
YOVIOG WG TPOG TV (Bt Bdon, apo. petatiBetor pe tov T, dnhadn o T eivan
(PUOLOLOYLKOC.

Av o H givan oetpodiaototog, vapyovy d0o TpofANuato: TpdTa-rpmTa, TO
o ('T) dev elval v YEVEL TETEPAOUEVO, TIPETEL AOLTTOV VO OPLOOVUE TL EVVOOUUE UE
to dBpotopa T' = 37 A; ;. ARG 0 6oBapdtepo tpofinua etvon OtL, porovott
E¢povue 0tL t0 o(T) dev elvan kevo, o T pmopet va unv £xer kKabOLov 1dL0TL-
uég! (Mapdderyua: o Teheotg Tov morhasthaotaopov et t otov L2([0, 1], ).
Emopévmg, ote oL mpoobetéol Tov abpolopatog dev opilovial. Oa del€ovue
OTL OTNV YEVIKY] TEPLITTMON TO AOPOLOUO. VTLKOOLOTATOL UE EVO. OMOKATPOULCL
T = [ AdE\ 6mov 1) 0LOKMPmOT) YIVETAL TTAVO 0T0 GUUWITAYEG Vtoovvoro o(T)
tov C, mg 7pog €va “uétpo” opopevo ota Borel vtoouvora tov o(T), ue Tiuég
(oxL aptBpotg alkd) poPorég otov H.
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To pdypauud pag ivar to eENg: Oa oploovue TPMTA TNV KATOAANAY £vvoLa
“UETPOV”, TO PaouaTikd wéteo, KaHMmG KoL TNV OAOKANPWOT], 1G TPOG TO UETPO
QUTO, CUVAPTIOEMV IE PLYOSIKEG TUEG. Oa dovpe OTL TO OLOKANPOUA 1OG TTPOG
EVOL (PAOILOTLKO UETPO OPLEEL ol avostapaotaon wag C*-alyeBpag cuvapti)-
oewv. 21 ovveyela Bo amodeiEovue 0TL KGO avamapdotaon g C*-alyeBpag
C(K) (6mov K ovumaymg Hausdorff ypog) ov Siatnpel v eveMEN opilel éva
PAoUOTIKO PETPo. Tehog, agol kabe puotohoyikog teheotng T’ € B(H) opilel
mv avarapaotaon f — f(T) g C(a(T)), Oa 0dnynbodue otnv amddelEn
10U POOUATIKOD OEWPNUATOG.

122 OhokM)pmO1 MG TPOS PUORATIKO NETPO
1221 ®oaopatikd nétpo

Opwouog 12.1 Eoto (K, §) uetonowog yoog. Mia oukoyévera {E(QQ) : Q € S}
tedeotdv o’ évav ywoo Hilbert H Aéyetau paonatiko uétpo (spectral measure)
aV LIKAVOTTOLEL TIG LOLOTNTES

E(Q; N€Qy) = B(2,).E(2,)

E(0) =0 ka E(K)=1

Fo k60e x,y € H, n amexonon p,,, : Q@ — (E(Q)z,y) elvar wyadixd
uétoo Borel 6to K.

KN Wb~

Mopatypioes (a) Ano tig (1) ko (2) €meton ot kabe E(Q) etvan opOn mtpo-
Bot), dnhadn E(Q)* = E(Q) xaw E(Q)2 = E(Q).

(B) Otav o K elvar (tomukd) ovumayng xmpog ko 8 1 o-alyefpa Twv Borel
VITOOVVOAMV TOV, OUVNOME ATTOUTOVUE EVA (POOUOTIKO LETPO VO ELVOL KAVOVKD,
dMAOdN OMOL TAL [, ,, VOL ELVOL KOVOVLKAL UETPOL.

HMopatipyon 12.2 Ta gaocuatikd uétoa Sev elvar (TAnv TETOUUEVOV TEQL-
nTdeEWV) 0- TPoGOETIKG GTNV ToTOAOYla TNG viouas tov B(H), dniadnh av
{Q,,} € 8§ elvar akorovOia Eévarv avd do vrocvvéiwv ko S elvan n évwon
TOUG, 1) GELOd Zn E(Q,,) dev ovykAiver, yiati ta ueoikd tng aboolouata, dtav
dev elvan loa, Exovv dtapood viguag 1 (viati elvar 090E¢ TQOLOAES).

loyvel Suwg wa acOevéateon wogen 6-reocleTikdTnTAGC:

T ka0e z € H, n oepd 30 E(Q,)x ovykhiver oto E(Q)z (omy
tomohoyia Tov H).
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AmodeiEn Eyxouvue

2
n

E(Qz— Y E(Q,)z

i=1

-

Il
Ju

= <E(Q)$7E(Q)$>—i<E(Q>%E(Qi)f>— (BE(Q;)z, E(Q))

K 3

B a) — S EQ) B ) — S (BQ)EQ, ), 2)

i=1 =1

(xpnowomoinoa. 6t E(Q)* = E(Q) ko é E(Q)? = E(Q)). AMG Q D Q,,
0, E(;), agod ta {€;} eivan Eéva avd dbo. Apa To mtponyoduevo dOpotouo

Sivel
2

(B z) — Y (B x)

=1

E(Q)z — Z E(Q)x

n
=1

TO OTTOLO TELVEL 0TO UNSEV KABWG N — 00, ATtd TNV O-TTPOCHETIKOTITO, TOV e~
tpov 2 — (E(Q)z,z). O

Mopadeiypota (a) H otkoyévelo Tov IpoBolmy 0TOUG LBLOYMPOVS EVOG (PUOLO-
LOYLKOV TELEGT OF YMPO TETEPAOUEVTG SLATTAONC.

(b) Eotw (K, 8, i) yodpog uétpov kaw H = L2(K, ). To ké0e 2 € 8 opilw
E(Q) € B(H) amd v oygon
E(Q)g = xq9, g€ H.
ELEYy® OTL LKOVOTTOLOVVTOL OL OITOLTNOELG TOU OPLOUOV:
(1) Av g,h € H gyovue
@) - [

oghdy = / IXelidy = (g, E(Q)h)
K

K
dmradn E(Q)* = E(Q).
(2) Emewdn Xo,no, = X, Xq, EXOUHE

E(QyNQ)9 = Xa,n0,9 = Xa, Xa,9 = E(Q1)(E(Qs)g).
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H 1810t ta (3) elvar TETPLUUEVD).

Ty (4), emewdn to (E(Q)z, y) ypagetor og YpapuKos ouvovaouds 1e6od-
pwv tapactacenv e wopeng (E(Q)z, z), apkel va delEw otL yio kabe x € H
N azerkovion Q@ — (E(Q)z, z) etvon (Bgtkd) uétpo otov K (Mapatnpnoe ot
0 apbuog (E(Q)z, ) eivan un opvnukog, yLotl

(EQ)z,z) = (E(Q)%z,2) = (E(Q)z, E(Q)*z) = (E(Q)z, E(Q)z)
= [E@l).
[Mpwta-npodrta, av ¥, Q € S eival Eva, TOTe Xquw = Xo + Xws ETOUEVOS
B(QUT)r = Xoupt = Xa + Xoo = (B(Q) + E(T))z.

dhadn 1o Q@ — (E(Q)x, x) elvon memepaouéva poobetiko. Av topa (2,,) C
8 elvar wa @Bivovoa tpog to ) akorovbia, TOTE 1 avioToryn akohovdict (X, ).,
TV YOPAKTNPLOTIKOV TOUG POLVEL TTPOG TO UNdEV oe kAOe onueto Tov K, dpa 1
axohovdia (x,, (t)|z(t)|?),, POivel tpogTo uNdév (U-0yeddv) ot KGOE onueio t €

K. Zuvenwg 10 Oempnuo. Lovotovig oUYKAOoNG Selyver OTL To OAOKANPMUATO,
@OLvovy TTPog TO UNdEV, dnhadn ot

EQ)2.0) = | xaOlO)du(t) — 0.
K

Eneton 6t 10 Q — (E(Q)x, x) elvan apBunotpo tpoohetiko.

12.2.2  OloxkMjpwon

[Tpoympove TMPO GTOV OPLOUO OAOKANPOUATOS WG TTPOG PACUOTIKO UETPO. AV
f= Z AiXq,

elval ot petpnowun ovvaptnon (omov A; € C xau ; € 8, ta omola Wrop®
va voBétm Eéva ava 8o ko UL, = K), opilo

[ s00dEy =3 A E(®) € B,
K i
[Mopatnpolue OTL

( /K FONAEy )z, ) = /K fdis,
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yio kaBe x,y € H.

Etvaw gavepd ot 1) asetkovion 6 mov opiletat oo Ty oyeon
o5) = | FOVE,
K

ELVOL YPOUULKY] GTTO TOV YPOUULKO YMPO TWV OTADY GUVOPTNOEMV UE TUUEG OTOV
B(H). Hapatnpnoe exiong otL av Q = Q; N Oy, €xovue

0(Xa,Xa,) = 0(xo) = E(Q) = E(2,).E(Q3) = 0(xq,)-0(xq,)

ETOUEVIG, NOY® YPOUUKOTNTOG TNG 6, 0V f1, fo elvon oA, Exovue

9(f1f2) = 9(f1)0<f2>

[ 128 = ([ nap)( [ 1,am).

Opota, artod o yeyovog ot E(Q)* = E(Q) Bplokovue ot
0(f) = (0(f))"

[ e[ saey

Ioyvpitopar topa ot [0(f)| < sup | f]. Dpayuate: T kaOe = € H, gxovue

[ o0

dmhadn

dMAadn
otav M f elvol aItin.

2

Z NEQ))z|| = Z |)‘z‘2HE(Qz)$”2
< (max |\)2 ) [E(Q)z]? = (sup|f])?] ZE(Qi)x‘P

3

= (sup[f])?|=]?

omov ypnowposoinoa (800 @opég) to Mubayopeto Oempnua, wo kaw ow {E(Q, )}
elvon k6Beteg ava dvo ke Y- E(Q;) = E(UQ,;) = E(K) =L

EdeiEa hourov ot

H/deH <sup|f]

dmradn |6(f)| < suplf|. Emouévg n 0 emektelvetan uovadikd o€ puo. ov-
VEYN YPOUULKT] OITELKOVLOT, TTOU TNV GUUPOALLW emtiong 6, amd v C*-ahyefpa
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LK) = {f : K — C gpayuévn, petpnown} otov B(H). Kau emeldn n 6
ELVOL *-HOPPLOUOG OTIG ATAEG CUVOPTNOELS, 1) ETEKTOON TNG OaL ELvaw emtiong *-
HOPPLOUOG (YLOTL O TOMOTAAOLAONOG Ko 1) eVEMEN elva cuveyelg oty £°° (K)
Kat otov B(H)).

Etol €y optoet to ohokipoua [ fdE € B(H) yuokabe f € £°°(K), kou éxw
dei&eL om ) amewkovion f — [ fdE elvon ouvexng *-uopqLopoc.
Mopoatipyon H amekovion avtn dev eival ev yéver 1-1 (emougvawg dev givar
LOOUETPLAL) TTPAYRaTL, av To oUvoro 2 = {t € K : f(t) # 0} elvou pétpov undev,
av dnradn E(Q) = 0, téte [ fdE = 0.

ZVVOPLLOUUE TO TOPATAVD UE TNV
Ipotaon 12.3 Av{E(QQ) : Q € §} elvau éva pacuatikd uétoo optouévo o’évav
uetonowo ywoo (K, 8) ue tués mooforés o’ évav yioo Hilbert H, téte n ametkd-

won ¢ — [ @dE elvaw *uooqrouds axd tnv *-diyefoa £°°(K) tov gpoayué-
vov uetenowwv ovvagtioewv ¢ : K — Cue tués otov B(H) mov ikavomouel

H/ deH < sup|f|
. ([ 1aBye) = [ fan,, @yen
6700 f1,, () = (B(Q)z,3).

(H televtaio ootnTo €ntetan tpooeyylloviag v f € £°°(K) ouotdpoppo. oo
ATTAEG OUVOPTNOELG.)

12.3 Meérpa kKoL AVOmapaoTaoeLs

Eotw A plo C*-dlyefpa. Mia *-avarapaotaoy g A o évav ydpo Hilbert
H givan évag popglopog ™ : A — B(H) mov Siatnpel v eveMEn (dniadn
1 OTTELKOVLOT T ELVOL YPOUULKY), TOAOTAaotaotikn Kou 7m(x*) = (w(x))*). Mia
AVOTTOPAOTOO0N AEYETOL M-eKpUALOUEVT] (non-degenerate) 1) 0VGLOINS (essential)
av o yowpog 7(A)H givon mukvog otov H. ‘Otav 1 A el povada, auvtd 1oodv-
vapel ue v ogtaitnon (1) = I. H m Aéyetan mon) otav eivon 1-1.

Emeldn wo *-avomapdotaon eivol *-pop@lopdg peta&d C*-alyefpmv, amtd 1o
Oesvpnua 11.11 ggovue v

Mpoétaon 12.4 Mia *-avaragdotaon m wdg C* dAyefoas A elvar avtoudtwg
ovveyng, udhota ||| < 1. Elvau toouetoikn av kat uévov av elvar motr.

115



Mopaderype (i) Eotw B C B(H) uio petabdetikn CH-akyeBpa 1eheotdv o
evav ympo Hilbert H ue I € Bxow K = M (B) 0 xdhpog TOV YOpAKTNPOV TNG. AV
A—A: B—C (K) etvon o petooynuotiowdg Gelfand, 1ote 0 avTlotpoog
TOL elvan pia ot *-avasapaoctaon g C*-akyeppag C'(K) otov H.

(ii) Eotw T € B(H) guotohoyikog teheotng. Tote 1 amewkdvion f — f(T) :
C(o(T)) — B(H) etvon pia ot *-avamapaotaon g C*-alyeppag C (o (T))
otov H.

Eotw K ovumoyng Hausdorff ydpog. Amod v Mpotaon 12.3 €meton 6tL KGO
paopotko petpo {E(Q) : Q C K Borel} C B(H) opllel plo *avamapdotoon)
7 G (uetabetikng) C*-akyeppog C(K) otov H amd v oyon

w(f) = / JAE  (f € C(K)).

Avtiotpoga,

Oeopnua 12.5 Eotw 7 ula *-avarxagdotaon tng C*- diyefoag C(K) otov
xoo Hilbert H. Téte vmdoyer uovadikd kavowkd gacuatikd uétoo E(.) mov
@éoetaw amd to K wote

/ fAE =n(f)  (f € C(K)).
K

H amodelEn otpiletar oe 80 Bepehirdn Bewpnuato, IOV OVOUALOVIOL KoL T
dv0 “Oewpnuota Avastapdotaong Tov Riesz”:

Ozopnua 12.6 o kdbe cvveyn yoouuxn uoopn ¢ : C(K) — C vrdoyet
UovadLké Kavowko uryadikd uétoo Borel i oto K @aote

/ fap=o(f)  (f€C(K))
K

Kol

[81 = Nl

1 oAkt Kbuaven tov L.
Two v amodeil&n, Preme mw.y. [8], Oewpnua 12.38.
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Mia sesquilinear uoogn o évov ydpo Hilbert H eivar plo ametkovion ¢ = H X
H — C 1 omolo. lvoL YpOopuLKY g Tpog TV TPMTY UETARATY KoL AvTLypa-
KN WG P0G TV delTepn uetafAnt). Aéyeton poyuévn otov to sup{ | (z, y)| :
] < 1, |yl < 1} etvon memepacuevo. TTopadelylatog XapLY To E0WTEPLKO Yi-
VOUEVO ELVaL UL, PPOYUEV sesquilinear popgn).

To entduevo Oedpnua. Emeton VKON Ao TO YEYOVOG OTL 0 dUIKOG Tov H glval
aVTLYPAUULKS LoOUop@og we Tov H (BA. mt.y. [5]).

Oempnua 12.7 Ta kdOes poayuévny sesquilinear woopn v : H x H — C vado-
xet uovadikés T € B(H) dote

Y(x,y) = (Tz,y) (v,y€ H)

Kol
|7 = sup{[e(z, y)| : =] < 1,y <1}

An6deiEn Tov Oempiuarog 12.5

Movadikotre Av E(.) xou F(.) glvar 800 kavovikd Qaopotikd LETPA MoTe

fAdE =7(f) = | fdF
Jram=en= ),
Yo kGOe f € C(K), tote Oétoviag u, () = (E(Q)z,y) ko v, ,(Q) =

(F'(Q)z,y), éyovue
/fd'uw,y:/fdyw,y
K K

v kabe f € C(K). Ao v povadikotnta oto Oewpnuo 12.6 €xeton ot
() = v, ,(Q), mhadn (E(Q)z,y) = (F(Q)z,y). Apod n wodémTo avti
woyveL ywo Kabe x,y € H, ovpmepaivoupe ot E(Q) = F(Q).

YrapEn (i) Av otabepomomoovpe 800 daviopoto x,y € H, 1 ametkovion
CK) —C: f— (n(f)z,y)
ELVOL YPOUWLKT] LOP@T, Ko ppdooeTtol arto |z]. |y, dot

[(m(H)z, )| < Iw(HI-l-lyll < 1 F oo 120yl

amd v [podtoaon 12.4. And 1o Oedpnuo 12.6, VTAPYEL HOVAIIKO KAVOVLKO
wyaduko uétpo Borel yi,, , 010 K dhote

[ due, = ey Vi€ CE) (12)
K
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KO TETOLO MOTE
It o I < llz]l-lly]-

(i) Zrabepomorotpe Tpa Eva Borel virootvoro 2 C K kot Oswpovpe TNV atet-
KOVLOT
HxH-—C: (2,y) — iy ,(Q).

IMoapatnpodue 0T ivon sesquilinear kKo gppaooetal od 1, dSnhod
,U'ml+>\a:2,y(Q) = IU’:El,y(Q> +iuz2,y<9)

ua:,ler)\yQ (Q) = lu’z,yl (Q) + )‘Mw,yz <Q>
bz, (D] < gyl <l Jy])-

[Mpaypott, yio kabe f € C(K),

S fdpiy iy, = Tz ys + Xya) = (7())z,y1) + Ma(f)z,ya)
= [ fdug,y, + N[ fdp, ,,

OUVETIDG TOL HETpaL @ — 11, Uy A, () K Q@ — pry 4y () + Ay, () 0pi-
Covv Vv B0 ypoqmucn wopen otov C(K) dpa, omd TV PovadikoTNTo, 0TV
Osdpnua 12.6, eivol loa. Opolmg ATOSELKVIETAL 1) TTPMTI LOOTNTA.

Ao to Oedpnua 12.7, vdpyer povadikog teheotg F(Q2) € B(H) wote
(E(Q)z,y) = gy () Vae,y e H (13)

KoL
IE@)] < sup{lpg ()]« 2] <1, ]y| <1} < 1.

(iii) TIpémer va deiyBel oL 10 E(.) elvan poouatiko petpo. Elvar gavepd omd
Tov opLopod ot E(0) = 0, E(K) = I xou, guowkd, 6tL 1o Q@ — (E(Q)z,y) (=
[y, (§2)) elvou 0-TpooOETIRO HETPO VIO KAOE T, Y.

(a) Ioyuponog E(Q)* = E(Q).
AnédeiEn T kd0e f € C(K) éxovpe w(f) = 7(f)*, dpa

/fdux y = (m(flz,y) = /fduy . /fduy o

TpCrypoL oV SeiyveL OTL TaL PETPOL fi,, , KO Iy, TOUTICOVTOL™, dnhadi) ot

(EQ)z,y) = (EQ)y,z) = (z, E(Q)y). O
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(b) Ioyvpronés E(2; NQ,) = E((Q,).E(Q5) yua k6O Ledyog Borel vtoov-
vorov 4, Q5 tov K.

Anddeién Twa kabe f, g € C(K) egovue

(m(fg)x,y) = (x()(7(g)x), y)

KaL GUVETTMOG, Ypnotportotmvtas v (12) yia ta dwaviopota m(g)x Ko y,

/fgd:u’z,y :/fduw(g)w,y'

Aol 1 oygon avt wybel i kabe f € C(K), ta aviiotolyo WETPO. TouTiZo-
vto, dSnhadm

/ gd:u’z,y = / d:u’ﬂ’(g)a:,y = Mw(g)w,y(Ql)
Ql Ql
yia kaOe Borel 2, C K. Amo v (13), 1) o€on vt ypapeton

/ gy, = (EQ)n(9)z, ).
Q

1

AMG
(E(Q)m(g)z,y) = (m(g)z, E(Q1)"y)

Ko Aoym g (12), to 8eEL péhog g LoOTNTOG ELVOL

(m(g)z, B(Q)'y) = / 9ta. 5621y

/ gd:u'a:,y _/gduaj,E(Ql)*y
Q

1

omote

Aot 1 televtata 1ootnTo Vel Yo kabe g € C(K), ta avIlotoyo UETPa
Tavtifovra, dnhadn

/ XQQde,y _/XQQdua:,E(Ql)*y
Q

1

yio. kaBe Borel Q, C K. Anhodn

/ d'LLz:y :/ dM$,E<Ql)*y
Q,NQ, Q

2
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Kat ouventmg amo v (13)
(B2 NQy)z,y) = (B(Qo)z, E(Q)"y) = (E(Q4)E(Q)z,9).

Aol ovt) 1 oygon woyvel Yo kabe z,y € H, dei€aue 6 E(Q; N Q,) =
E((21).E(Qy), mpdyua mov ohokAnpdver v amddeEn. O

124 To ®aopatiké Oempnua

Ozopnua 12.8 (To Pacnatiko Oecopnua ) Av T € B(H) elvar puetoroyt-
kOg TEAEGTIG, TOTE VIdQ)EL wovadikd gaouatikd uétoo {E(Q2) : Q C C Borel}
mov géoetan and to o(T') wote

T = / AE,,.

TéAog, évag S € B(H) uetatiOetaw ue tov T av ko uévov av uetatiBetar ue
kdOe E(Q).

AnéderEn H amekovion

m:C(0(T)) — B(H): f — f(T)
ELVOL LOOUETPLKOG *-UoP@LOUOG, ELval dSNAASN (ol TLOTY *-avarTapdoTaon TG
C(o(T)) otov H. E@apuoletar Aowtov to Oempnuo. 12.5, o0ugpmva ie To 0molo

VITAPYEL LOVASLKO KAVOVIKO poopatikod uétpo Borel E, oto ovustayég o(T), o
emdyer v . Enextelvo to nétpo avtod ota Borel viroovvora tou C Bétovtag

EQ)=E, (2na(T)) (©C C Borel).

To uétpo avtd gégetan axd to o(T) ue v evvora 6tL Kabe avorktd U C C ue
UnNao(T) =0 wavonoel E(U) = 0.

‘Eyxouvue
n(f)= [ FNdEs

v kabe f € C(o(T)) Ko emopuevog
T = r(id) = //\dEA.
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Mével va 0odey el 0 TEMEVTALOG LOYVPLOUOG,

YroBétovue pwta 0Tt o T eivarl avtoovZuyng. Mapatnpnoe 0T Evag TEAEOTNG
X petatifetar pe tov T av ko povov ov petatifetal pue Kabe Tolvdvuro Tov
T, eTOUEVIG OV KOl LOVOV oV UeTATOETAL e TNV KAELOTH ONKT TOU ouvolou
Twv Tolvwvipwv tov T. AAMG eewdn o(T) C R, amd 1o Oempnue. Weierstrass
ovusepaivovpe ot 1) ONkn avt) etvon to ovvoro { f(T') : f € C(o(T))}. Exovue
AoLTTOV

XT =TX < Xf(T) = f(T)X Vfe C(a(T)).

lNa kabe 2,y € H éxm

Xf(Mz,y) = (f(D)Xz,y) <= (f(Tz, X"y) = (f(T)Xz,y)
= (f(T)z,u) =(f

(T)v, )
= / FNdpiga (V) = / F(Ndgiy (V)

(6mov u = X*y,v = Xx). H oxgon avm wybel yio kabe f € C(a(T)), av xon
UOVOV 0LV TOL WETPQL [, KOL [y, ELVOL LO0L, SMAGON GV KO LOVOV av

(E(Q)z,u) = (E(Q)v,y)
yia kaBe Q C o(T) Borel dnhad
XE(Q)z,y) = (E(Q)Xz,y)
via kaBe  C o(T) Borel.

AeiEope howov ot XT = TX av ko povov av XE(Q) = E(Q)X yia kabe
Q C o(T) Borel.

SNV YEVIKT TTEPLITTOON, 7OV 0 T elva aAdg PUOLOLOYLKOG, 1) KAELOTY) 0K TwV
rorvovinwy Tov T dev mepieyet ev yéver Ohovg tovg f(T) dmov f € C(a(T))
(umopel va. unv sepieyxer Tov T*!). H ponyoduevn amddet€n 0a sivon Anpng, ov
del&w ot XT = TX = Xp(T,T*) = p(T,T*) X yia xabe tohvmvouo p(.,.)
Vo uetafAntdv. Apkel YUavtd vo amodelEm To

Oempnua 12.9 (Fuglede) Av o T elvar pvoroloyixds, téte 0 X uetatiOeton ue
tov T av kow udvov av uetatiBetal ue tov T*.

AnédeiEn Eotw XT = TX. Tote, yia ka0e A € C, n ovvdpmon f(z) =
exp(Az) elvou ouveyng oto o (T) dpa opileton o puotohoyikdg teheotig f(T) =
exp(AT). Exewdn o f(T) eivar 6pro morvwvipwy tov T &xm

X.(exp(AT) = (exp(\T). X
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Aot (f(z))"! = exp(— \z), 0 teheotg exp(AT) elvar avrotpéyiuog pe avi-
otpogo tov exp(—AT). Exw houtov

X = (exp(—AT))X(exp(AT))
apa
(exp(NT*))X(exp(—AT")) = (eap(AT*))(exp(—AT))X(exp(AT))(exp(—AT").
_ (14)
Mopompd ot f(T)* = f(T) = exp(AT*). Topa emerdn o T elvor uotoroytkog
£YOVIE QITO TOV GUVAPTNOLOKO AOYLOUO Yo ovveyelg ovvoptnoelg (11.14)

(exp(AT*))(eap(=AT) = f(T)f(T) = (ff)(T) = exp(AT* — AT).

@étw S = AT* — AT xou mopampd 6t S* = —S. Enetan 6w (expS)* =
exp(S*) = exp(—S) = (expS)~1, dpa |expS|? = |(expS)*(espS)|| = 1. Tote
ouwe, amd v wotnta (14) éxw ot

|(exp(AT*))X(exp(=AT"))| = |(expS) X (expS™)| < [ X]
vio kaBe A € C. Anhadn 1 ovvaptnon
0:C— B(H): A — (exp(AT*))X(exp(—AT"))
OV ELVOL TTPOPOVDG OKEPULL (WG YLVOUEVO SUVAUOCELPMDV), ELVAL PPOYUEVT).
Emopévmg, amd to Osdpnua Liouville (6.8), eivaw otabepn, apa o(A) = (0),

dhadn
(exp(AT*))X(exp(—AT")) = X

v KaBe A € C. AvamtioooovTag To apLlotepd LEAOG 08 SUVAIOOELPEG Ko eEL-
OMVOVTOG TOVUG OUVTEAEOTEG TOV A, Bplokovue T*X = XT*. O

Enékto.o1 TOU 6UvapTNoLOK oV A0YIeHov
Eotw T € B(H) guoohoykdg teheotc kau {E(Q) : Q C C Borel} to gpaoua-
KO Tov PETpo. Av f : C — C eivon tétowa wote 1 flo(T) va elvar ppayuévn
KO UETPNOLUY), OpLLOvUE

RN

Ewdkotepa exovue x o (1) = E(Q) yuo kabe Borel Q2 C C.

Hapatmpnoe 6t f(T) € {T}". Tpaypott, av évog ppayuevog teheotg X avi-
KeL otov puetafét) tov T' tote uetotibetan pue to ovvoro {E(Q) : © C C Borel}
(a7t T0 paouatikd Oedpnua) apo ko pe tov f(T), Tov elvar OpLo YPOUULK®V
OUVOVAOUMYV PAOUATIKDV TTPOPOAMV.

Amd v Hpodtaon 12.3 ovustepoivovue OTL:
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Ipotaon 12.10 Haxewxdwon f — f(T) elvaw *-poogrouds axd tnv *-diyefoa
£ (a(T)) otov devtego uerabérn {T} mov emekteiver Tov cvvagrnoloxd
Aoyoud yia ToAvadvoua, Kot Loy Vet

IF(D)] < sup{lf(M)]: A€ a(T)}  (f € £5°(a(T))).

Mopwopa 12.11 Av T € B(H) elvar pvotoroyikds tedeotic kaw {E(Q) : Q C
C Borel} to gpacuatixé tov uétgo, téte
e ()X € o(T) avka uévovavE(U) # 0 yua kdOe U 5 X avoikto.

e (1) o A elvaw ihotyun) tov T av kaw uévov av E({\}) # 0. O avtictoryos
t0éywoog elvar o E({\})(H).

e () kGOe uguovwuévo onueio tov o(T) elvau tdtotiun tov T.

An6deiEn (1) Eotw A € C. Av A\ ¢ o(T), 10te vapyel ovoukt seproyn U tov
Awote UNo(T) =0, onote E(U) = 0 agol 10 E gépetan amd 1o o(T).
Av avtiotpoga vitapyel avorkth eptoyn U tov A dote E(U) = 0, tote 1 0v-

vapTo
s Ioxglz) £ )
f(””>:{ozA 2=

oplletan Kau etvar ppayuevn, kou (z — A) f(z) = 1 — xy(2). Zuvenwg oo tov
ovvaptotako Aoyiouo (Tlpdtaon 12.10) €xovue

(T~ A)J(T) = f(T)(T ~AI) = I~ E(U) = I

npaypa tov deiyvel 0tLo T'— A1 eivol aviotpépog, Smiadn 6w A ¢ o(7T). O
(w) Eotw Q = {A\} xau f(2) = z — . Tote fxq = 0 apa f(T)E(Q) = 0,
smhady) (T — M) E(Q) = 0.

Av hourtov ovoudom F tov kKAeloto (evoeyouevmg undeviko) 1doywpo tov 1" wov
AVTLOTOLXEL 0TO A, SNAadT

F={xeH:(T—X)x=0}

101e K0Oe & € E(Q)(H) avikel otov F kau eldukotepa, av E(2) # 0, tote to A
etvon tdrotun tov 7.

Avtiotpoga, av z € F, x # 0, 0o del&w ot € E(Q)(H) (apa E(2) # 0).
[Mpaypot, av V,, elvor akohoubio avorkTtmv ouvormv mtov gBivel tpog to {A},
1018, Omwg det&oape oty Mopatpnon 12.2, |[E(V,,)z — E(Q)z|| — 0.
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Av Béoo f,,(2) = (2= A) " (1—=xy (2)) yia 2 # Ao f(A) = 0tote £, (2)(2—
A) =1—=xy, apa [, (T)T — M) =1—E(V,)xuovenngr — E(V,,)r =
fn (T (T — X))z = 0 dnhadn E(V, )z = = yio. kaBe n dpa E(Q)x = x.

To (w) etvar Gueon ovvemeo tov (u). O

H aptBuntikt) axtive (numerical radius) evog teheotn T € B(H) etvar o opLO-
Mog

wl) = sup{|(T2)]| < € H, || = 1}.
Agv givon dvokoro va derybet ot [T /2 < w(T) < |T] xaw 6t ov avicdTnTeg

QUTEG ELvaw €V YEVEL OL KaAUtepeg duvates. ‘Otav o T elval QuoLoAoYLKOG, T
TPAYUATO. ELVOL TTOA) KOAVTEPQL:

Mopropae 12.12 H aptbuntiki) axtiva evég guotoroykot teeotny T € B(H)
L60VTOL UE TNV VOQUOL TOU.

An6deiEn Egooov ||| = p(T), (Aquua 11.9) vapyer A € o(T) dote [N =
|T|. Eotw ¢ > 0. Oa fpw z € H pe |z| = 1 wote [(Tx,z) — | < e. Av
Q={z€0(T):|z— A < e} 1ote E(Q) # 0 amwod to mponyovuevo Iopiopa.
Eotw z € E(Q)(H) pe || = 1. Av f(2) = (2 — ) xq(2), 10t€ €xovue f(T) =
(T — AN)E(Q), apa f(T)x = Tz — Az, onote

(T, x) = Al = [(f(T)z, z)] < [F(T)].

Opwg (1| < & agot | f(2)] < ey xabe z € o(T). O
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