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Kef�laio 1

To sÔnolo twn pragmatik¸n

arijm¸n

Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn
ap�nths  sac).

1. 'Estw A mh kenì, �nw fragmèno uposÔnolo tou R. Gia k�je x ∈ A èqoume x ≤ supA.

Swstì. O supA eÐnai ex orismoÔ �nw fr�gma tou A. Sunep¸c, gia k�je x ∈ A èqoume
x ≤ supA.

2. 'Estw A mh kenì, �nw fragmèno uposÔnolo tou R. O x ∈ R eÐnai �nw fr�gma tou A
an kai mìno an supA ≤ x.

Swstì. An o x eÐnai �nw fr�gma tou A tìte supA ≤ x apì ton orismì tou supA: o
supA eÐnai to mikrìtero �nw fr�gma tou A. AntÐstrofa, an supA ≤ x tìte gia k�je
a ∈ A èqoume a ≤ supA ≤ x, dhlad  o x eÐnai �nw fr�gma tou A.

3. An to A eÐnai mh kenì kai �nw fragmèno uposÔnolo tou R tìte supA ∈ A.

L�joc. To A = (0, 1) = {x ∈ R : 0 < x < 1} eÐnai mh kenì kai �nw fragmèno uposÔnolo
tou R, ìmwc supA = 1 /∈ A.

4. An A eÐnai èna mh kenì kai �nw fragmèno uposÔnolo tou Z tìte supA ∈ A.

Swstì. 'Estw A èna mh kenì kai �nw fragmèno uposÔnolo tou Z. Apì to axÐwma thc
plhrìthtac, up�rqei to a = sup A ∈ R. Ja deÐxoume ìti a ∈ A: apì ton qarakthrismì tou
supremum, up�rqei x ∈ A ¸ste a− 1 < x. An a /∈ A, tìte x < a. Autì shmaÐnei ìti o x
den eÐnai �nw fr�gma tou A, opìte, efarmìzontac p�li ton qarakthrismì tou supremum,
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brÐskoume y ∈ A ¸ste a − 1 < x < y < a. 'Epetai ìti 0 < y − x < 1. Autì eÐnai �topo,
diìti oi x kai y eÐnai akèraioi.

5. An a = supA kai ε > 0, tìte up�rqei x ∈ A me a− ε < x ≤ a.

Swstì. An a = supA kai ε > 0, apì ton qarakthrismì tou supremum, up�rqei x ∈ A
¸ste a− ε < x. Apì thn �llh pleur�, o a eÐnai �nw fr�gma tou A kai x ∈ A. Sunep¸c,
x ≤ a.

6. An a = supA kai ε > 0, tìte up�rqei x ∈ A me a− ε < x < a.

L�joc. P�rte, gia par�deigma, A = {1, 2}. Tìte, supA = 2. An ìmwc p�roume ε = 1
2 ,

tìte den up�rqei x ∈ A pou na ikanopoieÐ thn 3
2 < x < 2.

7. An to A eÐnai mh kenì kai supA− inf A = 1 tìte up�rqoun x, y ∈ A ¸ste x− y = 1.

L�joc. P�rte, gia par�deigma, A = (0, 1). Tìte, supA − inf A = 1 − 0 = 1. An ìmwc
x, y ∈ (0, 1) tìte 0 < x < 1 kai −1 < −y < 0, �ra −1 < x − y < 1. Dhlad , gia k�je
x, y ∈ (0, 1) èqoume x− y 6= 1.

8. Gia k�je x, y ∈ R me x < y up�rqoun �peiroi to pl joc r ∈ Q pou ikanopoioÔn thn
x < r < y.

Swstì. 'Estw A to sÔnolo ìlwn twn r ∈ Q pou ikanopoioÔn thn x < r < y (gnwrÐzete
ìti to A eÐnai mh kenì). Ac upojèsoume ìti to A èqei peperasmèna to pl joc stoiqeÐa,
ta r1 < · · · < rm. 'Eqoume x < r1, �ra up�rqei rhtìc r∗ pou ikanopoieÐ thn x < r∗ < r1.
'Omwc tìte, x < r∗ < y kai r∗ /∈ {r1, . . . , rm} (�topo).

Ask seic � Om�da A'

1. DeÐxte ìti ta parak�tw isqÔoun sto R:
(a) An x < y + ε gia k�je ε > 0, tìte x ≤ y.

(b) An x ≤ y + ε gia k�je ε > 0, tìte x ≤ y.

(g) An |x− y| ≤ ε gia k�je ε > 0, tìte x = y.

(d) An a < x < b kai a < y < b, tìte |x− y| < b− a.

Upìdeixh. (a) Apagwg  se �topo. Upojètoume ìti y < x. Tìte, epilègontac ε = x−y
2 > 0

èqoume

x− (y + ε) = x− y − x− y

2
=

x− y

2
> 0,

dhlad  up�rqei ε > 0 ¸ste x > y + ε. 'Atopo.

(b) Me ton Ðdio akrib¸c trìpo: upojètoume ìti y < x. Tìte, epilègontac ε = x−y
2 > 0

èqoume

x− (y + ε) = x− y − x− y

2
=

x− y

2
> 0,
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dhlad  up�rqei ε > 0 ¸ste x > y + ε. 'Atopo.

(g) JumhjeÐte ìti an a, b ∈ R kai b ≥ 0, tìte |a| ≤ b an kai mìno an −b ≤ a ≤ b. Apì thn
upìjesh, gia k�je ε > 0 isqÔoun oi

x ≤ y + ε kai y ≤ x + ε.

Apì to (b) èpetai ìti x ≤ y kai y ≤ x. 'Ara, x = y.

(d) AfoÔ a < x < b kai −b < −y < −a, èqoume −(b − a) < x − y < b − a. 'Ara,
|x− y| < b− a.

2. (a) An |a− b| < ε, tìte up�rqei x ¸ste

|a− x| < ε

2
kai |b− x| < ε

2
.

(b) IsqÔei to antÐstrofo?

(g) 'Estw ìti a < b < a + ε. BreÐte ìlouc touc x ∈ R pou ikanopoioÔn tic |a− x| < ε
2 kai

|b− x| < ε
2 .

Upìdeixh. (a) PaÐrnoume san x to mèso tou diast matoc [a, b]:

x = a +
b− a

2
=

a + b

2
.

Tìte,

|a− x| = |b− x| = |a− b|
2

< ε.

(b) IsqÔei. An |a − x| < ε
2 kai |b − x| < ε

2 tìte, apì thn trigwnik  anisìthta gia thn
apìluth tim , èqoume

|a− b| ≤ |a− x|+ |x− b| < ε

2
+

ε

2
= ε.

(g) To sÔnolo twn x ∈ R pou ikanopoioÔn thn |a−x| < ε
2 eÐnai to

(
a− ε

2 , a+ ε
2

)
. OmoÐwc,

to sÔnolo twn x ∈ R pou ikanopoioÔn thn |b−x| < ε
2 eÐnai to

(
b− ε

2 , b+ ε
2

)
. 'Ara, jèloume

na broÔme thn tom  touc

(a− ε/2, a + ε/2) ∩ (b− ε/2, b + ε/2).

Lìgw thc b < a + ε èqoume b− ε
2 < a + ε

2 . Sunep¸c,

a− ε

2
< b− ε

2
< a +

ε

2
< b +

ε

2
.

'Epetai ìti (a− ε/2, a + ε/2) ∩ (b− ε/2, b + ε/2) = (b− ε/2, a + ε/2).

3. Na deiqjeÐ me epagwg  ìti o arijmìc n5 − n eÐnai pollapl�sio tou 5 gia k�je n ∈ N.
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Upìdeixh. Me epagwg . Gia to epagwgikì b ma, upojèste ìti gia k�poion m ∈ N o
m5 −m eÐnai pollapl�sio tou 5 kai gr�yte

(m + 1)5 − (m + 1) = (m5 −m) + 5m4 + 10m3 + 10m2 + 5m.

4. Exet�ste gia poiec timèc tou fusikoÔ arijmoÔ n isqÔoun oi parak�tw anisìthtec:
(i) 2n > n3, (ii) 2n > n2, (iii) 2n > n, (iv) n! > 2n, (v) 2n−1 ≤ n2.

Upìdeixh. (ii) Merikèc dokimèc ja sac peÐsoun ìti h 2n > n2 isqÔei gia n = 1, den isqÔei
gia n = 2, 3, 4 kai (m�llon) isqÔei gia k�je n ≥ 5. DeÐxte me epagwg  ìti h 2n > n2

isqÔei gia k�je n ≥ 5: gia to epagwgikì b ma upojètoume ìti h 2m > m2 isqÔei gia
k�poion m ≥ 5. Tìte,

2m+1 > 2m2 > (m + 1)2

an isqÔei h anisìthta
1 + 2m < m2.

'Omwc, afoÔ m ≥ 5, èqoume

1 + 2m < m + 2m = 3m < m2.

(iv) DeÐxte me epagwg  ìti n! > 2n gia k�je n ≥ 4. Elègxte ìti n! ≤ 2n an n = 1, 2, 3.
(v) DeÐxte me epagwg  ìti 2n−1 > n2 gia k�je n ≥ 7. Elègxte ìti 2n−1 ≤ n2 an
n = 1, 2, 3, 4, 5, 6.

5. 'Estw a, b ∈ R kai n ∈ N. DeÐxte ìti

an − bn = (a− b)
n−1∑
k=0

akbn−1−k.

An 0 < a < b, deÐxte ìti

nan−1 ≤ bn − an

b− a
≤ nbn−1.

Upìdeixh. Me epagwg . Gia to epagwgikì b ma, upojèste ìti

am − bm = (a− b)

(
m−1∑
k=0

akbm−1−k

)

gia k�poion m ∈ N. Tìte,

am+1 − bm+1 = (a− b)am + b(am − bm)

= (a− b)am + (a− b)b

(
m−1∑
k=0

akbm−1−k

)
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= (a− b)

(
am +

m−1∑
k=0

akbm−1−kb

)

= (a− b)

(
am +

m−1∑
k=0

akbm−k

)

= (a− b)

(
m∑

k=0

akbm−k

)
.

An 0 < a < b, tìte an−1 ≤ akbn−1−k ≤ bn−1 gia k�je k = 0, 1, . . . , n− 1. 'Ara,

nan−1 ≤
n−1∑
k=0

akbn−1−k =
bn − an

b− a
≤ nbn−1.

6. 'Estw a ∈ R. DeÐxte ìti:

(a) An a > 1, tìte an > a gia k�je fusikì arijmì n ≥ 2.
(b) An a > 1 kai m,n ∈ N, tìte am < an an kai mìno an m < n.

(g) An 0 < a < 1, tìte an < a gia k�je fusikì arijmì n ≥ 2.
(d) An 0 < a < 1 kai m,n ∈ N, tìte am < an an kai mìno an m > n.

Upìdeixh. (a) AfoÔ a > 1 kai a > 0, èqoume a · a > 1 · a. Dhlad , a2 > a. Upojètoume
ìti am > a gia k�poion m ≥ 2. AfoÔ a > 1 kai am > 0, paÐrnoume diadoqik�

am+1 = am · a > am · 1 = am > a.

Apì thn arq  thc epagwg c èpetai ìti an > a gia k�je n ≥ 2.
(b) DeÐxte pr¸ta me epagwg  ìti ak > 1 gia k�je k ∈ N. Tìte, an m < n èqoume
n − m ∈ N kai autì shmaÐnei ìti an−m > 1, dhlad  an

am > 1. 'Ara, an > am. Gia thn
antÐstrofh sunepagwg , parathr ste ìti an m ≥ n tìte, ìpwc prin, an ≤ am. Sunep¸c,
an am < an prèpei na isqÔei m < n.

(g) AfoÔ a < 1 kai a > 0, èqoume a · a < 1 · a. Dhlad , a2 < a. Upojètoume ìti am < a
gia k�poion m ≥ 2. AfoÔ a < 1 kai am > 0, paÐrnoume diadoqik�

am+1 = am · a < am · 1 = am < a.

Apì thn arq  thc epagwg c èpetai ìti an < a gia k�je n ≥ 2.
(d) DeÐxte pr¸ta me epagwg  ìti ak < 1 gia k�je k ∈ N. Tìte, an m < n èqoume
n − m ∈ N kai autì shmaÐnei ìti an−m < 1, dhlad  an

am < 1. 'Ara, an < am. Gia thn
antÐstrofh sunepagwg , parathr ste ìti an m ≤ n tìte, ìpwc prin, an ≤ am. Sunep¸c,
an am < an prèpei na isqÔei m > n.

7. 'Estw a ∈ R kai èstw n ∈ N. DeÐxte ìti:
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(a) An a ≥ −1, tìte (1 + a)n ≥ 1 + na.

(b) An 0 < a < 1/n, tìte (1 + a)n < 1/(1− na).
(g) An 0 ≤ a ≤ 1, tìte

1− na ≤ (1− a)n ≤ 1
1 + na

.

Upìdeixh. (a) (anisìthta tou Bernoulli). Gia n = 1 h anisìthta isqÔei wc isìthta:
1 + a = 1 + a. DeÐqnoume to epagwgikì b ma:

Upojètoume ìti (1 + a)m ≥ 1 + ma. AfoÔ 1 + a ≥ 0, èqoume (1 + a)(1 + a)m ≥
(1 + a)(1 + ma). 'Ara,

(1 + a)m+1 ≥ (1 + a)(1 + ma) = 1 + (m + 1)a + ma2 ≥ 1 + (m + 1)a.

H teleutaÐa anisìthta isqÔei diìti ma2 ≥ 0.
(b) Gia to epagwgikì b ma, parathr ste pr¸ta ìti an 0 < a < 1

m+1 tìte èqoume kai

0 < a < 1
m . Apì thn epagwgik  upìjesh,

(1 + a)m+1(1− (m + 1)a) = (1 + a)(1− (m + 1)a)(1 + a)m <
(1 + a)(1− (m + 1)a)

1−ma
.

'Omwc,

(1 + a)(1− (m + 1)a) = 1 + a− (m + 1)a− (m + 1)a2 = 1−ma− (m + 1)a2 < 1−ma.

'Epetai ìti
(1 + a)m+1(1− (m + 1)a) < 1.

(g) Gia thn arister  anisìthta, parathr ste ìti −a ≥ −1. Sunep¸c, mporoÔme na efar-
mìsoume to (a) me ton −a sth jèsh tou a:

(1− a)n = (1 + (−a))n ≥ 1 + n(−a) = 1− na.

Gia th dexi� anisìthta: an a = 1 h anisìthta isqÔei diìti, tìte, (1−a)n = 0. An 0 ≤ a < 1
èqoume 1

1−a > 1 + a (exhg ste giatÐ), opìte

1
(1− a)n

=
(

1
1− a

)n

> (1 + a)n ≥ 1 + na

apì to (a). 'Epetai ìti (1− a)n ≤ 1
1+na .

8. 'Estw a ∈ R. DeÐxte ìti:

(a) An −1 < a < 0, tìte (1 + a)n ≤ 1 + na + n(n−1)
2 a2 gia k�je n ∈ N.

(b) An a > 0, tìte (1 + a)n ≥ 1 + na + n(n−1)
2 a2 gia k�je n ∈ N.
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Upìdeixh. (a) IsodÔnama, deÐxte ìti an 0 < x < 1, tìte (1− x)n ≤ 1−nx + n(n−1)
2 x2 gia

k�je n ∈ N. Me epagwg . An n = 1 tìte isqÔei san isìthta.

Upojèste ìti (1− x)m ≤ 1−mx + m(m−1)
2 x2 gia k�poion m ∈ N. Tìte,

(1− x)m+1 = (1− x)m(1− x)

≤
(

1−mx +
m(m− 1)

2
x2

)
(1− x)

= 1− (m + 1)x +
[
m(m− 1)

2
+ m

]
x2 − m(m− 1)

2
x3

< 1− (m + 1)x +
(m + 1)m

2
x2,

afoÔ m(m−1)
2 + m = (m+1)m

2 kai x > 0.
(b) An n = 1, h anisìthta isqÔei san isìthta. An n ≥ 2, parathr ste ìti apì to
diwnumikì an�ptugma,

(1 + a)n =
n∑

k=0

(
n

k

)
ak ≥ 1 + na +

(
n

2

)
a2 = 1 + na +

n(n− 1)
2

a2.

PoÔ qrhsimopoi jhke h upìjesh ìti a > 0?

9. DeÐxte ìti gia k�je n ∈ N isqÔoun oi anisìthtec(
1 +

1
n

)n

<

(
1 +

1
n + 1

)n+1

kai

(
1 +

1
n

)n+1

>

(
1 +

1
n + 1

)n+2

.

Upìdeixh. Gia thn pr¸th anisìthta parathroÔme ìti(
1 +

1
n

)n

<

(
1 +

1
n + 1

)n+1

⇐⇒
(

n + 1
n

)n

<

(
n + 2
n + 1

)n
n + 2
n + 1

⇐⇒ n + 1
n + 2

<

(
n(n + 2)
(n + 1)2

)n

⇐⇒ 1− 1
n + 2

<

(
1− 1

(n + 1)2

)n

.

Apì thn anisìthta tou Bernoulli èqoume(
1− 1

(n + 1)2

)n

> 1− n

(n + 1)2
.

ArkeÐ loipìn na elègxete ìti
n

(n + 1)2
<

1
n + 2

.
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10. (a) DeÐxte thn anisìthta Cauchy-Schwarz: an a1, . . . , an kai b1, . . . , bn eÐnai prag-
matikoÐ arijmoÐ, tìte (

n∑
k=1

akbk

)2

≤

(
n∑

k=1

a2
k

)(
n∑

k=1

b2
k

)
.

(b) DeÐxte thn anisìthta tou Minkowski: an a1, . . . , an kai b1, . . . , bn eÐnai pragmatikoÐ
arijmoÐ, tìte (

n∑
k=1

(ak + bk)2
)1/2

≤

(
n∑

k=1

a2
k

)1/2

+

(
n∑

k=1

b2
k

)1/2

.

Upìdeixh. (a) H pio fusiologik  apìdeixh eÐnai me epagwg : parathr ste pr¸ta ìti
arkeÐ na deÐxoume thn anisìthta sthn perÐptwsh pou ak ≥ 0, bk ≥ 0 gia k�je k = 1, . . . , n
(exhg ste giatÐ).

n = 2: Elègxte ìti gia k�je a1, a2, b1, b2 ∈ R isqÔei h anisìthta

(a1b1 + a2b2)2 ≤ (a2
1 + a2

2)(b
2
1 + b2

2).

Epagwgikì b ma. Upojètoume ìti to zhtoÔmeno isqÔei gia opoiesd pote dÔo k��dec prag-
matik¸n arijm¸n, k = 2, . . . ,m. 'Estw a1, . . . , am+1 kai b1, . . . , bm+1 mh arnhtikoÐ prag-
matikoÐ arijmoÐ. Qrhsimopoi¸ntac thn epagwgik  upìjesh gr�foume

m+1∑
k=1

akbk =
m∑

k=1

akbk + am+1bm+1

≤

(
m∑

k=1

a2
k

)1/2( m∑
k=1

b2
k

)1/2

+ am+1bm+1.

An orÐsoume x =
(∑m

k=1 a2
k

)1/2
kai y =

(∑m
k=1 b2

k

)1/2
, tìte (apì to b ma n = 2) èqoume(

m∑
k=1

a2
k

)1/2( m∑
k=1

b2
k

)1/2

+ am+1bm+1 = xy + am+1bm+1

≤ (x2 + a2
m+1)

1/2(y2 + b2
m+1)

1/2

=
(
a2
1 + · · ·+ a2

m + a2
m+1

)1/2 (
b2
1 + · · ·+ b2

m + b2
m+1

)1/2
.

Sundu�zontac ta parap�nw blèpoume ìti

m+1∑
k=1

akbk ≤
(
a2
1 + · · ·+ a2

m + a2
m+1

)1/2 (
b2
1 + · · ·+ b2

m + b2
m+1

)1/2
.

'Etsi, èqoume apodeÐxei to epagwgikì b ma.
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(b) Qrhsimopoi¸ntac thn anisìthta Cauchy–Schwarz, gr�foume

n∑
k=1

(ak + bk)2 =
n∑

k=1

ak(ak + bk) +
n∑

k=1

bk(ak + bk)

≤

(
n∑

k=1

a2
k

)1/2( n∑
k=1

(ak + bk)2
)1/2

+

(
n∑

k=1

b2
k

)1/2( n∑
k=1

(ak + bk)2
)1/2

=

( n∑
k=1

a2
k

)1/2

+

(
n∑

k=1

b2
k

)1/2
( n∑

k=1

(ak + bk)2
)1/2

.

'Epetai to zhtoÔmeno (exhg ste giatÐ).

11. (Tautìthta tou Lagrange) An a1, . . . , an ∈ R kai b1, . . . , bn ∈ R, tìte(
n∑

k=1

a2
k

)(
n∑

k=1

b2
k

)
−

(
n∑

k=1

akbk

)2

=
1
2

n∑
k,j=1

(akbj − ajbk)2.

Qrhsimopoi¸ntac thn tautìthta tou Lagrange deÐxte thn anisìthta Cauchy-Schwarz.

Upìdeixh. Parathr ste ìti(
n∑

k=1

a2
k

)(
n∑

k=1

b2
k

)
=

(
n∑

k=1

a2
k

) n∑
j=1

b2
j

 =
n∑

k,j=1

a2
kb2

j

kai, ìmoia, (
n∑

k=1

a2
k

)(
n∑

k=1

b2
k

)
=

 n∑
j=1

a2
j

( n∑
k=1

b2
k

)
=

n∑
k,j=1

a2
jb

2
k.

EpÐshc, (
n∑

k=1

akbk

)2

=

(
n∑

k=1

akbk

) n∑
j=1

ajbj

 =
n∑

k,j=1

akbjajbk.

'Ara, to aristerì mèloc isoÔtai (exhg ste giatÐ) me

1
2

n∑
k,j=1

(a2
kb2

j − 2akbjajbk + a2
jb

2
k) =

1
2

n∑
k,j=1

(akbj − ajbk)2.

H anisìthta Cauchy–Schwarz prokÔptei �mesa.



10 · To sÔnolo twn pragmatik¸n arijm¸n

12. (Anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou) An x1, . . . , xn > 0, tìte

x1x2 · · ·xn ≤
(

x1 + · · ·+ xn

n

)n

.

Isìthta isqÔei an kai mìno an x1 = x2 = · · · = xn.

EpÐshc, an x1, x2, . . . , xn > 0, tìte

x1x2 · · ·xn ≥

(
n

1
x1

+ · · ·+ 1
xn

)n

.

Upìdeixh. Pr¸toc trìpoc. DeÐqnoume pr¸ta epagwgik� ìti, gia k�je k ∈ N, an x1, . . . , x2k

eÐnai jetikoÐ pragmatikoÐ arijmoÐ tìte

2k√x1 · · ·x2k ≤ x1 + · · ·+ x2k

2k
.

Gia k = 1 prèpei na elègxoume ìti an x1, x2 > 0 tìte
√

x1x2 ≤ x1+x2
2 . Aut  h anisìthta

isqÔei an kai mìno an 4x1x2 ≤ (x1 + x2)2, h opoÐa isqÔei diìti (x1 − x2)2 ≥ 0.
Upojètoume ìti an y1, . . . , y2m eÐnai jetikoÐ pragmatikoÐ arijmoÐ tìte

2m√y1 · · · y2m ≤ y1 + · · ·+ y2m

2m
.

'Estw x1, . . . , x2m , x2m+1, . . . , x2m+1 > 0. Tìte, efarmìzontac thn epagwgik  upìjesh
gia touc x1, . . . , x2m > 0 kai x2m+1, . . . , x2m+1 > 0, paÐrnoume

2m+1√x1 · · ·x2mx2m+1 · · ·x2m+1 =
√

2m√
x1 · · ·x2m · 2m√x2m+1 · · ·x2m+1

≤
2m√x1 · · ·x2m + 2m√x2m+1 · · ·x2m+1

2

≤ 1
2

(
x1 + · · ·+ x2m

2m
+

x2m+1 + · · ·+ x2m+1

2m

)
=

x1 + · · ·+ x2m+1

2m+1
.

'Eqoume loipìn deÐxei to zhtoÔmeno an to pl joc N twn arijm¸n eÐnai N = 2k, k ∈
N. 'Estw n ∈ N kai èstw x1, . . . , xn > 0. Up�rqei N = 2k > n (exhg ste giatÐ).
JewroÔme th N��da x1, . . . , xn, α, . . . , α, ìpou p rame N − n forèc ton jetikì arijmì
α = n

√
x1 · · ·xn. MporoÔme na efarmìsoume thn anisìthta arijmhtikoÔ�gewmetrikoÔ

mèsou gi' aut  th N��da:

N
√

x1 · · ·xn · αN−n ≤ x1 + · · ·+ xn + (N − n)α
N

.
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AfoÔ x1 · · ·xn = αn, h anisìthta paÐrnei th morf 

α = N
√

αn · αN−n ≤ x1 + · · ·+ xn + (N − n)α
N

,

dhlad 
Nα ≤ (x1 + · · ·+ xn) + (N − n)α =⇒ nα ≤ x1 + · · ·+ xn.

Sunep¸c,

n
√

x1 · · ·xn = α ≤ x1 + · · ·+ xn

n
.

DeÔteroc trìpoc. Jètoume α = n
√

x1x2 · · ·xn kai orÐzoume bk = xk

α , k = 1, . . . , n.
ParathroÔme ìti oi bk eÐnai jetikoÐ pragmatikoÐ arijmoÐ me ginìmeno

b1 · · · bn =
x1

α
· · · xn

α
=

x1 · · ·xn

αn
= 1.

EpÐshc, h zhtoÔmenh anisìthta paÐrnei th morf 

b1 + · · ·+ bn ≥ n.

ArkeÐ loipìn na deÐxoume to ex c:

'Estw n ∈ N. An b1, . . . , bn eÐnai jetikoÐ pragmatikoÐ arijmoÐ me ginìmeno
b1 · · · bn = 1, tìte b1 + · · ·+ bn ≥ n.

DeÐxte thn me epagwg  wc proc to pl joc twn bk: an n = 1 tìte èqoume ènan mìno
arijmì, ton b1 = 1. Sunep¸c, h anisìthta eÐnai tetrimmènh: 1 ≥ 1.

Upojètoume ìti gia k�je m��da jetik¸n arijm¸n y1, . . . , ym me ginìmeno y1 · · · ym = 1
isqÔei h anisìthta

y1 + · · ·+ ym ≥ m,

kai deÐqnoume ìti an b1, · · · , bm+1 eÐnai (m + 1) jetikoÐ pragmatikoÐ arijmoÐ me ginìmeno
b1 · · · bm+1 = 1 tìte

b1 + · · ·+ bm+1 ≥ m + 1.

MporoÔme na upojèsoume ìti b1 ≤ b2 ≤ · · · ≤ bm+1. ParathroÔme ìti, an b1 = b2 =
· · · = bm+1 = 1 tìte h anisìthta isqÔei san isìthta. An ìqi, anagkastik� èqoume
b1 < 1 < bm+1 (exhg ste giatÐ).

JewroÔme thn m-�da jetik¸n arijm¸n

y1 = b1bm+1 , y2 = b2, . . . , ym = bm.

AfoÔ y1 · · · ym = b1 · · · bm+1 = 1, apì thn epagwgik  upìjesh paÐrnoume

(b1bm+1) + b2 + · · ·+ bm = y1 + · · ·+ ym ≥ m.



12 · To sÔnolo twn pragmatik¸n arijm¸n

'Omwc, apì thn b1 < 1 < bm+1 èpetai ìti (bm+1 − 1)(1 − b1) > 0 dhlad  b1 + bm+1 >
1 + bm+1b1. 'Ara,

b1 + bm+1 + b2 + · · ·+ bm > 1 + b1bm+1 + b2 + · · ·+ bm ≥ 1 + m.

'Eqoume loipìn deÐxei to epagwgikì b ma.
An oi x1, · · · , xn den eÐnai ìloi Ðsoi, tìte h apìdeixh pou prohg jhke deÐqnei ìti h

anisìthta eÐnai gn sia (exhg ste giatÐ). Dhlad : sthn anisìthta arijmhtikoÔ�gewmetrikoÔ
mèsou isqÔei isìthta an kai mìnon an x1 = · · · = xn.

Gia thn anisìthta

x1x2 · · ·xn ≥

(
n

1
x1

+ · · ·+ 1
xn

)n

efarmìste thn anisìthta pou mìlic deÐxame gia touc jetikoÔc pragmatikoÔc arijmoÔc
1
x1

, . . . , 1
xn

.

13. DeÐxte ìti k�je mh kenì k�tw fragmèno uposÔnolo A tou R èqei mègisto k�tw fr�gma.

Upìdeixh. 'Estw A mh kenì k�tw fragmèno uposÔnolo tou R. JewroÔme to sÔnolo
B = {−x : x ∈ A}. ParathroÔme pr¸ta ìti to B eÐnai mh kenì: up�rqei x ∈ A kai tìte
−x ∈ B. EpÐshc, to B �nw fragmèno: to A eÐnai k�tw fragmèno kai an jewr soume
tuqìn k�tw fr�gma t tou A mporoÔme eÔkola na elègxoume ìti o −t eÐnai �nw fr�gma
tou B (exhg ste tic leptomèreiec). Apì to axÐwma thc plhrìthtac up�rqei to el�qisto
�nw fr�gma s = supB tou B. 'Opwc prin, afoÔ o s eÐnai �nw fr�gma tou B, mporoÔme
eÔkola na deÐxoume ìti o −s eÐnai k�tw fr�gma tou A. An y > −s, tìte −y < s. AfoÔ
s = sup B, up�rqei b ∈ B tètoio ¸ste −y < b. Tìte, −b ∈ A kai −b < y. Dhlad , o −s
eÐnai k�tw fr�gma tou A kai an y > −s tìte o y den eÐnai k�tw fr�gma tou A. 'Epetai
ìti −s = inf A.

'Alloc trìpoc: OrÐzoume Γ = {x ∈ R : x k�tw fr�gma tou A}. DeÐxte ìti to Γ eÐnai mh
kenì kai �nw fragmèno (opoiod pote stoiqeÐo tou A eÐnai èna �nw fr�gma tou Γ). Apì
to axÐwma thc plhrìthtac up�rqei to el�qisto �nw fr�gma s = sup Γ tou Γ. DeÐxte ìti o
s eÐnai k�tw fr�gma tou A. Tìte, o s eÐnai to mègisto stoiqeÐo tou Γ, dhlad  to mègisto
k�tw fr�gma tou A.

Gia na deÐxete ìti o s = supΓ eÐnai k�tw fr�gma tou A, prèpei na deÐxete ìti to
tuqìn a ∈ A ikanopoieÐ thn supΓ ≤ a. ArkeÐ na deÐxete ìti o a eÐnai �nw fr�gma tou
Γ (exhg ste giatÐ). 'Omwc, an x ∈ Γ tìte x ≤ a (apì ton orismì tou Γ, o x eÐnai k�tw
fr�gma tou A).

14. 'Estw A mh kenì uposÔnolo tou R kai èstw a0 ∈ A me thn idiìthta: gia k�je a ∈ A,
a ≤ a0. DeÐxte ìti a0 = supA. Me �lla lìgia, an to A èqei mègisto stoiqeÐo, tìte autì
eÐnai to supremum tou A.

Upìdeixh. Apì thn upìjesh, gia k�je a ∈ A èqoume a ≤ a0. 'Ara, to A eÐnai �nw fragmèno
kai o a0 eÐnai èna �nw fr�gma tou. 'Epetai ìti to supA up�rqei, kai supA ≤ a0.



· 13

Apì thn �llh pleur�, afoÔ a0 ∈ A kai o supA eÐnai �nw fr�gma tou A, èqoume
a0 ≤ supA. Sundu�zontac ta parap�nw blèpoume ìti a0 = supA.

15. 'Estw A,B dÔo mh ken� kai fragmèna uposÔnola tou R. An supA = inf B, deÐxte
ìti gia k�je ε > 0 up�rqoun a ∈ A kai b ∈ B ¸ste b− a < ε.

Upìdeixh. 'Estw ε > 0. Apì ton qarakthrismì tou sup mporoÔme na broÔme a ∈ A
¸ste a > supA − ε/2. Apì ton qarakthrismì tou inf mporoÔme na broÔme b ∈ B ¸ste
b < inf B + ε/2. Sundu�zontac tic dÔo anisìthtec me thn upìjesh, paÐrnoume

b < inf B +
ε

2
= supA +

ε

2
< a +

ε

2
+

ε

2
= a + ε.

Dhlad , br kame a ∈ A kai b ∈ B ¸ste b− a < ε.

16. 'Estw A mh kenì fragmèno uposÔnolo tou R me inf A = sup A. Ti sumperaÐnete gia
to A?

Upìdeixh. An to A èqei perissìtera apì èna stoiqeÐa, tìte inf A < supB: up�rqoun
x, y ∈ A me x < y, opìte inf A ≤ x < y ≤ supA. An to A eÐnai monosÔnolo, dhlad 
A = {a} gia k�poion a ∈ R, tìte inf A = sup A = a (giatÐ?).

'Ara, inf A = sup A an kai mìno an to A eÐnai monosÔnolo.

17. (a) 'Estw a, b ∈ R me a < b. BreÐte to supremum kai to infimum tou sunìlou
(a, b) ∩Q = {x ∈ Q : a < x < b}. Aitiolog ste pl rwc thn ap�nthsh sac.

(b) Gia k�je x ∈ R orÐzoume Ax = {q ∈ Q : q < x}. DeÐxte ìti

x = y ⇐⇒ Ax = Ay.

Upìdeixh. (a) Jètoume A = (a, b) ∩ Q = {x ∈ Q : a < x < b}. Apì ton orismì tou A
èqoume x < b gia k�je x ∈ A. 'Ara, supA ≤ b. Parathr ste ìti supA > a. Upojètoume
ìti supA < b. Apì thn puknìthta tou Q sto R up�rqei q ∈ Q ¸ste supA < q < b. Tìte
a < q < b, dhlad  q ∈ A. Autì eÐnai �topo, lìgw thc supA < q. 'Ara, supA = b.

Me an�logo epiqeÐrhma deÐxte ìti inf A = a.

(b) Ac upojèsoume ìti x 6= y. QwrÐc periorismì thc genikìthtac, mporoÔme na upojèsoume
ìti x < y. Up�rqei q ∈ Q me thn idiìthta x < q < y. Tìte, q ∈ Ay kai q /∈ Ax. 'Ara,
Ax 6= Ay.

An x = y, eÐnai fanerì ìti: gia k�je q ∈ Q isqÔei q < x ⇐⇒ q < y. 'Ara, Ax = Ay.

18. 'Estw A,B mh ken� fragmèna uposÔnola tou R me A ⊆ B. DeÐxte ìti

inf B ≤ inf A ≤ supA ≤ supB.

Upìdeixh. DeÐqnoume thn inf B ≤ inf A. ArkeÐ na deÐxoume ìti o inf B eÐnai k�tw fr�gma
tou A. 'Omwc, an x ∈ A tìte x ∈ B (diìti A ⊆ B), �ra inf B ≤ x.
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19. 'Estw A,B mh ken�, fragmèna uposÔnola tou R. DeÐxte ìti to A∪B eÐnai fragmèno
kai

sup(A ∪B) = max{supA, supB}, inf(A ∪B) = min{inf A, inf B}.
MporoÔme na poÔme k�ti an�logo gia to sup(A ∩B)   to inf(A ∩B)?

Upìdeixh. (a) Apì thn 'Askhsh 18 èqoume sup(A ∪B) ≥ supA kai sup(A ∪B) ≥ supB.
'Ara, sup(A ∪B) ≥ max{supA, supB}.

Gia thn antÐstrofh anisìthta arkeÐ na deÐxoume ìti o M := max{supA, supB} eÐnai
�nw fr�gma tou A ∪ B. 'Estw x ∈ A ∪ B. Tìte, o x an kei se toul�qiston èna apì ta
A   B. An x ∈ A tìte x ≤ supA ≤ M kai an x ∈ B tìte x ≤ supB ≤ M .

(b) IsqÔei h anisìthta sup(A ∩ B) ≤ min{supA, supB}. MporeÐ ìmwc na eÐnai gn sia.
'Ena par�deigma dÐnoun ta A = {1, 2} kai B = {1, 3}.
20. 'Estw A,B mh ken� uposÔnola tou R. DeÐxte ìti supA ≤ inf B an kai mìno an gia
k�je a ∈ A kai gia k�je b ∈ B isqÔei a ≤ b.

Upìdeixh. Upojètoume pr¸ta ìti supA ≤ inf B. Tìte, gia k�je a ∈ A kai gia k�je
b ∈ B isqÔei a ≤ supA ≤ inf B ≤ b.

AntÐstrofa, upojètoume ìti gia k�je a ∈ A kai gia k�je b ∈ B isqÔei a ≤ b. Ja
deÐxoume ìti supA ≤ inf B.

Pr¸toc trìpoc: Gia na deÐxoume ìti supA ≤ inf B, arkeÐ na deÐxoume ìti o inf B eÐnai �nw
fr�gma tou A. 'Estw a ∈ A. Apì thn upìjesh, gia k�je b ∈ B isqÔei a ≤ b. 'Ara, o a
eÐnai k�tw fr�gma tou B. Sunep¸c, a ≤ inf B. To a ∈ A  tan tuqìn, �ra o inf B eÐnai
�nw fr�gma tou A.

DeÔteroc trìpoc: Ac upojèsoume ìti inf B < supA. Up�rqei ε > 0 me thn idiìthta
inf B + ε < supA − ε (exhg ste giatÐ). Apì ton qarakthrismì tou infimum, up�rqei
b ∈ B pou ikanopoieÐ thn b < inf B+ε kai up�rqei a ∈ A pou ikanopoieÐ thn supA−ε < a.
Tìte, b < inf B + ε < supA− ε < a. Autì èrqetai se antÐfash me thn upìjesh.

21. 'Estw A,B mh ken�, �nw fragmèna uposÔnola tou R me thn ex c idiìthta: gia k�je
a ∈ A up�rqei b ∈ B ¸ste

a ≤ b.

DeÐxte ìti supA ≤ supB.

Upìdeixh. Pr¸toc trìpoc: Gia na deÐxoume ìti supA ≤ supB, arkeÐ na deÐxoume ìti o
supB eÐnai �nw fr�gma tou A. 'Estw a ∈ A. Apì thn upìjesh, up�rqei b ∈ B ¸ste

a ≤ b ≤ supB.

To a ∈ A  tan tuqìn, �ra o supB eÐnai �nw fr�gma tou A.

DeÔteroc trìpoc: Ac upojèsoume ìti supA > supB. Up�rqei ε > 0 me thn idiìthta
supA − ε > supB (giatÐ?). Apì ton qarakthrismì tou supremum, up�rqei a ∈ A pou
ikanopoieÐ thn a > supA− ε. Tìte, gia k�je b ∈ B èqoume

b ≤ supB < supA− ε < a.
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Autì èrqetai se antÐfash me thn upìjesh.

22. Na brejoÔn, an up�rqoun, ta max, min, sup kai inf twn parak�tw sunìlwn:

(a) A = {x > 0 : 0 < x2 − 1 ≤ 2}, B = {x ∈ Q : x ≥ 0, 0 < x2 − 1 ≤ 2}, C =
{0, 1

2 , 1
3 , 1

4 , . . .}.
(b) D = {x ∈ R : x < 0, x2 + x − 1 < 0}, E = { 1

n + (−1)n : n ∈ N}, F = {x ∈ Q :
(x− 1)(x +

√
2) < 0}.

(g) G = {5 + 6
n : n ∈ N} ∪ {7− 8n : n ∈ N}.

Upìdeixh.

(i) Gia to A parathr ste ìti A = {x ∈ R : 1 < x ≤
√

3} = (1,
√

3]. 'Ara, max A =
supA =

√
3. To inf A eÐnai to 1, to A den èqei el�qisto stoiqeÐo.

(ii) An�loga, B = {x ∈ Q : 1 < x ≤
√

3}. Ed¸, supB =
√

3, inf B = 1, to B den èqei
el�qisto oÔte mègisto stoiqeÐo.

(iii) To C èqei el�qisto stoiqeÐo to 0 kai mègisto stoiqeÐo to 1
2 . Sunep¸c, inf C = 0

kai supC = 1
2 .

(iv) IsqÔei x2 + x − 1 < 0 an kai mìno an − 1+
√

5
2 < x <

√
5−1
2 . 'Epetai ìti D =(

− 1+
√

5
2 , 0

)
. To D den èqei el�qisto oÔte mègisto stoiqeÐo, inf D = − 1+

√
5

2 ,

supD = 0.

(v) Gr�foume to E sth morf  E =
{

1
2k−1 − 1 : k ∈ N

}
∪
{

1
2k + 1 : k ∈ N

}
. Exhg ste

ta parak�tw: supE = maxE = 3
2 , inf E = −1, to E den èqei el�qisto stoiqeÐo.

(vi) 'Eqoume F = {x ∈ Q : −
√

2 < x < 1}. To F den èqei el�qisto oÔte mègisto
stoiqeÐo, inf F = −

√
2, supF = 1.

(vii) Tèloc, to G den eÐnai k�tw fragmèno kai èqei mègisto stoiqeÐo to max G = supG =
11 (exhg ste giatÐ).

23. BreÐte to supremum kai to infimum twn sunìlwn

A =
{

1 + (−1)n +
(−1)n+1

n
: n ∈ N

}
, B =

{
1
2n

+
1

3m
: n, m ∈ N

}
.

Upìdeixh. (a) Gr�yte to A sth morf 

A =
{

2− 1
2k

: k ∈ N
}
∪
{

1
2k − 1

: k ∈ N
}

.
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Gia k�je a ∈ A isqÔei 0 < a < 2. An y > 0 tìte up�rqei k ∈ N ¸ste 1
2k−1 < y. An

y < 2 tìte up�rqei k ∈ N ¸ste 2 − 1
2k > y. Apì ta parap�nw èpetai ìti inf A = 0 kai

supA = 2 (exhg ste giatÐ). DeÐxte ìti to A den èqei mègisto oÔte el�qisto stoiqeÐo.

(b) Gia k�je n, m ∈ N isqÔei 1
2n + 1

3m ≤ 1
2 + 1

3 . 'Ara, supB = max B = 5
6 . Gia k�je

b ∈ B isqÔei b > 0. EpÐshc, an y > 0 tìte up�rqei n ∈ N tètoioc ¸ste

1
2n

+
1
3n

<
2
2n

=
1

2n−1
≤ 1

n
< y.

'Epetai ìti inf B = 0 (exhg ste giatÐ). DeÐxte ìti to B den èqei el�qisto stoiqeÐo.

24. DeÐxte ìti to sÔnolo

A =
{

(−1)nm

n + m
: m,n = 1, 2, . . .

}
eÐnai fragmèno kai breÐte ta supA kai inf A. Exet�ste an to A èqei mègisto   el�qisto
stoiqeÐo.

Upìdeixh. Gia k�je m,n ∈ N èqoume
∣∣∣ (−1)nm

n+m

∣∣∣ = m
n+m < 1. Sunep¸c, A ⊆ (−1, 1).

DeÐxte ìti supA = 1 kai inf A = −1. Tèloc, deÐxte ìti to A den èqei mègisto oÔte
el�qisto stoiqeÐo.

Ask seic � Om�da B'

25. DeÐxte ìti oi arijmoÐ
√

2 +
√

3 kai
√

2 +
√

3 +
√

5 eÐnai �rrhtoi.

Upìdeixh. (a) Upojètoume ìti
√

2 +
√

3 ∈ Q. Tìte, 5 + 2
√

6 = (
√

2 +
√

3)2 ∈ Q, �ra√
6 ∈ Q. MporoÔme na gr�youme

√
6 = m

n ìpou m,n ∈ N me mègisto koinì diairèth
th mon�da. Apì thn m2 = 6n2 blèpoume ìti o m eÐnai �rtioc, �ra up�rqei k ∈ N ¸ste
m = 2k. Antikajist¸ntac sthn m2 = 6n2 paÐrnoume 2k2 = 3n2. Anagkastik�, o n eÐnai
ki autìc �rtioc. Autì eÐnai �topo, afoÔ o 2 eÐnai koinìc diairèthc twn m kai n.

(b) Upojètoume ìti
√

2 +
√

3 +
√

5 = x ∈ Q. Tìte,

5 + 2
√

6 = x2 + 5− 2x
√

5,

�ra
√

6 + x
√

5 = y ∈ Q. Uy¸nontac p�li sto tetr�gwno, blèpoume ìti
√

30 ∈ Q.
MporoÔme na gr�youme

√
30 = m

n ìpou m,n ∈ N me mègisto koinì diairèth th mon�da.
Apì thn m2 = 30n2 blèpoume ìti o m eÐnai �rtioc, �ra up�rqei k ∈ N ¸ste m = 2k.
Antikajist¸ntac sthn m2 = 30n2 paÐrnoume 2k2 = 15n2. Anagkastik�, o n eÐnai ki
autìc �rtioc. Autì eÐnai �topo, afoÔ o 2 eÐnai koinìc diairèthc twn m kai n.

26. DeÐxte ìti an o fusikìc arijmìc n den eÐnai tetr�gwno k�poiou fusikoÔ arijmoÔ, tìte
o
√

n eÐnai �rrhtoc.
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Upìdeixh. AfoÔ o n den eÐnai tetr�gwno k�poiou fusikoÔ arijmoÔ, up�rqei N ∈ N ¸ste
N2 < n < (N + 1)2. Upojètoume ìti

√
n = p

q , ìpou p, q ∈ N kai o q eÐnai o mikrìteroc
dunatìc.

Jètoume q1 = p − qN = q(
√

n − N) kai p1 = p(
√

n − N) = qn − pN . Tìte,
p1, q1 ∈ N diìti eÐnai akèraioi kai jetikoÐ (afoÔ

√
n−N > 0) kai q1 = p− qN < q diìti

p
q =

√
n < N + 1. 'Omwc,

p1

q1
=

p(
√

n−N)
q(
√

n−N)
=

p

q
=
√

n,

to opoÐo eÐnai �topo afoÔ q1 < q.

27. 'Estw A,B mh ken� uposÔnola tou R. Upojètoume ìti:
(a) gia k�je a ∈ A kai gia k�je b ∈ B isqÔei a ≤ b, kai
(b) gia k�je ε > 0 up�rqoun a ∈ A kai b ∈ B ¸ste b− a < ε.

DeÐxte ìti supA = inf B.

Upìdeixh. DeÐqnoume pr¸ta ìti supA ≤ inf B. StajeropoioÔme b ∈ B. AfoÔ a ≤ b gia
k�je a ∈ A, o b eÐnai �nw fr�gma tou A, sunep¸c supA ≤ b. To b ∈ B  tan tuqìn, �ra
o supA eÐnai k�tw fr�gma tou B. T¸ra, èpetai ìti supA ≤ inf B.

Gia thn antÐstrofh anisìthta parathroÔme ìti, gia k�je ε > 0 up�rqoun aε ∈ A kai
bε ∈ B ¸ste bε − aε < ε, sunep¸c

inf B ≤ bε < aε + ε ≤ supA + ε.

DeÐxame ìti inf B < supA + ε gia k�je ε > 0, �ra inf B ≤ supA (apì thn 'Askhsh 1).

28. 'Estw A,B mh ken�, �nw fragmèna uposÔnola tou R. DeÐxte ìti supA ≤ supB an
kai mìno an gia k�je a ∈ A kai gia k�je ε > 0 up�rqei b ∈ B ¸ste a− ε < b.

Upìdeixh. Upojètoume pr¸ta ìti supA ≤ supB. 'Estw a ∈ A kai ε > 0. Apì ton
ε-qarakthrismì tou supB, up�rqei b ∈ B ¸ste supB − ε < b. Tìte,

a− ε ≤ supA− ε ≤ supB − ε < b.

AntÐstrofa, upojètoume ìti gia k�je a ∈ A kai gia k�je ε > 0 up�rqei b ∈ B ¸ste
a− ε < b. 'Estw ε > 0. JewroÔme tuqìn a ∈ A kai brÐskoume b ∈ B ¸ste

a < b + ε ≤ supB + ε.

AfoÔ to a ∈ A  tan tuqìn, o supB + ε eÐnai �nw fr�gma tou A, dhlad 

supA ≤ supB + ε.

H teleutaÐa anisìthta isqÔei gia k�je ε > 0, �ra supA ≤ supB (apì thn 'Askhsh 1).
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29. 'Estw A,B mh ken� uposÔnola tou R pou ikanopoioÔn ta ex c:
(a) gia k�je a ∈ A kai gia k�je b ∈ B isqÔei a < b.
(b) A ∪B = R.

DeÐxte ìti up�rqei γ ∈ R tètoioc ¸ste eÐte A = (−∞, γ) kai B = [γ, +∞)   A = (−∞, γ]
kai B = (γ, +∞).

Upìdeixh. Apì thn upìjesh èpetai ìti A ∩ B = ∅ (exhg ste giatÐ). EpÐshc, apì thn
'Askhsh 20 èqoume γ := sup A ≤ δ := inf B. Dikaiolog ste diadoqik� ta ex c:

(i) γ = δ: an eÐqame γ < δ tìte o γ+δ
2 den ja an ke sto A ∪B (exhg ste giatÐ).

(ii) (−∞, γ] ⊇ A kai [γ,∞) ⊇ B.

(iii) (−∞, γ) ⊆ A kai (γ,∞) ⊆ B.

(iv) O γ an kei se akrib¸c èna apì ta A   B.

30. 'Estw A ⊂ (0,+∞). Upojètoume ìti inf A = 0 kai ìti to A den eÐnai �nw fragmèno.
Na brejoÔn, an up�rqoun, ta max, min, sup kai inf tou sunìlou

B =
{

x

x + 1
: x ∈ A

}
.

Upìdeixh. An y ∈ B tìte y = x
x+1 gia k�poio x ∈ A. AfoÔ A ⊂ (0,+∞), blèpoume ìti

y > 0. 'Ara, to B eÐnai k�tw fragmèno apì to 0.
DeÐqnoume ìti inf B = 0 me ton ε qarakthrismì tou infimum. 'Estw ε > 0. AfoÔ

inf A = 0, up�rqei x ∈ A ¸ste x < ε. Tìte, to y = x
x+1 ∈ B kai y = x

x+1 < x < ε (eÐnai
x + 1 > 1 afoÔ x > 0).

ParathroÔme ìti o 1 eÐnai �nw fr�gma tou B: an y ∈ B tìte up�rqei x ∈ A ¸ste
y = x

x+1 < 1. DeÐqnoume ìti supB = 1 me ton ε qarakthrismì tou supremum. 'Estw

ε > 0. Zht�me x ∈ A ¸ste 1 − 1
x+1 = x

x+1 > 1 − ε, dhlad  x > 1
ε − 1. AfoÔ to A den

eÐnai �nw fragmèno, tètoio x ∈ A up�rqei. Tìte, to y = x
x+1 ∈ B kai y = x

x+1 > 1− ε.
To B den èqei mègisto   el�qisto stoiqeÐo: ja èprepe na up�rqei x > 0 pou na

ikanopoieÐ thn x
x+1 = 0   thn x

x+1 = 1 antÐstoiqa (k�ti pou den gÐnetai).

31. 'Estw x ∈ R. DeÐxte ìti: gia k�je n ∈ N up�rqei akèraioc kn ∈ Z ¸ste
∣∣∣x− kn√

n

∣∣∣ <
1√
n
.

Upìdeixh. Jètoume kn = [
√

nx] ∈ Z. Tìte, kn ≤
√

nx < kn + 1, �ra

0 ≤
√

nx− kn < 1 ⇒ − 1√
n

< 0 ≤ x− kn√
n

<
1√
n

.

Dhlad ,
∣∣∣x− kn√

n

∣∣∣ < 1√
n
.
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32. 'Estw x ∈ R. DeÐxte ìti: gia k�je N ≥ 2 up�rqoun akèraioi m kai n, me 0 < n ≤ N ,
¸ste |nx−m| < 1

N .

Upìdeixh. QwrÐzoume to [0, 1) se N Ðsa diadoqik� diast mata
[

j−1
N , j

N

)
, j = 1, . . . , N .

Gia k = 0, 1, . . . N jewroÔme touc arijmoÔc xk = kx− [kx] ∈ [0, 1). AfoÔ to pl joc twn
xk eÐnai N + 1 kai to pl joc twn diasthm�twn eÐnai N , mporoÔme na broÔme j kai k > s
¸ste xk, xs ∈

[
j−1
N , j

N

)
. Tìte, |xk − xs| < 1

N , dhlad  |(k − s)x − ([kx] − [sx])| < 1
N .

Jètontac n = k − s kai m = [kx]− [sx] paÐrnoume to zhtoÔmeno.

33. 'Estw a1, . . . , an > 0. DeÐxte ìti

(a1 + a2 + · · ·+ an)
(

1
a1

+
1
a2

+ · · ·+ 1
an

)
≥ n2.

Upìdeixh. Apì thn anisìthta arijmhtikoÔ�gewmetrikoÔ�armonikoÔ mèsou èqoume

a1 + a2 + · · ·+ an

n
≥ n
√

a1a2 · · · an ≥
n

1
a1

+ 1
a2

+ · · ·+ 1
an

.

34. An a > 0, b > 0 kai a + b = 1, tìte

2

[(
a +

1
a

)2

+
(

b +
1
b

)2
]
≥ 25.

Upìdeixh. Parathr ste pr¸ta ìti 1 = (a + b)2 ≥ 4ab. Efarmìzontac thn anisìthta
Cauchy-Schwarz paÐrnoume

2

[(
a +

1
a

)2

+
(

b +
1
b

)2
]

= (12 + 12)

[(
a +

1
a

)2

+
(

b +
1
b

)2
]

≥
(

1 · (a +
1
a
) + 1 · (b +

1
b
)
)2

≥
(
(a + 4b) + (b + 4a)

)2
= 25(a + b)2 = 25.

35. (a) An a1, . . . , an > 0, deÐxte ìti

(1 + a1) · · · (1 + an) ≥ 1 + a1 + · · ·+ an.

(b) An 0 < a1, . . . , an < 1, tìte

1− (a1 + · · ·+ an) ≤ (1− a1) · · · (1− an)
≤ 1− (a1 + · · ·+ an) + (a1a2 + a1a3 + · · ·+ an−1an).
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Upìdeixh. Me epagwg .

36*. An a1 ≥ a2 ≥ · · · ≥ an > 0 kai b1 ≥ b2 ≥ · · · ≥ bn > 0, tìte

a1bn + a2bn−1 + · · ·+ anb1

n
≤ a1 + · · ·+ an

n
· b1 + · · ·+ bn

n

≤ a1b1 + · · ·+ anbn

n
.

Upìdeixh. MporeÐte na apodeÐxete tic dÔo anisìthtec me epagwg . Mia polÔ piì sÔntomh
apìdeixh eÐnai h ex c.

Dexi� anisìthta: Apì thn upìjesh ìti a1 ≥ a2 ≥ · · · ≥ an kai b1 ≥ b2 ≥ · · · ≥ bn èpetai
(giatÐ?) ìti

n∑
k,j=1

(ak − aj)(bk − bj) ≥ 0.

Dhlad ,

(∗)
n∑

k,j=1

akbk +
n∑

k,j=1

ajbj ≥
n∑

k,j=1

ajbk +
n∑

k,j=1

akbj .

Parathr ste ìti

n∑
k,j=1

akbk =
n∑

j=1

(
n∑

k=1

akbk

)
= n(a1b1 + · · ·+ anbn).

'Omoia,
n∑

k,j=1

ajbj = n(a1b1 + · · ·+ anbn).

Apì thn �llh pleur�,

n∑
k,j=1

ajbk =
n∑

k,j=1

akbj = (a1 + · · ·+ an)(b1 + · · ·+ bn).

'Ara, h (∗) paÐrnei th morf 

2n(a1b1 + · · ·+ anbn) ≥ 2(a1 + · · ·+ an)(b1 + · · ·+ bn),

pou eÐnai h zhtoÔmenh anisìthta.

Arister  anisìthta: Qrhsimopoi ste to gegonìc ìti

n∑
k,j=1

(ak − aj)(bn−k+1 − bn−j+1) ≤ 0.
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37*. 'Estw a1, . . . , an jetikoÐ pragmatikoÐ arijmoÐ. DeÐxte ìti up�rqei 1 ≤ m ≤ n− 1 me
thn idiìthta ∣∣∣∣ m∑

k=1

ak −
n∑

k=m+1

ak

∣∣∣∣ ≤ max{a1, . . . , an}.

Upìdeixh: Jewr ste touc arijmoÔc

bm =
m∑

k=1

ak −
n∑

k=m+1

ak, m = 1, . . . , n− 1

kai

b0 = −
n∑

k=1

ak , bn =
n∑

k=1

ak.

DeÐxte ìti dÔo diadoqikoÐ apì autoÔc eÐnai eterìshmoi.

Upìdeixh. Jewr ste touc arijmoÔc

bm =
m∑

k=1

ak −
n∑

k=m+1

ak, m = 1, . . . , n− 1

kai

b0 = −
n∑

k=1

ak , bn =
n∑

k=1

ak.

An B = {k : 1 ≤ k ≤ n kai bk > 0}, tìte to B eÐnai mh kenì (exhg ste giatÐ). 'Ara,
èqei el�qisto stoiqeÐo: ac to poÔme m0. Parathr ste ìti m0 ≥ 1. AfoÔ o m0 eÐnai to
el�qisto stoiqeÐo tou B, èqoume bm0 > 0 kai bm0−1 ≤ 0. 'Epetai (exhg ste giatÐ) ìti

|bm0 |+ |bm0−1| = bm0 − bm0−1 = 2am0 ≤ 2 max{a1, . . . , an}.

Autì dÐnei to zhtoÔmeno (exhg ste giatÐ).

38. 'Estw A,B mh ken�, fragmèna uposÔnola tou R. OrÐzoume A + B = {a + b : a ∈
A, b ∈ B}. DeÐxte ìti

sup(A + B) = supA + supB, inf(A + B) = inf A + inf B.

Upìdeixh. Ja deÐxoume ìti inf(A + B) = inf A + inf B.

(a) inf(A + B) ≥ inf A + inf B: arkeÐ na deÐxoume ìti o inf A + inf B eÐnai k�tw fr�gma
tou A + B. 'Estw x ∈ A + B. Up�rqoun a ∈ A kai b ∈ B ¸ste x = a + b. 'Omwc,
a ≥ inf A kai b ≥ inf B. 'Ara,

x = a + b ≥ inf A + inf B.
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To x ∈ A + B  tan tuqìn, �ra o inf A + inf B eÐnai k�tw fr�gma tou A + B.

(b) inf(A + B) ≤ inf A + inf B: arkeÐ na deÐxoume ìti o inf(A + B) − inf B eÐnai k�tw
fr�gma tou A. Gia to skopì autì, jewroÔme (tuqìn) a ∈ A kai deÐqnoume ìti

inf(A + B)− a ≤ inf B.

Gia thn teleutaÐa anisìthta arkeÐ na deÐxoume ìti o inf(A+B)−a eÐnai k�tw fr�gma tou
B: èstw b ∈ B. Tìte, a + b ∈ A + B. 'Ara,

inf(A + B) ≤ a + b =⇒ inf(A + B)− a ≤ b.

To b ∈ B  tan tuqìn, �ra o inf(A + B)− a eÐnai k�tw fr�gma tou B.

DeÔteroc trìpoc: 'Estw ε > 0. Apì ton qarakthrismì tou supremum kai tou infimum,
up�rqoun a ∈ A kai b ∈ B pou ikanopoioÔn tic

a < inf A + ε kai b < inf B + ε.

Tìte, afoÔ a + b ∈ A + B,

inf(A + B) ≤ a + b < inf A + inf B + 2ε.

To ε > 0  tan tuqìn, �ra inf(A + B) ≤ inf A + inf B.

39. 'Estw A,B mh ken�, fragmèna sÔnola jetik¸n pragmatik¸n arijm¸n. OrÐzoume
A ·B = {ab : a ∈ A, b ∈ B}. DeÐxte ìti

sup(A ·B) = supA · supB, inf(A ·B) = inf A · inf B.

Upìdeixh. Akolouj ste th diadikasÐa pou qrhsimopoi jhke sthn 'Askhsh 38.

40. 'Estw A mh kenì, fragmèno uposÔnolo tou R. An t ∈ R, orÐzoume tA = {ta : a ∈ A}.
DeÐxte ìti

(a) an t ≥ 0 tìte sup(tA) = t supA kai inf(tA) = t inf A.
(b) an t < 0 tìte sup(tA) = t inf A kai inf(tA) = t supA.

Upìdeixh. Akolouj ste th diadikasÐa pou qrhsimopoi jhke sthn 'Askhsh 38.



Kef�laio 2

AkoloujÐec pragmatik¸n

arijm¸n

Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn
ap�nths  sac).

1. K�je fragmènh akoloujÐa sugklÐnei.

L�joc. H akoloujÐa an = (−1)n eÐnai fragmènh all� den sugklÐnei.

2. K�je sugklÐnousa akoloujÐa eÐnai fragmènh.

Swstì. Upojètoume ìti an → a ∈ R. PaÐrnoume ε = 1 > 0. MporoÔme na broÔme n0 ∈ N
¸ste |an − a| < 1 gia k�je n ≥ n0. Dhlad ,

an n ≥ n0, tìte |an| ≤ |an − a|+ |a| < 1 + |a|.

Jètoume
M = max{|a1|, . . . , |an0 |, 1 + |a|}

kai elègqoume ìti |an| ≤ M gia k�je n ∈ N (diakrÐnete peript¸seic: n ≤ n0 kai n > n0).
'Ara, h (an) eÐnai fragmènh.

3. An (an) eÐnai mia akoloujÐa akeraÐwn arijm¸n, tìte h (an) sugklÐnei an kai mìno an
eÐnai telik� stajer .

Swstì. Upojètoume ìti h (an) sugklÐnei ston pragmatikì arijmì a. Epilègoume ε = 1
2

kai brÐskoume n0 ∈ N ¸ste: gia k�je n ≥ n0 isqÔei |an−a| < 1
2 . Tìte, an n ≥ n0 èqoume

|an − an0 | = |(an − a) + (a− an0)| ≤ |an − a|+ |a− an0 | <
1
2

+
1
2

= 1.
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'Omwc, oi an kai an0 eÐnai akèraioi, �ra an = an0 . Dhlad , h (an) eÐnai telik� stajer :
gia k�je n ≥ n0 èqoume an = an0 .

H antÐstrofh kateÔjunsh eÐnai apl : genikìtera, an gia mia akoloujÐa (an) sto R
(ìqi anagkastik� sto Z) up�rqoun n0 ∈ N kai a ∈ R ¸ste gia k�je n ≥ n0 na isqÔei
an = a, tìte an → a (exhg ste, me b�sh ton orismì tou orÐou).

4. Up�rqei gnhsÐwc fjÐnousa akoloujÐa fusik¸n arijm¸n.

L�joc. Ac upojèsoume ìti (an) eÐnai mia gnhsÐwc fjÐnousa akoloujÐa fusik¸n arijm¸n.
To sÔnolo A = {an : n ∈ N} eÐnai mh kenì uposÔnolo tou N. Apì thn arq  thc kal c
di�taxhc, èqei el�qisto stoiqeÐo. Dhlad , up�rqei m ∈ N ¸ste: gia k�je n ∈ N isqÔei
am ≤ an. Autì eÐnai �topo, afoÔ am+1 ∈ A kai am+1 < am.

5. K�je sugklÐnousa akoloujÐa �rrhtwn arijm¸n sugklÐnei se �rrhto arijmì.

L�joc. H akoloujÐa an =
√

2
n eÐnai akoloujÐa �rrhtwn arijm¸n, ìmwc an → 0 (kai o 0

eÐnai rhtìc).

6. K�je pragmatikìc arijmìc eÐnai ìrio k�poiac akoloujÐac �rrhtwn arijm¸n.

Swstì. DiakrÐnete peript¸seic. An o x eÐnai �rrhtoc, mporeÐte na jewr sete th stajer 

akoloujÐa an = x. An o x eÐnai rhtìc, mporeÐte na jewr sete thn akoloujÐa an = x+
√

2
n .

7. An (an) eÐnai mia akoloujÐa jetik¸n pragmatik¸n arijm¸n, tìte an → 0 an kai mìno
an 1

an
→ +∞.

Swstì. Upojètoume pr¸ta ìti an → 0. 'Estw M > 0. AfoÔ an → 0, efarmìzontac ton
orismì me ε = 1

M > 0, mporoÔme na broÔme n0 = n0(ε) = n0(M) ∈ N ¸ste: gia k�je
n ≥ n0 isqÔei 0 < an < 1

M . Dhlad , up�rqei n0 = n0(M) ∈ N ¸ste: gia k�je n ≥ n0

isqÔei 1
an

> M . 'Epetai ìti 1
an
→ +∞. Gia thn antÐstrofh kateÔjunsh ergazìmaste me

an�logo trìpo.

8. An an → a tìte h (an) eÐnai monìtonh.

L�joc. H akoloujÐa an = (−1)n

n sugklÐnei sto 0 all� den eÐnai monìtonh.

9. 'Estw (an) aÔxousa akoloujÐa. An h (an) den eÐnai �nw fragmènh, tìte an → +∞.

Swstì. 'Estw M > 0. AfoÔ h (an) den eÐnai �nw fragmènh, up�rqei n0 ∈ N ¸ste
an0 > M . AfoÔ h (an) eÐnai aÔxousa, gia k�je n ≥ n0 isqÔei an ≥ an0 > M . AfoÔ o
M > 0  tan tuq¸n, sumperaÐnoume ìti an → +∞.

10. An h (an) eÐnai fragmènh kai h (bn) sugklÐnei tìte h (anbn) sugklÐnei.

L�joc. H an = (−1)n eÐnai fragmènh kai h bn = 1 sugklÐnei, ìmwc h anbn = (−1)n den
sugklÐnei.
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11. An h (|an|) sugklÐnei tìte kai h (an) sugklÐnei.

L�joc. H an = (−1)n den sugklÐnei, ìmwc h |an| = 1 sugklÐnei.

12. An an > 0 kai h (an) den eÐnai �nw fragmènh, tìte an → +∞.

L�joc. Jewr ste thn akoloujÐa (an) me a2k = k kai a2k−1 = 1 gia k�je k ∈ N. Tìte,
an > 0 kai h (an) den eÐnai �nw fragmènh, ìmwc an 6→ +∞ (an autì Ðsque, ja èprepe
ìloi telik� oi ìroi thc (an) na eÐnai megalÔteroi apì 2, to opoÐo den isqÔei afoÔ ìloi oi
perittoÐ ìroi thc eÐnai Ðsoi me 1).

13. an → +∞ an kai mìno an gia k�je M > 0 up�rqoun �peiroi ìroi thc (an) pou eÐnai
megalÔteroi apì M .

L�joc. Qrhsimopoi ste to par�deigma thc prohgoÔmenhc er¸thshc gia na deÐxete ìti
mporeÐ na isqÔei h prìtash {gia k�je M > 0 up�rqoun �peiroi ìroi thc (an) pou eÐnai
megalÔteroi apì M} qwrÐc na isqÔei h prìtash {an → +∞}.

H �llh kateÔjunsh eÐnai swst : an an → +∞ tìte (apì ton orismì) gia k�je M > 0
ìloi telik� oi ìroi thc (an) eÐnai megalÔteroi apì M . 'Ara, gia k�je M > 0 up�rqoun
�peiroi ìroi thc (an) pou eÐnai megalÔteroi apì M .

14. An h (an) sugklÐnei kai an+2 = an gia k�je n ∈ N, tìte h (an) eÐnai stajer .

Swstì. An an → a tìte oi akoloujÐec (a2k) kai (a2k−1) sugklÐnoun ston a (exhg ste
giatÐ). Apì thn upìjesh ìti an+2 = an gia k�je n ∈ N, blèpoume ìti oi (a2k) kai (a2k−1)
eÐnai stajerèc akoloujÐec: up�rqoun x, y ∈ R ¸ste

x = a1 = a3 = a5 = · · · kai y = a2 = a4 = a6 = · · · .

Apì tic a2k−1 → x kai a2k → y èpetai ìti x = y = a. 'Ara, h (an) eÐnai stajer .

UpenjÔmish apì th jewrÐa

1. 'Estw (an), (bn) dÔo akoloujÐec me an → a kai bn → b.

(a) An an ≤ bn gia k�je n ∈ N, deÐxte ìti a ≤ b.

(b) An an < bn gia k�je n ∈ N, mporoÔme na sumper�noume ìti a < b?

(g) An m ≤ an ≤ M gia k�je n ∈ N, deÐxte ìti m ≤ a ≤ M .

Upìdeixh. (a) Upojètoume ìti a > b. An jèsoume ε = a−b
2 tìte up�rqoun n1, n2 ∈ N

¸ste: gia k�je n ≥ n1 isqÔei

|an − a| < a− b

2
=⇒ an > a− a− b

2
=

a + b

2
,
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kai gia k�je n ≥ n2 isqÔei

|bn − b| < a− b

2
=⇒ bn < b +

a− b

2
=

a + b

2
.

Jètoume n0 = max{n1, n2}. Tìte, gia k�je n ≥ n0 èqoume

bn <
a + b

2
< an,

to opoÐo eÐnai �topo.

(b) 'Oqi: an orÐsoume an = 0 kai bn = 1
n , tìte an < bn gia k�je n ∈ N, all� lim

n→∞
an =

lim
n→∞

bn = 0. Ja èqoume ìmwc a ≤ b (apì to pr¸to er¸thma).

(g) Jewr ste tic stajerèc akoloujÐec γn = m, δn = M kai efarmìste to (a).

2. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n.

(a) DeÐxte ìti an → 0 an kai mìno an |an| → 0.

(b) DeÐxte ìti an an → a 6= 0 tìte |an| → |a|. IsqÔei to antÐstrofo?
(g) 'Estw k ≥ 2. DeÐxte ìti an an → a tìte k

√
|an| → k

√
|a|.

Upìdeixh. (a) ArkeÐ na gr�youme touc dÔo orismoÔc:

(i) 'Eqoume an → 0 an gia k�je ε > 0 up�rqei n0 ∈ N ¸ste gia k�je n ≥ n0 na isqÔei
|an − 0| < ε.

(ii) 'Eqoume |an| → 0 an gia k�je ε > 0 up�rqei n0 ∈ N ¸ste gia k�je n ≥ n0 na isqÔei∣∣ |an| − 0
∣∣ < ε.

Parathr¸ntac ìti |an − 0| =
∣∣ |an| − 0

∣∣ gia k�je n ∈ N blèpoume ìti oi dÔo prot�seic
lène akrib¸c to Ðdio pr�gma.

(b) 'Estw ε > 0. AfoÔ an → a, up�rqei n0 ∈ N ¸ste gia k�je n ≥ n0 na isqÔei
|an − a| < ε. Tìte, gia k�je n ≥ n0 èqoume∣∣ |an| − |a|

∣∣ ≤ |an − a| < ε,

apì thn trigwnik  anisìthta gia thn apìluth tim . To antistrofo den isqÔei aparaÐthta:
jewr ste thn an = (−1)n.

(g) DiakrÐnoume dÔo peript¸seic:

(i) an → 0: 'Estw ε > 0. AfoÔ an → 0, efarmìzontac ton orismì gia ton jetikì arijmì
ε1 = εk brÐskoume n0 ∈ N ¸ste: gia k�je n ≥ n0 isqÔei

0 ≤ an < εk.
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Tìte, gia k�je n ≥ n0 isqÔei

0 ≤ k
√

an <
k
√

εk = ε.

'Ara, k
√

an → 0.
(ii) an → a > 0: JumhjeÐte ìti an x, y ≥ 0 tìte

|xk − yk| = |x− y|(xk−1 + xk−2y + · · ·+ xyk−2 + yk−1) ≥ |x− y|yk−1.

Qrhsimopoi¸ntac aut n thn anisìthta me x = k
√

an kai y = k
√

a blèpoume ìti

∣∣ k
√

an − k
√

a
∣∣ ≤ |an − a|

k
√

ak−1
.

'Estw ε > 0. AfoÔ an → 0, efarmìzontac ton orismì gia ton jetikì arijmì ε1 = k
√

ak−1·ε,
brÐskoume n0 ∈ N ¸ste: gia k�je n ≥ n0 isqÔei

|an − a| < k
√

ak−1 · ε.

Tìte, gia k�je n ≥ n0 isqÔei

∣∣ k
√

an − k
√

a
∣∣ ≤ |an − a|

k
√

ak−1
< ε.

Sunep¸c, k
√

an → k
√

a.

3. (a) 'Estw µ > 1 kai an > 0 gia k�je n ∈ N. An an+1 ≥ µan gia k�je n, deÐxte ìti
an → +∞.

(b) 'Estw 0 < µ < 1 kai (an) akoloujÐa me thn idiìthta |an+1| ≤ µ|an| gia k�je n. DeÐxte
ìti an → 0.
(g) 'Estw an > 0 gia k�je n, kai an+1

an
→ ` > 1. DeÐxte ìti an → +∞.

(d) 'Estw an 6= 0 gia k�je n, kai

∣∣∣∣an+1
an

∣∣∣∣→ ` < 1. DeÐxte ìti an → 0.

Upìdeixh. (a) 'Eqoume a2 ≥ µa1, a3 ≥ µ2a1, a4 ≥ µ3a1, kai genik�,

an ≥ µn−1a1 =
a1

µ
· µn.

AfoÔ lim
n→∞

µn = +∞, èpetai ìti an → +∞.

(b) 'Eqoume |a2| ≤ µ|a1|, |a3| ≤ µ2|a1|, |a4| ≤ µ3|a1|, kai genik�,

|an| ≤ µn−1|a1| =
|a1|
µ

· µn.
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AfoÔ lim
n→∞

µn = 0, èpetai ìti |an| → 0, �ra an → 0.

(g) Jètoume ε = `−1
2 > 0. AfoÔ an+1

an
→ `, up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0,

an+1

an
> `− ε =

` + 1
2

.

Parathr ste ìti θ := `+1
2 > 1. Tìte, an0+1 > θan0 , an0+2 > θ2an0 , an0+3 > θ3an0 , kai

genik�, an n > n0 isqÔei (exhg ste giatÐ)

an > θn−n0an0 =
an0

θn0
· θn.

AfoÔ lim
n→∞

θn = +∞, èpetai ìti an → +∞.

(d) Jètoume ε = 1−`
2 > 0. AfoÔ

∣∣∣an+1
an

∣∣∣→ `, up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0,∣∣∣∣an+1

an

∣∣∣∣ < ` + ε =
` + 1

2
.

Parathr ste ìti ρ := `+1
2 < 1. Tìte, |an0+1| < ρ|an0 |, |an0+2| < ρ2|an0 |, |an0+3| <

ρ3|an0 |, kai genik�, an n > n0 isqÔei (exhg ste giatÐ)

|an| < ρn−n0 |an0 | =
|an0 |
ρn0

· ρn.

AfoÔ lim
n→∞

ρn = 0, èpetai ìti an → 0.

4. (a) 'Estw a > 0. DeÐxte ìti n
√

a → 1.
(b) 'Estw (an) akoloujÐa jetik¸n pragmatik¸n arijm¸n. An an → a > 0 tìte n

√
an → 1.

Ti mporeÐte na peÐte an an → 0?
(g) DeÐxte ìti n

√
n → 1.

Upìdeixh. (a) Exet�zoume pr¸ta thn perÐptwsh a > 1. Tìte, n
√

a > 1 gia k�je n ∈ N.
OrÐzoume

θn = n
√

a− 1.

Parathr ste ìti θn > 0 gia k�je n ∈ N. An deÐxoume ìti θn → 0, tìte èqoume to
zhtoÔmeno: 1 + θn → 1.

AfoÔ n
√

a = 1 + θn, mporoÔme na gr�youme

a = (1 + θn)n ≥ 1 + nθn > nθn.

'Epetai ìti
0 < θn <

a

n
,
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kai apì to krit rio parembol c sumperaÐnoume ìti θn → 0. Sunep¸c, 1 + θn → 1.
An 0 < a < 1 tìte 1

a > 1. 'Ara,

1
n
√

a
= n

√
1
a
→ 1 6= 0.

Sunep¸c, n
√

a → 1.
Tèloc, an a = 1 tìte n

√
1 = 1 gia k�je n ∈ N. EÐnai t¸ra fanerì ìti n

√
1 = 1 → 1.

(b) Epilègoume ε = a/2 > 0. AfoÔ lim
n→∞

an = a, up�rqei n0(ε) ∈ N me thn idiìthta: gia

k�je n ≥ n0 isqÔei |an − a| < a/2. IsodÔnama, gia k�je n ≥ n0 isqÔei a/2 < an < 3a/2.
Tìte,

n
√

a/2 < n
√

an < n
√

3a/2.

'Omwc, lim
n→∞

n
√

a/2 = lim
n→∞

n
√

3a/2 = 1, apì to (a). Tìte, to krit rio parembol c mac

exasfalÐzei ìti lim
n→∞

n
√

an = 1.
An an → 0 den mporoÔme na sumper�noume to Ðdio: jewr ste ta paradeÐgmata an =

1
n , bn = 1

3n , γn = 1
nn . Ti parathreÐte gia tic lim

n→∞
n
√

an, lim
n→∞

n
√

bn, lim
n→∞

n
√

cn?

(g) OrÐzoume
θn = n

√
n− 1.

Parathr ste ìti θn > 0 gia k�je n ∈ N. An deÐxoume ìti θn → 0, tìte èqoume to
zhtoÔmeno: 1 + θn → 1.

AfoÔ n
√

n = 1+θn, qrhsimopoi¸ntac to diwnumikì an�ptugma, mporoÔme na gr�youme

n = (1 + θn)n ≥ 1 + nθn +
(

n

2

)
θ2

n >
n(n− 1)

2
θ2

n.

'Epetai ìti, gia n ≥ 2,

0 < θn <

√
2

n− 1
,

kai apì to krit rio parembol c sumperaÐnoume ìti θn → 0. Sunep¸c, 1 + θn → 1.

Ask seic � Om�da A'

1. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n me lim
n→∞

an = 2. JewroÔme ta sÔnola

A1 = {n ∈ N : an < 2.001}
A2 = {n ∈ N : an > 2.003}
A3 = {n ∈ N : an < 1.98}
A4 = {n ∈ N : 1.99997 < an < 2.0001}
A5 = {n ∈ N : an ≤ 2}.
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Gia k�je j = 1, . . . , 5 exet�ste an (a) to Aj eÐnai peperasmèno, (b) to N \ Aj eÐnai
peperasmèno.

Upìdeixh. (a) PaÐrnontac ε = 0.001 > 0 brÐskoume n1 ∈ N ¸ste: gia k�je n ≥ n1 isqÔei
1.999 < an < 2.001. 'Ara, k�je n ≥ n1 an kei sto A1. To N \A1 eÐnai peperasmèno (kai
to A1 �peiro, kai m�lista, telikì tm ma tou N).
(g) PaÐrnontac ε = 0.02 > 0 brÐskoume n3 ∈ N ¸ste: gia k�je n ≥ n3 isqÔei 1.98 <
an < 2.02. 'Ara, k�je n ≥ n3 an kei sto N \A3. To A3 eÐnai peperasmèno (kai to N \A3

�peiro, kai m�lista, telikì tm ma tou N).
(d) PaÐrnontac ε = 0.00003 > 0 brÐskoume n4 ∈ N ¸ste: gia k�je n ≥ n4 isqÔei
1.99997 < an < 2.00003 < 2.0001. 'Ara, k�je n ≥ n4 an kei sto A4. To N \ A4 eÐnai
peperasmèno (kai to A4 �peiro, kai m�lista, telikì tm ma tou N).
(e) To A5 mporeÐ na eÐnai peperasmèno   �peiro, exart�tai apì thn (an). P�rte san
paradeÐgmata tic akoloujÐec

an = 2, an = 2 +
1
n

, an = 2 +
(−1)n

n
.

'Olec ikanopoioÔn thn lim
n→∞

an = 2. Sthn pr¸th perÐptwsh èqoume A5 = N kai N\A5 = ∅.
Sthn deÔterh, A5 = ∅ kai N \ A5 = N. Sthn trÐth, tìso to A5 ìso kai to N \ A5 eÐnai
�peira sÔnola (to sÔnolo twn peritt¸n kai to sÔnolo twn �rtiwn fusik¸n, antÐstoiqa).

2. ApodeÐxte me ton orismì ìti oi parak�tw akoloujÐec sugklÐnoun sto 0:

an =
n

n3 + n2 + 1
, bn =

√
n2 + 2−

√
n2 + 1, cn =


1
2n , an n = 1, 4, 7, 10, 13, . . .

1
n2+1 , alli¸c.

Upìdeixh. Ac doÔme gia par�deigma thn (cn): apì tic 2n = (1 + 1)n ≥ 1 + n > n kai
n2 + 1 ≥ n + 1 > n èqoume 0 < cn < 1

n gia k�je n ∈ N. Pr�gmati, an o n eÐnai thc
morf c n = 3k + 1 gia k�poion mh arnhtikì akèraio k (dhlad , an n = 1, 4, 7, 10, 13, . . .)
tìte 0 < cn = 1

2n < 1
n . An p�li n 6= 3k + 1 gia k�je mh arnhtikì akèraio k, tìte

0 < cn = 1
n2+1 < 1

n .

An t¸ra mac d¸soun (tuqìn) ε > 0, up�rqei n0 = n0(ε) ∈ N ¸ste 1
n0

< ε. Tìte, gia
k�je n ≥ n0 èqoume

−ε < 0 < cn <
1
n
≤ 1

n0
< ε,

dhlad , |cn| < ε. Sunep¸c, cn → 0.
ShmeÐwsh. Gia tic (an) kai (bn) parathr ste ìti

an =
n

n3 + n2 + 1
<

n

n2
=

1
n
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kai

bn =
√

n2 + 2−
√

n2 + 1 =
1√

n2 + 2 +
√

n2 + 1
<

1√
n2 + 2

<
1
n

.

Katìpin, doulèyte ìpwc sthn perÐptwsh thc (cn).

3. ApodeÐxte me ton orismì ìti

an =
n2 − n

n2 + n
→ 1.

Upìdeixh. Parathr ste ìti

|an − 1| =
∣∣∣∣n2 − n

n2 + n
− 1
∣∣∣∣ = ∣∣∣∣ −2n

n2 + n

∣∣∣∣ = 2n

n2 + n
<

2n

n2
=

2
n

.

Gia tuqìn ε > 0 breÐte n0(ε) ∈ N ¸ste 2
n0

< ε. Tìte, gia k�je n ≥ n0 isqÔei |an − 1| <
2
n ≤

2
n0

< ε.

4. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n. An lim
n→∞

an = a > 0, deÐxte ìti an > 0
telik�.

Upìdeixh. Epilègoume ε = a/2 > 0. AfoÔ lim
n→∞

an = a, up�rqei n0(ε) ∈ N me thn

idiìthta: gia k�je n ≥ n0 isqÔei |an − a| < a/2. IsodÔnama, gia k�je n ≥ n0 isqÔei
a/2 < an < 3a/2. 'Ara, an > a/2 > 0 telik� (apì ton n0-ostì ìro kai pèra).

5. (a) 'Estw a ∈ R me |a| < 1. DeÐxte ìti h akoloujÐa bn = an sugklÐnei sto 0.

(b) Gia poièc timèc tou x ∈ R sugklÐnei h akoloujÐa
(

1−x2

1+x2

)n

?

Upìdeixh. (a) H (|bn|) eÐnai fjÐnousa kai k�tw fragmènh apì to 0. 'Ara, up�rqei x ≥ 0
¸ste |bn| → x. Apì thn |bn+1| = |bn| · |a|, paÐrnontac ìrio wc proc n kai sta dÔo mèlh,
èqoume x = x · |a|. AfoÔ |a| 6= 1, sumperaÐnoume ìti x = 0.
(b) Parathr ste ìti ∣∣∣∣1− x2

1 + x2

∣∣∣∣ = |1− x2|
1 + x2

≤ 1 + x2

1 + x2
= 1.

EpÐshc, an x 6= 0 tìte 1−x2

1+x2 6= ±1 (exhg ste giatÐ), �ra∣∣∣∣1− x2

1 + x2

∣∣∣∣ < 1.

Apì to (a), an x 6= 0 tìte h akoloujÐa
(

1−x2

1+x2

)n

→ 0. Tèloc, an x = 0 èqoume
(

1−x2

1+x2

)n

=
1 → 1.

Dhlad , h akoloujÐa
(

1−x2

1+x2

)n

sugklÐnei, ìpoio ki an eÐnai to x.



32 · AkoloujÐes pragmatik¸n arijm¸n

6. Gia kajemi� apì tic parak�tw akoloujÐec exet�ste an sugklÐnei, kai an nai, breÐte to
ìriì thc:

αn =
3n

n!
, βn =

2n− 1
3n + 2

, γn = n−
√

n2 − n , δn =
(

1 +
1
n2

)n

.

εn = ( n
√

10− 1)n , ζn =
n6

6n
, ηn = n2 sin

( 1
n3

)
.

θn =
sin n

n
, κn =

2n · n!
nn

, νn =
√

n +
√

n −
√

n , ρn =
(

1 +
1
2n

)n

.

σn =
n2

3n2 + n + 1
, τn =

3n · n!
nn

, ξn =
sin(n3)√

n
.

Upìdeixh. (a) αn = 3n

n! : me to krit rio tou lìgou. Parathr ste ìti
αn+1
αn

= 3
n+1 → 0 < 1,

�ra αn → 0.

(b) βn = 2n−1
3n+2 = 2−1/n

3+2/n →
2
3 .

(g) γn = n−
√

n2 − n = n
n+

√
n2−n

→ 1
2 .

(d) δn =
(
1 + 1

n2

)n
: Parathr ste ìti(

1 +
1
n

)n

≤
(

1 +
1
n2

)n2

≤ e,

diìti h
(
1 + 1

n

)n
eÐnai aÔxousa kai �nw fragmènh apì ton e. PaÐrnontac n-ostèc rÐzec

blèpoume ìti

1 +
1
n
≤ δn ≤ n

√
e.

Apì to krit rio isosugklinous¸n akolouji¸n, δn → 1 (afoÔ 1 + 1
n → 1 kai n

√
e → 1).

(e) εn = ( n
√

10 − 1)n: me to krit rio thc rÐzac. Parathr ste ìti n
√

εn = n
√

10 − 1 →
1− 1 = 0 < 1. 'Ara, εn → 0.

(z) ζn = n6

6n : me to krit rio tou lìgou. Parathr ste ìti ζn+1
ζn

= 1
6

(
n+1

n

)6 → 1
6 < 1. 'Ara,

ζn → 0.
(h) ηn = n2 sin

(
1

n3

)
. Qrhsimopoi¸ntac thn sin t ≤ t gia t > 0, blèpoume ìti 0 < ηn ≤

n2 · 1
n3 = 1

n → 0. 'Ara, ηn → 0.

(j) θn = sin n
n : h (sinn) eÐnai fragmènh apolÔtwc apì 1 kai h

(
1
n

)
mhdenik . 'Ara, θn → 0.

(k) κn = 2n·n!
nn : parathr ste ìti

κn+1

κn
=

2nn

(n + 1)n
= 2/

(
n + 1

n

)n

→ 2
e

< 1.
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'Ara, κn → 0.

(n) νn =
√

n +
√

n −
√

n: parathr ste ìti

νn =
√

n√
n +

√
n +

√
n
→ 1

2

(r) ρn =
(
1 + 1

2n

)n
: Parathr ste ìti(

1 +
1
n

)n

≤
(

1 +
1
2n

)2n

≤ e,

diìti h xn =
(
1 + 1

n

)n
eÐnai aÔxousa kai �nw fragmènh apì ton e. PaÐrnontac tetrag-

wnikèc rÐzec blèpoume ìti √
xn ≤ ρn ≤

√
e.

Apì to krit rio isosugklinous¸n akolouji¸n, ρn →
√

e.

(c) σn = n2

3n2+n+1 →
1
3 .

(t) τn = 3n·n!
nn : parathr ste ìti

τn+1

τn
=

3nn

(n + 1)n
= 3/

(
n + 1

n

)n

→ 3
e

> 1.

'Ara, τn → +∞.

(x) ξn = sin(n3)√
n

: h (sin(n3)) eÐnai fragmènh apolÔtwc apì 1 kai h
(

1√
n

)
mhdenik . 'Ara,

ξn → 0.

7. Gia kajemi� apì tic parak�tw akoloujÐec exet�ste an sugklÐnei, kai an nai, breÐte to
ìriì thc:

αn =
5n + n

6n − n
, βn = n

√
1
2n

+
1
3n

, γn =
(

n
√

n− 1
)n

,

δn = n2

(√
1 +

1
n
−
√

1 +
1

n + 1

)
, εn =

1√
n

cos
(
n2
)

,

λn = (−1)n n2

n2 + 1
, µn =

nn

n!
, θn =

(n!)22n

(2n)!
.

Upìdeixh. (a) αn = 5n+n
6n−n = (5/6)n+(n/6n)

1−(n/6n) → 0−0
1−0 = 0.
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(b) βn = n

√
1
2n + 1

3n : parathr ste ìti

1
2

= n

√
1
2n

≤ βn ≤ n

√
1
2n

+
1
2n

=
1
2

n
√

2.

AfoÔ n
√

2 → 1, apì to krit rio isosugklinous¸n akolouji¸n blèpoume ìti βn → 1/2.

(g) γn = ( n
√

n− 1)n
: me to krit rio thc rÐzac. Parathr ste ìti n

√
γn = n

√
n−1 → 1−1 =

0 < 1. 'Ara, γn → 0.

(d) δn = n2
(√

1 + 1
n −

√
1 + 1

n+1

)
: gr�foume

δn = n2

(
1
n
− 1

n + 1

)
1√

1 + 1
n +

√
1 + 1

n+1

=
n2

n(n + 1)
1√

1 + 1
n +

√
1 + 1

n+1

→ 1
2
.

(e) εn = 1√
n

cos
(
n2
)
: h (cos(n2)) eÐnai fragmènh apolÔtwc apì 1 kai h

(
1√
n

)
mhdenik .

'Ara, εn → 0.

(l) λn = (−1)n n2

n2+1 : den sugklÐnei, afoÔ λ2n → 1 kai λ2n−1 → −1.

(m) µn = nn

n! : parathr ste ìti µn = n
n ·

n
n−1 · · ·

n
2 ·

n
1 ≥ n. 'Ara, µn → +∞.

(j) θn = (n!)22n

(2n)! : parathr ste ìti

θn+1

θn
=

2(n + 1)2

(2n + 1)(2n + 2)
→ 1

2
< 1,

�ra θn → 0.

8. Exet�ste wc proc th sÔgklish tic parak�tw akoloujÐec:

an =
1√

n2 + 1
+

1√
n2 + 2

+ · · ·+ 1√
n2 + n

bn =
1 + 22 + 33 + · · ·+ nn

nn

γn =
1
n!

+
1

(n + 1)!
+ · · ·+ 1

(2n)!

δn =
1

n2/3
+

1
(n + 1)2/3

+ · · ·+ 1
(2n)2/3

.
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Upìdeixh. (a) Parathr ste ìti

n√
n2 + n

≤ an =
1√

n2 + 1
+

1√
n2 + 2

+ · · ·+ 1√
n2 + n

≤ n√
n2 + 1

.

AfoÔ lim
n→∞

n√
n2+n

= lim
n→∞

n√
n2+1

= 1, sumperaÐnoume ìti an → 1.

(b) ParathroÔme pr¸ta ìti

1 + 22 + 33 + · · ·+ nn ≤ 1 + n2 + n3 + · · ·+ nn ≤ 1 + n + n2 + n3 + · · ·+ nn.

Qrhsimopoi¸ntac thn tautìthta 1 + x + x2 + · · ·+ xn = xn+1−1
x−1 gia x = n, paÐrnoume

1 + 22 + 33 + · · ·+ nn ≤ 1 + n + n2 + · · ·+ nn =
nn+1 − 1

n− 1
.

Sunep¸c,

bn =
1 + 22 + 33 + · · ·+ nn

nn
≤ nn+1 − 1

nn(n− 1)
=

nn+1 − 1
nn+1 − nn

=
1− 1

nn+1

1− 1
n

.

Apì thn �llh pleur�,

bn =
1 + 22 + 33 + · · ·+ nn

nn
≥ nn

nn
= 1.

Dhlad ,

1 ≤ bn ≤
1− 1

nn+1

1− 1
n

.

Apì to krit rio parembol c èpetai ìti bn → 1.
(g) Parathr ste ìti

0 < γn =
1
n!

+
1

(n + 1)!
+ · · ·+ 1

(2n)!
≤ n + 1

n!
.

Apì to krit rio tou lìgou prokÔptei eÔkola ìti n+1
n! → 0. 'Ara, γn → 0.

(d) Parathr ste ìti

δn =
1

n2/3
+

1
(n + 1)2/3

+ · · ·+ 1
(2n)2/3

≥ n + 1
(2n)2/3

>
3
√

n
3
√

4
→ +∞.

'Ara, δn → +∞.

9. (a) 'Estw a1, a2, . . . , ak > 0. DeÐxte ìti

bn := n
√

an
1 + an

2 + · · ·+ an
k → max{a1, a2, . . . , ak}.
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(b) UpologÐste to ìrio thc akoloujÐac

xn =
1
n

n
√

1n + 2n + · · ·+ nn.

Upìdeixh. (a) OrÐzoume a = max{a1, a2, . . . , ak}. Tìte, gia k�je n ∈ N èqoume an ≤
an
1 + · · ·+ an

k ≤ kan. 'Ara,

a ≤ bn := n
√

an
1 + an

2 + · · ·+ an
k ≤

n
√

kan = a
n
√

k.

AfoÔ lim
n→∞

n
√

k = 1 (blèpe to 4(a) sthn upenjÔmish apì th jewrÐa), apì to krit rio

parembol c èqoume bn → a. Gia par�deigma,

n
√

2n + 3n + 7n → 7.

(b) To pl joc twn prosjetèwn (ston orismì tou n-ostoÔ ìrou) den eÐnai stajerì.
Doulèyte ìmwc ìpwc sto (a): parathr ste ìti nn < 1n + 2n + · · · + nn < n · nn an
n ≥ 2. 'Ara,

1 < xn =
1
n

n
√

1n + 2n + · · ·+ nn < n
√

n

gia k�je n ≥ 2. AfoÔ n
√

n → 1, efarmìzetai to krit rio twn isosugklinous¸n akolou-
ji¸n, kai xn → 1.

10. 'Estw α ∈ R. Exet�ste an sugklÐnei h akoloujÐa xn = [nα]
n kai, an nai, breÐte to ìriì

thc.

Upìdeixh. Apì ton orismì tou akeraÐou mèrouc èqoume [nα] ≤ nα < [nα] + 1, �ra

nxn ≤ nα < nxn + 1.

'Epetai ìti

α− 1
n

< xn ≤ α,

�ra xn → α.

11. 'Estw α > 0. DeÐxte ìti h akoloujÐa bn = 1+nα
(1+α)n eÐnai fjÐnousa kai prosdiorÐste to

ìrio thc.

Upìdeixh. H (bn) èqei jetikoÔc ìrouc. ParathroÔme ìti

bn+1

bn
=

1 + (n + 1)α
(1 + nα)(1 + α)

=
1 + (n + 1)α

1 + (n + 1)α + nα2
< 1
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�ra h (bn) eÐnai fjÐnousa. EpÐshc,

bn+1

bn
=

1 + (n + 1)α
(1 + nα)(1 + α)

=
n + 1

n

α + 1
n+1

α + 1
n

1
1 + α

→ 1
1 + α

< 1.

Apì to krit rio tou lìgou, bn → 0.

12. 'Estw (an), (bn) akoloujÐec pragmatik¸n arijm¸n. Upojètoume ìti lim
n→∞

an = a > 0
kai bn → +∞.

(a) DeÐxte ìti up�rqoun δ > 0 kai n0 ∈ N ¸ste: gia k�je n ≥ n0 isqÔei an > δ.
(b) DeÐxte ìti anbn → +∞.

Upìdeixh. (a) Efarmìzoume ton orismì tou orÐou me ε = a/2 > 0. Up�rqei n0 ∈ N ¸ste:
gia k�je n ≥ n0 isqÔei

|an − a| < a

2
⇒ an > a− a

2
=

a

2
.

Jètontac δ = a/2 paÐrnoume to zhtoÔmeno.
(b) 'Estw M > 0. AfoÔ bn → +∞, up�rqei n1 ∈ N ¸ste bn > M/δ gia k�je n ≥ n1.

Jètoume n2 = max{n0, n1}. Tìte, gia k�je n ≥ n2 èqoume anbn > δ(M/δ) = M . Me
b�sh ton orismì, anbn → +∞.

13. 'Estw A mh kenì kai �nw fragmèno uposÔnolo tou R. An a = supA, deÐxte ìti
up�rqei akoloujÐa (an) stoiqeÐwn tou A me lim

n→∞
an = a.

An, epiplèon, to supA den eÐnai stoiqeÐo tou A, deÐxte ìti h parap�nw akoloujÐa mporeÐ
na epilegeÐ ¸ste na eÐnai gnhsÐwc aÔxousa.

Upìdeixh. Apì ton basikì qarakthrismì tou supremum, gia k�je ε > 0 up�rqei x =
x(ε) ∈ A ¸ste a− ε < x ≤ a. Efarmìzontac diadoqik� to parap�nw gia ε = 1, 1

2 , 1
3 , . . .,

mporeÐte na breÐte akoloujÐa (an) stoiqeÐwn tou A me a− 1
n < an ≤ a. Apì to krit rio

twn isosugklinous¸n akolouji¸n, an → a.

Ac upojèsoume, epiplèon, ìti o a = supA den eÐnai stoiqeÐo tou A. Up�rqei a1 ∈ A
pou ikanopoieÐ thn a− 1 < a1 ≤ a. 'Omwc, a1 6= a (diìti a /∈ A), �ra a− 1 < a1 < a.

Ac upojèsoume ìti èqoume breÐ a1, . . . , am ∈ A pou ikanopoioÔn ta ex c:

(i) a1 < a2 < · · · < am < a.

(ii) Gia k�je k = 1, . . . ,m isqÔei a− 1
k < ak < a.

Tìte, o sm = max{a− 1
m+1 , am} eÐnai mikrìteroc apì ton a. MporoÔme loipìn na broÔme

am+1 ∈ A pou ikanopoieÐ thn sm < am+1 < a (exhg ste giatÐ). 'Ara, am < am+1 kai
a− 1

m+1 < am+1 < a.
Epagwgik�, orÐzetai gnhsÐwc aÔxousa akoloujÐa (an) stoiqeÐwn tou A pou ikanopoioÔn

thn a− 1
n < an < a. Apì to krit rio twn isosugklinous¸n akolouji¸n, an → a.
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14. DeÐxte ìti k�je pragmatikìc arijmìc eÐnai ìrio gnhsÐwc aÔxousac akoloujÐac rht¸n
arijm¸n, kaj¸c epÐshc kai ìrio gnhsÐwc aÔxousac akoloujÐac �rrhtwn arijm¸n.

Upìdeixh. 'Estw x ∈ R. Up�rqei q1 ∈ Q pou ikanopoieÐ thn x − 1 < q1 < x (apì thn
puknìthta tou Q sto R).

Ac upojèsoume ìti èqoume breÐ rhtoÔc arijmoÔc q1, . . . , qm pou ikanopoioÔn ta ex c:

(i) q1 < q2 < · · · < qm < x.

(ii) Gia k�je k = 1, . . . ,m isqÔei x− 1
k < qk < x.

Tìte, o sm = max{x− 1
m+1 , qm} eÐnai mikrìteroc apì ton x. Lìgw thc puknìthtac twn

rht¸n stouc pragmatikoÔc arijmoÔc, mporoÔme na broÔme qm+1 ∈ Q sto anoiktì di�sthma
(sm, x). Tìte, qm < qm+1 kai x− 1

m+1 < qm+1 < x.
Epagwgik�, orÐzetai gnhsÐwc aÔxousa akoloujÐa (qn) rht¸n arijm¸n pou ikanopoioÔn

thn x− 1
n < qn < x. Apì to krit rio twn isosugklinous¸n akolouji¸n, qn → x.

15. DeÐxte ìti an (an) eÐnai mia akoloujÐa jetik¸n pragmatik¸n arijm¸n me an → a > 0,
tìte

inf{an : n ∈ N} > 0.

Upìdeixh. H basik  idèa eÐnai ìti, afoÔ a > 0 kai an → a, ja up�rqei n0 me thn idiìthta:
gia k�je n ≥ n0 isqÔei an > a/2. Dhlad , telik� ìloi oi ìroi thc (an) xepernoÔn ton
jetikì arijmì a/2.

Pr�gmati, an efarmìsete ton orismì tou orÐou gia thn (an) me ε = a/2 > 0, mporeÐte
na breÐte n0 ∈ R ¸ste: gia k�je n ≥ n0,

|an − a| < ε = a/2 =⇒ a/2 < an < 3a/2.

Tìte, o jetikìc arijmìc m := min{a1, . . . , an0 , a/2} eÐnai k�tw fr�gma tou sunìlou
A = {an : n ∈ N} (exhg ste giatÐ). Sunep¸c, inf(A) ≥ m > 0.

16. DeÐxte ìti an (an) eÐnai mia akoloujÐa jetik¸n pragmatik¸n arijm¸n me an → 0, tìte
to sÔnolo A = {an : n ∈ N} èqei mègisto stoiqeÐo.

Upìdeixh. H basik  idèa eÐnai ìti, afoÔ a1 > 0 kai an → 0, ja up�rqei n0 me thn idiìthta:
gia k�je n ≥ n0 isqÔei an < a1. Dhlad , up�rqei stoiqeÐo tou A megalÔtero apì {ìla}
(ektìc apì peperasmèna to pl joc) ta stoiqeÐa tou A.

Pr�gmati, an efarmìsete ton orismì tou orÐou gia thn (an) me ε = a1 > 0, mporeÐte
na breÐte n0 ∈ R ¸ste: gia k�je n ≥ n0,

an = |an − 0| < ε = a1.

Tìte, o megalÔteroc apì touc a1, . . . , an0 eÐnai to mègisto stoiqeÐo tou A: an kei sto A
kai eÐnai megalÔteroc   Ðsoc apì k�je an (exhg ste giatÐ).
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17. DeÐxte ìti h akoloujÐa yn = 1
n+1 + 1

n+2 + · · ·+ 1
2n sugklÐnei se pragmatikì arijmì.

Upìdeixh: Exet�ste pr¸ta an h (yn) eÐnai monìtonh.

Upìdeixh. ParathroÔme ìti

yn+1 − yn =
(

1
n + 2

+
1

n + 3
+ · · ·+ 1

2n
+

1
2n + 1

+
1

2n + 2

)
−
(

1
n + 1

+
1

n + 2
+ · · ·+ 1

2n

)
=

1
2n + 1

+
1

2n + 2
− 1

n + 1
=

1
2n + 1

− 1
2n + 2

> 0,

�ra h (yn) eÐnai gnhsÐwc aÔxousa. EpÐshc,

yn =
1

n + 1
+

1
n + 2

+ · · ·+ 1
2n

≤ 1
n + 1

+
1

n + 1
+ · · ·+ 1

n + 1
=

n

n + 1
< 1,

afoÔ to �jroisma pou orÐzei ton yn èqei n prosjetèouc to polÔ Ðsouc me 1
n+1 . 'Ara,

h (yn) eÐnai �nw fragmènh. Apì to je¸rhma sÔgklishc monìtonwn akolouji¸n, h (yn)
sugklÐnei se pragmatikì arijmì.

18. Jètoume a1 =
√

6 kai, gia k�je n = 1, 2, . . ., an+1 =
√

6 + an.
Exet�ste wc proc th sÔgklish thn akoloujÐa (an)n.

Upìdeixh. DeÐxte me epagwg  ìti h (an) eÐnai aÔxousa kai �nw fragmènh apì ton 3. 'Ara,
an → x gia k�poion x pou ikanopoieÐ thn x =

√
6 + x. Oi rÐzec thc exÐswshc eÐnai −2 kai

3. AfoÔ h (an) èqei jetikoÔc ìrouc, an → 3.

19. OrÐzoume mia akoloujÐa (an) me a1 = 1 kai

an+1 =
2an + 1
an + 1

, n ∈ N.

Exet�ste an sugklÐnei.

Upìdeixh. Parathr ste pr¸ta ìti, an h (an) sugklÐnei tìte to ìrio thc ja ikanopoieÐ thn

x = 2x+1
x+1 (exhg ste giatÐ). 'Ara x = 1+

√
5

2   x = 1−
√

5
2 . DeÐxte diadoqik� ta ex c:

(i) H (an) orÐzetai kal�. ArkeÐ na deÐxete ìti an 6= −1 gia k�je n ∈ N. DeÐxte me
epagwg  ìti an > 0 gia k�je n ∈ N.

(ii) H (an) eÐnai aÔxousa (me epagwg ). Parathr ste ìti an am ≤ am+1 tìte

am+2 − am+1 =
am+1 − am

(am+1 + 1)(am + 1)
≥ 0.
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(iii) H (an) eÐnai �nw fragmènh (me epagwg ). Parathr ste ìti

am+1 =
2am + 1
am + 1

≤ 2am + 2
am + 1

= 2

gia k�je m. Ja mporoÔsate epÐshc na deÐxete ìti am ≤ 1+
√

5
2 gia k�je m (afoÔ,

apì ta parap�nw, autì eÐnai to {upoy fio ìrio} thc aÔxousac akoloujÐac (an)).

AfoÔ h (an) eÐnai aÔxousa kai �nw fragmènh, sugklÐnei (ston 1+
√

5
2 ).

20. OrÐzoume mia akoloujÐa (αn) me α1 = 0 kai αn+1 = 3α2
n+1

2αn+2 , n = 1, 2, 3, . . . .
DeÐxte ìti:

(a) H (αn) eÐnai aÔxousa.
(b) αn → 1.

Upìdeixh. (a) ParathroÔme pr¸ta ìti αn > 0 gia k�je n ∈ N. EpÐshc,

αn+1 − αn =
3α2

n + 1
2αn + 2

− αn =
α2

n − 2αn + 1
2αn + 2

=
(αn − 1)2

2αn + 2
≥ 0,

�ra h (αn) eÐnai aÔxousa.
(b) H (αn) eÐnai �nw fragmènh apì ton 1. DeÐxte to epagwgik�: an αn ≤ 1 tìte 3α2

n+1 =
2α2

n + α2
n + 1 ≤ 2αn + 1 + 1 = 2αn + 2, opìte αn+1 = 3α2

n+1
2αn+2 ≤ 1.

AfoÔ h (αn) eÐnai aÔxousa kai �nw fragmènh, sugklÐnei se k�poion x > 0 o opoÐoc

ikanopoieÐ thn x = 3x2+1
2x+2 , dhlad  x2 − 2x + 1 = 0. 'Ara, x = 1.

21. JewroÔme thn akoloujÐa (αn) pou orÐzetai apì tic α1 = 3 kai αn+1 = 2αn+3
5 ,

n = 1, 2, . . .. DeÐxte ìti h (αn) sugklÐnei kai upologÐste to ìrio thc.

Upìdeixh. ParathroÔme ìti α2 = 9
5 < 3 = α1. DeÐxte me epagwg  ìti h (αn) eÐnai

fjÐnousa. AfoÔ (aplì) h (αn) eÐnai kai k�tw fragmènh apì ton 3/5, sugklÐnei sth lÔsh
thc exÐswshc x = 2x+3

5 . Dhlad , αn → 1.

22. 'Estw a > 0. JewroÔme tuqìn x1 > 0 kai gia k�je n ∈ N orÐzoume

xn+1 =
1
2

(
xn +

a

xn

)
.

DeÐxte ìti h (xn), toul�qiston apì ton deÔtero ìro thc kai pèra, eÐnai fjÐnousa kai k�tw
fragmènh apì ton

√
a. BreÐte to lim

n→∞
xn.

Upìdeixh. DeÐxte diadoqik� ta ex c:

(i) H (xn) orÐzetai kal�. ArkeÐ na deÐxete ìti xn 6= 0 gia k�je n ∈ N. DeÐxte me
epagwg  ìti xn > 0 gia k�je n.
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(ii) Gia k�je n ≥ 2 isqÔei xn ≥
√

a (me epagwg ). Parathr ste ìti

xn+1 =
1
2

(
xn +

a

xn

)
≥
√

xn ·
a

xn
=
√

a

gia k�je n ∈ N.

(iii) Gia k�je n ≥ 2 isqÔei xn ≥ xn+1 (me epagwg ). Parathr ste ìti

xn − xn+1 =
x2

n − a

2xn
≥ 0

gia k�je n ∈ N.

AfoÔ h (xn)n≥2 eÐnai fjÐnousa kai k�tw fragmènh, sugklÐnei. To ìrio x eÐnai jetikì
(apì ta prohgoÔmena èqoume x ≥

√
a) kai prèpei na ikanopoieÐ thn x = 1

2

(
x + a

x

)
, dhlad 

x2 = a. 'Ara, x =
√

a.

Ask seic � Om�da B'

23. 'Estw (an) akoloujÐa me an → a. OrÐzoume mia deÔterh akoloujÐa (bn) jètontac

bn =
a1 + · · ·+ an

n
.

DeÐxte ìti bn → a.

Upìdeixh. K�noume pr¸ta thn epiplèon upìjesh ìti a = 0 kai deÐqnoume ìti bn → 0.
JewroÔme ε > 0 kai brÐskoume n1(ε) ∈ N me thn idiìthta: gia k�je n ≥ n1 isqÔei
|an| < ε/2. Tìte, gia k�je n > n1 èqoume

|bn| ≤
|a1 + · · ·+ an1 |

n
+

n− n1

n

ε

2
<
|a1 + · · ·+ an1 |

n
+

ε

2
.

O arijmìc A := |a1 + · · · + an1 | exart�tai apì to ε (afoÔ o n1 exart�tai apì to ε) ìqi
ìmwc apì to n. Apì thn Arqim deia idiìthta, up�rqei n2(A) = n2(ε) ∈ N me thn idiìthta:
gia k�je n ≥ n2 èqoume

|a1 + · · ·+ an1 |
n

=
A

n
<

ε

2
.

An loipìn p�roume n0 = max{n1, n2} tìte, gia k�je n ≥ n0 isqÔei h

|bn| ≤
A

n
+

ε

2
< ε.

Me b�sh ton orismì, bn → 0.
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Gia th genik  perÐptwsh, jewr ste thn akoloujÐa a′n := an − a. Tìte, a′n → 0. 'Ara,

bn − a =
a1 + · · ·+ an

n
− a =

(a1 − a) + · · ·+ (an − a)
n

=
a′1 + · · ·+ a′n

n
→ 0.

'Epetai ìti bn → a.

24. 'Estw (an) akoloujÐa jetik¸n ìrwn me an → a > 0. DeÐxte ìti

bn :=
n

1
a1

+ · · ·+ 1
an

→ a kai γn := n
√

a1 · · · an → a.

Upìdeixh. AfoÔ 1
an
→ 1

a , h 'Askhsh 23 deÐqnei ìti

1
bn

=
1
a1

+ · · ·+ 1
an

n
→ 1

a
.

Ara, bn → a. Gia thn γn, parathr ste ìti bn ≤ γn ≤ δn := a1+···+an

n apì thn anisìth-
ta armonikoÔ-gewmetrikoÔ-arijmhtikoÔ mèsou, kai efarmìste to krit rio twn isosugkli-
nous¸n akolouji¸n se sunduasmì me thn 'Askhsh 23.

25. 'Estw (an) akoloujÐa me lim
n→∞

(an+1 − an) = a. DeÐxte ìti

an

n
→ a.

Upìdeixh. Parathr ste ìti

an

n
=

(an − an−1) + · · ·+ (a2 − a1) + a1

n
=

bn−1 + · · ·+ b1

n
+

a1

n

ìpou bn := an+1 − an → a. T¸ra, qrhsimopoi ste thn 'Askhsh 23.

26. 'Estw (an) aÔxousa akoloujÐa me thn idiìthta

bn :=
a1 + · · ·+ an

n
→ a.

DeÐxte ìti an → a.

Upìdeixh. ArkeÐ na deÐxoume ìti h (an) eÐnai �nw fragmènh. Tìte, h (an) sugklÐnei kai,
apì thn 'Askhsh 23, lim

n→∞
an = lim

n→∞
bn = a.

K�noume pr¸ta thn epiplèon upìjesh ìti a1 ≥ 0. Tìte, an ≥ a1 ≥ 0 gia k�je n ∈ N.
AfoÔ h (bn) sugklÐnei, eÐnai fragmènh: eidikìtera, up�rqei M ∈ R ¸ste: gia k�je k ∈ N
isqÔei a1 + · · ·+ ak = kbk ≤ kM . PaÐrnontac k = 2n kai qrhsimopoi¸ntac thn upìjesh
ìti h (an) eÐnai aÔxousa, gr�foume

nan ≤ an+1 + · · ·+ a2n ≤ a1 + · · ·+ a2n = 2nb2n ≤ 2nM.
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Dhlad , h (an) eÐnai �nw fragmènh apì ton 2M . PoÔ qrhsimopoi jhke h upìjesh ìti oi
ìroi thc (an) eÐnai mh arnhtikoÐ?

Gia th genik  perÐptwsh, jewr ste thn (aÔxousa akoloujÐa) a′n = an − a1 kai thn

b′n := a′1+···+a′n
n . Apì thn upìjesh èqoume b′n → a− a1 kai, ìpwc orÐsthke h (a′n), èqoume

a′1 = 0. 'Ara, h (a′n) eÐnai �nw fragmènh. 'Epetai ìti h (an) eÐnai �nw fragmènh (exhg ste
giatÐ).

27. DeÐxte ìti: an an > 0 kai lim
n→∞

an+1
an

= a, tìte lim
n→∞

n
√

an = a.

Upìdeixh. Gr�foume

n
√

an = n

√
a1

a2

a1
· · · an

an−1
= n
√

b1b2 · · · bn,

ìpou b1 = a1 kai bn = an

an−1
, n = 2, 3, . . .. Apì thn upìjesh èqoume bn → a kai, apì

thn 'Askhsh 24, h akoloujÐa twn gewmetrik¸n mèswn thc (bn) sugklÐnei ston a. Dhlad ,
lim

n→∞
n
√

an = a.

28. ProsdiorÐste ta ìria twn akolouji¸n:

αn =
[
(2n)!
(n!)2

]1/n

βn =
1
n

[(n + 1)(n + 2) · · · (n + n)]1/n

γn =

[
2
1

(
3
2

)2(4
3

)3

· · ·
(

n + 1
n

)n
]1/n

Upìdeixh. Gia thn αn =
[

(2n)!
(n!)2

]1/n

jètoume xn = (2n)!
(n!)2 kai parathroÔme ìti

xn+1

xn
=

(2n + 1)(2n + 2)
(n + 1)2

→ 4.

'Ara, αn → 4 apì thn 'Askhsh 28.

Gia thn βn = 1
n [(n + 1)(n + 2) · · · (n + n)]1/n =

[
(n+1)(n+2)···(n+n)

nn

]1/n

jètoume yn =
(n+1)(n+2)···(n+n)

nn kai parathroÔme ìti

yn+1

yn
=

(2n + 1)(2n + 2)
n + 1

nn

(n + 1)n+1
=

(2n + 1)(2n + 2)
(n + 1)2

(
n

n + 1

)n

→ 4
e
.

'Ara, βn → 4
e apì thn 'Askhsh 28.
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Gia thn γn =
[

2
1

(
3
2

)2 ( 4
3

)3 · · · (n+1
n

)n]1/n

jètoume zn = 2
1

(
3
2

)2 ( 4
3

)3 · · · (n+1
n

)n
kai parathroÔme

ìti
zn+1

zn
=
(

n + 2
n + 1

)n+1

→ e.

'Ara, γn → e apì thn 'Askhsh 28.

29. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n me thn idiìthta: gia k�je k ∈ N to
sÔnolo Ak = {n ∈ N : |an| ≤ k} eÐnai peperasmèno. DeÐxte ìti lim

n→∞
1

an
= 0.

Upìdeixh. 'Estw ε > 0. Up�rqei k ∈ N ¸ste 1/k < ε. To sÔnolo Ak = {n ∈ N : |an| ≤
k} eÐnai peperasmèno, �ra èqei mègisto stoiqeÐo. Jètoume n0 = max(Ak) + 1. Tìte, gia
k�je n ≥ n0 èqoume n /∈ Ak, �ra |an| > k (eidikìtera, ak 6= 0). 'Epetai ìti, gia k�je
n ≥ n0 isqÔei ∣∣∣∣ 1

an

∣∣∣∣ < 1
k

< ε.

'Ara, lim
n→∞

1
an

= 0.

30. UpologÐste ta ìria twn parak�tw akolouji¸n:

an =
(

1 +
1

n− 1

)n−1

, bn =
(

1 +
2
n

)n

, cn =
(

1− 1
n

)n

kai

dn =
(

1− 1
n2

)n

, en =
(

1 +
2
3n

)n

.

Upìdeixh. Qrhsimopoi ste to gegonìc ìti xn =
(
1 + 1

n

)n → e. Gia par�deigma,

(a) an =
(
1 + 1

n−1

)n−1

= xn−1 → e.

(b) bn =
(
1 + 2

n

)n =
(

n+2
n+1

)n (
n+1

n

)n = n+1
n+2xn+1xn → e2.

(g) 1
cn

=
(

n
n−1

)n

= n
n−1xn−1 → e, �ra cn → 1

e .

(d) dn =
(
1− 1

n2

)n =
(
1− 1

n

)n (1 + 1
n

)n → 1
e · e = 1.

(e) e3
n =

(
1 + 2

3n

)3n → e2 (giatÐ?), �ra en → 3
√

e2.

31. JewroÔme gnwstì ìti lim
n→∞

(1 + 1
n )n = e. DeÐxte ìti, gia k�je rhtì arijmì q, isqÔei:

lim
n→∞

(
1 +

q

n

)n

= eq .
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Upìdeixh. Arqik� parathroÔme ìti, gia k�je x > 0, h akoloujÐa tn(x) =
(
1 + x

n

)n
eÐnai

aÔxousa. 'Enac trìpoc gia na to doÔme eÐnai efarmìzontac thn anisìthta arijmhtikoÔ�
gewmetrikoÔ mèsou gia touc arijmoÔc s1 = s2 = · · · = sn = 1 + x

n kai sn+1 = 1. 'Eqoume

s1 · · · snsn+1 ≤
(

s1 + · · ·+ sn + sn+1

n + 1

)n+1

,

dhlad  (
1 +

x

n

)n

· 1 ≤

(
n
(
1 + x

n

)
+ 1

n + 1

)n+1

.

AfoÔ n
(
1 + x

n

)
+ 1 = n + 1 + x, sumperaÐnoume ìti

(
1 +

x

n

)n

≤
(

n + 1 + x

n + 1

)n+1

=
(

1 +
x

n + 1

)n+1

.

JewroÔme jetikì rhtì q = k
m , ìpou k, m ∈ N. Jèloume na deÐxoume ìti(

1 +
k

mn

)n

→ ek/m.

IsodÔnama, ìti

bn =
(

1 +
k

mn

)mn

→ ek.

Parathr ste ìti h (bn) eÐnai aÔxousa: zht�me

bn+1 = tm(n+1)(k) ≥ tmn(k) = bn,

to opoÐo isqÔei gia k�je n, afoÔ h tn(k) eÐnai aÔxousa kai m(n + 1) > mn. Epiplèon,

bkn =
(

1 +
k

mkn

)mkn

=
[(

1 +
1

mn

)mn]k

→ ek,

diìti
(
1 + 1

mn

)mn → e. T¸ra, gia tuqìn ε > 0, brÐskoume n0 ¸ste: gia k�je n ≥ n0,

ek − ε < bkn < ek + ε.

Tìte, gia k�je n > kn0 èqoume

ek − ε < bkn0 ≤ bn ≤ bkn < ek + ε.

Sunep¸c, bn → ek.
Gia thn perÐptwsh q < 0 douleÔoume me parìmoio trìpo.
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32. 'Estw 0 < a1 < b1. OrÐzoume anadromik� dÔo akoloujÐec jètontac

an+1 =
√

anbn kai bn+1 =
an + bn

2
.

(a) DeÐxte ìti h (an) eÐnai aÔxousa kai h (bn) fjÐnousa.
(b) DeÐxte ìti oi (an), (bn) sugklÐnoun kai èqoun to Ðdio ìrio.

Upìdeixh. DeÐxte diadoqik� ta ex c:

(i) an > 0 kai bn > 0 gia k�je n ∈ N.

(ii) an ≤ bn gia k�je n ∈ N. Apì ton anadromikì orismì (anex�rthta m�lista apì to
poioÐ eÐnai oi an kai bn) èqete

an+1 =
√

anbn ≤
an + bn

2
= bn+1.

(iii) H (an) eÐnai aÔxousa. Parathr ste ìti an+1 =
√

anbn ≥
√

a2
n = an gia k�je

n ∈ N.

(iv) H (bn) eÐnai fjÐnousa. Parathr ste ìti bn+1 = an+bn

2 ≤ 2bn

2 = bn gia k�je n ∈ N.

Apì ta parap�nw, h (an) eÐnai aÔxousa kai �nw fragmènh apì ton b1, en¸ h (bn) eÐnai
fjÐnousa kai k�tw fragmènh apì ton a1 (exhg ste giatÐ). 'Ara, up�rqoun a, b ∈ R ¸ste
an → a kai bn → b. Apì thn bn+1 = an+bn

2 èpetai ìti b = a+b
2 , dhlad  a = b.

33. Epilègoume x1 = a, x2 = b kai jètoume

xn+2 =
xn

3
+

2xn+1

3
.

DeÐxte ìti h (xn) sugklÐnei kai breÐte to ìriì thc. [Upìdeixh: Jewr ste thn yn =
xn+1 − xn kai breÐte anadromikì tÔpo gia thn (yn).]

Upìdeixh. Parathr ste ìti

xn+2 − xn+1 = −xn+1 − xn

3
.

'Ara, h akoloujÐa yn = xn+1−xn ikanopoieÐ thn anadromik  sqèsh yn+1 = −yn

3 . 'Epetai
(exhg ste giatÐ) ìti

yn =
(
−1

3

)n−1

y1 =
(
−1

3

)n−1

(b− a).

Parathr ste ìti

xn = x1 + (x2 − x1) + · · ·+ (xn − xn−1) = a + y1 + · · ·+ yn−1.
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'Ara,

xn = a +

(
1 +

(
−1

3

)
+
(
−1

3

)2

+ · · ·+
(
−1

3

)n−2
)

(b− a)

= a +
1− (− 1

3 )n−1

1− (− 1
3 )

(b− a) → a +
3
4
(b− a) =

3b + a

4
.

34. D¸ste par�deigma dÔo akolouji¸n (xn), (yn) me jetikoÔc ìrouc, oi opoÐec ikanopoioÔn
ta ex c:

(a) xn → +∞ kai yn → +∞.
(b) H akoloujÐa xn

yn
eÐnai fragmènh all� den sugklÐnei se k�poion pragmatikì arijmì.

Upìdeixh. Jètoume xn = n → +∞ kai yn = n an o n eÐnai perittìc, yn = n/2 an o n
eÐnai �rtioc. AfoÔ yn ≥ n/2 gia k�je n ∈ N, èqoume yn → +∞.

ParathroÔme ìti xn

yn
= 1 an o n eÐnai perittìc kai xn

yn
= 2 an o n eÐnai �rtioc. 'Ara, h

akoloujÐa xn

yn
eÐnai fragmènh all� den sugklÐnei se k�poion pragmatikì arijmì.

35. 'Estw (an), (bn) dÔo akoloujÐec pragmatik¸n arijm¸n me bn 6= 0 gia k�je n ∈ N kai
lim

n→∞
an

bn
= 1.

(a) An, epiplèon, h (bn) eÐnai fragmènh, deÐxte ìti lim
n→∞

(an − bn) = 0.

(b) D¸ste par�deigma akolouji¸n gia tic opoÐec lim
n→∞

an

bn
= 1 all� den isqÔei lim

n→∞
(an −

bn) = 0.

Upìdeixh. (a) Gr�foume an− bn = bn

(
an

bn
− 1
)
. Apì thn upìjesh, h (bn) eÐnai fragmènh

kai h
(

an

bn
− 1
)
eÐnai mhdenik . Sunep¸c, lim

n→∞
(an − bn) = 0.

(b) Jewr ste tic an = n + 1 kai bn = n.

36. (L mma tou Stolz) 'Estw (an) akoloujÐa pragmatik¸n arijm¸n kai èstw (bn) gnhsÐwc
aÔxousa akoloujÐa pragmatik¸n arijm¸n me lim

n→∞
bn = +∞. DeÐxte ìti an

lim
n→∞

an+1 − an

bn+1 − bn
= λ,

ìpou λ ∈ R   λ = +∞, tìte

lim
n→∞

an

bn
= λ.

Upìdeixh. Upojètoume ìti limn→∞
an+1−an

bn+1−bn
= λ ìpou λ ∈ R (h perÐptwsh λ = +∞

exet�zetai an�loga). 'Estw ε > 0. Qrhsimopoi¸ntac kai to gegonìc ìti bn → +∞,
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blèpoume ìti up�rqei n1(ε) ∈ N ¸ste: gia k�je n ≥ n1 isqÔei bn > 0 kai

λ− ε

2
<

an+1 − an

bn+1 − bn
< λ +

ε

2
.

AfoÔ h (bn) eÐnai gnhsÐwc aÔxousa, èqoume bn+1 − bn > 0. 'Ara, gia k�je n ≥ n1 isqÔei(
λ− ε

2

)
(bn+1 − bn) < an+1 − an <

(
λ +

ε

2

)
(bn+1 − bn).

'Epetai (exhg ste giatÐ) ìti: gia k�je n > n1 isqÔei(
λ− ε

2

)
(bn − bn1) < an − an1 <

(
λ +

ε

2

)
(bn − bn1).

Diair¸ntac me bn paÐrnoume(
λ− ε

2

)(
1− bn1

bn

)
+

an1

bn
<

an

bn
<
(
λ +

ε

2

)(
1− bn1

bn

)
+

an1

bn
.

Parathr ste ìti

lim
n→∞

[(
λ− ε

2

)(
1− bn1

bn

)
+

an1

bn

]
= λ− ε

2
kai

lim
n→∞

[(
λ +

ε

2

)(
1− bn1

bn

)
+

an1

bn

]
= λ +

ε

2

giatÐ bn → +∞ ìtan n → ∞. 'Ara (exhg ste giatÐ) up�rqei n2 ∈ N, pou exart�tai apì
to n1 kai apì to ε, ¸ste: gia k�je n ≥ n2 isqÔei

λ− ε <
(
λ− ε

2

)(
1− bn1

bn

)
+

an1

bn
<
(
λ +

ε

2

)(
1− bn1

bn

)
+

an1

bn
< λ + ε.

Sunep¸c, an n ≥ n0 := max{n1, n2}, èqoume

λ− ε <
an

bn
< λ + ε.

AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti

lim
n→∞

an

bn
= λ.

37. OrÐzoume akoloujÐa (an) me 0 < a1 < 1 kai an+1 = an(1− an), n = 1, 2, . . .. DeÐxte
ìti lim

n→∞
nan = 1.
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Upìdeixh. Epagwgik� deÐqnoume ìti 0 < an < 1 gia k�je n ∈ N (gia to epagwgikì b ma
prathr ste ìti an 0 < an < 1 tìte èqoume kai 0 < 1− an < 1, opìte pollaplasi�zontac
blèpoume ìti 0 < an(1− an) < 1, dhlad  0 < an+1 < 1).

Apì thn anadromik  sqèsh èqoume

an+1 − an = −a2
n < 0,

�ra an > an+1 gia k�je n ∈ N. Sunep¸c, h (an) eÐnai gnhsÐwc fjÐnousa. AfoÔ eÐnai kai
k�tw fragmènh apì to 0, h (an) sugklÐnei se k�poion x ≥ 0. P�li apì thn anadromik 
sqèsh, o x ikanopoieÐ thn x = x(1− x) = x− x2, dhlad  x2 = 0. 'Ara, an → 0.

Me b�sh ta parap�nw, h akoloujÐa bn = 1
an

orÐzetai kal�, eÐnai gnhsÐwc aÔxousa,

kai 1
an
→ +∞ (exhg ste giatÐ). Gr�foume

nan =
n

bn

kai efarmìzoume to L mma tou Stolz: èqoume

(n + 1)− n

bn+1 − bn
=

1
1

an+1
− 1

an

=
1

1
an(1−an) −

1
an

= 1− an → 1,

�ra

nan =
n

bn
→ 1

apì thn 'Askhsh 36.





Kef�laio 3

Sunart seic

Ask seic � Om�da A'

1. 'Estw a, b ∈ R me a < b. DeÐxte ìti h apeikìnish f : [0, 1] → [a, b] : x → a+(b− a)x
eÐnai 1-1 kai epÐ.

Upìdeixh. Upojètoume ìti x, y ∈ [0, 1] kai f(x) = f(y). Tìte,

a + (b− a)x = a + (b− a)y =⇒ (b− a)x = (b− a)y =⇒ x = y.

'Ara, h f eÐnai 1-1.

Gia na deÐxoume ìti h f eÐnai epÐ, jewroÔme tuqìn z ∈ [a, b] kai zht�me x ∈ [0, 1] me thn
idiìthta f(x) = z. IsodÔnama, a + (b − a)x = z. H monadik  lÔsh aut c thc exÐswshc
eÐnai o x = z−a

b−a , o opoÐoc an kei sto [0, 1]: afoÔ a ≤ z ≤ b, èqoume 0 ≤ z − a ≤ b − a

�ra 0 ≤ z−a
b−a ≤ 1.

2. 'Estw f, g : [0, 1] → [0, 1] me f(x) = 1−x
1+x kai g(t) = 4t(1− t).

(a) Na breÐte tic f ◦ g kai g ◦ f .
(b) Na deÐxete ìti orÐzetai h f−1 all� den orÐzetai h g−1.

Upìdeixh. Parathr ste pr¸ta ìti an x ∈ [0, 1] tìte f(x) = 1−x
1+x ∈ [0, 1] kai an t ∈ [0, 1]

tìte g(t) = 4t(1− t) ∈ [0, 1]. Dhlad , oi f kai g orÐzontai kal�.

(a) 'Eqoume

(f ◦ g)(x) = f(g(x)) =
1− g(x)
1 + g(x)

=
1− 4x(1− x)
1 + 4x(1− x)

kai

(g ◦ f)(x) = g(f(x)) = 4f(x)(1− f(x)) = 4
1− x

1 + x

(
1− 1− x

1 + x

)
=

8x(1− x)
(1 + x)2

.
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(b) H g den eÐnai 1-1. Gia par�deigma, g(1/3) = g(2/3) = 8/9 kai genik� g(t) = g(1 − t)
gia k�je t ∈ [0, 1]. 'Ara, h g−1 den orÐzetai.

H f eÐnai 1-1: an x, y ∈ [0, 1] kai 1−x
1+x = 1−y

1+y tìte (1−x)(1+y) = (1−y)(1+x) dhlad 
1 − x + y − xy = 1 − y + x − xy. 'Epetai ìti x = y. AfoÔ h f eÐnai 1-1, orÐzetai h f−1

sto f([0, 1]). MporeÐte m�lista na deÐxete ìti h f eÐnai epÐ kai ìti h f−1 : [0, 1] → [0, 1]
dÐnetai apì thn f−1(z) = 1−z

1+z . Me �lla lìgia, f−1 = f .

3. 'Estw g : X → Y, f : Y → Z dÔo sunart seic pou eÐnai 1-1 kai epÐ. DeÐxte ìti orÐzetai
h antÐstrofh sun�rthsh (f ◦ g)−1 thc f ◦ g kai ìti (f ◦ g)−1 = g−1 ◦ f−1.

Upìdeixh. Upojètoume ìti oi g : X → Y kai f : Y → Z eÐnai 1-1 kai epÐ. Zht�me
h : Z → X ¸ste h ◦ (f ◦ g) = IdX kai (f ◦ g) ◦ h = IdZ . H 'Askhsh mac èqei  dh
d¸sei thn h. H g−1 ◦ f−1 : Z → X orÐzetai kal� giatÐ oi f kai g eÐnai antistrèyimec kai
f−1 : Z → Y , g−1 : Y → X. Tèloc,

(g−1 ◦f−1)◦ (f ◦g) = g−1 ◦ (f−1 ◦f)◦g = g−1 ◦IdY ◦g = g−1 ◦ (IdY ◦g) = g−1 ◦g = IdX

kai

(f ◦g)◦(g−1◦f−1) = f ◦(g◦g−1)◦f−1 = f ◦IdY ◦f−1 = f ◦(IdY ◦f−1) = f ◦f−1 = IdZ .

ShmeÐwsh: Gia na deÐxete ìti h f ◦ g eÐnai 1-1 kai epÐ:

(a) An x1, x2 ∈ X kai (f◦g)(x1) = (f◦g)(x2), tìte f(g(x1)) = f(g(x2)) �ra g(x1) = g(x2)
diìti h f eÐnai 1-1. 'Omoia, apì thn g(x1) = g(x2) blèpoume ìti x1 = x2, afoÔ h g eÐnai
1-1. Autì apodeiknÔei ìti h f ◦ g eÐnai 1-1.

(b) An z ∈ Z tìte up�rqei y ∈ Y ¸ste f(y) = z (giatÐ h f eÐnai epÐ) kai up�rqei x ∈ X
¸ste g(x) = y (giatÐ h g eÐnai epÐ). Tìte, (f ◦ g)(x) = f(g(x)) = f(y) = z. Autì
apodeiknÔei ìti h f ◦ g eÐnai epÐ.

4. 'Estw g : X → Y, f : Y → Z dÔo sunart seic. DeÐxte ìti

(a) an h f ◦ g eÐnai epÐ tìte kai h f eÐnai epÐ.

(b) an h f ◦ g eÐnai 1-1 tìte kai h g eÐnai 1-1.

IsqÔoun ta antÐstrofa twn (a) kai (b)?

Upìdeixh. 'Estw g : X → Y kai f : Y → Z dÔo sunart seic.

(a) 'Estw ìti h f ◦ g eÐnai epÐ. Gia na deÐxoume ìti h f eÐnai epÐ jewroÔme tuqìn z ∈ Z
kai zht�me y ∈ Y ¸ste f(y) = z. AfoÔ h f ◦ g eÐnai epÐ, up�rqei x ∈ X ¸ste f(g(x)) =
(f ◦ g)(x) = z. PaÐrnontac y = g(x) ∈ Y èqoume to zhtoÔmeno. To antÐstrofo tou (a)
den isqÔei: dokim�ste tic f(x) = x kai g(x) = 1 (apì to R sto R).
(b) 'Estw ìti h f ◦ g eÐnai 1-1. Gia na deÐxoume ìti h g eÐnai 1-1 jewroÔme x1, x2 ∈ X
me g(x1) = g(x2) kai deÐqnoume ìti x1 = x2. AfoÔ g(x1) = g(x2) èqoume (f ◦ g)(x1) =
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f(g(x1)) = f(g(x2)) = (f ◦ g)(x2). AfoÔ h f ◦ g eÐnai 1-1, èpetai ìti x1 = x2. To
antÐstrofo tou (b) den isqÔei: dokim�ste tic g(x) = x kai f(x) = 1 (apì to R sto R).

5. 'Estw f : X → Y mia sun�rthsh. Upojètoume ìti up�rqoun sunart seic g : Y → X
kai h : Y → X ¸ste f ◦ g = IdY kai h ◦ f = IdX . DeÐxte ìti h = g.

Upìdeixh. Apì thn f ◦ g = IdY kai apì thn 'Askhsh 4(a), h f eÐnai epÐ. Apì thn
h ◦ f = IdX kai apì thn 'Askhsh 4(b), h f eÐnai 1-1. 'Ara, h f−1 : Y → X orÐzetai kal�
kai ikanopoieÐ tic f−1 ◦ f = IdY , f ◦ f−1 = IdX . T¸ra, parathr ste ìti

h = h ◦ (f ◦ f−1) = (h ◦ f) ◦ f−1 = IdX ◦ f−1 = f−1

kai
g = (f−1 ◦ f) ◦ g = f−1 ◦ (f ◦ g) = f−1 ◦ IdY = f−1.

Dhlad , h = g = f−1.

6. 'Estw f(x) = 1
1+x .

(a) Na brejeÐ to pedÐo orismoÔ thc f .

(b) Na brejeÐ h f ◦ f .

(g) Na brejoÔn ta f( 1
x ), f(cx), f(x + y), f(x) + f(y).

(d) Gia poi� c ∈ R up�rqei x ∈ R ¸ste f(cx) = f(x)?

(e) Gia poi� c ∈ R h sqèsh f(cx) = f(x) ikanopoieÐtai gia dÔo diaforetikèc timèc tou
x ∈ R?

7. An mia sun�rthsh f eÐnai gnhsÐwc aÔxousa sta diast mata I1 kai I2, eÐnai al jeia
ìti eÐnai gnhsÐwc aÔxousa sto I1 ∪ I2?

Upìdeixh. 'Oqi. An orÐsete thn f : [0, 1] ∪ [2, 3] → R me f(x) = x an x ∈ [0, 1] kai
f(x) = x − 3 an x ∈ [2, 3], tìte h f eÐnai gnhsÐwc aÔxousa sta diast mata I1 = [0, 1]
kai I2 = [2, 3]. 'Omwc, f(0) = 0 > −1 = f(2). 'Ara, h f den eÐnai gnhsÐwc aÔxousa sto
I1 ∪ I2.

8. 'Estw f(x) =
{

x + 1 an x ≤ 1
x2 + 1 an x ≥ 1 . 'Exet�ste an eÐnai monìtonh kai breÐte thn f−1

(an aut  orÐzetai).

Upìdeixh. H f orÐzetai kal� sto 1: 1 + 1 = 12 + 1. Parathr ste ìti

(a) An x < y ≤ 1 tìte f(x) = x + 1 < y + 1 = f(y).

(b) An 1 ≤ x < y tìte f(x) = x2 + 1 < y2 + 1 = f(y).
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(g) An x < 1 < y tìte f(x) < f(1) < f(y) apì ta (a) kai (b).

Apì ta parap�nw blèpoume ìti an x, y ∈ R kai x < y tìte f(x) < f(y). 'Ara, h f eÐnai
gnhsÐwc aÔxousa.

Gia to deÔtero er¸thma parathr ste ìti

(a) An y ≤ 2 tìte f(y − 1) = y.

(b) An y ≥ 2 tìte f(
√

y − 1) = y.

Sunep¸c, h antÐstrofh sun�rthsh f−1 : R → R orÐzetai apì tic f−1(y) = y− 1 an y ≤ 2
kai f−1(y) =

√
y − 1 an y ≥ 2.

9. 'Estw f(x) = x + 1. Na brejeÐ mia sun�rthsh g : R → R ¸ste g ◦ f = f ◦ g. EÐnai h
g monadik ?

Upìdeixh. H g prèpei na ikanopoieÐ thn g(f(x)) = f(g(x)) gia k�je x ∈ R. Dhlad , thn

g(x + 1) = g(x) + 1.

Mia tètoia sun�rthsh eÐnai h g(x) = x. An h eÐnai opoiad pote periodik  sun�rthsh me
perÐodo 1, tìte

(h + g)(x + 1) = h(x + 1) + g(x + 1) = h(x) + g(x) + 1 = (h + g)(x) + 1

gia k�je x ∈ R. 'Ara, h h + g ikanopoieÐ ki aut  thn (h + g) ◦ f = f ◦ (h + g).

10. ApodeÐxte ìti h sun�rthsh f(x) = x
|x|+1 eÐnai gnhsÐwc aÔxousa kai fragmènh sto R.

Poiì eÐnai to sÔnolo tim¸n f(R)?

Upìdeixh. (a) ArkeÐ na deÐxoume ìti h f eÐnai gnhsÐwc aÔxousa sto (−∞, 0] kai sto
[0,+∞). Exhg ste giatÐ (parìmoio epiqeÐrhma qrhsimopoi jhke sthn 'Askhsh 12).

Ac upojèsoume ìti x < y ≤ 0. Jèloume na elègxoume ìti x
1−x < y

1−y . AfoÔ 1 − x kai

1− y > 0, isodÔnama zht�me x(1− y) < y(1− x) dhlad  x− xy < y − xy (pou isqÔei).

Me ton Ðdio trìpo deÐxte ìti an 0 ≤ x < y tìte x
x+1 < y

y+1 .

(b) Parathr ste ìti

|f(x)| = |x|
|x|+ 1

< 1

gia k�je x ∈ R, dhlad  f(R) ⊆ (−1, 1). DeÐxte ìti isqÔei isìthta: an 0 < y < 1 tìte
up�rqei x > 0 ¸ste f(x) = x

x+1 = y, en¸ an −1 < y < 0 tìte up�rqei x < 0 ¸ste
f(x) = x

1−x = y.

11. An A ⊆ R, sumbolÐzoume me χA : R → R thn qarakthristik  sun�rthsh tou A

pou orÐzetai apì thn χA(x) =
{

1 an x ∈ A
0 an x /∈ A

. ApodeÐxte ìti
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(a) χA∩B = χA · χB (eidikìtera χA = χ2
A),

(b) χA∪B = χA + χB − χA · χB ,

(g) χR\A = 1− χA,

(d) A ⊆ B ⇐⇒ χA ≤ χB kai

(e) An f : R → R eÐnai mia sun�rthsh me f2 = f , tìte up�rqei A ⊆ R ¸ste f = χA.

12. Mia sun�rthsh g : R → R lègetai �rtia an g(−x) = g(x) gia k�je x ∈ R kai peritt 
an g(−x) = −g(x) gia k�je x ∈ R. DeÐxte ìti k�je sun�rthsh f : R → R gr�fetai wc
�jroisma f = fa + fp ìpou fa �rtia kai fp peritt , kai ìti aut  h anapar�stash eÐnai
monadik .

Upìdeixh. Parathr ste ìti: an h f gr�fetai sth morf  f = fa +fp ìpou h fa eÐnai �rtia
kai h fp peritt  tìte, b�zontac ìpou x ton −x sthn f(x) = fa(x) + fp(x), paÐrnoume

f(−x) = fa(−x) + fp(−x) = fa(x)− fp(x)

gia k�je x ∈ R. Dhlad , oi fa kai fp prèpei na ikanopoioÔn tic

f(x) = fa(x) + fp(x)
f(−x) = fa(x)− fp(x)

gia k�je x ∈ R. Anagkastik� (exhg ste giatÐ), oi fa kai fp prèpei na dÐnontai apì tic

fa(x) =
f(x) + f(−x)

2
kai fp(x) =

f(x)− f(−x)
2

.

Elègxte ìti an orÐsoume ètsi tic fa kai fp tìte h fa eÐnai �rtia, h fp eÐnai peritt  kai
f = fa + fp. H monadikìthta thc anapar�stashc èqei  dh apodeiqjeÐ (giatÐ?).

13. Mia sun�rthsh f : R → R lègetai periodik  (me perÐodo a) an up�rqei a 6= 0 sto
R ¸ste f(x + a) = f(x) gia k�je x ∈ R.
(a) DeÐxte ìti h sun�rthsh f : R → R pou orÐzetai apì thn f(x) = [x] den eÐnai periodik .

(b) Exet�ste an h sun�rthsh f : R → R pou orÐzetai apì thn f(x) = x − [x] eÐnai
periodik .

Upìdeixh. (a) Ac upojèsoume ìti h f(x) = [x] eÐnai periodik  me perÐodo a. MporoÔme na
upojèsoume ìti a > 0 (an h f èqei perÐodo a tìte èqei kai perÐodo −a). Parathr ste ìti
f(R) = f([0, a)). Pr�gmati, k�je x ∈ R gr�fetai sth morf  x = mxa + yx gia k�poiouc
mx ∈ Z kai yx ∈ [0, a), opìte, gia k�je x ∈ R èqoume f(x) = f(mxa + yx) = f(yx) ∈
f([0, a)).
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'Omwc, f([0, a)) ⊆ [0, a): an 0 ≤ x < a tìte 0 ≤ [x] ≤ x < a. 'Ara, h f eÐnai fragmènh.
Autì eÐnai �topo, afoÔ f(n) = n gia k�je n ∈ N.
(b) H sun�rthsh f(x) = x−[x] eÐnai periodik  me perÐodo 1. ArkeÐ na deÐxoume ìti [x+1] =
[x]+1 gia k�je x ∈ R. 'Omwc, [x] ≤ x < [x]+1 �ra [x]+1 ≤ x+1 < ([x]+1)+1. Dhlad ,
o akèraioc m = [x] + 1 ikanopoieÐ thn m ≤ x + 1 < m + 1. 'Ara, [x] + 1 = m = [x + 1]
(apì th monadikìthta tou akeraÐou mèrouc).

14. 'Estw n ∈ N.
(a) DeÐxte ìti h sun�rthsh

f(x) = [x] +
[
x +

1
n

]
+ · · ·+

[
x +

n− 1
n

]
− [nx]

eÐnai periodik  me perÐodo 1/n. Dhlad , f
(
x + 1

n

)
= f(x) gia k�je x ∈ R.

(b) UpologÐste thn tim  f(x) ìtan 0 ≤ x < 1/n.

(g) DeÐxte thn tautìthta

[nx] = [x] +
[
x +

1
n

]
+ · · ·+

[
x +

n− 1
n

]
gia k�je x ∈ R kai k�je n ∈ N.

Upìdeixh. (a) Parathr ste ìti, apì thn 'Askhsh 9(b),

f
(
x +

1
n

)
=

[
x +

1
n

]
+ · · ·+

[
x +

1
n

+
n− 2

n

]
+
[
x +

1
n

+
n− 1

n

]
−
[
n
(
x +

1
n

)]
=

[
x +

1
n

]
+ · · ·+

[
x +

n− 1
n

]
+ [x + 1]− [nx + 1]

=
[
x +

1
n

]
+ · · ·+

[
x +

n− 1
n

]
+ [x] + 1− [nx]− 1

= [x] +
[
x +

1
n

]
+ · · ·+

[
x +

n− 1
n

]
− [nx]

= f(x).

(b) An 0 ≤ x < 1/n tìte

x, x +
1
n

, . . . , x +
n− 1

n
, nx ∈ [0, 1)

�ra

[x] =
[
x +

1
n

]
= · · · =

[
x +

n− 1
n

]
= [nx] = 0.

'Epetai ìti f(x) = 0.



· 57

(g) K�je x ∈ R gr�fetai sth morf  x = mx · 1n +yx gia k�poiouc mx ∈ Z kai yx ∈ [0, 1/n),
opìte, apì ta (a) kai (b), gia k�je x ∈ R èqoume f(x) = f

(
mx · 1

n + yx

)
= f(yx) = 0.

15. 'Estw f : R → R mia sun�rthsh me f(x + y) = f(x) + f(y) gia k�je x, y ∈ R.
ApodeÐxte ìti

(a) f(0) = 0 kai f(−x) = −f(x) gia k�je x ∈ R.

(b) Gia k�je n ∈ N kai x1, x2, . . . , xn ∈ R isqÔei

f(x1 + x2 + · · ·+ xn) = f(x1) + f(x2) + · · ·+ f(xn).

(g) f( 1
n ) = f(1)

n gia k�je n ∈ N.

(d) Up�rqei λ ∈ R ¸ste f(q) = λq gia k�je q ∈ Q.

Upìdeixh. 'Eqoume upojèsei ìti h f ikanopoieÐ thn f(x + y) = f(x) + f(y) gia k�je
x, y ∈ R.
(a) PaÐrnontac x = y = 0 mporeÐte na elègxete ìti f(0) = 0. Katìpin, gia dosmèno
x ∈ R, paÐrnontac y = −x mporeÐte na elègxete ìti f(−x) = −f(x).
(b) Qrhsimopoi ste epagwg .

(g) P�rte x1 = · · · = xn = 1
n sto (b).

(d) Gr�yte ton q sth morf  ±
(

1
n + · · · + 1

n

)
� gia kat�llhlo pl joc prosjetèwn � kai

qrhsimopoi ste ta (b) kai (g).

16. 'Estw f : R → R mia sun�rthsh me f(y) − f(x) ≤ (y − x)2 gia k�je x, y ∈ R.
ApodeÐxte ìti h f eÐnai stajer .

Upìdeixh: An |f(b) − f(a)| = δ > 0 gia k�poia a < b sto R, diairèste to di�sthma
[a, b] se n Ðsa upodiast mata, ìpou n arket� meg�loc fusikìc arijmìc.

Upìdeixh. ArkeÐ na deÐxoume ìti gia tuqìntec pragmatikoÔc arijmoÔc a kai b me a < b
isqÔei f(a) = f(b) (exhg ste giatÐ). Ac upojèsoume ìti a, b ∈ R, a < b kai |f(b)−f(a)| =
δ > 0.

QwrÐzoume to [a, b] se n diadoqik� upodiast mata m kouc (b − a)/n me ta shmeÐa

a = x0 < x1 < · · · < xn−1 < xn = b, ìpou xk = a + k(b−a)
n , k = 0, 1, . . . , n. ParathroÔme

ìti, apì thn upìjesh,

|f(xk)− f(xk−1)| ≤ (xk − xk−1)2 =
(

b− a

n

)2

=
(b− a)2

n2

gia k�je k = 1, . . . , n. Apì thn trigwnik  anisìthta gia thn apìluth tim  èqoume

δ = |f(b)− f(a)| = |f(xn)− f(x0)|
≤ |f(xn)− f(xn−1)|+ · · ·+ |f(x2)− f(x1)|+ |f(x1)− f(x0)|

≤ n · (b− a)2

n2
=

(b− a)2

n
.
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Dhlad , δ ≤ (b − a)2/n gia k�je n ∈ N. Autì eÐnai �topo afoÔ δ > 0 kai (b−a)2

n → 0
ìtan to n →∞.



Kef�laio 4

Sunèqeia kai ìria

sunart sewn

A. Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn
ap�nths  sac).

1. An h f : R → R eÐnai suneq c sto x0 kai f(x0) = 1, tìte up�rqei δ > 0 ¸ste: gia
k�je x ∈ (x0 − δ, x0 + δ) isqÔei f(x) > 4

5 .

Swstì. Efarmìzoume ton orismì thc sunèqeiac me ε = 1
5 > 0. AfoÔ h f eÐnai suneq c

sto x0, up�rqei δ > 0 ¸ste: gia k�je x ∈ (x0 − δ, x0 + δ) isqÔei

|f(x)− f(x0)| <
1
5
, dhlad  |f(x)− 1| < 1

5
.

Sunep¸c, gia k�je x ∈ (x0 − δ, x0 + δ) isqÔei 4
5 = 1− 1

5 < f(x) < 1 + 1
5 = 6

5 .

2. H f : N → R me f(x) = 1
x eÐnai suneq c.

Swstì. 'Ola ta shmeÐa tou pedÐou orismoÔ thc f eÐnai memonwmèna shmeÐa tou, �ra h
f eÐnai suneq c se aut�. To epiqeÐrhma eÐnai to ex c: èstw m ∈ N kai èstw ε > 0.
Epilègoume δ = 1

2 . An n ∈ N kai |n−m| < 1
2 , tìte, anagkastik�, n = m. Sunep¸c,

|f(n)− f(m)| = |f(m)− f(m)| = 0 < ε.

3. H sun�rthsh f : R → R pou orÐzetai apì tic: f(x) = 0 an x ∈ N kai f(x) = 1 an
x /∈ N, eÐnai suneq c sto x0 an kai mìno an x0 /∈ N.



60 · Sunèqeia kai ìria sunart sewn

Swstì. An x0 /∈ N tìte up�rqei δ > 0 ¸ste sto (x0−δ, x0 +δ) na mhn perièqetai fusikìc
arijmìc (exhg ste giatÐ). Tìte, gia k�je ε > 0 kai gia k�je x ∈ (x0 − δ, x0 + δ) èqoume
|f(x)− f(x0)| = |1− 1| = 0 < ε. 'Ara, h f eÐnai suneq c sto x0.

'Estw t¸ra x0 ∈ N. Up�rqei akoloujÐa (xn) h opoÐa sugklÐnei sto x0 kai h opoÐa
den èqei ìrouc pou na eÐnai fusikoÐ arijmoÐ (exhg ste giatÐ). Tìte, f(xn) = 1 → 1 6= 0 =
f(x0). SÔmfwna me thn arq  thc metafor�c, h f den eÐnai suneq c sto x0.

4. Up�rqei f : R → R pou eÐnai asuneq c sta shmeÐa 0, 1, 1
2 , . . . , 1

n , . . . kai suneq c se
ìla ta �lla shmeÐa.

Swstì. Jewr ste th sun�rthsh f : R → R pou paÐrnei thn tim  1 sta shmeÐa 0, 1, 1
2 , . . . , 1

n , . . .
kai thn tim  0 se ìla ta �lla shmeÐa.

5. Up�rqei f : R → R pou eÐnai asuneq c sta shmeÐa 1, 1
2 , . . . , 1

n , . . . kai suneq c se ìla
ta �lla shmeÐa.

Swstì. Jewr ste th sun�rthsh f : R → R pou orÐzetai wc ex c: f(x) = x an x =
1, 1

2 , . . . , 1
n , . . . kai f(x) = 0 se ìla ta �lla shmeÐa. Gia na deÐxete ìti h f eÐnai suneq c

sto shmeÐo 0 qrhsimopoi ste ton ε− δ orismì thc sunèqeiac.

6. Up�rqei sun�rthsh f : R → R pou eÐnai suneq c sto 0 kai asuneq c se ìla ta �lla
shmeÐa.

Swstì. Jewr ste th sun�rthsh f : R → R me f(x) = x an x ∈ Q kai f(x) = −x an
x /∈ Q.

7. An h f : R → R eÐnai suneq c se k�je �rrhto x, tìte eÐnai suneq c se k�je x.

L�joc. Jewr ste th sun�rthsh f : R → R me f(x) = 0 an x 6= 4 kai f(4) = 1. H f eÐnai
asuneq c sto x0 = 4 kai suneq c se k�je �rrhto x.

8. An h f eÐnai suneq c sto (a, b) kai f(q) = 0 gia k�je rhtì q ∈ (a, b), tìte f(x) = 0
gia k�je x ∈ (a, b).

Swstì. Jewr ste x ∈ (a, b) kai akoloujÐa (qn) rht¸n arijm¸n apì to (a, b) h opoÐa
sugklÐnei sto x. Tètoia akoloujÐa up�rqei lìgw thc puknìthtac twn rht¸n sto R.
AfoÔ h f eÐnai suneq c sto x, h arq  thc metafor�c deÐqnei ìti f(qn) → f(x). Apì thn
upìjesh èqoume f(qn) = 0 gia k�je n ∈ N, kai sunep¸c, f(x) = 0.

9. An f
(

1
n

)
= (−1)n gia k�je n ∈ N, tìte h f eÐnai asuneq c sto shmeÐo 0.

Swstì. 'Eqoume 1
2n → 0 kai 1

2n−1 → 0. Apì thn upìjesh, f
(

1
2n

)
= (−1)2n = 1 → 1 kai

f
(

1
2n−1

)
= (−1)2n−1 = −1 → −1. Apì thn arq  thc metafor�c, h f eÐnai asuneq c sto

shmeÐo 0.
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10. An h f : R → R eÐnai suneq c kai f(0) = −f(1) tìte up�rqei x0 ∈ [0, 1] ¸ste
f(x0) = 0.

Swstì. An f(0) = 0 tìte paÐrnoume x0 = 0   1. An f(0) 6= 0, tìte apì thn f(0) = −f(1)
blèpoume ìti h f paÐrnei eterìshmec timèc sta �kra tou [0, 1]. Apì to je¸rhma endi�meshc
tim c, up�rqei x0 ∈ (0, 1) ¸ste f(x0) = 0.

11. An h f : (a, b) → R eÐnai suneq c, tìte h f paÐrnei mègisth kai el�qisth tim  sto
(a, b).

L�joc. Jewr ste thn f : (0, 1) → R me f(x) = x. H f eÐnai suneq c sto (0, 1), ìmwc den
paÐrnei mègisth oÔte el�qisth tim  sto (0, 1).

12. An h f eÐnai suneq c sto [a, b] tìte h f eÐnai fragmènh sto [a, b].

Swstì. 'Ena apì ta basik� jewr mata gia suneqeÐc sunart seic pou èqoun pedÐo orismoÔ
kleistì di�sthma.

13. An lim
x→0

g(x) = 0 tìte lim
x→0

g(x) sin 1
x = 0.

Swstì. Qrhsimopoi ste, gia par�deigma, thn arq  thc metafor�c. An xn 6= 0 kai xn → 0,
tìte ∣∣∣∣ g(xn) sin

1
xn

∣∣∣∣ ≤ |g(xn)|.

AfoÔ lim
x→0

g(x) = 0, èqoume g(xn) → 0. Apì thn prohgoÔmenh anisìthta èpetai ìti

lim
x→0

g(xn) sin
1
xn

= 0.

Ask seic: sunèqeia sunart sewn � Om�da A'

1. 'Estw f : X → R kai èstw x0 ∈ X. An h f eÐnai suneq c sto x0 kai f(x0) 6= 0, deÐxte
ìti:

(a) an f(x0) > 0, up�rqei δ > 0 ¸ste: an |x−x0| < δ kai x ∈ X tìte f(x) > f(x0)
2 > 0.

(b) an f(x0) < 0, up�rqei δ > 0 ¸ste: an |x−x0| < δ kai x ∈ X tìte f(x) < f(x0)
2 < 0.

Upìdeixh. (a) Upojètoume pr¸ta ìti f(x0) > 0. AfoÔ h f eÐnai suneq c sto x0, an

jewr soume ton ε = f(x0)
2 > 0 up�rqei δ > 0 ¸ste: an x ∈ X kai |x− x0| < δ tìte

|f(x)− f(x0)| <
f(x0)

2
⇒ −f(x0)

2
< f(x)− f(x0) ⇒ 0 <

f(x0)
2

< f(x).
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(b) Upojètoume t¸ra ìti f(x0) < 0. AfoÔ h f eÐnai suneq c sto x0, an jewr soume ton

ε = − f(x0)
2 > 0 up�rqei δ > 0 ¸ste: an x ∈ X kai |x− x0| < δ tìte

|f(x)− f(x0)| < −f(x0)
2

⇒ f(x)− f(x0) < −f(x0)
2

⇒ f(x) <
f(x0)

2
< 0.

2. 'Estw f : X → R sun�rthsh. Upojètoume ìti up�rqei M ≥ 0 ¸ste |f(x) − f(y)| ≤
M |x− y|, gia k�je x ∈ X kai y ∈ X. DeÐxte ìti h f eÐnai suneq c.

Upìdeixh. An M = 0 tìte h f eÐnai stajer  (giatÐ?). MporoÔme loipìn na upojèsoume
ìti M > 0.

'Estw x0 ∈ X kai èstw ε > 0. Epilègoume δ = ε/M > 0. An x ∈ X kai |x− x0| < δ,
tìte |f(x)− f(x0)| ≤ M |x− x0| < Mδ = ε. To ε > 0  tan tuqìn, �ra h f eÐnai suneq c
sto x0.

3. 'Estw f : R → R sun�rthsh me |f(x)| ≤ |x| gia k�je x ∈ R.

(a) DeÐxte ìti h f eÐnai suneq c sto 0.

(b) D¸ste par�deigma miac tètoiac f pou na eÐnai asuneq c se k�je x 6= 0.

Upìdeixh. (a) Parathr ste ìti |f(0)| ≤ 0, dhlad  f(0) = 0. 'Estw (xn) akoloujÐa sto
R me xn → 0. Tìte, apì thn −xn ≤ f(xn) ≤ xn kai to krit rio parembol c èpetai ìti
f(xn) → 0 = f(0). Apì thn arq  thc metafor�c h f eÐnai suneq c sto 0.

(b) H sun�rthsh f(x) =

x , x /∈ Q

−x , x ∈ Q,
eÐnai suneq c mìno sto shmeÐo 0 (exhg ste

giatÐ) kai ikanopoieÐ thn |f(x)| ≤ |x| gia k�je x ∈ R.

4. 'Estw f : R → R kai g : R → R suneq c sun�rthsh me g(0) = 0 kai |f(x)| ≤ |g(x)|
gia k�je x ∈ R. DeÐxte ìti h f eÐnai suneq c sto 0.

Upìdeixh. Parathr ste ìti |f(0)| ≤ |g(0)| = 0, dhlad  f(0) = 0. 'Estw (xn) akoloujÐa
sto R me xn → 0. AfoÔ h g eÐnai suneq c sto 0, èqoume g(xn) → 0. Apì thn upìjesh
èqoume −g(xn) ≤ f(xn) ≤ g(xn), �ra f(xn) → 0 = f(0). Apì thn arq  thc metafor�c h
f eÐnai suneq c sto 0.

5. 'Estw f : R → R suneq c sun�rthsh kai èstw a1 ∈ R. OrÐzoume an+1 = f(an) gia
n = 1, 2, . . .. An an → a ∈ R tìte f(a) = a.

Upìdeixh. Apì thn an → a kai apì thn arq  thc metafor�c, èqoume f(an) → f(a). Apì
thn upìjesh, f(an) = an+1 → a. Apì th monadikìthta tou orÐou akoloujÐac, f(a) = a.
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6. DeÐxte ìti h sun�rthsh f : R → R me f(x) =

 x an x ∈ Q

x3 an x /∈ Q
eÐnai suneq c

mìno sta shmeÐa −1, 0, 1.

Upìdeixh. Ac upojèsoume ìti h f eÐnai suneq c sto x0 ∈ R. Up�rqei akoloujÐa (qn)
rht¸n arijm¸n me qn → x0 kai up�rqei akoloujÐa (αn) arr twn arijm¸n me αn → x0.
AfoÔ h f eÐnai suneq c sto x0 èqoume f(x0) = lim

n→∞
f(qn) = lim

n→∞
qn = x0 kai f(x0) =

lim
n→∞

f(αn) = lim
n→∞

α3
n = x3

0. 'Ara, x0 = x3
0. Autì mporeÐ na sumbaÐnei mìno an x0 = −1, 0

  1. Dhlad , h f eÐnai asuneq c se k�je x0 /∈ {−1, 0, 1}.
Ac upojèsoume ìti x0 ∈ {−1, 0, 1}. Tìte, an jewr soume tic suneqeÐc sunart seic

g, h : R → R me g(x) = x kai h(x) = x3, èqoume f(x0) = g(x0) = h(x0). 'Estw
ε > 0. AfoÔ h g eÐnai suneq c sto x0, up�rqei δ1 > 0 ¸ste: an |x − x0| < δ1 tìte
|g(x)− g(x0)| < ε. AfoÔ h h eÐnai suneq c sto x0, up�rqei δ2 > 0 ¸ste: an |x−x0| < δ2

tìte |h(x)− h(x0)| < ε. Jètoume δ = min{δ1, δ2}. An |x− x0| < δ, tìte:

(i) eÐte x ∈ Q kai |x− x0| < δ ≤ δ1, opìte |f(x)− f(x0)| = |g(x)− g(x0)| < ε,

(ii)   x /∈ Q kai |x− x0| < δ ≤ δ2, opìte |f(x)− f(x0)| = |h(x)− h(x0)| < ε.

Se k�je perÐptwsh, |x− x0| < δ ⇒ |f(x)− f(x0)| < ε, kai afoÔ to ε > 0  tan tuqìn, h
f eÐnai suneq c sto x0.

7. 'Estw f, g : R → R suneqeÐc sunart seic. DeÐxte ìti:

(a) An f(x) = 0 gia k�je x ∈ Q, tìte f(y) = 0 gia k�je y ∈ R.

(b) An f(x) = g(x) gia k�je x ∈ Q, tìte f(y) = g(y) gia k�je y ∈ R.

(g) An f(x) ≤ g(x) gia k�je x ∈ Q, tìte f(y) ≤ g(y) gia k�je y ∈ R.

Upìdeixh.(a) 'Estw y ∈ R. MporoÔme na broÔme akoloujÐa (xn) rht¸n arijm¸n me
xn → y. AfoÔ h f eÐnai suneq c, apì thn arq  thc metafor�c èqoume 0 = f(xn) → f(y).
'Ara, f(y) = 0.

(b) Efarmìste to (a) gia thn suneq  sun�rthsh h = f − g.

(g) 'Estw y ∈ R. MporoÔme na broÔme akoloujÐa (xn) rht¸n arijm¸n me xn → y.
Apì thn upìjesh èqoume f(xn) ≤ g(xn) gia k�je n ∈ N. Apì thn arq  thc metafor�c
paÐrnoume

f(y) = lim
n→∞

f(xn) ≤ lim
n→∞

g(xn) = g(y).

8. 'Estw f : [a, b] → [a, b] suneq c sun�rthsh. Na deiqjeÐ ìti up�rqei x ∈ [a, b] me
f(x) = x.
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Upìdeixh. Jewr ste th suneq  sun�rthsh g : [a, b] → R pou orÐzetai apì thn g(x) =
f(x)−x. Parathr ste ìti g(a) = f(a)−a ≥ 0 kai g(b) = f(b)−b ≤ 0. AfoÔ g(a)g(b) ≤ 0,
apì to je¸rhma endi�meshc tim c up�rqei x ∈ [a, b] ¸ste f(x)− x = g(x) = 0.

9. 'Estw f : [a, b] → R suneq c sun�rthsh me thn ex c idiìthta: gia k�je x ∈ [a, b]
isqÔei |f(x)| = 1. DeÐxte ìti h f eÐnai stajer .

Upìdeixh. H f mporeÐ na p�rei mìno tic timèc −1 kai 1. An den eÐnai stajer , tìte
up�rqoun x1 ∈ [a, b] ¸ste f(x1) = −1 kai x2 ∈ [a, b] ¸ste f(x2) = 1. Apì to je¸rhma
endi�meshc tim c, h f paÐrnei tìte ìlec tic timèc ρ ∈ [−1, 1]. Gia par�deigma, up�rqei
ξ ∈ [a, b] ¸ste f(ξ) = 0. Autì odhgeÐ se �topo, afoÔ |f(ξ)| = 1 apì thn upìjesh.

10. 'Estw f, g : [a, b] → R suneqeÐc sunart seic pou ikanopoioÔn thn f2(x) = g2(x) gia
k�je x ∈ [a, b]. Upojètoume epÐshc ìti f(x) 6= 0 gia k�je x ∈ [a, b]. DeÐxte ìti g ≡ f  
g ≡ −f sto [a, b].

Upìdeixh. Parathr ste ìti afoÔ h f den mhdenÐzetai se kanèna x ∈ [a, b] to Ðdio isqÔei
kai gia thn g.

QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti f(a) > 0. Tìte èqoume
f(x) > 0 gia k�je x ∈ [a, b] (an h f èpairne k�pou arnhtik  tim  tìte, apì to je¸rhma
endi�meshc tim c, ja up rqe kai shmeÐo sto opoÐo ja mhdenizìtan).

Ac upojèsoume ìti g(a) > 0. 'Opwc prin, èqoume g(x) > 0 gia k�je x ∈ [a, b]. AfoÔ
f2(x) = g2(x) gia k�je x, sumperaÐnoume ìti g(x) = f(x) gia k�je x. Dhlad , g = f .

Elègxte thn perÐptwsh f(a) > 0 kai g(a) < 0 me ton Ðdio trìpo. Se aut  thn perÐptwsh
apì thn f2 = g2 ja prokÔyei ìti g = −f .

11. 'Estw f : [0, 1] → R suneq c sun�rthsh me thn idiìthta f(x) ∈ Q gia k�je x ∈ [0, 1].
DeÐxte ìti h f eÐnai stajer  sun�rthsh.

Upìdeixh. H f eÐnai suneq c sto [0, 1], �ra paÐrnei el�qisth tim  m kai mègisth tim  M
sto [0, 1]. An upojèsoume ìti h f den eÐnai stajer  sun�rthsh, tìte m < M (giatÐ?).
GnwrÐzoume ìti up�rqei �rrhtoc α ¸ste m < α < M . Apì to je¸rhma endi�meshc tim c
up�rqei x ∈ (0, 1) me f(x) = α. Autì èrqetai se antÐfash me thn upìjesh ìti h f paÐrnei
mìno rhtèc timèc.

12. 'Estw f : (0, 1) → R suneq c sun�rthsh me thn ex c idiìthta: f(x) = x2 gia k�je

rhtì x ∈ (0, 1). Na brejeÐ to f
(√

2
2

)
. Aitiolog ste pl rwc thn ap�nths  sac.

Upìdeixh. DeÐqnoume ìti f(t) = t2 gia k�je t ∈ (0, 1). Eidikìtera, ja èqoume f
(√

2
2

)
=(√

2
2

)2 = 1
2 .

'Estw loipìn t ∈ (0, 1). Up�rqei akoloujÐa (qn) rht¸n sto (0, 1) me qn → t. AfoÔ
f(qn) = q2

n kai h f eÐnai suneq c sto t, h arq  thc metafor�c deÐqnei ìti

f(t) = lim
n→∞

f(qn) = lim
n→∞

q2
n = t2.
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13. 'Estw f : [0, 2] → R suneq c sun�rthsh me f(0) = f(2). DeÐxte ìti up�rqei x ∈ [0, 1]
me f(x + 1) = f(x).

Upìdeixh. OrÐzoume g : [0, 1] → R me g(x) = f(x)− f(x+1). H g eÐnai kal� orismènh kai
suneq c sto [0, 1]. Parathr ste ìti

g(0) = f(0)− f(1) = f(2)− f(1) = −g(1),

�ra g(0)g(1) ≤ 0. Apì to je¸rhma endi�meshc tim c up�rqei x ∈ [0, 1] ¸ste

f(x)− f(x + 1) = g(x) = 0.

14. Upojètoume ìti h f eÐnai suneq c sto [0, 1] kai f(0) = f(1). 'Estw n ∈ N. DeÐxte
ìti up�rqei x ∈

[
0, 1− 1

n

]
¸ste f(x) = f

(
x + 1

n

)
.

Upìdeixh. OrÐzoume g :
[
0, 1− 1

n

]
→ R me g(x) = f(x) − f

(
x + 1

n

)
. H g eÐnai kal�

orismènh kai suneq c sto
[
0, 1− 1

n

]
. Parathr ste ìti

g(0) + g

(
1
n

)
+ · · ·+ g

(
n− 1

n

)
= f(0)− f(1) = 0.

'Ara, up�rqoun κ, λ ∈ {0, 1, . . . , n − 1} ¸ste g
(

κ
n

)
≤ 0 kai g

(
λ
n

)
≥ 0. Apì to je¸rhma

endi�meshc tim c up�rqei x pou an kei sto kleistì di�sthma pou èqei �kra ta κ
n kai λ

n
kai ikanopoieÐ thn f(x)− f

(
x + 1

n

)
= g(x) = 0.

15. 'Estw f : [a, b] → R suneq c sun�rthsh kai x1, x2 ∈ [a, b]. DeÐxte ìti gia k�je
t ∈ [0, 1] up�rqei yt ∈ [a, b] ¸ste

f(yt) = tf(x1) + (1− t)f(x2).

Upìdeixh. H f eÐnai suneq c sto [a, b], �ra paÐrnei el�qisth tim  m kai mègisth tim  M
sto [a, b]. Gia i = 1, 2 èqoume m ≤ f(xi) ≤ M , �ra

m = tm + (1− t)m ≤ tf(x1) + (1− t)f(x2) ≤ tM + (1− t)M = M.

Apì to je¸rhma endi�meshc tim c up�rqei yt ∈ [a, b] me f(yt) = tf(x1) + (1− t)f(x2).

16. 'Estw f : [a, b] → R suneq c sun�rthsh, kai x1, x2, . . . , xn ∈ [a, b]. DeÐxte ìti
up�rqei y ∈ [a, b] ¸ste

f(y) =
f(x1) + f(x2) + · · ·+ f(xn)

n
.

Upìdeixh. H f eÐnai suneq c sto [a, b], �ra paÐrnei el�qisth tim  m kai mègisth tim  M
sto [a, b]. Gia k�je i = 1, . . . , n èqoume m ≤ f(xi) ≤ M , �ra

m ≤ α :=
f(x1) + · · ·+ f(xn)

n
≤ M.
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Apì to je¸rhma endi�meshc tim c up�rqei y ∈ [a, b] me f(y) = α.

17. 'Estw f : [a, b] → R suneq c sun�rthsh me f(x) > 0 gia k�je x ∈ [a, b]. DeÐxte ìti
up�rqei ξ > 0 ¸ste f(x) ≥ ξ gia k�je x ∈ [a, b].
IsqÔei to sumpèrasma an antikatast soume to di�sthma [a, b] me to di�sthma (a, b]?

Upìdeixh. H f paÐrnei el�qisth tim  f(x0) > 0 se k�poio x0 ∈ [a, b]. An jèsoume
ξ = f(x0), tìte ξ > 0 kai f(x) ≥ f(x0) = ξ gia k�je x ∈ [a, b].

An antikatast soume to [a, b] me to (a, b] tìte to sumpèrasma paÔei na isqÔei. Par�deigma:
h f : (0, 1] → R me f(x) = x eÐnai suneq c kai f(x) = x > 0 gia k�je x ∈ (0, 1]. 'Omwc,
inf{f(x) : x ∈ (0, 1]} = inf(0, 1] = 0. 'Ara, gia k�je ξ > 0 up�rqei x ∈ (0, 1] ¸ste
f(x) = x < ξ.

18. 'Estw f, g : [a, b] → R suneqeÐc sunart seic pou ikanopoioÔn thn f(x) > g(x) gia
k�je x ∈ [a, b]. DeÐxte ìti up�rqei ρ > 0 ¸ste f(x) > g(x) + ρ gia k�je x ∈ [a, b].

Upìdeixh. Jewr ste th suneq  sun�rthsh f − g : [a, b] → R. H f − g paÐrnei el�qisth
tim  m se k�poio y ∈ [a, b]. Apì thn upìjesh èqoume m = (f − g)(y) = f(y)− g(y) > 0.
An jèsoume ρ = m

2 , tìte ρ > 0 kai gia k�je x ∈ [a, b] èqoume f(x)− g(x) ≥ m > ρ.

19. 'Estw f : [a, b] → R suneq c se k�je shmeÐo tou [a, b]. Upojètoume ìti gia k�je
x ∈ [a, b] up�rqei y ∈ [a, b] ¸ste |f(y)| ≤ 1

2 |f(x)|. DeÐxte ìti up�rqei x0 ∈ [a, b] ¸ste
f(x0) = 0.

Upìdeixh. Upojètoume ìti h f den mhdenÐzetai sto [a, b]. Tìte, |f(t)| > 0 gia k�je
t ∈ [a, b]. H suneq c sun�rthsh |f | paÐrnei el�qisth tim  sto [a, b]. Dhlad , up�rqei
x ∈ [a, b] ¸ste

|f(t)| ≥ |f(x)| > 0 gia k�je t ∈ [a, b].

'Omwc, apì thn upìjesh, up�rqei y ∈ [a, b] ¸ste

0 < |f(y)| ≤ 1
2
|f(x)| ≤ 1

2
|f(y)|.

Dhlad , |f(y)| < 0, to opoÐo eÐnai �topo.

20. 'Estw f, g : [a, b] → R suneqeÐc sunart seic me f(x) < g(x) gia k�je x ∈ [a, b].
DeÐxte ìti max(f) < max(g).

Upìdeixh. JewroÔme t ∈ [a, b] me f(t) = max(f). Tìte,

max(f) = f(t) < g(t) ≤ max(g),

dhlad  max(f) < max(g).

21. 'Estw f, g : [a, b] → [c, d] suneqeÐc kai epÐ sunart seic. DeÐxte ìti up�rqei ξ ∈ [a, b]
¸ste f(ξ) = g(ξ).
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Upìdeixh. AfoÔ oi f, g eÐnai epÐ tou [c, d], up�rqoun x1, x2 ∈ [a, b] ¸ste f(x1) = d = g(x2).
Tìte, gia th sun�rthsh h = f − g èqoume

h(x1) = f(x1)− g(x1) = d− g(x1) ≥ 0

kai
h(x2) = f(x2)− g(x2) = f(x2)− d ≤ 0.

Apì thn h(x1)h(x2) ≤ 0 kai apì to je¸rhma endi�meshc tim c èpetai ìti up�rqei ξ ∈ [a, b]
¸ste h(ξ) = 0, dhlad  f(ξ) = g(ξ).

22. 'Estw α, β, γ > 0 kai λ < µ < ν. DeÐxte ìti h exÐswsh

α

x− λ
+

β

x− µ
+

γ

x− ν
= 0

èqei toul�qiston mÐa rÐza se kajèna apì ta diast mata (λ, µ) kai (µ, ν).

Upìdeixh. ArkeÐ na deÐxoume ìti h exÐswsh

g(x) = α(x− µ)(x− ν) + β(x− λ)(x− ν) + γ(x− λ)(x− µ) = 0

èqei toul�qiston mÐa rÐza se kajèna apì ta diast mata (λ, µ) kai (µ, ν). H g eÐnai suneq c
sto [λ, µ] kai sto [µ, ν]. ParathroÔme ìti

g(λ) = α(λ− µ)(λ− ν) > 0,

g(µ) = β(µ− λ)(µ− ν) < 0,

g(ν) = γ(ν − λ)(ν − µ) > 0.

Apì to je¸rhma endi�meshc tim c up�rqei ξ1 ∈ (λ, µ) ¸ste g(ξ1) = 0 kai up�rqei ξ2 ∈
(µ, ν) ¸ste g(ξ2) = 0.

Ask seic: ìria sunart sewn � Om�da A'

23. Qrhsimopoi¸ntac ton orismì tou orÐou, deÐxte ìti

lim
x→0

√
1 + x−

√
1− x

x
= 1 kai lim

x→+∞

√
x
(√

x + a−
√

x
)

=
a

2
, a ∈ R.

Upìdeixh. (a) 'Estw x ∈ (−1, 1). MporoÔme na gr�youme
√

1 + x−
√

1− x

x
− 1 =

2√
1 + x +

√
1− x

− 1

=
1√

1 + x +
√

1− x

((
1−

√
1 + x

)
+
(
1−

√
1− x

))
=

1√
1 + x +

√
1− x

(
−x

1 +
√

1 + x
+

x

1 +
√

1− x

)
.
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Parathr ste ìti
√

1 + x +
√

1− x > 1, 1 +
√

1 + x > 1 kai 1 +
√

1− x > 1. Sunep¸c,∣∣∣∣√1 + x−
√

1− x

x
− 1
∣∣∣∣ ≤ 1√

1 + x +
√

1− x

(
|x|

1 +
√

1 + x
+

|x|
1 +

√
1− x

)
≤ 2|x|.

'Estw ε > 0. An 0 < |x| < δ = ε/2 tìte
∣∣∣√1+x−

√
1−x

x − 1
∣∣∣ < ε. 'Ara, lim

x→0

√
1+x−

√
1−x

x =
1.

(b) 'Estw x > max{−a, 0}. MporoÔme na gr�youme

√
x
(√

x + a−
√

x
)
− a

2
=

a
√

x√
x + a +

√
x
− a

2

=
a

2(
√

x + a +
√

x)

(√
x−

√
x + a

)
= − a2

2(
√

x + a +
√

x)2
.

AfoÔ (
√

x + a +
√

x)2 > x, èqoume∣∣∣√x
(√

x + a−
√

x
)
− a

2

∣∣∣ ≤ a2

2x
.

'Estw ε > 0. An x > M = a2/(2ε) > 0 tìte
∣∣√x

(√
x + a−

√
x
)
− a

2

∣∣ < ε. 'Ara,

lim
x→+∞

√
x
(√

x + a−
√

x
)

=
a

2
.

24. Exet�ste an up�rqoun ta parak�tw ìria kai, an nai, upologÐste ta.

(a) lim
x→2

x3−8
x−2 , (b) lim

x→x0
[x], (g) lim

x→x0
(x− [x]).

Upìdeixh. (a) Parathr ste ìti x3−8
x−2 = x2 + 2x + 4 gia k�je x 6= 2. An (xn) eÐnai mia

akoloujÐa sto R me xn 6= 2 gia k�je n ∈ N kai xn → 2, tìte x2
n+2xn+4 → 22+2·2+4 =

12. Apì thn arq  thc metafor�c, lim
x→2

x3−8
x−2 = 12.

(b) An x0 /∈ Z, tìte [x0] < x0 < [x0] + 1, �ra up�rqei δ > 0 ¸ste [x0] < x0 − δ <
x0 + δ < [x0] + 1. Tìte, h f(x) = [x] eÐnai stajer  kai Ðsh me [x0] se mia perioq  tou
x0 (exhg ste giatÐ), �ra lim

x→x0
[x] = [x0]. An x0 ∈ Z, tìte gia k�je x ∈ (x0 − 1, x0)

èqoume f(x) = [x] = x0 − 1 en¸ gia k�je x ∈ (x0, x0 + 1) èqoume f(x) = [x] = x0. 'Ara,
lim

x→x−0

[x] = x0 − 1 6= x0 = lim
x→x+

0

[x]. 'Epetai ìti to lim
x→x0

[x] den up�rqei.
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(g) Apì to (b), an x0 /∈ Z tìte lim
x→x0

(x− [x]) = lim
x→x0

x− lim
x→x0

[x] = x0 − [x0]. An x0 ∈ Z
tìte to lim

x→x0
(x− [x]) den up�rqei, giatÐ tìte ja up rqe kai to lim

x→x0
[x] (exhg ste giatÐ).

25. 'Estw f : R → R me f(x) =
{

x an x rhtìc
−x an x �rrhtoc

. DeÐxte ìti lim
x→0

f(x) = 0 kai ìti

an x0 6= 0 tìte den up�rqei to lim
x→x0

f(x).

Upìdeixh. Qrhsimopoi¸ntac thn |f(x)| = |x| kai ton ε−δ orismì, deÐxte ìti lim
x→0

f(x) = 0.
Qrhsimopoi¸ntac thn puknìthta twn rht¸n kai twn arr twn deÐxte, me b�sh thn arq  thc
metafor�c, ìti an x0 6= 0 tìte den up�rqei to lim

x→x0
f(x).

26. Exet�ste an eÐnai suneqeÐc oi akìloujec sunart seic:

(a) f : R → R me f(x) =
{

sin x
x an x 6= 0
0 an x = 0

(b) fk : [−1, 0] → R me fk(x) =
{

xk sin 1
x an x 6= 0

0 an x = 0 (k = 0, 1, 2, . . .)

(g) f : R → R me f(x) =
{

1
x sin 1

x2 an x 6= 0
0 an x = 0

Upìdeixh. (a) GnwrÐzoume ìti sinx ≤ x ≤ tanx, �ra cos x ≤ sin x
x ≤ 1 gia x ∈ (0, π/2).

An (xn) eÐnai mia akoloujÐa jetik¸n arijm¸n me xn → 0, tìte cos xn → cos 0 = 1. Apì
to krit rio twn isosugklinous¸n akolouji¸n, f(xn) = sin xn

xn
→ 1 6= f(0). 'Ara, h f den

eÐnai suneq c sto shmeÐo x0 = 0. H f eÐnai suneq c se k�je x0 6= 0.
(b) H f eÐnai asuneq c sto 0 an k = 0: dokim�ste thn akoloujÐa xn = − 1

2πn+ π
2
. H f

eÐnai suneq c sto 0 an k ≥ 1: parathr ste ìti |f(x)| ≤ |x|k ≤ |x| gia k�je x ∈ [−1, 0].
(g) H f den eÐnai suneq c sto shmeÐo 0: gia thn akoloujÐa xn = 1√

2πn+ π
2
èqoume xn → 0

kai f(xn) =
√

2πn + π
2 → +∞. H f eÐnai suneq c se k�je x0 6= 0.

27. DeÐxte ìti an a, b > 0 tìte

lim
x→0+

x

a

[
b

x

]
=

b

a
kai lim

x→0+

b

x

[x
a

]
= 0.

Ti gÐnetai ìtan x → 0−?

Upìdeixh. (a) 'Estw x > 0. Parathr ste ìti b
x − 1 <

[
b
x

]
≤ b

x kai x
a > 0, �ra

b

a
− x

a
<

x

a

[
b

x

]
≤ b

a
.
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AfoÔ lim
x→0+

(
b
a −

x
a

)
= b

a , sumperaÐnoume ìti lim
x→0+

x
a

[
b
x

]
= b

a .

Gia to deÔtero ìrio, parathr ste ìti an 0 < x < a tìte
[

x
a

]
=0. 'Ara, b

x

[
x
a

]
= 0 gia

k�je x ∈ (0, a). 'Epetai ìti limx→0+
b
x

[
x
a

]
= 0.

(b)'Estw x < 0. Parathr ste ìti b
x − 1 <

[
b
x

]
≤ b

x kai x
a < 0, �ra

b

a
− x

a
>

x

a

[
b

x

]
≥ b

a
.

AfoÔ lim
x→0−

(
b
a −

x
a

)
= b

a , sumperaÐnoume ìti lim
x→0−

x
a

[
b
x

]
= b

a .

Gia to deÔtero ìrio, parathr ste ìti an −a < x < 0 tìte −1 < x
a < 0, �ra

[
x
a

]
= −1.

Sunep¸c, b
x

[
x
a

]
= − b

x gia k�je x ∈ (−a, 0). 'Epetai ìti limx→0−
b
x

[
x
a

]
= +∞.

28. 'Estw f : R → R me f(x) = 1 an x ∈
{

1
n : n ∈ N

}
kai 0 alli¸c. Exet�ste an up�rqei

to lim
x→0

f(x).

Upìdeixh. To ìrio den up�rqei. Oi akoloujÐec an = 1
n kai bn =

√
2

n sugklÐnoun sto 0.
'Eqoume f(an) = 1 → 1 kai f(bn) = 0 → 0. An up rqe to lim

x→0
f(x) = `, apì thn arq  thc

metafor�c ja eÐqame f(an) → ` kai f(bn) → `, dhlad  1 = ` = 0, to opoÐo eÐnai �topo.

29. 'Estw f, g : R → R dÔo sunart seic. Upojètoume ìti up�rqoun ta lim
x→x0

f(x), lim
x→x0

g(x).

(a) DeÐxte ìti an f(x) ≤ g(x) gia k�je x ∈ R, tìte lim
x→x0

f(x) ≤ lim
x→x0

g(x).

(b) D¸ste èna par�deigma ìpou f(x) < g(x) gia k�je x ∈ R en¸ lim
x→x0

f(x) = lim
x→x0

g(x).

Upìdeixh. (a) 'Estw ìti lim
x→x0

f(x) = α kai lim
x→x0

g(x) = β. Jewr ste tuqoÔsa akoloujÐa

(xn) sto R me xn 6= x0 gia k�je n ∈ N kai xn → x0. Tìte, f(xn) ≤ g(xn) gia k�je
n ∈ N, f(xn) → α kai g(xn) → β. 'Ara, α ≤ β.

(b) Jewr ste th sun�rthsh f pou orÐzetai apì thn f(x) = 0 kai th sun�rthsh g pou
orÐzetai apì tic g(x) = x2 an x 6= 0 kai g(0) = 5. Tìte, f(x) < g(x) gia k�je x ∈ R
all� lim

x→0
f(x) = lim

x→0
g(x) = 0 (exhg ste giatÐ).

30. 'Estw X ⊂ R, f, g : X → R dÔo sunart seic kai èstw x0 ∈ R èna shmeÐo
suss¸reushc tou X. Upojètoume ìti Ôp�rqei δ > 0 ¸ste h f na eÐnai fragmènh sto
(x0 − δ, x0 + δ) ∩X kai ìti lim

x→x0
g(x) = 0. DeÐxte ìti lim

x→x0
f(x)g(x) = 0.

Upìdeixh. Apì thn upìjesh up�rqoun δ > 0 kai M > 0 ¸ste: an x ∈ X kai |x− x0| < δ
tìte |f(x)| ≤ M . Jewr ste tuqoÔsa akoloujÐa (xn) sto X me xn 6= x0 gia k�je n ∈ N
kai xn → x0. Ja deÐxoume ìti f(xn)g(xn) → 0, opìte to zhtoÔmeno prokÔptei apì thn
arq  thc metafor�c.
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'Estw ε > 0. Apì thn upìjesh èqoume lim
n→∞

g(xn) = 0, �ra up�rqei n1(ε) ∈ N ¸ste

|g(xn)| < ε
M gia k�je n ≥ n1. AfoÔ xn → x0, up�rqei n2(δ) ∈ N ¸ste: |xn − x0| < δ

gia k�je n ≥ n2. 'Ara, |f(xn)| ≤ M gia k�je n ≥ n2. Jètoume n0 = max{n1, n2}. Tìte,
gia k�je n ≥ n0 èqoume

|f(xn)g(xn)| = |f(xn)| · |g(xn)| < M · ε

M
= ε.

To ε > 0  tan tuqìn, �ra f(xn)g(xn) → 0.

31. 'Estw f : R → R periodik  sun�rthsh me perÐodo T > 0. Upojètoume ìti up�rqei to
lim

x→+∞
f(x) = b ∈ R. DeÐxte ìti h f eÐnai stajer .

Upìdeixh. 'Estw x ∈ R. JewroÔme thn akoloujÐa xn = x + nT . Tìte, xn → +∞
kai f(xn) = f(x) gia k�je n ∈ N (exhg ste giatÐ). 'Ara, lim

n→∞
f(xn) = f(x). AfoÔ

lim
x→+∞

f(x) = b, apì thn arq  thc metafor�c paÐrnoume lim
n→∞

f(xn) = b. 'Ara f(x) = b.

To x ∈ R  tan tuqìn, �ra h f eÐnai stajer : f(x) = b gia k�je x ∈ R.

32. 'Estw P (x) = amxm + · · ·+ a1x + a0 polu¸numo me thn idiìthta a0am < 0. DeÐxte
ìti h exÐswsh P (x) = 0 èqei jetik  pragmatik  rÐza.

Upìdeixh. 'Estw x > 0. Gr�foume P (x) = amxm + · · · + a1x + a0 = amxm(1 + ∆(x))
ìpou

∆(x) =
am−1x

m−1 + · · ·+ a1x + a0

amxm
.

Parathr ste ìti
lim

x→∞
∆(x) = 0,

�ra up�rqei M > 0 ¸ste
1 + ∆(x) > 0

gia k�je x ≥ M . Eidikìtera, oi P (M) kai am èqoun to Ðdio prìshmo (exhg ste giatÐ).
Qrhsimopoi¸ntac kai thn P (0) = a0, blèpoume ìti o P (M)P (0) eÐnai omìshmoc me ton
a0am, dhlad  arnhtikìc. Apì to je¸rhma endi�meshc tim c up�rqei ρ ∈ (0,M) ¸ste
P (ρ) = 0.

33. 'Estw f : R → R suneq c kai fjÐnousa sun�rthsh. DeÐxte ìti h f èqei monadikì
stajerì shmeÐo: up�rqei akrib¸c ènac pragmatikìc arijmìc x0 gia ton opoÐo

f(x0) = x0.

Upìdeixh. AfoÔ h f eÐnai fjÐnousa, gia k�je x > 0 èqoume f(x) − x ≤ f(0) − x kai
lim

x→+∞
(f(0)− x) = −∞. 'Ara, up�rqei x1 > 0 ¸ste f(x1)− x1 < 0.
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'Omoia, gia k�je x < 0 èqoume f(x)− x ≥ f(0)− x kai lim
x→−∞

(f(0)− x) = +∞. 'Ara,

up�rqei x2 < 0 ¸ste f(x2)− x2 > 0.
AfoÔ h f eÐnai suneq c, eframìzontac to je¸rhma endi�meshc tim c gia thn f(x)− x

sto di�sthma [x2, x1] brÐskoume x0 ∈ (x2, x1) ¸ste f(x0)− x0 = 0, dhlad  f(x0) = x0.
Gia th monadikìthta, parathr ste ìti h sun�rthsh f(x)− x eÐnai gnhsÐwc fjÐnousa,

kai sunep¸c, èqei to polÔ mÐa rÐza.

34. 'Estw f : R → R suneq c sun�rthsh me f(x) > 0 gia k�je x ∈ R kai

lim
x→−∞

f(x) = lim
x→+∞

f(x) = 0.

DeÐxte ìti h f paÐrnei mègisth tim : up�rqei y ∈ R ¸ste f(y) ≥ f(x) gia k�je x ∈ R.

Upìdeixh. Jètoume ε = f(0) > 0. AfoÔ lim
x→+∞

f(x) = 0, up�rqei M > 0 ¸ste: gia k�je

x > M isqÔei 0 < f(x) < f(0). AfoÔ lim
x→−∞

f(x) = 0, up�rqei N > 0 ¸ste: gia k�je

x < −N isqÔei 0 < f(x) < f(0).
H f eÐnai suneq c sto kleistì di�sthma [−N,M ]. 'Ara, up�rqei y ∈ [−N,M ] me thn

idiìthta: gia k�je x ∈ [−N,M ] isqÔei f(x) ≤ f(y). Eidikìtera, afoÔ −N < 0 < M
èqoume f(0) ≤ f(y).

MporoÔme t¸ra eÔkola na doÔme ìti h f paÐrnei mègisth tim  sto shmeÐo y. Jewr ste
tuqìn x ∈ R kai diakrÐnete tic peript¸seic x < −N , x ∈ [−N,M ] kai x > M .

35. (a) 'Estw g : [0,+∞) → R suneq c sun�rthsh. An g(x) 6= 0 gia k�je x ≥ 0 deÐxte
ìti h g diathreÐ prìshmo:   g(x) > 0 gia k�je x ≥ 0   g(x) < 0 gia k�je x ≥ 0.
(b) 'Estw f : [0,+∞) → [0,+∞) suneq c sun�rthsh. An f(x) 6= x gia k�je x ≥ 0,
deÐxte ìti lim

x→+∞
f(x) = +∞.

Upìdeixh. (a) AfoÔ g(x) 6= 0 gia k�je x ≥ 0, an h g den diathreÐ prìshmo, ja up�r-
qoun x1, x2 ≥ 0 ¸ste g(x1) < 0 kai g(x2) > 0. 'Omwc tìte, efarmìzontac to je¸rhma
endi�meshc tim c mporoÔme na broÔme ξ an�mesa sta x1 kai x2 gia to opoÐo g(ξ) = 0.
'Etsi odhgoÔmaste se �topo (apì thn upìjesh èqoume g(ξ) 6= 0).
(b) JewroÔme th suneq  sun�rthsh g : [0,+∞) → R me g(x) = f(x) − x. Apì thn
upìjesh èqoume f(x) 6= 0 gia k�je x ≥ 0. Apì to (a), h g diathreÐ prìshmo. AfoÔ
g(0) = f(0) > 0, sumperaÐnoume ìti g(x) > 0 gia k�je x ≥ 0. Sunep¸c, f(x) > x gia
k�je x ≥ 0. 'Epetai ìti lim

x→+∞
f(x) = +∞.

36. Upojètoume ìti h f : [a,+∞) → R eÐnai suneq c kai ìti

lim
x→+∞

f(x) = +∞.

DeÐxte ìti h f paÐrnei el�qisth tim , dhlad  ìti up�rqei x0 ∈ [a,+∞) me f(x) ≥ f(x0)
gia k�je x ∈ [a,+∞).
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Upìdeixh. AfoÔ lim
x→+∞

f(x) = +∞, up�rqei M > a ¸ste f(x) > f(a) gia k�je x > M .

H f eÐnai suneq c sto kleistì di�sthma [a,M ], �ra up�rqei x0 ∈ [a,M ] ¸ste f(x0) ≤
f(x) gia k�je x ∈ [a,M ]. Tìte, èqoume epÐshc

f(x) > f(a) ≥ f(x0)

(h deÔterh anisìthta isqÔei diìti a ∈ [a,M ]).
'Epetai ìti f(x) ≥ f(x0) gia k�je x ∈ [a,+∞).

37. 'Estw f : R → R suneq c sun�rthsh. An lim
x→−∞

f(x) = α kai lim
x→+∞

f(x) = α, tìte

h f paÐrnei mègisth   el�qisth tim .

Upìdeixh. An h f eÐnai stajer  kai f(x) = α gia k�je x ∈ R, tìte h f paÐrnei profan¸c
mègisth kai el�qisth tim  (thn α). Alli¸c, eÐte up�rqei x1 ¸ste f(x1) > α   up�rqei x2

¸ste f(x2) < α (mporeÐ fusik� na sumbaÐnoun kai ta dÔo).
Me thn upìjesh ìti up�rqei x1 ¸ste f(x1) > α, ja deÐxoume ìti h f paÐrnei mègisth

tim . Jètoume ε = f(x1)−α > 0. AfoÔ lim
x→+∞

f(x) = α, up�rqei M > max{0, x1} ¸ste:
gia k�je x > M isqÔei f(x) < α + ε = f(x1). AfoÔ lim

x→−∞
f(x) = α, up�rqei N > 0

¸ste −N < x1 kai gia k�je x < −N na isqÔei f(x) < α + ε = f(x1). H f eÐnai suneq c
sto kleistì di�sthma [−N,M ]. 'Ara, up�rqei y ∈ [−N,M ] me thn idiìthta: gia k�je
x ∈ [−N,M ] isqÔei f(x) ≤ f(y). Eidikìtera, afoÔ −N < x1 < M èqoume f(x1) ≤ f(y).
MporoÔme t¸ra eÔkola na doÔme ìti h f paÐrnei mègisth tim  sto shmeÐo y. Jewr ste
tuqìn x ∈ R kai diakrÐnete tic peript¸seic x < −N , x ∈ [−N,M ] kai x > M .

Me thn upìjesh ìti up�rqei x2 ¸ste f(x2) < α, deÐxte ìti h f paÐrnei el�qisth tim .

38. 'Estw f : R → R suneq c sun�rthsh me lim
x→−∞

f(x) = −∞ kai lim
x→+∞

f(x) = +∞.

DeÐxte ìti f(R) = R.

Upìdeixh. O egkleismìc f(R) ⊆ R eÐnai profan c. Ja deÐxoume ìti gia k�je y ∈ R
up�rqei x ∈ R ¸ste y = f(x), opìte R ⊆ f(R).

'Estw y ∈ R. AfoÔ lim
x→−∞

f(x) = −∞, up�rqei x1 ∈ R ¸ste x1 < 0 kai f(x1) < y

(exhg ste giatÐ). AfoÔ lim
x→+∞

f(x) = +∞, up�rqei x2 ∈ R ¸ste x2 > 0 kai f(x2) > y

(exhg ste giatÐ). AfoÔ f(x1) < y < f(x2) kai h f eÐnai suneq c sto [x1, x2], apì to
je¸rhma endi�meshc tim c up�rqei x ∈ (x1, x2) ¸ste f(x) = y.

39. 'Estw f : (α, β) → R sun�rthsh gnhsÐwc aÔxousa kai suneq c. DeÐxte ìti

f((α, β)) = ( lim
x→α+

f(x), lim
x→β−

f(x)).

Upìdeixh. AfoÔ h f : (α, β) → R eÐnai suneq c, gnwrÐzoume ìti to f((α, β)) eÐnai èna
di�sthma J to opoÐo perièqei to (γ, δ), ìpou γ = inf

α<x<β
f(x) kai δ = sup

α<x<β
f(x).
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DeÐxte pr¸ta ìti lim
x→α+

f(x) = γ kai lim
x→β−

f(x) = δ. Gia par�deigma, h pr¸th isìthta

èpetai apì ta ex c:

1. An α < x < β tìte f(x) ≥ γ, �ra lim
x→α+

f(x) ≥ γ.

2. An α < y < β, tìte gia k�je x ∈ (α, y) èqoume f(x) < f(y), �ra lim
x→α+

f(x) ≤ f(y).

Dhlad , to lim
x→α+

f(x) eÐnai k�tw fr�gma tou {f(y) : α < y < β}, opìte lim
x→α+

f(x) ≤ γ.

Mènei na deÐxoume ìti to f((α, β)) den perièqei ta γ kai δ (an aut� eÐnai peperasmèna).
Autì ìmwc eÐnai sunèpeia tou ìti h f eÐnai gnhsÐwc aÔxousa: gia par�deigma, an γ = f(x)
gia k�poio x ∈ (α, β) tìte paÐrnontac tuqìn α < z < x ja eÐqame f(z) < f(x) = γ, pou
eÐnai �topo afoÔ o γ eÐnai k�tw fr�gma tou f((α, β)).

Ask seic: sunèqeia kai ìria sunart sewn � Om�da B'

40. An α ∈ R, h sun�rthsh f : R → R me f(x) = αx profan¸c ikanopoieÐ thn
f(x + y) = f(x) + f(y) gia k�je x, y ∈ R.

AntÐstrofa, deÐxte ìti an f : R → R eÐnai mia suneq c sun�rthsh me f(1) = α, h
opoÐa ikanopoieÐ thn f(x + y) = f(x) + f(y) gia k�je x, y ∈ R, tìte:

(a) f(n) = nα gia k�je n ∈ N.

(b) f( 1
m ) = α

m gia k�je m = 1, 2, . . ..

(g) f(x) = αx gia k�je x ∈ R.

Upìdeixh. 'Eqoume upojèsei ìti h f ikanopoieÐ thn f(x + y) = f(x) + f(y) gia k�je
x, y ∈ R. PaÐrnontac x = y = 0 mporeÐte na elègxete ìti f(0) = 0. Katìpin, gia dosmèno
x ∈ R, paÐrnontac y = −x mporeÐte na elègxete ìti f(−x) = −f(x).
(a) Qrhsimopoi¸ntac epagwg  deÐqnoume ìti

(∗) f(x1 + · · ·+ xm) = f(x1) + · · ·+ f(xm)

gia k�je m ∈ N kai gia k�je x1, . . . , xm ∈ R. PaÐrnontac m = n kai x1 = · · · = xn = 1
blèpoume ìti f(n) = nα.

(b) P�rte x1 = · · · = xm = 1
m sthn (∗).

(g) Jewr ste pr¸ta q ∈ Q, q > 0. Gr�yte ton q sth morf  ±
(

1
n + · · · + 1

n

)
� gia

kat�llhlo pl joc prosjetèwn � kai qrhsimopoi ste to (b) gia na deÐxete ìti f(q) = αq.
An q < 0 to zhtoÔmeno èpetai apì thn f(−x) = −f(x).

'Estw t¸ra x ∈ R. JewroÔme akoloujÐa rht¸n arijm¸n qn → x. AfoÔ h f eÐnai
suneq c, apì thn arq  thc metafor�c paÐrnoume

f(x) = lim
n→∞

f(qn) = lim
n→∞

(αqn) = αx.
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41. Melet ste wc proc th sunèqeia th sun�rthsh f : [0, 1] → R me

f(x) =


0 , x /∈ Q   x = 0

1
q , x = p

q , p, q ∈ N, MKD(p, q) = 1.

Upìdeixh. DeÐqnoume pr¸ta ìti an o x ∈ (0, 1] eÐnai rhtìc, opìte gr�fetai sth morf 
x = p

q ìpou p, q ∈ N me MKD(p, q) = 1, tìte h f eÐnai asuneq c sto shmeÐo x. Pr�gmati,

up�rqei akoloujÐa arr twn arijm¸n αn ∈ [0, 1] me αn → x. Tìte, f(αn) = 0 → 0 6= 1
q =

f(x), kai to sumpèrasma èpetai apì thn arq  thc metafor�c.
'Estw t¸ra ìti o x ∈ [0, 1] eÐnai �rrhtoc kai èstw ε > 0. Jètoume M = M(ε) =

[
1
ε

]
kai A(ε) = {y ∈ [0, 1] : f(y) ≥ ε}. An o y an kei sto A(ε) tìte eÐnai rhtìc o opoÐoc
gr�fetai sth morf  x = p

q ìpou p, q ∈ N, p ≤ q kai f(y) = 1
q ≥ ε. To pl joc aut¸n twn

arijm¸n eÐnai to polÔ Ðso me to pl joc twn zeugari¸n (p, q) fusik¸n arijm¸n ìpou q ≤ M
kai p ≤ q. Epomènwc, den xepern�ei ton M(M +1)/2. Dhlad , to A(ε) eÐnai peperasmèno
sÔnolo. MporoÔme loipìn na gr�youme A(ε) = {y1, . . . , ym} ìpou m = m(ε) ∈ N.

AfoÔ o x eÐnai �rrhtoc, o x den an kei sto A(ε). 'Ara, o arijmìc δ = min{|x −
y1|, . . . , |x − ym|} eÐnai gn sia jetikìc. 'Estw z ∈ [0, 1] me |z − x| < δ. Tìte, z /∈ A(ε)
�ra f(z) < ε. AfoÔ f(x) = 0, èpetai ìti 0 ≤ f(z) = f(z) − f(x) < ε. To ε > 0  tan
tuqìn, �ra h f eÐnai suneq c sto shmeÐo x.

Tèloc, deÐxte ìti h f eÐnai suneq c sto shmeÐo 0.

42. 'Estw f : R → R. Upojètoume ìti h f eÐnai suneq c sto 0 kai ìti f(x/2) = f(x) gia
k�je x ∈ R. DeÐxte ìti h f eÐnai stajer .

Upìdeixh. 'Estw x 6= 0. Qrhsimopoi¸ntac thn upìjesh (kai me epagwg ) deÐqnoume ìti

f(x) = f(x/2) = f(x/22) = · · · = f(x/2n)

gia k�je n ∈ N. 'Eqoume x
2n → 0 kai h f eÐnai suneq c sto 0. Apì thn arq  thc metafor�c,

f(x/2n) → f(0). AfoÔ f(x) = f(x/2n) gia k�je n ∈ N, h akoloujÐa (f(x/2n)) eÐnai
stajer , me ìlouc touc ìrouc thc Ðsouc me f(x). 'Epetai ìti f(x) = f(0) kai, afoÔ to
x 6= 0  tan tuqìn, h f eÐnai stajer .

43. 'Estw f : R → R suneq c sun�rthsh me f( m
2n ) = 0 gia k�je m ∈ Z kai n ∈ N.

DeÐxte ìti f(x) = 0 gia k�je x ∈ R.

Upìdeixh. 'Estw x ∈ R. Gia k�je n ∈ N, o akèraioc mn = [2nx] ikanopoieÐ thn mn ≤
2nx < mn + 1. 'Ara,

mn

2n
≤ 2nx

2n
= x <

mn + 1
2n

=
mn

2n
+

1
2n

.

Dhlad , x = lim
n→∞

mn

2n . Apì thn arq  thc metafor�c,

f(x) = lim
n→∞

f
(mn

2n

)
= lim

n→∞
0 = 0.
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44. 'Estw f : R → R suneq c sun�rthsh me thn idiìthta f(x) = f
(
x + 1

n

)
gia k�je

x ∈ R kai k�je n ∈ N. DeÐxte ìti h f eÐnai stajer .

Upìdeixh. Apì thn upìjesh èpetai ìti f(0) = f
(

m
n

)
gia k�je m ∈ Z kai k�je n ∈ N

(exhg ste giatÐ). 'Estw x ∈ R. An mn(x) = [nx], tìte mn(x) ∈ Z kai mn(x) ≤ nx <
mn(x) + 1. 'Ara,

mn(x)
n

≤ x <
mn(x)

n
+

1
n

.

Parathr ste ìti f
(

mn(x)
n

)
= f(0) gia k�je n ∈ N kai ìti x = lim

n→∞
mn(x)

n . Apì th

sunèqeia thc f sto shmeÐo x sumperaÐnoume ìti

f(x) = lim
n→∞

f

(
mn(x)

n

)
= f(0).

To x  tan tuqìn, �ra h f eÐnai stajer .

45. 'Estw f : [a, b] → R suneq c sun�rthsh. OrÐzoume A = {x ∈ [a, b] : f(x) = 0}. An
A 6= ∅, deÐxte ìti supA ∈ A kai inf A ∈ A.

Upìdeixh. GnwrÐzoume ìti up�rqei akoloujÐa (xn) sto A me xn → supA. H f eÐnai
suneq c, �ra f(xn) → f(supA) apì thn arq  thc metafor�c. 'Omwc xn ∈ A, �ra
f(xn) = 0 gia k�je n ∈ N. 'Epetai ìti f(supA) = 0, dhlad  supA ∈ A.

Me parìmoio trìpo deÐqnoume ìti inf A ∈ A.

46. 'Estw a ∈ [0, π]. OrÐzoume akoloujÐa me a1 = a kai an+1 = sin(an). DeÐxte ìti
an → 0.

Upìdeixh. DeÐqnoume pr¸ta me epagwg  ìti an ∈ [0, π] gia k�je n ≥ 1. Tìte, apì
thn anisìthta 0 ≤ sinx ≤ x pou isqÔei gia x ∈ [0, π], èqoume ìti, gia k�je n ≥ 1,
an+1 = sin(an) ≤ an. Dhlad , h (an) eÐnai fjÐnousa kai k�tw fragmènh apì to 0.
'Epetai ìti h (an) sugklÐnei se k�poio x ∈ [0, π]. Apì thn anadromik  sqèsh blèpoume
ìti, afoÔ an+1 → x kai sin(an) → sinx, to x ikanopoieÐ thn exÐswsh sinx = x. AfoÔ
x ∈ [0, π], anagkastik� isqÔei x = 0 (exhg ste giatÐ). Dhlad , an → 0.

47. 'Estw f : [0, 1] → R suneq c sun�rthsh. Upojètoume ìti up�rqoun xn ∈ [0, 1] ¸ste
f(xn) → 0. Tìte, up�rqei x0 ∈ [0, 1] ¸ste f(x0) = 0.

Upìdeixh. Upojètoume ìti h f den mhdenÐzetai sto [a, b]. DeÐxte ìti up�rqei ε > 0 ¸ste
|f(x)| ≥ ε gia k�je x ∈ [a, b] (qrhsimopoi ste to gegonìc ìti h |f | paÐrnei el�qisth tim ).
Apì thn upìjesh ìmwc, up�rqei akoloujÐa (xn) sto [0, 1] ¸ste f(xn) → 0. Gia ìlouc
telik� touc n ∈ N prèpei na isqÔei |f(xn)| < ε, to opoÐo odhgeÐ se �topo.

48. 'Estw f : R → R suneq c periodik  sun�rthsh me perÐodo T > 0: dhlad , f(x+T ) =
f(x) gia k�je x ∈ R. DeÐxte ìti up�rqei x ∈ R ¸ste f(x) = f(x +

√
2).
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Upìdeixh. H f paÐrnei mègisth kai el�qisth tim  sto kleistì di�sthma [0, T ]. Dhlad ,
up�rqoun x1, x2 ∈ [0, T ] ¸ste f(x1) ≤ f(x) ≤ f(x2) gia k�je x ∈ [0, T ]. AfoÔ h f eÐnai
periodik  me perÐodo T , mporoÔme na elègxoume ìti h anisìthta

f(x1) ≤ f(x) ≤ f(x2)

isqÔei gia k�je x ∈ R (qrhsimopoi ste to gegonìc ìti, gia k�je x ∈ R up�rqei k ∈ Z
¸ste x + kT ∈ [0, T ], kai apì thn periodikìthta thc f , f(x) = f(x + kT )).

JewroÔme th sun�rthsh g : R → R me g(x) = f(x) − f(x +
√

2). Tìte, g(x1) =
f(x1) − f(x1 +

√
2) ≤ 0 kai g(x2) = f(x2) − f(x2 +

√
2) ≥ 0. Qrhsimopoi¸ntac to

je¸rhma endi�meshc tim c, brÐskoume x an�mesa sta x1 kai x2 ¸ste g(x) = 0, dhlad 
f(x) = f(x +

√
2).

49. 'Estw f : [0,+∞) → R suneq c sun�rthsh. Upojètoume ìti up�rqoun a < b kai
akoloujÐec (xn), (yn) sto [0,+∞) me xn → +∞, yn → +∞ kai f(xn) → a, f(yn) → b.
DeÐxte ìti: gia k�je c ∈ (a, b) up�rqei akoloujÐa (zn) sto [0,+∞) me zn → +∞ kai
f(zn) → c.

Upìdeixh. 'Estw c ∈ (a, b). AfoÔ xn → +∞, yn → +∞ kai f(xn) → a, f(yn) → b,
mporoÔme na broÔme gnhsÐwc aÔxousa akoloujÐa fusik¸n (kn) ¸ste:

(∗) xkn
> n, ykn

> n kai f(xkn
) < c < f(ykn

).

DeÐxte to epagwgik�. Gia to epagwgikì b ma parathr ste ìti ìloi telik� oi ìroi twn
(xm), (ym) ikanopoioÔn kajemi� apì tic xm > n + 1, ym > n + 1, f(xm) < c < f(ym)
(exhg ste giatÐ) �ra up�rqei kn+1 > kn ¸ste na isqÔoun ìlec mazÐ gia touc xkn+1 , ykn+1 .

Efarmìzontac to je¸rhma endi�meshc tim c, brÐskoume zn an�mesa sta xkn
kai ykn

¸ste f(zn) = c. Epiplèon, afoÔ xkn , ykn > n, èqoume zn > n. Sunep¸c, zn → +∞ kai
f(zn) = c → c.

50. 'Estw f : (a, b) → R kai x0 ∈ (a, b). DeÐxte ìti h f eÐnai suneq c sto x0 an
kai mìno an gia k�je monìtonh akoloujÐa (xn) shmeÐwn tou (a, b) me xn → x0 isqÔei
f(xn) → f(x0).

Upìdeixh. (⇐) Ac upojèsoume ìti h f den eÐnai suneq c sto x0. Up�rqei ε > 0 ¸ste:
gia k�je n ∈ N mporoÔme na broÔme monìtonh akoloujÐa yn ∈ (a, b) ¸ste yn → x0 kai
|f(yn)−f(x0)| ≥ ε. Autì dikaiologeÐtai wc ex c: an èqoume brei ton xn, parathroÔme ìti
anagkastik� xn 6= x0 kai epilègoume xn+1 ¸ste |xn+1−x0| < |xn−x0|, |xn+1−x0| < 1

n+1
kai |f(xn+1) − f(xn)| ≥ ε. Tìte, h akoloujÐa (|xn − x0|) eÐnai gnhsÐwc fjÐnousa kai
sugklÐnei sto 0. An �peiroi ìroi thc (xn) eÐnai mikrìteroi apì ton x0, h akoloujÐa
(yn) aut¸n twn ìrwn eÐnai gnhsÐwc aÔxousa kai sugklÐnei sto x0, opìte ikanopoieÐ ton
isqurismì. An ìqi, up�rqoun �peiroi ìroi thc (xn) pou eÐnai megalÔteroi apì ton x0 kai
h akoloujÐa pou sqhmatÐzoun eÐnai gnhsÐwc fjÐnousa kai sugklÐnei ston x0.

Tèloc, apì thn |f(yn)− f(x0)| ≥ ε èqoume f(yn) 6→ f(x0). Autì eÐnai �topo apì thn
upìjesh.
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H kateÔjunsh (⇒) prokÔptei �mesa apì thn arq  thc metafor�c.

51. (a) 'Estw f : (a,+∞) → R. An lim
n→∞

f (a + tn) = L gia k�je gnhsÐwc fjÐnousa

akoloujÐa (tn) me tn → 0, tìte lim
x→a+

f(x) = L.

(b) Swstì   l�joc? 'Estw f : (a,+∞) → R. An lim
n→∞

f
(
a + 1

n

)
= L tìte lim

x→a+
f(x) = L.

Upìdeixh. (a) Me apagwg  se �topo: an den isqÔei h lim
x→a+

f(x) = L, tìte up�rqei

ε > 0 me thn ex c idiìthta: gia k�je δ > 0 up�rqei x ∈ (a,+∞) me a < x < a + δ
kai |f(x) − L| ≥ ε. Efarmìzontac to parap�nw me δ = 1 brÐskoume x1 ∈ (a,+∞) me
a < x1 < a + 1 kai |f(x1)−L| ≥ ε. Efarmìzontac to parap�nw me δ = min{1/2, x1 − a}
brÐskoume x2 < x1 me a < x2 < a+ 1

2 kai |f(x2)−L| ≥ ε. SuneqÐzontac me ton Ðdio trìpo,
orÐzoume gnhsÐwc fjÐnousa akoloujÐa tn = xn − a me tn → 0 kai |f(a + tn) − L| ≥ ε.
Autì eÐnai �topo.

(b) L�joc. Jewr ste th sun�rthsh f : (0,+∞) → R pou paÐrnei thn tim  1 sta shmeÐa
1, 1

2 , . . . , 1
n , . . . kai thn tim  0 se ìla ta �lla shmeÐa. To lim

n→∞
f(1/n) = 1, ìmwc to

lim
x→0+

f(x) den up�rqei.

52. 'Estw f : [a, b] → R gnhsÐwc aÔxousa sun�rthsh. Upojètoume ìti h f eÐnai suneq c
se k�poio x0 ∈ (a, b). DeÐxte ìti to f(x0) eÐnai shmeÐo suss¸reushc tou f([a, b]).

Upìdeixh. JewroÔme gnhsÐwc aÔxousa akoloujÐa (xn) sto (a, b) me xn → x0. Tètoia
akoloujÐa up�rqei, diìti to x0 eÐnai eswterikì shmeÐo tou (a, b). AfoÔ h f eÐnai gnhsÐwc
aÔxousa, èqoume f(xn) < f(x0) gia k�je n ∈ N, kai afoÔ h f eÐnai suneq c sto x0, h arq 
thc metafor�c deÐqnei ìti f(xn) → f(x0). H akoloujÐa (f(xn)) èqei ìrouc sto f([a, b]),
ìloi thc oi ìroi eÐnai diaforetikoÐ apì to f(x0) kai f(xn) → f(x0). Apì ton akoloujiakì
qarakthrismì tou shmeÐou suss¸reushc sunìlou, to f(x0) eÐnai shmeÐo suss¸reushc tou
f([a, b]).

53. 'Estw f : R → R suneq c sun�rthsh me thn idiìthta |f(x) − f(y)| ≥ |x − y| gia
k�je x, y ∈ R. DeÐxte ìti h f eÐnai epÐ.

Upìdeixh. Apì thn upìjesh, an f(x) = f(y) èqoume 0 = |f(x) − f(y)| ≥ |x − y|, �ra
x = y. Dhlad , h f eÐnai 1-1. 'Epetai ìti h f eÐnai gnhsÐwc monìtonh.

QwrÐc periorismì thc genikìthtac upojètoume ìti h f eÐnai gnhsÐwc aÔxousa. Tìte,
an x > 0 èqoume f(x)− f(0) = |f(x)− f(0)| ≥ x, dhlad 

f(x) ≥ f(0) + x, x > 0.

'Omoia, an x < 0 èqoume f(0)− f(x) = |f(x)− f(0)| ≥ |x| = −x, dhlad 

f(x) ≤ f(0) + x, x < 0.
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Apì tic parap�nw sqèseic èpetai ìti

lim
x→+∞

f(x) = +∞ kai lim
x→−∞

f(x) = −∞.

Sthn 'Askhsh 38 deÐxame ìti autì èqei wc sunèpeia to ìti h f eÐnai epÐ.

54. 'Estw f, g : [0, 1] → [0, 1] suneqeÐc sunart seic. Upojètoume ìti h f eÐnai aÔxousa
kai g ◦f = f ◦g. DeÐxte ìti oi f kai g èqoun koinì stajerì shmeÐo: up�rqei y ∈ [0, 1] ¸ste
f(y) = y kai g(y) = y. Upìdeixh: Xèroume ìti up�rqei x1 ∈ [0, 1] me g(x1) = x1. An
isqÔei kai h f(x1) = x1, èqoume telei¸sei. An ìqi, jewr ste thn akoloujÐa xn+1 = f(xn),
deÐxte ìti eÐnai monìtonh kai ìti ìloi oi ìroi thc eÐnai stajer� shmeÐa thc g. To ìriì thc
ja eÐnai koinì stajerì shmeÐo twn f kai g (giatÐ?).

Upìdeixh. Apì to je¸rhma stajeroÔ shmeÐou (deÐte kai thn 'Askhsh 8) gnwrÐzoume ìti
up�rqei x1 ∈ [0, 1] ¸ste g(x1) = x1. OrÐzoume anadromik� mia akoloujÐa (xn) sto [0, 1]
jètontac xn+1 = f(xn) gia k�je n ∈ N. Parathr ste ìti g(xn) = xn gia k�je n ∈ N.
Pr�gmati, autì isqÔei gia n = 1 kai an g(xm) = xm tìte, qrhsimopoi¸ntac thn f◦g = g◦f
èqoume

g(xm+1) = g(f(xm)) = (g ◦ f)(xm) = (f ◦ g)(xm) = f(g(xm)) = f(xm) = xm+1.

An gia k�poio n ∈ N èqoume f(xn) = xn tìte to xn eÐnai koinì stajerì shmeÐo twn f kai
g.

Upojètoume loipìn ìti xn+1 = f(xn) 6= xn gia k�je n ∈ N. Eidikìtera, x2 = f(x1) 6=
x1. QwrÐc periorismì thc genikìthtac upojètoume ìti x2 > x1 (an x2 < x1 douleÔoume
me ton Ðdio trìpo). Tìte, x3 = f(x2) > f(x1) = x2 (giatÐ h f eÐnai aÔxousa kai èqoume
upojèsei ìti xn+1 6= xn gia k�je n). Epagwgik� deÐqnoume ìti h (xn) eÐnai gnhsÐwc
aÔxousa. AfoÔ xn ≤ 1 gia k�je n ∈ N, èpetai ìti xn → x0 gia k�poio x0 ∈ [0, 1]. H
sunèqeia thc f sto x0 deÐqnei ìti

f(x0) = lim
n→∞

f(xn) = lim
n→∞

xn+1 = x0.

Apì thn �llh pleur�, h sunèqeia thc g sto x0 deÐqnei ìti

g(x0) = lim
n→∞

g(xn) = lim
n→∞

xn = x0.

'Ara, to x0 eÐnai koinì stajerì shmeÐo twn f kai g.

55. 'Estw f : [a, b] → R me thn ex c idiìthta: gia k�je x0 ∈ [a, b] up�rqei to lim
x→x0

f(x).

Tìte, h f eÐnai fragmènh.

Upìdeixh. Apì thn upìjesh, gia k�je x0 ∈ [a, b] up�rqei to lim
x→x0

f(x). 'Ara, up�rqoun

δx0 > 0 kai Mx0 > 0 ¸ste |f(x)| ≤ Mx0 gia k�je x ∈ (x0 − δx0 , x + δx−0) ∩ [a, b]
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(efarmìste ton orismì tou orÐou me ε = 1). T¸ra, mporeÐte na mimhjeÐte thn apìdeixh
tou Jewr matoc 4.2.1.

Gia tic epìmenec dÔo ask seic dÐnoume ton ex c orismì: 'Estw f : X → R. Lème ìti h f
èqei topikì mègisto (antÐstoiqa, topikì el�qisto) sto x0 ∈ X an up�rqei δ > 0 ¸ste gia
k�je x ∈ X ∩ (x0−δ, x0 +δ) isqÔei h anisìthta f(x) ≤ f(x0) (antÐstoiqa, f(x0) ≤ f(x)).

56. 'Estw f : [a, b] → R suneq c. Upojètoume ìti h f den èqei topikì mègisto   el�qisto
se kanèna shmeÐo tou (a, b). DeÐxte ìti h f eÐnai monìtonh sto (a, b).

Upìdeixh. DeÐqnoume pr¸ta ìti an [c, d] ⊆ [a, b] kai c < x < d tìte to f(x) an kei
sto kleistì di�sthma pou èqei �kra ta f(c) kai f(d). Gia to skopì autì, mporoÔme na
upojèsoume ìti f(c) ≤ f(d) (sthn antÐjeth perÐptwsh, douleÔoume an�loga). H f paÐrnei
mègisth tim  sto [c, d] se k�poio shmeÐo x0. An f(x0) > f(d) tìte c < x0 < d, �ra up�rqei
δ > 0 ¸ste (x0−δ, x0+δ) ⊂ [c, d]. Tìte, gia k�je x ∈ (x0−δ, x0+δ) èqoume f(x) ≤ f(x0),
dhlad  h f èqei topikì mègisto sto x0. Autì eÐnai �topo, �ra h mègisth tim  thc f sto
[c, d] eÐnai h f(d). 'Omoia, h f paÐrnei el�qisth tim  sto [c, d] se k�poio shmeÐo x1. An
f(x1) < f(c) tìte c < x1 < d, �ra up�rqei δ > 0 ¸ste (x1 − δ, x1 + δ) ⊂ [c, d]. Tìte,
gia k�je x ∈ (x1 − δ, x1 + δ) èqoume f(x) ≥ f(x1), dhlad  h f èqei topikì el�qisto sto
x1. Autì eÐnai �topo, �ra h el�qisth tim  thc f sto [c, d] eÐnai h f(c). Dhlad , gia k�je
x ∈ [c, d] èqoume

(∗) f(c) ≤ f(x) ≤ f(d).

T¸ra mporoÔme na deÐxoume ìti h f eÐnai monìtonh. MporoÔme na upojèsoume ìti f(a) ≤
f(b) (sthn antÐjeth perÐptwsh, douleÔoume an�loga). Ja deÐxoume ìti h f eÐnai aÔxousa.
'Estw a < x < y < b. Efarmìzontac thn (∗) gia thn tri�da a, x, b èqoume f(a) ≤ f(x) ≤
f(b). Efarmìzontac thn (∗) gia thn tri�da x, y, b èqoume f(x) ≤ f(y) ≤ f(b). 'Ara,
gia k�je x < y sto (a, b) èqoume f(x) ≤ f(y). 'Epetai ìti h f eÐnai aÔxousa sto [a, b].
MporoÔme m�lista na doÔme ìti h f eÐnai gnhsÐwc aÔxousa. An up rqan x < y sto [a, b]
me f(x) = f(y) tìte h f ja  tan stajer  sto [x, y]. 'Omwc tìte, h f ja eÐqe topikì
mègisto kai topikì el�qisto se k�je z ∈ (x, y).

57. 'Estw f : [a, b] → R suneq c sun�rthsh. An h f èqei topikì mègisto se dÔo
diaforetik� shmeÐa x1, x2 tou [a, b], tìte up�rqei x3 an�mesa sta x1, x2 sto opoÐo h f èqei
topikì el�qisto.

Upìdeixh. Upojètoume ìti h f èqei topikì mègisto se dÔo shmeÐa x1 < x2 tou [a, b]. H
f eÐnai suneq c sto [x1, x2], �ra up�rqei x3 ∈ [x1, x2] me thn idiìthta: f(x3) ≤ f(x) gia
k�je x ∈ [x1, x2]. DiakrÐnoume treic peript¸seic:

(a) x1 < x3 < x2: Tìte, an p�roume δ = min{x3−x1, x2−x3} > 0 èqoume (x3−δ, x3+δ) ⊂
[x1, x2] ⊆ [a, b] kai f(x3) ≤ f(x) gia k�je x ∈ (x3 − δ, x3 + δ). 'Ara, h f èqei topikì
el�qisto sto x3.
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(b) x1 = x3: Tìte, up�rqei 0 < δ1 < x2 − x1 ¸ste f(x) ≤ f(x3) = f(x1) gia k�je
x1 < x < x1 + δ1 (giatÐ h f èqei topikì mègisto sto x1) kai up�rqei 0 < δ2 < x2 − x1

¸ste f(x) ≥ f(x3) = f(x1) gia k�je x1 < x < x1 + δ2 (giatÐ h f èqei topikì el�qisto
sto x3 = x1). 'Epetai ìti: an jèsoume δ = min{δ1, δ2} > 0 tìte h f eÐnai stajer  sto
(x1, x1 + δ). 'Ara, h f èqei topikì el�qisto se k�je shmeÐo tou (x1, x1 + δ).
(g) x2 = x3: 'Omoia me to (b).





Kef�laio 5

Par�gwgoc

Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn
ap�nths  sac).

1. An h f eÐnai paragwgÐsimh sto (a, b), tìte h f eÐnai suneq c sto (a, b).

Swstì. 'Estw x ∈ (a, b). Apì thn upìjesh, h f eÐnai paragwgÐsimh sto x, �ra eÐnai
suneq c sto x.

2. An h f eÐnai paragwgÐsimh sto x0 = 0 kai an f(0) = f ′(0) = 0, tìte lim
n→∞

nf(1/n) = 0.

Swstì. AfoÔ f(0) = f ′(0) = 0, èqoume

0 = f ′(0) = lim
x→0

f(x)− f(0)
x

= lim
x→0

f(x)
x

.

Apì thn arq  thc metafor�c gia to ìrio, an xn 6= 0 kai xn → 0, tìte lim
n→∞

f(xn)
xn

= 0.

Jewr¸ntac thn akoloujÐa xn = 1
n → 0, paÐrnoume lim

n→∞
nf(1/n) = lim

n→∞
f(1/n)

1/n = 0.

3. An h f eÐnai paragwgÐsimh sto [a, b] kai paÐrnei th mègisth tim  thc sto x0 = a, tìte
f ′(a) = 0.

L�joc. Jewr ste th sun�rthsh f : [0, 1] → R me f(x) = 1− x. H f eÐnai paragwgÐsimh
sto [0, 1] kai paÐrnei th mègisth tim  thc sto x0 = 0, ìmwc f ′(x) = −1 gia k�je x ∈ [0, 1],
�ra f ′(0) = −1 6= 0.

4. An f ′(x) ≥ 0 gia k�je x ∈ [0,∞) kai f(0) = 0, tìte f(x) ≥ 0 gia k�je x ∈ [0,∞).
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Swstì. 'Estw x > 0. Efarmìzoume to je¸rhma mèshc tim c sto [0, x]: up�rqei ξx ∈ (0, x)
¸ste

f(x) = f(x)− f(0) = xf ′(ξx).

AfoÔ x > 0 kai f ′(ξx) ≥ 0, sumperaÐnoume ìti f(x) ≥ 0.
Gia x = 0, èqoume f(x) = f(0) = 0.

5. An h f eÐnai dÔo forèc paragwgÐsimh sto [0, 2] kai f(0) = f(1) = f(2) = 0, tìte
up�rqei x0 ∈ (0, 2) ¸ste f ′′(x0) = 0.

Swstì. Efarmìzontac to je¸rhma Rolle gia thn f sta [0, 1] kai [1, 2], brÐskoume y1 ∈
(0, 1) me f ′(y1) = 0 kai y2 ∈ (1, 2) me f ′(y2) = 0. Efarmìzontac p�li to je¸rhma Rolle gia
thn f ′ sto [y1, y2], brÐskoume x0 ∈ (y1, y2) me f ′′(x0) = 0. Tèloc, 0 < y1 < x0 < y2 < 2,
dhlad  x0 ∈ (0, 2).

6. 'Estw f : (a, b) → R kai èstw x0 ∈ (a, b). An h f eÐnai suneq c sto x0, paragwgÐsimh
se k�je x ∈ (a, b) \ {x0} kai an up�rqei to lim

x→x0
f ′(x) = ` ∈ R, tìte f ′(x0) = `.

Swstì. ArkeÐ na deÐxoume ìti lim
x→x0

f(x)−f(x0)
x−x0

= `. 'Estw ε > 0. AfoÔ lim
x→x0

f ′(x) =

` ∈ R, up�rqei δ > 0 ¸ste: an 0 < |y − x0| < δ, tìte |f ′(y) − `| < ε. 'Estw x ∈ (a, b)
me x0 < x < x0 + δ. Apì tic upojèseic mac èpetai ìti f eÐnai suneq c sto [x0, x]
kai paragwgÐsimh sto (x0, x), opìte, efarmìzontac to je¸rhma mèshc tim c sto [x0, x],
brÐskoume yx ∈ (x0, x) ¸ste f(x)−f(x0)

x−x0
= f ′(yx). 'Omwc, 0 < |yx − x0| < |x − x0| < δ,

�ra |f ′(yx)− `| < ε. Sunep¸c,

(∗)
∣∣∣∣f(x)− f(x0)

x− x0
− `

∣∣∣∣ = |f ′(yx)− `| < ε.

AfoÔ to ε > 0  tan tuqìn kai h (∗) isqÔei gia k�je x ∈ (x0, x0 + δ), sumperaÐnoume ìti
lim

x→x+
0

f(x)−f(x0)
x−x0

= `. Me ton Ðdio trìpo deÐqnoume ìti to ìrio apì arister� isoÔtai me `,

�ra h f eÐnai paragwgÐsimh sto x0, kai f ′(x0) = `.

7. An h f : R → R eÐnai paragwgÐsimh sto 0, tìte up�rqei δ > 0 ¸ste h f na eÐnai
suneq c sto (−δ, δ).

L�joc. JewroÔme th sun�rthsh f : R → R me f(x) = x2 an x ∈ Q kai f(x) = −x2

an x /∈ Q. H f eÐnai asuneq c se k�je x 6= 0, �ra den up�rqei δ > 0 ¸ste h f na eÐnai
suneq c sto (−δ, δ). 'Omwc, h f eÐnai paragwgÐsimh sto 0: èqoume∣∣∣∣f(x)− f(0)

x

∣∣∣∣ = |f(x)|
|x|

=
|x2|
|x|

= |x| → 0 ìtan x → 0,

�ra f ′(0) = 0.
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8. An h f eÐnai paragwgÐsimh sto x0 ∈ R kai f ′(x0) > 0, tìte up�rqei δ > 0 ¸ste h f na
eÐnai gnhsÐwc aÔxousa sto (x0 − δ, x0 + δ).

L�joc. JewroÔme th sun�rthsh f : R → R me f(x) = x
2 +x2 cos 1

x an x 6= 0 kai f(0) = 0.
H f eÐnai paragwgÐsimh sto 0 kai f ′(0) = 1

2 > 0 (exhg ste giatÐ). Ac upojèsoume ìti gia
k�poio δ > 0, h f eÐnai aÔxousa sto (0, δ). Tìte, f ′(x) ≥ 0 gia k�je x ∈ (0, δ). Dhlad ,
1
2 + 2x cos 1

x − sin 1
x ≥ 0 gia k�je x ∈ (0, δ). Epilègoume n ∈ N arket� meg�lo ¸ste

xn = 1
2πn+π/2 < δ kai parathroÔme ìti f ′(xn) = 1

2 + 2
2πn+π/2 cos(2πn+π/2)− sin(2πn+

π/2) = − 1
2 < 0, �topo.

Ask seic � Om�da A'

1. UpologÐste tic parag ģouc (sta shmeÐa pou up�rqoun) twn parak�tw sunart sewn:

f(x) =
1− x2

1 + x2
, g(x) = 3

√
1 +

1
x

, h(x) =

√
1 + x

1− x
.

2. UpologÐste tic parag ģouc (sta shmeÐa pou up�rqoun) twn parak�tw sunart sewn:

f(x) = sin
(
(x + 1)2(x + 2)

)
, g(x) =

sin(x2) sin2 x

1 + sin x
, h(x) = sin

(cos x

x

)
.

3. Exet�ste an oi sunart seic f, g, h eÐnai paragwgÐsimec sto 0.
(a) f(x) = x an x /∈ Q kai f(x) = 0 an x ∈ Q.

(b) g(x) = 0 an x /∈ Q kai g(x) = x2 an x ∈ Q.

(g) h(x) = sin x an x /∈ Q kai h(x) = x an x ∈ Q.

Upìdeixh. (a) JewroÔme th sun�rthsh f1(x) = f(x)−f(0)
x = f(x)

x , x 6= 0. 'Eqoume
f1(x) = 1 an x /∈ Q kai f1(x) = 0 an x ∈ Q. H f eÐnai paragwgÐsimh sto 0 an kai mìno
an up�rqei to limx→0 f1(x).

'Omwc autì to ìrio den up�rqei: an (qn) eÐnai mia akoloujÐa rht¸n arijm¸n ¸ste
qn 6= 0 kai qn → 0, tìte f1(qn) = 0 → 0. An (αn) eÐnai mia akoloujÐa arr twn arijm¸n
¸ste αn → 0, tìte f1(αn) = 1 → 1. AfoÔ limn→∞ f(qn) 6= limn→∞ f(αn), apì thn arq 
thc metafor�c blèpoume ìti to limx→0 f1(x) den up�rqei. 'Ara, h f den eÐnai paragwgÐsimh
sto 0.

(b) JewroÔme th sun�rthsh g1(x) = g(x)−g(0)
x = g(x)

x , x 6= 0. 'Eqoume g1(x) = 0 an
x /∈ Q kai g1(x) = x an x ∈ Q. H g eÐnai paragwgÐsimh sto 0 an kai mìno an up�rqei to
limx→0 g1(x).

Ja deÐxoume ìti limx→0 g1(x) = 0. 'Estw ε > 0. ParathroÔme ìti

|g1(x)| ≤ |x|
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gia k�je x 6= 0. Pr�gmati, an x /∈ Q èqoume |g1(x)| = 0 ≤ |x|, en¸ an x ∈ Q èqoume
|g1(x)| = |x|.

Epilègoume δ = ε. Tìte, an 0 < |x| < δ èqoume |g1(x)| ≤ |x| < δ = ε. AfoÔ to ε > 0
 tan tuqìn, limx→0 g1(x) = 0.

'Ara, h g eÐnai paragwgÐsimh sto 0, kai g′(0) = limx→0
g(x)−g(0)

x = limx→0 g1(x) = 0.

(g) JewroÔme th sun�rthsh h1(x) = h(x)−h(0)
x = h(x)

x , x 6= 0. 'Eqoume h1(x) = sin x
x an

x /∈ Q kai h1(x) = 1 an x ∈ Q. H h eÐnai paragwgÐsimh sto 0 an kai mìno an up�rqei to
limx→0 h1(x).

Ja deÐxoume ìti limx→0 h1(x) = 1. 'Estw ε > 0. GnwrÐzoume ìti limx→0
sin x

x = 1, �ra
up�rqei δ > 0 ¸ste: an x ∈ R kai 0 < |x| < δ, tìte

∣∣ sin x
x − 1

∣∣ < ε. Ja deÐxoume ìti:

an x ∈ R kai 0 < |x| < δ, tìte |h1(x)− 1| < ε.

Pr�gmati, an x /∈ Q èqoume |h1(x)− 1| =
∣∣ sin x

x − 1
∣∣ < ε, en¸ an x ∈ Q èqoume |h1(x)−

1| = |1− 1| = 0 < ε.
AfoÔ to ε > 0  tan tuqìn, limx→0 h1(x) = 0. 'Ara, h h eÐnai paragwgÐsimh sto 0, kai

h′(0) = limx→0
h(x)−h(0)

x = limx→0 h1(x) = 0.

4. Exet�ste an oi sunart seic f, g, h eÐnai paragwgÐsimec sto R. An eÐnai, exet�ste an h
par�gwgìc touc eÐnai suneq c sto R.
(a) f(x) = sin

(
1
x

)
an x 6= 0, kai f(0) = 0.

(b) g(x) = x sin
(

1
x

)
an x 6= 0, kai g(0) = 0.

(g) h(x) = x2 sin
(

1
x

)
an x 6= 0, kai h(0) = 0.

Upìdeixh. (a) H f eÐnai paragwgÐsimh se k�je x 6= 0 kai f ′(x) = − 1
x2 cos

(
1
x

)
. Gia thn

par�gwgo sto 0 exet�zoume an up�rqei to ìrio thc

f(x)− f(0)
x

=
f(x)

x
=

1
x

sin
(

1
x

)
kaj¸c to x → 0. An orÐsoume xn = 1

2πn+ π
2
, tìte xn → 0 all� f(xn)

xn
= 2πn + π

2 → +∞.

'Ara, h f den paragwgÐzetai sto 0.

(b) H g eÐnai paragwgÐsimh se k�je x 6= 0 kai g′(x) = sin
(

1
x

)
− 1

x cos
(

1
x

)
. Gia thn

par�gwgo sto 0 exet�zoume an up�rqei to ìrio thc

g(x)− g(0)
x

=
g(x)
x

= sin
(

1
x

)
kaj¸c to x → 0. An orÐsoume xn = 1

2πn+ π
2
, tìte xn → 0 kai g(xn)

xn
= 1 → 1. An orÐsoume

xn = 1
2πn , tìte xn → 0 kai g(xn)

xn
= 0 → 0. 'Epetai ìti to lim

x→0

g(x)−g(0)
x den up�rqei, �ra

h g den paragwgÐzetai sto 0.
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(g) H h eÐnai paragwgÐsimh se k�je x 6= 0 kai h′(x) = 2x sin
(

1
x

)
− cos

(
1
x

)
. Gia thn

par�gwgo sto 0 exet�zoume an up�rqei to ìrio thc

h(x)− h(0)
x

=
h(x)

x
= x sin

(
1
x

)
kaj¸c to x → 0. Parathr ste ìti

∣∣x sin
(

1
x

)∣∣ ≤ |x|. An loipìn mac d¸soun ε > 0 tìte,
epilègontac δ = ε > 0 èqoume

0 < |x| < δ ⇒
∣∣∣∣h(x)− h(0)

x
− 0
∣∣∣∣ ≤ |x| < ε.

Dhlad , h h paragwgÐzetai sto 0, kai h′(0) = 0. H h′ eÐnai suneq c se k�je x 6= 0, den
eÐnai ìmwc suneq c sto 0: gia na to deÐxete, parathr ste ìti den up�rqei to lim

x→0
cos
(

1
x

)
.

5. DeÐxte ìti h sun�rthsh f : R → R me f(x) = sin x
x an x 6= 0 kai f(0) = 1 eÐnai

paragwgÐsimh se k�je x0 ∈ R. Exet�ste an h f ′ : R → R eÐnai suneq c sun�rthsh.

Upìdeixh. An x 6= 0, tìte

f ′(x) =
x cos x− sinx

x2
.

Gia thn par�gwgo sto 0, jewroÔme th sun�rthsh

f1(x) =
f(x)− f(0)

x
=

sin x
x − 1

x
= −x− sinx

x2
, x 6= 0.

Ja deÐxoume ìti limx→0+ f1(x) = 0. AfoÔ h f1 eÐnai peritt , èpetai ìti

lim
x→0−

f1(x) = − lim
x→0+

f1(x) = 0,

�ra
f ′(0) = lim

x→0
f1(x) = 0.

Qrhsimopoi¸ntac thn sinx < x < sin x
cos x gia 0 < x < π/2, paÐrnoume

0 <
x− sinx

x2
<

sinx

x

1
cos x − 1

x
=

sinx

x

1
cos x

1− cos x

x

=
sinx

x

1
cos x

2 sin2 x
2

x
=

sinx

x

1
cos x

(
sin(x/2)

x/2

)2
x

2
→ 1 · 1 · 12 · 0 = 0

ìtan x → 0. Apì to krit rio parembol c èpetai ìti limx→0+ f1(x) = 0.

H f ′ eÐnai suneq c se k�je x 6= 0. Gia na deÐxoume ìti f ′ eÐnai suneq c sto 0 arkeÐ
na deÐxoume ìti limx→0

x cos x−sin x
x2 = 0. Qrhsimopoi¸ntac thn sinx < x < sin x

cos x gia
0 < x < π/2, paÐrnoume

0 >
x cos x− sinx

x2
> − sinx

1− cos x

x2
.
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ParathroÔme ìti

sinx · 1− cos x

x2
=
(

sin(x/2)
x/2

)2 sinx

2
→ 0

ìtan x → 0. Apì to krit rio parembol c èpetai ìti limx→0+ f ′(x) = 0. H f ′ eÐnai peritt ,
�ra limx→0 f ′(x) = 0 = f ′(0). Dhlad , h f ′ eÐnai suneq c sto R.

6. BreÐte (an up�rqoun) ta shmeÐa sta opoÐa eÐnai paragwgÐsimh h sun�rthsh f : (0, 1) →
R me

f(x) =
{

0 , x /∈ Q   x = 0
1
q , x = p

q , p, q ∈ N, MKD (p, q) = 1

Upìdeixh. An x ∈ Q ∩ (0, 1) tìte h f eÐnai asuneq c sto x, �ra den up�rqei h f ′(x).
'Estw x ∈ (0, 1) o opoÐoc eÐnai �rrhtoc. H f eÐnai suneq c sto x, kai f(x) = 0.

Upojètoume ìti h f eÐnai paragwgÐsimh sto x kai ja katal xoume se �topo. 'Estw (αn)
akoloujÐa arr twn arijm¸n sto (0, 1), ¸ste αn 6= x kai αn → x. Tìte, apì thn arq 
thc metafor�c,

f ′(x) = lim
n→∞

f(αn)− f(x)
αn − x

= lim
n→∞

0− 0
αn − x

= lim
n→∞

0 = 0.

BrÐskoume n0 ∈ N ¸ste 1
n < x < 1 − 1

n gia k�je n ≥ n0 (exhg ste giatÐ). Gia k�je

n ≥ n0, up�rqei monadikìc mn ∈ N ¸ste mn

n < x < mn+1
n < 1. Parathr ste ìti

f
(mn

n

)
≥ 1

n
kai f

(
mn + 1

n

)
≥ 1

n
.

EpÐshc, toul�qiston ènac apì touc mn+1
n − x, x− mn

n eÐnai mikrìteroc   Ðsoc apì 1
2n (to

�jroism� touc eÐnai Ðso me 1
n ). 'Ara, jètontac xn = mn

n   xn = mn+1
n , èqoume xn 6= x,

xn → x kai ∣∣∣∣f(xn)− f(x)
xn − x

∣∣∣∣ = ∣∣∣∣ f(xn)
xn − x

∣∣∣∣ ≥ 1
n
· 1
|xn − x|

≥ 1
n
· (2n) = 2.

Tìte, apì thn arq  thc metafor�c,

0 = |f ′(x)| = lim
n→∞

∣∣∣∣f(xn)− f(x)
xn − x

∣∣∣∣ ≥ 2,

to opoÐo eÐnai �topo.

7. 'Estw f : R → R me f(0) = 3 kai f ′(x) = sin2(sin(x+1)) gia k�je x ∈ R. UpologÐste
thn (f−1)′(3).
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8. 'Estw f : R → R me f(x) = x3 + 2x + 1. UpologÐste thn (f−1)′(y) sta shmeÐa f(0),
f(1) kai f(−1).

9. 'Estw f : (a, b) → R kai a < x0 < b. Upojètoume ìti up�rqei ρ > 0 ¸ste |f(x) −
f(x0)| ≤ M |x− x0|ρ gia k�je x ∈ (a, b).

(a) DeÐxte ìti h f eÐnai suneq c sto x0.

(b) An ρ > 1, deÐxte ìti h f eÐnai paragwgÐsimh sto x0. Poi� eÐnai h tim  thc f ′(x0)?

(g) D¸ste par�deigma ìpou ρ = 1 all� h f den eÐnai paragwgÐsimh sto x0.

Upìdeixh. (a) 'Estw ε > 0. Epilègoume δ =
(

ε
M

)1/ρ
> 0. An x ∈ (a, b) kai |x− x0| < δ,

tìte

|f(x)− f(x0)|ρ ≤ M |x− x0|ρ < Mδρ = ε.

To ε > 0  tan tuqìn, �ra h f eÐnai suneq c sto x0.

(b) 'Estw x ∈ (a, b) me x 6= x0. Parathr ste ìti∣∣∣∣f(x)− f(x0)
x− x0

− 0
∣∣∣∣ = |f(x)− f(x0)|

|x− x0|
≤ M |x− x0|ρ−1.

AfoÔ ρ > 1, èqoume lim
x→x0

|x− x0|ρ−1 = 0. 'Epetai ìti f ′(0) = 0.

(g) Jewr ste th sun�rthsh f : (−1, 1) → R pou orÐzetai apì thn f(x) = |x|. Tìte,
|f(x)− f(0)| = |x− 0| gia k�je x ∈ (−1, 1). 'Omwc, h f den eÐnai paragwgÐsimh sto 0.

10. D¸ste par�deigma sun�rthshc f : (0, 1) → R h opoÐa:

(a) eÐnai suneq c sto (0, 1) all� den eÐnai paragwgÐsimh sto shmeÐo x0 = 1
2 .

(b) eÐnai suneq c sto (0, 1) all� den eÐnai paragwgÐsimh sta shmeÐa xn = 1
n , n ≥ 2.

Upìdeixh. (a) Jewr ste th sun�rthsh f : (0, 1) → R me f(x) = x an 0 < x < 1/2 kai
f(x) = 1− x an 1/2 ≤ x < 1.

(b) OrÐste thn f se k�je di�sthma thc morf c
(

1
n+1/2 , 1

n−1/2

)
mimoÔmenoi to (a): h f na

paÐrnei thn tim  0 sta 1
n+1/2 , 1

n−1/2 , thn tim  1 sto shmeÐo 1
n , kai na eÐnai grammik  sta

dÔo diast mata
(

1
n+1/2 , 1

n

)
kai

(
1
n , 1

n−1/2

)
.

11. D¸ste par�deigma sun�rthshc f : R → R me tic ex c idiìthtec:

(a) f(−1) = 0, f(2) = 1 kai f ′(1) > 0.

(b) f(−1) = 0, f(2) = 1 kai f ′(1) < 0.

(g) f(0) = 0, f(3) = 1, f ′(1) = 0 kai h f eÐnai gnhsÐwc aÔxousa sto [0, 3].

(d) f(m) = 0 kai f ′(m) = (−1)m gia k�je m ∈ Z, |f(x)| ≤ 1
2 gia k�je x ∈ R.
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Upìdeixh. (a) f(−1) = 0, f(2) = 1 kai f ′(1) > 0: Jewr ste thn f : R → R me
f(x) = x+1

3 (th grammik  sun�rthsh me f(−1) = 0 kai f(2) = 1). 'Eqoume f ′(x) = 1
3 > 0

gia k�je x ∈ R, �ra, f ′(1) > 0.

(b) f(−1) = 0, f(2) = 1 kai f ′(1) < 0: Jewr ste sun�rthsh thc morf c f(x) =
ax2 + bx + c. Zht�me: f(−1) = a− b + c = 0 kai f(2) = 4a + 2b + c = 1, �ra c = 1

3 − 2a
kai b = 1

3 − a. EpÐshc, f ′(x) = 2ax + b, �ra

f ′(1) = 2a + b = a +
1
3

< 0 an a < −1
3
.

T¸ra, mporoÔme na epilèxoume: a = − 2
3 , b = 1, c = 5

3 . Elègxte ìti h sun�rthsh
f(x) = − 2

3x2 + x + 5
3 ikanopoieÐ to zhtoÔmeno.

(g) f(0) = 0, f(3) = 1, f ′(1) = 0 kai h f eÐnai gnhsÐwc aÔxousa sto [0, 3]: To tupikì
par�deigma gnhsÐwc aÔxousac paragwgÐsimhc sun�rthshc pou h par�gwgìc thc mhdenÐze-
tai se èna shmeÐo eÐnai h g(x) = x3. Jewr ste sun�rthsh thc morf c f(x) = a(x−1)3+b.
Zht�me: f(0) = −a + b = 0, �ra b = a. EpÐshc, f(3) = 8a + a = 1, �ra a = 1

9 . Elègxte

ìti h sun�rthsh f(x) = (x−1)3+1
9 ikanopoieÐ to zhtoÔmeno.

(d) f(m) = 0 kai f ′(m) = (−1)m gia k�je m ∈ Z, |f(x)| ≤ 1
2 gia k�je x ∈ R:

Jewr ste th sun�rthsh f(x) = a sin(πx). Tìte, f(m) = 0 gia k�je m ∈ Z kai
f ′(m) = πa cos(πm) = (−1)mπa gia k�je m ∈ Z. Prèpei loipìn na epilèxoume a = 1

π
¸ste na ikanopoioÔntai oi dÔo pr¸tec sunj kec. Tìte,

|f(x)| =
∣∣∣∣ 1π sin(πx)

∣∣∣∣ ≤ 1
π
≤ 1

2

gia k�je x ∈ R, afoÔ π > 2. Dhlad , ikanopoieÐtai kai h trÐth sunj kh.

12. 'Estw f, g : R → R kai èstw x0 ∈ R. Upojètoume ìti: f(x0) = 0, h f eÐnai
paragwgÐsimh sto x0 kai h g eÐnai suneq c sto x0. DeÐxte ìti h sun�rthsh ginìmeno f · g
eÐnai paragwgÐsimh sto x0.

Upìdeixh. Gia x 6= x0 gr�foume

f(x)g(x)− f(x0)g(x0)
x− x0

=
f(x)g(x)
x− x0

=
f(x)

x− x0
g(x) =

f(x)− f(x0)
x− x0

g(x),

qrhsimopoi¸ntac thn upìjesh ìti f(x0) = 0. AfoÔ h f eÐnai paragwgÐsimh sto x0 kai h
g eÐnai suneq c sto x0, sumperaÐnoume ìti

f(x)g(x)− f(x0)g(x0)
x− x0

→ f ′(x0)g(x0)

ìtan x → x0, sunep¸c h f · g eÐnai paragwgÐsimh sto x0 kai (f · g)′(x0) = f ′(x0)g(x0).
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13. Gia kajemÐa apì tic parak�tw sunart seic breÐte th mègisth kai thn el�qisth tim 
thc sto di�sthma pou upodeiknÔetai.

(a) f(x) = x3 − x2 − 8x + 1 sto [−2, 2].
(b) f(x) = x5 + x + 1 sto [−1, 1].
(g) f(x) = x3 − 3x sto [−1, 2].

Upìdeixh. (a) f(x) = x3 − x2 − 8x + 1 sto [−2, 2]. H f eÐnai paragwgÐsimh sto (−2, 2)
kai f ′(x) = 3x2 − 2x − 8. Oi rÐzec thc parag¸gou eÐnai: x1 = 2 kai x2 = − 4

3 . 'Ara, to
monadikì krÐsimo shmeÐo thc f sto (−2, 2) eÐnai to x2. UpologÐzoume tic timèc

f(−2) = 5, f(2) = −11, f(−4/3) = 203/27.

'Epetai ìti max(f) = 203/27 kai min(f) = −11.

(b) f(x) = x5 + x + 1 sto [−1, 1]. H f eÐnai paragwgÐsimh sto (−1, 1) kai f ′(x) =
5x4 + 1 > 0, dhlad  h f den èqei krÐsima shmeÐa. UpologÐzoume tic timèc f(−1) = −1 kai
f(1) = 3. 'Epetai ìti max(f) = 3 kai min(f) = −1.

(g) f(x) = x3 − 3x sto [−1, 2]. H f eÐnai paragwgÐsimh sto (−1, 2), me par�gwgo
f ′(x) = 3x2 − 3. Ta shmeÐa sta opoÐa mhdenÐzetai h par�gwgoc eÐnai ta x1 = −1 kai
x2 = 1. 'Ara, to monadikì krÐsimo shmeÐo thc f sto (−1, 2) eÐnai to x2. UpologÐzoume tic
timèc

f(−1) = 2, f(1) = −2, f(2) = 2.

'Epetai ìti max(f) = 2 kai min(f) = −2.

14. DeÐxte ìti h exÐswsh:

(a) 4ax3 + 3bx2 + 2cx = a + b + c èqei toul�qiston mÐa rÐza sto (0, 1).
(b) 6x4 − 7x + 1 = 0 èqei to polÔ dÔo pragmatikèc rÐzec.

(g) x3 + 9x2 + 33x− 8 = 0 èqei akrib¸c mÐa pragmatik  rÐza.

Upìdeixh. (a) H exÐswsh 4ax3 + 3bx2 + 2cx = a + b + c èqei toul�qiston mÐa rÐza sto
(0, 1). Jewr ste th sun�rthsh f : [0, 1] → R me f(x) = ax4 + bx3 + cx2 − ax− bx− cx.
Parathr ste ìti f(0) = f(1) = 0. Efarmìzontac to je¸rhma Rolle brÐskoume mia rÐza
thc exÐswshc sto (0, 1).

(b) H exÐswsh 6x4 − 7x + 1 = 0 èqei to polÔ dÔo pragmatikèc rÐzec. JewroÔme th
sun�rthsh f(x) = 6x4 − 7x + 1. Ac upojèsoume ìti up�rqoun x1 < x2 < x3 ¸ste
f(x1) = f(x2) = f(x3) = 0 (dhlad , ìti h exÐswsh èqei perissìterec apì dÔo pragmatikèc
rÐzec). Efarmìzontac to je¸rhma Rolle gia thn f sta [x1, x2] kai [x2, x3], brÐskoume
x1 < y1 < x2 < y2 < x3 ¸ste f ′(y1) = f ′(y2) = 0. Dhlad , h exÐswsh f ′(x) = 0 èqei
toul�qiston dÔo (diaforetikèc) pragmatikèc rÐzec. 'Omwc, f ′(x) = 24x3 − 7 = 0 an kai
mìno an x = 3

√
7/24, dhlad  h f ′(x) = 0 èqei akrib¸c mÐa pragmatik  rÐza. Katal xame

se �topo, �ra h arqik  exÐswsh èqei to polÔ dÔo pragmatikèc rÐzec.
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(g) H exÐswsh x3 + 9x2 + 33x − 8 = 0 èqei akrib¸c mÐa pragmatik  rÐza. JewroÔme th
sun�rthsh f(x) = x3 + 9x2 + 33x − 8. AfoÔ f(0) = −8 < 0 kai f(1) = 35 > 0, apì
to je¸rhma endi�meshc tim c sumperaÐnoume ìti h exÐswsh f(x) = 0 èqei toul�qiston mÐa
rÐza sto (0, 1).

An upojèsoume ìti h f(x) = 0 èqei dÔo diaforetikèc pragmatikèc rÐzec, tìte h f ′(x) =
0 èqei toul�qiston mÐa pragmatik  rÐza (je¸rhma Rolle). 'Omwc, f ′(x) = 3x2+18x+33 =
3(x2 + 6x + 11) > 0 gia k�je x ∈ R (elègxte ìti h diakrÐnousa tou triwnÔmou eÐnai
arnhtik ). Autì eÐnai �topo, �ra h f(x) = 0 èqei to polÔ mÐa pragmatik  rÐza.

Apì ta parap�nw, h f(x) = 0 èqei akrib¸c mÐa pragmatik  rÐza.

15. DeÐxte ìti h exÐswsh xn + ax + b = 0 èqei to polÔ dÔo pragmatikèc rÐzec an o n eÐnai
�rtioc kai to polÔ treic pragmatikèc rÐzec an o n eÐnai perittìc.

Upìdeixh. JewroÔme thn f(x) = xn + ax + b kai upojètoume pr¸ta ìti o n ≥ 4 eÐnai
�rtioc (gia n = 2 den èqoume tÐpota na deÐxoume). 'Estw ìti h f(x) = 0 èqei treÐc
diaforetikèc pragmatikèc rÐzec. Apì to je¸rhma Rolle, h f ′(x) = nxn−1 + a = 0 èqei
toul�qiston dÔo diaforetikèc pragmatikèc rÐzec. Autì eÐnai �topo: o n−1 eÐnai perittìc,
�ra nxn−1 + a = 0 an kai mìno an x = n−1

√
−a/n (monadik  pragmatik  rÐza).

'Estw t¸ra ìti o n ≥ 3 eÐnai perittìc. Tìte, o n− 1 eÐnai �rtioc kai h nxn−1 + a = 0
èqei to polÔ dÔo rÐzec: tic ± n−1

√
−a/n an a < 0, thn x = 0 an a = 0, kamÐa an a > 0.

'Ara, h f(x) = 0 èqei to polÔ treÐc pragmatikèc rÐzec (exhg ste giatÐ, qrhsimopoi¸ntac
to je¸rhma Rolle).

16. 'Estw a1 < · · · < an sto R kai èstw f(x) = (x − a1) · · · (x − an). DeÐxte ìti h
exÐswsh f ′(x) = 0 èqei akrib¸c n− 1 lÔseic.

Upìdeixh. An upojèsoume ìti h f ′(x) = 0 èqei n diaforetikèc pragmatikèc rÐzec, tìte
efarmìzontac to je¸rhma Rolle blèpoume ìti h f ′′(x) = 0 èqei n− 1 diaforetikèc prag-
matikèc rÐzec, kai, suneqÐzontac me ton Ðdio trìpo, ìti h f (n)(x) = 0 èqei (toul�qiston)
mÐa pragmatik  rÐza. 'Omwc, f (n)(x) = n! 6= 0 gia k�je x ∈ R, kai katal goume se �topo.

'Ara, h f ′(x) = 0 èqei to polÔ (n− 1) pragmatikèc rÐzec. ParathroÔme t¸ra ìti: gia
k�je i = 1, . . . , n − 1 èqoume f(ai) = f(ai+1) = 0, opìte to je¸rhma Rolle deÐqnei ìti
up�rqei yi ∈ (ai, ai+1) ¸ste f ′(yi) = 0. Ta y1, . . . , yn−1 eÐnai diaforetik� an� dÔo giatÐ ta
(ai, ai+1) eÐnai xèna an� dÔo (diadoqik�) diast mata. 'Ara, h f ′(x) = 0 èqei toul�qiston
n− 1 pragmatikèc rÐzec.

Sundu�zontac ta parap�nw, sumperaÐnoume ìti h f ′(x) = 0 èqei akrib¸c n− 1 prag-
matikèc rÐzec.

17. Sqedi�ste tic grafikèc parast�seic twn sunart sewn

f(x) = x +
1
x

, f(x) = x +
3
x2

, f(x) =
x2

x2 − 1
, f(x) =

1
1 + x2

jewr¸ntac san pedÐo orismoÔ touc to megalÔtero uposÔnolo tou R sto opoÐo mporoÔn na
oristoÔn.
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18. (a) DeÐxte ìti: apì ìla ta orjog¸nia parallhlìgramma me stajer  diag¸nio, to
tetr�gwno èqei to mègisto embadìn.

(b) DeÐxte ìti: apì ìla ta orjog¸nia parallhlìgramma me stajer  perÐmetro, to tetr�g-
wno èqei to mègisto embadìn.

Upìdeixh. (a) Jèloume na megistopoi soume thn posìthta ab me thn upìjesh a2+b2 = d2,
ìpou d > 0 (exhg ste giatÐ). Parathr ste ìti

ab ≤ a2 + b2

2
=

d2

2

me isìthta an kai mìno an a = b (= d/
√

2).
'Alloc trìpoc. Jewr ste th sun�rthsh f : [0, d] → R me f(a) = a

√
d2 − a2  , isodÔnama,

thn g = f2 : [0, d] → R me g(a) = a2(d2−a2). Jèloume na deÐxoume ìti max(g) = f(d/
√

2)
(exhg ste giatÐ). Paragwgizontac, èqoume g′(a) = 2ad2−4a3 = 2a(d2−2a2). 'Epetai ìti
h g eÐnai gnhsÐwc aÔxousa sto [0, d/

√
2] kai gnhsÐwc fjÐnousa sto [d/

√
2, d], �ra paÐrnei

th mègisth tim  thc an kai mìno an a = d/
√

2.

(b) Jèloume na megistopoi soume thn posìthta ab me thn upìjesh a + b = d, ìpou d > 0
(exhg ste giatÐ). Parathr ste ìti

ab ≤ (a + b)2

4
=

d2

4

me isìthta an kai mìno an a = b (= d/2).
'Alloc trìpoc. Jewr ste th sun�rthsh g : [0, d] → R me g(a) = a(d − a). Jèloume na
deÐxoume ìti max(g) = f(d/2) (exhg ste giatÐ). Paragwgizontac, èqoume g′(a) = d− 2a.
'Epetai ìti h g eÐnai gnhsÐwc aÔxousa sto [0, d/2] kai gnhsÐwc fjÐnousa sto [d/2, d], �ra
paÐrnei th mègisth tim  thc an kai mìno an a = d/2.

19. BreÐte ta shmeÐa thc uperbol c x2 − y2 = 1 pou èqoun el�qisth apìstash apì to
shmeÐo (0, 1).

Upìdeixh. 'Estw (x, y) èna shmeÐo thc uperbol c x2 − y2 = 1. To tetr�gwno thc
apìstashc tou (x, y) apì to (0, 1) isoÔtai me x2+(y−1)2 = 1+y2+(y−1)2 = 2y2−2y+2.
Parathr ste ìti gia k�je y ∈ R up�rqoun dÔo timèc tou x (oi ±

√
1 + y2) ¸ste to (x, y)

na an kei sthn uperbol . ArkeÐ loipìn (exhg ste giatÐ) na broÔme thn el�qisth tim  thc
sun�rthshc g : R → R me g(y) = 2y2 − 2y + 2. ParagwgÐzontac, blèpoume ìti to min(g)
pi�netai ìtan y = 1/2, opìte paÐrnoume dÔo shmeÐa, ta

(
±
√

5
2 , 1

2

)
.

20. P�nw se kÔklo aktÐnac 1 jewroÔme dÔo antidiametrik� shmeÐa A,B. BreÐte ta shmeÐa
Γ tou kÔklou gia ta opoÐa to trÐgwno ABΓ èqei th mègisth dunat  perÐmetro.

Upìdeixh. MporoÔme na upojèsoume ìti A = (1, 0) kai B = (−1, 0). ArkeÐ na jewr soume
shmeÐa Γ thc morf c (cos x, sinx), ìpou 0 ≤ x ≤ π. Aut� eÐnai ta shmeÐa tou �nw
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hmikuklÐou, gia to k�tw hmikÔklio ergazìmaste an�loga. Parathr ste ìti to m koc
tou AΓ eÐnai 2 sin x

2 kai to m koc tou BΓ eÐnai 2 sin π−x
2 = 2 cos x

2 . ArkeÐ loipìn na
megistopoi soume thn g : [0, π] → R me g(x) = sin x

2 + cos x
2 (exhg ste giatÐ). AfoÔ

g′(x) = 1
2 cos x

2 −
1
2 sin x

2 , sumperaÐnoume ìti h g paÐrnei mègisth tim  ìtan x
2 = π

4 , dhlad 
x = π/2. 'Ara, ta zhtoÔmena shmeÐa eÐnai ta Γ1 = (0, 1) kai Γ2 = (−1, 0).

21. DÐnontai pragmatikoÐ arijmoÐ a1 < a2 < · · · < an. Na brejeÐ h el�qisth tim  thc

sun�rthshc f(x) =
n∑

k=1

(x− ak)2.

Upìdeixh. Parathr ste ìti

f(x) =
n∑

k=1

(x2 − 2akx + a2
k) = nx2 − 2(a1 + · · ·+ an)x + (a2

1 + · · ·+ a2
n).

H par�gwgoc thc f eÐnai h

f ′(x) = 2nx− 2(a1 + · · ·+ an).

'Epetai ìti h f paÐrnei thn el�qisth tim  thc sto x0 = 1
n (a1 + · · ·+ an). H el�qisth tim 

eÐnai Ðsh me min(f) = (a2
1 + · · ·+ a2

n)− 1
n (a1 + · · ·+ an)2.

22. 'Estw a > 0. DeÐxte ìti h mègisth tim  thc sun�rthshc

f(x) =
1

1 + |x|
+

1
1 + |x− a|

eÐnai Ðsh me 2+a
1+a .

Upìdeixh. Melet ste thn f qwrist� sta diast mata (−∞, 0], [0, a] kai [a,+∞) (¸ste
na {di¸xete} tic apìlutec timèc). ParagwgÐzontac, elègxte ìti h f eÐnai aÔxousa sto
(−∞, 0], fjÐnousa sto [a,+∞), en¸ sto [0, a] èqoume ìti h f eÐnai fjÐnousa sto [0, a/2]
kai aÔxousa sto [a/2, a].

Sunep¸c, h mègisth tim  thc f eÐnai mÐa apì tic f(0) kai f(a). Parathr ste ìti
f(0) = 1 + 1

1+a = 2+a
1+a = f(a). Sunep¸c, max(f) = 2+a

1+a .

23. Upojètoume ìti oi sunart seic f kai g eÐnai paragwgÐsimec sto [a, b] kai ìti f(a) =
g(a) kai f(b) = g(b). DeÐxte ìti up�rqei toul�qiston èna shmeÐo x sto (a, b) gia to opoÐo
oi efaptìmenec twn grafik¸n parast�sewn twn f kai g sta (x, f(x)) kai (x, g(x)) eÐnai
par�llhlec   tautÐzontai.

Upìdeixh. Jèloume na deÐxoume ìti up�rqei x ∈ (a, b) ¸ste f ′(x) = g′(x) (autì shmaÐnei
ìti oi efaptìmenec twn grafik¸n parast�sewn twn f kai g sta (x, f(x)) kai (x, g(x))
eÐnai par�llhlec   tautÐzontai). JewroÔme th sun�rthsh h = f − g : [a, b] → R. AfoÔ
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f(a) = g(a) kai f(b) = g(b), èqoume h(a) = h(b) = 0. Efarmìzontac to je¸rhma Rolle,
brÐskoume x ∈ (a, b) ¸ste h′(x) = 0, dhlad , f ′(x)− g′(x) = 0.

24. DÐnontai dÔo paragwgÐsimec sunart seic f, g : (a, b) → R ¸ste f(x)g′(x)−f ′(x)g(x) 6=
0 gia k�je x ∈ (a, b). DeÐxte ìti an�mesa se dÔo rÐzec thc f(x) = 0 brÐsketai mia rÐza thc
g(x) = 0, kai antÐstrofa.

Upìdeixh. Upojètoume ìti up�rqoun x1 < x2 sto (a, b) ¸ste f(x1) = f(x2) = 0, kai
ìti h g den mhdenÐzetai sto (x1, x2) (apagwg  se �topo). Efarmìzontac thn upìjesh
f(x)g′(x)− f ′(x)g(x) 6= 0 sta x1 kai x2, blèpoume ìti f ′(x1)g(x1) 6= 0 kai f ′(x2)g(x2) 6=
0, �ra h g den mhdenÐzetai sta x1, x2. Me �lla lìgia, h g den mhdenÐzetai sto [x1, x2].

Tìte, mporoÔme na orÐsoume thn h := f
g : [x1, x2] → R. H h eÐnai suneq c sto [x1, x2],

paragwgÐsimh sto (x1, x2), kai h(x1) = h(x2) = 0 (exhg ste giatÐ). Apì to je¸rhma
Rolle, up�rqei x ∈ (x1, x2) ¸ste

h′(x) =
f ′(x)g(x)− f(x)g′(x)

[g(x)]2
= 0.

Autì eÐnai �topo: afoÔ x ∈ (a, b), èqoume f(x)g′(x)− f ′(x)g(x) 6= 0, �ra h′(x) 6= 0.

25. 'Estw f : [a, b] → R, suneq c sto [a, b], paragwgÐsimh sto (a, b), me f(a) = f(b).
DeÐxte ìti up�rqoun x1 6= x2 ∈ (a, b) ¸ste f ′(x1) + f ′(x2) = 0.

Upìdeixh. Jètoume γ = a+b
2 . Efarmìzontac to je¸rhma mèshc tim c sta [a, γ] kai [γ, b]

brÐskoume x1 ∈ (a, γ) kai x2 ∈ (γ, b) pou ikanopoioÔn tic

f ′(x1) =
f(γ)− f(a)

γ − a
kai f ′(x2) =

f(b)− f(γ)
b− γ

.

Qrhsimopoi¸ntac thn γ − a = b−a
2 = b − γ kai thn f(a) = f(b), elègxte ìti f ′(x1) +

f ′(x2) = 0.

26. 'Estw f : (0,+∞) → R paragwgÐsimh, me lim
x→+∞

f ′(x) = 0. DeÐxte ìti

lim
x→+∞

(f(x + 1)− f(x)) = 0.

Upìdeixh. 'Estw ε > 0. AfoÔ lim
y→+∞

f ′(y) = 0, up�rqei M > 0 ¸ste: gia k�je y > M

isqÔei |f ′(y)| < ε. 'Estw x > M . Efarmìzoume to je¸rhma mèshc tim c sto di�sthma
[x, x + 1]: up�rqei yx ∈ (x, x + 1) ¸ste

f(x + 1)− f(x) = f ′(yx)((x + 1)− x) = f ′(yx).

'Omwc yx > x > M , �ra |f ′(yx)| < ε. Dhlad ,

|f(x + 1)− f(x)| < ε.
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'Epetai ìti lim
x→+∞

(f(x + 1)− f(x)) = 0.

27. 'Estw f : (1,+∞) → R paragwgÐsimh sun�rthsh me thn idiìthta: |f ′(x)| ≤ 1
x gia

k�je x > 1. DeÐxte ìti lim
x→+∞

[f(x +
√

x)− f(x)] = 0.

Upìdeixh. 'Estw x > 1. Efarmìzoume to je¸rhma mèshc tim c sto di�sthma [x, x +
√

x]:
up�rqei yx ∈ (x, x +

√
x) ¸ste

f(x +
√

x)− f(x) = f ′(yx)
√

x.

'Omwc yx > x > 1, �ra |f ′(yx)| ≤ 1
yx

< 1
x . Dhlad ,

|f(x +
√

x)− f(x)| < 1
x
·
√

x =
1√
x

.

'Epetai ìti lim
x→+∞

(f(x +
√

x)− f(x)) = 0.

28. 'Estw f, g dÔo sunart seic suneqeÐc sto [0, a] kai paragwgÐsimec sto (0, a). Upojè-
toume ìti f(0) = g(0) = 0 kai f ′(x) > 0, g′(x) > 0 sto (0, a).

(a) An h f ′ eÐnai aÔxousa sto (0, a), deÐxte ìti h f(x)
x eÐnai aÔxousa sto (0, a).

(b) An h f ′

g′ eÐnai aÔxousa sto (0, a), deÐxte ìti h f
g eÐnai aÔxousa sto (0, a).

Upìdeixh. (a) H par�gwgoc thc h(x) = f(x)
x sto x ∈ (0, a) isoÔtai me

h′(x) =
f ′(x)x− f(x)

x2
.

Efarmìzontac to je¸rhma mèshc tim c sto di�sthma [0, x] gia thn f , brÐskoume ξ ∈ (0, x)
¸ste

f(x) = f(x)− f(0) = f ′(ξ)x.

'Omwc h f ′ eÐnai aÔxousa kai ξ < x, �ra f ′(ξ) ≤ f ′(x). Sunep¸c, f(x) ≤ f ′(x)x. 'Epetai
ìti h′ ≥ 0 sto (0, a), �ra h h eÐnai aÔxousa.

(b) H sun�rthsh h(x) = f(x)
g(x) eÐnai kal� orismènh sto (0, a). Pr�gmati, parathr ste ìti

h f ′

g′ orÐzetai kal� sto (0, a) kai ìti g′ > 0 (apì thn upìjesh). Autì èqei san sunèpeia

kai thn g(x) > 0 sto (0, a) (deÐte thn er¸thsh katanìhshc 4). 'Eqoume

h′(x) =
f ′(x)g(x)− g′(x)f(x)

[g(x)]2
.

Efarmìzontac to je¸rhma mèshc tim c sto di�sthma [0, x] gia thn zx(t) = f(t)g(x) −
g(t)f(x), brÐskoume ξ ∈ (0, x) ¸ste

0 = zx(x)− zx(0) = f ′(ξ)g(x)− g′(ξ)f(x).
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AfoÔ h f ′

g′ eÐnai aÔxousa kai ξ < x, paÐrnoume

f(x)
g(x)

=
f ′(ξ)
g′(ξ)

≤ f ′(x)
g′(x)

.

Sunep¸c, f ′(x)g(x)− g′(x)f(x) ≥ 0. 'Epetai ìti h′ ≥ 0 sto (0, a), �ra h h eÐnai aÔxousa.

Ask seic: ekjetik  kai logarijmik  sun�rthsh � trigwnometrikèc sunart -
seic � Om�da A'

29. (a) An 0 < a < 1   a > 1, deÐxte ìti

(loga)′(x) =
1

x ln a
.

(b) DeÐxte ìti, gia k�je a > 0,
(ax)′ = ax ln a.

EpÐshc, h ax eÐnai kurt  sto R kai h loga x eÐnai koÐlh sto (0,+∞).

30. (a) DeÐxte ìti gia k�je x ∈ R isqÔei ex ≥ 1 + x.

(b) DeÐxte ìti gia k�je x > 0 isqÔei

1− 1
x
≤ lnx ≤ x− 1.

Upìdeixh. (a) Jewr ste th sun�rthsh g : R → R me g(x) = ex − 1 − x. H par�gwgoc
g′(x) = ex − 1 thc g eÐnai arnhtik  sto (−∞, 0) kai jetik  sto (0,+∞). 'Ara, h g èqei
olikì el�qisto sto 0. Dhlad , g(x) ≥ g(0) = 0 gia k�je x ∈ R.
(b) Apì thn ex−1 ≥ x èpetai ìti

x− 1 = ln
(
ex−1

)
≥ lnx.

Efarmìzontac aut  thn anisìthta gia ton 1
x > 0, paÐrnoume

− lnx = ln
(

1
x

)
≤ 1

x
− 1,

dhlad 

1− 1
x
≤ lnx.

31. DeÐxte ìti gia k�je x > 0 kai gia k�je n ∈ N isqÔei

lnx ≤ n
(

n
√

x− 1
)
≤ n
√

x lnx.
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Sumper�nate ìti limn→∞ n ( n
√

x− 1) = lnx gia x > 0.

Upìdeixh. 'Estw x > 0 kai èstw n ∈ N. Efarmìzontac thn anisìthta thc 'Askhshc 30
gia ton jetikì arijmì n

√
x, paÐrnoume

1− 1
n
√

x
≤ ln( n

√
x) ≤ n

√
x− 1,

dhlad 
n
√

x− 1
n
√

x
≤ 1

n
lnx ≤ n

√
x− 1.

'Epetai ìti
lnx ≤ n

(
n
√

x− 1
)
≤ n
√

x lnx.

AfoÔ lim
n→∞

n
√

x = 1, to krit rio twn isosugklinous¸n akolouji¸n deÐqnei ìti

lim
n→∞

n
(

n
√

x− 1
)

= lnx.

32. (a) DeÐxte ìti gia k�je x ∈ R isqÔei

lim
n→∞

n ln
(
1 +

x

n

)
= x.

(b) DeÐxte ìti gia k�je x ∈ R isqÔei

lim
n→∞

(
1 +

x

n

)n

= ex.

Upìdeixh. (a) Efarmìzontac thn anisìthta thc 'Askhshc 530 gia ton jetikì arijmì 1+ x
n

paÐrnoume
x/n

1 + (x/n)
≤ ln

(
1 +

x

n

)
≤ x

n
.

'Ara,
x

1 + x
n

≤ n ln
(
1 +

x

n

)
≤ x.

To krit rio twn isosugklinous¸n akolouji¸n deÐqnei ìti

lim
n→∞

n ln
(
1 +

x

n

)
= x.

(b) Apì to (a) èqoume

ln
((

1 +
x

n

)n)
→ x
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ìtan to n →∞. H y 7→ ey eÐnai suneq c sun�rthsh, opìte h arq  thc metafor�c deÐqnei
ìti (

1 +
x

n

)n

= eln((1+ x
n )n) → ex

ìtan to n →∞.

33. Melet ste th sun�rthsh

f(x) =
lnx

x

sto (0,+∞) kai sqedi�ste th grafik  thc par�stash. Poiìc eÐnai megalÔteroc, o eπ  
o πe?

Upìdeixh. H par�gwgoc thc f eÐnai h

f ′(x) =
1
x · x− lnx

x2
=

1− lnx

x2
.

Dhlad , f ′(x) > 0 an lnx < 1 kai f ′(x) < 0 an lnx > 1. 'Ara, h f eÐnai gnhsÐwc aÔxousa
sto (0, e] kai gnhsÐwc fjÐnousa sto [e,+∞). AfoÔ π > 3 > e èqoume f(π) < f(e),
dhlad 

lnπ

π
<

ln e

e
.

'Epetai ìti
ln(πe) = e lnπ < π ln e = ln(eπ).

'Ara, πe < eπ.

34. DeÐxte ìti oi sunart seic ln kai exp ikanopoioÔn ta ex c: (a) gia k�je s > 0,

lim
x→+∞

ex

xs
= +∞

kai (b)

lim
x→+∞

lnx

xs
= 0.

Dhlad , h exp aux�nei sto +∞ taqÔtera apì opoiad pote (meg�lh) dÔnamh tou x, en¸ h
ln aux�nei sto +∞ bradÔtera apì opoiad pote (mikr ) dÔnamh tou x.

Upìdeixh. Efarmìste ton kanìna tou l’Hospital.

35. 'Estw f : R → R paragwgÐsimh sun�rthsh me thn idiìthta f ′(x) = cf(x) gia k�je
x ∈ R, ìpou c mia stajer�. DeÐxte ìti up�rqei a ∈ R ¸ste f(x) = aecx gia k�je x ∈ R.

Upìdeixh. Jewr ste th sun�rthsh g(x) = f(x)e−cx sto R. Parathr ste ìti

g′(x) = f ′(x)e−cx − cf(x)e−cx = e−cx(f ′(x)− cf(x)) = 0
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gia k�je x ∈ R. Sunep¸c, up�rqei a ∈ R ¸ste g(x) = f(x)e−cx = a gia k�je x ∈ R.
'Epetai ìti f(x) = aecx gia k�je x ∈ R.

36. 'Estw f : [a, b] → R suneq c, paragwgÐsimh sto (a, b), ¸ste f(a) = f(b) = 0. DeÐxte
ìti: gia k�je λ ∈ R, h sun�rthsh gλ : [a, b] → R me

gλ(x) := f ′(x) + λf(x)

èqei mia rÐza sto di�sthma (a, b).

Upìdeixh. Jewr ste th sun�rthsh hλ : [a, b] → R me hλ(x) = eλxf(x). H hλ eÐnai
suneq c, paragwgÐsimh sto (a, b), kai hλ(a) = hλ(b) = 0. Apì to je¸rhma tou Rolle, h
exÐswsh h′λ(x) = 0 èqei toul�qiston mÐa rÐza sto di�sthma (a, b). AfoÔ

h′λ(x) = eλx(f ′(x) + λf(x)) = eλxgλ(x),

èpetai ìti h
gλ(x) := f ′(x) + λf(x)

èqei toul�qiston mÐa rÐza sto (a, b).

37. 'Estw a, b ∈ R me a < b kai èstw f : (a, b) → R paragwgÐsimh sun�rthsh ¸ste
limx→b− f(x) = +∞. DeÐxte ìti up�rqei ξ ∈ (a, b) ¸ste f ′(ξ) > f(ξ).

Upìdeixh. Jewr ste th sun�rthsh g(x) = e−xf(x) sto (a, b). Stajeropoi ste c ∈ (a, b).
AfoÔ limx→b− f(x) = +∞ kai limx→b− e−x = e−b > 0, isqÔei

lim
x→b−

g(x) = lim
x→b−

e−xf(x) = +∞.

'Ara, up�rqei d ∈ (c, b) ¸ste g(c) < g(d). Apì to je¸rhma mèshc tim c sto [c, d], up�rqei
ξ ∈ (c, d) ¸ste

g′(ξ) =
g(d)− g(c)

d− c
> 0.

'Omwc,
g′(ξ) = e−ξ(f ′(ξ)− f(ξ)).

'Ara, f ′(ξ) > f(ξ) (kai ξ ∈ (a, b), afoÔ a < c < ξ < d < b).

38. DeÐxte ìti gia k�je x ∈
(
0, π

2

)
isqÔei

sinx ≥ 2x

π
.

Upìdeixh. Jewr ste th sun�rthsh g(x) = sinx − 2x
π sto [0, π/2]. Parathr ste ìti

g(0) = g(π/2) = 0. EpÐshc,

g′(x) = cos x− 2
π
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kai
g′′(x) = − sinx < 0 sto (0, π/2).

'Ara, h g eÐnai koÐlh. 'Epetai ìti: gia k�je x ∈
(
0, π

2

)
isqÔei

g(x) ≥ 2x

π
g(π/2) +

(
1− 2x

π

)
g(0) = 0.

Dhlad ,

sinx ≥ 2x

π
.

39. (a) 'Estw f : R → R dÔo forèc paragwgÐsimh sun�rthsh. Upojètoume ìti f(0) =
f ′(0) = 0 kai f ′′(x) + f(x) = 0 gia k�je x ∈ R. DeÐxte ìti f(x) = 0 gia k�je x ∈ R.
(b) 'Estw f : R → R dÔo forèc paragwgÐsimh sun�rthsh. Upojètoume ìti f(0) = 1,
f ′(0) = 0 kai f ′′(x) + f(x) = 0 gia k�je x ∈ R. DeÐxte ìti f(x) = cos x gia k�je x ∈ R.

Upìdeixh. (a) Jewr ste thn g = f2 + (f ′)2. Tìte,

g′ = 2ff ′ + 2f ′f ′′ = 2f ′(f + f ′′) = 0,

dhlad  h g eÐnai stajer . AfoÔ g(0) = [f(0)]2 + [f ′(0)]2 = 0, sumperaÐnoume ìti

g(x) = [f(x)]2 + [f ′(x)]2 = 0

gia k�je x ∈ R. 'Ara, f(x) = f ′(x) = 0 gia k�je x ∈ R.
(b) Parathr ste ìti h sun�rthsh g(x) = f(x) − cos x ikanopoieÐ tic g(0) = 0, g′(0) = 0
kai g′′(x) + g(x) = 0 gia k�je x ∈ R. Apì to (a) èpetai ìti f(x)− cos x = g(x) = 0 gia
k�je x ∈ R.

40. 'Estw f : R → R h sun�rthsh

f(x) = sin x− x +
x3

6
.

(a) DeÐxte ìti: gia k�je x ≥ 0, f ′′′(x) ≥ 0, f ′′(x) ≥ 0, f ′(x) ≥ 0.

(b) DeÐxte ìti, gia k�je x ∈ R, 1− x2

2 ≤ cos x ≤ 1 kai, gia k�je x ≥ 0,

x− x3

6
≤ sinx ≤ x.

Upìdeixh. (a) UpologÐste tic parag¸gouc:

f ′(x) = cos x− 1 +
x2

2
,

f ′′(x) = − sinx + x,

f ′′′(x) = − cos x + 1.
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Parathr ste ìti: f ′′′ ≥ 0, �ra h f ′′ eÐnai aÔxousa kai f ′′(0) = 0, �ra f ′′ ≥ 0 sto [0,+∞),
�ra h f ′ eÐnai aÔxousa kai f ′(0) = 0, �ra f ′ ≥ 0 sto [0,+∞).

(b) GnwrÐzoume ìti sinx ≤ x gia k�je x ≥ 0. Apì to (a), gia thn f(x) = sinx− x + x3

6
èqoume f ′ ≥ 0 sto [0,+∞) �ra f(x) ≥ f(0) = 0 gia k�je x ≥ 0. Sunep¸c,

x− x3

6
≤ sinx ≤ x.

Gia thn 1− x2

2 ≤ cos x mporeÐte (metaxÔ �llwn) na qrhsimopoi sete thn

1− cos x = 2 sin2(x/2) ≤ 2(x/2)2 =
x2

2
.

H anisìthta prokÔptei an uy¸sete sto tetr�gwno thn | sin(x/2)| ≤ |x/2|.

41. (a) DeÐxte ìti h exÐswsh tanx = x èqei akrib¸c mÐa lÔsh se k�je di�sthma thc
morf c Ik =

(
kπ − π

2 , kπ + π
2

)
.

(b) 'Estw ak h lÔsh thc parap�nw exÐswshc sto di�sthma Ik, k ∈ N. BreÐte, an up�rqei,
to ìrio limk→∞(ak+1 − ak) kai d¸ste gewmetrik  ermhneÐa.

Upìdeixh. (a) Jewr ste th sun�rthsh fk : Ik → R me fk(x) = tan x − x. Parathr ste
ìti

lim
x→(kπ−π

2 )+
fk(x) = −∞ kai lim

x→(kπ+ π
2 )+

fk(x) = +∞.

Qrhsimopoi¸ntac to je¸rhma endi�meshc tim c mporeÐte na deÐxete ìti up�rqei ak ∈ Ik

¸ste fk(ak) = tan ak − ak = 0. H lÔsh eÐnai monadik  giatÐ h fk(x) = tanx − x eÐnai
gnhsÐwc aÔxousa sto Ik: parathr ste ìti f ′k(x) = 1

cos2 x − 1 > 0 an x 6= kπ kai = 0 sto
shmeÐo kπ.

(b) 'Estw ε > 0. Apì thn lim
x→+∞

arctanx = π
2 èpetai ìti up�rqei M > 0 ¸ste an x > M

tìte 0 < π
2 − arctanx < ε.

Up�rqei k0 ∈ N ¸ste gia k�je k ≥ k0 na isqÔei kπ − π
2 > M . Tìte, an jewr soume

th lÔsh ak thc exÐswshc tanx = x sto Ik, èqoume ak > M kai arctan ak = ak−kπ. 'Ara,

0 <
π

2
− (ak − kπ) < ε.

'Omoia,

0 <
π

2
− (ak+1 − (k + 1)π) < ε.

'Epetai ìti
|ak+1 − ak − π| < ε.

To ε > 0  tan tuqìn, �ra lim
k→∞

(ak+1 − ak) = π.
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42. DÐnontai pragmatikoÐ arijmoÐ a1 < a2 < · · · < an. Na brejeÐ h el�qisth tim  thc

sun�rthshc g(x) =
n∑

k=1

|x− ak|.

Upìdeixh. Melet ste thn g qwrist� sta diast mata (−∞, a1], [a1, a2], . . . , [an−1, an] kai
[an,+∞) (gia na {di¸xete} tic apìlutec timèc). Ja qreiasteÐ na diakrÐnete tic peript¸seic
n perittìc kai n �rtioc.

(a) An n = 2s − 1 gia k�poion s ∈ N, elègxte ìti h g eÐnai fjÐnousa sto (−∞, as] kai
aÔxousa sto [as,+∞). Sunep¸c,

min(g) =
2s−1∑
k=1

|as − ak| =
2s−1∑

k=s+1

ak −
s−1∑
k=1

ak.

(b) An n = 2s gia k�poion s ∈ N, elègxte ìti h g eÐnai fjÐnousa sto (−∞, as], stajer 
sto [as, as+1], kai aÔxousa sto [as+1,+∞). Sunep¸c,

min(g) =
2s∑

k=1

|as − ak| =
2s∑

k=1

|as+1 − ak| =
2s∑

k=s+1

ak −
s∑

k=1

ak.

43. 'Estw n ∈ N kai èstw f(x) = (x2 − 1)n. DeÐxte ìti h exÐswsh f (n)(x) = 0 èqei
akrib¸c n diaforetikèc lÔseic, ìlec sto di�sthma (−1, 1).

Upìdeixh. (a) Efarmìzontac to je¸rhma tou Rolle deÐxte epagwgik� to ex c: gia k�je
k = 0, 1, . . . , n−1, h exÐswsh f (k)(x) = 0 èqei k diaforetikèc lÔseic sto di�sthma (−1, 1)
kai f (k)(1) = f (k)(−1) = 0.
(b) DeÐxte ìti h exÐswsh f (n)(x) = 0 èqei n diaforetikèc lÔseic sto di�sthma (−1, 1).
(g) DeÐxte ìti h exÐswsh f (n)(x) = 0 èqei to polÔ n diaforetikèc lÔseic. [Upìdeixh: An
h f (n)(x) = 0 eÐqe n + 1 diaforetikèc lÔseic, tìte h f (2n)(x) = 0 ja eÐqe lÔsh.]

44. Na brejoÔn ìloi oi a > 1 gia touc opoÐouc h anisìthta xa ≤ ax isqÔei gia k�je x > 1.

Upìdeixh. Parathr ste ìti h sun�rthsh f : (1,+∞) → R me f(x) = ln x
x prèpei na èqei

mègisto sto a. H sun�rthsh aut  melet jhke sthn 'Askhsh 33.

45. 'Estw f : [0, 1] → R suneq c sun�rthsh me f(0) = 0. Upojètoume ìti h f eÐnai
paragwgÐsimh sto (0, 1) kai 0 ≤ f ′(x) ≤ 2f(x) gia k�je x ∈ (0, 1). DeÐxte ìti h f eÐnai
stajer  kai Ðsh me 0 sto [0, 1].

Upìdeixh. Jewr ste th sun�rthsh g : [0, 1] → R me g(x) = e−2xf(x). AfoÔ g′(x) =
e−2x(f ′(x) − 2f(x)) ≤ 0, h g eÐnai fjÐnousa. 'Omwc, g(0) = 0 kai g ≥ 0 (diìti f(0) = 0
kai f ≥ 0 apì tic upojèseic). Anagkastik�, g ≡ 0 kai èpetai ìti f ≡ 0 sto [0, 1].
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46. 'Estw f : R → R paragwgÐsimh sun�rthsh. Upojètoume ìti f ′(x) > f(x) gia k�je
x ∈ R kai f(0) = 0. DeÐxte ìti f(x) > 0 gia k�je x > 0.

Upìdeixh. Jewr ste th sun�rthsh g : R → R me g(x) = e−xf(x). Tìte, g′(x) =
e−x(f ′(x)−f(x)) > 0 gia k�je x ∈ R, dhlad  h g eÐnai gnhsÐwc aÔxousa. Tìte, gia k�je
x > 0 èqoume g(x) > g(0) = 0, dhlad  e−xf(x) > 0. 'Epetai ìti f(x) > 0 gia k�je x > 0.

47. 'Estw α > 0. DeÐxte ìti h exÐswsh αex = 1 + x + x2/2 èqei akrib¸c mÐa pragmatik 
rÐza.

Upìdeixh. Jewr ste th sun�rthsh g : R → R me g(x) = e−x(1 + x + x2/2). Tìte,

g′(x) = e−x(1 + x)− e−x(1 + x + x2/2) = −x2e−x

2
.

AfoÔ g′(x) < 0 sto (−∞, 0) kai sto (0,+∞), h g eÐnai gnhsÐwc fjÐnousa. EpÐshc,
lim

x→+∞
= 0 kai lim

x→−∞
g(x) = +∞. Sunep¸c, h g paÐrnei k�je jetik  tim  α akrib¸c mÐa

for� (exhg ste giatÐ). 'Epetai to zhtoÔmeno.

48. 'Estw f : (0,+∞) → R paragwgÐsimh sun�rthsh. Upojètoume ìti h f ′ eÐnai frag-
mènh. DeÐxte ìti: gia k�je α > 1,

lim
x→+∞

f(x)
xα

= 0.

Upìdeixh. Up�rqei M > 0 ¸ste |f ′(y)
leqM gia k�je y > 0. 'Estw x > 1. Apì to je¸rhma mèshc tim c, up�rqei yx ∈ (1, x)
¸ste

|f(x)− f(1)| = |f ′(yx)(x− 1)| ≤ M(x− 1).

Tìte, gia k�je x > 1,

|f(x)|
xα

≤ |f(x)− f(1)|
xα

+
|f(1)|
xα

≤ M
x− 1
xα

+
|f(1)|
xα

.

An α > 1 èqoume

lim
x→+∞

x− 1
xα

= lim
x→+∞

|f(1)|
xα

= 0.

Sunep¸c, limx→+∞
f(x)
xα = 0 (exhg ste giatÐ).

49. 'Estw a > 0. DeÐxte ìti den up�rqei paragwgÐsimh sun�rthsh f : [0, 1] → R me
f ′(0) = 0 kai f ′(x) ≥ a gia k�je x ∈ (0, 1].

Upìdeixh. 'Estw a > 0. Upojèste ìti up�rqei paragwgÐsimh sun�rthsh f : [0, 1] → R me
f ′(0) = 0 kai f ′(x) ≥ a gia k�je x ∈ (0, 1].
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(a) Qrhsimopoi¸ntac to je¸rhma mèshc tim c sto [0, x] deÐxte ìti gia k�je x ∈ (0, 1)
èqoume

f(x)− f(0)
x

≥ a.

(b) Qrhsimopoi¸ntac thn f ′(0) = lim
x→0+

f(x)−f(0)
x , mporeÐte na katal xete se �topo.

50. 'Estw f : (a, b) → R paragwgÐsimh sun�rthsh. An h f ′ eÐnai asuneq c se k�poio
shmeÐo x0 ∈ (a, b), deÐxte oti h asunèqeia thc f ′ sto x0 eÐnai ousi¸dhc (den up�rqei to
ìrio lim

x→x0
f ′(x)).

Upìdeixh. QwrÐc periorismì thc genikìthtac, upojètoume ìti gia k�poio x0 ∈ (a, b) isqÔei

lim
x→x0

f ′(x) = ` > f ′(x0),

kai ja katal xoume se �topo.

(a) JewroÔme m ∈ R o opoÐoc ikanopoieÐ thn ` > m > f ′(x0). DeÐxte ìti up�rqei δ > 0
¸ste (x0 − δ, x0 + δ) ⊂ (a, b) kai f ′(x) > m gia k�je x ∈ (x0 − δ, x0) ∪ (x0, x0 + δ).
(b) DeÐxte ìti h f ′ den èqei thn idiìthta Darboux sto (x0 − δ, x0 + δ) kai katal xte ètsi
se �topo.

51. 'Estw f : (a, b) → R paragwgÐsimh sun�rthsh me lim
x→b−

f(x) = +∞. DeÐxte ìti an

up�rqei to lim
x→b−

f ′(x) tìte eÐnai Ðso me +∞.

Upìdeixh. Upojètoume ìti −∞ ≤ lim
x→b−

f ′(x) < +∞.

(a) DeÐxte ìti up�rqoun ` ∈ R kai x0 ∈ (a, b) ¸ste f ′(y) ≤ ` gia k�je y ∈ (x0, b).
(b) Jewr ste x ∈ (x0, b) kai efarmìzontac to je¸rhma mèshc tim c sto [x0, x] deÐxte ìti

f(x) ≤ f(x0) + `(x− x0) ≤ f(x0) + `(b− a).

(g) Apì to (b) h f eÐnai �nw fragmènh sto [x0, b). Qrhsimopoi¸ntac thn upìjesh ìti
lim

x→b−
f(x) = +∞ mporeÐte na katal xete se �topo.

52. 'Estw f : (0,+∞) → R paragwgÐsimh sun�rthsh me lim
x→+∞

f(x) = L ∈ R. DeÐxte

ìti an up�rqei to lim
x→+∞

f ′(x) tìte eÐnai Ðso me 0.

Upìdeixh. Upojètoume ìti lim
x→+∞

f ′(x) = ` 6= 0.

(a) DeÐxte ìti up�rqei M > 0 ¸ste gia k�je x > M na èqoume |f ′(x)| > |`|
2 .

(b) Jewr ste x > M kai efarmìzontac to je¸rhma mèshc tim c sto [M,x] deÐxte ìti

|f(x)− f(M)| ≥ |`|(x−M)
2

.
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(g) AfoÔ lim
x→+∞

f(x) = L, èqoume lim
x→+∞

|f(x) − f(M)| = |L − f(M)|. Apì thn �llh

pleur�, lim
x→+∞

|`|(x−M)
2 = +∞. Apì to (b) mporeÐte na katal xete se �topo.

(d) Upojètontac ìti lim
x→+∞

f ′(x) = ±∞, mporeÐte p�li na deÐxete ìti up�rqei M > 0 ¸ste

gia k�je x > M na èqoume |f ′(x)| > 1. Sunep¸c, epanalamb�nontac ta b mata (b) kai
(g), katal gete se �topo.


