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Preface 

A pattern is a state in which different scales coexist in space- 
time. What is a scale? It is a gauge to measure the speed with 
which things change in space-time. When different scales coexist in 
the spatial direction, it produces non-uniformity. If the degree of the 
non-uniformity is not so great, one sees vague inhomogeneity. On the 
other hand, if the non-uniformity is sharply contrasted, one clearly 
sees well-discernible perimeters. 

The invasion of solid phase into liquid phase in crystal growth 
processes and the transition from oxidized states to reduced states 
in chemically reacting systems always accompany changes in states 
(phases), and often the transition is very rapid. When the direction of 
alignment changes along an interface, one can also observe a pattern. 
It could be said that patterns are created wherever states of different 
natures reside side by side. In other words, it is such a rapid transition 
between states that enables us to recognize patterns. 

An easily understandable example of coexisting scales in the tem- 
poral direction is a beat. What we hear is not caused by rapid os- 
cillations of the air but by the gradually changing large amplitudes. 
Moire patterns are considered as a spatial version of beats. 

The main objective of this book is to investigate the dynamics 
of spatio-temporal patterns created by the coexistence of different 
scales. 

However, the coexistence of different scales poses, mathemati- 
cally speaking, a difficult problem, namely, the loss of uniformity. 
The problem of how to deal with classical secular terms is a typical 
example of this loss of uniformity. To keep the uniformity, a partic- 
ular scale has to be fixed through which observations are made. But 
then the global picture of the system is lost. It may well be said 
that singular perturbation theories have been developed as an effort 
to alleviate the dilemma. 

ix 



X PREFACE 

Another objective, as may be realized by browsing through the 
book, is to introduce the reader to the dynamics of dissipative sys- 
tems. A dissipative system is any system which creates structures 
or orders within itself, supplied with energy or matter from outside, 
and discards wastes at the same time. The earth and ourselves, as 
well as the examples described above, are all examples of dissipative 
systems. To present a bird's-eye view of dissipative systems, which is 
a rich source of nonlinear dynamical systems, is not so easy a task, 
even if the scope is restricted to their mathematical aspects. For this 
reason, I have tried to give a coherent view of several topics from 
the standpoint of separation and unification of scales, rather than to 
give a list of various methodologies. Therefore the emphasis is placed 
more on the overall flow of theories than on fine details of proof. 

The boundary of two different phases caused by the difference 
of spatial scales is usually called an interface. Our interest is to 
study how the interface is created, how it evolves, and what types of 
configurations it eventually takes. The interface dynamics is taken up 
as the main theme of the second half of this book, and it is one of the 
most actively studied areas in dissipative dynamical systems. Water- 
oil interfaces on one end and nano-structures on the other—interface 
dynamics reveals itself within various hierarchies from macroscopic to 
microscopic with the advancement of measurement technologies. The 
main issue here is to find a mathematical framework with which we 
can understand the dynamics. Although we study models which come 
from real phenomena, what we gain at the end will be independent 
of the particular phenomena. 

Many important topics and methodologies are left out of this 
book, partly due to the limitation of pages. For example, it is regret- 
table that the geometric theory of singular perturbation and bifurca- 
tion theory are not included. Nevertheless, I humbly hope that the 
book conveys to many readers the excitement of exploring pattern 
dynamics. 

I am indebted to many people for the completion of this book. 
From my respected friend Hiroshi Matano, who encouraged me to 
write this book, I received much important advice. My colleague 
Ryo Kobayashi helped not only through discussion of the contents of 
the book, but also in drawing many of the figures. Shin-Ichiro Ei of 
Yokohama City University and Masataka Kuwamura of Wakayama 
University gave me many pieces of important information to write 



PREFACE XI 

Chapter 1. Tatsunari Sakurai of Meme Media Lab of Hokkaido Uni- 
versity carried out experiments on the BZ reaction for the book, and 
Toshiko Ogiwara carefully read the entire manuscript. At the last 
stage of writing the manuscript, the editorial staff of Iwanami Book 
Company was of great assistance. Throughout this enterprise many 
graduate students have been very helpful, especially Daishin Ueyama 
(presently at Hiroshima University) in producing figures and pictures, 
and Kei-ichi Ueda in collating the first draft and polishing the final 
manuscript. I deeply thank them all. 

Towards the end of the year, December 24, 1998, my beloved 
teacher Masaya Yamaguti passed away. I dedicate this book to his 
gracious and free spirit. 

December 1998, Sapporo 
Yasumasa Nishiura 





Preface to the English Edition 

The English edition of this book has provided the opportunity for 
correcting many typographial errors and mistakes. The last chapter, 
"Transient Dynamics", has been almost completely rewritten. I have 
added considerable new material, including the bifurcational char- 
acterization for the onset of self-replication, which, combined with 
weak interaction of localized pulses, clarifies the interrelation between 
strong and weak interactions. This plays an important role in undesr- 
standing the manner of splitting. Also added is a geometrical inter- 
pretation of spatio-temporal chaos. The Gray-Scott model is adopted 
as a representative model in this chapter; however, the methods and 
the results have a great potential to be applied to many other similar 
problems. 

I would like to thank Nick Alikakos, Shin-ichiro Ei, Paul Fife, 
Jim Keener, Bjorn Sandstedt, Gieri Simonett, Peter Sternberg, and 
Wim van Saarloos for many useful comments to improve the English 
edition, as well as for updating references and catching typographical 
errors. 

Finally, but not the least, special thanks go to the translator, 
Kuni Sakamoto. This book would have had no chance to be read 
outside of Japan without his efforts. 

October 2001, Sapporo 
Yasumasa Nishiura 
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Overview 

A dynamic cycle in which a uniform state is disturbed by fluctua- 
tions, a particular size of the fluctuations is therein selectively picked 
up, and a structure emerges, keeps its shape, disintegrates, and re- 
turns to the original uniform state, literally resembles the state of be- 
ing alive. What kind of mathematical mechanism is it that produces 
such a dynamics? Alan Turing's idea of diffusion-induced instability 
gives the simplest and most direct explanation of instability, in the 
sense that random fluctuations may possibly grow into a structure. 
This idea was received with great surprise because it means that dif- 
fusion effects, believed to be a uniformization force, could sometimes 
function as a driving force of destabilization. 

Although the content of Turing's idea was a forerunner of what is 
nowadays called symmetry-breaking bifurcation, it remained a mere 
theoretical possibility because its experimental realization proved ex- 
tremely difficult. However, once its experimental realization became 
possible in chemically reacting systems in the early 1990's, an ex- 
plosion of discoveries have followed that exhibited a wide range of 
dynamic behaviors originating from the Turing instability. At the 
present time, experimental discoveries are advancing ahead of theory. 
The self-replicating pattern to be discussed in Chapter 6 is one of the 
phenomena in this trend of events. 

A well known chemical reaction in which the shape and rhythm 
of patterns are maintained is the BZ reaction, which will be discussed 
in Chapter 4. This is a sort of oxidation-reduction process in which a 
chemical marker makes the two states visible. Typically observed in 
this system are spiral patterns. The mathematical mechanism which 
drives the motion of the spiral is the same as those for nerve impulses, 
liquid crystals, and the movement of amoebae, and could be common 
to other similar phenomena. 

When we discern such shapes, we are actually observing their 
boundary or perimeter. The boundary is exactly the place where 

XV 



xvi OVERVIEW 

the state (phase) of the matter changes abruptly, or, in other words, 
observing the boundary enables us to grasp the shape as a whole. 
Information is, so to speak, concentrated on the perimeter. This line 
of reasoning naturally leads to the interface dynamics approach. By 
focusing attention on how the bounding interfaces move and on what 
kind of configuration they form, one can qualitatively understand 
the mathematical structures of pattern formation by neglecting fine 
details in the bulk and considering a substantially reduced system 
(which describes the movement of hypersurfaces in the simplest case). 

Notice here that the viewpoint of separation and unification of 
various scales is lurking behind the scene. Namely, since the speed 
of the change near the interface differs substantially from that in 
the bulk, it is possible to reduce the evolution of the full system to 
the motion of the interface. The basic idea here is to understand the 
dynamics of shapes by taking advantage of the difference in the scales 
and lowering the dimension of the system in geometrically sensible 
ways. Although some portion of quantitative information may be 
lost in such a process, a rather universal understanding of qualitative 
aspects is accomplished. Such a point of view is the keynote of this 
book. 

In the above reductions, the reduced interface dynamics may not 
be uniquely determined, even if the equations governing the original 
system are the same. Depending on what aspect of the original phe- 
nomenon is of interest, one has to decide what kind of limit procedure 
to take. It is here that the difficulty appears in dealing with infinite 
dimensional systems, and this is also where the excitement lies. 

Notice also that the separation of scales is intimately related to 
singularities. It is well known that at a bifurcation point some mode 
of evolution may be very slow relative to the others, and hence the 
slow mode asymptotically dictates the evolution of the entire system. 
Therefore it is possible to separate out particular modes of evolution 
at bifurcation (or unstable) points, by utilizing the discrepancy in 
scales. The construction of center manifolds, as well as other types 
of invariant manifolds, is based upon such a viewpoint. 

There are cases, on the other hand, where interest lies in how the 
system behaves in a certain intermediate time scale, rather than how 
it ultimately behaves. In other words, it can be said that whether 
a dynamic structure is viewed as stationary or transient depends on 
whether it lasts long enough relative to the observer's time scale. 
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Therefore whether a phenomenon is stationary or transient is a rela- 
tive concept, and is determined by the relationship between the ob- 
server and the observed. 

Of particular interest in this context is impermanent dynamics. 
For a period of time the system keeps its shape. In a longer period 
of time it loses the shape, and after a while it rebuilds itself into a 
different shape and then collapses. Sometimes this cyclic process may 
continue indefinitely. Sometimes it may settle down to a final desti- 
nation. The shape we refer to here is not necessarily a rigid one which 
literally survives an erosion of time, but could be a chaos, or any dy- 
namics which has a certain supporting structure in the background. 
There are cases in which the mechanism of how transient dynamics 
is produced is clarified by extensive use of computers, not as a naive 
simulation machine, but to detect the global solution structure. In 
these cases, computer simulations bridge the gap between the phe- 
nomenon and its rigorous theoretical explanation. The reader will 
encounter one such example toward the end of this book. 

Let me now describe the content of each chapter. 
Chapter 1 recapitulates the classical secular term problem and 

the transition layer problem. The former is nothing but the problem 
of how to deal with an effect of, so to speak, dust piling up to create 
a mountain. Minute perturbations can result in a huge change over a 
long period of time. The task here is how to take care of the effects of 
such a slowly evolving change. A boundary layer in fluid motions is 
a typical example where two spatially different scales coexist. When 
fluid passes by a stationary object, the velocity of the fluid rapidly 
decreases from a finite value to zero in the vicinity of the boundary 
(the object). The task in this case is to take into account the viscosity, 
which acts effectively only near the boundary. In pattern formation 
problems, internal transition layers play important roles. What is it 
that is responsible for determining the position and shape of internal 
layers? To provide an approach to such a question is one of the aims 
of Chapter 1. The approach is related to how to extract the slow 
mode of freedom in the system. Renormalization group methods can 
also be treated from the same approach. 

In Chapter 2, it is shown that the amplitude equation is nothing 
but the normal form of dynamics near an unstable point in infinitely 
extended systems. When the spatial domain is bounded, the distri- 
bution of discrete (point) spectra is responsible for the destabilization 
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of the system, and therefore a great amount of information can be ob- 
tained by analyzing the flows on various invariant manifolds, such as 
center manifolds. In infinitely extended systems, continuous spectra 
prevail, and it is not an easy task to construct such invariant manifolds 
as above. However, it is sometimes possible to detect the long-time 
dynamics of infinitely extended systems near an unstable point. This 
is done by taking the dominant modes (the modes which correspond 
to the most unstable eigenfunctions) of the system as the basis of 
coordinates, and by examining how the amplitude of the dominant 
modes depends on the slow spatio-temporal scales. Also included in 
this chapter is a rigorous characterization of asymptotic behavior in 
terms of renormalization group methods. 

Pattern selection problems are taken up in Chapter 3. Nature 
exhibits diverse varieties of patterns. These patterns, under certain 
conditions, reproduce themselves. In a crystal growth process, for 
example, the growth speed and shape of the crystal is uniquely de- 
termined by the degree of undercooling in the far-field. What kind 
of mechanism is it that makes this decision? In this chapter, after a 
short historical description of dendritic crystal growth, an argument 
is given for the velocity selection mechanism of travelling waves which 
invade unstable regions. The argument is not so easy as it may look 
at first glance, since the problem turns out to be a global one, in the 
sense that one has to describe the entire process, including the initial 
perturbations and the final shape of the travelling waves. In fact, the 
detailed mechanism remains unknown, except for scalar equations to 
which comparison principles are applicable. A useful viewpoint is 
provided by a so-called marginal stability criterion. This criterion, 
first proposed as a selection principle of solutions for crystal growth 
processes, asserts that, among a family of solutions, the one at which 
the stability property changes is selected. The advantage of the cri- 
terion is its potential applicability to a wide class of problems. From 
a dynamical system point of view, however, the question of why such 
a solution is selected has not been completely answered. 

In Chapter 4, pattern dynamics problems for reaction-diffusion 
systems are treated. Classes of equations, which are generally called 
reaction-diffusion systems, contain wide varieties, and the phenomena 
described by them are diverse. Choosing at first a particular class of 
system, we discuss the dynamics of the system with specific nonlin- 
earities which are believed to be fundamental. Gradient systems are 
the most basic of all, and they have played important roles in the 
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development of infinite dimensional dynamical system theories. The 
ultimate state of a solution in gradient systems usually converges to 
an equilibrium state, along with the decrease of the value of the energy 
functional. It will be shown, however, that when nonlocal terms are 
involved in the energy functional, the final destination could be quite 
complicated, and it is sometimes described by a rugged landscape. 

The second half of the chapter presents the Turing instability, a 
pioneering work in pattern formation theory, and spiral waves in ex- 
citable media. Turing's simple yet brilliant idea, that diffusion effects 
could give rise to instability, has recently been tested and confirmed 
to be valid by many experiments, and moreover, has become the rich 
source of many new dynamical behaviors. A spiral wave observed 
in the BZ reaction is a representative of spatio-temporal patterns in 
dissipative systems, and is a typical example to which the method of 
interface dynamics applies effectively. The evolution law of the spiral 
wave, in terms of differential equations, is at least formally obtained 
by the method of matched asymptotic expansions. The pattern selec- 
tion problem, discussed in Chapter 3, i.e., the problem of what shape 
and angular velocity of the spiral are selected, appears here again. 
It is necessary to derive a model which is as simple as possible and 
yet retains a sufficient amount of information to resolve the issues. In 
deriving such a model, what is called a singular limit balanced scaling, 
treated in Chapter 5, will play an important role. 

In Chapter 5, an overview is given to the theory of singular limit 
analysis, which recently has developed substantially. The method 
of interface dynamics and the method of matched asymptotic expan- 
sions mentioned above are part of this theory. The effectiveness of the 
singular limit analysis seems to stem from the fact that the method is 
geometric in nature, and from the fact that it is closely related to the 
basic premise that when we perceive the motion of patterns we are 
actually looking at the perimeter or the boundaries. The motion of a 
hypersurface driven by its mean curvature is mathematically shown 
to exist globally in time beyond singularities in terms of viscosity solu- 
tions. It is also possible to rigorously show that the motion is actually 
the singular limit of a scalar bistable reaction-diffusion equation. By 
passing to singular limits of the equations in Chapter 4, one can de- 
rive various types of interface equations and can elucidate, with the 
help of the interface equations, what it is that essentially drives the 
interfaces. Also treated in this chapter is the SLEP-method, which 
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is instrumental in characterizing spectral properties in the singular 
limit of reaction-diffusion systems of activator-inhibitor type. 

Chapter 6 has a flavour different from other chapters. In this 
chapter the spotlight is on aspects that have escaped the methods 
presented in the preceding chapters. Namely, we take a fresh, close 
look at transient or impermanent dynamics. As discussed earlier, 
what is transient and what is permanent are relative concepts which 
depend on the scale through which observations are made. The self- 
replicating patterns treated in this chapter are just a typical example 
of such a phenomenon. On bounded domains, these are patterns that 
appear along the way, before the system settles down to the final 
destination, and, before and after the self-replication, they behave 
as if they were either genuine equilibrium solutions or spatially peri- 
odic solutions (aftereffect of limiting points and unstable manifolds). 
What drives this process is not seen just by looking at the phase 
space at a fixed parameter. The driving mechanism becomes uncov- 
ered only when we look at the extended phase space in which a global 
bifurcation diagram is drawn with variable parameter values (hierar- 
chical structures of limiting points). This mechanism also gives us 
a criterion for the onset and termination of the replicating dynam- 
ics. When the system size becomes large or infinite, the interaction 
among well-separated localized pulses or spots can be reduced to an 
ODE dynamics. The system of ODE's allows us to understand not 
only a weak interaction among them, but also more subtle dynamics 
like oscillatory splitting near singularities. 

Generally speaking, transient structures necessarily emerge wher- 
ever several different scales coexist and one scale transfers to an- 
other. In this sense, transient processes create quite vivid and in- 
teresting dynamical behaviors. In fact, when the solutions to which 
the system eventually settles down either disappear or become unsta- 
ble, a dynamic behavior appears in which self-replications and self- 
destructions alternatively occur perpetually. Such a phenomenon is 
also expected to be understood by the help of the global bifurca- 
tion structure of the system. In fact, at the end of this chapter, we 
demonstrate that a particular type of spatio-temporal chaos can be 
characterized as an aftereffect of heteroclinic cycles in infinite dimen- 
sional space. 



CHAPTER 1 

Separation and Unification of Scales 

The secular term problem in celestial mechanics is a typical ex- 
ample in which naive perturbation expansions in the temporal direc- 
tion break down. As remedies, the strained coordinate method, the 
method of multiple time scales, and various other techniques have 
been developed. These methods, however, cannot escape the criticism 
that they are the artwork of a craftsman and often require problem- 
dependent specifics. On the other hand, in the theory of fluid dynam- 
ics, L. Prandtl discovered and started the analysis of boundary layer 
phenomena in 1905, and his analysis quickly produced the first cor- 
nerstone example of the coexistence of different scales in the spatial 
direction. In this chapter, it will be shown that these problems (the 
secular term problem and the boundary layer problem) are caused 
by non-uniformity of convergence due to the coexistence of different 
spatio-temporal scales. We will aslo show that long-term behaviors of 
such problems can be lucidly described by introducing a coordinate 
system which suits the so-called slow degrees of freedom. 

1.1. Problem of Cumulative Term Type 

1.1.1. Method of Multiple Scales. Let us consider the Duff- 
ing equation, which describes the motion of a nonlinear spring: 

d2x 
(1.1) —^+x + ex3 = 0, t > 0, 

(1.2) x(0) = a, ^(0)=0. 

Here x stands for the deviation from a reference point, and the pa- 
rameter 6 is a small positive number. When e = 0, it reduces to the 
well known equation for a harmonic oscillator. Since the nonlinear 
term ex3 is of lower order, the solution x(t) may be obtained as an 

i 



2 1. SEPARATION AND UNIFICATION OF SCALES 

e-power series, as is the case in regular perturbation problems: 

(1.3) x{t) ~ xo{t) + €Xi(t) + ... + enxn(t) + ... . 

Substituting (1.3) into (1.1) and rearranging the resulting equation 
in terms of powers in e, one obtains the first two terms of the solution 
as follows: 

f 3 a3 1 
(1.4) x(t) = a cost + e< —-a3tsmt + — (cos3t — cost) > + 0(€2). 

( 8 32 J 

For each finite T>0, the expansion (1.4) is valid uniformly on [0, T]. 
However, it cannot be an approximation on the entire half-axis [0, oo), 
because the quantity — |a3tsint in the second term diverges oscilla- 
torily to infinity as t —> oo (the solutions of (1.1) remain bounded, as 
can easily be verified by multiplying it by ^|). For t = 0(l/e), the 
second term in (1.4) is no longer of the order 0(e). Such a term as 
— |a3tsint, which forces the regular perturbative expansion to break 
down, is called a secular term. For this reason, a problem of the 
type (1.1) is called a cumulative type problem. The equation (1.1) 
does not have a form in which the highest order derivative term is 
added as a perturbation. However, it should be treated as a singular 
perturbation problem, since its solutions do not have any regular 
perturbative expansion which is valid on [0, oo). 

In order to overcome this difficulty, various techniques have been 
devised. One such technique is the method of strained coordinate. In 
this method the independent variable t is transformed to r via 

(1.5) t = (1 + CUJi + €2U2 + • • • )t, 

in which the constants Ui (i = 1,2,3,...) are to be determined to 
eliminate secular terms. For the moment, the expression 

(1.6) 1 + euji + e2u;2 + ... 

is assumed to be convergent. In terms of r the problem (1.1)-(1.2) is 
recast as 

rl2T 
(1.7) ~ 2" + (1 + €UJi + €2UJ2 + •.. )2(^ + ex3) = 0, T > 0, 

aTz 

(1.8) s(0) = a, |(0) = 0. 

Expand x(t) as in 

(1.9) x(t) = Xo(t) + €XI(t) + €2X2(T) + ... . 
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Substituting it into (1.7), and equating to 0 the coefficients of each 
power of e, one obtains a series of linear initial value problems. The 
first two in the series read 

_, x (Pxn 
O(l) : -^2" + Xo = 0, xo(0) = a, = 0, 

O(e): + x1 —-{xI + 2ljiXo), xi(0) = 0, 

Solving (1.10), one obtains 

(1.12) ^o(r) = ckcosr, 

which upon substitution into (1.11) gives rise to 

d2X\ 
(1.13) -v-o- = —a3(cost)3 -2ac«;icosT 

-(0) = 0. 

= — ay-a + 2(jJij cost —— COS3T. 

The first term on the right is a solution of the harmonic-oscillator 
equation and is the source of the secular term. This term is eliminated 
by choosing 

(1.14) Wl = -ott • 

With this choice, the solution Xi of (1.13) satisfying the initial con- 
ditions in (1.11) is given by 

(1.15) ^i(r) = ^(COSST — cost). 
OZi 

The expansion (1.9) up to an 0(e)-term is therefore given by 

(1.16) x(t) = ex cos t -b e—(cos3t — cost) + 0(e2). 
oz 

Since r = (1 — |a2e-b...)_1t, rewriting the first term on the right 
hand side of (1.16) in terms of £, it is expressed as 

(1.17) x(t) = acos| ^1 + ^a2e^t| + O(e). 
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Note here that two time scales t and et appear on the right hand 
side. The scale t is called the fast time, and et the slow time. A 
perturbation method in which the existence of several different time 
scales is advantageously utilized, such as the method of constrained 
coordinate, is usually called a method of multiple time scales. It 
can be verified that (1.17) gives an approximation uniformly valid on 
0 < t < T/e with the error estimate inclusive, where T is a constant 
independent of e. The method above, however, is not satisfactory in 
the following points. 

(i) The method is ad hoc in nature: 
It is not clear directly from (1.1) why the transformation (1.5) 
is effective. 

(ii) Convergence: 
Whether (1.6) converges is not known in advance. 

(iii) The method is not geometric: 
The geometric meaning of the transformation (1.5) is not clear. 

In the next subsection, in order to remedy these points, at least 
partially, the problem is re-examined from the standpoint of explicitly 
utilizing the slow mode of freedom in the system. 

1.1.2. Averaging. What is the slow mode of freedom in (1.1)? 
It is the eigenspace corresponding to the O-eigenvalue of the linear 
operator obtained by setting e = 0 in (1.1). Denoting by L the linear 
operator L = + 1, the equation (1.1) with e = 0 reduces to 

(1.18) Lxq = 0. 

The 0-eigenspace of (1.18) is spanned by 

(1.19) xQ = rei{t+e\ 

in terms of two parameters r and 6. The reason why (r, 6) is called 
the slow mode of freedom is as follows. When 6 = 0 the pair (r, 6) 
is determined by the initial conditions and remains constant in time. 
Hence it is expected to change slowly in accordance with the mag- 
nitude of e for 6 7^ 0 (0 < 6 <C 1). In fact, in terms of the polar 
coordinates (r, 6) compatible with the space of the slow mode, (1.1) 
is recast as 

sbp 
— = e(r cos(t + 0))ssm(t + 6), 
at 

(1.20) 

^ = -(r cos(£ + 0))3cos(£-|-0). 
at r 
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This system of equations shows that r and 6 change slowly with the 
speed of O(e), if r is bounded away from both 0 and infinity. However 
the system (1.20), which is obtained by the phase-amplitude transfor- 
mation, looks more complicated than the original (1.1). Since the 
right hand sides in (1.20) are, on the other hand, a 27r-periodic func- 
tion of t and (r, 6) changes slowly, the vector field obtained by aver- 
aging (1.20) over one period is expected to be a good approximation. 
Indeed, the right hand sides in (1.20), after the averaging, have a very 
simple form which is independent of t: 

1 f2n 

e— / (r cos(t + 6))3 sin(t + 0)dt 
2^ Jo 

e 1 f2n 

- — / (r cos(t + 0))3 cos(t + 6)dt 
r 27r Jo 

The right hand side of (1.21) defines an autonomous system of equa- 
tions 

( dr 
I di ' 

= !er2, 

which is called the averaged equation of (1.20). The solutions of 
(1.22) are expected to give a good approximation valid for a long 
period of time. In fact, (1.22) gives rise to 

xo(t) = a cos 

which agrees with (1.17). In general, the following theorem is avail- 
able. 

Theorem 1.1 (Averaging Method [231]). Letx(t), y(t) G Mn be 
the solutions of the following initial value problems: 

(1.23) ! = «/(*, s), a:(0) = xq, 

^1'24^ di = €^0^' = Xo' 
where f is sufficiently smooth on G := [0, oo) x D (with D being a 
simply connected domain) and T-periodic in t. The initial value xq is 
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an interior point of D. The vector field fo is the average of f given 
by 

(1-25) fo(y) = 7j;Jo f(t,y)dt, 

in which the integration is carried out with y being considered as a 
parameter independent oft. 

Then there exists a subdomain D C D, independent of e, such 
thatj as long as x(t),y(t) G Z), the estimate 

(1.26) |x(t) - y(t)\ < Ce 

is valid on 0 < t < C/e, where C is a constant independent of e. 
In other words, the solution of the averaged equation gives an 0(e)- 
uniform approximation valid on a time interval of length 0(l/e). 

Proof. Once we switch the time scale from t to r via r = et 
and set M = maxG|/(t,x)\, the fundamental theory of initial value 
problems for ordinary differential equations guarantees the existence 
and uniqueness of the solution x(t) on the time interval 0 < t < 
Since maxG\fo(y)\ < M from the definition of /o, the same asser- 
tion holds for y(t) as well. By replacing the constant C by another 
one if necessary, one may assume that the solution y(t) remains in a 
subdomain D C D which is independent of e. In the sequel, instead 
of estimating the error of \x(t) — y(t)\ directly, the error estimate is 
given in terms of an approximation with an improved accuracy. By 
rewriting the right hand side of (1.23) as the sum of the average over 
one period of length T and the deviation from the average, it is recast 
as 

^1'27^ ^==e{?/ f(^x)dt + (f(t,x) - f{t,x)dt 

= e/o(z) + e(f(t,x) - fo(x)). 

Although the averaged part is considered as being well approximated 
by y(t), the deviation part in the second term is not related to y(t). 
Therefore in the integrated form of (1.27) 

(1.28) x(t)-xo = eJ fo(x)dT + eJ |/(t,x) -/o(T,x)|dr 

we consider an approximate solution w which is the sum of y(t) and 
the second term on the right hand side of (1.28) with x being replaced 
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by y(t). Namely, 

(1.29) w(t) = y(t) + eu(t, y), 

{f(r,y) - fo{r,y)y 

Note that u is T-periodic in t and satisfies \u(t,y)\ < 2MT. In order 
to estimate the difference between x(t) and w(t), rewrite the difference 

dx dw 
dt dt 

in which the integrand is rearranged as follows: 

. dx dw v . , v „ dy du 
(L32) Tt - It = ef{t>x) -€/o(x)"eVu' Tt ' edi 

- /(t,y)} - e2Vu • fo(y) 

+e{f(t,w) - f(t,y)} 

- €2Vu • fo(y). 

By using (1.30), the smoothness of / and the boundedness of u and 
Vu, the integrand is estimated as 

dx dw 
dt dt 

< eL\x — w\ + Ce2. 

Here, L is the Lipschitz constant of /. Therefore (1.31) gives rise to 

(1.34) \x(t) — w(t)\ < cL f \x(t) — w(T)\dr + Ce2t. 
Jo 

This is rewritten as 

(1.35) |x(t) - w(t)| + ^ < el [ ( |x(t) - u;(t)| + 

to which the Gronwall inequality is applicable. Hence one concludes 
that 

(1.36) \x(t) — w(t) \ + ^ ^ exp(eLt). 
]j L/ 

From (1.29) and (1.36), the conclusion of the theorem immediately 
follows. □ 
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Thanks to this theorem, one can guarantee that the solution 

acos< (1 + -ear It 

to the averaged equation (1.22) of the Duffing equation (1.1) gives a 
uniform 0(e)-approximation on a time interval of length 0(l/e). The 
slow mode of freedom in (1.1) is two-dimensional and reveals itself as 
the slow variation of the phase 0 as in (1.22). 

Another example in which the slow variation of the amplitude r 
appears is the van der Pol equation: 

/„ d2x o.dx 
(US7) 

When e = 0 this equation is of the same form as the unperturbed 
Duffing equation, and hence, applying the phase-amplitude trans- 
formation, the solutions x(t) of (1.37) are expected to be uniformly 
approximated by 

x(t) = acos(t + 0(t)) + 0(e) 

on 0 < t < ti/e. The pair (a, 0) is the solution of the averaged 
equations: 

f ft =11 
(1.38) ) 

II ea 
27r, 

rl-K 

/ (1 
Jo 

II e 
27r, 

f>27r 

/ (1 
Jo 

rZTT 
/ (1 — a2 cos2 ip) sin ip cos (pdip = 0. 

Jo 

Integrating this system of equations, one obtains the solution: 

a ~ 1 - Ae-et' ^ ~ ffo, 

where the constants A and Qq are uniquely determined by the initial 
conditions. Theorem 1.1 guarantees that 

(1.39) x(t) = 
A - Ae-* 

cos(t + 6q) + O(e) 

uniformly on 0 < t < ti/e. When the initial conditions are specified 
as x(0) = a > 0, dx(0)/dt = 0, the constants A, Oq are given by 

A = 1 2, 
az 
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Thus it is seen that the amplitude a varies slowly in the time scale et. 
It is easily understandable that this slow variation is caused by the 
nonlinear friction term on the right hand side of (1.37). 

1.2. Problem of Transition Layer Type 

1.2.1. What is a Transition Layer? In the previous section, 
it was necessary to introduce a slow time scale et, in accordance with 
the perturbation parameter e, in order to obtain an approximation 
uniformly valid on a sufficiently long (0(l/e)) period of time. The 
natural system of coordinates in that case was the two-dimensional 
polar coordinates on the O-eigenspace of the harmonic-oscillator op- 
erator. 

Another classical example of singular perturbation, in which sev- 
eral scales are indispensable, is the layer type problem. The 
boundary layer problem raised in fluid dynamics by Prandtl is 
particularly well known. Internal transition layers, which recently 
have attracted a great amount of attention in pattern formation the- 
ory and free boundary problems, are an example in which certain 
quantities change very rapidly in a spatially narrow region. In the 
latter examples, as a particular parameter tends to zero, two spatial 
scales, fast-changing and slow-changing, coexist, and the solutions 
have singularities (discontinuities) in the limit where the thickness of 
the internal layer is squeezed to zero. When we study the existence 
and stability of transition layer solutions, the space of slow modes 
corresponding to (1.18) naturally appears. The slow modes almost 
identically correspond to the translational freedom of the internal lay- 
ers. One can observe in the following simple function the separation 
and unification of scales appearing in a problem of transition layer 
type: 

(1.41) u(x, e) = e~x/€ -hx + e, 0<x<l. 

For each fixed x (x ^ 0), passing to the limit as e —> 0 (outer limit), 
one obtains 

(1.42) lim tt(x, e) = f(x) = x. 
€—►0 

The function f(x) is an 0(e)-approximation of u(x, e) on xq < x < 1, 
where xq > 0 is an arbitrarily fixed constant. This approximation, 
however, is not uniform in a neighborhood of 0, because /u(x, e) has 
a boundary layer, as is easily seen from the graph (see Figure. 1.1). 
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u 

1+e 

ol x 

Figure 1.1. The coexistence of two spatial scales in 
a transition layer 

Let us rewrite (1.41) in terms of a stretched scale x = x/e: 

(1.43) u(x, e) = e~x + ex + e, 0 < x < -. 

For each fixed x, passing to the limit as e —»■ 0 (inner limit), one 
obtains 

(1.44) g{x) = e~x. 

This function g is a uniform approximation of u on the interval 
0 < x < Xq for an arbitrarily fixed constant Xq > 0. It is not, however, 
a uniform approximation on the entire stretched region 0 < x < 1/e. 
In fact, when x is 0(l/e), the term ex becomes 0(1), and hence cannot 
be neglected. Both the outer limit and the inner limit, by themselves, 
do not give an approximation uniformly valid on the entire region of 
relevance, but the sum of the two, /(x) +^(x/e) = x + e~x/e, is an ap- 
proximation uniformly valid on the entire region. When several scales 
coexist, the procedure in which the scales are first separated (outer 
limit and inner limit) and then unified to construct an approximation 
uniformly valid on the entire region, such as the method of matched 
asymptotic expansions, prevails in singular perturbation theories. 

1.2.2. Internal Layer in a Bistable System. Let us exam- 
ine how transition layers appear in a concrete system of differential 
equations. We consider the following parabolic equation: 

(1.45) Ut = e2uxx + f(u, x) - 1 < x < 1, t > 0, 
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where e is a sufficiently small positive number. As boundary condi- 
tions, the Neumann boundary conditions 

(1.46) ux(-l,t) = 0 = ux(l,t) 

are imposed. The nonlinearity / is of the form 

(1.47) /(u, x) = u(l — u)(u — a(x)), 

in which a(x) is a smooth function satisfying the conditions 

(1.48) a(0) = ax(0) ^ 0, 0 < a(x) <1, x € [—1,1]. 

As a typical example of a(x), one may think of a strictly monotone 
function which assumes the value 1/2 at x = 0.. The system (1.45) 
with the nonlinearity defined by (1.47) is said to be of bistable type, 
because for each fixed x the ordinary differential equation obtained by 
setting e = 0 has two stable equilibria, u = 0 and u = 1, and solutions 
tend either to 1 or to 0 according as the initial value is greater than 
or less than a(x). The value a(x) here plays the role of a separatrix. 

Remark 1.2. If J{x) is defined by J(x) = / f(u,x)du, then 
Jo 

thanks to (1.48) it satisfies 

(1.49) J(0) = 0, 4-J(x) ^0. 
CLX x—0 

In the following we consider only the case where a single transi- 
tion layer appears. There are several methods to show the existence 
and the stability of transition layer solutions for (1.45), such as the 
comparison methods and the method of matched asymptotic expan- 
sions. We follow here the Hale-Sakamoto method [170], which utilizes 
a sort of Lyapunov-Schmidt reduction and hence explicitly brings out 
the slow degree of freedom in the problem. 

Theorem 1.3. There exist an eq > 0 and two families of single 
layer solutions Uj(x,e) of (1.45), j = 0,1, 0 < e < 6o, enjoying the 
following properties. 

(i) For an arbitrarily fixed 6 > 0, 

(1.50) limuj(x, e) = j uniformly on [-1,-5], 

(1.51) lim Uj(x, e) = 1 — j uniformly on [5,1]. 
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(ii) Moreover, the solution Uj(x,e) is asymptotically stable (resp. 
unstable) if 

(1.52) (resp. <) 0. 

When the solution is unstable, the dimension of the unstable 
manifold is one. 

(I) Construction of Approximate Solutions 

There are two issues to be dealt with in constructing internal 
layer solutions: 

(i) Where does the transition layer appear? 
(ii) How does the thickness of the transition layer depend on e ? 

Issue (i), in general, has to do with the geometry of a global free 
boundary problem, and issue (ii) is related to the balance among the 
different terms contained in the equation. Since transition layers, 
by definition, connect two different states to each other, it is first 
of all necessary to identify what these two states are. This is called 
the outer problem, which is obtained from the original system by 
setting the singular perturbation parameter e = 0. In the stationary 
problem for (1.45), it is given by the algebraic equation 

(1.53) f(u,x)=0. 

The problem (1.53) has three kinds of solutions u = 0,1, a(x), and 
hence there is a freedom of choice as to which two of them have to be 
selected. Hereafter, we choose 0 and 1, which are locally stable with 
respect to the ordinary differential equation (in fact, they are locally 
stable with respect to the partial differential equation (1.45), too), 
and try to construct transition layers which connect these two states. 

In general, the solutions of the outer problem (1.53) do not sat- 
isfy the boundary conditions. It is known that boundary layers in 
fluid dynamics appear so as to bridge the gap between the boundary 
values of the outer solutions and the imposed boundary conditions. 
In the above example, since we have chosen the constant functions as 
the outer solutions, the Neumann boundary conditions happen to be 
satisfied. 

Let us return to the two issues raised at the beginning. We first 
deal with issue (ii), in which the determination of an appropriate scale 
is demanded. Let the transition layer be located at x = xq and have 
thickness 0(ea), where a > 0 is an unknown exponent. In order to 



1.2. PROBLEM OF TRANSITION LAYER TYPE 13 

study the asymptotic form of the transition layer, let us introduce a 
stretched coordinate y by 

X — Xc\ /i r a\   u 

In terms of the new function z(y,e) = u(xo + eay, e), the stationary 
problem is given by 

(1.55) €2(1"a)2 + /(z, xq + eay) = 0, 

(1.56) i(dll^a:0'e) = 0' 

where * = d/dy. 
Since the transition layer is expected to connect 0 to 1, the expo- 

nent a and the location xq have to be determined so that the equation 
(1.55) has a bounded solution connecting 0 to 1 in the limit as e —> 0. 
If a 7^ 1, only one of the two terms on the left hand side of (1.55) 
survives in the limit as e —> 0. Regardless of the choice of xq, nei- 
ther term meets our requirement. Therefore, a = 1 should be the 
only candidate. In this way, the term which survives in the limit as 
e —► 0 is closely related to the exponent a. Since (1.55) has only two 
terms, the exponent is determined uniquely. In general, however, the 
exponent could take various values, depending on which terms out of 
several choices one wants to retain. According to the different values 
for the exponent, the limit as e —> 0 in the equation has different 
distinguished limits. We will again encounter such examples in 
Chapter 5. 

We next determine the location of the transition layer. The fol- 
lowing result is the key for this purpose, and is obtained from a two- 
dimensional phase plane analysis. 

Proposition 1.4. For each fixed constant a e (0,1), consider 
the equation 

z + /(z,a) = 0. 

The following statements hold (see Figure 1.2). 

(i) Heteroclinic Orbit 
The necessary and sufficient condition for the existence of 

a solution satisfying z(—oo) = 0, z(+oo) = 1 (resp. z(—oo) = 
1, z(+00) = 0^) is a = 1/2. The solution is monotone increas- 
ing (resp. decreasing) in y, and its orbit is unique and is called 
a heteroclinic orbit connecting 0 and 1. 
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Heteroclinic orbit Homoclinic orbit 

Figure 1.2. Heteroclinic and homoclinic orbits in a 
bistable system. 

(ii) Homoclinic Orbit 
The necessary and sufficient condition for the existence of 

a solution satisfying z(±oo) = 0 (resp. z(±oo) = 1) is 0 < 
a < 1/2 (resp. 1/2 < a < 1). The orbit of the solution exists 
uniquely for each fixed a} and is called an orbit homoclinic to 
0 (resp. 1). 

Remark 1.5. The condition for the existence of the heteroclinic 
orbit is expressed as 

J(a) = 0 

in terms of J defined in Remark 1.2. In fact, this equation holds 
only when a = 1/2. 

For the limit problem z + f(z,xo) = 0 of (1.55) with a = 1, the 
solutions which satisfy the boundary conditions 

(1.57) ^(Too) = 0, z(±oo) = 1 

exist only when xq = 0, because of the conditions in (1.48). This 
gives an answer to issue (i) raised at the beginning. Namely, the 
location where the limit problem, defined on R by introducing the 
stretched coordinate, has heteroclinic orbits connecting two outer so- 
lutions becomes a candidate where a transition layer may appear. 
This statement is universal, and in fact, heteroclinic orbits are a fun- 
damental ingredient in various interfacial patterns in which transition 
layers are involved (compare Chapter 4). 
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When a = 1 and xq = 0, the stationary problem is given by 

(1.58) z + f(z,ey) = 0, 

(1.59) i^±i,e^=0. 

We look for the inner solution, which determines the shape of the 
transition layer, in the following form: 

(1-60) z(y,e) = zo(y) + ezi(y) + 0(e2). 

Substituting this into (1.58), and equating to zero the coefficient of 
each power of e, one obtains a series of differential equations. The 
first two of the series are 

(1.61) zo + f(z0,0) = 0, 

(1.62) iq + fu(zo(y), 0)z1 + fx(z0(y), 0)y = 0. 

In the sequel, we confine ourselves to the boundary conditions 

(1.63) zo(-oo) = 0, zo(+oo) = 1, 

(1.64) zi(±oo) =0, 

which correspond to the transition layer connecting 0 and 1. 
As we mentioned, the heteroclinic solution satisfying (1.61) and 

(1.63) exists uniquely up to phase shifts. We denote by 2o(y;7) the 
solution satisfying zq (657) = 7. The constant 7, unknown at this 
stage, is uniquely determined later by the solvability condition for 
zi. The equation (1.62) is a linear inhomogeneous equation. The 
associated homogeneous equation 

h + fu(zo{y;i),0)zi =0 

has a solution zo(y; 7) bounded on R, as is easily seen by differentiat- 
ing (1.61) with respect to y. It can in fact be verified that, except for 
constant multiples of zq(2/57), such a solution does not exist. In this 
situation, the equation (1.62) has solutions which are bounded on R 
if and only if 

/+oo 
zo(y; i)fx{zo{y; 7), 0)ydy = 0. 

-00 
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(For details, see [74], Chapter 11.) This is an example of the Fred- 
holm Alternative Theorem. The condition (1.65) uniquely deter- 
mines 7. In fact, since 

/+00 
zo(yn)fx(zo(yn),tyydy 

-00 

= J fx(u, 0)(^J [-2F(?;) / dvjdu, 

where F(u) = I f(s,0)ds, (1-49) implies 
Jo 

ACo(7) = _ [-2F(7)] "1/2 J'CO) * 0, 

showing the monotonicity of Co (7). Moreover, since |Co(7)| —> 00 
as 7 —»• 0,1, one can conclude that there exists a unique 7 € (0,1) 
for which (1.65) is satisfied. With such a choice of 7, £0(2/;7) is 
simply denoted by zo(y). Since zo(y) decays exponentially to 0 and 1, 
respectively, as y —» — 00, +00 and io(y) also decays exponentially to 
0 as y —> ±00, the solutions of (1.62), together with their derivatives, 
converge to 0 at an exponential rate. 

In terms of zq and zi obtained above, we define the inner solution 
by 

(1.66) Z{y, e) = zo(y) + ezi{y). 

Combining the outer and the inner solutions, we now construct an 
approximation which is valid on the entire interval [—1,1]. Since the 
effective regions of the outer and inner solutions are different, we 
introduce C00-functions £0 and £+ satisfying 

(1.67) CoM = {J; £!!$; 0< C.M<1, 

(1.68) <.(*) = { 

The approximate solution is now defined as 

(1.69) U(x,e) =0 + Co(z)Z(^,e) + l-C+(z)- 
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(II) The Lyapunov-Schmidt Method and Stability 

Based upon the approximate solution, we now outline how to con- 
struct the transition layer solution and how to determine its stability. 
Replacing the equilibrium solution u of the original equation (1.45) 
by U(y, e) +tx, the new variable u is subject to the stationary problem 

(1.70) L€u + G(£) + F(u,e) = 0, 

where 

d2 

(1.71) Leu = e2-^2u + fu{U(x,6),x)u, 

(1.72) G(e)(x) = t2-^U(x, e) + f(U(x, c), x), 

(1.73) F(u,e) = f(U(x,e) +u,x) - f(U(x,e),x) - fu(U(x,e),x)u. 

The operator Lc is obtained by linearizing the equation (1.45) around 
the approximate solution U, while F is the nonlinear term containing 
quadratic and higher order terms. The quantity G(€) measures how 
well U approximates the transition layer solution, and tends to zero 
as 6 —► 0. If Le has an inverse which is bounded independently of 
small e, then, applying (T6)-1 on both side of (1.70), and solving 
the resulting equation by the method of successive approximation, 
one can find the solution u. However, since the linear operator U 
has an (exactly one) eigenvalue Ai(e) = 0(6) which tends to zero 
as e —> 0 (this will be described below), one cannot apply the above 
procedure for all small e. If we denote by </?i(x, e) the eigenfunction of 
Le corresponding to Ai(e), then it turns out that the one-dimensional 
space spanned by is the space of the slow degree of freedom. If 
transition layers appear at n locations in the solution, this space has 
dimension n (see §5.4). 

The essence of the Lyapunov-Schmidt method is to reduce the 
original problem to a problem on the space of slow freedom. This is 
done by decomposing the entire phase space into a space of slow free- 
dom and its complementary space, solving the equation on the com- 
plementary space by the method of successive approximation. The 
resulting solution is then substituted into the equation on the space of 
slow freedom. Let us decompose the unknown as u = onp\ + v, where 

a is a scalar and v is orthogonal to y>, J <pi(x, e)v(x)dx = 0. Substi- 

tuting this expression into (1.70) and projecting the resulting equation 
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onto the two subspaces associated with the decomposition, one ob- 
tains the equation for v and the equation on the span of <pi. Since on 
the subspace for v the linear operator Le is uniformly bounded, the 
equation for v is solved for small a, e as v = v*(a, e) with ^*(0,0) = 0. 
Substituting this solution into the equation on the span of (fi, one 
obtains a reduced equation called a bifurcation equation for (a, e): 

(1.74) B(a,c) = Ai(e)a 

+ F(a(pi(x, e) + v*(a, e)(x)^jdx 

= 0. 

In order for U(x,e) to legitimately be called an approximation, its 
deviation u from a genuine solution has to vanish as e —> 0. Namely, 
one needs to find the zero of (1.74) satisfying 

(1.75) a = a*(e), a*(0) = 0. 

It is here that the degree of approximation G(e) of the approximate 
solution E7(x, e) becomes important. If G(e) is 0(6), then v* = 
0(a2 + c). Since Ai(e) = 0(6), it is not straightforward to find a 
solution Oi*{e) of (1.74) satisfying a*(0) = 0. This shows that the ap- 
proximation U(x,e) has to be accurate enough so that G(e) = 0(62) 
at least. For such I/, it is possible to find a zero ce*(6) of (1.74) that 
satisfies (1.75). This is the reason why we constructed the approxi- 
mate solution up to the 0(6)-order including the zi-term in the inner 
solution in the above. 

The stability of the solution can be determined by studying the 
spectral distribution of the linearization around the solution. For now 
we only give an intuitive meaning of (1.52). For the sake of simplicity, 

let us assume that a(x) is monotone increasing: — J(0) < 0. Under 
ax 

this situation, for the ordinary differential equation ut = /(tt, x) with 
x being a parameter, the basin of attraction in the interval (0,1) of 
1 is larger than that of 0 for a: < 0, and the other way around for 
x > 0. Therefore, it is expected that the solution ui(x, e) which 
assumes values close to 1 for x < 0 and close to 0 for x > 0 will 
be stable, while the solution uo(x, e) which has the opposite behavior 
will be unstable. In fact, examination of the sign in (1.52) supports 
this expectation. 
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The approximate solution defined in (1.69) solves the stationary 
problem with an error of 0(e2) in the following sense. 

Lemma 1.6. 

(1.76) sup \G(e)(x)\ = 0(e2), e —> 0. 
x€[—1,1] 

Proof. The functions zq and zi, in terms of the stretched vari- 
able y, together with their derivatives up to the second order decay 
at an exponential rate for large \y\. By using this, the estimate in the 
lemma is readily verified. □ 

Decomposing the phase space into regular and singular parts ac- 
cording to the behavior of eigenvalues of Le, and substituting the 
regular part into the singular part, the method of Lyapunov-Schmidt 
is to convert the original problem to an equation (corresponding to 
the slow degree of freedom) on the space of the singular part which 
has a substantially reduced degree of freedom. The eigenvalue corre- 
sponding to the singular part is the one that tends to zero (or to the 
imaginary axis, in general) as e —> 0, and it is characterized in the 
proposition below. Here we consider L€ as Le : X \—> Y, where 

X = |ueC2[-l,l] —(±1) = 0 

y = c0[-i,i], 

and X is equipped with the norm 

The approximate solution E7(x, e) defined in (1.69) clearly belongs to 
the space X. 

Proposition 1.7. There exists an eo > 0 such that the following 
statements hold. 

(i) The principal eigenvalue Ai (e) of Le is real and simple, and it 
tends to zero as e —> 0 in the following manner: 

Ai(e) = Kie + 0(e), 0 < e < eo, 

with Ki 
/oo 

zo(t)2dt. 
■oo 
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(ii) The principal eigenfunction </>i(£,e) (0 < e < eo) correspond- 
ing to Ai (e) decays at an exponential rate. Namely, there exist 
positive constants C\, C2 such that 

|<£i(i,£)| < C,i|0i(O,e)|exp(-^|a;|), |x| < 1. 

(iii) Eigenvalues other than Ai (e) are all negative and bounded away 
from zero uniformly in e G (0, eo]. 

Proof. We refer for the details of the proof to [170], and instead 
explain here why such an eigenvalue appears. The principal part zq (y) 
of the internal transition layer tells the source of the small eigenvalue 
which approaches zero together with e (cf. (1.61)). In fact, rewriting 
Le in terms of the stretched coordinate y and passing formally to the 
limit as e —> 0, one obtains 

(1.77) i0z = z + fu(zo(y)> 0)z. 

By differentiating the equation (1.61) with respect to y, one finds that 
io satisfies the equation 

(1.78) z + fu{zo{y),G)z = 0. 

This means that io is an eigenfunction of Z0 corresponding to the 
0-eigenvalue. Since io is positive everywhere, 0 is a simple, principal 
eigenvalue of L0. For sufficiently small e > 0, this eigenvalue is con- 
tinued to an eigenvalue of Le, that is precisely Ai(e). The exponential 
decay estimate in (ii) and the statement (iii) that the other eigenval- 
ues are all bounded uniformly away from Ai(e) also follow from the 
fact that the 0-eigenvalue is simple and principal. The translations of 
zo(y) are also a solution of (1.69), and this fact in turn forced its lin- 
earization to have 0-eigenvalue. Therefore adding the 0-eigenfunction 
io to the transition layer solution is nearly equivalent to the transla- 
tion of the transition layer solution. In this sense, it might be said 
that the fact that Le has an eigenvalue in an 0(6) neighborhood of the 
origin stems from the fact that the formal limit problem of the inner 
problem has a translational invariance. To show that Ai behaves like 
Kie as e —> 0, note first of all that Ux satisfies the following: 

(1.79) + fu(U,x)Ux + fx(U,x) = 0(e2). 

On the other hand, the pair (Ai,0i), by definition, satisfies 

(1.80) e2(<l)i)xx + fu(U,x)(l)i = Ai0i. 
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Taking the L2 inner product between Ux and both sides of the last 
equation and integrating by parts, one obtains, with the help of (1.79), 
the following identity: 

(1.81) 0(€2) - (/x(E/,*),<M = \i(<l>i,Ux). 

Because of the normalization ||0i||l2(-i,i) = 1* the following relations 
hold on arbitrary finite y-intervals: 

(1.82) 

(1.83) 
Ve<t>i(ey) ~ Zoiy), 
e(7x(«/,€) ~ zo(y). 

Thanks to these relations and Remark 1.2, (1.81) leads to the prin- 
cipal part Kie of Ai(e). □ 

With these preparations at our disposal, we apply the Lyapunov- 
Schmidt method to (1.70) to prove the existence and stability of the 
solution stated in Theorem 1.3. 

Based upon the characterization in Lemma 1.7 of the eigenvalues 
of L€, we first decompose the equation (1.70) into the direction of 
the principal eigenfunction (pi and its orthogonal complement (the 
Lyapunov-Schmidt decomposition). Let pi be normalized so that 
0i(O,c) = io(0)> and define the orthogonal projection E onto the 
span of pi by 

(1.84) Eu = UM-,e)),u,
<h}»2) , 

\ ' 11 r 1 ( * 5 e)\\L2(-l,l) 

where (•, •) is the L2(—1,1) inner product. According to this projec- 
tion, the spaces X and Y are decomposed as 

(1.85) X = span{0i} ® Xi, Y = span{</>i} ® Yi, 

where Xi and Yi are respectively the kernel of E in X and Y. They 
also satisfy Yi = 7^(L€) = LeX\, and Le : Xi —> Yi is an isomorphism. 
By decomposing u as u = api(x,e) + v (a € R, v E Xi), one finds 
that (1.70) is equivalent to 

f L€v + (/ - E){G(e) + F(api(e) + t;, c)} = 0, 
(1.86) { 

{ oAi(€)^1(e) + E{G(e) + F(o^i(c) + «, e)} = 0. 

Since Le : Xi —> Yi is an isomorphism, the equation Lev = p for 
p e Yi is uniquely solvable, and its solution v(p) satisfies 

(1-87) \v(p)\2,€ < C\p\o, 
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where C > 0 is a constant independent of e G (0, cq]- Applying this 
to the first equation of (1.86), we obtain the following lemma. 

Lemma 1.8. The first equation in (1.86) is uniquely solvable in 
v as v = v*(a, e) in a neighborhood of (a, e) = (0,0). The solution 
depends smoothly on a and satisfies |v*(a, €)| = 0(a2+€2) as e+|a| —► 
0. 

By using this result in the second equation of (1.86), it becomes 

(1.88) aAi(€)</>i(e) + E{G(e) + F(a</>i(e) + v*(aJ e), e)} = 0, 

which, upon taking the L2 inner product with </>i(e) and using Lem- 
mas 1.6 and 1.8, is equivalent to finding a zero of the function 

(1.89) e) = Kiea + Toa2 + h.o.t. 

The constant tq is determined by the nonlinearity. Note that the 
contribution from EG(e) is of order 0(e5/2), owing to Lemma 1.6 and 
the normalization ||0i||l2(-i,i) = 1- By using the implicit function 
theorem, the unique solution a = a*(e) of B(a,e) = 0 in |a| < Co, 
e e (0, eo] is given by 

(1.90) a*(e) = —^-e + o(e), e 0. 

Therefore the family of equilibrium solutions uq in Theorem 1.3 is 
give by 

uq(x,€) = a*(e)(pi(x, e) + v*(a*(c), 6)(x) + U(x,e). 

Recalling the definition of 17, |a*(e)| = 0(6), and \v*(a*(e), e)^ = 
0(62), one can readily show that 

(1.91) M-,<0 - {/(•, 6)|2,e = 0(e), e > 0. 

Property (i) of Theorem 1.3 follows immediately from the construc- 
tion of U. It is also verified, by the same method as we used for 
Proposition 1.7, that the following result holds. 

Proposition 1.9. The principal eigenvalue AJ(e) of the operator 

££ = + fu{uo{x,e),x) -.X^Y, 
which is obtained by linearizing (1.45) around the solution u^x^e), 
satisfies 

(1.92) Xl(e) = K1e + o(e), e - 0, 

where the constant Ki is the same as in Proposition 1.7. 
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The stability of uq is determined by the sign of AJ, and hence by 
the sign of K\. The sign of i^i, on the other hand, is determined by 
the sign of J^O). Property (ii) of Theorem 1.3 for the stability of 
uo follows. 

Remark 1.10. The solution uq has a transition layer which con- 
nects 0 to 1. One can also construct a solution, say ui(a;,e), which 
has a transition layer connecting 1 to 0. The stability of ui is judged 
by the sign of it is asymptotically stable (resp. unstable) if 
J^O) > (resp. <) 0. 

Remark 1.11. When J(x) has several simple zeros, one can 
prove the existence and the stability of solutions with multiple tran- 
sition layers (cf. [170]). In such a situation, n internal transition 
layers in a solution give rise to an n-dimensional space of slow degree 
of freedom. This topic will be treated again in Chapter 5. 

1.3. Very Slow Motion Manifolds and Hyperbolicity 

1.3.1. Very Slow Motion. The following is well known as the 
simplest non-conservative equation describing phase separation phe- 
nomena: 

(1.93) ut = e2uxx + f(u). 

The nonlinearity / is of bistable type, the same as that treated in 
§1.2: 

(1.94) f(u) = \u(l-u% 

with the difference that the zeros of f do not depend on x. The equa- 
tion (1.93) is called a scalar bistable reaction-diffusion equation 
(or the Allen-Cahn equation). Let us introduce the functional 

(1.95) F(u) = J Kl2 + W{u)^dx 

with —W(u)= f f(s)ds. 
Jo 

The function W is called a double well potential with two wells of 
equal depth at u = ±1. In terms of the functional, (1.93) is formally 
written as 

SF 
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When several interfaces (transition layers) are placed on R, how 
do they move? Restricting ourselves to the case where there are two 
interfaces, let us derive heuristically the equation of motion for them. 
The nonlinearity (1.94) implies that the equation e2Uxx + f(U) = 0 
has the solution with a single transition layer, given by 

(1.96) u(x,t) = ±U(x) = ±tanh^-. 

In (1.96), U(x — 0) is also a solution for each 6 E R. If the transition 
layers are located at x = xi,X2 (> £i), then the solution will be 
approximated by 

(1.97) U(x) = U{x - xi) - U(x - X2) - 1. 

In fact, if X2 — X1 6, then (1.97) satisfies the equation (1.93) within 
an error of the exponentially small order 

This remains true as long as xi and X2 vary within the range where 
X2 — xi e. Namely, the set 

(1.98) W = {U{x)\x2-x1^e} 

is not an invariant manifold for (1.93) because of the exponentially 
small error, but it is extremely close to being invariant. It is here that 
a substantial amount of reduction in dynamical degrees of freedom is 
anticipated. In other words, it is expected that the solution of (1.93) 
with an initial value of the form (1.97) will move along (1.98) keeping 
its shape almost unchanged. And hence it will suffice to keep track 
of the motion of the points xi and X2 (two-dimensional!), in order 
to describe the evolution of the solution. It may be said, therefore, 
that almost all of the dynamical information is concentrated on the 
transition layers. This is one of the most important points that result 
from the singular perturbation point of view. 

Considering that xi,X2 depend on the time £, let us set 

(1.99) u(x, t) = U (x) + 6(x, t) 

with b(x,t) being a sufficiently small correction term. Note here that 
U(x) depends on t through xi(t),X2(t). Our goal, then, is to derive 
the principal part of the equations of motion for Xi,X2 in a closed 
form. It must be derived from the requirement that (1.99) be a solu- 
tion of (1.93), and in fact, it is determined by the solvability condition 
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for the following linearized equation: 

(i.ioo) -x^ + x2uI + bt = m + f(u) - f(Ui) + /(t/2), 

which is obtained by neglecting the quadratic and higher order terms 
in b. In (1.100)," *"= and ' stands for differentiation with respect 
to the argument, Ui = U(x — Xi), and L€ is defined by 

(1.101) £e=e2T3+/,(tf)- 

The equation of motion for xi is derived as follows. Since 1 + U2 is 
exponentially small near x = xi, an approximation is possible in the 
form 

(1.102) f(U) - /([/!) + /(t/2) S —3e(l + UiWi 

where 1 — Uf = 2eU{ is used. The operator L€ is approximated by 

(1.103) 

which, when expressed in terms of y = x/e, agrees with the operator 
(1.77) in §1.2. The operator L' has the 0-eigenvalue and the as- 
sociated eigenfunction $ = [/{, which originate from the translation 
invariance. It is known that L' is a self-adjoint operator on L2(R) and 
that its 0-eigenvalue is simple. Therefore, the Fredholm alternative 
applies to (1.100) for solvability in 6, and hence the inhomogeneous 
term in (1.100) has to be orthogonal to U[ in L2(R). Since is ex- 
ponentially small near x = xi, the principal part of the orthogonality 
condition is given by 

(1.104) = —(U[,f(U) — f(Ui) + /(f/2)), 

where (•, •) is the L2(R) inner product. By using (1.96) and (1.102), 
both sides of (1.104) can be explicitly computed, giving rise to 

12eexp - 

Delegating the explicit computation to [113], for example, we 
now present an intuitive derivation of the result. By the definition 
of Ui, the value of U[ in an €-neighborhood of xi is 0(l/e), and it 

(\x — X\ \ 
   J outside of the neighborhood. By 

using only the first term in the expansion 
00 

1 + tanhz = 2 ^(—l)n+1 exp(2nz), 



26 1. SEPARATION AND UNIFICATION OF SCALES 

the value of 1 + U2 near xi is estimated to be O |exp^ J j. 

Therefore one obtains 

(Ul, (1 + UM) * O[1 exp(—1x2 

By using (1.102) and (U[,U[) = 0(l/e), one arrives at the desired 
order of estimate for xi. One can also apply the same method to 
compute £2, and one obtains x2 = — xi. 

Summarizing, the dynamics of (xi,^) are governed by 

(1.105) ±1 = 126 exp — ——— , x2 = —126 exp — ——— . 

It is clearly read off from this that the motion of the transition lay- 
ers is very slow and almost stationary. This is why such a motion is 
called a very slow motion. The force acting between xi and £2 is 
attractive. The attractivity of the force suggests that two internal 
layers coalesce, leaving behind a nearly constant state 1 or —1. This 
is in accord with the fact that stable equilibrium solutions of (1.93) 
on a sufficiently large finite interval are identically equal to homoge- 
neous states (cf. §4.2). In general, a process in which larger domains 
are created by the coalescence of several transition layers is called 
coarsening. 

The very slow motion was first treated by the Japanese physicists 
Kawasaki and Ohta [205]. Its rigorous treatment on finite intervals 
with the Neumann boundary conditions was later carried out in [58], 
[148]. See also [39] and [4] for another treatment in terms of the 
energy estimates. These rigorous methods also apply to the Cahn- 
Hilliard equation (which is a conservative system), proving the exis- 
tence of very slow motions for the one-dimensional case (cf. [3], for 
example). Moreover, the very slow motion of a single bubble and the 
dynamics of many bubbles were discussed in [5]; they yield a higher 
dimensional version of the transition layers. A similar result, but for- 
mal, was obtained in [351] for the Allen-Cahn equation with mass 
conservation. 

The method, described above, in which the motion of interfaces 
is extracted by utilizing the difference of scales, applies not only to 
dissipative systems, but also to pulse interactions in equations of dis- 
persive type, such as the KdV equation and the Benney equation. For 
the latter class of equations many interesting results have been ob- 
tained by using this approach. For example, the force acting between 
pulses is repulsive (cf. [113], [84]), contrary to the case above. The 
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mathematical proof of these results for the original equations, how- 
ever, is a task yet to be done. 

1.3.2. Invariant Manifold and Normal Hyperbolicity. 
The reason why we could derive the interface dynamics as above 
comes from the fact that the set W defined in (1.98), consisting of 
translations of internal layers, very well approximates solutions of 
(1.93). In fact, it is possible to construct, based on (1.93) as the 0- 
th approximation, an invariant manifold of (1.93) considered on the 
finite interval [0,1]. The invariant manifold is characterized by being 
normally hyperbolic for all sufficiently small e including the limit 
as e —► 0, and we will show in the sequel, following [147], that such a 
characterization naturally enables us to construct the invariant man- 
ifold. In other words, such a viewpoint makes it possible to treat the 
construction of the manifold as a regular perturbation problem. 

The normal hyperbolicity of an invariant manifold means that 
the dynamics in the tangential direction is dominant over that in the 
normal direction. That is to say, the dynamics in the tangential di- 
rection is much slower than that in the normal direction. As we will 
explain shortly, this property is realized when the spectrum associ- 
ated with the normal component of the linearized operator around 
the invariant manifold is separated by a distance from the imaginary 
axis. Therefore, the notion is a natural extention of hyperbolicity for 
equilibrium points and periodic orbits of ordinary differential equa- 
tions. From now on, (1.93) is considered on [0,1] with the Neumann 
boundary conditions 

Ux{0,t) = ux(l,t) = 0. 

In order to treat the case where there are N transition layers, we 
introduce some terminology. For sufficiently small p > 0, let the set 
Tp C R be defined as the collection of vectors £ = (£i,... , £jv) with 

(1.106) Tp ={£ € Rn | 0 < < ... < ZN < 1, 

£i+i > 2/?, i = 0,... , AT}, 

where £o = — 6v+i = 2 — £#. This set is introduced in order to 
study the motion of interfaces in which the positions of the transi- 
tion layers and boundary points are all separated by a fixed distance. 
Denoting rji = (&+1 + £i)/2 (i = 0,... ,iV), we define a function 
u$ : [0,1] —► R for each £ G Fp by 

(1.107) tt«(a:) = (-l)<+1E7(»-$i), x € i = 
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where U is the function defined in (1.96). u^ is a piecewise C1 function 
which is obtained by gluing the function U at each The collection 
of vfi is an embedded submanifold of class C1,1 in L2 = L2(0,1). Let 
us define 7 = (ji,... , jN) :TP^RN by 

(1.108) 

7i(0 = 12€[exp(-6+1 ~ gi) - (-^ ~^"1) , i = 1,... ,N. 

Then we have 

Theorem 1.12 ([147]). Fix a sufficiently small p > 0 and N > 
1. For each e > 0 sufficiently small, there exist u^ G W1,2 and 
7(^) G Rn (^ G Fp) such that the following statements hold. 

(i) The mappings £ —> u^ and £ —3► 7^) are Lipschitz continuous. 
(ii) The setV\? = {u\u = 'ifi, £ G Fp } is an invariant manifold 

(very slow motion manifold) 0/(1.93) in W1'2. 
(iii) The flow on >V is described by the system of ordinary differ- 

ential equations £ = 7(0- 
(iv) We have 

(1.109) \\vt —vtWw1*2 = O^exp 

(1.110) |7(0 -7(01 =0(exp(-v))' 

where S% is an arbitrary constant less than ^ min{^ — ^_i}. 

Corollary 1.13. The very slow motion manifold W contains 
the unique equilibrium solution u^ of (1.93). The equilibrium u^ is 
hyperbolic (the spectrum of the linearization around it does not have 
points on the imaginary axis), and W is an open set of the unstable 
manifold Wu(u^) of the equilibrium. 

The corollary is an immediate consequence of Theorem 1.12. 
Although the content of Theorem 1.12 explains the dynamics in the 
final stage of the phase separation process, it does not describe the 
process of fast dynamics, where the number of the transition layers 
changes through coalescence or collision against the boundary. It is, 
in general, very difficult to construct the invariant manifold which 
covers the overlapping regions of different scales, because it is not 
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clear what to take as the 0-th order approximation, and because the 
normal hyperbolicity breaks down. 

Proof of Theorem 1.12. In order to avoid technical complica- 
tions, let us consider only the case where iV = 1. Our overall strategy 
is to derive the existence of VV from the normal hyperbolicity of an 
invariant manifold W for a reference problem. We now explain what 
normal hyperbolicity means and give an idea of how to introduce a 
suitable coordinate system to construct W. The reference problem is 
the following: 

(i.ni) 

where 4 

(1.112) 

( ut = e2uxx +f(u), xe(0,l), 
{ ux(0) = <po{u), ux(l) = <t>i(u), 

R (i = 0,1) are smooth functionals satisfying 

</>o(u?) = i4(o), 4>i{u^) = 14(1). 

From the definition of we find that both i4(0) and are of 
order 0(exp(—p/e)), and hence 0o,0i can be chosen to be globally 
0(exp(—p/e))-bounded. Therefore, when e 1, the problem (1.111) 
is considered as a good approximation of (1.93) with the Neumann 
boundary conditions. Moreover, since N = 1, the set W consisting of 
the functions of the form (1.107) is actually an invariant manifold 
(in fact, a collection of equilibrium points) for (1.111). 

It is therefore expected that there exists an invariant manifold >V 
of (1.93) near W if the latter is in some sense nondegenerate up to the 
limit e —> 0. The normal hyperbolicity is nothing but a condition that 
assures such a nondegeneracy. In order to be more precise, in a tubu- 
lar neighborhood of W let us introduce the following coordinate 
system: 

(1.113) 
u = + V, 
{v,i4) = 0, 

where is the derivative of with respect to £. The coordinate 
system in (1.113) is equivalent to the introduction of the vector bundle 

T — {i^} with the fibre 

(1.114) F5 = {u u e L2(0, l), (u, ui) 

at the base point u% for each £. By the implicit function theorem, 
(1.113) gives a smooth coordinate transformation from the neighbor- 
hood 77 to an open neighborhood of the 0-section of the vector bundle 
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T. To express the invariant manifold VV as a graph over W is noth- 
ing but choosing xfc and a C1-function 7(f) such that vt = v$ + v% 
satisfies 

(u| + v|)7(0 = c2(«ix + Vxx) + f(ui + 

(1.115) < vl = -ul, a: = 0,1, 

. (Vs,"4) = 0. 

The first equation represents the invariance condition that the value 
of the differential operator be parallel to the tangential direction. 
The quantities v^, t)|, and 7(f) are expected to be sufficiently small 
for 6 1, and hence, as the first approximation of (7(£)>^)> the 
solution (c(£),i^) of the following linear approximation of (1.115) 
will be adequate: 

«?c(0 = e2Vxx + f'(uS)vs, 

(1.116) < v£ = —4, a: = 0,1, 

. = 0. 

The equation (1.116) can indeed be solved, and its solution c(£) gives 
the principal part of the very slow motion. 

Proposition 1.14 ([148]). Assume that f e C3 and fix a suffi- 
ciently small p > 0. Then, there exists an e > 0 independent off; G Tp 
such that (1.116) has a unique solution (c(£),^) for 0 < e < e. The 
function c(^) is of C2-class and p^ = u^ + is of C2-class as a 
mapping Tp —» W2,2. Moreover, c(^) satisfies the following estimate: 

(1.117) c(0 = 7(0(1+ o(-^)), ?erp 

(the 7^) here is obtained by setting N = 1 in (1.108)), where 5^ is an 
arbitrary constant satisfying 6^ < min{£, 1 — (note that £ G (0,1) 
since N = 1). 

In order to construct the restriction of the linear differential op- 

erator to the direction normal to W, let us define the projections 

Q5 (£ € rp) by 

(1.118) QS=I-PS. 
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The following holds (see [3], [282], or [58] for proof). 

Proposition 1.15. Fix a sufficiently small p > 0. For each £ E 

Tp and (j) E C2[0,1] fl F^ with (j)x = 0, x = 0,1, define A* by 

(1.119) > = Q* (^2(j)xx + f'{ut)<l?). 

Then A^ can be extended to a self-adjoint operator on F^ = 

Q^L2(0,1), and its spectrum satisfies 

(1.120) spectrA^ < — c, 

where the constant c > 0 is independent of e and £. 

That W is normally hyperbolic actually means that the in- 
equality (1.120) holds uniformly in e. As mentioned earlier, W is an 
invariant manifold for (1.111), and in fact it is a collection of equilib- 
rium points; hence the vector field on it is identically zero. They are 
considered as the 0-th approximation to the genuine invariant mani- 
fold VV of (1.93) and the flow on it. If we simply want to show that 
the flow on the genuine invariant manifold is of order 0(exp(—c/e)), 
it suffices to compute its deviation from W. However, Theorem 
1.12 demands the estimate (1.109) of higher accuracy. In order to 
achieve the higher accuracy, we use an approximation one degree 
higher, namely, by using the solution v^ in Propopsition 1.14, we 
construct the manifold 

(1.121) W = {u\u = p^ = u^JrV^, £ E Pp }, 

and we search for W as a perturbation from W. Setting 

{ m>-: 

let us define the tubular neighborhood Af of W and the vector bundle 
T as T = {i^,£ E Pp}, Ft = {w\w E L2(0,1), (^,p|) = 0}. We 
also define the projections P^, Q^ in the same way as in (1.118) with 

replacing Substituting u = p^ + w into (1.93), one obtains the 
following set of equations for (£,tt;): 

(1.123) i = c(£)a(£, w) + &(£, w) = 0(£, w), 

(1.124) wt = A^w + 0(£, w)Kew + /i(£, w), 

where the detailed description of each term is omitted (see [147]). The 
equation (1.123) represents the principal part of the linear differential 
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operator along the direction tangential to W, while (1.124) expresses 
that in the normal direction. 

Proving the existence of VV by using the normal hyperbolicity 
of is outlined as follows. Let E be the totality of sections of T. 
We will show that finding W is equivalent to finding a fixed point 
of a map G : E —► E, defined in terms of the equations (1.123) and 
(1.124). Namely, for each given G E, (1.123) with w replaced 
by off is first solved to give a solution £(£). Substituting this £(£) 
into (1.124), and solving the resulting equation, a solution is 
obtained. The solution is a section of F, i.e., an element of 
E. It is the hyperbolicity of stated in Proposition 1.15 with vt 
replaced by pt, which guarantees that is uniquely determined by 

(which defines the map G) and that G is a contraction mapping. 
By performing several estimates on <5^ G E which correspond to the 
fixed point of G and using (1.123), the very slow motion 7(£) of 
Theorem 1.12 is obtained. □ 

1.4. Renormalization Group Method 

Viewing things from asymptotic perspectives is, in a sense, re- 
garded as a method to extract properties independent of details of 
the system, such as initial conditions and the specific form of nonlin- 
earities. As we have so far described, good approximations that are 
valid over a sufficiently long time interval are naturally obtained by 
separating slow freedoms from fast ones and by taking a good look at 
the system through the coordinate suited to the separation. Such an 
approach is effective because the details fade out within the fast time 
scale and the asymptotically important portion of the dynamics can 
be well described by the slow scales alone. In other words, the infor- 
mation related to the initial conditions is almost completely forgotten 
in the long run, and only the universal aspects implicit in the system 
become manifest. For example, the front of waves on the surface of 
water in a pond, created by a thrown stone, depends critically on the 
details at the initial stage, such as the shape of the stone (see FIGURE 
1.3). However, after a sufficiently long period of time and seen from a 
distance, regardless of the initial state, the front approaches a circular 
shape. 

The idea of attentively picking up structures that emerge through 
coarse-graining of space-time, such as the above, and using those in 
characterizing the asymptotic behavior of a system, has recently at- 
tracted a great amount of attention. One representative of such ideas 
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f r 

'ti 

Figure 1.3. Waves in a pond. The front of the 
waves becomes circular after long periods of time. 

is called the renormalization method. This method, originally de- 
veloped in field theory and the theory of phase transition to cope with 
irregularities in critical exponents, has recently proven its effective- 
ness for various perturbation problems and asymptotic problems in a 
wide variety of nonlinear non-equilibrium systems, through the works 
of physicist Y. Oono and his collaborators (cf. [64], [65], [299], and 
[157]), and its further applications are promising. 

Of particular interest in this method is the fact that it gives the 
same result as obtained by traditional methods, by just following a 
certain set of algorithms which do not require any a priori knowledge 
of the system to be analyzed. A mathematically rigorous justifica- 
tion of such algorithms remains to be done. Although what will be 
discussed below has a heuristic flavor, we introduce it as a prelude to 
the rigorous discussion to be presented later in Chapter 2. 

Let us return to the secular term problem for the Duffing equa- 
tion (1.1). Pretending that we do not have any particular knowledge 
about the system, let us construct local approximate solutions in the 
form (1.3). We introduce the amplitude Rq and the phase ©o as 
undetermined constants, in order to accommodate arbitrary initial 
conditions at an arbitrary initial time to- Similarly to §1.1, we obtain 
the following by computing the first few terms in the power series 
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expansion of the solution: 

(1.125) x(t) = Rq cos(t + ©o) 

+ e ~ ^o) sin(t + ©o) 

+ ^cos 3(t + ©o) — cos(t + ©o)^ I* + 0{e^)1 

where Rq and ©o depend on to- Choosing Rq and ©o adequately, one 
can make this expansion a good approximation of the solution near 
t = to. 

However, the expansion breaks down at t — to = 0(1/e). In 
order to make this expansion meaningful, let us introduce a parameter 
r, decompose t — to as (t — r) + (r — to)? and try to integrate the 
terms containing (r — to) into Rq, ©q. That is to say, introducing the 
multiplicative renormalization constant Zi = 1 + an£n and the 
additive renormalization constant Z2 = Y^=i we set 

(1.126) i?o(to) = ^i(to,T)ii(T), 

(1.127) Qoito) = ©(to) + ^2(^0, t), 

where an, bn are functions of (to, t), chosen so that the terms involving 
(t — to) are eliminated in each power of e. Let us, for example, look 
at the first order term in e. Since the cosine in the first term on the 
right hand side of (1.125) is expanded as 

cos(t + @0) = cos(t + 0) — &i€sin(t + ©) + 0(e2), 

by choosing 61 as 

(1-128) 6i = -|j?2(T-to) 

one can eliminate the term involving (r — to) in the second term which 
originates from the secular term. If ai = 0, then x(t) is expressed as 

(1.129) x(t) = Rcos(t + ©) — ^eRs(t — r) sin(t + ©) 
8 

+ ^i^3^cos3(t + ©) -cos(t + ©)^ +0(e2). 

Here i?, © are functions of r. Since the parameter r does not appear 
in the original problem, it should not be involved in the solution x(t) 
either. Therefore, we must have 

dx 
(1.1Z0) = 0, 
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which is called the renormalization group equation. Upon differ- 
entiation with respect to r, (1.129) gives rise to 

rlR Hf) 8 
(1.131) — cos(t + 0) — jRsin(£ + 0)——I- -eR3 sin(t + 0) 

dr dr 3 

— |ei?2^(t - r) sin(t + 0) - ^eR3(t — r) cos(t + 0)^ 
8 dr 8 dr 

+ ... + 0(e2) = 0. 

Since the last equation has to hold for each £, one obtains 

(1.132) 

Solving (1.132), setting r = t (this is possible since r was an arbi- 
trary time parameter) in the solution, and substituting the resulting 
solution into (1.129), one obtains 

(1.133) x(t) = Rcos(t + ^eR2^ + 0(e). 

This is exactly the same as (1.22), which was derived by the aver- 
aging method. Although the line of computations described so far 
is formal in nature, it is amazing that one can arrive at the expres- 
sion (1.133) only from the local approximation, without any prior 
knowledge about the solution or a specific scaling. 

Since the renormalization group method discussed above seems a 
little mysterious and god-given, let us interpret it from another view- 
point by using the envelope method (which is implicitly contained 
in the series of papers by Oono and his collaborators cited before, but 
see [232] for the explicit presentation). This method not only gives 
another perspective to the renormalization group method, but also 
will be more naturally accepted by the reader who may not be famil- 
iar with the renormalization group method. Let the desired orbit be 
given by the solution x*(t). By choosing the local solution (1.125) at 
each t = to appropriately, it may be possible to make it tangential to 
x*(i) at each t = to (see Figure 1.4). Note that we regard jRq, ©o as 
a function of to, not as a mere parameter. From this viewpoint, as 
may be clear from Figure 1.4, the desired solution x*(t) is realized as 
the envelope of the to-parameter family of curves x = F(t,to), where 
F(t,to) stands for the right hand side of (1.125). In order to identify 
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F(f, to) 

Figure 1.4. A global solution is obtained as an en- 
velope of a family of local solutions. 

the envelope we first solve 

dF 
(1.134) _(t,to) = o 

in to as to = to(t) (elimination of the parameter to). By using this 
we obtain the equation for the envelope: x = F(t,to{t)). However, 
we already know that the functional form of to must be to(t) = t, 
because the to-parameter family of curves had been supposed to be 
tangential to the desired x*(t) at t = to- Thus the desired curve must 
be described by the equation x = F(t,t). 

This observation is very useful when one performs computations 
on (1.134). Since, as mentioned earlier, jRo>©o are regarded as a 
function of to, the equation (1.134) takes a quite complicated form. If 
the condition t = to is imposed, however, the secular terms disappear 
all together, giving rise to 

' ff!=o+o(e2)' 
(1.135) ■/ 

This set of equations tells us how to choose the initial values (i?0) ©o) 
in accordance with the time t. Truncating the terms higher than 
O(e) in (1.135), and solving it, it will be evident that one obtains 
the same solution as in (1.17), which is an effective approximation on 
time intervals of length 0(l/€). 
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An important point in this method is that only the trivial pro- 
cedure of solving the equation (1.1) in a short interval around each 
initial moment t = to is required, and that no preparations or tech- 
niques, such as rescaling of time or averaging, are necessary. But, this 
method does not always give an effective way of approximation. 

Let us consider the following simple example1: 

(1.136) 
dA. o 2 a 
— = eA* - ezA. 
dt 

Looking for the solution simply in the form 

(1.137) A = Aq + eAi -I- e* A2 + ... , 

and substituting this into (1.136), one obtains the first few terms: 

(1.138) 

A(t; to) = Aq -h e(t — to)Ao + €2|(t — to)2Ao — (t — to)Ao + 0(e3). 

Secular terms appear on the right hand side. Applying the method 
above to this situation, we obtain 

(1.139) 

A(t) = Ao{t) + 0(e2), 

If this equation is an effective approximation of the original (1.136), 
then one arrives at the conclusion that the solution A = 0 is an 
unstable equilibrium. But, this conclusion is wrong. What went 
wrong? Solving the equation (1.136) directly by using the method of 
separation of variables, one finds that A(t) depends on t only through 
the term e2(t — to). The expression (1.137) simply was a bad choice 
because the 0(e)-term approximation was postulated in it. In this 
particular case, moreover, the existence of the nontrivial equilibrium 
A = e and its dependence on e also make the above formal expansion 
ineffective. 

In fact, it is natural from the form of the equation to set A = eA, 
and in terms of r = e2t, the equation (1.136) becomes equivalent to 

(1.140) -A + A2 

The form of the last equation will prevent us from making a mis- 
take like the above. There is another remark to be made. When one 

1The following discussion is based upon suggestions provided by Shin-Ichiro 
Ei and Masataka Kuwamura. 
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intends to find a higher order approximation, for example, an approx- 
imation valid on the time scale of 0(e-2), by using the renormaliza- 
tion group method, one has to be careful, because the procedure is 
not simple compared with the case where the approximation valid 
on 0(e~1) time intervals was constructed for the DufEng equation. 
Indeed, the linear equation 

(1.141) 
d2x dx 
d^+€'M+x = 0 

can be explicitly solved by quadrature, with the exact solution being 

(1.142) x(t) = Ae ^cos 

where the constants A, 6 are to be determined by initial conditions. 
The amplitude of the solution evidently varies with the time scale 
O(et), while the phase varies with the time scale 0(e2t). Even if 
one derives a renormalization group equation similar to (1.130) by 
formally constructing local approximate solutions of (1.141), it does 
not necessarily give rise to the desired system 

(1.143) 
-5* 

in which R and 0 stand for, respectively, the amplitude and the 
phase. Unless one is very careful to select the initial conditions in the 
construction of each approximate solution, (1.143) cannot be obtained 
(the reader is encouraged to try this). This example indicates that 
the nice feature of the renormalization group method (that is, the 
fact that a good approximation can be constructed without any prior 
knowledge of the behavior of the solution) seems to be lost. 

The last example, although artificial and perhaps evil-minded, 
warns us that care must be exercised in dealing with more realistic 
problems (see a discussion in [299]). It is a future task to find out 
under what mathematical framework the formal algorithm automat- 
ically determines at least the correct principal part of the solution. 
At the same time, the development of this method in the future is 
expected to be fruitful, since the idea and the framework of the renor- 
malization group method and its applicability are potentially much 
wider than explained here. 
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1.5. Summary 

1.1 The problem related to secular terms for the Duffing equation 
is solved by using a classical method and an averaging method. 
The meaning of slow freedom is clarified. 

1.2 The problem of determining the position and width of spa- 
tial internal layers is studied through an example of a scalar 
inhomogeneous second order equation of bistable type. 

1.3 The very slow motion, which evolves with an extremely slow 
time scale, is characterized as a motion on an invariant mani- 
fold by using the concept of normal hyperbolicity. 

1.4 The basic idea of the renormalization group method is ex- 
plained through an example of nonlinear ordinary differential 
equations. 





CHAPTER 2 

Amplitude Equations 

When the system size is quite large compared with the scale of 
a phenomenon, it is usual, as an approximation, to study the sys- 
tem as defined on the infinite domain. This approximation allows 
us to be free from considering the effects caused by the presence of 
the boundary, and to use various tools such as the Fourier trans- 
form. For example, in fluid motion between two concentric cylinders, 
destabilization and pattern formation of various type in the velocity 
field have been treated mathematically as a problem in the region be- 
tween two infinite cylinders (Taylor-Couette flow). Although such an 
approximation gives rise to a neat formulation of the problem, several 
difficulties arise in dealing with the extended system. Especially, the 
difficulty caused by the presence of continuous (or essential) spectra 
has long been a pending problem. In dealing with finite systems, 
destabilizations are detected by looking at the behavior of discrete 
spectra, and hence the gaps between eigenvalues allow us to invoke 
center manifold theory, reducing the problem essentially to a finite 
dimensional one. 

In dealing with infinitely extended systems, such spectral gaps in 
general cease to exist, and hence a continuum of wave modes destabi- 
lize simultaneously, preventing us from using such reduction methods. 
The problem here is how to control the destabilization of infinitely 
many degrees of freedom. The physicists Newell, Whitehead, and 
Segal proposed a partial differential equation, called an amplitude 
equation, which is supposed to describe the original system quite 
well near the unstable points, and have performed various analyses 
(cf. [277] and references therein). 

The best-known example is a nonlinear partial differential equa- 
tion called the Ginzburg-Landau equation (GLE). This equation may 
be considered as a universal equation which is effective near 
unstable points in extended systems, because it is derived based 
solely upon the mechanism of destabilization, independently of the 

41 
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original phenomenon and its model equation. This situation corre- 
sponds to the normal form classification of dynamics on center man- 
ifolds near bifurcation points in systems of finite size. The idea was 
generalized to deal with dynamic behaviors of finite amplitude solu- 
tions, and developed into the idea of the phase equation method of 
Kuramoto and his collaborators (cf. [270]). 

In this chapter, we survey how the amplitude equation is derived, 
how well it approximates the original system, and what kind of dy- 
namics it possesses. We also explain how effective the renormalization 
group method (described at the end of the last chapter) is in studying 
the properties of the amplitude equation. 

2.1. Order Parameter 

It is not feasible, nor necessarily meaningful, to describe every 
minute detail of various dynamic behaviors. What is it, then, that 
dominantly describes an overall picture of a given system? Naturally, 
one vaguely thinks of the following two things: (1) something that 
remains after short-lived transient behaviors, and (2) large structures 
that change slowly and emerge only after coarse-graining. In finite 
dimensional systems, (1) suggests that we should look at the dynamics 
on center manifolds, while a good example of (2) is a beat. In the 
latter, the important part is not the rapidly oscillating waves but 
the slow variation of the amplitude of their envelope. In both cases 
(1) and (2), it is easily seen that the difference in spatio-temporal 
scales is exploited. Generally speaking, an order parameter is a 
variable corresponding to the freedom which is scrutinized by using 
the difference in scales, and is believed to asymptotically characterize 
the system. In linear differential equations, it precisely corresponds 
to the eigenspace associated with the eigenvalues with nonnegative 
real part. In nonlinear problems, however, more sophisticated tools 
are necessary to identify an order parameter. 

As in Table 2.1, order parameters are roughly classified into four 
categories. In dissipative systems, as long as the domain is finite, the 
associated spectrum is discrete and contains only a finite number of 
active eigenvalues with nonnegative real part. Therefore the center 
manifold theory is applicable to produce ODE (ordinary differential 
equations) describing the principal part of the dynamics, which is 
the amplitude equation. In case the system is far from equilibrium, 
although one cannot treat all the steps of analysis rigorously due to 
the largeness of the amplitude, it is agreed to some extent that the 



2.1. ORDER PARAMETER 43 

Table 2.1. Four categories of order parameter. 

Degree of non-equilibrium 
Spectrum Near bifurcation point Far from equilibrium state 
Discrete Amplitude equation Finite amplitude 

(Finite domain) 

Continuous 
(Infinite domains) 

(ODE) solution and its stability, 
Center manifolds Global analysis of 

multiple bifurcation point 
Amplitude equation Phase equation, 

(PDE) Envelope equation, 
Slowly modulated pattern 

situation can in principle be understood by unfolding singularities and 
clarifying the global behavior of bifurcating branches as well as their 
connections. However, if the size of the system is large (large aspect 
ratio) compared with the typical size of the phenomenon (for example, 
the period of a periodic pattern), the system is often regarded as an 
infinitely extended system. As such, the destabilization of the system 
is related in general to a continuum of spectra. Therefore the center 
manifold theory is not applicable, and one has to come up with a new 
idea of reduction method to approximate the system. 

In order to do so, it is necessary to return to the original phe- 
nomenon. In fluid systems, especially in the Benard convection and 
the Taylor-Couette flow, periodic structures are often observed and 
in many situations the variation of the wave numbers evolves slowly. 
Newell, Whitehead and Segal, assuming that the amplitude part of 
the fundamental periodic structure depends only on substantially 
slower spatio-temporal scales, and using it as a necessary condition, 
derived an equation that the amplitude has to satisfy. This equation 
for the Benard convection is called the Newell-Whitehead equation 
and has the following form (cf. [270] for details): 

w = ^w
+v(l-±^)2w-!!\w?w. 

This equation, although a PDE (partial differential equation), 
is of substantially reduced form compared with the original Benard 
system (a coupled system of the Navier-Stokes equation and an equa- 
tion for temperature field). When the system is in a non-equilibrium 
state, namely, when it is far away from bifurcation points, it is no 
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longer possible to describe the dynamics in terms of the amplitude 
of linear unstable modes. However, even in such a case, the descrip- 
tion in terms of phase equations is effective for systems which have 
certain basic structure and the fluctuation from it varies and prop- 
agates slowly. Namely, assuming that the basic structure is almost 
time-invariant and only the configuration of the structure is gradually 
changing in space-time, one tries to extract the equation which de- 
scribes the variation of configuration. A well known equation which is 
derived by this kind of idea for oscillatory systems is the Kuramoto- 
Shivashinsky equation, to be treated in §2.4 (cf. [270] for details). 

In the sequel, the Swift-Hohenberg equation, the simplest model 
equation describing convection phenomena, is studied. After deriv- 
ing from it the Ginzburg-Landau equation (GLE) as an amplitude 
equation, we study the properties of the latter equation. We also give 
some discussion on how the GLE, as a normal form, approximates 
the original equation. 

2.2. Derivation of Amplitude Equations 

We will present the following three methods to formally derive 
amplitude equations: 

(1) amplitude expansion method, 
(2) spatio-temporal rescaling method, 
(3) method exploiting symmetry. 

We apply these methods to the Swift-Hohenberg equation (SHE), 
which describes the convection of fluid, to derive the Ginzburg-Landau 
equation (GLE). 

Amplitude Expansion Method 
The one-dimensional version of the SHE is the following fourth 

order one: 

(2i> 

where A is a real parameter that stands for the intensity of convective 
instability. The trivial solution u = 0 of (2.1) is unstable for A > 0. 
This is seen from the linearization around u = 0: 
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A = e2>0 

A = 0 X \ k 

Figure 2.1. Destabilization of the trivial solution 
in the Swift-Hohenberg equation. 

Setting v = e'xt+tfea:, we find that fj,(k) = — (1 — A;2)2 + A, which implies 
that u = 0 is linearly unstable for A > 0. 

For more detail, we set A = e2 to find that destabilizations oc- 
cur near kf = ±1 in a band with an 0(e)-width and 0(€2)-height 
(cf. Figure 2.1). For k outside these bands, //(&) is strictly nega- 
tive. This means that after a period of time of length 0(l/e2) the 
Fourier spectrum of the solution of (2.2) has its peaks only in an 0(e) 
neighborhood of the wave number kf. Therefore, it is suggested that 
when A = e2 new spatio-temporal scales T = e2t, X = ex are appro- 
priate to observe unstable behaviors within an 0(l)-scale. Speaking 
in terms of the original physical variables, the rescaling brings out 
variations over a spatially large region and slow variations in time. 

Based on the discussion above, the following formal approximate 
solution naturally arises: 

(2.3) uA{t, x) = e{ A(T, X)eix + A(T, X)e-ix 

where A(T, X) is the (T, Ar)-dependent complex amplitude associated 
with the most unstable Fourier mode e2X. Substituting this expression 
into (2.1) and equating the coefficients of e™ in the resulting equation, 
one finds that A formally satisfies the GLE 

^ def = 4I^ + A-3W2A- 
Note that only slow variables appear as independent variables in this 
equation. As mentioned earlier, the GLE is a universal equation valid 
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near unstable points, while the specificity of the original equation is 
reflected in the coefficients of the GLE. When the instability is of 
oscillatory nature, the complex amplitude is called for, and different 
nonlinearities give rise to differences in the coefficients. However, the 
form of the GLE itself does not change. 

Rescaling Method 
In place of u, let us introduce a new dependent variable v which 

depends on rescaled space-time variables: 

(2.5) u(t, x) = 2eRe ^(e2t, €x)elx^. 

One can see in this expression that the independent variables are 
rescaled in accordance with the dispersion relation of the linearized 
equation (2.2). The difference from the amplitude expansion method 
is that the new dependent variable is introduced and the equation 
itself is rewritten. The transformation (2.5) will turn out to be very 
useful in dealing with front solutions of SHE by using infinite dimen- 
sional versions of center manifold theory, as well as in studying various 
solutions of other types. The equation for v = v(T, X) is given by 

, v du ( d2 d3 o ^ o i i2 2iX o 
(2'6) a? = vw +1 - ""wp -' 

When e is small, acts as a highly oscillatory coefficient, and hence 
its contribution is expected to be very small as long as v remains 
smooth. Therefore, passing formally to the limit as e —> 0 in (2.6), 
one obtains the GLE as in (2.4). 

Derivation by Using Symmetry 
We will show that the nonlinear term of the amplitude equation 

is determined by the symmetry of the original equation. We assume 
that the solution is approximated in the form of (2.3). The linear 
part of the equation for A is easily shown to be + A 
from the principal part near k = ±1 of the dispersion relation fi(k) = 
— (1 — k2)2 + A of the linearized problem. In order to determine 
nonlinearity, we distinguish the following two symmetries which our 
amplitude equation has to have: 

(i) translational symmetry, 
(ii) symmetry under conjugation. 

The former symmetry is the invariance under A > Ae1^ (V^ E R), 
while the latter one corresponds to that under A i—> A. Assuming 
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that the nonlinearity is a polynomial of (A, A), one finds that all the  2 
quadratic nonlinearities A2, |^4|2, and A do not have the translational 
invariance. Moreover, among the cubic nonlinearities, it is easily seen 
that only \A\2A has the invariance. Therefore one concludes that the 
equation for A with the lowest order nonlinearity is given by the GLE 
in (2.4), although the coefficient —3 cannot be determined by such a 
reasoning alone. 

2.3. Validity of Amplitude Equation 

Naturally, the first question to be asked is, when A evolves ac- 
cording to (2.4), how well does the approximate solution ua in (2.3) 
approximate the solution u of the original equation (2.1) with the 
same initial condition? An answer was first given for SHE by Collet 
and Eckmann ([75]), and then by van Harten ([345]) for more general 
scalar equations with quadratic nonlinearities. These results, roughly 
speaking, say that there exists To > 0 such that ua approximates u 
uniformly on (t,x) € [0,To/£2] x E with an error of 0(€2). The proof 
of these results is quite complicated. In order to see how the solutions 
of GLE approximate those of the original equation without touching 
technical difficulties, we adopt the following assumption: 

Assumption: The nonlinearity is cubic or higher. 

The SHE satisfies this assumption. The following method does 
not apply directly to equations with quadratic nonlinearity, such as 
the Kuramoto-Shivashinsky equation. For an extension of the method 
to such examples, the reader is referred to [345] and [330]. 

In order for the two solutions to be compared, they have to live 
in the same space. Denote by CJri(R) the set of functions which are 
uniformly bounded on R together with their derivatives up to order 
m inclusive. It is known for SHE and GLE that the solution with 
initial value in C^(R) uniquely exists for all t > 0 and is bounded in 
C& (R) (cf. [76]). The following theorem holds. 

Theorem 2.1 ([218]). Let A = A{T,X) be a solution of GLE 
and ua the formal approximate solution given in (2.3). 

For each Tq > 0 and d > 0, there exist constants cq, C > 0 such 
that the following statement holds for e € (0, eo).* Ifu = u(t, x) is the 
solution of SHE with the initial condition satisfying 

|it(0,x) — ^(0,x)| < de2, 
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then 

(2.7) \u(t,x) — UA{t,x)\ < Ce2 

for (t,x) e (0,To/e2] x R. 

Proof. Our aim is to show that the error u^^x) — UA{t,x) re- 
mains 0(e2) for t < To/e2. However, the ua in (2.3), as it stands, is 
not appropriate for this purpose. Actually, the residue upon the sub- 
stitution of this ua into SHE is e3 A3e3lx + c.c. (where c.c. stands for 
the complex conjugate), which gives rise only to an error of 0(e) when 
integrated over [0,To/e2]. Therefore, as an improved approximation, 
we adopt 

(2.8) vA(t, x) = eA(T, X)eix - e3^-A(T, X)3e3ix + c.c. 
64 

The 0(e3) terms in (2.8) are chosen so that the 0(e3) terms in the 
residue cancel out as in (2.9) below. By using the notation L\(dx)u = 
— (1 + dl)2u + Xu, one has 

- Lo(dx)(B(ex)enix) 

= [(1 - n2)2B + e4m(l - n2)B' + e2(2 - 6n2)B" 

+ e34inB"' + e*B""]enix. 

Thanks to this, the residue p, when va is substituted into SHE, is 
given by 

(2.9) p{e,t,x) 

= dtvA - Lova - e2vA + vA 

= e3 [(dxA - 4d%A - A)eix - (1 - 32)2^A3e3ix + c.c. 

+ €3(Aeix + Ae~ix)3 + 0(e4). 

Since A satisfies the GLE (2.4), the 0(€3) terms cancel out, and hence 
p = 0(e4) is obtained. 

In order to estimate u — va as 0(e2), let us set ti(t, x)—VA(tJ x) = 
e2R(t,x) and try to show the uniform boundedness of R(t,x). The 
equation for R is given by 

(2.10) dtR =LoR + e2a(e, t, x)R + e3N(e, t, x, R) + e2r(e, t, x), 

(2.11) R(0, x) = (u(0, x) — va(Q,x)^/€2, 
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where 

a(e,t,x) = 1 — 3(vA{t,x)/e)2, N(e,t,x,R) = —3(va/€)R2 — eR3, 

and r = p/e4. Thanks to the earlier computation for p and the fact 
that A exists globally in time and is bounded, r remain bounded on 
(0, eo) x [0, oo) x R. By choosing eo smaller if necessary, one can 
assume that |jR(0,x)| < 2d. 

Transforming the differential equation for R into an integral equa- 
tion, let us estimate its C6(R)-norm (the usual sup-norm). Let us de- 
note the semigroup associated with Lq by G(t) = eLot. Taking it for 
granted that the semigroup is uniformly bounded and strongly con- 
tinuous on Cb(R) (for a proof, see Lemma 2.3 in [218]), the integral 
equation for R is given by 

(2.12) 

R(t) = G(t)R(p) 

+ e2 J G(t — s) |a(€, s)R(s) + eiV(e, 5, R(s)) + r(s) ds, 

where the variable x is omitted, and similarly below. For each D > 0 
there exists M > 0 such that ||iV(e,s,R)\\ < M for ||jR|| < D and 
€ G (0, eo). Moreover there exists a C > 0 such that 

IIGWH, ||r||, ||a(s)||<a 

Therefore, as long as R{t) stays in a ball of radius D, the following is 
valid: 

\\R(t)\\ < 2dC 4- [' e2C2\\R{s)\\ds + e2tC{eM + C). 
Jo 

The Gronwall inequality implies that 

(2.13) ||Ji(t)|| < Ce^*, C = 2Cd + TqC^M + C), 

for t < To/e2. Therefore, choosing eo so small that eoM < C, and 
setting 

C := 2Cd + ToC{C + C), D := Cec2To, 

one finds by (2.13) that ||jR(t)|| < D for t < To/e2. Since we have 

u(t,x) — UA(t,x) = e2R(t,x) — e3(A3e3zSx 4- c.c.)/64, 

the proof is complete. □ 
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Remark 2.2. The above argument does not apply to the case 
where the nonlinearity contains quadratic terms. The reason is that 
in this case the second term on the right hand side of (2.10) is 0(e) 
(in place of €2aR), making it impossible to give an error estimate 
0(l/e2) over a long time-period. 

Remark 2.3. There are generalizations of the above method in 
several directions. By improving the degree of approximation to make 
p = 0(en) (n > 4), one can sharpen the error estimate up to 0(en~2) 
(cf. [345] and [189]). The method also extends to deal with the 
case where the nonlinearity g is cubic in u and depends also on the 
derivatives d^u (k = 1,2,3) (cf. [76] and [345]). 

Remark 2.4. Since the magnitude of ua, and hence that of u, is 
O(e), the 0(e2) estimate in (2.7) is a meaningful approximation. We 
note also that the approximation in terms of the amplitude equation 
is effective within the natural time scale 0(l/e2) mentioned in §2.1. 

2.4. Attractivity of the Ginzburg-Landau Equation 

The expression (2.3) says the approximation by the Ginzburg- 
Landau equation (GLE) describes the evolution of functions which 
have a special Fourier mode distribution with sharp peaks only at 
the mode numbers k = ±1. When the original system starts with 
an initial function of a more general Fourier mode distribution, does 
the solution tend, as time passes, to have the special Fourier mode 
distribution? Or, in other words, does the system fall into the GLE- 
regime? It is indeed numerically confirmed that for SHE and the 
Kuramoto-Shivashinsky equation (KSE) the solutions with a small 
initial value tend to have, after a certain period of time, the Fourier 
mode distribution as depicted in FIGURE 2.2. The distribution in 
Figure 2.2 clearly shows that the strengths of the Fourier modes 
are selectively high, due to the nonlinear interaction, at the integer 
multiples of the most unstable wave numbers |fcc| = 1. To put it more 
precisely, the strength of the Fourier mode at k with \k — nkc\ = 0(e) 
is e'71-1', and it decays sharply otherwise. This is called the clustered 
mode distribution. It should also be noted that the distribution 
in Figure 2.2 effectively reflects the structure of the higher order 
approximate solutions for GLE 

v = e{Aieix + c.c.} + £2{Ao + (A2e2ix + c.c.)} + ... , 

where the coefficients Ai,Ao, A2 depend only on T = e2t, X = ex. It 
is shown in [345] by van Harten that if the initial condition for the 
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Figure 2.2. Clustered mode-distribution of the 
Fourier spectrum. 

original equation has the Fourier mode distribution as in Figure 2.2, 
then the corresponding solution of GLE approximates the solution of 
the original system in the same sense as in (a slightly weaker version 
of) Theorem 2.1. 

In this section, we deal with the question raised above for the 
following equation with quadratic nonlinearity (the quadratic case is 
the most difficult): 

f)ni 
(2.14) — = Lu + N{u), zeM. 

Although u here could be vector-valued, we assume for simplicity that 
it is scalar-valued. L is a real linear differential operator with constant 
coefficients. We also assume that L depends on a control parameter 
R. N(u) is a nonlinear term which is assumed to be expressed as 

N(u) = 27rp(u2). 

Here p is also a linear differential operator with constant coefficients. 
The symbols p,(k]R) and p(k;R) of L and p, respectively, are defined 
by 

Le-ikx = e-ikxp{k;R), 

p(e-ikx) =e-ikxp{k',R). 

For the sake of simplicity, we assume that p and p are real-valued, 
and also that p is of higher order than p in the sense that 

p{k\ R)/p{k\ R) —> 0 as |fc| —► oo. 
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Figure 2.3. Parametric destabilization curve for L. 

As an additional assumption on L, we assume that n(k',R) behaves 
as in Figure 2.3. More precisely, near the first destabilization point 
R = Rc, namely, for 

R>RC, R — Rc = e2, 

it is assumed that the nullcline of fi is parabola-like as in Figure 2.3. 
Therefore, the destabilization above the threshold value Rc looks like 
that in Figure 2.1. For later use, let us write down the Fourier trans- 
formed version of (2.14). In terms of $(&,£) = u(x, t)e~2fc:cdx, 
(2.14) is recast as 

(2.15) — = M(fc; R)$ + p(fc; R)* * $, 

where $ * ^ stands for the convolution. Denoting by <I>0(&;;i?) the 
Fourier transform of the initial value it(a;,0), one obtains 

$(fc, t) = [$0(fc) + p(fc; i?) J e-ti**)*'§ * . 

A typical example which satisfies all the assumptions listed above is 
the Kuramoto-Shivashinsky equation (KSE) 

du ( d2 \2 . du 
^ = + u+Xu+udi> 

where we set A = R — Rc. 
Let us first consider the initial conditions whose Fourier transform 

is of magnitude 0(c) in L1 D L00. The totality of such functions does 
include functions whose Fourier mode distribution is as in FIGURE 2.2, 
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although the strength of the Fourier modes of its member may not 
have a sharp peak at integer wave numbers. What has to be proved 
is that even for functions whose Fourier mode distribution does not 
have such peaks, after a period of time To/e2 (To > 0, To = 0(1)), 
the Fourier mode distribution of the solution approaches the clustered 
mode-distribution. Once this is proven, the dynamics of the solution 
thereafter is described by GLE due to the result of van Harten. The 
following result was obtained by Eckhaus [103]. 

Theorem 2.5. Let the initial value for the equation (2.14) have 
the Fourier transform &0(k) which satisfies 

$0(k) = 5k(e)(p0(k), <p0 = 0(1), 

4(e) = max{/(fc, kc), e}, 

= (,k - kc)
2 + e2" 

Then, for a sufficiently small arbitrary positive number a, at time 

the solution of (2.15) satisfies 

(2.16) $(M) = h(e)<p(k,t), ¥> = 0(1), 
IV 

4(e) = max|y^e|1~ra|[/(fc,i 

,2iV(l-ph 

where N is an arbitrarily large integer. 

Remark 2.6. For 0 < p < 1, if |fc - nkc\ = 0(ep), then 

[f(k,nkc)}N = 0(e2N^). 

Therefore, after a period of time 0(T/e2~a), one finds that the 
strength of the Fourier modes outside the region \k — nkc\ = 0(e) 
decays very sharply (because of the order of decay, the distribution 
in (2.16) is called a clustered mode-distribution of polynomial type). 

Remark 2.7. Since a > 0, the time needed to settle down to 
the clustered mode-distribution is much shorter than the duration 
0(l/e2) in which GLE is an effective approximation. 

The above result shows that the mode-distribution in Figure 2.2 
has an attractivity property in the Fourier space, and hence that the 
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GLE approximation is an attractor. It is a severe restriction that the 
basin of attraction in Fourier space is characterized only in an 0(e)- 
neighborhood of 0 in L1 Pi L00. Extensions to more realistic cases 
where bounded functions on R are included as initial functions have 
been pursued in recent years. For example, in [330] it is shown for 
KSE that for initial functions uq with 

IMv^oo <Coe, w4'00 = {a>GL00; i = 0,... ,4}, 

the decay rate of the Fourier modes between peaks is e-\k-nkc\\/i 
for 0 < t < 0(l/e2) and n G Z. The decay rate of the Fourier 
modes is exponentially fast. It has been also shown that conclusions 
of the same type as above are valid for more general equations that 
encompass KSE. 

2.5. Stability of Stationary Periodic Solutions 
for the Swift-Hohenberg Equation 

The Swift-Hohenberg equation (SHE) 

— = - (l + ^2 ) U + e2u ~ u3 (* - x e 

has a three-parameter family of stationary periodic solutions (roll 
solutions) for small e2 > 0: 

(2.17) uo(x-,u,(p,e) ~^''^et{1+euj'>xe'l'p + 0(e2). 

In (2.17) is 27r/(l + ecj)-periodic in x and is obtained as bifurcated 
solutions from u = 0 if e is considered as the bifurcation parameter 
(by fixing the period of the relevant solutions, one can apply the usual 
bifurcation theory). 

It is directly verified that the Ginzburg Landau equation (GLE) 
(2.4) also has the following three-parameter family of stationary so- 
lutions: 

(2.18) A)(X; w, <p, c) = 

By using (2.3) and X = ex, one can see that the solution (2.18) gives 
rise to the same principal part as (2.17). It is assumed here that u, (p 
vary in the range \u2\ < 1/4, tp E [0,27r). In this section, the stability 
properties of these solutions are discussed. Spectra for GLE will be 
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o(K) 

> 4cy2 > 4- 

4a>2<-5- 

FlGURE 2.4. Spectral distribution for the periodic 
stationary solutions of GLE (the Eckhaus-instability 
occurs across the curve 4a;2 = 1/3). 

explicitly computed. Let us linearize it around the periodic solution 
Aq, which yields 

dv A d2v ri, . ,9 . 9  
df = dX2 + v~ ' 0' v ~ oV 2 

Looking for an eigenfunction in the form 

v(T,X) = eCT(K)T(aei(a'+K)* + be-i{w+K)xy 

one finds that 

<7 («) = —(1 — 4a;2) — Hi2 + <y/(l — 4a;2)2 + 16/c2a;2. 

The behavior of <j(ac) varies as in Figure 2.4, according to different 
values of u. One can read off from the graph that the stability prop- 
erty changes at 4a;2 = Moreover, the following statements hold. 

(i) When 4a;2 < |, the solution is linearly stable (Eckhaus-stable) 
in the sense that the spectrum has no intersection with the 
right half plane, although it touches the origin since the prob- 
lem is defined on R and has translational invariance. 

(ii) The instability that occurs for 4a;2 > | is called the Eckhaus 
instability, in which destabilization acts to deform the wave 
length of eigenfunctions rather than to change their shape. 
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If one selects an Eckhaus-stable periodic stationary solution, does 
it also have a nonlinear stability property? The fundamental difficulty 
related to such a question is marginal stability. 

Marginal Stability 
Even for the stationary solution in the Eckhaus-stable region 

4a;2 < the continuous spectrum of the linearization reaches the 
origin, and hence there is no spectral gap. In such a case, nonlinear 
stability is not at all trivial. 

Even if the issue just mentioned is resolved positively, one has to 
recall that GLE was introduced as an approximate equation for SHE. 
Therefore the (nonlinear) stability for GLE does not necessarily imply 
the same property for SHE. In fact, there is a big obstacle between 
these two. 

Limitation of the Approximation by GLE 
As mentioned above, even if the nonlinear stability for GLE is 

established, it does not necessarily mean nonlinear stability for SHE. 
One reason for this is that approximation by GLE (Theorem 2.1) is 
valid only on a finite interval [0,0(l/e2)], not on [0, oo). 

The nonlinear stability of the stationary solution for GLE was 
established in [38] by Bricmont and Kupiainen (see also [81]). The 
method employed by them is based upon the idea that renormal- 
ization group methods can be utilized to overcome the difficulties 
originating from the marginal stability. It seems that no attempt has 
been made to extend the region of validity for GLE approximations 
to 0 < t < oo even when the stationary solution is stable. There are, 
however, some attempts to apply renormalization group methods di- 
rectly to SHE to establish stability. The following result is due to 
Schneider [332]. 

Theorem 2.8. There exists an eo > 0 such that the following 
statement is valid. For fixed uj,ip and e G (0, eo), let uq = uo(uj,(p,e) 
be an Eckhaus-stable stationary solution o/SHE. Let v|t=o be a suffi- 
ciently small element of an appropriate space B (for the definition of 
B, see [332]). 

Letuo+v\t=o be an initial data. Then, there exists a positive con- 
stant Ci((jJ, e) such that the solution v(x, t) asymptotically satisfies, in 
the L00 -sense, 

1 ~ x2 , 
v(x,i) = —=Ae *uL£^dxUQ(u,g),€)[x] + 0(tp ) (as t —> oo) 

y/t 
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for each p G (0,1/2), where cuq = uq, A depends only on the initial 
condition, and Ci(uj,e) and A are both 0(1)-quantities as e —> 0. 

The solution v evidently decays with the same polynomial order 
as solutions of the heat equation. This phenomenon is a marked 
difference from exponential decays in problems on bounded domains 
where spectral gaps are available. 

In fact the proof of Theorem 2.8 consists of the following steps. 
First, the spectral properties are studied in detail for the lineariza- 

tion of SHE around the Eckhaus-stable solution. Then one shows that 
the principal part of the spectrum is the same as that for the heat 
equation. Finally, to complete the proof, one shows by using renor- 
malization group methods that solutions of SHE behave in the same 
manner as the solutions of the heat equation in an appropriate func- 
tion space. 

The renormalization group method is one of the most effective 
techniques to handle the difficulties caused by essential spectra, and 
it has been used in recent years to study asymptotic behaviors of 
various types of solutions. 

In §2.7, basic ideas of the renormalization group method will be 
explained by using a simple model equation. 

Remark 2.9 (Pattern Selection Problem). As opposed to prob- 
lems on a finite interval, infinitely many Fourier modes destabilize all 
at once in problems on infinite intervals. Therefore, it is not clear 
which mode ultimately dominates the system immediately after the 
destabilization sets in. In general, when many patterns coexist in a 
given system, the problem of determining which one is realized (se- 
lected) , called a pattern selection problem, depends crucially on how 
one formulates it. In other words, the most important question is how 
to set up the framework to capture the essence of the phenomenon. 
The stability of the stationary solution to SHE has been shown in 
Theorem 2.8. This means that each stationary solution can exist 
stably relative to an appropriate class of perturbations, and hence 
the pattern is selected according to the initial condition. Therefore, 
one may not hope that a particular pattern is uniquely selected from 
a general initial data unless its basin of attraction is completely char- 
acterized in an appropriate function space. In reality, of course, it is 
not satisfactory to restrict the initial conditions to a particular class 
of small perturbations. More realistic initial conditions are random 
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fluctuations from a constant state or finite perturbations with sup- 
port contained in a compact domain. In order to handle such initial 
conditions, one has to deal with global dynamics of the system, which 
is at present a very difficult task. We will come back to such pattern 
selection problems in Chapter 3. 

Remark 2.10. Recently, the work in [108] made it possible to 
give a geometric proof of Theorem 2.8. The result obtained is in- 
teresting in the sense that the finite dimensional invariant manifold 
theory is applicable even though the system is marginally stable. 

2.6. Front Solutions of the Ginzburg-Landau Equation 

In the last section, the problems of existence and nonlinear sta- 
bility of stationary periodic solutions were discussed for the Swift- 
Hohenberg equation, which is supposed to describe the periodic roll 
solutions in the heat convection problem. The same problems were 
also treated for the Ginzburg-Landau equation, an amplitude equa- 
tion of SHE. In reality, however, it is rare to have a roll solution with 
the same period across the entire domain, and it is natural to expect 
to have a mixture of roll solutions with varying periods. Therefore it 
becomes important to give an answer to the pattern selection problem 
as to what period, among many, eventually dominates the system. A 
complete resolution of this problem is not available yet. As a first 
approach to such a problem, let us deal with the following problem 
for the Ginzburg-Landau equation. 

Problem: When two periodic solutions of different periods 
are specified at x = ±oo as the boundary conditions, how does the 
system behave in between? 

In the sequel, we treat this problem for the normalized Ginzburg- 
Landau equation 

du d2u , , ,o, 
(2.19) — = ^2 + (1 — M )ui a: G M. 

As explained in the last section, this equation has a family of time- 
independent periodic solutions 

(2.20) uq(x) = y/l - q2eiipeiqx, q G [-1,1], (p G R, 

where solutions with small amplitude (q2 > 1/3) are unstable and 
solutions with large amplitude (q2 <1/3) are marginally stable. 
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Let the periodic boundary conditions at ±00 be give by uqo (at 
x = —00) and uqi (at x = 00) with \qo\, \qi\ < 1. One needs to 
consider first of all the existence and stability of a front solution 
connecting these periodic solutions. The front solution here means 
a complex-valued function U(x, £) such that 

u(x, t) = U(x, x — ct) 

is a solution of GLE and U satisfies 

lim U(x,£) = uqo(x), lim U(x,£) = uqi(x). 
£—>—00 ^—>00 

The constant c is the speed at which the envelope of the family of 
solutions {U(x, OIxgR propagates. Such a solution is the counterpart 
of a heteroclinic orbit in finite-dimensional dynamical system theory. 
When uqo is a stable roll solution and Uq1 is an unstable one, in par- 
ticular, it is expected that the stable solution uqo invades the region 
of uqi and that the front solution converges to uqo when observed on 
arbitrary compact intervals (see Figure 2.5). 

When uqi = 0 (i.e., qi = ±1), the existence of such a front 
solution is easily established as follows. 

Let us consider a solution in the form u(x,t) = v(x — ct)ez<7oX, 
where v is a complex-valued function and <Zo£(—1,1), c > 0. Substi- 
tuting this expression into (2.19), one obtains the ordinary differential 
equation 

(2.21) v"{t) + (c + 2iq0)v'{g) + (1 - ql - M£)|2Mf) 

for u(£). If the Hamiltonian H is defined by 

(2.22) H{v,v') = \W\2 + ^(1 - 9o2)I^|2 - jM4, 

then (2.21) is considered as a dissipative system with the complex 
dissipation coefficient c+2i^o- It is easily verified that ^ = — c|u|2 < 
0 along the orbits of (2.21). The boundary condition at £ = oo is taken 
to be v = 0, which is a stable equilibrium point of (2.21). On the 
other hand, the boundary condition at £ = — oo is to be on the circle 
of equilibria: v = yjl — q^e^, which is unstable. Once an orbit enters 
the region defined by |u|2 < 1 — q^, H < |(1 — <Zo)2> ^ remains there 
and converges to the origin (u, v') = (0,0). The circle of equilibria lies 
on the boundary of this region, and the unstable manifold of the circle 
intersects the region. Therefore for any periodic solution uqo taken 
as a boundary condition at the left end, (2.19) has a front solution 
which invades the region uqi =0. 
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Figure 2.5. The front solution connecting a stable 
roll solution and an unstable one. Two roll solutions 
corresponding to qo = —0.3 and qi = 0.9 for GLE 
are connected, and the stable roll solution (uqo) is 

) with invading the region of the unstable one 
5 (transcribed from Figure 1 of travelling speed c 

[105]). 

If the boundary conditions uqo,uqi are both different from 0, the 
situation is not so simple. In fact, even if one tries the ansatz 

u(x, t) = vq(x — ct)e%qoX +v\(x — ct)e%qiX 

for a solution, one immediately finds that the solution has to depend 
on all wave numbers qn = q^ + n(gi — go) {n € Z) due to the nonlinear 
interaction. This means that the solution has to be searched for in 
the general form 

(2.23) u(x, t) = ^ Cn{x — ct)e%qriX. 
nez 

Upon substitution into (2.19), this expression gives rise to a series of 
ordinary differential equations for Cn: 

(2.24) C'n = Dn, D'n = -(c + 2iqn)Dn + Cn(ql - 1) + Fn(C), 
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where F = (Fn)nez, arising from the nonlinear interaction, is given 
by 

(2.25) Fn{C)= Y, CvCsC*-r- 
p+s+r=n 

In the above,' stands for the differentiation with respect to £ = x — ct. 
The boundary conditions for the solution C(£) = (Cn(£))nez are given 
by 

(2.26) lim C(£) G C_oo, lim C(£) G Coo, 
£—>—oo €—+00 

where C±oo are defined by 

(2.27) C-oo = {(Cn)n€Z | \Cn\ = y/l - ql5nfi }, 

(2.28) Coo = {(Cn)nez | \Cn\ = }, 

with 5ij being the Kronecker delta. The sets C^oo represent circles of 
equilibria for (2.24) which respectively correspond to the equilibrium 
solutions uqQ and uqi (note that degeneracy is present because of the 
freedom in phase shifts). For what values of <Zo,4i € [—1,1] does 
the problem (2.24), (2.26) have a solution? As a partial answer, the 
following two results have been obtained in [105] and [150]. 

Theorem 2.11 (Unstable-Unstable Front). Let a and c be 
constants satisfying 0 < a < 1/2 and c > 0. Then there exists a 
value ci = €i(c) > 0 such that for 0 < e < ei, the problem (2.24), 
(2.26) has a solution with qo = — 1 + e and qi = 1 — ae. Moreover, as 
c —^ oo, €i(c) converges to a positive constant. 

Theorem 2.12 (Stable-Unstable Front). Assume thatqo sat- 
isfies 

-1/V3 < qo < 0. 

Then there exist constants ei > 0 and ci > 0 such that for all e, c 
satisfying 0 < e < ei and c > ci, the problem (2.24), (2.26) has a 
solution with q\ = yl — 

Remark 2.13. Corresponding to the invariance of the original 
GLE (2.29) with respect to rotation and translation, the equations 
(2.24) also have related invariance. Namely, if one defines by 
(i^C^ = e^Cn and Ts by (TsC)n = em<5Cn, then these operators 
commute with the nonlinearity F. This fact implies that if some pair 
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from Cioo is connected by an orbit of (2.24), then an arbitrary pair 
from C±0o is also connected by an orbit of the same system. 

Remark 2.14. Front solutions do not necessarily exist for an ar- 
bitrary pair (qo,qi). For an arbitrary solution of (2.19), the 
maximum principle for second order parabolic equations implies that 
the number of zeros of Re(u(x,t)) in any compact interval does not 
increase in time (this is due to a remark made by S. Angenent). As- 
suming that c > 0, the latter fact tells us that there exists a front 
solution only when \qi\ > |go|- Since the equation (2.19) is invariant 
with respect to the complex conjugation u —> u, one can rephrase the 
condition as qi > |go|- 

Remark 2.15. Although the system (2.24) appears to contain 
infinitely many ordinary differential equations, a substantial amount 
of reduction is possible. In fact, it can be reduced, by using center 
manifold theory, to a (complex) two-dimensional problem (see [105] 
for details). 

Partial results similar to those cited above have been obtained 
in [75] and [107] for the existence of front solutions of the Swift- 
Hohenberg equation. For this equation, too, center manifold theory 
applies as in Remark 2.15, and the reduced problem is defined on 
real four-dimensional space (cf. [150], [263], and also [352]). The 
reason why infinite dimensional problems can be essentially reduced 
to finite dimensional ones is that the solution ansatz (2.23) taken at 
the beginning has a certain periodicity condition. 

As for the stability of the front solutions, no discussion is given 
here, and there are many problems worth investigating in the future. 
The difficulty of dealing with the stability question is partly due to 
the fact that one cannot use the maximum principle when one studies 
complex perturbations of the real front solution connecting 0 and 1 
in GLE. Therefore other approaches, such as renormalization group 
methods, are called for. For partial results in this direction, we refer, 
for example, to [38], [37] and [77] (cf. [79], [80], [106] too). 

2.7. Renormalization Group and Its Application 

2.7.1. Idea of the Renormalization Group Method. We 
will present the idea of the renormalization group method through 
an asymptotic characterization of solutions for the following scalar 
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equation (cf. [36]): 

(2.29) u = un + F(u, v!, t6,/), x G R. 

The idea remains the same even for the case where x € Mn. Let us 
examine whether the solution u can be characterized as 

(2.30) u ~ (t —> oo) 

for some function /. This means that the asymptotic form of u is the 
profile of the function /, with the spatial scale being magnified by the 
time-dependent ratio t1/2 and the amplitude being contracted by the 
ratio t~a/2. The exponent a > 0 is a number to be determined. 

When F = 0 in (2.29), the equation is a well known heat equation. 
Its solutions are expressed and asymptotically characterized in terms 
of the fundamental solution: 

2 
u(x,t) = (47rt)~1/2e~^. 

In fact, if the initial functions decay appropriately at infinity, one can 
show that as t —> oo 

(2.31) sup u(x,t) — (47rt)~1//2i7e"^ < o(-\ 
x \ t / 

where U = f u\t=Qdx. In this case, / is given by /(£) = (47r)1/2e-^2/4, 
and hence a = 1. A feature of the fundamental solution for the 
heat equation is that the solution at arbitrary instances t, t' can be 
transferred to each other by appropriate space-time and amplitude 
scaling. A solution with such a property is called a scale-invariant 
solution. 

We chose the asymptotic form f(xt~z) in (2.30) with the expec- 
tation that the diffusion effect in (2.29) will dominate for sufficiently 
large t. If the solution behaves as in (2.30), then, repeating the space- 
time and amplitude scaling appropriately, one will be able to extract 
a scale-invariant part of the solution. The idea of the renormalization 
group method is to reduce the problem of determining long-term be- 
havior of solutions to the problems of existence and stability of fixed 
points for an iteration scheme. The iteration scheme here is defined 
in terms of the solutions of a problem on a fixed finite time inter- 
val, together with repeated applications of scaling. Let us roughly 
describe its framework, neglecting details on nonlinearity and phase 
space. Let us denote by <S the phase space to which initial functions 
belong. It is convenient to choose the initial time t = 1. For a fixed 
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constant L > 1, let us set 

(2.32) uL(x, t) = Lau(Lx, L2t), 

where u is the solution of (2.29) with initial value / € <S, and a is 
an unknown exponent to be determined. Notice that the parabolic 
space-time scaling is adopted on the right hand side of (2.32), which 
is the one that makes invariant the fundamental solution of the heat 
equation. The factor La is the amplitude scaling. 

In terms of ul, the renormalization group map R : S —> S is 
defined formally by 

(2.33) {Rf)(x)=uL(x,l). 

That is to say, the operation R consists of solving the equation (2.29) 
with initial value / up to time L2, reducing the spatial size L to 1, 
and magnifying the amplitude by the factor La. The equation for ul 
to satisfy is 

(2.34) uL = + Fi,(uj,i4,Ul)> 

where 6, c) = La+2 F(L~ota,L~oc~1b,L~ot~2c). In particular, if 
F is a monomial F(a, 6, c) = anibn2cnz and a = 1, then Fl = L~dFF, 
where 

(2.35) dp = Ti\ + 2712 3/13 — 3. 

If dp > 0, repeated applications of the renormalization group map 
lessen the contribution of the nonlinearity. For example, if F(u) = 
\u\p with p > 3, then dp > 0. In general, the nonlinearity F is called 
irrelevant if dp > 0, marginal if dp = 0, and relevant if dp < 0. 

Since the renormalization group map depends on L and F (as 
well as on the exponent a), we denote it by Rl,f- A characteristic 
feature of the map is its semigroup property (and hence it should 
have been called a renormalization semigroup, to be precise): 

(2.36) RL-^.F = RliF^-I 0 • • • 0 RL,Fl 
0 RL,F- 

Each factor on the right hand side is a map which corresponds to 
solving the differential equation on a fixed time interval, and hence 
(2.36) means that repeated applications of such maps enable one to 
compute the long term behavior on the left hand side. Let us now 
set t = L2n; namely, the operator R has operated n times; then the 
solution at that instant is written as 

(2.37) u{x,t)=t ^{RL^,Ff){xt 2). 
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Assume that there exist F* and /* such that 

(2.38) FLn-*F\ RL^Ff^r 

as n —> oo. Note that /* is a fixed point of Rl,f* '• 

(2.39) J2W = /*, 

and that it is a scale invariant solution of the equation u = u" + F*. 
By using such an f* and (2.37), the asymptotic behavior of u is 
described as 

(2.40) u(xt~i, t) ~ t~% f*(x). 

Therefore we have reduced the study of asymptotic behavior of solu- 
tions to the study of the existence and stability of fixed points for the 
renormalization group map Rl.f*- The strength of the stability of 
the fixed point determines the size of the region where one is allowed 
to take initial functions. 

2.7.2. Application to Nonlinear Parabolic Equations. Up 
to this point, we have described from various aspects how effective the 
renormalization group method is. We now consider a simple nonlinear 
parabolic equation and show how the method applies. The equation 
is 

du d2u 
~di = + u € R)> P > 3- 

We will show the stability of the zero solution u = 0. Since p > 3 
and one can take a = 1, the indicator dp in (2.35) in the present case 
is positive, and hence the nonlinearity is irrelevant. Let us introduce 
the function space HTri(n) (m and n are integers) defined in terms of 
the weight |x|n at infinity as follows: 

Hm(n) = {u | «(«)(! + |x|2)"/2 € Hm }, 

where iF71 is the usual Sobolev space consisting of functions whose 
(distributional) derivatives up to order m belong to L2(R, C). We 
have the following result. 

Theorem 2.16. There exists a constant S > 0 such that for any 
initial function uq satisfying ||^o||h2(2) < $ the following statement 
holds. 

There exists a number A* € R, depending on the initial func- 
tion uq, such that the solution u of (2.41) with ii|t=o = behaves 
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asymptotically as follows: 

(2.42) Viu(xVi,t)-y/^A*e-^ = 

ff2(2) 

Remark 2.17. Since H2(2) c L00, the asymptotic characteriza- 
tion (2.42) is also valid in the sense of pointwise convergence. 

Proof. Since it is easily verified that the Fourier transform is an 
isomorphism from H2(2) to itself, instead of (2.41) one may consider 
its Fourier transformed version 

(2.43) ^ = -k2u + u*r, 

where stands for the p-fold convolution (p-th power of convolution). 
Let L > 1 and rescale k,t by k = K/Ln,t = L2nT. Define 

a new dependent variable vn by vn(K,T) = u(k,t). Since the p- 
fold convolution in the second term on the right hand side of (2.23) 
produces the factor Z/1_p)n, one obtains 

(2.44) ^ = -K2vn + Ln^-p\*p. 

Since T = 1 means t = L2n, the limit as n —> oo corresponds to t —» 
oo. One should notice that since p > 3 and L > 1, the nonlinearity 
exerts less and less effect as n —> oo. Instead of solving (2.43) on 
[l,oo], we solve (2.44) successively as follows. 

To begin with, let us define a scaling transformation by 

(A/l f)(K) = f(K/L). 

(i) n = 1: Solve the equation (2.44) on the interval [1/L2,1] and 
call the solution vi (in terms of the original time t this cor- 
responds to the interval [1,L2]). Next, solve the equation for 
n = 2 with the initial value 1) on the time interval 
[1/L2,1] ([L2,L4] in the original time). Namely, i^-, l/L2) = 
£l/LVl('A)' 

(ii) n —> n + 1: Solving the equation (2.44) on the time interval 
[1/L2,1] and using the solution vn, solve the equation for the 
next stage n+1 taking Ci/LVn(•, 1) as the initial value, namely, 
^n+l ("5 1/T) = Ci/LVn{', !)• 
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Repeating this process, one finds that vn in general satisfies the fol- 
lowing integral equation: 

.(Jif.T) = 1) 

rn(3-p) f 
Jl/ 

9-K*(T-8)91*p v*J>(K,s)ds. 

The following estimate plays an important role in showing the exis- 
tence of solutions by the contraction mapping principle. 

Lemma 2.18. For some a > 5, let us assume that 

8 < L-* and ||vn-i|T=i\\h2(2) < 8. 

Then, there exist Ci, Lq > 0 such that, for any L > Lq, 

(2.46) R= sup ||vn(T) 11/^2(2) < CiL5/2~a. 
T6[1/LM] 

Proof. Prom the definition of if2 (2) and of one finds that 

II'CI/LU||H-2(2) < CL5/2\\v\\hZ(2)- 

The linear part in (2.45) is estimated as 

sup \\e-K*{T-llL2)Vn-i{K/L, 1)||h2(2) 
Te[i/LM] 

< C sup ||e' 
TG[l/L2,l] 

< CL5/2<5. 

-A:2(T-I/L2)| ci\\vn-i{K/L, 1)\\h2(2) 

On the other hand, the nonlinear term in (2.45) is estimated as 

sup ||Ln(3-p) [ 
TG[1/L2,1]" Jl/ 

9_1C2(T-s)„*P v^(K,s)ds\ < CLn{3-p)Rp, 

where the inequality 

\W * ^Ilif2(2) < C||^||JHr2(2) • ll^lljHr2(2) 

is used. □ 

After a little more computation, taking 5 as in the last lemma, and 
choosing L large, one can show that the right hand side in the integral 
equation (2.45) defines a contraction mapping in the ball of radius 
CL5/2~a with center at the origin in the space C([l/L2,1],H2(2)). 
This establishes the existence and uniqueness of a solution to the 
integral equation (2.45), as well as the desired estimate in (2.46). 
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What remains to be proven is that the value vn|T=i at T = 1 
of the solution vn obtained above converges in H2(2) to A*e~K as 
n —> oo for some constant A* € R. Referring for details to [332], let 
us explain the main idea. Let ij; = e~K and decompose vn\T=i as 

^n|T=l = An^ + pn, 

where the mean value of pn is 0, namely, Pn(0) = 0. Next, one 
estimates \An+i — An\, Hpnll#2^)? and then shows that An converges 
to A* at a geometric rate and Hpnll#2^) —► 0 as n —* oo. As a 
byproduct of this process, one can also derive the decay order in time 
t. □ 

2.8. Summary 

2.1 It is shown through examples that an order parameter is noth- 
ing but the amplitude in the direction of the slow freedom 
extracted by using the difference in scales. 

2.2 Three formal ways of deriving amplitude equations are pre- 
sented. 

2.3 It is shown by the example of the Ginzburg-Landau equation 
that the amplitude equation approximates the original system 
on a sufficiently long time interval. 

2.4 The set of orbits which obey the Ginzburg-Landau equation is 
shown to be attractive in the space of initial functions. 

2.5 It is described how the stability of the periodic stationary so- 
lutions for the Swift-Hohenberg equation can be proved by the 
renormalization group method. 

2.6 We discussed the stability-instability question, related to front 
solutions, that plays an important role in determining which 
periodic solution among many is selected. 

2.7 The idea of the renormalization group method is presented, in 
which a problem on a finite time interval is solved repeatedly, 
the fixed point is found, and the asymptotic behavior of the 
original problem is thus determined by the property of the 
fixed point. 



CHAPTER 3 

Marginal Stability Criterion 

and Pattern Selection 

When several stable solutions coexist, why is it that a particular 
solution is selected? As an example of such a problem, the problem of 
determining the shape and growth-speed of crystals has long attracted 
the attention of researchers. We will first take a quick look at what 
roles singular perturbation effects, such as the surface tension and 
anisotropy, play in pattern selection. Next, we will study the problem 
of describing how physically realistic initial values converge, as time 
progresses, to a particularly selected pattern. This is quite a difficult 
problem, and there have been almost no results on it. The only 
exception to this situation is the wave speed selection problem of 
travelling wave solutions to scalar reaction-diffusion equations. In 
the latter context, we will introduce a very useful method, called the 
marginal stability criterion, that does not depend on the comparison 
principle. 

3.1. Pattern Selection 

It is rather common that there exist many stable solutions of non- 
linear systems, and hence the asymptotic destiny of the system may 
be different, depending on the initial values. On the other hand, it 
is also a fact that patterns, in many of the phenomena we observe, 
always reproduce themselves under fairly general conditions. For ex- 
ample, in a crystal growth process in an undercooled medium, the 
shape and growth speed of the crystal is uniquely determined by the 
degree of undercooling in the far-field. In this chapter, we will in- 
vestigate principles that explain why a particular pattern is selected 
from many possibilities. 

To put it very abstractly, the problem raised above asks what 
attractor has the largest basin of attraction. But this is not so useful 
a re-phrasing, and moreover, may not be appropriate either. For 
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example, if the basin is widely spread but very thin in the phase space, 
perturbation in the thin direction will kick the system out of the basin 
easily. It is also understandable that the large volume of the basin 
does not necessarily mean that it contains meaningful initial values. 
After all, one realizes that neither the problem of pattern selection nor 
the stability of solutions can be discussed separately from the class of 
initial values and perturbations that is of concern at the moment. If 
the class of perturbations is an empty set, then everything is stable, 
and, on the other hand, if the class is very large, then instability sets 
in easily. What has just been said is a trivial fact, but it is not trivial 
at all to appropriately set up the class of meaningful perturbations 
and its relationship to stability questions for a particular problem. 

It often happens that even though the real world system uniquely 
selects a solution, its model system does not do so. It can possibly 
happen that degeneracy or multiplicities of solutions are introduced 
because of our negligence in incorporating various physical effects. 
As an example of such a situation, in the next section we will review 
pattern selection in dendritic crystal growth processes. In this ex- 
ample, the effects of surface tension and anisotropy play an essential 
role. These effects are considered as a singular perturbation effect 
(we will come back to this topic in Chapter 5, considering it as a 
distinguished limit of the phase-field model). In other words, in this 
example a structurally unstable system is transformed into a struc- 
turally stable one by introducing singular perturbation effects. 

The last statement provides a novel viewpoint for pattern selec- 
tion problems. It indicates that the selected pattern is given as a 
limit of solutions of structurally stable systems (cf. [65]). Here the 
phrase structurally stable is used in the sense that the system does not 
allow the multiple existence of stable solutions in a reasonable class 
of function spaces, and that solutions starting with almost all initial 
values converge to the unique stable state. In §3.3 we investigate a 
wave speed selection problem for the Fisher-Kolmogorov equation, 
considering it as a limit of bistable systems (where the wave speed 
of travelling waves is uniquely determined). In this case, as opposed 
to the crystal growth process above, structural stability is gained by 
modifying the nonlinearity of the system. 

It is, however, still important to know intrinsic principles that 
control the selection of patterns, especially because the model equa- 
tions at hand cannot avoid neglecting some physical effects. Among 
such principles, we will give a detailed explanation of the marginal 
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stability criterion in the context of the Fisher-Kolmogorov equation 
in §§3.4 and 3.5. 

As for the Fisher-Kolmogorov equation (cf. §3.3), the wave speed 
selection problem was mathematically settled by Aronson and Wein- 
berger [10], [11]. However, a general selection principle which ex- 
plains why the minimum speed is selected has not been established. 
It is therefore necessary to look for a selection rule that is independent 
of the particular problem at hand. The marginal stability criterion is 
a candidate for such a selection rule. This criterion is not only useful 
in practice, but also provides us with some insights into the nature of 
fundamental instabilities that are encountered in the stability analysis 
of interfaces, such as in tip-splitting and side-branching. The crite- 
rion is also expected to apply effectively to more general equations 
that do not obey the maximum principle, although its mathematical 
justification remains open. 

3.2. A Brief History on Dendrites 

According to experiments, for the crystal growth process in an 
undercooled liquid system, the shape of the crystal (the curvature l/p 
of the tip of the crystal, in particular) and the growth speed of the 
tip are uniquely determined by the degree A of undercooling given 
in the far-field. Therefore, it seems that the shape of the interface 
and its speed of motion are uniquely selected by the degree A 
of undercooling. How to explain such a situation is the content of a 
pattern selection problem. This kind of problem is a universal one 
in pattern formation, and in fact, the frequency selection problem for 
spiral waves, to be discussed in Chapter 4, is another such problem. 

3.2.1. Stefan Type Model and Geometric Model. If an 
interface is smooth in macroscopic scale, then its motion may be 
described by some system of differential equations (when the inter- 
face is a fractal, such as in the diffusion-limited aggregation, the local 
motion of the interface is not well-defined). There are, roughly speak- 
ing, two models to describe the motion of an interface: one in which 
the interface has no thickness and is considered as a sharp interface 
where bulk variables may change discontinuously, and the other in 
which the interface is described as an internal transition layer of a 
finite (non-zero) thickness. The representative of the former model 
is the Stefan-type model, and the phase-field model to be discussed 
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in Chapter 5 is well known as an example of the latter. We will 
hereafter focus our attention on sharp interface models in R2 or R3. 

In order to describe the growth of a crystal in an undercooled 
medium, the Stefan-type model utilizes only the temperature T and 
the location F of the interface, and is given by 

dT / d2 \ 

^ ~dt = D\d^ + d^ + dz^r (lieat diffusion) in R3\r' 

(3.2) Lvn = CPD [(n • V)T|sol - (n • V)r|iiq] on T. 

Moreover, T is supposed to satisfy an undercooling condition in 
the far-field (to be described later). As a boundary condition on the 
interface F, we adopt one of the following: 

(3.3) T|r = Tm (locally in thermal equilibrium), 

(3.4) Surface tension 

T\r = Tm(curvature effect), 

(3.5) Anisotropy (two-dimensional) 

/ 7 + £7 \ 
T\r=TM{l j*e kJ (dependency on directions). 

In the above, T stands for the temperature, D the heat diffusion 
coefficient, L the latent heat, vn the velocity in the normal direction 
of the interface F, Cv the specific heat, Tm the melting temperature, 
7 the surface tension, k the mean curvature of F, and 9 the angular 
variable in R2. Moreover, n is the unit normal vector on F pointing to 
the liquid phase, and the curvature k; is taken to be positive when F is 
concave seen from the solid phase. The condition (3.3) seems natural 
in the sense that the temperature is equal to the melting temperature 
at the interface F; however, this condition is not enough, and it turns 
out later that (3.4), in which curvature effects are taken into con- 
sideration, and (3.5), where anisotropies are included, become more 
appropriate. The condition (3.4) is often called the Gibbs-Thomson 
condition. When the interface is flat (/^ = 0), these latter conditions 
agree with (3.3). Our main concern is, therefore, the case (3.4) or 
(3,5). Note that when the boundary condition (3.3) is adopted, the 
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temperature T completely determines the motion of F. The inclu- 
sion of surface tension, on the other hand, will no longer allow one 
to determine the phase merely by the sign of T, and moreover one 
cannot resort to a comparison principle. As a consequence, many 
of the methods which were successfully applied for the classical Ste- 
fan problem are not available for the problem with surface tension. 
Whether the solidification develops depends crucially on the condi- 
tion Too at infinity in the liquid phase: T = Too, \x\ —> oo. The 
quantity A = Tm — Too is call the degree of undercooling. 

A naive question is how solidification proceeds according to the 
above Stefan problem. When a small bulge of crystal is formed, the 
temperature gradient nearby is increased according to (3.1) (which is 
similar to the fact that a sharp metal edge is easily struck by light- 
ning). This increase of gradient attracts more molecules, and the 
crystal grows. The surface tension effect (3.4) has the opposite ef- 
fect, namely, the heat flux along the interface flows from a convex 
region to a concave one (seen from the solid); hence small bumps 
may disappear. The net effect of these two opposite tendencies drives 
solidification or melting. 

In general, it is very difficult to solve problems of Stefan 
type! 

The reason for this statement is that although the motion of the 
interface is determined locally as in (3.2), the temperature T on the 
right hand side is determined non-locally in the sense that (3.1) has 
to be solved in the entire domain under one of the boundary condi- 
tions which depend on F (non-locality of the problem). Namely, to 
follow the motion of the interface in one step, one has to solve the 
partial differential equation on the whole domain. This is not an easy 
task, either analytically or numerically (cf. Remark 3.1). There- 
fore, in order to pursue the mathematical analysis and to discover 
the qualitative behavior of the crystal growth, the following geomet- 
ric model ([41], [42]) has been proposed in R2, although it may have 
less degree of connection to the real phenomenon: 

vn = k + an2 - Pk3 + 
vn : the speed of growth in the normal direction, 

/o s : the arclength along the interface, 
k, : the curvature, 
7 = 7o(l — 6cos(m0)) : the effect of the surface tension 

(if 5 = 0, isotropic; if S > 0, anisotropic). 
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Figure 3.1. Needle crystal and dendrite 

The sign of k is positive if F is concave along the normal direction, 
a, (3 are positive constants, and m is a positive integer. 

Moreover, the following kinematic conditions are satisfied (cf. 

There is another type of model, called boundary layer models 
(cf. [29]), derived in the same spirit as geometric ones. We will not 
deal with them here. These models are supposed to describe the cases 
where the speed of crystal growth is very large, namely, the case where 
the difFusion length I = IDjV (the length in which the diffusive 
medium is affected by the motion of an interface with velocity V) 
is very small compared with the curvature radius p of the tip of the 
crystal. This type of model is useful when one investigates in detail 
the relationship between the existence of a solution and such effects 
as surface tension and anisotropy. 

Let us here rephrase the problem raised at the beginning of the 
present section. We consider the following problems for the Stefan- 
type problem (and for the geometric model later): 

Existence Question: For a given degree A of undercooling, 
does there exist a needle crystal whose tip has a constant curvature 
1/p and a constant speed V of growth? Does there also exist a den- 
drite with side branches? (Cf. Figure 3.1.) 

[85]): 

> kinematic conditions. 

/ KVnds 
Jo 
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Selection Problem (Stability): For a fixed degree of un- 
dercooling A, are the solutions as above determined uniquely? What 
are the physical factors which play important roles for the solutions 
to be determined uniquely? 

The Stefan problem has been studied for over a century, and here 
I have only touched the tip of the iceberg. See [319], [261] and [350] 
(pp.117-120) for a historic account. A more detailed introduction can 
be found in [63] and [173]. In [161] and [162], a theoretical frame- 
work is developed starting from general thermodynamical laws. The 
classical Stefan problem, i.e., with (3.3) as the interfacial condition, is 
known to admit unique global weak solutions (see, for instance, [142], 
[143], [202] and [234] (pp.496-503)), the proof of which is closely 
tied up with the maximum principle. For the regularities of weak 
solutions of the multidimensional one-phase Stefan problem (with- 
out surface tension), see for instance, [45], [46], [47], [144], [172], 
[215], and [216]. For more recent progress on the regularity prob- 
lem, see for instance [12], [13], [93], [222], [260], [291]. Concerning 
the Stefan problem with surface tension, we have very few analyti- 
cal results, see [116], [145], [248], and [260]; in particular, existence 
of global weak solutions for the two-phase problem is established in 
[248], using a discretized problem and a capacity-type estimate for 
approximating solutions. If the heat diffusion equation is replaced 
by the Laplace equation, then the resulting problem is the quasi- 
stationary Stefan problem with surface tension, which is also called 
the Mullins-Sekerka model. Existence, uniqueness, and regularity of 
solutions for the quasi-stationary approximation have recently been 
investigated in [24], [66], [67], [118], [119], [120], [121]. I owe the 
reference in this paragraph to [117], which proves the existence of a 
unique smooth solution for the Stefan problem with surface tension. 

3.2.2. Ivantsov's Paradox. The first partial answer to the 
above questions was given by Ivantsov [191]. 

Proposition 3.1. If the effects of surface tension and anisotropy 
are absent (in this case the interface is in an isothermal state; T\r = 
Tm), the Stefan problem (3.1)-(3.3) has a one-parameter family of 
needle solutions for each given degree of undercooling. Therefore, 
there is no pattern selection mechanism working, and continuum- 
many solutions coexist. 



76 3. MARGINAL STABILITY AND PATTERN SELECTION 

To be more precise, the problem has the following type of solu- 
tions: 

(3.7) z_W = ^-2-(X2 + 2/
2), 

which represent a family of paraboloids in R3, where the crystal grows 
in the z direction and the curvature of its tip is 1/po- Integrating (3.1) 
with the help of the parabolic coordinates, we see that the tempera- 
ture distribution in the liquid phase (in the solid phase the tempera- 
ture is constant, T = Tm) is given as follows: 

y, C) = Too + {Tm - T^) 
erfc[(y/x2 +y2 + C2 + Q/l\ 

^ -oo . v-i* erfc(p) 

where £ = z — Vt is the travelling coordinate in the z direction, and 

erfc(x) = 
V^i t 

is the error function, p is a non-dimensional quantity, called the 
Peclet number, defined by 

(3.10) 

That is to say, p is the ratio of the curvature radius of the tip to 
the diffusion length I (= 2D/V). Moreover, the normalized degree of 
undercooling A, 

(3.11) A = Cp(Tm-Too)/L, 

and the Peclet number p have to satisfy the following relation: 

(3.12) A = peperfc(p). 

The relation (3.12) can be obtained by dimension analysis [305], too. 
We have thus obtained the needle crystal solutions. Although the 
product of the growth speed V and the inverse po of the curvature of 
the tip (which is nothing but the Peclet number) is uniquely deter- 
mined as in (3.12), there are infinitely many combinations of V and 
Pq. This indeterminacy is called the Ivantsov paradox. 

According to experiments, V and po are uniquely selected for each 
given A, and therefore, we must admit that there is something missing 
from our argument. It is not the case that stability analysis offers a 
selection criterion, either. In fact, all of our solutions are known 
([240]) to be unstable with respect to the problem (3.1), (3.2), (3.3). 
Therefore it is necessary to take into account the effects of surface 
tension and anisotropy, which have so far been neglected. 
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3.2.3. Mullins-Sekerka Instability and the Marginal Sta- 
bility Criterion. We now present the analysis done by Mullins and 
Sekerka and its influence on an idea for a selection criterion. 

The surface tension effects and the Mullins-Sekerka In- 
stability. 

Mullins and Sekerka in [274] analyzed how the surface tension 
affects the stability properties of a planar front interface (although the 
analysis in [274] was given to interfaces appearing in a binary alloy, 
it applies equally to the crystal growth process). The planar interface 
around which the stability analysis is to be carried out actually exists. 
In fact, since the interface is planar and hence the curvature k, = 0, 
the temperature distribution on the interface is given by T|r = Tm , 
regardless of the boundary conditions (3.3), (3.4) or (3.5). A family 
of solutions of the diffusion equation (3.1) in this case is given by 

(3.13) T(z, t) = + (Tm - T^) exp[—2(2: - Vt)/l], 

where the crystal is growing in the z-direction with velocity V (T = 
Tm in the solid phase). Here Tx) is the temperature given at infinity, 
V > 0 is arbitrary, and I = 2D/V is the diffusion length. Applying 
the condition (3.2) at the interface location z = Vt, one obtains the 
relation 

(3.14) A = Cp(Tm-T00)/L = 1 

to be satisfied. Here, A is the non-dimensionalized degree of under- 
cooling. 

What should be noted here is that the growth speed is in- 
determinate. The shape of the interface has been identified as pla- 
nar, while the indeterminateness is placed on the speed. If sinusoidal 
perturbations are applied to this planar solution and linear stability 
analyses are carried out, one finds that perturbations of wave length 
greater than a certain length destabilize. To be more specific, let k 
be the wave number of the perturbation; then, under the condition 
kl 1, the critical wavelength As is given by ([236], [237]) 

(3.15) \s = 27r v^. 

An amplitude with wave length greater than this critical one grows, 
while one with shorter wave length diminishes due to the surface 
tension effect. The constant do above is a non-dimensional quantity, 
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called the capillary length, defined by 

(3.16) do = IfTMCp/L2. 

It is worth noticing that the critical wave length is proportional to 
the geometric mean of the capillary length do and the diffusion length 
I. 

Marginal Stability Criterion 

Langer, Miiller and Krumbhaar ([240]) applied the method in 
[274] to needle crystal growth, and attempted to resolve the issues of 
the existence of a dendrite and the Ivantsov paradox simultaneously. 
They first assume that the Stefan problem with the boundary condi- 
tion (3.4) incorporating the surface tension effect has a needle crystal 
solution. Then, applying perturbations to it, they analyze the eigen- 
values n((j) (cr = (A5/27rp)2) of the associated linearized eigenvalue 
problem, and after some reasoning based on physics, they proposed 
the following criterion (marginal stability criterion): 

The dendrite appears at the value a = a* where the 
eigenvalue fi(cr) associated to the needle crystal is mar- 
ginally stable, i.e., Re Q(cr*) = 0. 

In other words, the condition cr* = 2Ddo/Vp2 has to be realized 
for a dendrite to grow. This criterion appears to be in reasonable 
agreement with experimental facts. In particular, the criterion seems 
to well predict the order of magnitude of the dendrite tip. However, 
it was later found that the assumption of this criterion was wrong. 
Namely, 

The Stefan problem (3.1), (3.2), (3.4) incorporating 
only the isotropic surface tension effect (probably) does 
not allow needle crystal solutions. 

The reason why we used the word "probably" is that the rigorous 
proof of the non-existence of needle solutions for the Stefan problem 
has not been established, to the best of the author's knowledge. There 
are many convincing semi-rigorous analyses and carefully performed 
numerical experiments that all indicate the non-existence ([26], [259], 
[211], for example). 

The theory developed in the above-mentioned papers is called the 
solvability theory. The reason for such an appellation will become 
clear in the subsequent sections. For the moment we depart from 
the Stefan problem, and deal in a mathematically rigorous manner 
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iS. _ oo 6--^ +0O 

Figure 3.2. Geometric model for a needle crystal 

with such problems raised above for the simplified geometric model 
mentioned earlier. 

3.2.4. Surface Tension and Anisotropy. Denote the posi- 
tion of the interface by x(t, s) in M2, where s stands for the arclength 
measured from a reference point. The geometric model attempts to 
describe the motion of the interface in terms of an equation of the 
following type: 

where the left hand side represents the outward normal velocity and 
the right hand side is a nonlinear velocity function depending on 
even order derivatives (due to the rotational symmetry of t/) of the 
curvature k. When a needle crystal of parabolic shape is growing 
with a constant speed V as in Figure 3.2, the equation (3.17) takes 
the form 

Here 0 is the angle between the direction of growth and the normal 
vector. As the velocity function 17, let us adopt the one in (3.6) with 
a = P = 0. By using the relation k, = dO/ds, one can reduce (3.18) 
to 

where 7 corresponds to the surface tension. Using U5 as a new arc- 
length parameter (and denoting it by s again), the last equation be- 
comes 

(3.17) 

(3.18) 

(3.19) V cosO = 0' + jO'", 
d_ 
ds' 

(3.20) e29"' + 6' = cos 6, —oo < s < oo, 
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where we have set e = y/^V. By a needle crystal for (3.20), we 
mean a monotonic function 0 of s satisfying the following boundary 
conditions: 

(3.21) 0(s;e)—»ih—, s —» =too. 

In case the surface tension effect is absent, namely, when e = 0, 
(3.20) has the following needle crystal solution: 

(3.22) 0(s; 0) = + 2 tan-1 es. 

This corresponds to the Ivantsov solution described in Subsection 
3.2.2 (here, indeteminateness of V is not apparent due to the change 
of variable s —> Vs). In (3.20), the surface tension effect appears 
as the coefficient of the highest order derivative, and hence it serves 
as a singular perturbation effect. When € is a positive constant 
and 5 = 0 (isotropic case) in (3.6), the following result is obtained by 
[230], [6], and [171]. 

Theorem 3.2 (Non-Existence Theorem). For any positive con- 
stant e, (3.20) does not have any needle crystal solution in the isotropic 
case. 

This theorem says that it is in vain to look for a family of solutions 
of (3.20) that are continuously connected to (3.22). 

Why does (3.20) have no needle crystal? 

An intuitive explanation suggests itself, when one views (3.20) from 
the standpoint of dynamical system theory. Let us consider (0,0', 0") 
as new unknowns, rewrite (3.20) as a system of first order differential 
equations, and linearize it around the equilibria (±7r/2,0,0). The 
associated eigenvalues at (—7r/2,0,0) are 

(3.23) mi(e) = 1 — e2 + 0(e4), 012,3(e) = | + 0(e), 

from which one can show the existence of a one-dimensional unstable 
manifold corresponding to mi. Similarly, one can show the existence 
of a one-dimensional stable manifold of (7r/2,0,0). The search for a 
needle crystal solution for (3.20) is nothing but showing the existence 
of a heteroclinic orbit connecting the two equilibria. As one can see 
from Figure 3.3, it is almost impossible to make two one-dimensional 
orbits coincide in a three-dimensional space. 

However, it is not so easy as it may look to give a rigorous proof 
to this theorem, because the problem is more degenerate than the 
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(f.o,o) 

Figure 3.3. Heteroclinic orbit for a needle crystal 

situation in Figure 3.3 due to symmetries inherent in the system. 
Let us first state the following lemma. 

Lemma 3.3. For given C > 0 and 0 < e <^: 17 there exists a solu- 
tion 0(s;e, C) of {S.20), which corresponds to the positive eigenvalue 
mi(e) in (3.23), such that 

(3.24) 0 ^ {as s —> —oo), 
£ 

(3.25) (0 + 7r/2) exp(—mi(e)5) —> C {as s -oo). 

Moreover, the constant C is uniquely determined as a function of e, 
C = C{e), by demanding that 

(3.26) 0(O;€,C) =0. 

In the sequel, we always understand that C is chosen so that 
(3.26) is satisfied. The corresponding solution is denoted by 6{s\e). 
The following lemma identifies the condition that makes 6{s\e) a nee- 
dle crystal solution. 

Lemma 3.4. The necessary and sufficient condition for 6{s\ e) 
to be a needle crystal solution {namely, a solution of (3.20) that is 
monotone increasing and satisfies the boundary conditions (3.21) and 
0(0) = 0) is 

(3.27) 0//(O; e) = 0. 

In geometric terms, the condition (3.27) is saying that the solution 
0{s;e) is anti-symmetric around the origin: 0(5; e) = —0(—5;€). 

Thanks to Lemma 3.3, the solution 0(5; e) of (3.20), (3.24), (3.26) 
is uniquely determined. If, in addition, this solution satisfies (3.27), 
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then it is a needle crystal. In fact, one can extend 0(s;e) defined 
on (—oo,0] to (—00,00) by reflecting it around s = 0 as an odd 
function. The extended function satisfies the differential equation 
and the boundary conditions. In this sense, the condition (3.27) is 
called a solvability condition. 

Unfortunately, the condition (3.27) is never satisfied, as the fol- 
lowing result tells us. 

Theorem 3.5. For each e > 0, the solution 6(s]€) always satis- 
fies Q"(s\ e) > 0 for s £ (—00,0]. In particular, one has 

(3.28) ^"(O; e) 7^ 0. 

Moreover, as e —> 0 the following estimate holds: 

(3.29) e" (0; e) ~ 2ke-5/2 exp( -tt/2e), 

where k is a nonzero constant 

One can see from (3.29) that a transcendental part converging 
to zero faster than any power of e remains. This means that no 
conclusion is obtained from merely approximating 0(s; e) in ordinary 
e-power series to test the condition (3.27). In fact, if such an analysis 
is carried out, then the resulting approximation always satisfies the 
condition (3.27), and hence an analysis beyond all orders (of e) must 
be employed. How do we then verify (3.28)? An idea is to extend the 
variable s to the complex plane as in [230], extracting the detailed 
asymptotic behavior as e —> 0. In this manner, one concludes that 
(3.20) does not have any needle crystal solution for positive e. There- 
fore, the isotropic surface tension effect is not responsible for 
the pattern selection. 

How about the case where the crystal has anisotropies? It is 
widely accepted (cf. [305], for example) that anisotropy is one of the 
important factors that determine the magnitude of the tip curvature 
of growing crystals. Here we take up a geometric model which is 
slightly different from (3.6), taking an anisotropy into account: 

(3.30) €28"' + 8' = g{8), -oo < 5 < oo, 

where 

(3.31) (3.31) g{8) = 0 < a < 1. 
1 + a cos 40 

The constant a indicates the intensity of anisotropy, and cos 40 rep- 
resents the symmetry of the anisotropy. The definition of a needle 
crystal solution for (3.30) is the same as that for (3.20). 
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Question: For sufficiently small e > 0, can we find values of a 
(0 < a < 1) for which (3.30) has a needle crystal? 

The next result, obtained in [230], answers the question. 

Theorem 3.6. There exist several values of a in (3.31) for which 
the anisotropic model (3.30) has a needle crystal. The number of such 
values behaves as 0(1/6) when e tends to zero. Therefore there exist 
infinitely many needle crystal solutions in the limit as e —» 0. 

Roughly speaking, the reason why the new model admits nee- 
dle crystals is that the anisotropy effect, measured by a, introduces 
oscillatory factors into the right hand side in the asymptotic expan- 
sion performed on (3.30) in the same manner as applied to (3.20). A 
natural question is, of course, among those needle crystal solutions, 
which will be a physically realizable (stable) one? This is an essen- 
tial question in pattern selection, to which no decisive answer has yet 
been given. In terms of the linear stability criterion, it is known ([41], 
[42], [211]) that the one with largest growth speed is stable. 

For the anisotropic Stefan problem (3.1)-(3.2)-(3.5), an integro- 
differential equation of the interface has been derived by using Green's 
theorem, and by formally solving its linear eigenvalue problem it has 
been shown ([27], [17], for example) that only the solution corre- 
sponding to the largest value <t, which is the parameter in Subsection 
3.2.3, is stable in the linearized sense. However, there are several 
controversies (cf. [349]) about these results, and no final conclusion 
has been reached. 

We end this subsection with the following two remarks. 
It is in general difficult to experimentally verify the dependency 

of a* on the strength a of anisotropy in surface tension. However, for 
two-dimensional dendrites, there is an interesting prediction made in 
[355]. 

In the three-dimensional case, a needle crystal solution is not close 
to the Ivantsov paraboloid. This requires us to make some nontrivial 
corrections and to go through matching arguments with regard to the 
tail part. A convincing formal analysis was done in [35] and [25]. 

3.2.5. What Causes Side Branches to Grow? At the end 
of the last subsection, we mentioned the linear stability of needle 
crystals. This, however, does not exclude the possibility of growing 
side branches. In terms of the co-moving coordinate frame that travels 
with the same speed as the needle crystal, a perturbation given in a 
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neighborhood of the tip of the crystal grows and at the same time runs 
away from the tip along the outskirts of the needle crystal. The latter 
behavior is a propagation type of instability caused by the presence 
of continuous spectra. Therefore, so long as one observes the tip of 
the needle crystal from the travelling coordinate system, it keeps its 
parabolic shape locally (cf. §§3.4 and 3.5). 

However, a mathematically rigorous justification (in what kind 
of function space and for what sort of perturbation class it is sta- 
ble) of this behavior is yet to be done. If the behavior described in 
the last paragraph is true, then the principle of selective noise- 
amplification (cf. [239] and [309]) becomes more convincing; this 
principle asserts that while a small fluctuation near the tip flows to- 
wards the outskirts along the interface, a particular wave length is 
amplified to produce side branching and gives rise to a dendrite. 

Recently, on the other hand, detailed numerical experiments have 
been performed on the phase-field model (cf. Chapter 5) in place of 
Stefan-type models. For example, according to the work of Kobayashi 
([220] and [221]), it has been discovered that 

the speed of the tip of dendrites is not constant and 
may become oscillatory depending on the parameters 

when the intensity of anisotropy is taken appropriately (cf. §5.4). 
Such a phenomenon is considered to be caused by Hopf bifurcation, 
and never occurred in the discussion of Stefan-type models. If this 
speculation is true, then the emergence of side branches must be re- 
lated directly to unstable oscillatory modes intrinsic to the system, 
and hence the principle of selective noise-amplification may be dis- 
missed. 

In any case, at present there is no complete explanation of why 
side branching occurs and what determines the wave length of the 
side branches. Development of more accurate methods of numerical 
computation for the phase-field model together with the advancement 
of theoretical analysis may hopefully bring a breakthrough in the near 
future. 

3.3. Wave Speed Selection 
in the Fisher-Kolmogorov Equation 

The fundamental question in the propagation of fronts is to de- 
termine in what shape and at what speed local disturbances given 
in unstable regions spread into the surrounding area. It is, however, 
very difficult in general to clarify the entire process, starting from the 
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Figure 3.4. A particle moving in the quartic po- 
tential field with the resistance of friction 

initial disturbances, going through the nonlinear dynamic interactions 
and finally settling down to the most stable propagation mode. In 
this section, as a prototypical example of propagation waves invading 
unstable regions, we study the following Fisher-Kolmogorov equation 
(FKE), with special attention given to how the wave speed is selected: 

(3.32) ut = uxx + u-v?. 

This equation has the form of GLE, treated in Chapter 2, re- 
stricted to the one-dimensional real space. Clearly, u = 0 is unstable, 
while u = ±1 are stable. Let us consider the situation in which the 
state u = 1 is invading the unstable state u = 0. What is the speed of 
this propagation? This is not a trivial question, because if we search 
for the front solution in the form of a travelling wave u(x — ct) (with c 
being the speed), then the possible speed is not uniquely determined 
but exists as a one-parameter family. The latter situation can be in- 
tuitively understood by arguing as follows. The front solution i£(£), 
together with the unknown speed c, has to satisfy the following set of 
equations: 

(3.33) 

(3.34) ti(+oo) = 0, 

(3.35) u(-oo) = 1, 

where £ = x — ct is the travelling coordinate with speed c. The 
equation (3.33) is thought of as describing the motion of a particle 
moving in the potential field V = u2/2 — u4/A with the resistance c 
of friction (cf. Figure 3.4). 

For an arbitrary positive friction coefficient c, the orbit emanating 
from u = 1 at time £ = — oo (with u$ = 0) always converges to u = 0 
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at time £ = oo. If c is not too large, the orbit decays in an oscillatory 
manner around u = 0. 

Even if solutions are restricted to nonnegative ones, the indetem- 
inateness of the speed c remains. Namely, if the friction c is larger 
than a certain critical value, the particle keeps its position at positive 
u > 0 and converges monotonically to u = 0. Note that this behav- 
ior of the particle is the same for any friction coefficient c greater 
than or equal to the critical value c* (which in fact equals 2). There- 
fore, a wave speed cannot be selected by considering the existence of 
travelling waves alone. 

With regard to the last question, a result was first given by Kol- 
mogorov et al. [228], in which it was shown that the solutions with 
initial conditions of Heaviside function type converge with asymp- 
totic phase to the travelling wave of minimal speed c*. Later, Aron- 
son and Weinberger [10] showed that, starting from initial conditions 
of more, general and physically natural type, and including functions 
with compact support, the wave speed of the corresponding front so- 
lutions asymptotically approaches the minimal speed c* (c* = 2 for 
(3.32)). The method of proof is an elegant one based upon the com- 
parison principle, and their result was the first, ground-breaking one 
in this direction of research. 

What we want to do in this chapter is to single out the more fun- 
damental framework, if exists, through which the selection mechanism 
of the wave speed c* = 2 becomes apparent. Such a consideration will 
give rise to a useful viewpoint in application to a wider class of equa- 
tions for which the comparison principle does not work, as well as in 
considering pattern selection problems in general. 

Let us first recall the result of [10] in terms of the following 
equation: 

(3.36) ut = uxx + /(iz), 

where 

(3.37) /eC^O,!], /(0) = /(I) = 0, 

//(0)>0, /'(I) < 0, 

f(u) >0, 0 < u < 1. 

We are interested in the solutions u(x — ct), which depend only on 
£ = x — ct and satisfy the conditions 

(3.38) u(—oo) = 1, u(+oo) =0, 0 < u < 1. 
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Such functions are called front solutions of (3.36) and satisfy the 
following ordinary differential equation: 

(3.39) w" + cw' + f{w) = 0, 

w(—oo) = 1, w(+oo) = 0, 0 < w < 1. 

Let us define the function space 

X = {u\ue C0(R), 0 < u < 1}. 

Let c* > 0 be the minimal wave speed for which (3.39) has a 
solution. The next result is known ([10], [11]) for the asymptotic 
travelling wave speed of front solutions. 

Theorem 3.7. (1) Letu(x,t) be a solution o/(3.36) with ini- 
tial condition u(x, 0) G X. If u(x, 0) = 0 for x G [xq, +oo) for 
some Xq, then, for each £ and c > c*, 

lim u(£ + ct, t) = 0. 
t—>-oo 

(2) If, moreover, u(x,0) ^ 0, then, for each £ and \c\ < c*, 

lim u(£ + ct,t) = 1. 
t—>00 

Remark 3.8. For the characterization of the critical value c* in 
terms of / and the fact that it is uniquely determined, we refer, for 
example, to Chapter 4 of [94]. It is known that for f(u) = u(l — u), 
the minimum speed is c* = 2, and for f{u) = u(l — vu) (with 
v > —1), it is given by c* = 2 (if — 1 < v < 2) and c* = {y + 2)/\/2v 
(if v > 2). 

Remark 3.9. For 0 < c < c' := 2<v//
/(0), there exists no non- 

negative front solution. The reason is simply that for such a c the 
point (0,0) is a stable spiral point and hence any orbit approach- 
ing (0,0) inevitably goes into the negative side. This implies that 
c* > 2V77(0). 

Remark 3.10. Since the equation (3.36) is invariant with respect 
to the change of variable x —► -x, if u(x,0) is of compact support, 
then for each f and |c| > c* we have that limt—oo u(€ + ct, t) = 0. 

Wave Speed Selection via the Limit of Structurally 
Stable Systems 

In Theorem 3.7, it was shown that the asymptotic travelling 
speed of front waves is c*. What is it that selects the minimal speed? 
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One way of viewing this is that the existence of a continuum of front 
solutions is a degeneracy caused by an inadequate setting of the prob- 
lem, and hence, by looking at the problem as a limit of structurally 
stable systems, the selection of the wave speed may be naturally un- 
derstandable (cf. [65]). To be more specific, let us consider (3.36) 
with the following nonlinearity: 

{u(l — u) (u> 0), 
(b > 0). 

£(« + &) (u < 0), 

In the region u > 0, Theorem 3.7 is applicable, giving the as- 
ymptotic wave speed c* = 2 (cf. Remark 3.8). In the extended 
region u > — b, f is of bistable type and u = — 6, u = 1 are the stable 
equilibria. In the two-dimensional first order system associated with 
(3.39), 

(3.41) ( = f* V J \ Z = ~CZ - f\Wh 

the equilibria (—6,0) and (1,0) are saddle points; the stable man- 
ifold of (—6,0) and the unstable manifold of (1,0) are both one- 
dimensional. Therefore, in this case, by choosing the value c appro- 
priately one expects to find a unique front solution connecting these 
points. In fact, the following is available ([139], [94]). 

Proposition 3.11. For the nonlinearity f in (3.40), there exists 
a unique front solution connecting u = — 6 and u = 1 with wave 
speed Cfe. This solution is exponentially asymptotically stable in the 
topology of uniform convergence, up to asymptotic phase shifts. 

Bistable systems are structurally stable in the sense of the last 
proposition. Our aim here is to characterize the wave speed selection 
of the front solution connecting 1 and 0 as the limit of the front 
solutions of the bistable system connecting —6 and 1 as 6 —> 0. We 
have 

Theorem 3.12. limfe_>oQ> = 2. 

The proof, to be omitted here, is achieved by a phase plane analy- 
sis. Intuitively one can understand it from the profile of the potential 
in Figure 3.5 as follows. In order to go from the higher summit at 
u = 1 through u = 0 and reach and stop at the lower summit at 
u = — 6, the friction coefficient Cf, is uniquely determined, and hence 
limb_»o Q> has to be the minimal friction coefficient c* = 2. 
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Figure 3.5. Wave speed selection via the limit of 
structurally stable systems 

In the above, we described how to treat a degenerate problem as 
a limit of structurally stable systems only in the wave speed selection 
of front solutions. Such an idea, hopefully, will prove to be useful in 
other pattern selection problems. 

In the next section, we return to the original Fisher-Kolmogorov 
equation, and discuss, from the dynamical system point of view, the 
reason why solutions approach the front solution of minimal speed. 

3.4. Marginal Stability Criterion and Its Applications 

The marginal stability criterion is useful in the pattern selection 
problem for frontal waves invading an unstable region, especially for 
the selection of the wave speed, as well as the wave length created 
behind it. This criterion is believed to be applicable to various equa- 
tions, ranging from scalar equations to reaction-diffusion systems for 
which the comparison principle is not available. In particular, the 
linear marginal stability criterion (LMS) is highly valuable in 
practice, since it requires us to examine only the dispersion relation 
of the linearized equation in unstable regions. 

However, when the effect of nonlinearity becomes substantial, 
the contribution from the linear part naturally is not sufficient and 
LMS loses its power. Even in the latter regime, the idea of a marginal 
stability criterion itself is still effective, and the system in that regime 
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Figure 3.6. Slowly growing facets dominate the system. 

then enters the territory of nonlinear marginal stability criteria 
(NMS), although the computation of the selected wave speed is not 
so easy as in LMS. In order to judge the limitation of LMS, it is 
important to clarify the mechanism of transition from LMS-regime to 
NMS-regime. 

In the next subsection 3.4.1, we will present a physical intuition 
into pattern selection mechanisms, especially into the reason why the 
minimal wave speed is selected. In subsection 3.4.2, we will explain 
the relationship between LMS and NMS by way of the example of 
a scalar reaction-diffusion equation. In particular, we will discuss 
a geometric characterization of the transition from LMS to NMS. 
The content of this subsection was strongly motivated and inspired 
by an excellent series of works by van Saarloos and his coworkers 
[346, 347, 348]. 

3.4.1. Physical Background of Speed Selection. It seems, 
at first glance, to go against our intuition that the slowest propagation 
speed is selected. When waves with faster and slower propagation 
speed coexist, the faster ones can never be caught by the slower ones 
and the faster ones catch up with the slower ones ahead, and in any 
case, one can imagine that the waves as a whole finally propagate 
with the faster speed. However, this is not the case if we start with 
natural initial conditions. 

Let us consider the situation of crystal growth depicted in FIGURE 
3.6. The initial facets are drawn in solid lines, and let us suppose 
that facets A grow slowly compared with facets B. As time passes, 
the faster growing facets B disappear and the slowly growing facets 
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unstable stable 

Figure 3.7. (a) The migration of intersection points 
between fast fronts and slow fronts, (b) Propagation 
speeds of envelopes, (c) Wave speeds and stability. 
(Transcribed from Figure 3 of the reference [346]) 

dominate the entire configuration. Here the rule for determining the 
position of new facets after a period At of time is as follows. Each 
facet grows with its own speed of growth, and the intersecting points 
among the extensions of translated facets determine the new set of 
facets. 

The same behavior occurs in propagation fronts invading unstable 
regions. Let us assume that in a neighborhood of an unstable region 
the rate of growth is constant. As in Figure 3.7 (b), let us first note 
that the smaller the slope of profiles, the faster is the propagation 
speed of the envelope of the profiles. We take initial functions of 
compact support and assume that the growth speed is constant near 
the tip of fronts. Adopting the same rule for the determination of the 
new profile as for the facets in Figure 3.6, it is expected that the 
intersection of the fast moving envelope and the slowly moving one 
migrates as in Figure 3.7 (a). This means that the slowly moving 
region expands more and more. 

If there exists a family of wave fronts parametrized by the prop- 
agation speed c, then the waves with extremely slow speed are ex- 
pected to be unstable because waves invading unstable regions with 
slow speed are immediately accelerated by the force of diffusion. On 
the other hand, waves with speed greater than a certain value are 
considered to be locally stable, and their speed of propagation will 
decrease as discussed above. 

As a result, the minimal speed c* in the stable region as in Figure 
3.7 (c) is selected. In other words, the slowest wave speed is selected. 
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Since the value c* is a marginal stability point where the stabil- 
ity property of the system changes, this selection rule is called the 
marginal stability criterion. In the above, it was said that the 
waves with speed greater than a certain value are stable. This state- 
ment appears contradictory to the slowing down of wave propagation. 
However, the meaning of stability here is relative to a special class 
of perturbations that are extremely close to the frontal waves. More- 
over, the situation we are concerned with for the moment is outside 
of this class; hence no contradiction arises (cf. §3.5 for more detail). 

3.4.2. Linear and Nonlinear Marginal Stability Criteria. 
The reason why the marginal stability criterion has attracted a great 
amount of attention is not only that it gives an important guideline 
to ideas in dealing with pattern selection problems, but also that it 
serves as a practical criterion. Especially, the linear marginal stability 
criterion (LMS), despite its limited applicability, is a simple and very 
useful criterion for a certain range of problems. When waves migrate 
towards unstable regions, their amplitude at the tip of fronts is not 
so large. Therefore, LMS may be effective under the premise that the 
selection criterion obtained from the linearized equation near the tip 
of fronts (the unstable region) determines the pattern selection of the 
entire system. 

Why is it that LMS applies so effectively to solutions with fi- 
nite amplitude, despite its foreseen limitation? What we have been 
considering so far is a wave motion in which a stable constant state 
invades the region of an unstable state, such as in the FK-equation. 
Consequently, the existence of a one-parameter family of travelling 
waves followed. Looking into the dynamics in a neighborhood of the 
front of the wave to be selected, one will find an eigenmode associated 
with its center-unstable direction. Since it is also expected that the 
principal part of the eigenmode is concentrated near the tip of the 
front, instead of being located in the stable region, the dynamics of 
the entire system will resemble that of the tip. The situation is com- 
pletely different in bistable systems. Since in bistable systems there 
exists only one candidate for the wave speed, the selection mechanism 
relies genuinely on the nonlinearity and hence cannot be clarified by 
just looking at a subportion of the system. 

The evolution of a small perturbation around an unstable con- 
stant state (0, for simplicity) is expected to be determined by a dis- 
persion relation. Namely, substituting a perturbation i/; of the form 
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Figure 3.8. Wave number vs. growth rate relation. 

tp ~ e 'l0Jt+lkx into the linearized equation around 0 

(3.42) 

one obtains the dispersion relation, expressing a; as a function of /c, 

that determines the dynamics of (3.42). Here and below, k and lj are 
allowed to be complex numbers, and the existence of a relation such 
as (3.43) is taken for granted. 

What are the shape and speed of the perturbation that dominates 
the dynamics? The quantity k1, :=Imk determines the order of spa- 
tial decay at infinity and the shape of the envelope, while kr := Re k 
dictates the wave number within the envelope. On the other hand, 
uj7, := Im u determines whether the perturbation decays or grows, and 
Ljr := Re u describes whether the temporal behavior is oscillatory or 
monotone. Keeping k1 fixed, assume that the temporal growth rate 
a;2, as a function of the wave number fcr, has the functional form as 
in Figure 3.8. 

The character of the dynamics comes from the wave number kr 

at which 

du7 

<3-44> aF = 0 -4 Wf<0- 

If such a value of kr is unique, then the value kr is considered as 
a function of kl. So in the sequel, we treat k1 as being the only 
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Figure 3.9. Decay rate vs. phase velocity relation. 

independent variable. The phase velocity 

of the wave with the largest growth rate is also a function of A;z, 
c = c(/cz). 

Let us also assume that the functional form of c is as depicted 
in Figure 3.9. The behavior c —» oo as k1 —> oo comes from our 
hypothesis, namely, that the stationary state 0 is unstable (u7, > 0) 
relative to Fourier modes with wave length kc (corresponding to no 
decay, and hence k1 = 0). If waves with slower speed tend to be 
dominant, then the wave length with minimum speed, = 0 (k 
in Figure 3.9), will be selected. Since 

(3.46) rk'-LJ1 

the minimum is attained at Therefore, recalling (3.44), the 
wave speed to be selected is determined by 

, v * CJ1 duj7- du1 

( ' ^ c ~ k* ~ dk*' 
The last conditions, obtained by the linear marginal stability cri- 
terion, give the selected wave speed c* and the corresponding wave 
number k*. The significance of the criterion is that it is very simple 
and practical. 

What is an intuitive meaning of the conditions in (3.47) obtained 
by LMS? What is their relation to marginal stability? It turns out 
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that the two conditions in (3.47) are closely related to the following 
two fundamental instabilities pertinent to the propagation of inter- 
faces including frontal waves: 

(i) Growth Instability; 

(ii) Propagation Instability; 
Growth (resp. propagation) instability is sometimes called absolute 
(resp. convective) instability. When a particular wave number /cq is 
perturbed to k = ho + Ak (A/c G R), the major variation of amplitude 
in the e~2a;t-part is given by 

and hence if dd1 jdkT ^ 0, then by choosing A A; in such a way 
that ItfA/c > 0, the amplitude can be made exponentially growing 
(growth instability). Therefore, the relation 

is the marginal stability condition. 
On the other hand, propagation instability is the instability of 

a small localized perturbation of the fronts. The instability of this 
type propagates with the group velocity c5 = dd jdk%. Recall that 
the phase velocity was defined by cph = d/k1. If cph < c^, the 
localized perturbation reaches the unstable region prior to the front, 
giving rise to instability. If cph > Cg, then the front goes ahead of 
the perturbation and is expected to be stable (in a space with an 
appropriate weight) in reference to the co-moving coordinate frame 
with speed cph• Therefore the condition cph = Cg is the marginal 
stability condition for this class of perturbations. 

Let us apply LMS to the Fisher-Kolmogorov equation (3.32) treat- 
ed in §3.3. The linearized equation around u = 0 is given by 

(3.48) = ijjxx + 

which gives rise to the dispersion relation 

(3.49) uj = i — ik2. 

The condition dd/dkr = 0 implies kr = 0. Also, the relation d/k1 = 
dd jdkx (= c*) naturally gives c* = 2, which agrees with the rigorous 
result stated in §3.3 (cf. Theorem 3.7, Remark 3.8). It is somewhat 
surprising that conditions in LMS alone determine the wave speed to 
be selected, despite the facts that the FK equation is not a small 
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perturbation of the linear equation (3.48) and that the front solution 
is a finite amplitude solution connecting the states u = 0 and u = 1. 

This phenomenon may be explained as follows. Due to the con- 
centration of the principal part of the dominant eigenmode near the 
tip of the wave front, the dynamics of the entire system is essentially 
reduced to the dispersion relation for the linearized equation around 
the unstable state; that is to say, there exists a reduction mechanism. 
However, there is no mathematically rigorous proof of the validity of 
the criterion based on this reduction mechanism. 

LMS naturally has its limitations. When the effect of nonlin- 
earity becomes strong enough, the nonlinear marginal stability 
criterion has to be employed. In order to explain the criterion in 
concrete terms, let us deal with the following equation, proposed by 
Ben-Jacob et. al. [28]: 

(3.50) ut = uxx + fb(u), 

(3.51) fb(u) := ^(1 -u)(b + u) (6 > 0). 
o 

Although the equation is qualitatively the same as (3.32), the ef- 
fect of nonlinearity becomes strong as b —» 0. The linearized equation 
around u = 0, however, does not depend on b. Therefore, the wave 
speed of the front connecting u = 0 and u = 1 that is to be selected 
according to LMS is c* =2, independent of b. 

Is it true that the selected speed c* = 2 is independent of 5? 
According to the characterization of c* due to [10], [11], c* = 2 is 
uniquely determined for the case b > 1, where the nonlinearity fo is 
concave on (0,1), which coincides with the wave speed selected by 
LMS. However, when 0 < b < 1, the nonlinear effect is so strong that 
the validity region of LMS starts to shrink, and one needs a more 
careful analysis. 

To carry out the detailed analysis, let us first note that (3.50) has 
the following family of special solutions, which is confirmed by direct 
computations: 

c = cb := (26)5 + (26)~5, 

uc(x) = ^ (i - tanh q(X ^ C^), 

n=( hi 6 >1/2 
q \ qa, 0<b< 1/2, 

(3.52) 

(3.53) 

(3.54) 
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Figure 3.10. The selected wave speed varies with 
the strength of nonlinearity. 

-Ht-'] 
c 

®=2 
Theorem 3.7 predicts that the frontal wave that has the mini- 

mum speed among positive solutions is to be selected. For the solu- 
tions of (3.50) with range 0 < u < 1, what is the functional form of 
the minimum speed as a function of 5? 

Proposition 3.13. The minimum wave speed of positive solu- 
tions of (3.50) is given by 

( 2, b > 1/2, 

[ cfe = (26)1/2 + (25)~1/2, 0 < b < 1/2, 

which is at the same time the speed to be selected (cf. Figure 3.10). 

The special solutions given above actually correspond to those 
that have the minimum speed. As Proposition 3.13 says, for 0 < 
b < 1/2 the wave speed to be selected is not the c* = 2 predicted 
by LMS, but is larger than that. Moreover, lim6_>o = °o, show- 
ing that LMS breaks down when the nonlinearity has strong effects. 
However, as we will see in the next section, the property of marginal 
stability is maintained even in the case where 0 < b < 1/2; that 
is to say, solutions with speed larger than c*, are stable while those 
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(0,0) (1,0) 

weakly 
stable direction 

(a) c>c& 

strongly 
stable direction 

(b) c = Cb (c) C<Cb 

Figure 3.11. Varieties of behavior of a nonlinear 
marginally stable orbit (0 < b < 1/2). Only when 
c = Cb does the unstable manifold of (1,0) enter into 
(0,0) from the strongly stable direction. 

with speed slower than c& are unstable. Again, the selected wave 
speed Cb is the minimum among the wave speeds of stable solutions. 
In this sense, one can adequately say that the nonlinear marginal 
stability criterion is valid even in the region 0 < b < 1/2. 

The proof of Proposition 3.13 becomes apparent from the fol- 
lowing geometric characterization of the marginally stable wave speed 
Cb- The same geometric information will play an essential role in the 
next section, when one tries to verify the validity of the stability cri- 
terion. 

Theorem 3.14. In the phase plane, the orbit of the front solution 
(3.53) of (3.50) approaches the stable node (0,0) along the strongly 
stable direction if and only if its wave speed is the critical one c = Cb 
(0 < b < 1/2). The solution is monotone for c>Cb, while it becomes 
non-monotone for c < Cb and is not always positive any more. The 
profile of the orbit varies with c as in Figure 3.11. 

PROOF. We will present only an outline. Rewriting (3.50) as in 
(3.41), the front solution corresponds to the heteroclinic orbit that 
joins (1,0) to (0,0). The eigenvalues of linearization around the equi- 
librium (0,0) are —qi and — #2 in (3.55) and (3.56), respectively, and 
hence the equilibrium is a stable node for c > 2 and a stable spiral for 
c < 2. The latter statement is true independently of b. However, the 
one-dimensional unstable manifold of the saddle point (1,0) varies as 
b changes. 
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Roughly speaking, when the nonlinear effect becomes strong as 
b gets small, the lower branch of the unstable manifold is pushed 
downward, and therefore in order to make it converge to (0,0) with its 
positivity being kept, one needs to employ a large friction rate c. Since 
(0,0) is a stable spiral for c < 2, as long as positive front solutions 
are concerned, one needs to consider the case in which c > 2. For 
c > 2, there is only one orbit that approaches (0,0) along the strongly 
stable direction (the eigendirection corresponding to the eigenvalue 
with largest absolute value) (cf. Figure 3.11 (b)). 

There are two ways in which the solution on the unstable manifold 
of (1,0) loses its positivity. One way is, as already mentioned, the 
case where (0,0) is a stable spiral for c < 2. The other is the case 
in which (0,0) remains as a stable node and the unstable manifold of 
(1,0) goes around the strongly stable direction and approaches (0,0) 
along the weakly stable direction on the opposite (negative) side (cf. 
Figure 3.11 (c)). 

Depending upon the value of (6, c), one or the other of the two 
cases is primarily realized, distinguishing whether LMS or NMS is 
operative. In fact, when b > 1/2, the nonlinear effect is not strong 
enough that the former case is primarily realized as c is decreased. 
On the other hand, when 0 < b < 1/2, the unstable manifold of 
(1,0) converges to (0,0) along the strongly stable direction, as in 
Figure 3.11 (b), at c = Cb > 2. As c decreases below this value c&, 
the unstable manifold overshoots and converges to (0,0) along the 
weakly stable direction on the opposite side as in Figure 3.11 (c), 
losing positivity and monotonicity. □ 

Remark 3.15. We note that the solution selected by NMS is geo- 
metrically characterized as an orbit that approaches an equilibrium 
along a strongly stable direction. This remark is important, because 
such a geometric characterization of NMS may serve as a guiding 
principle for more general systems of differential equations (cf. [310]). 

Remark 3.16. The effective applicability of LMS and NMS for 
many types of equations, such as the complex Ginzburg-Landau equa- 
tion and the Swift-Hohenberg equation treated in Chapter 2, is at 
least numerically well tested (cf. [91], [89], [90], [346], [347] and 
[28]). A mathematically rigorous theory for these equations with a 
clear geometric characterization seems to still be missing, and awaits 
further developments. 
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3.5. Credibility of Marginal Stability Criterion 

We will show that the marginal stability criterion actually holds in 
the wave speed selection problem for front solutions of (3.50) treated 
in the previous section. 

As we have seen in §3.3, among the positive (or monotone) solu- 
tions the one with minimum wave speed is selected. The proof of this 
fact, however, depended on the comparison principle, and hence it 
is desirable to have a different selection principle applicable to more 
general cases. We here deal with all the travelling wave solutions, 
dropping the condition that they be positive (or monotone). We will 
show in this setting that among the travelling waves in the family, 
the one at which the stability property changes (the marginally sta- 
ble one) is selected. This criterion, which already appeared in §3.2 
for crystal growth processes, will be rigorously treated for (3.50). As 
mentioned at the beginning of the present chapter, in order to talk 
sensibly about stability, a class of relevant perturbations and a gauge 
to measure the perturbations have to be defined. For example, front 
solutions are always unstable relative to a class of seemingly natural 
perturbations, as demonstrated in the following theorem. 

Theorem 3.17. The front solutions of (3.50) that connect 0 to 1 
are unstable relative to perturbations that belong to LP(R), Cunif(^) 
or Co(M). 

PROOF. This theorem is established by showing that the essential 
spectra of the linearization around the front solutions always have 
positive real part. For this, the following lemma plays a key role (we 
refer to [176] for its proof). 

Lemma 3.18. Let L be a linear operator defined by 

(3.57) Lu = uxx + a{x)ux + b(x)u, 

(3.58) lim a(x) = a±, lim b(x) = 6±, 
x—>±00 x—)-±oo 

on R. On any one of the spaces above, the essential spectrum of L is 
contained in the following parabolic region: 

(3.59) <7e{L) c { A € C | ReA < + &± }, 
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in which the right hand side is replaced by the half interval (—00, b±] 
when a± = 0. In particular, 

(3.60) max Re (Je{L) — max(6+,6_). 

Proof of Theorem 3.17. Since /£(0) = 1 (independent of 6), 
the last lemma implies that in any one of the spaces above, we have 

(3.61) max Re ae(L) = 1, 

where L is the linearization of (3.50) around the front solutions in 
terms of the co-moving coordinate system. Therefore, applying Corol- 
lary 5.1.6 of [176], the front solution is unstable. □ 

One can intuitively understand the reason why the front solutions 
are all unstable as follows. 

Pick a front solution uc(x, t) = vc(x — ct) (vc(oo) = 0, ^(—00) = 
1) with speed c. Since the front solutions exist in the one-parameter 
family, one can choose cf near c (c' > c) and take 

(3.62) uC' (x, t) — uc(x, t) 

as a perturbation. Since all front solutions decay exponentially to 
both 0 and 1 at ±00, by choosing c' sufficiently close to c, the per- 
turbation in (3.62) can be made arbitrarily small at t = 0 in all of 
the function spaces in Theorem 3.17. However, the perturbation, 
observed from the travelling coordinate system with speed c, grows 
in terms of any one of the norms, since c' > c causes the perturbation 
to spread forward, resulting in a large deviation of phase. This phe- 
nomenon is precisely the propagation instability discussed in §3.4.2. 
In other words, propagation instability is caused by essential spectra. 

The situation above differs substantially from the bistable case 
(compare with Proposition 3.11). The reason is that the travelling 
waves considered above are those invading the unstable region u = 0, 
and therefore perturbations in this region, unless restricted by strong 
conditions, will grow immediately. This means that to obtain stability 
we have to restrict perturbations to a smaller class. 

Such a restriction may seem stringent at first glance, but it is not 
so if one recalls the origin of the problem. In fact, one natural way 
of setting up the problem is to ask how a small fluctuation p^ves 
when the system is all at once placed in an unstable state, 
a sudden change of temperature or concentration. In such a situafoon, 
naturally, perturbations are localized and of compact supportj. 
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in a dendritic crystal growth process, natural perturbations in refer- 
ence to the travelling coordinate system are those localized at the tip 
of the crystal. If one uses a norm that uniformly takes account of 
perturbations far from the tip, then the dendrite is unstable. 

Let us introduce the following weighted space in order to elimi- 
nate the propagation instability caused by essential spectra: 

(3.63) L^(R) = | v (^J dx^j < oo |, 1 < p < oo, 

(3.64) w(x) > 0, -»• -m, W ^X) M2, x -> oo, 
w{x) w(x) 

where /x is any real number that satisfies fx2 + cji + 1 < 0 and w(x) is 
a smooth function that is uniformly bounded at x = — oo. Note that 
the weight is chosen so that it has an effect only at x = oo to eliminate 
the propagation instability spreading into the unstable region. With 
the weighted space at our disposal, we have the following. 

Theorem 3.19. Let cmin be as given in Proposition 3.13. For 
c > cmin (resp. c < cmin), the front solution is asymptotically stable 
(resp. unstable) in the weighted space L*),(M). 

Remark 3.20. The stability in the last theorem is actually ex- 
ponential and asymptotic, up to phase shifts. Such a stabilization 
method with the help of weighted spaces is due to [327], [328]. 

PROOF. We first show that for any c > 2, independent of 6, 
the instability caused by the essential spectrum can be eliminated 
by choosing the weight appropriately. On the other hand, such a 
trick is not possible for c < 2, and propagation instability occurs 
there. The instability for 0 < b < 1/2 where cmin > 2 is caused by 
the discrete spectrum, which will be discussed later. Examining the 
essential spectrum as in Lemma 3.18, one finds for c2 > 4 that 

(3.65) max Re ae(Lw) = p2 + c/x + 1 

(see Chapter 5 of [176] for details). Note that the inequality c2 > 4 
follows for any b from Proposition 3.13. The operator Lw here is 
defined by Lwv = ^L(wv). By choosing /x so that /x2 + c/x + 1 < 0, 
which is possible because c2 > 4, one can push the essential spectrum 
to the left half plane. 

Note that the two real eigenvalues associated with the stable node 
(0,0) are the two roots of the equation /x2 + cp + 1 = 0. This implies 
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that the decay exponent of the weight function w at x = oo falls 
into the interval between these two eigenvalues. Therefore, regard- 
less of the choice of ji, the right end point of the essential spectrum 
approaches the origin as c —► 2. When c < 2, the essential spectrum 
sticks out into the right half plane, and hence the front solution is 
unstable no matter what type of weight is employed. This indicates 
that one cannot stabilize the essential spectrum unless the wave speed 
is rather large. But, why does instability set in when the wave speed 
is small? 

An intuitive answer to this question is as follows. Assume that a 
perturbation is growing in the form 

(3.66) e
ni-7x (fi>o, 7 > 0). 

When observed relative to the travelling coordinate £ = x — ct, the 
perturbation exhibits itself as 

(Q pftt-7(£+ct) 

The perturbation growing exponentially with respect to the fixed co- 
ordinate x now decays exponentially with respect to the travelling 
coordinate £ if the condition 

n 
(3.68) c > - 

7 

is satisfied. This argument is of course not valid for small c. The 
same thing happens even if our attention is restricted to compact 
intervals. Therefore, even when a front is subjected to a perturbation, 
the front can keep its shape if it travels faster than the perturbation 
does. Although the perturbation is growing in the regions far away 
from the front, it can be regarded as small by adding an appropriate 
weight. This is an intuitive explanation of why waves travelling fast 
enough can be made stable with respect to a corresponding travelling 
coordinate. □ 

Let us next examine the behavior of the discrete spectrum. We 
first show the following. 

Proposition 3.21. For a front solution with speed c > cmin, dis- 
crete eigenvalues of the linearization have negative real part, except 
for the simple eigenvalue 0 which corresponds to translational free- 
dom. 
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Proof. With w(€) = e c^/2 as the weight function, the eigen- 
value problem Lwv = Xv takes the following form: 

(3.69) Lwv = v" + + f'(4>(0)Jv = Xv, 

where <£(£) represents the front solution. This problem can be con- 
sidered as a self-adjoint one on L2(M), independently of the original 
weighted function space. The discrete spectra of (3.69), therefore, 
are all reals. The maximum eigenvalue has the following variational 
characterization: 
(3.70) 

A = max { [ -(v')2 + (-L + }• 

If v is a function that realizes the maximum, so is |i>|, and hence 
one can assume that v is nonnegative. If v = 0 and vf = 0 at some 
point, then v has to be identically zero. Therefore, v is strictly pos- 
itive. Let us note that the function ^(£) := ^(O6"0^2 > 0) 
obtained from the derivative of the front solution satisfies 

ip" + (—c2/4 + f'{4>))^ = 0; 

namely, it is an eigenfunction associated with the 0-eigenvalue. 
Denoting by p a normalized eigenfunction associated with the 

maximum eigenvalue A, one can express the latter as 

<37i) 

in terms of i/j. The last expression immediately implies A < 0. If 
A = 0, then p/^ = constant, and hence p essentially coincides with ip, 
which was obtained from the derivative of the front solution. There- 
fore, discrete eigenvalues other than 0, if they exist, have to satisfy 
A < 0. Combining this with the previous results, we have the stability 
of the front solution for c > cmin in a weighted space. □ 

We next prove the instability of the front solution for 0 < c < 
Cmin- When b > 1/2, Proposition 3.13 says cmin = 2, and hence the 
essential spectrum, as established in the previous discussion, inter- 
sects the right half plane, proving the instability. On the other hand, 
since cmin = Cf)>2forO<&<l/2, the essential spectrum stays in 
the left half plane even for c smaller than the selected speed c = c^. 
To show that the state where c = q, is marginally stable, we will show 
the existence of positive eigenvalues for c < q,. 
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Arguing as before, one can obtain the self-adjoint problem (3.69), 
and hence the maximum eigenvalue is characterized as in (3.70). The 
function -0(0 = obtained from the derivative of the front 
solution 0, is an eigenfunction associated with the 0-eigenvalue. The 
front solution 0(£), however, is not monotone in the present situation 
due to Theorem 3.14, and hence 0', and consequently 0, has at least 
one simple zero, proving that 0 is not the maximum eigenvalue and 
that Amax > 0. We have thus proven that the eigenvalue crosses the 
origin at c = q,, and the proof of Theorem 3.19 is complete. 

Stability of the Front with Critical Wave Speed 

We have so far shown that there are two selection criteria for 
asymptotic travelling speed in (3.50): the minimum speed selection 
criterion and the marginal stability criterion, and that they both give 
the same result. The former asserts that among positive and mono- 
tone front solutions the one with minimum speed is selected, while the 
latter says that among all possible front solutions the one at which 
the stability property changes is selected. We have already seen in 
Theorem 3.7 that the asymptotic travelling speed of a front solution 
agrees with the critical speed predicted by these criteria. The basin 
of attraction of such a behavior is quite large and contains, for ex- 
ample, initial values uo(x) € [0,1] that satisfy liminfx__00iio(^) > 0 
and uo(x) = 0 for x > 0 (cf. [34]). However, the last result relies on 
the maximum principle, which means that the method does not apply 
to cases where the unknown is complex-valued or vector-valued. It is 
therefore desirable to have a method which does not use the maximum 
principle. In relation to such a method, we shall now briefly describe 
what has been known about the local stability of the marginally sta- 
ble front solution, setting aside the issue of global attractivity for the 
moment. 

When the wave speed was larger than the critical one (c > cmin), 
we obtained exponential stability by introducing the weighted spaces, 
which enabled us to separate and shift the essential spectrum. How- 
ever, it is not possible to separate the essential spectrum for the front 
solutions with the critical speed, and as we will see below, the rate 
of decay is of polynomial order. In [217], Kirchgassner showed that 
the decay rate to the critical front solution is of order 0(£_1/4) in 
an appropriate weighted space, by reducing the linearized operator 
around the front to a normal form of Floquet type with the help of a 
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novel change of variables, and by examining the semigroup generated 
by the normal form operator. 

On the other hand, Bricmont and Kupiainen ([38], [37]) estab- 
lished the stability of front solutions to complex-valued Ginzburg- 
Landau equations by means of a renormalization group method. And 
then, Gallay in [151], combining the ideas in these two methods, es- 
tablished a polynomial order decay to critical front solutions for the 
following class of scalar equations: 

du d2u , v 
<s-ra> + ieR' 
where F is either a polynomial or an analytic function satisfying the 
conditions 

(3.73) F(0) = F(l) = 0, F^O) > 0, F^l) < 0, 

F"(u) <0 for all ue (0,1). 

This class contains u — u3 (Ginzburg-Landau type) and u — u2 (Fisher 
type). Renormalization group methods like those described in Chap- 
ter 2 are expected to be applicable to determine the stability of 
critical front solutions for more general equations, and further inves- 
tigation in this direction seems promising. 

3.6. Modern Developments1 

In the marginal stability approach, we have paid much attention 
to the existence of nonlinear front solutions and the selection mech- 
anism of these nonlinear fronts, as well as the relation between front 
stability and front selection. It has recently become clear that ap- 
proaching the front dynamics from a slightly different angle not only 
clarifies several conceptual issues, but also yields a starting point for 
systematically calculating the rate of convergence of the speed and 
shape of fronts to their asymptotic behavior ([101]). 

A key point in this approach is as follows: The value c*, which 
is identified as the minimal wave speed among nonnegative front so- 
lutions and is the wave speed selected via the linear marginal sta- 
bility criterion (3.47), actually arises more generally as the asymp- 
totic spreading speed of a localized initial perturbation. The behav- 
ior of this local perturbation is governed by a dynamical equation, 
which is obtained by linearizing the nonlinear equation around the 
unstable state. In essence, the equations (3.47) arise as saddle-point 

•^his section is based on communication with Wim van Saarloos. 
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equations in the complex fc-plane, when the long-time asymptotics of 
the Green's function of the linearized equation is extracted from its 
Fourier representation by deforming the A;-contour so as to go through 
this saddle point ([235, 31, 101]). The importance of this result is 
its independence of the precise nonlinearities. Namely, the evolution 
dynamics, obtained by linearizing the dynamical equation about the 
unstable state, leads by itself to ever-growing perturbations whose 
level-lines spread asymptotically with the speed c* given by (3.47). 

From this perspective, it becomes clear that in the presence of 
the nonlinearities in the dynamical equations, there can be, in prac- 
tice, only two possibilities for nonlinear front propagation: Either 
the asymptotic front speed Cas of a nonlinear front is equal to c*, 
Cas = c*, or it is larger than c*, > c*. Although there is no rig- 
orous proof, the third possibility that Cas would be less than c* is 
practically considered to be dynamically impossible. This is because 
for the nonlinearities to have any effect at all on a nonlinear front, 
the front must propagate at least as fast as the small perturbations 
grow out and spread with velocity c*. 

The first case, in which Cas = c*, corresponds to the linear mar- 
ginal stability regime. In the recent literature, however, fronts of 
this type are often called "pulled" fronts, as the linear spreading of 
small perturbations about the unstable state almost literally "pulls" 
the nonlinear front back [338, 101]. The second case, where fronts 
propagate asymptotically faster than c*, corresponds to the nonlin- 
ear marginal stability regime. Fronts of this type are referred to as 
"pushed" fronts, to contrast them with the pulled fronts. 

A remarkable and general result which has recently been derived 
starting from the above perspective is the following. If one measures 
an instantaneous speed c(t) by following a level line u(x, t) = const. 
of a pulled front as it approaches its asymptotic velocity c*, one finds 
the exact result ([101]) for the convergence of wave speeds: 

(3.74) c{t) = c* - , + O (\), K ' W 2k»t 2(ki*)2\fDt3/2 \t2) 

while the shape of the profile is given by 

(3.75) u{x,t) = Uc(t)(€x) + O (jfj ' €x < Vi. 
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In the above, ?7C(^) is the solution for the front profile moving with 
uniform speed c, £x the non-uniformly moving coordinate 

= X - J c(t')dt', 

and kz* the solution of (3.47) with D given by 

i d2uj 
= 2dk?k* 

playing a role of a diffusion coefficient. 
The interesting feature of these results is their universality. 
For the Fisher-Kolmogorov equation the first term of order 1/t 

in c(t) was derived rigorously almost twenty years ago by Bramson in 
[34], but the t~3/2 term was not known before. Moreover, it turns out 
that the equations (3.74) and (3.75) are valid for all pulled fronts in 
the much more general situation where the asymptotic profile of the 
front is uniformly translating, except for the bifurcation point from 
the pulled to the pushed regimes. Thus, they even apply to coupled 
reaction-diffusion equations and to difference equations ([101, 102]). 
Quite surprisingly, all the terms in (3.74) are independent of the non- 
linear terms in the dynamical equation under study. An interesting 
aspect of (3.74) is that the velocity always approaches c* asymptot- 
ically from below, and hence the front shape, according to (3.75), is 
for long times close to a uniformly translating front solution with 
instantaneous speed below c*! 

A related recent finding concerns the sensitivity of "pulled" fronts 
to changes in the dynamics near the unstable state: For nonlinearities 
f(u) in (3.36) of the form 

v ( u — u3 for u > e, 
/(U) = \0 for u < e, 

the asymptotic speed converges only logarithmically slowly in e to c* 
as e —» 0 ([43]). This behavior seems to be relevant to the propagation 
of fronts in stochastic lattice models, where a natural cutoff is set by 
the discrete particles. 

An important experimental realization of front propagation into 
unstable states is found in the pearling instability of tubular mem- 
branes [22]. The propagating fronts are of the pulled type [311], in 
spite of the strong nonlinearities behind the front that eventually lead 
to the pinching of droplets. 
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3.7. Summary 

3.1 The meaning of the pattern selection problem is explained. 
3.2 By using the simplest geometric model describing a dendritic 

crystal growth process, it is explained how pattern selection is 
related to surface tension effects and anisotropies. 

3.3 The minimum speed criterion for front solutions in the Fisher- 
Kolmogorov equation is elucidated by regarding the equation 
as a limit of structurally stable systems. 

3.4 An intuitive account is given for the minimum speed criterion. 
By using a scalar equation, the limitation of a linear marginal 
stability criterion is pointed out, and a geometric characteri- 
zation of a nonlinear marginal stability criterion is given. 

3.5 The validity of the marginal stability criterion is established 
for scalar equations. 

3.6 Recent developments oconcerning marginal stability criteria 
are discussed. The notions of pulled and pushed fronts are 
introduced. 





CHAPTER 4 

Pattern Formation 

Pattern, interpreted in the broadest sense of the word, means 
an order formed at the expense of consuming some kind of energy 
and materials. Mathematical theories for pattern formation that en- 
compass such a wide interpretation of the terminology, however, have 
not been established. The situation at the present moment is rather 
that new types of dynamic behaviors are being discovered one after 
another, enlarging the horizon of varieties, so to speak, while the dis- 
covery of universal mathematical structures that pierce through the 
varieties of pattern formation phenomena remains as a future task. 
It is also true, on the other hand, that many pattern formation phe- 
nomena have given an impetus to develop fruitful methodologies. For 
example, bifurcation theory and singular perturbation theory are very 
effective tools for finding solutions in a constructive manner. Also, 
asymptotic analysis and ideas from infinite dimensional dynamical 
systems have been very helpful in uncovering the ultimate behavior 
of a system. We will introduce the reader to some of these theories 
in this and the next chapter. We will also discuss, in these chapters, 
what one can say about higher dimensional pattern formation from 
the viewpoint of scaling. 

4.1. What is Pattern Formation? 

Among many distinguished works done by Alan Turing, who is 
famous for his Universal Turing Machine, there is a paper predict- 
ing that a simple combination of reaction and diffusion can cause 
a spontaneous formation of inhomogeneous structures, called Tur- 
ing patterns. This remarkable result revealed that diffusion effects, 
considered as a driving force of uniformization, had a counterintu- 
itive aspect: they could function cooperatively with reaction to cre- 
ate spatially inhomogeneous ordered structures. At first the Turing 

111 
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mechanism was considered as having little to do with real phenom- 
ena. However, recent experiments have clarified that Turing's idea 
gets at the essence of dynamics in chemical reactions and morpho- 
genesis. Moreover, the universality of the mechanism, which does not 
depend so much on particular real phenomena, has been recognized as 
a very important principle for understanding varieties of hierarchical 
structures in nonlinear phenomena. 

A well known example of a model equation for the Turing mecha- 
nism is a system of semilinear parabolic partial differential equations, 
called a reaction-diffusion system. 

A characteristic feature of nonlinear reaction kinetics in such a 
system is a balanced interaction between a self-catalytic growth and 
an inhibition effect that tends to suppress the growth. The population 
of a metropolis or an outbreak of a virus increases or spreads rapidly 
once an impetus is given. Eventually, the population either settles 
down to an appropriate size or declines, and sometimes exhibits an 
oscillatory behavior. Such behaviors are caused by inhibitory effects 
due to a limited source of food, or by the response of immune systems. 

Another aspect of reaction-diffusion systems is spatial disper- 
sion due to diffusion effects. To understand such effects, imagine 
the spread of flu or a combustion process (such as wildfire). There 
are three different states, namely, the population susceptible to the 
disease (combustible state), the infected (burning state) and the im- 
munized (burned state). In order to describe the spatial dispersion 
of the disease or flame, it is not necessary to know all of these three 
states. It is enough to only know the infected population or the flame 
fronts. This type of argument naturally leads to the idea of inter- 
face dynamics. Namely, it is sufficient to describe only the motion 
of internal layers (interfaces) where the state changes abruptly. By 
employing such a procedure, one is able not only to substantially re- 
duce the degree of freedom in the original model, but also to explicitly 
characterize the essence of intrinsic dynamics. 

Such an idea has a wide range of applicability. It is not too much 
to say that the idea is effective in describing some sort of transition 
from one state to another in any situation where two or more differ- 
ent states coexist, such as in crystal growth, combustion processes, 
morphogenesis, and population biology. When one deals with distin- 
guished limits, in which one tries to reduce the motion of a system to 
that of an interface, it is necessary to rescale space and time. In order 
to obtain meaningful limits, one needs to pay attention to the balance 
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between several forces which are related to the motion of the interface. 
Depending upon the adopted forces which interact and compete with 
each other, there are many different distinguished limits and scaling 
laws. 

The aim of this chapter is to clarify the existence and dynam- 
ics of typical patterns in reaction-diffusion systems by using mainly 
asymptotic methods as described above. 

4.2. Gradient System and Its Dynamics 

It is an old and natural idea that the dynamics of a state evolves 
in such a way that the value (energy) of a functional (free energy) 
decreases in the most efficient way. In such a situation, the ultimate 
destiny of the state will be the one of the points where the energy 
assumes a minimal value. This is an inherent reason why it is of- 
ten so effective to investigate stability properties by using Lyapunov 
functions in the theory of ordinary differential equations. 

In spatially extended systems, interactions between neighboring 
positions are usually expressed in terms of spatial derivatives (for 
example, material or heat flows with a speed in proportion to its 
spatial gradient). As a typical example of energy functional, the 
following simple but basic one, called the van der Waals type, 

(4.1) Fe(u)= f j\Vu\2 + W(u)dx, 
J Q 

is often employed, where Q, is a smooth bounded domain in RN. As is 
mentioned in §4.1, at least two different states are observable in phase 
transition, like solid and liquid or unburnt and burned. Therefore, 
for the density function W(u), we employ what is called a double- 
well potential, which typically is expressed by the quartic polynomial 
W{u) = (u2 - l)2/4 as in Figure 4.1. 

Taking L2(Sl) as the basic function space, we choose H1(n) as the 
admissible class of functions for the functional. In order to minimize 
the value of the functional, it is preferable to assign either +1 or -1 
to u pointwise, and at the same time, to reduce the spatial gradient 
of u as much as possible. Therefore, if there is no constraint imposed 
on u, then one of the two homogeneous states u = ±1 gives rise to the 
minimum value of the functional. The description of the dynamics 
leading to these states will be discussed in §4.2.2. On the other hand, 
in the case where there is a mass conservation condition imposed on 
u, such as in the phase separation of a binary alloy, the Cahn-Hilliard 
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W(u) 
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Figure 4.1. A double-well potential. 

equation will be suitable (to be treated in §4.2.3). In the latter sit- 
uation, the minimizer of the functional is a non-constant function, 
giving rise to the interesting problem of geometrically characterizing 
the shape of its interface. 

Moreover, a good deal of attention has been directed in recent 
years to variational problems associated with a functional of the form 
of (4.1) with non-local terms added, and to the gradient dynamics 
generated by such a functional. In such a system, interesting types 
of solutions appear, produced by the interplay of local and global ef- 
fects, such as a minimizer with a fine structure. Since all of these 
examples are considered as a gradient system in an infinite dimen- 
sional space, we will briefly review the framework of such systems in 
the next subsection. 

4.2.1. Global Attractor of Gradient System. The theory 
of dynamical systems, initiated as qualitative theories for ordinary 
differential equations, has developed in many directions. In partic- 
ular, during the last couple of decades notable advances have been 
achieved in infinite dimensional spaces. Studies of functional differen- 
tial equations with delays and model equations in dissipative systems 
have been a strong driving force in such advances. Systems which 
evolve while dissipating energies and information provide us with an 
ideal material by which to understand what is the essential degree of 
freedom that controls dynamical behaviors. 

One of the most important notions in this context is that of 
global attractor. A global attractor is such that it is often finite 
dimensional, and once its structure is known the asymptotic behavior 
of the system is well-understood, substantially reducing the degree of 
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freedom in the dynamic behaviors of the original systems. The idea 
of reducing the entire dynamics to the flow on global attractors is a 
typical example of qualitative approaches in nonlinear problems. The 
presentation in this section mainly follows that of [166]. 

Definition 4.1 (Global Attractor). Let T(t) be a Cr-semi- 
group on a Banach space X (r > 0). An invariant set A of the 
semigroup is called a global attractor if it satisfies the following 
conditions: 

(i) A is a maximal, compact invariant set. 
(ii) A attracts each bounded set B C X, i.e., 

lim dist(T(t)B, A) = 0. 
£—►00 

Remark 4.2. From the definition, it follows immediately that 
the u;-limit set a;(R) of B is compact and contained in A. 

For the rest of this section, X is always a Banach space and 
the semigroup is always a strongly continuous Cr-semigroup. It is 
convenient to introduce the following two notions before we state the 
conditions that guarantee the existence of a global attractor. 

The semigroup T(t) is called asymptotically smooth, if for 
each non-empty bounded closed set B satisfying T(t)B c B (t > 0), 
there exists a compact set J C B that attracts B. T(t) is called point 
dissipative, if there exists a bounded set B C X that attracts each 
point of X. 

A positive orbit 7+(x) through x £ X is defined by 7+(x) = 
{T(t)x | t > 0}. Since T(t) is, in general, neither surjective nor 
injective, a negative orbit 7"" (x) is defined as follows: 

(4.2) j-(x) = Uff(t,x), 
t>0 

Il(t,x) := {y e X \ there exists an orbit 0 : (—00,0] —> X 

such that </>(0) = x and = y}, 

where (j)(s) is an orbit (of T(t)) if it satisfies 

T(t)(j)(s) = <p(s +1) (s G (—00, —t], t > 0). 

Theorem 4.3. Let T(t) : X —> X be asymptotically smooth and 
point dissipative. If positive orbits of bounded sets remain bounded, 
then there exists a connected global attractor A for T(t). 
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Theorem 4.4. If T(t) : X —> X is completely continuous and 
point dissipative, then there exists a connected global attractor A. 
Moreover, in this case, there exists an equilibrium in A. 

These theorems may look very abstract. However, if they are ap- 
plied to a restricted class of dynamical systems, called gradient sys- 
tems, then the global attractor A can be expressed in fairly concrete 
terms. Since the notion of hyperbolicity of equilibria plays a key 
role later on, we define this terminology. An equilibrium x, namely 
T(t)x = x for each t > 0, is hyperbolic if the spectrum a(DT(t)(x)) 
does not intersect the unit circle in the complex plane for t > 0. 

Definition 4.5 (Gradient System). A Cr-semigroup 

T(t) : X -+ X 

is called a gradient system if the following conditions hold: 

(i) Bounded positive orbits are precompact. 
(ii) There exists a continuous Lyapunov function V : X —► R that 

satisfies the following conditions: 
(a) V(x) is bounded below; 
(b) limixi^+oo V(x) = +oo; 
(c) for each x G X, V(T(t)x) is non-increasing in t; 
(d) if T(t)x is defined for all t G R and V(T(t)x) = V(x) 

for all t G R, then x is an equilibrium. 

Let E denote the totality of equilibria of T(t). The following is 
known. 

Lemma 4.6. When T(t) is a gradient system, for each x G X its 
uj-limit set (jj{x) belongs to E. If the negative orbit 7-(x) through x 
is precompact, then the a-limit set a(x) of x also belongs to E. 

For gradient systems, the existence of a global attractor is guar- 
anteed by the next theorem. 

Theorem 4.7. If a gradient system T{t) (t > 0) is asymptoti- 
cally smooth and the set E of equilibria is bounded, then there exists 
a connected global attractor A. In this case, the attractor A is repre- 
sented as follows: 

(4.3) A =WU{E) :={yeX\ T(-t)y is defined for t > 0, 

T(—t)y —► E as t —>• +oo }. 
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Moreover, if each element of E is hyperbolic, then E is a finite set 
and A has a simpler expression: 

(4.4) A = (J Wu(x). 
xeE 

Proof. Because of the boundedness of E, Lemma 4.6 implies 
that the semigroup is point dissipative. Thanks to the properties of 
the functional V, orbits of bounded sets are bounded. Therefore, 
Theorem 4.3 implies the existence of the connected attractor A. In 
order to show that A = WU(E), note that the orbit of each point 
x £ A is defined for all t € R, and in particular, that the negative 
orbit 7~(x) is precompact. Therefore, it follows from Lemma 4.6 
that its a-limit set a(x) belongs to E. This means A c WU(E). The 
inclusion A D WU(E) obviously holds. If, moreover, each element of 
E is hyperbolic, then elements of E are isolated. Therefore, from the 
compactness of A it follows that E C A is a finite set, showing that 
A = \jx&EWu{x). □ 

If T{t) is completely continuous, then it is asymptotically smooth. 
Hence we have the following result. 

Theorem 4.8. Let T(t) (t > 0) be a gradient system. If T(t) 
is completely continuous and E is bounded, then the conclusions of 
Theorem 4.7 hold true. 

When semifiows (semigroups) are defined by partial differential 
equations, their domain of definition usually cannot be the entire 
function space X. To apply the results above to such problems, one 
needs to set up appropriate function spaces on which the solution 
operator T(t) defines a Cr-semigroup. Fortunately, for systems of 
differential equations that appear in dissipative systems, their linear 
part is usually a sectorial operator which generates an analytic 
semigroup. By using the analytic semigroup, one can show that the 
solution operator generates Cr-semigroups on various function spaces 
(cf. [176] for the details). We will deal with the simplest and most 
typical example of such a system in the next subsection. 

4.2.2. Non-Conservative Gradient System. As typical ex- 
amples of gradient dynamical systems, we will first deal with two 
types of non-conservative systems to which the general theory pre- 
sented above applies nicely. They are governed, respectively, by scalar 
bistable reaction-diffusion equations and compex-valued Ginzburg- 
Landau equations. 
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Scalar Bistable Reaction-Diffusion Equation 

If one thinks of the states u = ±1 related to the functional in (4.1) 
as describing directions of spin, up or down, liquid or solid state, or 
oxidized or reduced state, then the minimum value of the functional 
is attained at the states u = =bl. Therefore, in such a system one 
is mainly interested in how orbits settle down to the states u = ±1. 
The L2(0)-gradient system associated with the functional in (4.1) is 
the following Euler-Lagrange equation: 

Ut =e2Aii + f{u) (in fl), f(u) = —W^tt), 

(4.5) 

3il 
^ = o (on an), 
on 

If the second order derivative term is missing in (4.5), the system 
converges to either +1 or —1 (except for the case where 0 is taken as 
the initial value), exhibiting bistability. For this reason, (4.5) is called 
a scalar bistable reaction-diffusion equation of non-conservative 
type (or the Allen-Cahn equation). This is one of the fundamental 
equations in the theory of pattern formation. 

Let us apply the dynamical system theory prepared in the previ- 
ous subsection to the one-dimensional version of (4.5) with the bound- 
ary conditions replaced by Dirichlet ones: 

Sa f = UXX H" 0 <C X < 1, 
1 ) 1^ = 0, a; = 0,1, 

where we set e = 1 for simplicity and the nonlinearity is given by 
f(u) = u — u3. 

Remark 4.9. Although we deal with a special case where the 
boundary conditions are Dirichlet ones and the nonlinearity is the 
cubic f(u) = u — ti3, the methods used below are equally applicable 
to more general nonlinear it ies and boundary conditions, including 
Neumann ones (cf. [166]). 

Considering (4.6) as an evolution equation in an infinite dimen- 
sional space, let us apply the results of the previous subsection. In 
order to define a time-global C1-semigroup T(t), we choose to take 
X = L2(0,1) as our basic space. If the domain of definition of 
L = —-£5 is defined by D(L) = Hi (0,1) fl H2(0,1), then L is a posi- 
tive definite self-adjoint operator. Moreover, it is a sectorial operator 
with compact resolvent. If we define A1/2 = D(L1/2) = Ho(0,1), 
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then the nonlinear map f : X1/2 —» X is of C1-class. Therefore, ap- 
plying the variation of constants formula, one can easily verify that 
(4.6) generates a time-local C1-semigroup T(t) on X1/2. 

The existence of the following energy functional V and the dis- 
sipativity of / (meaning lim|u|_00/(ix)/ti < 0) imply that the C1- 
semigroup T(t) is defined globally in time. In fact, let V be defined 
by 

(4.7) V(4>) = Jo {^x(z) + W{<l>{x))}dx, W(u) = - jU f(s)ds. 

Then it follows that 

■)) = - j u^dx < 0, 

and hence the C1-semigroup T(t) generated by (4.6) is a gradient 
system on X1/2. Since T(t) is completely continuous for t > 0, one 
can express its global attractor A as A = U</>e£ Wu ((/)), thanks to 
Theorem 4.7, if each element of E is hyperbolic. In the present 
situation, furthermore, the structure of A is understood in detail, due 
to the following result. 

Proposition 4.10 (Transversality (cf. [177], [7])). Let </> and 
^ be hyperbolic equilibria of (4.6). Then the unstable manifold of (j) 
and the stable manifold ofip intersect transversely: 

Wn(</>) T Ws(ip). 

One of the most important consequences of the last propostion 
is that, as / varies, the global attractor A changes its qual- 
itative structure only through the loss of hyperbolicity of 
equilibria, or in other words, only through local bifurcations of 
equilibria. This, in particular, means that as long as the equilibria 
remain hyperbolic, there are no qualitative changes in the dynamics 
on the attractor A, which in turn enables us to understand A in con- 
structive terms from bifurcation theories. Let us, indeed, embed (4.6) 
in the following one-parameter (A > 0) family of problems: 

/a q\ f = Uxx ~1~ A /(it), 0 < x < 1, 
^ ^ \u = 0, x = 0,l. 

When A is small, (4.8) has only one equilibrium solution u = 0. 
As A increases, successive bifurcations take place at u = 0 (cf. Figure 
4.2), and their unstable manifolds constitute the attractor A. 

To be precise, the next theorem holds true. 
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-1 

FIGURE 4.2. A bifurcation diagram in the scalar 
bistable reaction-diffusion equation. Under the 
Dirichlet boundary conditions, only the branch bi- 
furcating from A = tt is stable. 

Theorem 4.11 ([62], [176]). In (4.8), if X £ (titt, (n + IJtt) 
for a positive integer n, then there exist (2n + 1) equilibria 4>o = 0, 
</>+, (pj (j = 1,2,... ,n). All of these equilibria are hyperbolic for 
A G (titt, (n + l)7r) with dimWu((po) = n and dimWu(4>f) = j — 1 
(j = 1,2,... ,n). The global attractor Ax is given as 

n 
Ax = wu{<t>o)yj (\jwu{<j>f)). 

Remark 4.12. When A E (titt, (n + l)7r), the semigroup T{t) 
generated by (4.8) is a Morse-Smale system (see [166] for details). 

Remark 4.13. Spatially inhomogeneous stable equilibria 
are only those on the branch that bifurcates from A = tt. 

Although the manner of connections between solutions on the 
global attractor Ax increases the degree of complexity as A varies (cf. 
Figure 4.3), we only need to look at local bifurcations from u = 0 to 
detect its structural changes. 

Remark 4.14 ([252], [360], [167]). For an arbitrary orbit 0, it 
is known that uj(p) consists of a single point. 

In the example above with Dirichlet boundary conditions, the 
only stable inhomogeneous equilibria are those on the branch bifur- 
cating at A = tt, as already mentioned in Remark 4.13. On the other 

/ / / 
TT ZX STT \ 
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4>z 

27r</J<3;r 

Figure 4.3. The dimension of the global attractor 
increases as A increases. Compare with the bifurca- 
tion diagram in FIGURE 4.2. 

hand, under the Neumann boundary conditions, the inhomogeneous 
equilibria are all unstable ([61], [253], [358]). 

The latter result remains true in higher dimensional spaces. 

Theorem 4.15 ([59], [253]). For the higher dimensional version 
o/(4.6), 

ut = Au + f(u), x G 

(4-9) S a 
1 ^ = o, xean, 

an 
the nonconstant equilibria of (4.9) are all unstable, provided that the 
domain Q is convex. 

Remark 4.16 ([253]). The last theorem is not true in general 
if Q is non-convex. Namely, for appropriate non-convex dumbbell 
shape domains and a nonlinearity /, one can construct a non-constant 
stable equilibrium for (4.9). 

When the domain Q is convex, the ultimate destiny of the system 
governed by (4.9) is a constant state. Our interest naturally lies in 
the process by which it reaches the final state. This means that one 
has to describe dynamic behaviors on the global attractor. Such a 
description is in general a very hard problem. For one-dimensional 
singularly perturbed systems in which the diffusion rate is very small, 
the dynamics on the global attractor is characterized as that on a 
very slow motion manifold ([58], [148]), as explained in §1.3. A 
similar characterization applies to the Cahn-Hilliard equation (to be 
discussed later; cf. [3] and [5]). 

The key to success in singularly perturbed systems is the fact 
that the motion along unstable manifolds is very well approximated 
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by translational motions of quasi-equilibrium solutions. The speed of 
such a motion is exponentially small, and hence it is called a very slow 
motion. It is, however, very difficult in this approach to rigorously 
describe the coalescence-disappearance of transition layers and the 
behavior of layers near the domain boundary, since in such situations 
faster time scales come into the problem. Despite this difficulty, it is 
expected that the motion tends to decrease the number of transition 
layers, following along the unstable manifolds as in Figure 4.3. 

In higher space dimensional cases, the detail of the dynamics on 
the attractor is not well understood, because it is quite hard to find all 
of the equilibrium solutions. Moreover, the structure of heteroclinic 
connections between them is far more complicated than in the one- 
dimensional case. Therefore, it seems practical to consider the motion 
of solutions of special type, such as bubble solutions in the Cahn- 
Hilliard equation ([5]), or to use the method of singular limit analysis 
(to be discussed in Chapter 5) which helps us reduce the problem to 
interfacial dynamics. In fact, the singular limit of (4.9) is described 
by the mean curvature flow, which allows us to understand how the 
domains where u takes values ±1 evolve. 

Complex-valued Ginzburg-Ladau Equation 

As the second example of gradient dynamical systems, we now 
deal with a case in which the functional is defined on the space of 
complex-valued order parameters. Namely, it is given by 

(4.10) £(*) = Ja(\^\2 + ^(1 - l*!2)2)^, 

and the associated Euler-Lagrange equation reads as follows: 

deb 
(4.11) $t = A$ + A(l-|$|2)$, 7j-=0. 

on 

The equation in (4.11) is called the time-dependent complex 
Ginzburg-Landau equation (without magnetic effects). This equa- 
tion is well known as a model describing superconducting states. 

The equation generates a smooth semiflow on C(fi;C). Purely 
superconducting states are represented by |$| = 1, while $ = 0 cor- 
responds to the normal state. The functional is minimized at $ = elc 

(with c being any real), called a minimizer, corresponding to purely 
superconducting states. Therefore, from a variational point of view, 
nonconstant local minimizers are of interest. 
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In this direction, recent papers by Jimbo and Morita ([193], 
[194], [195]) have contributed to clarifying the solution structure. 
From the standpoint of physics, the following types of solutions are 
important: 

(i) Nonconstant solutions $ such that \${x)\ > 0 everywhere on 
Q (corresponding to local minimizers). 

(ii) Nonconstant solutions that have zeros in Q, (corresponding to 
vortex lines). 

The following result, however, shows that one needs to take Q, 
carefully to realize such solutions. 

Theorem 4.17. If the domain Cl is convex, then nonconstant 
equilibrium solutions are all unstable, regardless of the value A > 0. 

Stable equilibria are only those that take values of modulus 1. 
Here, an equilibrium is stable if it gives a local minimum value to 
the functional (4.10) on H'1(Q,C), and it is unstable otherwise. It 
is known ([334]) that stability in this sense coincides with Lyapunov 
stability for the evolution equation. Theorem 4.17 is also a nat- 
ural generalization of Theorem 4.15, which deals with real valued 
situations. If the initial function has several zeros, then these zeros 
(vortices) evolve so that they either hit the boundary, or collide with 
each other and disappear. There have been a lot of investigations 
of the motion of vortices on the entire space R2 and the stability of 
vortex lines ([276], [354]). 

The last theorem suggests that in order to realize local minimiz- 
ers or vortex lines, the topology of the domain has to be nontrivial. 
Indeed, the following result is known for domains with nontrivial ho- 
motopy ([196]). 

Theorem 4.18. If the domain has nontrivial homotopy (such as 
annuli), then stable local minimizers (corresponding to solutions with 
no zero) are realized provided that the parameter A is suitably large. 

On the other hand, if the domain has trivial homotopy (such as 
simply connected domains), nonconstant solutions always have zeros. 
Although we know that to stabilize these solutions the domain has 
to be nonconvex, we still do not have a complete characterization of 
such domains. As another approach, by considering the equation with 
variable diffusion coefficient, it is possible to stabilize a solution with 
zeros at specified points for an arbitrary domain ([71]). Although 
it may be rather artificial in view of the original problem, another 
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situation is the case of the Dirichlet boundary conditions, in which 
minimizers have zeros. In the latter case, it is known ([32]) that the 
behaviors of the vortex lines for large values of A are very informative 
to clarify the singularity structure of harmonic maps from Q to S1. 

4.2.3. Conservative Gradient System. We now deal with 
conservative systems. 

Cahn-Hilliard Equation 
So far, we have not put any restriction on the function for which 

energy functionals of the Ginzburg-Landau type are defined. It is 
natural, and often the case, that the functionals have to be considered 
under certain constraints. Among such situations, one of the most 
important examples is the class of conservative systems. 

For example, if the states ±1 in the double-well potential repre- 
sent different materials in an alloy, then the following quantity deter- 
mined by the initial condition uo(x) has to be conserved: 

ufa ) = tAt / u(t,x)dx = 7^- [ uo(x)dx, -1 < uq < 1. 1^1 Jsi 1^1 Jn 
The Euler-Lagrange equation for (4.1) under the last constraint 

in L2(n) is given by 

ut = e2Au + f(u) - f(u) (in fi), 

^ = 0 (on afi), 

which is an example of an equation with a non-local term (integral 
term). This equation, however, is not a satisfactory model of the orig- 
inal phenomenon, because it is not realistic to imagine that the alloy 
instantaneously detects the state of the entire system and responds 
to it in a non-local manner. Therefore, it is necessary to find a model 
equation which depends only on local interactions and, at the same 
time, conserves the mass constraint. Fife in [135] pointed out that if 
one considers (4.1) as defined on Hq1^) (the subspace of H_1 con- 
sisting of functions with null average) and gradient operation is taken 
with respect to the iJ-1 inner product, then the resulting equation 
naturally becomes conservative. The Euler-Lagrange equation in this 
case is given by 

ut = -A(e2Au + /(u)), x e n, 
(4.12) 

n - Vu = n • VAu = 0, x £ dQ., 
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which is a fourth order equation. This is called the Cahn-Hilliard 
equation and is one of the basic equations in conservative reaction- 
diffusion equations ([54]). Since in (4.12) —A operates on the linear 
term u coming from the nonlinearity f(u), it has a backward diffusion 
effect. However, because of the fourth order term —e2A2u1 the exis- 
tence and smoothness of its solutions are saved ([176], [292], [114]). 
In fact, let H^Vt) be defined by 

H2
e{Q) = {u£ H2(n) | n - Vu = 0, 11 = 0} 

(for simplicity we set u = 0). Then the linear operator L = e2A2 

with domain 

D{L) = {ue H2
E(Sl) | Au € H2

e(Q)} 

is a sectorial operator on X = L2(Q) with X1/2 = Z^L1/2) = 
Moreover, the functional in (4.1) is a Lyapunov function for (4.12), 
and hence the next result follows from the discussions in §4.2.1. 

Theorem 4.19. Let uq g He(Q). Then the solution w(t,x) of 
(4.12) exists globally in time and its u-limit set is a compact connected 
invariant set in HE(Q,). If, moreover,the equilibrium solutions are all 
isolated, then u(t,x) converges to one of them ast^oo. 

The Cahn-Hilliard equation is one of the basic model systems 
that describes the dynamics of spinodal decomposition, nucleation, 
and phase separation. See [136] for an elementary introduction. 

Characterization in Terms of T-Convergence 

To which equilibrium does the solution u(t, x) converge? It is rea- 
sonable to expect that it will eventually settle down to the minimizer 
of the energy functional, since the system is gradient. While the min- 
imizers in the non-conservative case are the trivial ones u = ±1, they 
necessarily have to be non-constant in our conservative case because 
of the constraint. In the sequel, we will deal with the case where the 
parameter e is small, since in this case it is possible to geometrically 
characterize the minimizers. 
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Thus our concern is the following singularly perturbed variational 
problem for a nonconvex potential: 

inf| Fe(u) j u G JH
rl(0), L udx = c 

Fe{u)= f W(u) + e2\Vu\2dx, 
Jn 

where W(u) = (u2 — l)2/4 is a double-well potential and Q is a 
bounded domain with Lipschitz continuous boundary in Rn. The 
constant c in the constraint is assumed to satisfy — \Cl\ < c < |fi|. 

The existence of a minimizer is guaranteed by the direct method 
in the calculus of variations ([164]). Let us denote it by ue. Now 
our problem is how to identify u€. Because of the constraint, ue 

has to take values close to ±1, and hence, one needs to take into 
account the contribution from the spatial gradient term |Vw|. In 
order to minimize the contribution as much as possible, how should 
the solution arrange the boundary (called an interface) between the 
two regions where it takes values +1 or —1? Our aim here is to 
characterize the interface in geometric terms. 

In the formal limit as e —> 0, the singularly perturbed term 
e2|Vti|2 drops out from the functional, and one is left with 

inf f W(u)dx. 
Jn 

In the latter situation, to minimize the functional, one is allowed to 
distribute the values ±1 arbitrarily, with the only constraint u = 1, 
giving rise to a continuum of minimizers. Therefore, it is not clear 
which one can be the limit of ue. 

Are there any distinguished limits that retain some sort of in- 
formation on the shape and location of the interface as e —> 0? An 
answer to this question is provided by the concept of F-convergence 
due to De Georgi ([86]). A key point of the idea is to characterize the 
principal part of the variational problem itself, instead of expand- 
ing the minimizer u€ in e-power series. Namely, in the asymptotic 
expansion of the functional 

inf Fe = 6 (inf Fq) + 0(e), 

one attempts to characterize the problem associated with Fq. 
This viewpoint is very fruitful. First of all, the problem asso- 

ciated with Fq is simpler than the one associated with Fe in many 

(4.13) 
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cases. More importantly, the reduced problem has a clear geometric 
meaning. Before we describe Fq in precise terms, let us introduce 
some terminology. The variational problem for Fq is posed on a basic 
space BV(Q) consisting of functions of bounded variation. The space 
is defined, together with its norm, by 

BV(Q) = {u e L1^) I IMI^n) < 00 } 

with |M|bv(£2) := / \u\dx+ / |Vu|, 
Jn Jn 

where the gradient of u G L1 (Q) is defined by 

/ |Vifc| := sup I / u(x)(divg(x))dx >. 
Jn gec^(n,Rn),\g\<i^Jfi J 

Clearly, the inclusion W1'1(Q) C BV(Q,) holds, while the reverse 
inclusion is not true. An example of the latter is a characteristic 
function of a set A. In fact, for u = xa & W1,1 it follows from the 
definition that 

)| J divg(x)dx I g e Co(ft,Rn) Iff|<l}, 

while for A with smooth boundary the divergence theorem implies 

[ |Vti| = H^tdAnn) <oo, 
Jn 

and hence u € BV(Q). The symbol H71-1 on the right hand side 
stands for the (n — l)-dimensional Hausdorff measure. This observa- 
tion makes it natural to define the perimeter of an arbitrary subset 
A of Q, by the following formula: 

(4.14) Per^A = (perimeter of A in Ct) = / |Vxa|- 
Jn 

If the boundary of A is smooth, Per^A is the area of the part 
of the boundary dA contained in fi. The next two propositions are 
direct consequences of the definition above (see [156] for proof). 

Proposition 4.20 (Lower Semicontinuity). //lim€_o^€ = u 
in L1(f2), then 

liminf / IVuJ > / |Vu|. 
e-^0 Jn Jn 

Proposition 4.21 (Compactness of BV in L1(Q)). Bounded 
sets of BV are compact in Ll(Q). 
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Now we are ready to state a main result for (4.13). 

Theorem 4.22 ([268], [337]). Let ue be the solution of (4.13). 
Assume that, for some subsequence €j with €j —> 0 as j oo, 

uej —► uq in L1(Q). 

Then uq is a solution of the following variational problem: 

(4.15) 

inf jPerft{t£ = —1} u E BV, W(u(x)) = 0 a.e., J udx = cj. 

Remark 4.23. The problem (4.15) is a geometric problem in the 
sense that it asks how one should minimize, under the integral con- 
straint, the area of the boundary of the region where u = — 1. 

Proof. It is easy to construct an H1 (^)-function that gives a 
value of O(e) to the functional in (4.13). In fact, we first construct a 
step function u = ±1 and modify it by transition layers in an 0(e) 
neighborhood of the surface of discontinuity. Prom this observation, 
we expect that the original functional divided by e will give rise to a 
meaningful limit. Therefore let us define a rescaled functional Fe by 

Fe(u) = 
( J 1W(u) + e\Vuf ueH 'm, [ udx = c, 

otherwise, 

and its associated candidate in the limit Fq : L1(QI) 

(4.16) Fo{u) = 

(2 f \JW(s) ds\PeTn{u = —1}, u E BV, 
^ J-i ' 

W{u{x)) = 0 a.e., / udx = c, 
Jet 

otherwise. 

Thanks to the penalty +00, the two functionals above are both 
defined on the same space L1(Q), which in turn enables us to intro- 
duce the following notion of F-convergence. 

Definition 4.24 (F-Convergence). The functional Fe is said 
to F-converge to the limit functional Fq in the L1 (Q)-topology if the 
following two conditions are satisfied: 

(i) ve —> v in L1(0) implies liminf€_o ^(^e) > ^b(^)- 
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(ii) For each v G there exists a subsequence {'*;<-} in L1(fi) 
such that 

ve, —> v in and lim Fe.(ye.) = Fq(v). 3 j->+oo 3 3 

Once the last two conditions are established, Theorem 4.22 fol- 
lows immediately. In fact, if uej —> uq in jL1(0), then the condition 
(i) implies 

lim inf Fe (uej) > Fq{uq). 
j—>-oo 

On the other hand, let us choose an arbitrary wq G L1(Q) and a 
sequence {w€j} which converges to wq in L1(Q). Since uej minimizes 
Fej, we have 

Fej {u€j) < F€j (wej). 
Applying the condition (ii), one obtains 

FoM < lim inf Fej (u€j) < lim F€ (we ) = Fo(wo), € J J J —>00 J J 

showing that uq is a solution of (4.15). 
We now have to verify the two conditions in F-convergence. First 

of all, notice that we need to consider functions that satisfy the con- 
dition 

W(v(x)) = 0, a.e., / vdx = c, 
Jn 

since, otherwise, the two conditions hold trivially because of the 
penalty in the functionals. It also suffices to consider functions that 
satisfy — 1 < ve < 1. We henceforth assume that these conditions are 
fulfilled. 

Let us now prove that the condition (i) holds. By applying the 
Cauchy-Schwarz inequality to Fe(v€), one obtains 

Fe(ve) > 2 [ y/W(v£(x)) \Vv£(x)\dx. 

This is rewritten as 

Ft{vt) > [ |V0(u€(x))|dx, 
Jn 

where the function </>: R —> R is defined by 

/: y/W(8) dx. 

Since v€ converges to v in L1(Q), we have 

<l>(v€) —0(u) in L1(^). 



130 4. PATTERN FORMATION 

Prom Proposition 4.20, it follows that 

liminf Fe(ve) > liminf [ \V<p(ve)\dx> [ \V(j)(v)\dx. 
e^0 Jn Jn 

Since we have 

<j>{v(x)) - 
2 J y/w(s) ds, 

V = -1, 

V = 1, 

the condition W(v(x)) = 0 a.e. implies 

J \V4>{v)\dx = (2 J1 y/w(sj dsyern{v = -1} = Fo{v), 

establishing the property (i). 
Let us now show that the second property (ii) in the definition 

of P-convergence is satisfied. Namely, we show that there exists an 
L1(Q)-convergent sequence pej —> v for each element v G L1(Q) such 
that the energy Fej(p€j) converges to Fo(v). Prom the definition of 

Fo in (4.16), it suffices to deal with only those v G L1(^) that satisfy 

uGFV(fi), Wr(u(x)) = 0 a.e., f vdx = c, 
Jn 

since otherwise Fo(v) = oo. Since v takes values +1 or —1 everywhere, 
it is represented as 

v(x) = 
{"i: 

x G A, 
x G £, 

where A and B are subsets of ft with finite perimeter satisfying 

-\A\ + \B\=c. 

Let P = OA n dB, and assume that P G C2 (from which the validity 
of the proof in the general case immediately follows). 

In the sequel, we will give only an outline of how to construct 
the approximating sequence, and refer to [337] for details. What is 
crucial in constructing the approximation is how to bridge the gap 
between —1 and +1 smoothly. For this purpose let us define an 
internal transition function z(s) and a signed distance function d(x) to 
P. We define ;2:(s) as the solution of the following differential equation: 

%-vm, 2(0) = o. 



4.2. GRADIENT SYSTEM AND ITS DYNAMICS 131 

The solution is defined on all of R and decays to ±1 at an exponential 
rate as s —► ±oo: 

—1 < ;z(s) <1 Vs G R, 

|1 - z(s)\ < Cze~CAS (s -> oo), 

|1 + 2f(s)| < CzeCAS (s —> -oo), 

where C3 and C4 are positive constants determined by W. 
The signed distance function d : Cl —> R is defined by 

j/ \  r dist(x, T), xgB, 
^ ^ \ —dist(x,r), x e A. 

The internal transition layer function ge(s) that joins —1 and +1 
is defined in terms of z in (4.17) as follows: 

1 - z(l A/e) 
(a - 2Vi) 

s > S-y/e, 

VC — 5 — 2\/€, 

^(5) = < ^(s/v/e), |s| < \/e, 

1 + z(~l/\/^)" 
^■v/e) — 1, —2-v/e < s < —y/e, 

s < —2-y/e. 

In order to align the profile of this function along F, we replace s by 
d(x) and define a sequence of functions {p€(x)} by 

Pe(x) = 9e{d(x)). 

For 6 > 0 sufficiently small, d(x) is Lipschitz continuous in the region 
{x | \d(x)\ < 2y/e }, and hence p€ G JT1(Q). From the definition of 
ge, one finds that it becomes sharper as e gets smaller, and that p€ 

converges, as e —> 0, to a discontinuous function that joins —1 and 
+1 all the way along F. 

Therefore, it is now easy to see that p€ —► v in the L1 (fl)-topology 
as e —» 0. However, the constraint 

/ pe{x)dx = c 
Jn 
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Interface F 

Figure 4.4. The location of an interface predicted 
by F-convergence. When the boundary has a dent, 
an interface passing through it minimizes its length. 

may not be satisfied. It is possible to modify the function p€ to pe by 
adding a constant of size O(e) so that the constraint is fulfilled. The 
sequence of modified functions {p€} is the desired one. □ 

Remark 4.25. When the domain Q is two-dimensional, having 
a dent as in Figure 4.4, and the average is set equal to zero (c = 0), 
Theorem 4.22 implies that the position of an interface is placed on 
one end at the bottom of the dent. 

Remark 4.26. The minimizer of (4.13) in one-dimensional space 
is a monotone function that converges as e —► 0 to a step function 
with a unique point of discontinuity ([57]). 

4.2.4. Gradient System with Non-local Terms. We now 
deal with gradient systems with non-local effects. 

Source of Non-local Effects 

There are cases where the very nature of a problem naturally gives 
rise to non-local terms in the associated functional. Representative 
examples are as follows: 

(1) the case where physical long-range interactions are present, 
such as in di-block co-polymers; 

(2) the case where extremely different time scales coexist, such as 
the relaxation time scale due to an elastic response and that 
due to a reaction-diffusion process. 



4.2. GRADIENT SYSTEM AND ITS DYNAMICS 133 

In case (1), the long-range interaction, caused by chains of poly- 
mers which are very long compared with some spatial scale (the thick- 
ness of interfaces, for example) in a di-block co-polymer mixture, nat- 
urally brings non-local effects into the system. (2) is the case in which 
a process proceeds at a very rapid rate compared to the time scale 
with which one is concerned (for example, the time scale of diffu- 
sion). For example, it is often the case that elastic effects in a system 
may relax considerably faster than, say, diffusion. In chemically re- 
acting systems, taking advantage of the difference in time scales of 
various reacting substances, a so-called pseudo-steady state ap- 
proximation often enables us to substantially reduce the number of 
unknowns. In fact, almost all of the model equations consisting of 
few variables to which a rigorous analysis is applicable are obtained 
by such a procedure. 

Minimizer with Fine Structure 
We consider a mixture of di-block co-polymers. For such a sys- 

tem, the energy functional is given by 

(4.18) F* = [ {^|Vu|2 + W{u) 
Jn L 2 

+ ^ ((-An)~1/2(u - m))2 jdr 

with u G Jfi
rl(Q) and m = j udx, 

1^1 Jn 

where W (u) is a double-well potential with the two minima attained 
at u = ±1, while m (—l<m<l)isa parameter that represents 
the mass ratio of two polymers, and hence is a quantity to be con- 
served. The third term in the functional accounts for a non-local 
effect that is expressed as the one-half fractional power of the inverse 
of the Laplacian (—Ajv)-1 under homogeneous Neumann boundary 
conditions. From the last condition in (4.18), the spatial average of 
u — m is always equal to 0. The parameter a > 0 is a constant that 
has to do with the length-scale of the polymers. 

The formulation above is based on [285], and its original form is 
due to [295, 14]. In the same way as we did for the Cahn-Hillard 
equation, computing the gradient of (4.18) in Il~1(Q), we obtain, 
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with / = -W7, the following system: 

Ut = — A{e2Aii + f(u) — a(—Ajv)-1^ — m)} 
= — A{e2Au + f(u)} — <j(i 

(4.19) t du _ d(Au) 
dn dn " _ 

^ ?x(x,0) = uo(x), tto = rn. 

In (4.19), the over-lined uq stands for the spatial average of uo(x) 
on the domain Q. The difference in (4.19) from the Cahn-Hilliard 
equation (4.12) is simply that a linear reaction term that stabilizes 
the state u = m is added to the right hand side. The difference, 
however, drastically changes the shape and dynamics of patterns. We 
restrict our attention here to a one-dimensional variational problem: 

(4.20) min 
UtAm 

with An \u \u € H HO,!), f 
Jo 

By applying Miiller's method of [271], we obtain the following result 
on the minimizer [286, 293]. 

Theorem 4.27. Let us assume that m = 0 and W(z) = W(—z). 
There exists an eo > 0 such that for 0 < e < eo the problem (4.20) 
admits a minimizer with the following properties: 

(i) The minimizer u€y(7, generically speaking, is uniquely deter- 
mined and has a spatially periodic structure as depicted in 
Figure 4.5. The period P€,<7 is characterized as follows: 

P''a =2(zV2 A^y +0(e3). 

(ii) The value of the functional on the minimizer is characterized 

In the above, 

fW) = 1(3V2 A^y 4 

A = 4 J y/W(8) ds. 

^+0(ei). 

Remark 4.28. The period of the minimizer (= 0(€3)) is an in- 
termediate scale (meso-scale) between the width (= O(e)) of transi- 
tion layers separating the two kinds of polymers and a macro-scale 
(= O(l)). Since the period converges to 0 as e —> 0, the minimizer 
can be said to have a fine structure (Figure 4.5). 
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-0(e1/3M 

Figure 4.5. The period of length 0(ei) goes to zero 
together with e. However, it is very long compared 
with the width O(e) of the interface. 

Remark 4.29. An extension of Theorem 4.27 to three-dimen- 
sional space was recently obtained by [73]. The symmetry condition 
W(z) = W(—z) is a technical assumption and could be removed. In 
fact, a recent work of Ren and Wei [314] shows that this is the case. 

Why is it that the minimizer has a spatially oscillating fine struc- 
ture? For the Cahn-Hilliard equation without non-local term, the 
interface (in one-dimensional space) consists of a single point, gener- 
ating only a macroscopic phase separation. If a solution with such 
an interface is substituted into J76'*, then the third term is O(l), and 
hence it is far from being a minimizer. On the other hand, a function 
with a profile that oscillates rapidly around u = m tends to minimize 
the third term. This is because the operator (—Atv)-1^2 is a compact 
operator, and hence the contribution from the third term tends to 0 
as u — m converges weakly to 0. However, if the profile oscillates too 
rapidly, then it makes the first and second terms large. This suggests 
that there must be an intermediate scale that is equally favorable for 
all three terms. Such an intermediate scale is nothing but the scale 
of 0(e1/3). 

Setting v(x) = f* u(x)dxJ choosing u = m = 0, and noting that 

[ |(—Ajv)-1/2^2^ = f f udx dx, 
Jo Jo Jo 



136 4. PATTERN FORMATION 

we find that (4.20) with m = 0 is equivalent to the following varia- 
tional problem: 

(4.21) min if %-\vxx\2+ W(vx)2+ <^-\v\2 dx\. v ' veHZ(o,i)Mo)=v(i)=o\Jo 2' 2' J 

The functional in (4.21) appears also as a model functional in the 
phase transition of a metal crystal ([271]). If the first term is missing 
from the functional, the problem reduces to 

(4.22) min { f (v% -1)2 + ^M2 dxl. 
veH*(o,i)MO)=v(i)=o{Jo 2 J 

A minimizing sequence of (4.22) does not necessarily give rise to its 
minimizer. For example, if we consider a sequence of functions that 
have gradient equal to either +1 or —1 (saw-tooth shape functions) 
with their absolute value decreasing to zero, then it is a minimizing 
sequence, and the limit of the sequence is v = 0, which is not a 
minimizer of the problem (4.22). 

This example shows that the functional in (4.22) is not lower 
semicontinuous. If the first term involving the second derivative is 
added as in (4.21), then it acts so as to prohibit the process of creating 
finer and finer structures. This is why the characteristic spatial scale 
of 0(€1/3) appears. It is also possible to derive the scale of the same 
order by using only dimensional analysis, as demonstrated in [14]. 

Remark 4.30. The above scaling suggests that the problem 
(4.19) has a well-defined singular limit system as e goes to zero. In 
fact, a sharp interface model of Mullins-Sekerka type (see Chapter 
5) was formally obtained by [285]. Well-posedness of the resulting 
singular limit system was obtained by [115]. A detailed study was 
done for a one-dimensional case by Fife and Hilhorst [138]. 

Rugged Landscape 

Non-local terms not only produce a fine structure, but also give 
rise to a great number of local minimizers. 

Theorem 4.31 ([286]). As e —> 0, the number of local minimiz- 
ers for the functional of di-block co-polymers (4.18) goes to infinity. 

This theorem is proved, not by variational methods, but by show- 
ing that the number of locally asymptotically stable equilibria for the 
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Figure 4.6. (a) The distribution of local minimizers 
for a model equation Ut = —[e2uxx + u{l — u2)]xx — 
a{u—u). Here u is the average of u and the boundary 
conditions are ux = uxxx = 0. In the computation, 
the parameters are chosen as6 = 5xl0~3, cr = 50.0, 
and the domain size is 1. (b) Other than the min- 
imizer with a fine structure, there exist many local 
minimizers. The final destiny of the system depends 
on the initial condition. 

gradient system (4.19) goes to infinity as e —► 0. In fact, introducing 
a new variable v via 

to which the method to be discussed in Chapter 5 applies, giving 
rise to the existence of normal n-layer solutions and their stability. 
However, these solutions do not possess a fine structure as c —^ 0. 

By solving (4.19) numerically, one can show as in Figure 4.6 (a) 
that it has a lot of locally asymptotically stable equilibria (solid circles 
represent local minimizers). Therefore, the profile of the functional is 
schematically depicted as in Figure 4.6 (b), exhibiting a complicated 
shape with a great number of bumps and dents. In this situation, we 
say that (4.18) has a rugged landscape. 

v = -€2Au- f{u), 

we can recast (4.19) as 

{ 

0 = e2Au + f{u) + u, 
0 = Av — <j{u — m) — ut, 
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4.3. Dynamics of Open Systems 

In open systems where mass or energy flows in and out, one can- 
not in general find functionals which decrease monotonically along 
the orbits of solutions, and hence such systems cannot be expected to 
be gradient systems. In such systems, the diversity of dynamics (such 
as creation of varieties of orders and rhythmical motions) is in sharp 
contrast to gradient systems, where everything tends to equilibrium 
states. 

The horizon of research in open systems, which originated partly 
from the study of the diffusion-induced instability considered first by 
Turing, is still continuously spreading. Naturally it is very difficult 
to summarize briefly the full range of results for open systems. We 
therefore introduce here several typical model equations from phe- 
nomenological viewpoints, and discuss the basic patterns produced 
by these equations from the standpoint of scaling. Interfacial dynam- 
ics will be treated in Chapter 5, by means of the method of singular 
limit analysis. We recommend the reader to concurrently refer to 
[270], [275], [160], [84] in order to deepen the understanding of the 
following discussions. 

4.3.1. Basic Models of Reaction-Diffusion System. A 
group of equations, called reaction-diffusion equations, appears in 
many fields of research with various outlooks. Hence for a newcomer 
to this area of research, it may give the impression that there is no 
coherence and the state of matter is confusing. Such an impression 
is probably caused by the following reasons. There are many ways 
of modelling in different levels, and nonlinearities differ slightly from 
one problem to another. Therefore it is not clear how and on what 
base one should understand research in reaction-diffusion systems. 

In this subsection, we will take up probably the most prominent 
and simplest model equations of basic type. Using them as a guid- 
ing principle, we will discuss their relations to the properties of other 
equations of various types. These model equations, though they are 
derived rather phenomenologically compared with amplitude equa- 
tions, serve qualitatively as prototypes of many other equations. 

The basic model equations have two unknowns (u,v), both of 
which diffuse in space. As the reaction kinetics of (tt, v), 

(4.23) ut = f(u, v), vt = g(u, v), 

we require the following. 
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h-{v) 

u— h+(vY 

Figure 4.7. Dynamics of basic model equations, 
(a) Turing system, (b) oscillatory system, (c) ex- 
citable system, (d) bistable system. 

Hypothesis 1: When v is fixed, the kinetics is of 
bistable type with respect to u. The other variable v 
plays the role of controlling the strength of the bistabil- 
ity of two equilibria. We also assume that df/dv < 0 
in an appropriate domain. 

The bistable nature often stems from the fact that many systems 
possess at least two stable states, such as oxidized-reduced states 
and solid-liquid phases. A typical example of bistability is given by 
fo{u) = u — u3, which has already been encountered in §4.2.2. The 
simplest way to incorporate into this system a variable v that controls 
the strength of the bistability is to choose f{u,v) = fo(u) — v. 

As one can see from Figure 4.7, considering the one-dimensional 
ordinary differential equation Ut = /(u, v) with v being regarded as a 
parameter, the basins of attraction for the two stable equilibria u = 
h-(v) and u = h+(v) are controlled by the value of v. The variable u 
that exhibits the bistability property is usually called an activator or 
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a propagator. The former appellation, as will be clarified in the next 
subsection, expresses the feedback of its self-enhanced growth effect, 
while the latter one symbolizes, as we will see in later subsections, that 
the variable is regarded as a carrier of spatially propagating ordered 
structures. As for the nonlinearity g(u, v) that controls the dynamics 
of the variable v, we choose those satisfying the following conditions. 

Hypothesis 2: The nonlinearity g(u, v) satisfies the 
conditions dg/du > 0 and dg/dv < 0. 

The simplest example is g(u,v) = u — ryv-\-k with 7 and k being 
positive constants. The variable v is often called an inhibitor or a 
controller. The variable v is inhibitory because increase in v inhibits 
the growth of u, as one can see from the functional form of f(u,v). 
The variable v is also called a controller because it controls the speed 
and direction of travelling wave solutions. 

Employing the nonlinearity explained above, we arrive at a model 
system of reaction-diffusion equations: 

{ut = DuAu + f(u,v), 
xeft, 

Vt = DyAv + g(u,v), 

where Cl is a smooth and bounded domain in R^. As boundary 
conditions, we always adopt in the sequel the Neumann conditions, 
unless otherwise stated: 

<4-25> trtH- *s8n- 
The system above is called a reaction-diffusion system of 

propagator-controller (or activator-inhibitor) type. Although 
there is no necessity to restrict the nonlinearity (/, g) to polynomials 
as above (see Chapter 5 and [281] for a more general class of non- 
linearities), we use the particular form as a concrete example in the 
discussions below. It should be also noted that the nonlinearity em- 
ployed above naturally guarantees the L^-boundedness of solutions 
of the initial value problem associated with (4.24). 

Equations of propagator-controller type are classified into four 
categories according to their kinetics (i.e., the behavior of a two- 
dimensional dynamical system obtained by ignoring the diffusion ef- 
fects) as follows: 

(1) Turing System, 
(2) Oscillatory System, 
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(3) Excitable System, 
(4) Bistable System. 

As one can see from Figure 4.7, in the first three cases there is 
only one attractor, while in the fourth case two attractors are present, 
giving rise to bistability. Bistability here should be understood in 
terms of a two-dimensional dynamical system, being different from 
that in a scalar equation Ut = f(u, v) with v fixed as a parameter as 
in Hypothesis 1. 

Among the cases in which there is only one attractor, if the at- 
tractor is a limit cycle then the system is called oscillatory. If the 
attractor is an equilibrium, the system is called either a Turing sys- 
tem or an excitable system according to whether the equilibrium is 
located on the middle branch of the nullcline {/(n, u) = 0} or on the 
left branch as in Figure 4.7 (c). The appellation "Turing system" 
is a convention only in this chapter. As we will see later, in Turing 
systems the equilibrium is destabilized by spatially inhomogeneous 
perturbations, while in excitable systems it remains locally asymp- 
totically stable against such perturbations. Moreover, excitable sys- 
tems have a property called excitability that characterizes a specific 
behavior of orbits. In the sequel, we will focus our discussions on (1) 
Turing systems and (3) excitable systems. 

4.3.2. Turing System and Standing Wave. In this sec- 
tion, we describe what Turing instability is, and its connection, via 
singular perturbation theory, to large-amplitude standing wave solu- 
tions. 

Diffusion-Driven Instability 
We have already encountered scalar reaction-diffusion equations 

in §4.2.2. Since scalar equations are a gradient system, their solu- 
tions asymptotically settle down to one of the equilibria. Moreover, 
it is also shown that the equilibria are (generically) a constant state. 
This means that the system settles down to minima of the energy 
functional and creates no inhomogeneous structures, confirming our 
intuition that diffusion effects eliminate inhomogeneity and drive the 
system to a uniform state. 

On the contrary, when several diffusive substances interact, this 
intuition is not necessarily correct, as pointed out first by Rachevsky 
[312] and Turing [342]. The idea in these works, which is basically 
accounted for in terms of linear stability analysis, has tremendously 
influenced the subsequent research activities in pattern formation, 
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leading up to the present time. It took, however, a long time for this 
idea to be realized in real experiments (see, for instance, [60] and 
[87]) due to the difficulty of avoiding fluid dynamical effects such as 
convection and surface tension. 

Let us consider two diffusive substances (U,V) and denote their 
concentrations by (u,v). Assuming that these substances not only 
diffuse but also undergo a nonlinear interaction described by (/, #), 
we consider the reaction-diffusion system (4.24). We assume that 
there exists a spatially homogeneous equilibrium state Xq = (uo.vo)^ 
i.e., f(Xo) = 0 and g(Xo) = 0. To analyze the linear stability of 
the constant state against spatially inhomogeneous perturbations, it 
suffices to deal with the following linearized equation: 

^ = DuAw + fuw + fvz, 

(4.26) 
dz 
— = DvAz + guw + gvz. 

In the above, the derivatives of a nonlinearity are evaluated at Xq. 
Turing imposed the following requirements on Xq in order to 

guarantee that fluctuations grow and eventually give rise to spatially 
inhomogeneous ordered states. 

(T) Diffusion-Driven Instability 
Xq is a stable equilibrium with respect to the ODE 
(4.23), while it is susceptible to destabilization with 
respect to the PDE (4.26). This instability is also called 
the Turing instability. 

This requirement cannot be realized in scalar reaction-diffusion 
equations, as one can verify easily. It is necessary to consider sys- 
tems with more than one component in order to realize non-constant 
ordered states from homogeneous states by adding spatially inhomo- 
geneous fluctuations to it. Here, of course, we assume that our sys- 
tems depend only on reaction and diffusion mechanisms like (4.24); 
in fact, if we introduce other effects such as time-delays, nonlocalities 
or higher order derivatives, then the requirement (T) could be satis- 
fied even for scalar equations. This is, however, almost equivalent to 
introducing another unknown variable. 

Let us now analyze (4.26). For simplicity, we first consider the 
problem on the entire space R^. It is sufficient to look for solutions 
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of the following form: 

^ W
z ^ = ^fcexp^fct + ik-r). 

That is to say, we look for solutions that have a temporal growth rate 
exp(Re(u;fc)t) for perturbations with wave number k G RN. Substi- 
tuting this into (4.26), we obtain the following characteristic equation 
for ujk and k = |k|: 

(4.27) <4-Twk + 8 = 0, 

where 

(4.28) T = T(k2) = fu + gv- k2(Du + £>„), 

(4.29) <5 = S(k2) = fugv - fvgu - (Dvfu + Dugv)k
2 + DuDvk

4. 

Since the diffusion and the reaction are isotropic, the equation (4.27) 
depends only on h := k2. The first requirement in (T) that Xq be a 
stable equilibrium of the ODE is fulfilled by imposing the conditions 

(4.30) T(0) = /n+^<0, 

and 

(4.31) 6(0) = fugv - fvgu > 0. 

We therefore assume in the sequel that these conditions are satisfied. 
The second half of (T) demands that (4.27) has a solution with pos- 
itive h at Re(uJk) = 0, where instabilities set in. The first half of 
(T), the definition of T(/i), and the fact Du + Dv > 0 imply that the 
instability occurs only when a real eigenvalue crosses the origin, i.e., 
5 = 0. This means that the destabilization is induced not by a Hopf 
bifurcation but by a static bifurcation. By the requirement (4.31), 
the condition 

(4.32) Dvfu + Dugv > 0 

is necessary for 6 to be zero (5(h) = 0) with positive h. In order for 
the destabilization to be the first one, it is also necessary to have the 
double-root condition: 

(Dyfu "I" Dugv) ^(fu9v fv9u)DuDv = 0. 

Under these conditions the unstable wave number kc (the value of the 
double root) is given by 

(4.33) = 
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What is remarkable here is that spatial structure to be produced 
through such a bifurcation has a characteristic wave length in- 
trinsic to the system, 

(4.34) L=f, 
tvc 

which is proportional to the geometric mean of the diffusion lengths 
of U and V, independent of boundary conditions. This is in sharp 
contrast to the Rayleigh-Benard problem, in which the size of a con- 
vection cell is determined by external factors such as boundary con- 
ditions. 

(4.30) and (4.32) imply that fu and gv cannot have the same sign. 
Therefore, from (4.31) we obtain 

(4.35) fugv < 0, fvgu < 0. 

Up to this point, we have not made any distinction between u and 
v. Here we need to abandon such a symmetry to identify the signs 
of the entries in the coefficient matrix. Mathematically speaking, one 
can arbitrarily choose the sign of fu. Let us choose 

(4.36) fu >0, gv < 0. 

fu > 0 means that the increase of u enhances its growth speed. 
Namely, we have chosen to regard u as an activator. If we adopt 
the opposite signs, v can be considered as an activator. As for the 
sign of fv, we only have the constraint in (4.35). If we choose fv < 0, 
the increase of v inhibits the growth of the activator w, giving to v 
the role of an inhibitor. With such choices of signs, the system is 
called an activator-inhibitor system, which already appeared in 
subsection 4.3.1. From the conditions (4.30) and (4.32), in order for 
the Turing instability to occur, the condition 

(4.37) Dv > Du 

must be satisfied. Namely, only when the inhibitor diffuses faster 
than the activator, can the Turing instability occur. The Turing 
instability could be intuitively explained as follows: For a fixed v, u 
starts to increase thanks to (4.36). If there is no diffusion effect, v 
also increases and suppresses the growth of iz, and the orbit returns 
to the equilibrium (ODE dynamics). On the other hand, if a diffusion 
effect is added and v diffuses faster than u, then v quickly spreads 
widely and its local concentration is not high enough to prevent the 
growth of iz; hence the instability occurs. 
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On the other hand, when fv>0 the system is called a substrate- 
depleted system, in which v is considered as a substrate of the 
reaction. For example, u may represent the temperature and v the 
fuel, and the presence of v serves to increase the growth rate of u 
(fv > 0). The Gray-Scott model, to be treated in Chapter 6, is 
another example of such a system. 

Remark 4.32. The classification in the above as an activator- 
inhibitor or a substrate-depleted system depends only on the linear 
part of the equations around the constant equilibrium under consider- 
ation, and has nothing to do with the global property of nonlinearity. 
Therefore, the global nonlinear dynamics of a system may be different 
from the dynamics suggested by the appellation of the system. In fact 
one can regard a substrate-depleted system as an activator-inhibitor 
system of indirect type in the following sense: when substrate is con- 
sumed, the activator does not have enough resources to be available, 
which causes the decrease of the activator. We will see in Chapter 
6 that the Gray-Scott model and the Gierer-Meinhardt model dis- 
play a similar dynamics, called pulse-splitting in a regime far from 
equilibrium. 

Remark 4.33. When the system has only a linear part, it may 
satisfy the condition (T), but this clearly does not guarantee the 
boundedness of solutions, let alone the bistability. 

The Lengyel-Epstein model is a representative example of a Tur- 
ing system. This model is a realistic one, based on an actual chemical 
reaction called the CDIMA-reaction ([244]), given by 

r du 4uv . 
= a-u - ——- + Au, 

at 1 + u2 

< 
dv _ r, u — uv . 1 
"777 =6\b——2+cAv , at L 1 + u2 J 

where u stands for the concentration of iodide and v that of chlorine 
dioxide. 

Bifurcation Theory vs. Singular Perturbation Theory 

We have explained how a diffusion-driven instability occurs. In 
order to describe how such an instability produces spatially ordered 
structures, several nonlinear analytic methods have been developed. 
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Local Bifurcation Theory (for small amplitude solutions) 

When the strength of a nonlinearity or a diffusion changes, it 
happens that a finite band of wave numbers is destabilized simulta- 
neously. On bounded domains with appropriate boundary conditions 
(the Neumann conditions, for example), only a finite number of dis- 
crete eigenvalues are destabilized, to which one can apply bifurcation 
theory and center manifold theory directly. General theories have 
been established for such problems, even for cases of high space di- 
mension. We do not explain the details here, but only recommend 
the reader to consult [233], [74] and [163]. 

Singular Perturbation Theory (for large amplitude solutions) 

In many situations, bifurcation theories can deal only with a small 
neighborhood of trivial solutions. To describe global behaviors far 
from bifurcation points, qualitative theories based on topological ar- 
guments are available. However, such theories are not satisfactory 
to examine the detail of solutions and dynamics. One of the pow- 
erful theoretical tools for handling large amplitude solutions is the 
method of singular perturbation. In cases of space dimension one, 
the methods of matched asymptotic expansion ([131], [134], [266], 
[190]) and geometric singular perturbation theories ([199]), which 
have been rapidly developed in recent years, enable us to obtain large- 
amplitude solutions and their stability properties. A glimpse of these 
theories will appear in Chapter 5. 

In multi-dimensional cases, however, it is very difficult, first of 
all, to find a solution to the lowest order approximation problem (the 
so-called reduced problem) which is a seed for singular perturbation 
procedures to grow from. Rigorous theories for the existence and sta- 
bility of large-amplitude solutions are still in their infancy (cf. [137], 
[321], [340]). It is, however, possible to obtain interesting results 
from scaling viewpoints, which will be treated in Chapter 5. On the 
other hand, computer-assisted investigations of nonlinear dynamics 
in infinite dimensional phase spaces have been rapidly developing in 
recent years. Tracing global bifurcation branches by such methods is 
becoming practical, as we will explain in Chapter 6. Developments 
of new theories based upon such computer-assisted investigations will 
be indispensable for going beyond perturbational methodologies. 

4.3.3. Excitable Systems and Spiral Waves. At the begin- 
ning of the 1970's, when spiral chemical patterns as in Figure 4.8 



4.3. DYNAMICS OF OPEN SYSTEMS 147 

\V\sS 

/ 

(a) (b) 

Figure 4.8. (a) An experiment of the BZ reaction, 
(b) A numerical simulation on the model system: 
Ut — DAu + u{l — u){u — a) — v, Vt = €{u — jv) 
with D = 2 x 10_6, a = 0.25, j = 7.1 (mono-stable), 
6 = 1 x 10_3, domain size = 2.0 x 1.5. 

were discovered in an actual oxidation-reduction reaction, it was re- 
ceived with great surprise. Such dynamic spiral patterns that spon- 
taneously choose a certain angular velocity and tip form, observed in 
the BZ reaction (Belousov-Zhabotinsky reaction), had never been 
even imagined to exist in chemical reactions, since chemical reaction 
had been thought to occur homogeneously and to monotonically reach 
an equilibrium. 

Theoretical issues for such a phenomenon are mainly focused on 
the shape and the velocity, and especially on how the shape of the 
core (center of spiral) and its angular velocity are selected. The same 
type of issues were encountered in crystal growth. To resolve such 
problems, it is necessary to have a simple model equation that is eas- 
ily analyzed and has a close relevancy to experiments. Although the 
details of the BZ reaction are quite complicated, a two-dimensional 
system of reaction-diffusion equations has been widely used to de- 
scribe its essential reaction steps. The system of reaction-diffusion 
equations and its interface dynamics capture very well the macro- 
scopic behaviors of the reaction. 

The dynamic mechanism therein extracted has a wide range of ap- 
plicability in many areas other than the BZ reaction. For example, it 
can be used to describe spiral patterns that appear in equations mod- 
eling nerve-impulse propagation, colonies of bacteria (slime mold), the 
Rayleigh-Benard convection, and nematic liquid-crystals. Moreover, 
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a special case of such dynamics reduces to the mean-curvature flow 
that will be treated in Chapter 5. These examples suggest that the 
formation of spiral waves is one of the universal types of dynamics 
which do not depend too much on individual phenomena or on their 
detailed mechanisms. 

Dynamics of Excitable Systems 

A basic kinetics in an excitable system is given by 

(4.38) ut = f(u,v), vt = eg(u,v) 

with u and v respectively being fast and slow variables. The small 
positive parameter e here reflects the difference in the time scales of u 
and v. In the BZ reaction, u and v are the concentrations of Ferrien 
and HBr02, while in the nerve impulse model they correspond to 
the action-potential and ionic conductance of the nerve membrane, 
respectively. 

The most notable characteristic feature in excitable kinetics is the 
existence of a threshold value. As one can see from Figure 4.9, all 
orbits, regardless of initial values, eventually converge to the asymp- 
totically stable equilibrium Us = (us,vs). However, consider for ex- 
ample the initial values on the line v = vs. The way in which orbits 
converge to the equilibrium differs sharply across the point u = a. If 
u < a, the orbit immediately converges to U8. Since e is such that 
0 < e 1, if u > a, on the other hand, the orbit takes a large detour, 
first moves to the right, up, and jumps down to the left, and finally 
settles down to J7S. The value u = a in this sense deserves to be called 
a threshold value, giving a measure for us to judge how sensitively the 
system reacts to excitation. 

When diffusion effects are added to the excitable kinetics, we have 
the following model equations: 

(4.39) / 'H=%+Jln;v)\ v 7 Vt = oAv + eg{u, v), 

where 6 = Dv/Du stands for the ratio of the diffusion effects of u 
and v. The diffusion effects induce propagating waves of excitation in 
spatial directions. Namely, once an excitation is given that lies above 
the threshold at a spatial point, the diffusion effect forces neighboring 
points to rise above the threshold, causing u to be excited, and the 
excitation propagates. The values once excited above the threshold 
return to the rest state (Us) after an interval of time. Therefore, one 
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Figure 4.9. Dynamics of an excitable system, v* is 
a value such that J(v*) = 0, at which the speed of 
the front solution connecting h-(v*) and h+(v*) is 
zero. As vs gets near v*, the threshold value becomes 
higher. If the value of u rises above this threshold 
value, orbits quickly jump to the right branch and 
follow the branch, jump back to the left branch near 
the top of the right branch, then gradually approach 
the equilibrium. 

can expect to observe impulsive waves in the case of one space dimen- 
sion, and a spreading ring of pulses in the case of two space dimen- 
sions. If the system is forced periodically, periodic travelling waves in 
one-dimensional spaces and target patterns in two-dimensional spaces 
could be produced. 

We may not be allowed to take the period of the forcing too 
short. The reason for this is, if it is too short u may not be excited 
easily even by somewhat high intensity of forcing, since the value of 
the controller v (which is a slow variable) is not necessarily low (cf. 
Figure 4.9). On the other hand, if the period of the forcing is very 
large, the behavior of the orbit becomes closer to that of a single-pulse 
solution. 

The diffusion ratio S may not be chosen arbitrarily in order to 
have such propagating waves. First of all, note that a role of v is 
to control (inhibitively) the susceptibility of u to excitation. As one 
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can see from Figure 4.9, the larger the ^-value is, the higher the 
threshold-value, and hence u is hard to excite (excitation of u is in- 
hibited). Therefore, if 5 is large, v diffuses rapidly and blocks the 
propagation of excited ^-states. In fact, for large 5, stationary solu- 
tions of Turing type are dominant instead of propagating waves (cf. 
(4.37)). 

Therefore, 5 has to be of order 0(1), at most. In the BZ reaction, 
5^1, reflecting the fact that most chemical substances diffuse at 
almost the same rate. In the nerve impulse model, 5 = 0. These two 
cases are compatible with the theoretical prediction. 

For later use, let us deal with the existence and wave speed of one- 
dimensional travelling fronts for the scalar equation obtained from the 
first of (4.39) by freezing v as a parameter. Introducing the travelling 
coordinate £ = x — c£, and assuming that v lies in the range where 
h±{v) are defined, we have the following result. 

Proposition 4.34 ([94], [139], [140]). The problem 

( u+ cut£ + /(tt, v) = 0, £ G M, 

^ lim^ioo ^(0 = h±(i;) 

has a unique solution up to phase shifts, and the wave speed c is 
uniquely determined as a function c = c(v) of v. The sign of c(v) is 
determined as 

[ rh+(v) ( <0, 
c(u) < =0 J(v) = / f(s,v)ds < =0, 

[ <0 { >0. 

Moreover, there exists a unique v* such that J(v*) = 0. 

Introducing slow variables tf = et and xf = ex (and rewriting 
them as (£, x)), the model equation (4.39) is recast as 

(a An\ f eut =e2Au + f(u, v), 
^ vt = eSAv + g(u, v). 

This system has a convenient form for us to apply singular pertur- 
bation methods. The system (4.39) is called the fast system, while 
(4.40) is called the slow system. 

A concrete example of nonlinearity for the nerve impulse model 
is given by that of the basic model equation which appeared in §4.3.1: 

( ut = Aix + u(l — u)(u — a) — v, 
\ Vt = e(u - jv), 
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which is called the FitzHugh-Nagumo equation. In this model a 
(one-dimensional) travelling impulse and sequences of impulses prop- 
agating along the nerve axon carry the information. 

As another example, in the BZ reaction as in Figure 4.8, a model 
called the Oregonator, given by 

{9 a r /-, x iv(u - fc)i eut - e Au + |u(l -u) u + fc J > 

Vt = eSAv + u — v, 

is a representative among many proposed models. In (4.42), 7, k are 
positive constants (cf. [356] and the references therein for details). 
The nonlinearity of (4.42) satisfies the two hypotheses imposed in 
§4.3.1, as one can easily verify by examining the nullclines of the 
nonlinearity. 

In an excitable system, in particular in the BZ reaction, the most 
important two-dimensional pattern may be the spiral pattern. We can 
simply extend a one-dimensional pulse solution to a two-dimensional 
planar pulse solution. If we cut across the planar pulse to create 
an edge, then spiral waves emerge. A characteristic feature of spiral 
waves is that no external stimulus is necessary to sustain its motion; 
they are produced spontaneously. Such a feature is a source of the 
universality of spiral waves. In the sequel, after briefly explaining 
about properties of one-dimensional pulse solutions, we focus our in- 
vestigation on spiral waves. 

Travelling Pulse Solution and Dispersion Relation 

(i) Travelling Pulse Solutions 

The most basic pattern in excitable systems is a travelling pulse 
solution (also simply called a pulse solution), which is a travelling 
solitary wave with constant shape and velocity, as depicted in Figure 
4.10. It essentially depends on one variable £ = x—ct and is a solution 
£/(£) = U(x — ct) = (u(x — ct),v(x — ct)) of the following problem: 

f 0 = DUK + cUt + F(U), 
(4.43) { 

{ lim^ioo {/(£) = Us, 

where 

jD=(J J)' F(U) = (f,eg), Us = (us,vs). 
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Figure 4.10. Travelling pulse wave. This is a sin- 
gle travelling pulse for the model excitable system 
below. The amplitude of v is magnified six times for 
visualization. Ut = DuAu + u(l — u)(u — a) — v, 
Vt = e(u — 7^;), Du = 2 x 10-4, a = 0.25, e = 
1 x 10~3, 7 = 3.0, Domain size = 6.0. 

The point here is only how we choose the value c, which corresponds 
to travelling wave speed, so that the ordinary differential equation 
(4.43) has an orbit homoclinic to U = Us- 

For the FitzHugh-Nagumo equation, the existence of pulse solu- 
tions was first established, independently, in [55] and [174], and later 
in [241] a geometric proof was given. The method in [200] made it 
easy to track orbits in slow-fast systems in terms of a sophisticated 
tool called an exchange lemma, and gave a simpler proof to the results 
in [241]. The method in [200] is a prototype of geometric singular 
perturbation ([199]). 

Theorem 4.35 (Existence of Pulse Solution). For sufficiently 
small e > 0, the FitzHugh-Nagumo equation (4.41) has a pulse solu- 
tion Up with wave speed Cp(e). As e ^ 0 the speed Cp(e) approaches 
the speed c* of the singular orbit determined by the nonlinearity (cf. 
Figure 4.11 (a)). 

In Figure 4.11, the orbits expressed by broken lines represent 
front solutions for the scalar equation with v = Vf (or v = v^) being 
fixed. Proposition 4.31 guarantees that such orbits uniquely exist, 
and that c(vb) must coincide with c(vf) in order to make a pulse 
solution. 

As for the stability of the pulse solution, Evans ([122] - [125]) 
linked the distribution of eigenvalues of the linearized problem to that 
of zeros of the so-called Evans function. This idea initiated a trend of 
using a topological method in stability analysis, which is now called 
the stability index ([1], [152], [199], [278], [322]). 

The stability of pulses in the FitzHugh-Nagumo equation was 
rigorously established by [198], [359]. Stability analyses by analytical 
methods have been available for propagator-controller systems, which 
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Figure 4.11. (a) Singular orbit of a single pulse so- 
lution. The value of Vb is determined so that the 
speeds of the front and back waves for the scalar 
bistable equation with fixed v coincide at v = Vf (= 
vs) and vi,. (b) Singular orbit of a periodic wave 
train. In the same manner as for pulse solutions, the 
values Vf and Vb are determined so that the speeds of 
the front and back waves are equal. Since the orbit 
does not pass through the equilibrium, it represents 
a periodic solution. 

will be described in §5.4. It is also known ([187]) that the topological 
and analytical methods have a very close connection. 

Theorem 4.36 (Stability of pulse solutions). For 7 > 0, the 
pulse solution Up to (4.41) is asymptotically stable in the C&(R) -sense 
with asymptotic phase shifts. Here Cb(R) is the set of bounded uni- 
formly continuous functions on R. 

(ii) Periodic Wave Train and Dispersion Relation 

It is known that two-dimensional planar pulse solutions obtained 
by extending one-dimensional periodic travelling waves give a good 
approximation to the behavior of spiral and target patterns in the 
region far away from their cores. 

The most important piece of information in characterizing a peri- 
odic travelling wave is its dispersion relation. It describes the relation 
between spatial period and wave speed. When we introduce a new 
coordinate z = x — ct, finding a periodic travelling wave is equivalent 
to finding a solution which is T-periodic in z, where c is the speed of 
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unstable 

Figure 4.12. A typical dispersion relation for a pe- 
riodic travelling wave. The solid (resp. broken) line 
stands for the stable (resp. unstable) branch. 

the periodic travelling wave. The equation (4.40) is recast as 

{£2uzz + ecuz + f(u, v) = 0, 

€5vzz + cvz+g(u,v) =0, 

in terms of the new variable. In general this system of equations has 
a T-periodic solution only if there is a relation between c and T: 

(4.45) c = H(T-,e,8), 

which is called a dispersion relation. 
It is in general difficult to rigorously determine such a relation. 

When 5 is not so large compared with T and c, it is known ([343], 
[95], [249], [250]) that the graph of such a relation is as given in 
Figure 4.12. When the period T is sufficiently large, the wave speed 
must be close to that cp of the single-pulse solution. When 0 < e 
1, a singular perturbative construction of periodic travelling waves 
for (4.44) is possible by using the method of matched asymptotic 
expansions as in [185]. Singular orbits as e —► 0 in such a construction 
behave as in Figure 4.11 (b), in which Vf and are the values at 
the front and back and satisfy c(vf) = —c(vt,). 

When <5 = 0, the lowest order relation between the period T and 
the speed c is given by 

f fVb dv rVf dv i 4.46 T = T++T_=c{/ + / ———I 
^Jvf 9(h+(v),v) JVh g{h-{y),v)) 
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0 wave length - 

Figure 4.13. Dispersion relation and the concen- 
tration profile of the inhibitor v. The model equa- 
tion is the same as in Figure 4.10 with 7 = 0.0 and 
domain size = 24.0. The concentration of v is mag- 
nified six times for ease of visualization. In case A, 
the concentration of v between two pulses is almost 
equal to 0, while in B and C, it gets higher as the in- 
terval between pulses decreases, and the speed slows 
down. 

This is immediately obtained as follows. In the lowest order of outer 
expansion for (4.44), we have 

r f(u,v)=o, 
\ CVz + g(u, v) = 0. 

Solving the first equation as u = h±(v), then substituting them into 
the second equation, and integrating the resulting equation, we obtain 
(4.46). As Vf approaches vs, since g{h-(vf),Vf) —> 0, T_ diverges, 
and c converges to the speed Cp of the single pulse solution. 

A characteristic feature of Figure 4.12 is that as the period be- 
comes short, the speed decreases, and the graph has a folding point 
at T = Tc. The stability property of the periodic travelling wave 
changes before the folding point is reached, and for T below the value 
Tc there is no solution. This behavior is natural because, as the period 
between pulses gets shorter, the inhibitor accumulates in between the 
pulses, and hence the wave speed decreases (cf. Proposition 4.31). 
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In fact, if one performs numerical simulations on the FitzHugh- 
Nagumo equation, one can actually observe, as in Figure 4.13, that 
the inhibitor v accumulates between pulses. The corresponding sin- 
gular orbit on the phase plane, as in Figure 4.11 (b), becomes an 
elongated cycle with the increase oivf. If the period of external stim- 
uli gets shorter, the threshold value becomes so high (the refractory 
state) that the system cannot be excited, and hence propagation fails. 
Note that whether the system can be excited or not is determined not 
only by v, but also by the strength of the external stimulus. 

Matched Asymptotic Expansion and Velocity-Curvature 
Equation 

When we deal with spiral patterns, the most serious difficulty 
comes from the fact that they are genuinely two-dimensional (dy- 
namic) patterns. A spiral consists, as in Figure 4.8, of the core 
(center part) and arms extending outwards. Near the core, the cur- 
vature cannot be ignored. It is not an easy task to find directly a 
whole spiral as a solution of the reaction-diffusion equations (4.40). 

Instead of dealing directly with (4.40), we attempt to characterize 
the behavior of spirals by solving an approximate problem. The ap- 
proximation is obtained by expanding (4.40) as an asymptotic series 
in e and by truncating it at a finite order. We first describe a general 
framework for matched asymptotic expansions, and use it to derive 
a basic equation of interface dynamics, called a velocity-curvature 
equation, following the presentation by Fife [134]. 

Let us assume that a smooth function w(x, £; e) is a solution of a 
differential equation and that the function also depends on a small 
parameter e (for simplicity, the space dimension is assume to be two: 
x = (aq, £2)). As we have observed so far, instead of directly examin- 
ing the behavior of u itself, it is more illuminating, and more efficient 
in bringing out the dynamics of the original system, to investigate the 
motion of an internal layer T{t; e) (often called an interface) where u 
jumps up or down from one branch to another for small e. One of the 
most effective ways to determine (at least formally) how the interface 
moves is to use the method of matched asymptotic expansion and 
associated solvability conditions. Although such an idea is quite old 
and simple, it has not been widely utilized, probably because pro- 
cedures to implement it are cumbersome. In one-space-dimensional 
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cases, the method of geometric singular perturbation ([199]) is also 
successful. 

The interface F as above cannot be determined uniquely, even if 
the associated solution u (with e > 0) is given. In fact, it usually 
has a thickness of 0(e), and its exact location has to be artificially 
specified. Practically it is defined as a level set of some solution of an 
inner problem. As a preparation, let us explain about inner and outer 
problems for a given interface F, as well as compatibility (matching) 
conditions between the two problems. 

Let us suppose that the interface r(t;e) is given as a curve on 
the plane. We treat the motion of F as the evolution of the signed 
distance function r(a:, t; e) to F: 

(4.47) r(t; e) = { x G R2 | r(x, t; c) = 0 }'. 

Assuming that F subdivides R2 into two regions P±, we assign r a 
positive (resp. negative) sign in X>+ (resp. V-). Let F^^e) denote 
the (5-neighborhood (|r| < (5) of F, and let Vs(t]e) = R2\r<5. If the 
function u is smooth in the regions other than F up to e = 0, then it 
will be well approximated by the following outer expansion: 

(4.48) u(x, £; e) ~ ^ enun(xJ t). 

The meaning of this expression is as follows. Let us denote by 
the partial sum up to the iV-th order term. Then we demand the 
existence of a 5(N, e) > 0 such that 5(N, e) —> 0 as e —» 0 and 

\u-u('N)\=0(eN+1), e —> 0, 

uniformly on V^N.e)- Each term un in the outer expansion is in 
general discontinuous or non-smooth across the interface F. It is, 
however, smooth up to F if restricted to either V- or X>+. In order to 
study the detailed behavior of u near F, it is convenient to introduce 
a local orthogonal curvilinear coordinate system (r(x, t; e), s(x, £; e)), 
in which s stands for the arclength measured along F. We also define 
a stretched variable p in the normal direction by 

(4.49) „(*.<;<) = 

An inner expansion of u near F is the following power series: 

(4.50) U(p,s,t;e) ~ ^€n?7n(p,s,t), 

where U is the function u expressed in terms of (p, s, t). The precise 
meaning of the last expression is this. There exists a function K(e, N) 
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such that K —> oo as e —» 0 and, for the partial sum , 

\u-Uw\ =0(eiV+1), e^O, 

uniformly for \p\ < K(e,N). 
The normal speed 7(5, t\ e) of T in the positive r-direction is given 

by —Tt (= — t;e))- Notice that we need the minus sign. If T de- 
pends smoothly on (t, e), then so does (r, s), and hence 7 is a smooth 
function of (s,t, e). Note also that once r is determined, so is the 
arclength s by virtue of the orthogonality condition. The outer expan- 
sion un and the inner expansion Un are coefficients in the expansion 
of the same function, and hence they cannot be independent. In fact, 
it is natural to require that the following matching conditions hold 
true: 

(4.51) i7o(±oo, s, t) = ^o(0±, 5, £), 

(4.52) Ui(p,s,t) = tfci(0±,s,t) + pdruo(0±,s,t) + o(l), 

(4.53) U2(p,s,t) = U2 + pdrui + ip23rruo + 0(1), 

as p —► ±00. The outer expansion un is regarded here as a func- 
tion of (p, 5), instead of being one of x. The symbols 0± stand for 
limits on T from V± in the r-direction with s being fixed. We do 
not attempt here to rigorously derive these matching conditions (cf. 
[134]). The condition (4.51), for example, is a natural one for the 
function u to be smoothly joined from the inner region to the outer 
region. These conditions will later play important roles as boundary 
conditions associated with the differential equations for un and Un- 

it is well-known ([131], [266], [185], [247], etc.) that by com- 
bining these outer and inner expansions in an appropriate manner 
one can construct a genuine solution in one-space-dimensional set- 
tings. Such a method is called the method of matched asymptotic 
expansion. 

For high space-dimensional cases, rigorous constructions based 
on inner-outer expansions are very difficult, and hence the analysis of 
approximate equations is more realistic. Such approximate equations 
should indeed be considered as a new model of original phenomena, 
and the analysis of these equations often gives us deep insights into 
the problems. 

For later conveniences, let us here describe some properties of the 
coordinate system (r, s) and an expression of the Laplacian. First of 
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all, we have 

(4.54) |Vr| = 1, Ar = hi 

on F. Here, both V and A act on functions of the space variable x, 
and k stands for the curvature of F. The sign of k is taken positive 
when F is concave from V-. The identity |Vr| = 1 holds not only on 
F but also in its neighborhood where r is well-defined. 

When u is regarded as a function of (r, s,t), both r and s are 
considered as functions of (x,t). The Laplacian and time derivative 
are, respectively, rewritten as 

(4.55) Au = drru + Ardru + dguAs + 9ssii|Vs|2, 

(4.56) dtu = dtu + rtdru + StdgU, 

where, of course, u on the left is regarded as u(x,t). 
Let us now apply the method of matched asymptotic expansion 

to the reaction-diffusion system (4.40). 
In the sequel, we consider the case where 5 = 0 for simplicity. We 

also drop references to e from notation so long as no confusion arises. 
The lowest order outer expansion is given by 

(4.57) f{uo,vo) = 0, 

(4.58) dtvo = g(uo,vo). 

Since / is of bistable type, we adopt the following two stable branches 
as solutions of (4.57). That is to say, 

<«•> — {tw: 

If G± are defined by 

(4.60) G± (v) = g(h± (v), v), 

then (4.58) gives 

(4.61) dtVo = G±(vo), xeT>±. 

Namely, vq is governed by an ordinary differential equation in the 
outer region, and uq is dictated by vq through the relations in (4.59). 
Before we go into detailed computations of the inner expansion, let 
us recall that the interface F agrees with the zero-level set of 17, the 
inner variable of u. In other words, 

(4.62) £7(0, s, t) = 0. 

Although computations are done at this stage regarding F as given, 
in actual applications the location of the interface is determined by 
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(4.62). Since points on the interface T(t) are uniquely described by 
we express them as X(s,t). Points near F then are represented 

as X(s,t) + rer, where er is the unit normal vector on F at X(s,t), 
pointing to the direction in which r increases. By using (4.55) and 
(4.56), we find that the differential equations for the inner variables 
C/(p, s,t), V(p, s,t) are given by 

(4.63) rtdpU + edtU + estdsU = dppU + /([/, V) + eArdpU 

+ e2(dssU\Ws\2 + dsUAsy 

(4.64) e^rtdpV + dtV + stdsV = g(U, V). 

Since the normal speed 7 of F is given by —rt and F is assumed to 
depend smoothly on (£, e), we have that (s, r) and 7 are also expanded 
in an e-power series. The lowest order terms in the expansion are the 
following: 

(4.65) dppUo + 7o3t/o + /(£/<>, Vb) = 0, 

(4.66) lodpYo = 0. 

The latter equation evidently implies that Vq = Vo(s,t) does not 
depend on p if 70 7^ 0. 

On the other hand, the matching condition (4.51) applied to Vq 
forces Vq to be equal to the limits of vq on F from both sides, and 
hence uq should be continuous across F (one needs a more careful 
argument when 70 = 0, cf. [134]). We can therefore write Vb^t) = 
vo(X(s,t),t). The equation (4.65) is of the same form as the scalar 
equation of bistable type which we encountered in PROPOSITION 4.31. 
Under the matching condition (4.51) for Uq, the solution of (4.65) is 
uniquely determined, and hence the lowest order approximation 70 of 
the normal speed has to agree with the wave speed c of the travelling 
front in the proposition. That is to say, we have 

(4.67) 70 = c(vo(X(s,t),t)) 

and 

(4.68) Uo(p,s,t) = ip(p,vo(X(s,t),t)), 

where ^(p, uq) is the travelling front solution that is uniquely deter- 
mined by the value vq. 

The second lowest order approximations for the inner problem 
are given as follows. In the sequel, we sometimes use the shorthand 
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symbol vo(X,t) in place of vo(X(s, 

(4.69) dnUi+iodpUi+fuiUoMXityUi 

= (-7i - K(M))dpV(p,vo(X,*)) - fv(Uo,vo(X,t))Vi 

+ (dt + (dts)ds)il>(p,vo(X,t)), 

(4.70) - 70^1 = -(at + (dts)ds)vo(X,t) + g(Uo,vo(X,t)). 

Let us rewrite the operator (dt+(dts)ds) that appears in the third and 
first term on the right hand side of (4.69) and (4.70), respectively. Our 
purpose here is to express (dts)ds explicitly in terms of the normal 
speed and the normal derivative of uq. Although the function vq(x, t) 
is smooth along the interface (hence the subscript ± is dropped), its 
normal derivative in general is discontinuous. Therefore, denoting by 

an extension of uq, defined on V±, onto the entire domain, we 
obtain 

(4.71) (dt + (dts)ds)vo(X(s,t),t) 

= d2v^ (X (s, t),t) + Jodrvf (x, t) |r 

(cf. [134] for details). It turns out that either choice of dh in (4.71) 
gives the same result. The symbol 62 means to differentiate with 
respect to the second variable, and hence the first term on the left 
of (4.71) is equal to G±(vo(X,t)) due to (4.61). We can thus reduce 
(4.69), (4.70) to 

(4.72) d^Zh +7odpt/i + fu(UoMX,t))Ui 

= (-71 - K(s,t))dp'ip(p,vo(X,t)) - fv(Uo,vo(X,t))Vi 

+ i>v(p, vo(X, t))(G±(vo(X, t)) + lodrVQ (x,t)|r), 

(4.73) - -yodpV! 

= —yodrV$(x,t)\r - G±(vo(X,t)) + g(U'o,vo(X>t)). 

Let us now employ a solvability theory. Denoting by C the dif- 
ferential operator on the left side of (4.72), one finds that it acts on 
L2(R) and has a simple eigenvalue 0. The latter statement easily 
follows from the fact that p = ^^(p, uq) satisfies £p = 0. The solv- 
ability condition says that the necessary and sufficient condition 
for the equation Cq = f with / G L2(R) to have a solution in L2(R) 
is (/>P*)l2(r) = 0- In the condition, p* is an eigenfunction of the 
adjoint operator £* associated with the 0-eigenvalue. Applying the 
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condition to (4.72), one obtains 

(4.74) (-7i - k) A(s, t) + B(s, t) = 0, 

in which 

(4.75) A(s, t) = (p,p*) > 0, 

(4.76) B{s,t) 

= (p*, [-MUo^oiX,^ 

+ tpvip, vo(X, t)) t)) + lodrVoix, t)|r)] )• 

We have thus obtained from (4.67) and (4.74) the normal velocity of 
the interface up to an 0(e) as 

(4.77) 7(X, t) = c(vo(X,t)) - €K(X,t) + eB(s,t)/A(s,t). 

There are two contributions to the order O(e), one from the curvature 
of the interface and the other from the ^-dependence of / and -0. 
The equation (4.77) is called the velocity-curvature equation (or, 
eikonal-curvature equation). 

One may notice, however, that in well known forms (cf. [206], 
[262]) of interface velocity the third term in (4.77) is missing. Except 
for trivial cases where / is independent of v, it is often the case that 
the omission of the third term is justified by additional hypotheses. 
For example, if v is a slow variable, then one often replaces v by a 
constant, and hence the ^-dependence of / disappears. 

A more significant situation is when the curvature is large and 
ck e, in which case the third term becomes a higher order one. The 
latter situation will be typically encountered when we derive a free 
boundary problem for spiral waves by rescaling. In such a situation, 
of course, we need to work out the derivation of the velocity-curvature 
equation with respect to appropriate powers of e in accordance with 
the rescaling (note that (4.77) is derived under the condition that 
k = O(l)). For later convenience, let us exhibit a simpler form of the 
velocity-curvature equation without the third term: 

(4.78) cn(rj) = c(t;(r/)) - €«;(r/), 

where 17 stands for the position of the interface, and cn is the speed 
of the interface in the normal direction. The right hand side of (4.78) 
consists of the dispersion of the medium and the Gibbs-Thomson 
effect. 
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Figure 4.14. Defects trigger spiral waves. 

As we have seen in the dispersion relation (4.45) for periodic 
travelling waves, the travelling velocity varies with the value of v. 
Therefore, the first term 0(^(17)) in (4.78) expresses the dispersion. 
The curvature-dependent second term adjusts the velocity in accor- 
dance with the curvature and thus contributes to smoothing the in- 
terface. Such a term appears in many applications, for example, as 
the Gibbs-Thomson effects in the Stefan-type model of crystal growth 
(cf. Chapter 3 and [236], [237]). In particular, if c{v) = 0 does not 
depend on v, then (4.78) is nothing but the mean curvature flow. It is 
of interest to note here that the dispersion represents a characteristic 
of hyperbolic equations, while the Gibbs-Thomson effect represents a 
characteristic of parabolic equations. 

Emergence of a Spiral Wave and Singularity 

Before we analyze the behavior of spiral waves, let us give an intu- 
itive discussion as to why such waves emerge spontaneously. Consider 
a situation in which a stable two-dimensional pulse solution is given 
and it is cut half in the middle as in Figure 4.14. 

If u quickly converges to one of the two stable states u = h±{v) 
due to the high reactivity, we may assume that according as ^ 
h±{v) the domain is divided into two parts ^ bounded by a smooth 
boundary which has finite curvature as in Figure 4.14. Assuming 
that v is continuous, there must be a point P on the interface where 
v = v*. Here, v* is a value for which c{v*) = 0; namely, it is a point 
that does not move (cf. PROPOSITION 4.31). 

In the part of the interface below and near the point P, we have 
v > v*, and hence g > 0, and consequently v increases with a speed of 
0(1) if v is diffusion-less (5 = 0). If the curvature is not significantly 
large, then the part of the interface lower than P moves in the Q+- 
direction, due to the velocity-curvature equation (4.78). On the other 
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hand, a similar reasoning reveals that the part of the interface above 
P moves in the ^"-direction. As this process progresses, the angular 
velocity of the interface around P diverges, and hence v tends to be 
discontinuous. At the same time, the curvature of the interface also 
becomes unbounded, creating a singularity near P. Therefore the 
velocity-curvature equation (4.78) is not valid any more. In reality, 
however, the curvature effect cannot be neglected, and if v diffuses 
(5 > 0) then its gradient is bounded by some constant and singularity 
formation does not occur. Even in such a case, the stationary behavior 
around P is equally rotational as above. 

Pushing the thought-experiment further, one can imagine that P 
remains almost stationary and the interface nearby rotates around 
P. On the other hand, in the part far away from P the interface will 
propagate upward with a constant velocity, keeping the shape of a 
planar pulse. 

Combining such speculations, one can expect that dynamics as in 
Figure 4.15 (a) will spontaneously emerge, in which spiral movement 
around P and planar travelling pulse are joined together. In fact, such 
a process is realized in experiments on the BZ reaction as in Figure 
4.15 (b). 

Kinematic equation 
Before we construct spiral wave solutions by using the velocity- 

curvature equation and (4.61), let us introduce a simplified version 
of the geometric model. The basic idea in such a model is to regard 
a spiral wave as the motion of a one-dimensional curve with an end 
point. The motion of the curve is determined by its normal velocity, 
depending on the curvature, and by the tangential velocity of the end 
point. The time evolution of the spiral arm is described by a partial 
differential equation related to the curvature. Such a description is 
expected to be a good approximation when the width of the excited 
region (the thickness of the arm) is very small, the radius of the core 
region is large, and the period of rotation is long. 

The latter situation is not unrealistic, as exemplified in the fol- 
lowing description. Let us first set 8 = 0 in the model equation (4.39). 
The smaller the value of the parameter e is, the faster the excitation 
sets in, and as demonstrated in [85] and [264], there exists some value 
e = eC2 at which the initial state of Figure 4.14 keeps its bar-shape. 
If e is larger than the critical value, the bar shrinks and quickly dis- 
appears. When e is slightly smaller than eC2, the radius of the core 
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Figure 4.15. (a) Spiral wave and planar travelling 
wave, (b) Emergence of spiral waves in the BZ reac- 
tion. 
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region is sufficiently large, and in comparison, the arm is thin enough, 
making the above approximation valid. 

Another situation is the case of high threshold value. There is 
a threshold value Hc such that if H = v — vs is smaller than this 
value, the arm does not grow. When H is slightly larger than the 
threshold value, it is expected that the same approximation as above 
is effective. In this case, however, rigorous relationships to the original 
reaction-diffusion system (4.39) are not well understood. 

If the radius of the core region is large and the arm is thin enough, 
one may regard the spiral as a string, to the crudest approximation, 
and hence v is constant on it. Therefore the normal velocity, to the 
first order approximation, may be treated as depending only on the 
curvature, thanks to the relation (4.78). Let us thus consider the 
motion of a half-infinite curve with an end point P. It is well known 
that the motion of a planar curve is completely determined, once the 
curvature K is given in terms of the arclength I measured from the 
end point P, as K = K(l,t) (natural equation). 

The curve evolves according to the following two rules. 

(i) The normal velocity V is determined solely by the curvature 
K. 

(ii) The tangential velocity G of the end point P is also determined 
only by the curvature at the point. 

The curvature Kq at the end point is defined by 

K0 = \imK(l), 

where I is the arclength measured from the end point, and hence, one 
can write G = G(Ko). 

Once V and G are given, the evolution equation of K(l, t) is given 

<-> 

which is call a kinematic equation. 
The equation is derived by expressing the curvature in terms 

of polar coordinates and by observing that variation in arclength is 
caused by the combined effects of variation in curvature and motion 
of the end point: 

dl= (J VKdl'^dt + Gdt 
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(consult [85] for details). 
A frequently employed choice for (V, G) is 

(4.80) V = Vq - DK, 

(4.81) G = j(KC2-Ko), 

where D,7 are positive constants. The critical curvature KC2 is re- 
lated to the curvature at which the normal velocity becomes zero in 
the velocity-curvature equation (cf. [264]). 

We will describe below how the angular velocity of stationary 
spiral waves is determined, following the presentation in [264]. Let 
us first determine a stationary spiral wave for (4.79). We assume 
that the end point does not move in a tangential direction, namely, 
we impose the boundary condition 

(4.82) Ko = KC2, 

and hence G = 0. Assuming also that the spiral is approximated by 
a planar wave in the region far away from the core, we also impose 

(4.83) lim K(l,t) = 0. 
Z—►oo 

Then stationary solutions satisfy 

<-> 

which upon integration gives rise to 

dV Cl 

(4.85) — + K / VKdl' = lj. 
dl Jo 

The integration constant uj gives the angular velocity of the desired 
spiral solution, as we can in fact see from (4.85): oj = (dV/dl)i=o- 
The boundary conditions (4.82), (4.83) together with the equation 
(4.85) constitute a nonlinear eigenvalue problem that determines 
the angular velocity u. Introducing non-dimensional variables k = 
K/KC2 and y = KC2l, and using (4.80), one can rewrite (4.85) as 

ry dnz 
k / «(1 — I3^)dy' = Q. + /?—, 

Jo dy 
where Q, = uj/VoKC2, /? = DKC2/Vo^ and the boundary conditions 
become 

/c(0) = 1, lim K,(y) = 0. 
y—>oo 

Let us first consider the case where D = 0 in (4.80) (i.e. (3 = 0), which 
corresponds to the situation in which one of the boundary conditions 
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is neglected, the core radius is sufficiently large, and the curvature 
effect is absent. Since in this case ac ndy = Q, we obtain 

This solution satisfies the boundary condition at infinity, although 
^(O) = 1 is not satisfied, indicating that the curvature effect should 
not be neglected in the core region. The solution represents an in- 
volute of a circle, which at far distance approaches the Archimedean 
spiral with pitch 27r/Q. It is therefore realized that the normal ve- 
locity V has to depend on the curvature (/? ^ 0) for the boundary 
condition at I = 0 to be satisfied. Numerically, Q, is determined as a 
function of (3, and for small (3 it is approximated as 

ft « 0.685/35 - 0.06/3 - 0.293/32 + ... . 

The period Tq of rotation in this case is given by 

^4'86^ To = " 

The angular velocity is thus determined from (4.86). It is, however, 
too much to ask for the result to be compared with actual experiments 
of the BZ reaction. The reason is that it is difficult to realize the 
situation under which the kinematic equation is derived, and hence 
there is no natural way of selecting the parameters on the right hand 
side of (4.86). 

Scaling and Free Boundary Problem 

A spiral wave consists of an excited region which is surrounded by 
two interfaces, called front and back, and the rest, called unexcited 
regions. These two interfaces meet at the tip of the spiral, which 
moves along a sphere of radius r* (Figure 4.16). Similarly to the 
case of crystal growth processes in Chapter 3, the most fundamen- 
tal problem in spiral waves is to know how their shape and angular 
velocity are determined from the governing model equation. 

Difficulties encountered in constructing a spiral wave stem from 
the fact that its behavior near the core region is different from that in 
the region far away. To be more precise, it is approximated by a one- 
dimensional periodic travelling wave in the far-away region, where 
curvature effects are small. On the other hand, in the core region, a 
spiral is genuinely a two-dimensional pattern, and hence the curvature 
effect is essential. 
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front unoxcitod region 

Figure 4.16. The tip of a spiral wave. 

Historically, investigations of spiral waves were initiated from the 
standpoint of treating them as perturbations of one-dimensional pe- 
riodic travelling waves. Attempts to treat them as genuinely two- 
dimensional patterns began in the mid-lOSO's. One major point in 
these attempts was to decide what are the most suitable scales for 
space-time and unknown variables that bring out all of the spiral 
solutions. 

Our standpoint is to understand the motion of a spiral with the 
help of an interface that separates sharply excited and unexcited re- 
gions in the limit as e —► 0. However, it is not a priori clear that 
such an interface can be defined at all in the core region. Therefore, 
it is necessary to start with a careful examination as to whether or 
not interface-equation methods are valid for spirals. Such an exami- 
nation has naturally given rise to the so-called Fife scaling ([133], 
[134]), which will play an important role. We have already utilized 
the difference in scales to reduce the original system. Namely, taking 
advantage of the difference in time constants of u and v, we derived the 
velocity-curvature equation (4.77) and the evolution equation (4.61) 
of v from the original reaction-diffusion system (4.40). 

When v does not diffuse, the interface dynamics is described by 
the ordinary differential equation 

(4.8T) 

and the velocity-curvature equation 

(4.88) cn = c^) — en. 
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Let us recall that G±(i;) = g{h>±(v),v) and that u = h±(v) corre- 
spond, respectively, to excited and unexcited regions. In the above, 
we also neglected the term in (4.77) that comes from the ^-dependency 
of / (this will be justified later). These two regions are divided by the 
interface F, and v is supposed to be continuous in the entire domain, 
including F. 

Under what circumstances is the free boundary problem (4.87)- 
(4.88), and in particular the velocity-curvature equation, effective? 
We will discuss this question in two cases (cf. [262]). 

(i) High-threshold Limit 

One of the conditions for the velocity-curvature equation to be 
valid is that the radius of curvature be much larger than the width of 
the interface (compare with the section where the velocity-curvature 
equation is derived). In particular, this must hold even at the tip of 
the spiral, where the curvature radius is minimum: 

(4.89) Rtip »O(e), Rtip = ^(r*)"1. 

How does iJtip behave as e varies, and how small should e be in 
order for the last inequality to hold? Note that the normal velocity 
is zero at the tip. We also assume that v = vs (equilibrium) holds at 
the tip. Since the core radius is r*, we have 0 = c(vs) — e/c(r*), and 
hence, recalling that c(vs) > 0, we find that (4.89) is equivalent to 

(4.90) c(i;s) < 1. 

This means that vs is very close to v*, namely, 

(4.91) H = v* - vs « 1. 

H measures the level of the excitation threshold (note that the smaller 
H is, the higher the threshold), and therefore the condition (4.91) 
demands that the threshold be high. Expanding c(vs) around v*, 
we have c(v s) ~ v* - vs. Now the width A+ of the excited region, 
measured at a place where the distance from the tip is more than 

0(jRtip)> considered as given by 

A-|_ ^ Rtip- 

One the other hand, we also have A+ ~ c(vs)T+ and i?tip ~ cc(i;s)~
1, 

where T+ is the duration of the excited region, given by 

r dv 
T+ = l, 
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Therefore, we have c(vs)
2T+ ~ e, and hence 

H - e1/3. 

At the same time, we also find the following scaling: 

(4.92) i?tip~€2/3, TV-e1/3, c(vs) ~ e1^3. 

Therefore, by choosing e so small that e <C 1, one can realize the 
situation in (4.90). Moreover, (4.89) is also valid in the sense that 
€2/3 e. This suggests that it is appropriate to rescale near the core 
region v by e1/3 around v*, the space variable by e2/3, and the time 
by e1/3. 

Since the importance of such a scaling was first pointed out by 
Fife ([132]), and later proved to be very useful ([203]), it is called the 
Fife scaling. We can now justify neglecting the third term in (4.77), 
which is one of the 0(e)-terms and comes from the dependency of / 
on v. Namely, the curvature term near the core region is of order 
Ofy1/3), instead of 0(6). 

The next case to be treated is the low-threshold limit, in which 
the above scalings are required to be valid on the whole region, not 
only around the core region. 

(ii) Low-threshold Limit. 

The discussion thus far has been carried out under the condition 
that v takes the value v = vs near the core region. Consequently, it 
was necessary to consider excitable media that have a high thresh- 
old value for excitation, so that (4.89) can be satisfied. In general, 
however, v is not so close to vs. Indeed, for low-threshold (highly 
excitable) media, it is expected that spiral patterns are maintained 
even if the inhibitor concentration v is high, which is in fact supported 
by numerical simulations in [356] and agrees with experiments per- 
formed to determine the angular velocity. 

In the present case, v* — Vf{r*) 1 is required for (4.90) to 
hold. Since in low-threshold media, repeated excitation is possible 
even if (u,v) is not recovered from excitation to a sufficiently close 
neighborhood of the equilibrium, it is natural to assume that v* — 
Vf 1 holds on the entirety of spirals. One can in fact find, after a 
line of arguments similar to the ones above, that scalings 

v* — Vf ~ 61/3 < 1, c(vf) ~ e1/3 1 
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are adequate for low-threshold media (cf. [134]). Since the spatial 
scale is 0(€2/3), the latter scalings imply that the angular velocity u 
has to satisfy cj ~ e-1/3. 

In both cases, the same type of scalings are demanded, except for 
the difference in the position of the equilibrium point vs. 

Angular Velocity Selection Problem 

Let us now deal with the angular velocity selection problem. We 
will exclusively work with the second case above: (ii) Low-threshold 
limit. The spatio-temporal scaling and the scaling for the unknown 
are given by 

- 7,* = x = e2/3x. = ,1/3; 

These scalings mean that v is almost identical to v*, the space coor- 
dinate is stretched by e-2/3, and dynamics is to be observed in the 
slow time scale of e1/3. Since the thickness 0(e) of transition layers is 
much finer than the spatial scale in (4.93), we should note that there 
are limitations to knowing detailed structures of the core of size 0(e) 
(on the other hand, however, if an 0(e)-spatial scaling is employed, 
then one can discern well the core region, while losing sight of the 
outer region). Since (4.93) enables us to approximate the wave speed 

/ \ 1/3- ac\u J c(vj) ~ e^^CyVj, Cy = —— 
CtV \v=v* 

the principal part of (4.88) is expressed as in 

(4.94) cn(r/) = c„?;(rj) - K(rj). 

In the expression (4.88) before the scaling, the curvature was multi- 
plied by e, while after the Fife scaling the two terms have comparable 
contributions. The situation shares a common reasoning with §4.2.2, 
in which polymer patterns and meso-scopic patterns in Turing pat- 
terns are discussed (cf. Chapter 5). 

Since the principal part of v in the scaling (4.93) is v = v*, the 
nonlinearity for the iz-equation can be well approximated by G±(v*) = 
g(h±(v*),v*), which are constants of different signs. Denoting these 
constants by g±, we obtain 

(4.95) 

in which the right hand side is independent of v. Therefore, (4.94) 
and (4.95) give an e-independent rescaled free boundary problem. 
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Figure 4.17. Spiral wave that has a cusp-like tip. 

The equation for the stationary rotating spiral wave is rewritten as 

f cn(r/) = cvv{ti- ^(r/), 
(4.96) < dv ± n 

\ "lfe+9 =0 

in terms of the co-rotating coordinate system. In the equation, we 
have introduced a new angular velocity u = e-1/3^. Note that uj is 
an unknown parameter. Integrating the second equation of (4.96), 
one obtains 

v±{r,e) = -ir11- + 6±(r), 
UJ 

in which (r) are integration constants. The excited and rest regions 
are bounded by the interfaces represented by 0 (r) (cf. Figure 
4.17). We assume that 0±(r) ~ r as r oo (Archimedean spirals). 
Moreover, we also assume that v is continuous across the interface, 
namely, i;+(^+(r)) = v~{0~{r)) and i;+(0+(r)) = v~{2^6~{r)). 
Under these conditions, the width A0(r) = 6~{r) — 0+(r) of the 
excited region is determined as 

(4.97) A0 = 27rg . , 
9~ -9+ 
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which does not depend on r. This means that each of the two in- 
terfaces is obtained from the other by an appropriate constant ro- 
tation. Let us now compute the value vi(9±(r)) of v on the in- 
terface. Since the spiral wave is a stationary pattern, the equal- 
ity cn(0+(r)) = — cn(0~(r)) has to be satisfied. Symmetry forces 
k(9+) = —k(Q ), and hence the interface equation implies that the 
values of v on 0±(r) are of opposite sign. We thus conclude that 

(4.98) „,(,*(,)) 

which apparently shows that v does not depend on r on the interface. 
The spiral wave thus obtained has a cusp singularity at the tip at 

which v is discontinuous. Although this is a natural consequence of 
the particular rescaling employed, it does not necessarily mean that 
our formulation above breaks down in the angular velocity selection 
problem. In order to eliminate the singularity, it is necessary to intro- 
duce another scaling near r = 0 and to take into account the diffusion 
effect of v. We do not discuss these points (cf. Remark 4.34). 

In order to determine the shape of the spiral, let us derive an or- 
dinary differential equation for ^(r). The curvature and the normal 
velocity are computed as 

I dip ip 
K (1 + V2)3/2 dr r-v/l + V2' 

respectively, where ^(r) = r^r. Inserting these expressions into the 
interface equation (4.96), and using (4.98), one obtains the following 
equation for ip: 

(4.99) |£_(„-i)(nV)-B(nV)W 

where p = y/ur and B = cvvf /y/uj. The equation is supplemented 
by the following boundary conditions: 

(4.100) ip(p) ~ p as p oo, ^(0) = 0. 

Finally, the angular velocity selection problem is reduced to solv- 
ing the nonlinear eigenvalue problem with respect to B (i.e. with 
respect to a;), consisting of the equation (4.99) and the boundary con- 
ditions (4.100). We do not go into the details, but it is known that 
the eigenvalue problem has a unique solution, and that a shooting 
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method gives an approximate value of B as 1.738. Using the value 
B, the angular velocity of the spiral wave is given by 

("01' "=(^y)2'3 

At the same time, the shape of the spiral solution is completely de- 
termined except near the tip. 

As r —► 0, this solution exhibits singularity (i.e. v is discontinuous 
and the interface has a cusp singularity at the tip). In order to correct 
the singularity, one needs to solve an inner problem derived by way 
of scaling 

x = ex 

from the original system of reaction-diffusion equations. No matter 
what kind of scaling one employs, the width of the excited region and 
that of the interface near the core region for solutions of the original 
reaction-diffusion system are comparable. Therefore, one cannot in 
general capture the entirety of spiral solutions in terms of the solutions 
of a limit problem obtained by employing one particular scaling. 

In other words, in order to characterize a particular quantity of 
interest, one accordingly needs to find a suitable scaling, and in the 
chosen scaling some other types of information may necessarily be 
dropped out. 

In this sense, it is accepted that the solution of the outer problem 
after the Fife scaling gives the correct principal part for the solution 
of the angular velocity selection problem. Relationships between the 
solutions of the outer problem and the original system of reaction- 
diffusion equations, as well as the stability properties of spiral solu- 
tions, are currently being intensively investigated (cf. [213], [214], 
[203], [30] and [306]), and they will be clarified, hopefully, in the 
near future. 

Remark 4.37. The solution obtained above by using the Fife 
scaling has a singularity at the tip. Boundary conditions ensuring 
that the interface is smoothly joined at the tip r = r* are given by 

(4.102) A(r*) = 0, V,/(r*) = tybi?*) = —oo, 

where the front 6 = ^/(r) and back 6 = ^&(r) of the interface are 
defined as in (4.99) and A(r) = ipf(r)— ipbir)- Under these conditions, 
Keener [207] rigorously proved that (4.87)-(4.88) have solutions. In 
the proof, it is essential that G± depends explicitly on v (as opposed 
to the situation above where g± are constants). The first condition 
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in (4.102) ensures that the front and back of the interface meet at 
r = r*, and the other two conditions mean that they meet along 
the direction orthogonal to the radial direction. In this case, the 
problem to be solved is a nonlinear eigenvalue problem with respect 
to the angular velocity uj and r*, consisting of ordinary differential 
equations for the two interfaces and ipb- We note that the initial 
step in the search for ipf and ^ is the solution ipf = ipb = ij;, that 
is, the solution of (4.99). Based upon the initial step, the solution is 
constructed perturbatively by skillfully using shooting methods and 
comparison theorems so that the boundary conditions (4.102) are 
satisfied. 

Remark 4.38. As a scaling different from the Fife scaling, there 
is for example the one by Keener [208] (although the system treated 
is not excitable any more, since the nonlinearity is odd-symmetric). 
The core region is scaled as x = x/e1/2, and the diffusion effect of v 
is taken into account (5 > 0). The resulting free boundary problem, 
however, has a divergent term (as e —> 0) of ©(e-1/2), and hence it is 
expected to become an effective approximation for large e instead of 
sufficiently small e > 0. 

Remark 4.39 (Destabilization of spiral waves: meander- 
ing and spiral breakups). Although we focus on rigidly rotating 
stable spiral waves, they can also destabilize in many different ways. 
For instance, they may begin to meander or to drift (see [335] and 
the reference therein). Barkley [20] was the first who noticed the 
relevance of the Euclidean symmetry group to this transition, and it 
is attributed to a Hopf bifurcation. This idea was made rigorous in 
[326]. Transverse instabilities may occur [165] that are characterized 
by a degenerate dispersion relation between asymptotic wavelength 
and wave speed. Another common instability is the breakup of spiral 
waves into a turbulent region. It occurs at either the core [15] or the 
far field [302], [16]. Quite recently a first rigorous step was made in 
[323], [324] based on a linear stability analysis. That approach is 
also useful to understand the super-spiral structures of meandering 
and drifting spiral waves [325]. Note that the existence of rigidly 
rotating spiral waves was assumed in the aforementioned works. 

Remark 4.40 (Destabilization of spiral waves in the sin- 
gular limit). Kessler et.al. in [214] investigated numerically the 
stability property of spiral waves with respect to the limit system as 
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€ —> 0, separating the core and outer regions, for both cases, where 
v diffuses and does not diffuse. According to the results, the core re- 
gion destabilizes due to a simple real eigenvalue crossing zero. There 
is a discrepancy between this result and experiments or simulations in 
which doubly periodic meandering occurs through Hopf bifurcation 
(see also Remark 4.39). If the limit system is slightly perturbed to 
6 > 0, then it is conjectured that the simple real eigenvalue coalesces 
with other eigenvalues and becomes complex, giving rise to possible 
Hopf bifurcations, although the details are not known. Despite such 
instability, it is believed that the result discussed above for the an- 
gular velocity selection problem remains valid. The rationale for this 
is that as far as meanderings are concerned, the destabilization is be- 
lieved to be restricted to the core region and not to influence the outer 
region ([214]). However, a rigorous justification has yet to come. 

4.4. Summary 

4.1 Pattern formation is explained by using familiar examples. 
4.2 Dynamic properties in gradient systems are briefly described 

from the standpoint of infinite dimensional dynamical systems. 
We discuss dynamics of conservative systems and systems with 
non-local terms. 

4.3 Dynamics of open systems are explained for Turing systems 
and excitable systems. It is shown that rescaling plays an 
important role in determining the angular velocity of spiral 
waves. A concrete method of computation in the matched 
asymptotic expansion is described. 





CHAPTER 5 

Method of Singular Limit Analysis 

When we observe patterns, we often understand their behavior 
by keeping track of the interface where the state of matter abruptly 
changes (water-ice), or by tracing the movement of the boundary that 
separates two different materials (water-oil). That is to say, instead 
of observing the entirety of a system, we (unconsciously) think that 
the dynamics of patterns is concentrated on the motion of interfaces. 
The method of singular limit analysis is very instrumental in clarify- 
ing how the information on the entire dynamics is condensed into the 
dynamics of the interface. As already mentioned in Chapters 1 and 
4, there are several singular limits (distinguished limits) according to 
different scales with which things are observed. On one hand, the 
multiple existence of singular limits in turn enables us to understand 
the mutual relationships between various model equations we have 
so far encountered. On the other hand, the method of analysis for 
interface equations obtained as singular limits has recently made re- 
markable progress. We will first consider the mean curvature flow as 
a typical example of such interface equations. 

5.1. Mean Curvature Flow 

It has already been thoroughly explained that tracing the motion 
of the interface is very important in order to understand the dynamics 
of pattern formation. We will discuss in this section the simplest yet 
most fundamental example of mean curvature flow. The level-set 
method to be described below is effective even after singularities are 
formed. This method will later play an important role in showing 
that a singular limit of a scalar bistable reaction-diffusion equation is 
indeed the mean curvature flow. 

5.1.1. What is Mean Curvature Flow? Let Fq be an (n — 1)- 
dimensional, closed, smooth hypersurface in Mn. Starting from this 
surface, each point on the hypersurface moves in the normal direction 
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with a speed proportional to the mean curvature at the point. Such 
a motion of the interface, described by a family {rt}t>o, is called the 
mean curvature flow starting at Fq. To be more precise, let N be 
the unit normal vector on F* pointing into the exterior of IY The 
mean curvature /c in the direction of N is defined by 

(5.1) K, = K,i + . . . + /Cn_i 

in terms of the principal curvatures Ki (i = 1,... , n — 1). The mean 
curvature flow is a family of moving hypersurfaces in which the normal 
velocity V of Ft is given by 

(5.2) V = «N. 

Since the mean curvature is also given by /c = —div(N), (5.2) can be 
expressed as 

(5.3) V = —div(N)N. 

Here, divergence is computed with regard to the vector field N that 
is smoothly extended to a neighborhood of Ft. 

Remark 5.1 (Equation of constant growth). For a constant 
c > 0, let us consider 

(5.4) V = cN. 

This equation describes the motion of surfaces growing in the out- 
ward direction with a constant speed. Although such a motion may 
look simple, it is often the case that singularities are formed in finite 
time even if the initial surface Fq is smooth. In Chapter 4, velocity- 
curvature equations were introduced. These equations are a combi- 
nation of (5.2) and (5.4), with c being allowed to be non-constant and 
to change its sign. 

5.1.2. Signed Distance Function and Partial Differential 
Equation. Let us now assume that the mean curvature flow (5.2) 
has a smooth solution Ft on 0 < t < and that there is a bounded 
open set Ut such that 

(5.5) Tt = dUu 0 < t < t*. 

We now define: 

Definition 5.2. For t > 0, d(x,t) is defined by 

(5.6) d(x,t) = ( ?SY'r!' 7 I -dist(x,rt), x G Ut- 
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The function d is called the signed distance function for the family 
{r*}o<t<t*• 

Even if the family {rt}o<t<^ is smooth as above, the map x i-> 
d(x,t) is not necessarily smooth. However, in a sufficiently small 
neighborhood of Ft, it is smooth. In the sequel, the signed distance, 
function is always considered in such regions. 

Since d is determined by Ft, it is expected to carry the geometric 
information of rt. We will now bring out such information explicitly 
in the form of differential equations involving the derivatives of d up 
to the second order. 

Let x be a point near F* with d(x,t) > 0. There exists a unique 
y G Ft such that d(x, t) = \x — y\. The outward normal unit vector of 
Ft at y is given by 

(5.7) N = Dd(x,t). 

Information on the curvature of Fj is contained in the second deriva- 
tive D2d. Let us denote by Ai,... , An the eigenvalues of the Hessian 
matrix D2d(x, t). The principal curvatures (i = 1,... , n — 1) of rt 

at y are expressed (cf. [155]) as 

\id-l 
(z=l,... ,71—1), An — 0. 

Now, fixing x so that d(x,t) > 0, we have 

dt = -V ■ N = -k := 53 - 

The same computation is valid for d(x, t) < 0. Therefore, in a neigh- 
borhood of rt the mean curvature flow is expressed as 

dt = F(d,D2d), 

where F is defined by 

F(p,X) = f(p,A) :=Er 

in which X belongs to the set Sn of real symmetric n x n matrices and 
A = A(X) stands for the collection of the eigenvalues (Ai,... , An) of 
X. The equation (5.10) should be always considered in a sufficiently 
small neighborhood of Ft so that the denominators 1—\id are positive. 
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Now, in the region {d > 0}, it is easy to verify that Ai/(1 — A;d) > 
Ai, regardless of the sign of A^. Therefore, 

Tl x Tb 
(5.12) o = dt-^^—i-j<dt-YiXi=dt-&d; 

dt — Ad <0 in the region {d < 0}. 

on Ft. 

that is to say, 

(5.13) dt — Ad >0 in the region {d > 0}. 

Similarly, 

(5.14) dt — Ad <0 in the region {d < 0}. 

In particular, we have 

(5.15) dt = Ad on IY 

The latter equation, as will be shown later, turns out to be valid on 
the entire domain Rn x (0, oo) in the sense of viscosity solutions. Due 
to the form (5.15), the mean curvature flow is also called a geometric 
heat equation. 

Let us now examine the nonlinearity in (5.10). 
For A, B G Sn we define A > B if and only if A;(j4) > \i(B) 

(i = 1,... , n). For fixed p G R and A, B E Sn with A > B, we have 

(5.16) F(p, A) = f(p, A(A)) > f(p, A(B)) = F(p, B), 

which follows immediately from the fact that 

df(p, A) _ 1 ^ A , 
dXi (1 — Aip)2 

Such a nonlinearity F that satisfies the monotonicity condition (5.16) 
will be called (degenerate) elliptic (cf. §5.2). 

So far, we have assumed that the mean curvature flow {Ft} exists, 
and based upon this, the equation (5.10) has been derived. On the 
other hand, starting with a smooth initial hypersurface Fq, one can 
prove the existence of a classical mean curvature flow {rt}o<t<t0 for 
sufficiently small to > 0. To be more precise, let g(x) be the signed 
distance function to Fq, V = {x £ Mn | — 5o < 9(x) <50},!^ = 
V x (0, to)5 and E = dV x [0,to]- Here (So > 0 is so small that g(x) is 
smooth on V. With these preparations at our disposal, let us consider 
the following initial-boundary value problem: 

r vt = F(v,D2v) in W, 
(5.17) I \Dv\2 = 1 on E, 

[ v = g on V x {t = 0}. 

(i = 1,... ,n). 
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Ip) 

(a) (b) 

Figure 5.1. (a) Formation of singularities by the 
mean curvature flow in R3. (b) Singularity is not 
formed in R2, and instead the interface shrinks to a 
point. 

If {rt}o<t<to is a classical mean curvature flow, then v = d satis- 
fies (5.17). Our assertion here is that if to > 0 is sufficiently small, 
then (5.17) has a classical solution v G C2+a'^(VF) n C00(W). If, 
moreover, we define {rt}o<t<to 

(5.18) Ft = {x G V | v{x,t) =0} (0 < t < to), 

then is the signed distance function associated with the rt in 
(5.18) (cf. [128]). We have thus reduced the geometric existence 
problem for the mean curvature flow to the existence of solutions for 
the partial differential equation (5.17). 

5.2. Level-set Method and Viscosity Solution 

In this section, we will describe the level-set method and an as- 
sociated notion of viscosity solution. 

5.2.1. Idea of the Level-Set Method. Even if the initial sur- 
face is sufficiently smooth, the mean curvature flow in general devel- 
ops singularities in finite time. For instance, starting at a sphere, the 
solution of the mean curvature flow shrinks to a point in finite time. 
If the initial surface is two-dimensional (c R3), such as in FIGURE 5.1 
(a), with a pinched narrow portion in the middle, then it will be torn 
apart in finite time. Now, a question suggests itself: How can we, in 
a natural way, define a generalized mean curvature flow beyond such 
singularities? 

Remark 5.3. In the two-dimensional case, even if the initial 
closed curve is highly nonconvex, such as in Figure 5.1 (b), one 
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can prove that the curve eventually becomes convex and shrinks to a 
point in finite time. For details, we refer to [159]. See also [184] and 
[149]. 

In §5.1, the mean curvature flow was transformed to the partial 
differential equation (5.17) with the aid of the signed distance func- 
tion, enabling us to trace the motion of the hypersurface as the level- 
set {v = 0}. This viewpoint is valid, not only for classical solutions, 
but also for a wide class of solutions which may have singularities. 
Intuitively speaking, even if a level-set of a function contains singu- 
larities, the function itself can still remain smooth. 

The idea of using level-sets appeared already in a paper [294] by 
physicists Ohta, Jasnow, and Kawasaki, and later the same idea was 
introduced by Osher and Sethian [300] in order to perform numerical 
simulations of the mean curvature flow. 

The basic idea of the level-set method is to first represent the 
surface T* as the 0-level set of a function u. Then, the equation 
of motion for Tt is rewritten as a partial differential equation for 
u. Then, applying to the partial differential equation the method 
of viscosity solution, to be discussed later, a unique global-in-time 
solution will be obtained. 

Let us write down the equation for u for which each level-set 17 = 
{x € Rn|u(x,t) = 7} moves according to the mean curvature flow. 
We assume that u is smooth and that \Du\ 7^ 0 holds in the region 
of our concern. Under such conditions, T] is a smooth hypersurface 
and its unit normal vector N and mean curvature « are respectively 
given by N = Du/\Du\ and 

(5.19) k = —div(N) = —div 
\Du\J- 

On the other hand, the velocity V of r7 in the direction of N takes 
the form 

(5.20) 

Therefore the equation for the mean curvature flow is expressed as 

(5.21) <" = (j^i) 
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along r?. Computing the divergence on the right hand side, (5.21) is 
rewritten as 

(5.22) 

where 5ij is Kronecker's delta and the subscript Xi stands for differ- 
entiation with respect to Xi. 

Remark 5.4. When the normal speed is a constant (cf. Remark 
5.1), the level-set equation becomes Ut = c\Du\. 

The right hand side of (5.22) is written in a concise form by using 
the following function: 

(5.23) F(p,X) = E E " yf) X* 

where p is an n-vector and X a symmetric n x n matrix. In terms of 
this notation, (5.22) is recast as 

(5.24) ut = F(Du,D2U), 

where D2u is the Hessian matrix ('iixiXj)i<i,j<n- The function F can 
further be written as follows: 

(5.25) ^(p,^) = trace (/-p<g>p)x], P=i^i' 

where I stands for the identity matrix and the tensor product p (8) p 
is the n x n matrix whose zj-th entry is PiPj. By direct computations, 
one can verify that F satisfies the following two properties for p ^ 0: 

(i) F{sp,sX) = sF(p,X) for s > 0. 
(ii) F(p, X + rp (g) p) = F(p, X) for r G R. 

Functions satisfying these conditions are called geometric by Chen, 
Giga, and Goto [72]. 

Moreover, F enjoys the following monotonicity property: 

(5.26) F(p, X) < F(p, X + Y) for Y > 0, 

where Y > 0 means that Y is a symmetric nonnegative matrix. Note 
that the latter property has already appeared in (5.16). 

When F satisfies the monotonicity (5.26), it is called (degen- 
erate) elliptic, and the equation Ut = F is called a (degenerate) 
parabolic equation. For a geometric F, strict monotonicity can never 
be satisfied, since the matrix p 0 p, appearing in (ii) in the definition 
for F to be geometric, is positive definite. On the other hand, for 
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the heat equation ut = Aiz we have F(p,X) = traceX, and hence 
strict monotonicity holds. When F is geometric, it is degenerate in 
the direction of p 0 p, and the diffusion effect is not operative in that 
direction. This is why the geometric F is called degenerate elliptic. 

Remark 5.5. In case F(p,A") does not depend on X (such as 
in the equation of constant speed), Ut = jF is a first order equation, 
which in our definition above is called degenerate parabolic (degen- 
erate in all directions). 

5.2.2. Viscosity Solutions. An example in which solutions de- 
velop singularities in finite time even if the initial condition is smooth 
is the shock formation in solutions of the one-dimensional nonlinear 
hyperbolic equation Ut + {u2/2)x = 0 (which is a special case of the 
first order equation in Remark 5.5). The latter equation is also a 
special case of nonlinear conservation laws. In fact, it is obtained by 
differentiating the Hamilton-Jacobi equation 

(5.27) vt + H(vx) = 0 

with respect to x and setting u = vx (with H(p) = p2/2). When 
H(p) is convex in p, generalized weak solutions for such laws are 
characterized in terms of the Hopf-Lax formula (cf. Chapter 3 of 
[126], for instance). 

The weak solutions discussed above are solutions in the sense 
of distribution. In partial differential equations of divergence form, 
one can successfully obtain a definition of weak solution, by shifting 
spatial derivatives from unknown functions to test functions, thanks 
to integration by parts. However, such a procedure does not fit our 
present situation, because the degenerate parabolic equation obtained 
from the mean curvature flow is not of divergence form. 

The notion of viscosity solution is proposed to rescue the situa- 
tion. As the name indicates, the notion is closely linked to the method 
of vanishing viscosity (see, for instance, [126]), in which a weak so- 
lution is defined as the limit of solutions of regularized equations ob- 
tained by adding a second order viscosity term to the Hamilton-Jacobi 
equation. But it is more than that. 

It was first shown in [72] and [127] that the method of viscos- 
ity solutions is very useful in studying interface equations, including 
the mean curvature flow. In particular, the following results were 
established in [72] for a general geometric nonlinearity F\ however, 
we restrict our presentation to the minimum that will be necessary 
for understanding the subsequent material. For details, consult [83], 
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[18], and references therein. Let us now explain the idea in the fol- 
lowing setting. 

For a given hypersurface Fq C Rn, we find a bounded continuous 
function g whose 0-level set is Fq, namely, Fq = {x\g(x) = 0}. We 
then solve the initial value problem 

Ut = f Sij — r^" j (#»G M x (0, oo), 
(5.28) V l^1 J 

u — g on Rn x {t = 0}, 

by means of viscosity solutions, and define the mean curvature flow 
starting at Fq by 

(5.29) Tt = {x\ u(x,t)=0}. 

In order for {rt}t>o to be a generalized mean curvature flow, it 
is necessary not only that (5.28) have time-global solutions beyond 
singularity formation, but also that the solution be unique and coin- 
cide with the classical one when the latter exists. Viscosity solutions 
are weak solutions that meet these requirements. 

Definition 5.6 (Viscosity Solution). A bounded continuous 
function u is called a viscosity sub-solution (super-solution) of 
(5.28) if u = g on Rn x {t = 0} and satisfies the following requirements: 
For each (j) E C00(Rn x (0, oo)) such that u—cj) attains a local maximum 
(resp. local minimum) at (xo,to) G Rn x (0, oo), then either 

(5.30) cl>t < (>) (6^ - t'i** (if ^(zo, to) + 0) 

or 

(5.31) <j>t < (>) {Sij - ViVjWxiXj (if D<l>(xo,to) = 0) 

for some (tjI < 1, holds at (xq, to). When u is both a viscosity sub- 
and super-solution, it is called a viscosity solution. 

Theorem 5.7 (Existence and Uniqueness of Viscosity Solution). 
Viscosity solutions of (5.28) exist globally in time and are unique. 

Proof. We refer to [72], [127]. □ 

Theorem 5.7 guarantees the unique existence of solutions of 
(5.28). However, there are infinitely many ways of choosing g that 
give rise to the level set Fq. One could choose as the initial function 
another g such Fq = {x\g(x) = 0}. It is therefore not clear that the 
solution u of (5.28) with initial condition g would give the same mean 
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curvature flow as the previous one. The following proposition ensures 
that the choice of initial function does not matter. 

Proposition 5.8. Letu be the unique viscosity solution of (5.28) 
and $ : R —» R a continuous function. Then 

(5.32) u := $(u) 

is the viscosity solution of (5.28) with the initial condition g := $(g). 

As for the compatibility between viscosity and classical solutions, 
the following is known. 

Theorem 5.9. Let To be a smooth hypersurface embedded in Rn. 
The generalized mean curvature flow {rt}t>o starting at To, con- 
structed by means of viscosity solutions, coincides with the mean cur- 
vature flow constructed via classical solutions, as long as the latter 
exist. 

5.2.3. Convergence to Mean Curvature Flow. We exam- 
ined in Chapter 4 the relationship between a reaction-diffusion sys- 
tem and the corresponding velocity-curvature equation, by using the 
method of formal matched asymptotic expansions. If, in that exam- 
ple, the controller variable v is fixed at the value where the double- 
well potential has two wells of equal depth, then the corresponding 
interface dynamics is described by the mean curvature flow. 

It is in general important to clarify the relationship between 
reaction-diffusion systems and the corresponding interface equations. 
The reason is, not only because two objects (reaction-diffusion sys- 
tems and interface equations) are linked to each other, but also be- 
cause it clarifies, for instance, why the phase-field model is effective to 
describe crystal growth processes (cf. §5.3). In this sense, to under- 
stand how these two objects are related is also useful when one tries 
to construct a mathematical model for some natural phenomenon. 

In this subsection, we will rigorously prove the convergence of a 
scalar bistable reaction-diffusion equation (the Allen-Cahn equation) 
to its interface equation. This is the most basic result. The equation 
is 

(5.33) Ut = Att — Wr{u) in IRn x (0, oo), 

where W(u) is a double-well potential. One can show at a formal level 
that, due to the bistability of W^u), a front structure emerges in the 
solution of (5.33) after a long period of time, and that its normal 
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speed V behaves as 

(5.34) V = a + Kt-1+ 0(t-2), t»l. 

The symbol k stands for the mean curvature of the front, and a is a 
constant determined by W(u). The constant a in (5.34) is a driving 
force originating from the potential difference between two local min- 
ima of W, while the second term is the surface tension generated by 
the diffusion term (these terms already appeared in velocity-curvature 
equations treated in Chapter 4). In order to characterize these two 
modes of motion (due to the constant speed a and the curvature ef- 
fect), it is necessary for us to employ different spatio-temporal scales. 
Indeed, to characterize the motion due to the constant speed a in the 
first term of the asymptotic expansion (5.34), a hyperbolic scaling 
(x,t) i—► (e-1#, e-1^) is adequate. When we scale u(x,t) as in 

(5.35) ue(x, t) = ^(e"1^, e"1^), 

the equation for ue becomes 

(5.36) ul = eAue — €~1Wf(ue), 

and we need to consider the singular limit of the latter equation as 
e —> 0. If a = 0 (the potential W assumes the same value at the 
two local minima), then a parabolic scaling (x,t) i—► (e-1#^"2^) is 
suitable to characterize the motion due to the second term in (5.34). 
In this case, the function 

(5.37) u€(x, t) = e~2t) 

satisfies the equation 

(5.38) ue
t = Aue -e-2W'(ue), 

whose singular limit (as e —> 0) has to be considered. 
As a preparation for rigorous treatment, let us review some of the 

properties of the double-well potential W (cf. Proposition 4.31). 
Let us assume that W : R —> R is a double-well potential that has 
local minima at u = ±1 and a unique local maximum at fi G (—1,1) 
(and has no other critical points). There exist a unique c G R and a 
function q : R —» R that satisfy 

{cq + q = W'(q) on R, 

g(±oo) = ±1, =0, q > 0 on R. 
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Moreover, c can be explicitly given by 

(V(i)-m-i))- 

We take the function 

(5.41) ^o(^) = qi^doix)) on R x {t = 0} 

as our initial value, where do is the signed distance function to the 
initial interface Fq. Due to the results in [70], one can substantially 
weaken the condition on the initial function. The following theorems 
hold true. 

Theorem 5.10 (Hyperbolic Scaling). Assume that W satis- 
fies (5.39) and (5.40). Let ue be the solution of (5.36) with the initial 
condition uq in (5.41). We define 

Qo = {x\ uo(x) > 0}, Fq = {x\ uo(x) = 0}, 

and assume that Fq = dflo = d(Rn\Qo)- Let (rt,Q^,f^~) denote the 
evolution of level sets according to the constant normal speed with the 
initial condition (Fq, ^q, Rn\no)- 

Then as e —» 0, ue converges to a step function: 

(5 42) ue —> I * 0n ® = Ut>o(^th x W)» 
1 j l-l on ^ = U>o(^-xW), 
with the convergence being locally uniform. 

Theorem 5.11 (Parabolic Scaling). Assume that W satisfies 
W(—1) = W(l), in addition to the conditions in the previous theorem. 
Let ue be the solution 0/(5.38) with the initial condition Uq in (5.41). 
We define Qq, Fq as above, and assume that Fq = SOq = <9(Rn\Qo)- 

// (Ftjfij",^7) is the mean curvature flow starting from 
Rn\no)? then as e —> 0, u€ converges to a step function: 

(5 43) u€ 1 0n 6 = U>o(nf x 0}). 

with the convergence being locally uniform. 

In the sequel, we will outline the proof for Theorem 5.11. For 
the proof of Theorem 5.10, consult [129] and [21], for example. 

Proof. We consider the modified nonlinearity W^u) — ea, which 
is a small perturbation of W(u), in order to construct super- and 
sub-solutions that control the behavior of ue from above and below, 
respectively. We assume that e and a are sufficiently small so that 
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the equation Wf(u) — ea = 0 has exactly three solutions h< /iq'6 < 
h+€ which converge to —1,0,1, respectively, as e —> 0. By the same 
reasoning as for (5.39) and (5.40), the following problem for one- 
dimensional travelling waves has a unique solution (c(a, e), qa>e): 

( qa>€ + c(a, e)qa'e = W'((f>e) - ea on R, 
(5.44) \ 

{ qa'<(±oo) = h?, qa'<(0) = ha
0'
e, qa'<>0. 

Since W has two wells at u = ±1 with equal depth, the relations 

(5.45) c(a, e) —> 0, e~1c(a, e) —> c(a) (as e 0), 

(5.46) c(a) —* 0 (as a —> 0) 

hold true. These relations mean that when the potential W is per- 
turbed by an amount proportional to e, the corresponding wave speed 
for the perturbed potential also deviates from the original one in the 
same order of magnitude. We now construct a super-solution of (5.38) 
to control the behavior of u€ from above. Let us denote by u5>a the 
solution of the following singular limit equation, corresponding to the 
perturbed potential: 

fin f / DuS'a 0 DuS'a \ O x „ 
u+ = trace (I , x ,0 ) D u ' 1 \ \Du5'a\2 J 

(5'47) I -c(a)\DuS'a\ in En x (0,oo), 

[ u5>a = do + $ on Mn x {0}, 

where S represents an adjustment in the signed distance function at 
the initial moment, and c(a) is defined in (5.45). Note that the sin- 
gular limit does not involve e, simply because the perturbation of the 
potential was ea (first order in e). One can see that level sets of the 
solutions to (5.47) evolve according to 

(5.48) V = mean curvature — c(a). 

Moreover, denoting by ds>a the signed distance function to the set 

{x | us,a(x, t) = 0}, 

one can verify (cf. (5.13)) that 

(5.49) d5
t'
a > Ad5'a - c(a)\Dd5'a\ 

and \Dds'a\ = 1 on {ds'a > 0}. 
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We are going to construct a super-solution for ue by utilizing the 
signed distance function d5'a. For that purpose, it is convenient to 
introduce the following auxiliary function w5>a: 

(5.50) w5'a = r)$(d5>a) on Rn x (0, oo), 

where r}$ : M —> R is a smooth function with the following properties: 

Vs{z) = -6 (z< 5/4), 

rjs = z-5 (z > 5/2), 
(5.51) 

Vs < —S/2 (z < 5/2), 

„ 0 < r]'5 < C, < C6-1 on R, 

in which C is a constant independent of 5. 
By using ws,a, let us define <I>€ by 

(5.52) <£e = qa,€(e~1ws,a) on Mn x (0,oo) 

to obtain 

Proposition 5.12. For each a > 0, there exist some eo(5, a) and 
5o(a) such that for (e, 5) with e < €o(5, a), 5 < 5o(a), the function 
is a super-solution 0/(5.38). 

Proof. Details of the proof can be found in [129] and [21]. In 
the sequel, we only show how the computations go, assuming that 
w6'a is smooth. To be rigorous, we would have to show that these 
computations are also valid in the sense of a viscosity solution. 

Let us now examine the sign of $1 — A$€ +(l/e2)W/(^€). By 
using (5.44) and (5.52), we have 

(5.53) - A$£ + 1 W'{&) = e-y-6 [u;t
5'a - An/'0 + e-1c(a, e)] 

-e-y^lZhz/5'0!2-!] + e-1a, 

where ga,e and qa'e are evaluated at e~lw6,a. We now use the following 
lemma (cf. [129] for its proof) to estimate the right hand side of 
(5.53). 

Lemma 5.13. There exists a constant C, independent of 5, a, such 
that the following properties hold: 

(i) w8
t'
a - Aws'a + c(a)\DwS'a\ > -S^C in Rn x (0,t*); 

(ii) wf'a — Aws,a + c{a)\Dws'a\ > 0 in {d5*0 > (5/2}; 
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(iii) |jDti;*»a| = 1 in {ds>a > 6/2}. 

In (i) above, t* is the extinction time at which the set {x\u5'a(x,t) = 
0} becomes empty. 

We now deal with two cases according to the value of d5>a: 

(I) When d^a > 6/2. 

By applying Lemma 5.13 to (5.53), we obtain, for small e > 0, 

(5.54) > e"V'€ e) - c(a)] + e^a 

>0. 

(II) When d5'a < 5/2. 

According to the definition of 775, we have 

(5.55) ws'a < 

Therefore, on account of the exponentially decaying property of the 
travelling wave solution qa'e at ±00, one can show the existence of a 
constant K > 0 such that 

(5.56) e~lqa'e + e-2|<f'€| < Ke~K5^e. 

On the other hand, one can prove that \Dw5'a\ < C by using the 
boundedness of r)'5 in (5.51) and \Dd6>a\ < 1. Together with (i) of 
Lemma 5.13, we can therefore find a constant C > 0 such that 

(5.57) i W'(*e) 

> Ke-KS/€ - C] + e_1a > 0, 

by choosing e > 0 appropriately small for a given <5. This completes 
the proof of PROPOSITION 5.12. □ 

We are now ready to prove Theorem 5.11. 
By using the initial condition (5.41), Proposition 5.13, and the 

maximum principle, one can show that 

(5.58) u€<$e on Rn x [0,£*), 

by choosing e small. 
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Denoting by u the solution of the mean curvature flow 

ut = trace 
Du 0 Du 

in Rn x (0, oo), 

{ u = do on Rn x {0}, 

let (xo,to) G Rn x [0,£*) be a point such that u(xo,to) = —/3 < 0. 
Thanks to the stability of viscosity solutions, we have that u6'a —» u 
as 5, a —> 0 uniformly in (xo,to)- Therefore by choosing 5, a small, 
we have 

(5.60) u5'a(xo,to) < -- < 0, 

which means d5'a < 0. It therefore follows that 

(5.61) lims\xpu€(xo,to) < limsup$€(:Eo,to) = —1- 
€—►0 e—>0 

Since the initial condition (5.41) and the maximum principle imply 
ue > —1, we finally conclude that 

(5.62) ue —> — 1 in {x \ ii(x, t) < 0}. 
octet* 

By constructing a sub-solution similarly, one can also prove that 

ue —> 1 in [J {x | u(x, t) > 0}. 
octet* 

This completes the proof of Theorem 5.11 on Rn x (0,£*). For the 
extension of the proof to the entire domain Rn x (0, oo), we refer to 
[129] and [21]. □ 

5.3. Distinguished Limits of the Phase Field Model 

By using the phase-field model (which describes solidification- 
melting processes) 

{dtu + Xdtc/) = Ait, 

ae2dt<f> = e2A4> + f{<j>, u; e) 

as an example, we will examine in this section various distinguished 
limits (as e —► 0) and the relationship between them. The meaning 
of the variables in (5.63) will be explained in §5.3.1. In order to 
describe the evolution of an interface, there are two approaches: one 
in which the interface is treated as having thin but finite width, a 
typical example being the equation (5.63); and the other in which 
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the interface is treated as a surface of infinitesimal width where the 
relevant variables exhibit discontinuity and the motion of the surface 
of discontinuity is scrutinized. An example of the latter is the Stefan 
type model from Chapter 3. 

There have been many discussions from physical viewpoints as to 
what kind of model is adequate in order to describe original phenom- 
ena. Prom the standpoint of singular limits, however, the difference 
in various models is nothing but the difference of spatio-temporal 
scales through which the phenomenon is observed, and hence each 
model can be considered as the most adequate one within the scale 
employed. Moreover, these different models are interrelated. In fact, 
one can derive several different interface equations from the phase- 
field model, according to different ways of passing to the singular limit 
(cf. [49], [52]). 

There are at least three problems to be examined: 

(i) To determine singular limit equations associated with various 
scales employed. 

(ii) Well-posedness of the singular limit equations. 
(iii) To investigate various properties of the singular limit equa- 

tions. 

There has been substantial progress in these problems, and re- 
search is ongoing. The research activities on the three problems above 
are considered as an attempt to classify various model equations, with 
the singular limit procedure being a pivot. We will present some of 
the results thus obtained in terms of the phase-field model, centering 
mainly around problem (i). 

5.3.1. Phase-Field Model. The word phase (expressed by the 
symbol 0) in phase field means an order parameter. In case of a 
crystal growth process, it indicates if a system is either in solid phase 
or liquid phase. Therefore, it is different from phase that appears in 
periodic solutions. In the example (5.63), 0 signifies that the system 
is in solid phase when it is near —1 and in liquid phase if it is close 
to 1. To be precise, we impose the following conditions on /: 

' For each fixed u, / is of bistable type satisfying 
0'e) = 0'e)' /(±1'0'e) = 0' (5.64) rh+{u,e) 

/ /(</>, u, e)d(j) 7^ 0 for u ^ 0. 
^ Jh-(u,e) 
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Figure 5.2. Temperature dependence of a double 
well potential in the phase-field model. 

In the above <p = h±(u,€) are two stable equilibria of the ordinary 
differential equation for </> which is obtained by neglecting the diffusion 
term for each fixed u. In the sequel, it will suffice for us to keep in 
mind a typical example, say, = k(<p — 4?) + u. The odd 
symmetry of / in (5.64) is only for the sake of simplicity and is not 
essential. 

The variable u stands for the temperature field. The profile of 
the potential W(</>) = /(</>, u, e)d(j) (cf. Figure 5.2) shows that the 
well corresponding to liquid phase (resp. solid phase) is deeper for 
u > 0 (resp. u < 0). The difference in the potential values gives the 
driving force of phase transition under the variation of temperature. 

The parameter A stands for the latent heat, meaning that heat is 
released at the rate Xfa under the temporal variation of phase. The 
first equation in (5.63) therefore expresses the conservation of heat. 
For more details, consult [48] and [220]. In our treatment here, we 
assume that the latent heat A is constant. It is, however, natural and 
reasonable from the viewpoint of thermodynamics that it is phase- 
dependent: A = \(<p) (cf. [307]). 

As a classical model for crystal growth, the Stefan model treated 
in Chapter 3 is well known and its physical meaning is easily under- 
stood. On the other hand, since the phase-field model was introduced 
in a more phenomenological manner by employing an order parameter 
0, its significance and relevance to actual phenomena were not clear 
at first. As we will clarify in the next subsection, however, it turns 
out that the phase-field model gives rise to various models of Stefan 
type according to different ways of passing to the singular limit. 
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Therefore, these two models, phase-field and Stefan, are not deal- 
ing with different phenomena. In the former one, phase boundaries 
are considered as layers of finite thickness of order 0(6), while in 
the latter they are interpreted as sharp interfaces with infinitesimal 
thickness. Such an observation not only clarifies the mathematical re- 
lationships between the model equations, but also gives an important 
perspective in constructing model equations for new phenomena. 

5.3.2. Distinguished Limits of the Phase-Field Model. 
The phase-field model contains many parameters, such as the latent 
heat parameter A, the parameter e corresponding to the thickness of 
the interface, and the relaxation parameter a which represents the 
difference in time constants of <j) and u. It is not clear in advance 
under what kind of combination of these parameters one should pass 
to the singular limit. In any event, the thickness 0(e) of the interface 
is required to go to zero. It is therefore convenient to first derive 
candidates for singular limits by applying the method of matched as- 
ymptotic expansion (discussed in §4.3.3) to (5.63), and then to start 
discussing the issue backward. 

The interface F is the boundary between the liquid phase X>+ (r > 
0) and the solid phase V_ (r < 0). We use uppercase letters £7, $ to 
represent inner variables and lowercase letters u, (f) for outer variables, 
as in §4.3.3. For simplicity, we consider the case where the space 
dimension is two and / does not depend on e. Symbols, such as the 
stretched variable p = r/e, are the same as before. The location of 
the interface F (r = 0) is defined by the level set $ = 0. The following 
derivation is due to [52]. 

Outer Expansion. We have 

{dtuo + A<9t</>o = A^o (r ^ 0), 

0(1), 
/(0o,^o) = o, 

{dtUi + Xdt^i = Aui, 
0(6). 

f<t>(<l>0, Wo)0l + /u(0O5 ^o)^! = 0, 

We assume that the second equation in (5.65) solves as 0o = ^+(^o) 
near </> = +! and that /<£(</>o,^o) < 0 is satisfied there (these assump- 
tions are satisfied for the cubic / above and are related to solvability 
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conditions at the O(e)-level). Substituting this into the first equation, 
one obtains the following equation that has to be valid in the liquid 
phase (r > 0): 

(5.67) dt (uq + \h+(uo)) = Auq, 

which is a nonlinear heat equation for uq. Similar procedures work 
for the solid phase (r < 0), giving rise to (/>o = h-(uo) and a relevant 
equation for uq. 

One can derive, in the same manner as above, the equations for 
higher order terms Uk in the expansion. In order to determine these 
terms, one needs to impose conditions on the interface (r = 0), in 
addition to initial and boundary conditions. Inner expansions bring 
out these conditions. 

Inner Expansion. By rewriting (5.63) in terms of the coordi- 
nate system (p, s, t) near the interface, one obtains the following: 

(5.68) 0 = dppU + e (-rtdpU - \rtdp$ + ArdpU) 

— e'2 (dtU + dsU St + + Xds^st 

-{dssU\Vs\2 + dsUAs)), 

(5.69) 0 = d,a* + /($, U) + e (—artdp$ + dp$Ar) 

+ e2 Vs|2 + ds$As - adt$ - ads$st^. 

Therefore, the equations for 0(1) terms are given by 

(5.70) dppUo = 0, 

(5.71) 0pp*o + /(*o,E>b)=O. 

Since we are looking for bounded solutions, (5.70) implies that Uq is 
a constant. On the other hand, (5.71) demands the existence of a 
nonzero standing wave solution with wave speed zero. Proposition 
4.31 applies to give Uq = 0. By using the matching condition (4.51), 
we have 

(5.72) uoj (=tfb) =0, 

and hence <I>o is given by 

(5.73) $0 = $0(p)=^(p) 
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thanks to (1.61). Again, applying the matching condition to we 
have 

(5.74) 00 = ±1. 
r± 

Now the 0(6) term in (5.68) is written as 

(5.75) dppUi = rotdppUo + \dtrodp$o - Ar0dpiy0 = Xrot^ip), 

in which the second equality follows from (5.72) and (5.73). When 
we integrate once with respect to p, the last equation becomes 

(5.76) dpUi = \rotil>(p) + ci(s,t), 

where ci(s,t) is a constant of integration. The matching condition 
(4.52) applied to (5.76) (as p —> oo) gives rise to 

(5.77) druo = ±Arot + ci(s,t). 
r± 

Denoting by v the normal speed of F (which was denoted by 7 in 
Chapter 4), we see that the lowest order speed vq is given by vq = 
—rot. Therefore we obtain from (5.77) 

where 

<9ruo = -2Auo, 
L J r 

drUQ .— dftiQ dfUQ 
L J r r+ 

The latter equation gives the lowest order Stefan condition exactly 
(the jump in the temperature gradient is proportional to the normal 
speed of the interface). 

Under suitable conditions, the system of equations (5.67), (5.72), 
(5.78) has a unique solution uo(x, £), which in turn determines 0o(^51) 
and ro(x,t) uniquely. The function Ci(s,£) is determined by using 
(5.77). Integrating (5.76) once more, we obtain 

(5.79) C/i(p,s,t) = -Auo^(p) + ci(s,t)p + C2(s,t), 

where $(p) = /0
P ip(z)dz and 02(5, t) is another constant of integra- 

tion. Since /0(p) approaches ±1 exponentially as p —> ±00, (5.79) is 
rewritten as 

(5.80) E/i(p,s,t) 

= Xvq J (sgnz-iptzfjdz-\vo\p\ + ci(s,t)p+C2(s,t). 
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Note that the second and third terms on the right hand side are linear 
in p. Applying the matching condition (4.52) again, we obtain 

(5.81) ul = C2 
r± 

(5, t) + A^o J (sgn z - dz. 

We have thus established that the temperature field U\ behaves as a 
linear function of p for large |p|. However, in order to determine it 
completely, we need to know ui and C2. For the latter, we have to 
examine $1. The equation coming from the 0(e)-term of (5.69) is 
given by 

(5.82) + /,(*o, Co)*! + /u(*o, Uo)^ 

= -avoip'ip) - Koip'(p)' 

Let us define £ = dpp +/</>('0(p),O) and apply the L2(R)-solvability 
condition. In the sequel, computations are all carried out for the 
nonlinearity f = k(<p — (j)3) +u. Recasting (5.82) as 

(5.83) £$1 = -Ui- (at;o + Ko^ip'(p), 

and using the fact that 1S an eigenfunction associated with the 
simple 0-eigenvalue of £, we see that the solvability condition is given 
by 

(5.84) J Uiip'dp + (auo + kq) J(il>')2dp = 0. 

Inserting (5.79) into (5.84), we determine C2(s,£) as follows: 

(5.85) C2 = vo 
/OQ 111 

^(z)2p,(z)dz - -aA - -KoA, 

where A = f^W^dz. Therefore wi|r± is determined from (5.81) 

and (5.85) as 

(5.86) ui ^ = VQ XB — 

in which B = (1 — ^(z^dz. 
We have so far determined the lowest and second lowest order 

terms for the outer expansion u, <f> and the inner expansion U, $, and 
the lowest order term for r (or v). One can continue such expansions 
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to higher order terms. Let us list the equations obtained so far: 

(5.87) (u + \f=Au + 0(e2), x&r(t), 

(5.88) [ur] = -2Xv + 0(e2), x G r(t), 

(5.89) u = ev XB—^aA — ^eA« + 0(e2), x G r(t). 

In (5.87), the outer expansion /i±(ifc) is expressed as /_1(u). 
Equation (5.89) gives a dynamic version of the Gibbs-Thomson 

relation in which the temperature on the interface depends on the 
curvature and speed of the interface. These quantities in general 
contribute to the stability of the interface. 

Up to this point, we have neglected scalings in time t and in the 
unknown u. Let us introduce new scales tf and u for time and the 
unknown via 

(5.90) tf = pt, u = S~1u, 

where p, 6 are both positive parameters satisfying p < 1, S 1 and 
u = 0(1). When the degree of undercooling is small, the temperature 
field is expected to quickly become almost uniform. In such a situ- 
ation, the scaling u = 6u is useful. With these scales, the equations 
(5.87), (5.88), (5.89) are rewritten as 

(5.91) p(u + X6~1f~1(Su)^^ = Au + O > 

(5.92) + 

(5.93) + 

where v = pv is used. When 5 is small, f~1(5u) is approximated as 

(5.94) /~1((5:u) = ±1 + mSu, 

where m = (/'(il))-1. Substituting this into (5.91), we obtain (since 
±1 is eliminated upon differentiation) 

(5.95) p(l + Xm)ut> = Au + O ^ • 



202 5. METHOD OF SINGULAR LIMIT ANALYSIS 

In the sequel, we deal with the outer region in terms of (5.95). We will 
show formally that various free boundary problems arise according to 
relative orders of magnitude among a, A,p, and S. 

(I) Stefan Type 

(i) When the thermal relaxation is slow (p = 1) and the effect of 
latent heat is small (A = eA), and hence the variation of the 
temperature field is of order 0(e) (5 = e), and the time con- 
stant a = 0(1), then one obtains the following limit system: 

ut = Au, 

(5.96) < Hr = —2\v, 

u = — \A(olv + k). 

(We have omitted the reference to whether x is on or off the 
interface T(t).) 

(ii) The conditions are almost the same as (i), except that a —► 0 
as e —> 0. In this case we obtain 

( ut = Au, 

(5.97) < [uJ = -2Xv, 

^ u = 

(iii) In the two cases above, both A/5 and e/S are of order 0(1), 
and hence the effects of latent heat 2Xv and surface tension 

both appeared in the limit. We now assume A = 0(5) 
and 0 < e 5 1. Since e/S —> 0 in this case, setting A = 5A, 
we obtain the following limit system: 

{ut = Au, 

[ur] = -2Xv, 

u = 0, 

when the thermal relaxation is slow (p = l,a —> 0). This is 
the classical Stefan problem in which the curvature effect is 
missing. 

We now deal with cases in which the thermal relaxation is fast: 

p —> 0, e —► 0. 
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(II) Mullins-Sekerka Type 

(i) When the thermal relaxation is fast (p —> 0), we can in particu- 
lar set p = e/A —> 0 with 5 = e, and assume that a <C A/e (and 
hence ap —> 0). We then obtain the following limit system: 

Au = 0, 

(5.99) < Ur = —2v, 

u = —\Ak. 

(ii) When p, 5, and e/A satisfy the same conditions as in (i), as- 
suming a = 0(A/e) with a = (A/e)a, we obtain another limit 
system: 

Au = 0, 

(5.100) < ["r] = -2u, 

u = —\A[av + 

It may not be clear why the particular scales above are so chosen. 
Let us try to clarify the reason for this, taking case (ii) of Mullins- 
Sekerka type as an example. In this case, since the thermal relaxation 
is fast, it is natural to expect that (5.91) will reduce to the Laplace 
equation in the limit. Therefore both p and p\ are expected to go 
to zero. In order to retain the effect of surface tension k in (5.93), 
we need to take 5 = e. Then the coefficient of v in (5.93) becomes 
— ^paA, and hence the behavior of pa determines whether or not v 
survives in the limit. Since we already assumed that pX —> 0, if it 
is given as pX = e, then ap = a(e/A) follows and the latter survives 
in the case of (ii), giving rise to (5.100). To summarize, we first 
determine what kind of physical effects we want to include in the 
final interface equation to be derived from (5.91), (5.92), (5.93); then 
we choose appropriate scales of parameters and unknowns so that 
the desired effect remains in the limit. We have thus found that the 
phase-field model encompasses interface equations of various types as 
its distinguished limits. 

Active mathematical research is ongoing to rigorously justify var- 
ious aspects of the problems in the list above. We briefly report on 
part of the progress. Let us classify the results into three groups; 

(1) To show the convergence in specific classes of solutions of 
(5.63), such as equilibrium, travelling wave and radially sym- 
metric solutions, to those of the limit interface equations. 
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(2) To show the existence of classical or weak solutions of the limit 
interface equations in general situations. 

(3) To show the convergence of solutions of the phase-field equa- 
tion to those obtained in (2). 

It is in general not easy to find solutions (be they classical or 
weak) of the interface equations above, and it is only recently that 
some satisfactory results have been obtained. One reason for the 
difficulty is that the maximum principle is not applicable. 

Case (1) is the situation where classical solutions of the limit 
problem are easily obtained ([48], [53], [50]). As for (2), time-global 
existence of weak solutions has been established for (I) Stefan type 
problems; we refer to [336] for (i) (cf. [68] for local solutions) and to 
[248] for (ii). For (II) Mullins-Sekerka type problems, time-global 
existence is not known for weak solutions that allow singularities. On 
the other hand, on the existence of classical solutions, there has been 
some progress ([67], [120], [121]). As for (3), although [336] proves 
the convergence of the phase-field model to the problem (i) of (I) 
Stefan type, there are many questions open for further investiga- 
tions. 

5.3.3. Singular Limit of the Cahn-Hilliard Equation. As 
a model equation to describe phase separation in isothermal media, 
the following Cahn-Hilliard equation was introduced in Chapter 4: 

(5.101) ut + A jeAu-bv'ttoj =0. 

It turns out that the singular limit of the latter equation as e —> 0 
is the free boundary problem (5.99) in (i) of Mullins-Sekerka type 
described in §5.3.2. According to the volume-preserving property 
of (5.101), the solution Tt of (5.99) evolves in such a way that the 
volume enclosed by it is preserved. This is verified from the following 
computation: 

(5.102) -y-vol(t) = [ vda = — [ Audx = 0. 
dt JTt Jci 

On the other hand, the surface area of Ft (c Mn) is decreasing in t, 
as the next computation shows: 

(5.103) —-^-area(t) — — f rivdcr = [ \Vu\2dx < 0. 
n — 1 dt J-pt A Jq 
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Although the convergence of (5.101) to the limit (5.99) was already 
established formally in [304], we now have available the following 
rigorous result, due to [2]. 

Theorem 5.14. Let Q. be a smooth domain and Too o> smooth hy- 
per surf ace contained in it. Assume that the Mullins-Sekerka problem 
(5.99) has a smooth solution (v, F) (note the symbol is switched from u 
to v) on [0, T] starting with the initial interface Too such that Ft C £1 
{t e [0,T]). 

If there exist functions Uq(x) E C00(Q) and Je E C00(Qt) which 
are uniformly bounded on (x,t) E (^t = x (0,T)) for e E (0,1], 
and ifue(x,t) is a solution of the Cahn-Hilliard equation: 

(5.104) ul + A |eAn€ — -W'^6) j- = 0, (x,t) E fir, 

(5.105) ne(x,0) = Uq(x), x E Q, 

(5.106) ^(eAu€-iW(u£)) = 0, (x,t)ednT, 

(5.107) -^-u€(x, t) = e4Je(x, t), (x,t) € ddr, 
on 

then the following hold true: 

( —i? (^j ^) ^ Qo» 
limn€(x,t) = < 
e~>0 1 1, (x,t)€Q£, 

(5.108) 

lim (eAu^ — -W'(ne)) (x,t) = v(x,t), (x,t) € SIt, 

where Qq and Qq are respectively the interior and exterior of the 
free boundary F determined by the solutions of the Mullins-Sekerka 
problem (5.99). Moreover, ifW'(u) is linear near u = ±1, one can 
choose Je = 0. 

In the last theorem, the existence of classical solutions of the 
Mullins-Sekerka problem is postulated. However, as we noted in the 
previous subsection §5.3.2, this was established in [67] and [120], so 
the assumption can be omitted. 
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The proof of Theorem 5.14 is accomplished by constructing 
approximate solutions, based on information about spectra of the 
linearized operator of the Cahn-Hilliard equation. We do not give 
the details. Instead, in order that we may intuitively understand 
that the Mullins-Sekerka problem is the singular limit, let us set 
u = —eAcj) + (1 /e)W,{(j)) and rewrite (5.101) as 

{& = Au, 

0 = eA0 — \ W,{<I>) + u. 

This system is a special case of the phase-field model (5.63) in the 
sense that a = 0, A = 1 and thermal relaxation is fast (and hence 
the temperature field is of constant value away from the interface). 
The quantity u defined above is called the chemical potential This 
terminology is justified, because the jump in the normal derivative of 
u on the interface is the driving force of motion in the singular limit. 

In the singular limit, (j) develops a discontinuity on the interface 
and otherwise equals either 1 or —1. Therefore, interpreting the first 
equation in (1.109) in the weak sense, one can obtain the first and 
second equations of (5.99). Arguing in the same manner as in the 
phase-field model, the third equation (the Gibbs-Thomson relation) 
of (5.99) can be derived from the second equation of (5.109). 

5.3.4. Dendrites and Anisotropy. We have emphasized in 
Chapter 3 the importance of the surface tension and anisotropy ef- 
fects in order to explain growth patterns of crystals. We have also 
found in §5.3.2 that singular limits of the phase-field model (without 
anisotropy) are capable of accommodating various important phys- 
ical effects, such as surface tension. Then, is the phase-field model 
genuinely realistic? It was shown numerically by Kobayashi ([220], 
[221]) that the phase-field model with anisotropy can reproduce 
quite realistic patterns (cf. Figure 5.3). 

When anisotropy is absent, although growth with tip-splitting is 
realized, as one can see from Figure 5.3 (a), the shape is far from 
that of dendrites. Assuming that the anisotropy coefficient e depends 
on the normal velocity vector v of the interface, it is usually the case 
that anisotropy is introduced as e = e(v). However, in Kobayashi 
[221], giving consideration to computational time, the anisotropy is 
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(c) d = 0.3 (d) S — 0.5 

Figure 5.3. Various types of dendritic crystals ac- 
cording to the strength of anisotropy. 

employed in the temperature-dependent term of the bistable nonlin- 
earity, as in the following model: 

In this model, V(/> is operative only on the interface (and almost 0 
otherwise) and hence can be regarded as v = — V</>. The anisotropy 
term m is given, in case of 4-mode anisotropy, by 

where c, 7, <5 are positive constants, and in particular, 5 controls the 
strength of anisotropy. If we set the value of S appropriately as in 
Figure 5.3 (c), the model can reproduce a pattern in which the tip 
is growing with constant speed and shape, showing very closely the 
same behavior as dendrites in experiments. 

(5.110) 
T(j>t = e2A<p + 0(1 - - i + m{T, -V0)). 

(5.111) 
m{T,v) =—cta,n 1{/ya{v)T), 

a{9) = 1 — |<5(1 — cos 40), 
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There are, however, almost no mathematical investigations of 
this model. As discussed in Chapter 3, even in terms of numer- 
ical simulations, no reasonable account has been given as to why 
side-branching develops from the tip. According to the strength of 
anisotropy, the tip sometimes grows oscillatorily as in Figure 5.3 (b). 
If the effect of anisotropy is too strong as in Figure 5.3 (d), a needle 
crystal is formed. Instability caused by discrete spectra (tip-splitting 
and Hopf bifurcation) and propagation instability (side-branching) 
caused by continuous spectra both appear in dendrite growth, and 
they interact to cause complex types of instability. Here lies the dif- 
ficulty, as well as the excitement, in dealing with the problem of a 
dendritic crystal. 

5.4. Singular Limit Eigenvalue Problem 

We have shown that models described by partial differential equa- 
tions are reduced, by passing to singular limits, to the geometric study 
of interface motion. In other words, information on the dynamics of 
a system is localized in restricted regions called interfaces. For exam- 
ple, in the mean curvature flow, the motion of an interface is solely 
determined by its curvature, a local geometric quantity. 

It is, on the other hand, breathtaking to observe that actual dis- 
sipative systems can produce spectacularly varied patterns and dy- 
namics. One reason why such varieties of patterns and dynamics 
emerge is that the speed of an interface not only depends on local 
geometric quantities such as curvature, but also interacts with the 
spatially non-local field generated by a control variable v. Models 
of Mullins-Sekerka type and those of Stefan type, obtained from the 
phase-field model, are examples of such a situation. 

In this section, we discuss model systems of activator-inhibitor 
type in one-dimensional space, which allows us to understand the in- 
teraction in the simplest context. After describing briefly the singular 
limit system of the model, we discuss the stability and bifurcation of 
transition layer solutions of the original system of reaction-diffusion 
equations. In the study of spectral behaviors of the system in the sin- 
gular limit, the SLEP-method (Singular Limit Eigenvalue Problem) 
is very useful. This section is entirely based on [281], in which more 
detailed accounts can be found. 

5.4.1. One-dimensional Singular Limit of an Activator- 
Inhibitor System. As described in §4.3.2, the condition Du < Dv 
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is necessary for diffusion-driven instability to occur. As an extreme 
case of such situations, we consider the case in which Du = e2 < 1 
and Dv = 0(1). In this case, we obtain a singularly perturbed system 
of an activator-inhibitor model: 

ut = e2uxx + f(u,v), 
(x,t) e I x (0, oo), 

vt = Dvvxx+ g(u,v), 

du ^ dv , . _ / r\ \ 
&=0 = S' (*.<)<= a/x(o,oo), 

on a one-dimensional finite interval, say, I = (0,1). Applying to this 
system the method of matched asymptotic expansion in §4.3.3, we 
obtain its singular limit system, which in the slow scale of time s = et 
is given by 

r g*). = (-i)'-Mn^))), 
(5.113) { 

I Wxx+ <?*„(,)09 = 0, 

where each (pi(s) (0 < (pi(s) < ... < ipn(s) < 1) denotes the po- 
sition of the z-th transition layer at the instant 5, and $n(s) = 
(<£i(s),... , (/pn(5)). The function c(-) is the wave speed function that 
appears in the velocity-curvature relation, and is determined by the 
value of V (cf. Proposition 4.31). The nonlinearity G$n(s)(y) 
assumes either G-(V) or G+(V) alternatively on successive sub- 
intervals (i = 1,... ,n + 1), and for definiteness, we 
agree that it is G_ on the first subinterval (0, (pi(s)). 

We assume that V is G1-matched at each x = ipi(s) and satisfies 
the Neumann condition Vx = 0 on the boundary. Then note that U is 
automatically determined by V as U = h±(V). An intuitive picture 
of the dynamics is displayed in Figure 5.4. For the existence of time 
global solutions to (5.112) or its higher dimensional versions, we refer 
to [178], [153] and [154]. 

Remark 5.15. Note that one cannot take the initial value 4>n(0) 
= (^1(0),... ,<£n(0)) in an arbitrary manner. It has to be chosen 
so that the second equation of (5.113) has a G1-matched solution 
V(-, s = 0) with the Neumann boundary conditions. Only on the set 
of such $n(s) is dynamics of (5.113) well-defined. 

Remark 5.16. It can often happen that two internal layers tpi 
and <Pi+i collide and the phase in between disappears. Even at the 

(5.112) 
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Figure 5.4. Interfaces driven by a non-local field V. 

instant of disappearance, the function V is C1-matched, and hence 
continues to be well-defined. In this sense, the system (5.113) is 
such that the number of unknowns changes (decreases) in time. It is 
conjectured that solutions undergo such a coarsening process and 
eventually converge to equilibria. 

Proposition 5.17. There exists a positive integer Nq such that 
for any integer n> Nq, there is a unique equilibrium solution 4>* of 
(5.113) with n-transition layers. 

Remark 5.18. It is not necessarily true that iVo = 1. Depend- 
ing on the magnitude of G±(^) and the length |ij of the interval, 
there exists no equilibrium solution with small n. If, for example, 
|G±(V)| > S > 0 and |/| is large, then V cannot satisfy the boundary 
conditions because Vxx changes faster than 5/D. On the other hand, 
if both G- and G+ are monotone decreasing and if there exist values 
V and V_ such that G_(V) = 0 = G+(V), then Nq = 1 is realized. 

The stability property of plays an important role in the in- 
vestigation of the asymptotic destiny of orbits (as s —> oo). 

Proposition 5.19 (Local Stability of $*). Each member of 
the family {Q^^Lnq ^ locally asymptotically stable. 

The last proposition says that the ultimate destiny of the system 
depends strongly on the initial conditions, and this in turn means that 
the system is capable of exhibiting many final states. How does the 
basin of attraction of the equilibrium solutions subdivide the space 
of initial values? This is a problem of global nature and should be 
investigated in the future. 
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f,9<0 

Figure 5.5. Shape of the nullcline of the nonlinear 
ity (/,£). 

We will now show that the same result as above holds for the 
original reaction-diffusion system. 

5.4.2. Transition Layers in a Reaction-Diffusion System. 
Let us deal with multiple-transition layer solutions of the activator- 
inhibitor system (5.112) on the finite interval I = (0,1). 

As for the nonlinearity (/, g), the FitzHugh-Nagumo type dis- 
cussed in §4.3.3 is a typical example. In general, it suffices for our 
purpose to impose the following conditions on (/, g). 

(A.l) The nullcline of /, {(u,v)\f(u,v) = 0}, is of S-shape and con- 
sist of three smooth curves u = h-(v), = ho(v), = h+(v) 
defined respectively on Moreover, the inequalities 
h-(v) < ho(v) < hold on /* = (v,i7), where v = inf /_ 
and v = sup/+ (cf. Figure 5.5). 

(A.2) The nullcline of g intersects that of / transversally at either 
one point or three points. If an equilibrium point (the point 
of intersection of / = 0 and g = 0) lies on u = h- (v) (resp. on 
u = h+(v) or u = ho{v)), then it is denoted by 

P= {u-,v-) = (h-(v-),v-) 

(resp. Q = (u+,v+) = (h+(v+),v+) 

or R = (uo,vo) = (ho(vo),vo)). 

(A.3) Let J(v) be defined by J(v) = f{s,v)ds. Then J has 
an isolated zero at v = v* (v<v*< v) such that Jf(v*) < 0. 
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(A.4) Let /H± be defined by 

H- = {(ti,v) | u = h-(v), v- < v < v* }, 

W+ = {(tfc, v) | u = h+(v), v* < v < i;+ }, 

with v- (resp. t;+) being replaced by v (resp. v) if there is no 
equilibrium on H- (resp. W+), of. Figure 5.5. Then 

fu<0 on/H-UH+. 

(A.5) g\n_ < 0 < g\H+. 
(A.6) The Jacobian satisfies 

\d(u,v) J 

(A.7) gv\'H-\jH+ < 0. 

When a spatially homogeneous equilibrium solution U = (%v) 
lies on u = ho(v), even if it is stable with respect to ODE, it can 
be destabilized with respect to PDE through the Turing-instability 
mechanism. Namely, if there is a certain difference between the diffu- 
sion rates of the activator u and the inhibitor v (Du < Dv), a spatially 
inhomogeneous solution U bifurcates and takes over U. This is a good 
example of symmetry-breaking bifurcation. 

Immediately after the bifurcation point, U is very close to U. As 
the bifurcation parameter deviates far from the bifurcation point, U 
changes its shape substantially. If, for example, Du = e2 1, then 
that latter solution becomes a large-amplitude solution with internal 
transition layers appearing in the profile of the activator u. 

The deformation process from the bifurcated solution to the sin- 
gularly perturbed one as the parameter Du varies can be rigorously 
treated in the limit case where Dv —> oo (cf. [280]). The importance 
of internal layer solutions, however, is their existence under general 
conditions, regardless of whether the system is of Turing type or of 
excitable type. In fact, in the conditions on (f,g) above, no reference 
is given as to how {/(u, v) = 0} and {g(u, v) = 0} should intersect. 
The important factors are the bistability contributed by / and the 
existence of a variable v that controls the motion of transition lay- 
ers. The method for showing the existence of single-transition layer 
solutions is a typical example of obtaining solutions by matching two 
solutions of different spatial scales (cf. §1.2). 



5.4. SINGULAR LIMIT EIGENVALUE PROBLEM 213 

Let us now deal with the stationary problem by means of the 
method of matched asymptotic expansion. The problem is given by 

e2uxx + f(u,v) = 0, 
x G /, 

(5.114) < ±vxx + g{u,v) = 0, 

ux = 0 = vx, x € dl, 

where Dv is replaced by Dv = 1/cr for the convenience of subsequent 
discussions. We also denote by Hfj (I) the subspace of H2 (I) consist- 
ing of functions that satisfy the Neumann boundary conditions (which 
is the same as the H2(/)-closure of the family of cosine functions). 

Outer Problem 
Setting formally e = 0 in (5.114), one obtains 

f f(u,v)=0, 
(5.115) I (u,v) e L2(I) x 

1 ^Vxx + 9(u, v) = 0, 

The first equation is not a differential equation. There is freedom as 
to which branch one should choose. Here we use 

(5.116) « = /,W:=| ^ 

in which u = h±(v) are two stable branches to which solutions of the 
ODE u = f(u, v) are attracted for fixed v. The reason why v = v* is 
chosen as the switching point is that it is the only value at which the 
lowest order inner problem (discussed later) will have a travelling wave 
solution with null-speed (note that we are dealing with equilibrium 
solutions). The function u defined by (5.116) exhibits a discontinuity 
as v passes v*. Inserting (5.116) into the second equation of (5.115), 
one obtains 

(5.117) -vxx + G*(v) = 0, • ve H2
n(I), 

<7 
where G*(v) = g(h*(v),v), which is a piecewise monotone decreasing 
function as depicted in Figure 5.6. 

Remark 5.20. Solutions of (5.117) are matched across v = v* in 
the C1-sense, since C C'1(/). 

Lemma 5.21. There exists crj > 0 such that for 0 < a < 
(5.117) has a unique monotone increasing solution V*^. 
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Figure 5.6. The graph of G*(V). 

Remark 5.22. There also exists a unique monotone decreasing 
solution. This solution, however, is obtained from the monotone in- 
creasing one by reflection. Therefore, we deal only with the monotone 
increasing one. 

By means of (5.116), let us set U*'a(x) = h*(V*,<7(x)) to obtain 
an outer approximation 

(5.118) {U^<T(x),V^a(x)). 

The C1-matching point x\{(t) for V*><J (or the point of discontinuity 
for U*'a) is uniquely determined as a point x* at which V*'a(x*) = v*. 

Inner Problem 
Introducing a stretched variable y = (x — Xi(a))/e at x = xj and 

recasting the stationary problem (5.114) in terms of the stretched 
variable, one obtains in the limit as e —» 0 the following problem: 

(5.119) dF+><*•«•> = 0' 

u(±oo) = ft±(v*), fi(0) = ho(v*). 

We have already encountered this equation many times. Since J(v*) 
= 0, this problem has a unique solution. Moreover, the limits of 
this solution at ±oo agree with the left and right limits of the outer 
approximation at x = xj. Combining these approximate solutions, a 
generalized implicit function theorem (cf. [131]) yields the following 
theorem ([266], [190]). The symbol C?(/) signifies the set of twice 
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continuously differentiable functions equipped with the norm 

Hc.-grngt (eJL) „(*) . 

Theorem 5.23 (Existence of a 1-transition layer solution). For 
each ctq satisfying 0 < ctq < al, (5.114) has an (e, a)-family of solu- 
tions 

-Dl(e>cr) = (u1(x;e,a),v1(x-,e,cr)) € Cf(7) x C2(7) 

defined on Q1 = {(e, cr)|0 < e < €o, 0 < a < ctq}. D1(e, a) is continu- 
ous and uniformly bounded on Q1 with respect to the C^(I) x C2(I)- 
topology. Moreover, the following properties hold true: 

(i) lim€_>o w1(^; e, cr) = U*'a(x) uniformly on I\IK for each k > 0, 
(ii) lini€_o v1{x\ e, cr) = V*,<J(x) uniformly on I, 

(iii) lime_o(ft€'<7(y), u€'a(x)) = (u*(y),v*) uniformly with respect 
to the C(K)-topology for any compact set K C R. 

In the above, IK = (xl(a) — K,xl(cr) + k) and 

U£'<T (y) = u1 (Xi (cr) + ey; e, cr), i)'5''7 (y) = v1 (xj (ct) + ey, e, a). 

D1 (e, cr) is called a normal 1-transition layer solution. Using 
the following reflection principle, one can easily obtain n-transition 
layer solutions from D1(e,a) in case of the Neumann boundary con- 
ditions. 

Proposition 5.24 (Reflection Principle). LetW(x-,d) be a solu- 
tion of (5.114) at d = (e2,^"1). Then, for each positive integer n, 
RTl(W)(x), defined below, is a solution of (5.114) at 4$ = (e2,cr-1): 

- f W(n(x - i even, v /w | W(n(l/n — (x — i)/n);d), i odd, 

(5.120) 

— < x < * (i = 0,1,... ,n — l). 
n n 

Intuitively speaking, starting with a solution, the Neumann 
boundary conditions allow us to successively reflect it across the 
boundary to obtain a solution on a larger interval. In order to squeeze 
back to the original interval I, one simply needs to adjust the diffusion 
rate by multiplying by 1/n2. This is the content of the last proposi- 
tion. Applying the reflection principle to D1(e, a), we obtain the next 
corollary. 
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Figure 5.7. Normal n-layer solution. 

Corollary 5.25 (Existence of normal n-transition layers). The 
function Dn(€Ja) = (un(x;€Ja),vn(x;€1cr)) defined by 

Dn{e,cr) = i?n(P1(e,CT))(x) 

is a solution of (5.114) with n internal transition layers, which exists 
for 

(e, a) = (e/n, n2a) E Qn = {(e, cr) | 0 < e < eo/ra, 0 < a < n2(Jo }. 

Dn(e, a) is called a normal n-transition layer solution (Figure 
5.7). 

Remark 5.26. We denote by (U*,cr(x), V*t<T(x)) the L2-limit of 
Dn(e1 cr) as e —> 0, which is called the reduced solution of the nor- 
mal n-transition layer solution. One can understand from the con- 
struction that Dn(e,<j) consists of 1-transition layer solutions, each 
placed on subintervals Ij (j = 1,... ,n) with width 1/n. 

5.4.3. Singular Eigenvalues and Singular Eigenfunctions. 
The linearized eigenvalue problem around the n-transition layer solu- 
tion Dn(e, cr) is given by 

(w,z) e (#&(/)) , 

where 

(5.122) Le = + 

<5'm> 
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in which the partial derivatives are all evaluated at Dn(e, a), and A 
is the eigenvalue parameter. 

Let us first outline our strategy to solve the eigenvalue prob- 
lem (5.121). A difficulty common to singular eigenvalue problems 
associated with internal transition layers originates from the transla- 
tional freedom of transition layers. The principal part of transition 
layer solutions is described by the front solution of the scalar bistable 
equation 

xx — Wf(u) = 0, x € R, u(±oo) — ±1. 

The linearization of the latter equation around the front solution has 
the 0-eigenvalue, with the associated eigenspace being spanned by its 
spatial derivative ux. Since ux decays exponentially fast at ±00, when 
it is rescaled and placed on a finite interval, it decays exponentially 
to 0 outside the transition layer region, and hence still serves as a 
O-eigenfunction with exponentially small errors being neglected. The 
very slow motion discussed in §1.3 actually originates from such a 
situation. 

When there are several transition layers, since these layers are 
considered as moving independently, it is expected that the number 
of eigenvalues close to 0 is the same as the number of transition lay- 
ers. The eigenspace generated by the eigenfunctions corresponding to 
near-zero eigenvalues will control the motion of the pattern. Let us 
call eigenvalues that approach zero as e —► 0 singular eigenvalues 
(cf. Remark 5.42 for those that cross the imaginary axis). From the 
reasoning above, one can expect that there are n singular eigenvalues 
for Dn(e,<T), which has n transition layers. Transition layer solutions 
for scalar equations are all unstable (Theorem 4.12). This is because 
the potential W is the only driving force of motion of transition lay- 
ers. When a control parameter v is added to our system, the shape 
of the spatial distribution of v controls the motion of transition lay- 
ers and often stabilizes the pattern. Transition layers, appearing in 
the it-component, are moving around on the spatially controlled field 
generated by v, so to speak. Due to the interaction between two quan- 
tities with different scales, the dynamics is tuned in a subtle manner, 
making it difficult, as well as interesting, to deal with two-component 
systems. 

We can divide the spectral analysis via the SLEP-method for 
n-transition layers into two steps: 

(i) Contribution from the potential W. 
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(ii) Interaction with the control field generated by v. 

Step (i) is essentially reduced to the analysis of the Sturm-Liouville 
problem for the equation associated with u. Exactly n small (close to 
zero) eigenvalues are extracted in the analysis. In step (ii), the results 
obtained in (i) are substituted into the equation for v. It is here that 
difficulties due to the difference in spatial scales appear. According 
to the scale for v, the singular eigenfunctions obtained in (i) do not 
fit into the frame of ordinary functions as e —> 0. The essence of the 
SLEP-method lies in characterizing the information possessed 
by singular eigenfunctions as distributions supported on the 
location of transition layers and incorporating them into the 
equation of the control field v. Through such a process, the 
eigenvalue problem is reduced to a problem defined on the location 
of transition layers. In the one-space-dimensional case, the latter is 
an eigenvalue problem for a symmetric matrix. The basic of such an 
idea was first developed in [282] and [281], and was later applied to 
several problems ([283], [284], [341], etc). 

Let us begin with the Sturm-Liouville problem: 

{ L^ = c<i>, xe J, 
(5.124) { 

( <i> e H%(l), \\<p\\L*{I) = i. 

This is a self-adjoint problem, and hence the eigenvalues £ are all 
real. We denote by {Ci>0?}£o a complete orthonormal system of 
eigenpairs. How do the eigenvalues behave as e changes? The follow- 
ing proposition says that we need to pay attention only to the first n 
eigenvalues. 

Proposition 5.27. The first n eigenvalues {Cf litTo1 3° *0 zero 

as e tends to zero. The remaining eigenvalues are all negative and 
bounded uniformly away from zero. 

For the details of the proof, we refer to [281]. Let us consider 
the Dirichlet eigenvalue problem on a subinterval of length 1/n which 
contains only one transition layer. By applying comparison theorems, 
one can show that the largest eigenvalue of the Dirichlet problem 
separates n singular eigenvalues from non-singular ones. The Dirichlet 
eigenfunction associated with the largest eigenvalue can be extended 
as an odd function onto the entire interval I. The extended function 
has n — 1 zeros in I. Therefore, the smallest singular eigenvalue 
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associated with the Neumann boundary conditions must have the 
same number of zeros. 

One can show that on each subinterval of length 1/n the singular 
eigenfunctions are proportional to a scaled version of the 
derivative of the front solution for the scalar bistable equation. To be 
more precise, let us introduce some symbols: 

(5.125) = ft 

\j = 011^; the restriction of the z-th eigenfunction 

to the j-th subinterval Ij, 

ij = 4>ij(y) = + «/); representation of ^ 

in terms of the stretched variable for y £ Ij. 

They satisfy 

[ \<t>t\2dx = jr f |<Aij|
2dx = ^ [ 

Ji 1=1 Jh 1=1 Jij 
Wt&i^dy- 

In accordance with the last line above, we also define by 

&1 = Vt&i (y e /,)• 

Clearly, 

± i, m 
j=l JI3 

We also denote by 4>q and respectively, the L2-normalized and 
L1-normalized versions of the principal eigenfunction of 

^4> + fu(u\v*)4> = C4>, 

namely 

II&IIl'(r) = 1, [ 4>Ldy = l. 
JR 

These functions are related to the spatial derivative -^u* of the front 
solution as follows: 

(5.126) 

where 

7* d * 
 > c* dy 4>l = rTyu*, 

(5.127) 
h+(v*) — h-(v*)' 
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Functions defined on stretched intervals Ij are understood as being 
smoothly extended onto R by setting them equal to zero near ±00. 

Lemma 5.28 (Precompactness of 0^). There is a subsequence 

of fyj, with linim—oo em = 0, such that 

(5.128) lim ft? = kUI in C2(R) m—>• 00 •* J 

uniformly for each pair (i,j) (0 < i < n — 1, 1 < j < n). Moreover, 
the vectors {c^k1}^1, in which kz for each i is defined by 

(5.129) c*k* = K,... ,<), 

constitute a orthonormal basis ofW1. 

With these preparations at our disposal, we can now describe the 
behavior of Q as e —> 0. 

Proposition 5.29 (Behavior of Singular Eigenvalues). Denote 
by the orthonormal eigenpairs of (5.124) under the Neumann 
boundary conditions. The first n eigenvalues Q > ... > Cn-i are 

positive and singular, satisfying the asymptotic relations 

(5.130) C< = Cifo cr)OT + €»(€, a). 

The functions Q and e* (i = 0,... ,n — 1) are positive continuous 
functions defined on Qn (cf. COROLLARY 5.25) and satisfy the fol- 
lowing: 

(5.131) C = lim6(€,<7) 
£—>•0 

1 /V\2 , 2 / 2 
= - l J'{v*) J g(U*'<'/n ,V*>°ln )dx > 0, 

Me,<7)| < Cexp (-^ . 

The remaining eigenvalues Q (i > n) are all negative and bounded 
away from zero uniformly in e > 0. Note also that the limit in 
(5.131) does not depend on i. 

5.4.4. SLEP-Method. The foremost difficulty in solving the 
eigenvalue problem (5.121) for Ce is that two different spatial scales 
coexist in Ce. The coexistence is due to the fact that the normal 
n-transition layer solution has two spatial scales, coming from the 
outer and inner problems. In other words, the difficulty lies in how 
we can obtain the singular limit of C€ without losing two pieces of 
information coming from the two problems. Basically, we need to 
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prove the existence of n singular eigenvalues (in the same manner as 
for L€) and to study their asymptotic (as e —► 0) behavior. 

The rescaled version of the singular eigenfunctions of Le that ap- 
peared in the previous subsection allows us to characterize the infor- 
mation contributed by the inner problem as distributions supported 
on the location of the transition layers. Thanks to such a character- 
ization, one can finally reduce the problem (5.121) to an eigenvalue 
problem for a real n x n symmetric matrix. The solution of the latter 
problem determines the asymptotic behavior of singular eigenvalues 
of Ce. 

Let us start by separating the problem into singular and non- 
singular parts. 

Solving the first equation in (5.121) for w, we have 

(5.132) w = (L€ - A)_1(-/^). 

This equation is meaningless if A coincides with one of the eigenvalues 
of L€. However, since one can prove that eigenvalues of C€ belonging 
to the set Ai = {A|ReA > —/jl} (for some fi > 0) do not coincide with 
those of 1/% (5.132) is meaningful. Applying the eigenfunction expan- 
sion to (5.132) and substituting the result into the second equation 
of (5.121), one obtains 

(5.133) 

+ E + 9€u(L< - A)t(-/^) + g%z = Az, 
i=0 ^ 

where (L€ — A) ^ is a generalized resolvent operator defined by 

(5.134) (tf_A)t(.) = £h^-tf, 
i>n ^ 

(2/ - A)* : L2(I) - L2(I) n {4>l, 

We have thus separated the part of singular eigenfunctions from the 
rest. (5.134) corresponds to the resolvent coming from the outer 
problem, omitting the contribution from the transition layer part. Its 
limit is characterized as follows. 

Proposition 5.30 (Asymptotic Limit of (Le — A)t). The resol- 
vent operator (L€ — A)t is bounded in L2 uniformly in e and converges 
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to a multiplication operator: 

(5.135) 

lim(Le - A)t(Fe/0 = h e L2(/) n L00^), A e A,, 
e"^0 Ju ~ A 

where F(u,v) is a smooth function and 

F* = F(£>"(e,a)), F* = Fill*'" 

The convergence is in the strong L2-sense, and ifhz Hl(I), then the 
convergence is uniform on any bounded subset of H1 (/). 

This proposition says that if the singular part is separated out, 
then the second derivative term e2 ^ in Le is negligible in the limit 
as e —> 0. 

The eigenvalue problem for Ce is also expected to have the same 
number n of singular eigenvalues as the number of transition layers, 
in a way similar to that for Le. Since L€ is self-adjoint, only real 
eigenvalues appear, and the comparison theorem enables us to rigor- 
ously prove the existence of exactly n real singular eigenvalues and 
to explicitly characterize their asymptotic behaviors. Care must be 
exercised to treat £e, since complex eigenvalues may occur for some 
values of the time constant (cf. Remark 5.42). One can show for 
(5.121) that the spectrum is bounded away from the imaginary axis, 
except for singular eigenvalues approaching the origin. 

Lemma 5.31. There exists a constant S > 0 such that eigenvalues 
A 6 C of Ce that satisfy A ^ 3$ (Bs is the closed disk of radius 5 with 
center at the origin in the complex plane) must be such that 

(5.136) Re A < —/x*, 0 < e < eo, 

where p* is independent of 5 and e. 

Thanks to the lemma, we can from now on concentrate only on 
singular eigenvalues A = A(£) € Bs, lime_»oMe) = 0. We can also 
assume that these eigenvalues are real (one can prove this fact). Under 
this situation, the denominators in the second term on the right hand 
side of (5.133) go to zero as e —> 0. The corresponding numerators 
can also be shown to go to zero. Therefore, in order to deal with these 
singular terms, we need to employ appropriate rescaling to obtain an 
asymptotic characterization. The terms in (5.133), other than these 
singular ones, constitute a nicely behaving operator in the following 
sense. 
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Proposition 5.32 (Bounded operator Ke>x). Let B€'x be a bi- 
linear form on H1 (/) defined by 

(5.137) Be>x{z1,z2)='^{zl,%) 

-({<fu{L<-\)\-rv)+gl-\}z\Z
2), 

z1, z2 e HX(I), A e 3$. 

For sufficiently small e > 0 (including e = 0), the equation 

(5.138) Be'x(z,iP) = M) \/<iP e H^I) 

has a unique solution z = z{h) for each h £ B[~l{I) . If we denote the 
inverse operator by K€,x, 

(5.139) K€>xh = z(h) : H-1^) -► H1^), 

then it is continuous in e and analytic in A in the sense of the operator 
norm. 

Remark 5.33. If we define an operator K* by K* = lime_o KeyX, 
it is the inverse operator corresponding to a bilinear form B* defined 
by 

(5.140) B*(z\z2) = ^(z\z2) - , 

where det* = f*g* - ftgl. 

Letting Ke'X operate on both sides of (5.133), one obtains 

(5.141) z = 53 {~f;ZjfK^(g^l), 
i=o ^ 

which shows that z can be expressed as a linear combination of the 
(t = 0,... ,n-l); 

z = 2a^'A(^)I 

2=0 

where A = (ao5-- - j^n-i) is a real n-vector. Since the system 
linearly independent, so is {K€,x (^u^DISTq1- When we 
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substitute the linear combination into (5.141), our problem now re- 
duces to solving the following n-dimensional eigenvalue problem: 

/ ^ - A)ao \ 

(5.142) M€A = : 

\ (C-i - A)an_i 

where Me = {(—fv<Pl, K€'x(g^4>^)) },;j. Note that M€ also depends 
on A through the operator Ke,x. On the right hand side of (5.142), 
entries are multiplied by different coefficients which also go to zero as 
e —> 0. Therefore, (5.142), as it stands, is degenerate and may not be 
solved. This difficulty is resolved by the following characterization of 
rescaled singular eigenfunctions. 

Proposition 5.34 (Asymptotic limit of singular eigenfunction). 
Let be an arbitrary subsequence as in PROPOSITION 5.28. The 
following identities are valid in the H~ 1(/) -sense: 

(5.143) lim -/^ = cl&i =ciy] k)5(x - 2* (a)), m->°° v/ejn 

Jf-m 71 

(5.144) lim -*= = Y /c}5(x - x*{a)), 

where 

C* = -7*J'(V*), C2 = y*(g(h+(v*),v*) - g(h-(v*),v*)y 

and 6(x—Xj(<j)) is the Dirac delta function with support at x = Xj(a). 

Let us apply the latter results to Me. In the sequel, we denote 
the subsequence Cm simply by e. We divide both sides of (5.142) by 
6. On the left hand side, we have 

= {(-/^, ^-i))|^ , 

and hence Propositions 5.29, 5.34, and Remark 5.33 give rise to 
the following limit equation (as e —> 0): 

(5.145) M*A = (aC - T*)A, 

where 

^ V = <*4 {(A'.^)}^0. r- S Ita ^1. 



5.4. SINGULAR LIMIT EIGENVALUE PROBLEM 225 

To obtain the last limit, we used the fact that singular eigenvalues 
are of order O(e), that is to say, the next result holds true. 

Lemma 5.35 (Order of singular eigenvalues). The singular eigen- 
values are expressed in the form 

(5.146) A = eT(e,cr), 

where r is a bounded function, continuous up to e = 0. 

Note that although Me for e > 0 is not symmetric, the limit M* 
is a symmetric matrix. 

We have thus reduced our problem to the n-dimensional eigen- 
value problem (5.145), called the SLEP-system. The matrix M* de- 
pends on Aj, and in turn A*, as it stands, may depend on the choice 
of the subsequence em, causing a difficulty. 

We can resolve the difficulty by the following arguments, in which 
the matrix is deformed by coordinate change into a universal form 
independent of the choice of the subsequences. For this purpose, let 
us introduce the Green's function Gn associated with K*, described 
in Remark 5.33, by 

(5.147) K*4>(x) = (Gn(x, •), </,) V<A € H-Hl). 

The subscript N signifies the Neumann boundary conditions. Let us 
then define a symmetric matrix Gjv by 

(5.148) Gn = {Gw(x*(a),x*(a))}^=1. 

In terms of this matrix, we have 

(Ai,K*Aj)=
tkiGNW, 

and hence M* can be written as in the next lemma. 

Lemma 5.36 (Standard SLEP-Matrix). Via an orthogonal trans- 
formation, the matrix M* is similar to the symmetric matrix Gn 
determined by the Green's function of K* : 

M* =tPGNP, 

where P = c*(k0,k1,... ,kn~1) (cf Lemma 5.28) and Gjv is given 
by 

(5.149) Gjv ^ 

The coefficients that appear above are defined in (5.127), (5.143) and 
(5.144). 



226 5. METHOD OF SINGULAR LIMIT ANALYSIS 

Remark 5.37. The information contributed by the transition 
layers is concentrated on their position {x*(a)}f=1 and on the co- 
efficients c*, cl and c 

Thus our problem has been reduced to 

(5.150) GjsfA = (<tC* — t*)A (standard SLEP-system). 

A key to solving the standard SLEP-system is to investigate not 
itself but its inverse G^1. We have the next result. 

Lemma 5.38 (Tri-diagonally of G^1). The matrix G]^1 is real, 
symmetric, and tri-diagonal. It has n distinct positive eigenvalues: 

(5.151) 0<7o~1<7r1<---<7n-i- 

Since we are interested in the values of r, the latter lemma trans- 
lates into the existence of n distinct eigenvalues 

r* = aC,* - 7i (T0* < < < r*^). 

However, we still do not know the sign of r*. In determining the sign, 
a key role is played by comparing our problem with an eigenvalue 
problem under the Dirichlet boundary conditions. 

In fact, considering £€ under the Dirichlet boundary conditions, 
one can easily verify that the spatial derivative of the normal n- 
transition layer solution is an eigenfunction associated with the 0- 
eigenvalue. This is reflected in the singular limit as the existence of a 
solution r* = 0 in the problem G^B = (cr^* — t*)B. Comparing the 
eigenvalues of G^v and those of G#, one can conclude that r*^ < 0. 

Theorem 5.39 (Eigenvalue of the standard SLEP-system). The 
standard SLEP-system (5.150) has n real distinct solutions r* (i = 
0,... ,n- 1): 

(5.152) To* < Tf < ... < < 0. 

Thanks to the implicit function theorem, we are now ready to 
state the following conclusion on the singular eigenvalues of £€. 

Theorem 5.40. There exists e > 0 such that for 0 < e < e the 
operator C€ has n distinct real eigenvalues A^e) (k = 0,... ,n — 
1). These eigenvalues are simple and continuous in e and behave 
asymptotically (as e —> 0) as 

(5.153) 
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Reaction-Diffusion System 

Singular 
Limit 

Interface Equation 

Linearization 

Linearized Eigenvalue Problem SLEP-System 

Figure 5.8. Relationship between the reaction- 
diffusion system and the SLEP-system. 

The corresponding singular eigenfunctions $k(e) = t(wk(e), zk(e)) are 
asymptotically characterized as follows: 

(5.154) 

,,, 
(< \ j=i Tu j=i 

lim $fc(e) = $£ = 
€—0 V ' 

where = (gf,... ,qk) with ||qfc|| = 1 is an eigenvector of Gm 
associated with 7^, and 5Xj is the Dirac delta function supported at 
x = Xj (cr).. 

Combining the theorems above with the consideration on the sin- 
gular limit system given in §5.4.1, we obtain a commutative diagram 
(Figure 5.8). 

Remark 5.41. From Proposition 5.31 and the estimate r*^ < 
0, it follows that the normal n-transition layer solution is (locally) 
asymptotically stable. 

Remark 5.42. In the reaction-diffusion system (5.112), if, in ad- 
dition to the difference in diffusion rates, there is a substantial differ- 
ence in the time constants of reaction, then the normal n-transition 
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>■ x >■ x 

Figure 5.9. Breathing Solution: A numerical sim- 
ulation on (5.155) with the nonlinear terms given by 
/(it, v) = u{l — u2) — v, g{u, v) = u + d — &v, &X> the 
parameter values e = 0.05, d = —0.1, Z = 7r/2, a = 
1, r = 0.04. 

layer solution can in general destabilize. In fact, let us consider the 
following system (with er multiplying ut): 

+ f{u,v), 

(5.155) 

erut = e2uxx 

vt = ^vxx + g{u,v), 

ux = vx = 0 on dl. 

For this system, one can rigorously show by means of SLEP analysis 
that Hopf bifurcations occur as the parameter r > 0 gets small (cf. 
[283], [186]). In place of the destabilized equilibrium solution, time- 
periodic breathing patterns emerge after the Hopf bifurcation as in 
Figure 5.9. However, the analysis of Hopf bifurcation for the normal 
n-transition layer solution has not been thoroughly investigated yet. 

Remark 5.43. When the space dimension is equal to one, we can 
apply dynamical system theory to solve the problem of existence and 
stability of fronts and pulses on the infinite line. See, for instance, 
[278] and [322] in this direction. 

5.5. Balanced Scaling in Singular Limit 

As discussed in Chapter 4, the inequality Du < Dv is necessary 
for the Turing instability to occur. A special case of such a situa- 
tion is realized by Du = e2 with e small. As we have seen in the 
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previous section, singular perturbation techniques work very well in 
one-dimensional space in this case, allowing us to show the existence 
of normal n-transition layer solutions and to rigorously discuss their 
stability. 

In high-dimensional spaces, the equilibrium problem is given by 

e2Au + /(u, v) = 0, 
in fi, 

(5.156) < Av + g(u, u) = 0, 

& = & = 0, ondQ, 

where Q is a smooth domain in RN. As opposed to the one-dimen- 
sional case, however, the resolution of (5.156) is not so easy. The first 
difficulty lies in solving a reduced equation for (5.156), a counterpart 
of (5.117). Solutions of the reduced equation give a seed on which 
singular perturbation techniques are based. This difficulty does not 
arise for problems of boundary layer type, in which the interface is 
known a priori. 

The reduced equation is given by a free-boundary problem (5.157) 
below, which is obtained formally from (5.156) by setting e = 0. The 
first equation of (5.156) (with e = 0) can be solved as u = h±(v) 
(x E f^). The boundary between Q~ and Q+ defines the interface 
F. The determination of T is a part of our problem. For simplicity, 
let us assume that f)+ is strictly contained in Q, (or more precisely, 
F = 9Q+), and, denoting G±(v) = g{h±(v),v), the reduced problem 
asks us to find V± and F that simultaneously satisfy 

' AKt + G±(V±) = 0, xeft* 

dV- 
-x- =0, x e dn, 

(5.157) { dn 

V± = v* on T, 

k V_ and V+ are C1-matched on the interface T. 

Unfortunately, for the moment, there is no general result known for 
the solutions of (5.157), except for special cases, such as planar and 
radially symmetric solutions. On the other hand, even if we can find a 
solution T of (5.157), it may not necessarily be meaningful to pursue 
the same line of arguments in higher-dimensional space as in the one- 
dimensional case. 
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The following result is known ([287]). 

Theorem 5.44. Assume that the equilibrium problem (5.156) has 
a family of classical solutions {(^e, ,y€)}o<€<€o wzt/i a family of inter- 
faces Te that is smooth up to e = 0. Then the solution for small e is 
unstable. 

Remark 5.45. When (u€,ve) is a solution of (5.156), its inter- 
face re is defined by 

(5.158) r€ = {x|u€(x) = a*}, 

where u = a* is an appropriate value between the two values u = 
h±(v*) on stable branches, and ue takes this value within the transi- 
tion layer. 

Remark 5.46. To be precise, in the conditions for Theorem 
5.44, it is required that (u€,v€) have outer and inner asymptotic 
expansions up to the first order in e. That F6 is smooth up to 
e = 0 means that there exists a smooth, compact, connected (N — 1)- 
dimensional manifold F0 such that F6 converges to F0 as e —> 0 with 
respect to the smooth topology. 

The result in Theorem 5.44 naturally gives rise to the following 
question. How do the stable solutions behave as e —► 0 ? The proof of 
the theorem above is carried out by showing, via a spectral analysis, 
that perturbations with appropriately fine wave lengths, given along 
the smooth interface F6, do not decay but are in fact amplified. 

For what wavelength does the solution destabilize? The analysis, 
described below for planar-wave solutions (cf. [341]), is enlightening. 
The planar-wave solutions here mean the one-dimensional transition 
layer solutions simply extended along the orthogonal directions. 

Theorem 5.47. Let ft be a two-dimensional rectangular domain. 
The planar-wave solution of (5.156) becomes unstable as e —> 0. The 
most unstable wavelength is of order 0(e1/3). 

Remark 5.48. Assuming that the reduced equation (5.157) has a 
solution, the problem of constructing solutions of (5.156) is discussed 
in [321]. However, according to Theorem 5.43, it is more adequate 
to consider the same problem for a rescaled version (5.159) below. 
The techniques in [321] also apply in the latter problem (cf. [340]). 

Theorem 5.47 is expected to be true not only for the planar- 
wave solution but also for the general internal layer solution (u€,u€) 
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of Theorem 5.44. This strongly suggests that stable (internal layer) 
solutions of (5.156) possess a spatial scale of order 0(e1/3) for 0 < 
e < 1. 

On the other hand, the most unstable wavelength obtained from 
spectral analysis around constant trivial solutions cannot be used to 
predict the spatial scale of well-developed transition layers, because 
coarsening processes in between, such as coalescence of transition lay- 
ers, cannot be captured by such an analysis. 

If the conjecture above is true, and moreover, if the stable solution 
is spatially periodic, then its domain Q,p of periodic unit will satisfy 
|fip| = 0(€1/3). Introducing a stretched variable by y = rr/e1/3, we 
obtain the following rescaled version of the equilibrium problem: 

{e*AyU + f(u,v) = 0, 

AyV + €g{u, v) = 0, 

where e = €2/3 and Q.p is the stretched domain. We also assume that 
(u, v) satisfies on the boundary dOp appropriate boundary conditions, 
depending on the original periodic pattern. Strictly speaking, the 
shape of the periodic unit Qp needs to be determined. Note that Qp 
has a definite limit as e —> 0. Therefore, solutions of (5.159) determine 
the shape of stable solutions in the unit domain. 

The meaning of e1/3-scaling above becomes a little more trans- 
parent if it is interpreted in terms of the associated interface equation. 
Let us apply a scaling y = x/e0, where 0 < a < 1 is an unknown 
exponent, to the system of equations 

{Ut = e2Au + f(u,v), 

vt = Av + g(u,v), 

to obtain the following: 

( Ut = €2(1-a)Aj,u + /(u,v), 
(5.161) { 

[ vt = e 2aAyV + g(u,v). 

This can be rewritten as 

( = e1~aAu + f(u, v), 
(5.162) I 

y e2avt = Av + €2ocg(u, v). 
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Introducing a new time scale r = e1 at, the latter system is recast as 

!ut = e1~aAu + f(u, v), 

€1+avr = Av + e2ag(u, v). 

Recalling (4.77) in Chapter 4, the interface equation for (5.163) as 
6 —> 0 is given by 

f 70") = c(u|r) - e1_0!«, 
(5.164) < 

{ e1+Qvf = AyV± + €2aG±(v±), 

in which 7(7-) stands for the normal speed of the interface and 
are defined in a manner similar to V± in (5.157). The third term in 
(4.77), which comes from the ^-dependence of /, can be neglected. 
Since we are looking for patterns of order O(l) even after l/e^-scaling, 
the contribution of the curvature term en with respect to the original 
scale is of order 0(e1~a), instead of 0(e). Therefore, the third term 
in (4.77) is of higher order than the second one. Since 1 + a > 2a, 
the second equation of (5.164) implies 

(5.165) v± = Vo(y) + e2avf{y) + o{e2a). 

For equilibrium solutions, we have (y) = v*, where v* is such that 
c(v*) = 0. 

By means of the method of matched asymptotic expansion, one 
can show that takes a common value on the interface F. Therefore, 
substituting (5.165) into (5.164), we obtain 

f 7(T) = ^2acv(v*)vi\r -e^K, 
(5.166) \ 

\ 0 = Ayvf + G±{v*). 

From the right hand side of (5.166), one can easily see that the first 
term, coming from translational wave speed, and the second term, 
representing curvature effects, balance only when a = 1/3. In other 
words, the spatial e1/3-scaling is the only one in which con- 
tributions from the translational wave speed and curvature 
effect become comparable in the asymptotic expansion. 

This observation gives a very important viewpoint in dealing with 
pattern formation for high dimensional dissipative systems. Namely, 
stable spatio-temporal patterns in the singular limit tend to possess 
a scale in which contributions from possible principal parts in an 
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asymptotic expansion are equally balancing. We call such a scale the 
balanced scaling in the singular limit of the system. 

It is our future task to examine to what extent a reasoning like 
the above is valid. We should be aware that such a balanced scaling 
in the singular limit has appeared already in Chapter 4, where the 
Fife scaling for spiral waves is discussed. Moreover, the interface 
equation for a model of di-block co-polymers (cf. §4.2.3) (which is a 
non-homogeneous version of the Mullins-Sekerka problem) has been 
derived along the same line of arguments as above ([285]). 

5.6. Summary 

5.1 The mean curvature flow is defined, and a partial differential 
equation that the signed distance function to a hypersurface 
satisfies is derived. 

5.2 The level-set method is introduced as a means to describe the 
motion of hypersurfaces even after singularities are formed. 
Basic properties of viscosity solutions are explained. It is 
shown that a scalar bistable reaction-diffusion equation con- 
verges to the mean curvature flow in the singular limit. 

5.3 The phase-field model, which is very important in the discus- 
sion of interface dynamics, such as in crystal growth processes, 
is introduced. Moreover, it is shown that various types of in- 
terface equations are derived from the phase-field model by 
different scalings. Relationships between these interface equa- 
tions are discussed. 

5.4 The spectral behavior of reaction-diffusion systems is analyzed 
in the singular limit. A detailed account is given of the SLEP- 
method, in which singular eigenfunctions are characterized as 
distributions supported on the locations of transition layers. 

5.5 In order to identify relevant scales to obtain meaningful sin- 
gular limits, the idea of balanced scaling in the singular limit 
is described. 





CHAPTER 6 

Transient Dynamics 

So far, we have studied pattern formation problems by means of 
asymptotic methods. These methods enable us to grasp various types 
of dynamic modes that ultimately dominate the system. There are, 
however, many dynamic pattern formation phenomena which escape 
analysis by such asymptotic methods. One cannot deny that the latter 
types of phenomena, being transient, hard to grasp and impermanent, 
have been considered as the remotest objects to which mathematical 
analyses apply. How do we understand such transient phenomena 
from a viewpoint of dynamical system theory? Even though this is 
an important and interesting question, methods to answer it are still 
in their infancy compared with the development of asymptotic ones. 
One reason for this may be that the mathematical framework to de- 
scribe such phenomena is aside the mainstream of research. However, 
it may be more appropriate to say that transient processes themselves 
have rarely been treated as an object of study. 

In recent years, self-replicating patterns and self-similar spatio- 
temporal patterns ([88, 303, 313, 316], [175]) have attracted much 
research interest as typical examples of nonlinear phenomena observed 
in non-equilibrium systems. Figures 6.1 and 6.2 show two examples 
of such a dynamic behavior observed in the Gray-Scott model (6.1) 
below. Although these pictures exhibit a beautiful pattern, looking 
into them does not immediately give us clues to discern the dynamic 
driving mechanism that gives rise to such a pattern. One can observe 
in these pictures violent deformations of the solution, such as splitting 
of one pulse into two or disappearance of two pulses upon collision. 
These processes are intricately intermingled, making it difficult to 
understand the origin of such patterns. Recall, to appreciate the 
difficulty, that a rigorous proof has not yet been given to the pair an- 
nihilation of travelling pulses even in the classical FitzHugh-Nagumo 
equation. 

235 
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Figure 6.1. Self-similar spatio-temporal pattern for 
the Gray-Scott model. The parameters are Du = 
1.15 x lO"5, Dv = 1.0 x 10~5, F = 0.02548, k = 
0.05252, and L = 24. The plot indicates the ^-profile 
in gray-scale. A subtle combination of creation and 
annihilation of pulses forms a Sierpinski gasket-like 
pattern. This type of patterns was first found by Y. 
Hayase and T. Ohta [1T5] for the Bonhoeffer-van der 
Pol type of equations. 

We are here dealing with a situation where seemingly transient 
dynamic behaviors are leading actors, while asymptotically stable 
states have disappeared from the main stage. As a more compli- 
cated dynamical behavior, Figure 6.21, below, will exhibit a spatio- 
temporal chaos observed in the Gray-Scott model. This is not a simple 
chaos that has an erratic spatio-temporal behavior. One can observe 
in it short-lived ordered states popping up in between irregular states. 
What should be the clue for us to start with in understanding such be- 
haviors? We need to alter our way of thinking. Let us think about 
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the geometric structures that guide solution orbits creating 
such a chaotic dynamism, rather than keeping track of the 
deformations of solutions in detail. In other words, we should 
try to characterize geometric structures of the infinite dimensional 
phase space in which behaviors of solution orbits become easily de- 
tectable. In this respect, it turns out that unstable solutions are 
more important than stable ones, and that the overall geometric con- 
figuration of solutions plays a more important role than individual 
solutions. It is here that a global bifurcation analysis in an infinite 
dimensional space becomes indispensable. At the present moment, 
we have to rely on numerical methods, such as AUTO [96], which 
is a software package that allows us to detect bifurcation branches. 
Numerical methods, such as AUTO, are very useful because they give 
a great amount of information on an unstable solution, as well as on 
the behavior of its unstable manifold. This allows us to clarify the 
relationship between the traces of solution orbits and ordered solu- 
tions in infinite dimensional phase spaces. (We note here that AUTO 
was originally developed for ordinary differential equations and that 
it does not work, as it stands, for partial differential equations. Even 
if it works for the latter, the output is a complicated web-like pat- 
tern. In order to collect meaningful information out of it, one needs 
to perform detailed simulations for time evolution and to overcome 
some technical difficulties.) Although the output data of such numer- 
ical simulations are obtained for a particular model equation with a 
restricted range of parameters, the geometric characterization of such 
results is rather universal. In fact, it is possible to extract a mathe- 
matical framework from the data, and based on it, one can develop a 
rigorous theory of a universal nature (cf. [110, 111, 112]). 

In this chapter, we focus our attention on the self-replication and 
spatio-temporal chaotic patterns in the Gray-Scott model to show 
the validity of our viewpoint. Putting it concisely, the keys to un- 
derstanding the dynamics of self-replicating patterns are the saddle- 
node bifurcation structure of the relevant localized solution and 
the critical distance between objects. Morover, the dynamics of a 
spatio-temporal chaos is well-understood in terms of the global struc- 
ture of heteroclinic cycles connecting ordered solutions. 

6.1. Self-Replication Pattern as Transient Dynamics 

Typical self-replication (or self-splitting) patterns in one space di- 
mension are shown in Figure 6.2. The solution is obtained by solving 
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(a) (b) 

Figure 6.2. One-dimensional self-replication pat- 
terns. Two types of self-replication pattern obtained 
by solving the Gray-Scott model. Only the ^-profile 
is exhibited in both pictures, (a) Self-replication pat- 
tern of static type: Du = 2 x 10~5, Dv = 10_5, 
F = 0.04, k = 0.06075, L (length of the interval) 
= 1.6. (b) Self-replication pattern of propagation 
type: Du, Dv are the same as in (a). F = 0.025, k = 
0.0542, L = 4.0. 

the seemingly simple reaction-diffusion system, called the Gray-Scott 
model (cf. [158] and §6.3): 

du 

(6.1) 
dt 

DuAu — uv + F(1 — u), 

du 
— = DvAv + uv2 — (F + k)v. 
dt 

The system models the chemical reaction U + 2V ^ SV, V —> P in a 
gel. The variables u and v stand for the concentration of the chemical 
substances U and V, respectively. Du and Dv are the corresponding 
diffusion rates. The parameter F stands for the inflow of J7, while 
k represents the conversion rate of F —> P. In both (a) and (b) 



6.1. SELF-REPLICATION PATTERN AS TRANSIENT DYNAMICS 239 

t = 400 t = 800 

t= 1200 t = 1600 

Figure 6.3. Two-dimensional self-replication pat- 
terns in the Gray-Scott model. The values of Du, 
Dv are the same as in Figure 6.2, and F = 0.032, 
k = 0.063, L x L = 1.0 x 1.0. 

in Figure 6.2, the one-hump pattern undergoes successive splitting, 
eventually settling down to a spatially periodic structure, although 
the values of F and k are different. There is, however, a difference 
between these two cases in the intermediate stage. In (a), there is a 
period in which the solution stays still, as if it were a stationary solu- 
tion, while in (b), there is a period in which the solution propagates 
as if it were a travelling wave. Case (a) is called a self-replication 
pattern of static type, and case (b) a self-replication pattern 
of propagation type. A splitting phenomenon in two-dimensional 
space is as in Figure 6.3, exhibiting itself as a cell-differentiation pro- 
cess (such a phenomenon was first discovered numerically in [303]). 
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Remark 6.1. Generically, the two types of splitting behavior in 
Figure 6.2 are typically observed. A slightly more complicated split- 
ting manner than Figure 6.2 was found in a transient area of param- 
eter space from static type to traveling type. See Remark 6.3 at the 
end of §6.3. 

What is it that creates such a behavior of the dynamics? As one 
can see in Figure 6.2, the self-replication dynamics in a finite do- 
main is an intermediate process, and one needs to choose an initial 
condition with localized compact support. In other words, the self- 
replication pattern is a typical example of transient dynamics that 
emerges from a special class of initial conditions. The collection of 
such orbits does not appear to give a meaningful set in the phase 
space. This causes a lot of trouble, because it means that one cannot 
understand such dynamics as above by relating it to a certain kind 
of invariant manifold, such as in pulse solutions corresponding to ho- 
moclinic orbits. We are therefore forced to take an approach different 
from the invariant manifold theory which has been a main theme of 
the theory of dynamical systems (however, we will see in §6.4, we can 
still apply a local invariant manifold theory to describe the onset of 
the splitting dynamics). We shall explain below how to grasp such 
impermanent, transient dynamic behaviors. 

6.2. Elementary Transient Dynamics 

6.2.1. Transition via Saddle-to-Saddle Connection. If we 
call a change from a state A to another one B a transition, we have 
already encountered an example of transition. A front solution con- 
necting two equilibrium points is a typical example (cf. Figure 6.4 
(a)), in which the state at fixed position x exhibits a transition from 
A (t = — oo) to B (t = oo). This corresponds to a heteroclinic orbit 
connecting A and B, when observed from the travelling coordinate 
system. Note that if we consider a front solution in the travelling co- 
ordinate as a solution of the corresponding ordinary differential equa- 
tion, then a stable equilibrium becomes an unstable saddle. In the 
example above, the transition occurs only once. If one wants to have 
transitions from one state to another occurring successively, one may 
consider the orbit T, as in Figure 6.4 (b), which stays near several 
connecting orbits between saddle points. (In the figure, we depict a 
two-dimensional situation which is necessarily structurally unstable. 
We therefore ask the reader to imagine a higher dimensional version of 
this situation. It may be more realistic to consider a chain recurrent 
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Figure 6.4. (a) A front solution, (b) Saddle-to- 
saddle connections. 

situation, rather than the saddle connection, but we will not dwell on 
this point any more.) By choosing an appropriate initial condition, 
one can force the orbit T to stay near the states A, B, and C for a long 
period of time and to make a transition from one to another. The 
latter situation may be generalized as follows. If several states (not 
necessarily equilibria) are connected by saddle-to-saddle orbits, there 
exists a nearby orbit that experiences successive transitions from one 
state to another. It is evident that the saddle-to-saddle connections 
in the phase space are a driving factor of the transient dynamics. 

The scalar bistable reaction-diffusion equation (4.5) in Chapter 
4 possesses spatially homogeneous solutions as a stable equilibrium 
under the Neumann boundary conditions (Theorem 4.15). There- 
fore any solution of this equation with a transition layer must be 
unstable. In fact, one can prove in one space dimension, following 
the proof of Theorem 4.11, that the transition layer solution has the 
same number of unstable eigenvalues as the number of transition lay- 
ers for 0 < e <$: 1. The behavior of the solution orbit corresponding 
to T above in this case is such that the number of transition layers 
decreases as it goes through a transition from one equilibrium to an- 
other. The very slow motion discussed in Chapter 1 describes the 
dynamical process of the transition layer solution up to the time of a 



242 6. TRANSIENT DYNAMICS 

Figure 6.5. (a) Supercritical bifurcation, (b) Sub- 
critical bifurcation. 

pair-annihilation of transition layers. Therefore the coarsening pro- 
cess for the equations (4.5) and (4.12) is nothing but a transient dy- 
namics which corresponds to an orbit going through successive tran- 
sition from one unstable layered solution to another. 

6.2.2. Transition via Bifurcation. In pattern formation prob- 
lems, the system usually has a control parameter. It is often the case 
that when the parameter changes new solutions emerge successively, 
and varied patterns are observed. A typical example is a symmetry- 
breaking bifurcation. From the viewpoint of transient dynamics, a 
subcritical bifurcation as in Figure 6.5 (b) is more interesting than a 
supercritical bifurcation as in Figure 6.5 (a) in which a stable solu- 
tion on a trivial branch destabilizes as the control parameter changes, 
continuously giving rise to stable solutions. The reason is that in the 
subcritical case, one can realize the situation where several stable 
solutions coexist and a jumping transition from one stable solution 
to another is likely to occur. To be a little more precise in the de- 
scription, let us denote by Ac the bifurcation point and by Xsn the 
saddle-node bifurcation point. For Xsn < A < Ac, there are three 
stable solutions. Two of the stable solutions disappear for X < Xsn 
through the saddle-node bifurcation, leaving only one stable solution. 
In systems describing real phenomena, subcritical bifurcations ap- 
pear not rarely, but frequently. For example, in the Turing pattern, 
hexagonal and roll patterns appear simultaneously ([33, 192]). If 
we consider a situation where the control parameter A changes slowly 
with time, then the system originally at the state A in Figure 6.5 (b) 
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Figure 6.6. The aftereffect of limiting points, (a) 
Equilibrium solutions, (b) Periodic solutions. Pic- 
tures in the phase portrait exhibit the Poincare map 
at the respective parameter values. 

experiences a transition to the state B, as soon as the parameter A be- 
comes smaller that Xsn- It may look unrealistic to consider situations 
where the parameter depends on time. However, in realistic experi- 
ments we often adjust the in- and out-flow of materials. In describing 
the pigmentation patterns on seashells ([257],[258]), the domain size 
changes slowly with the growth of the animal. In these examples, it is 
rather natural to consider a system with a time-dependent parameter. 
Even if the parameter does not depend on time, if we appropriately fix 
it near (<) Xsn-, a transition phenomenon can occur for an adequate 
initial condition, as we will see in the next subsection. This is one 
reason why bifurcations of subcritical type will play very important 
roles later on. 

6.2.3. Aftereffect of a Limiting Point. As observed in the 
previous subsection, if a bifurcation is of subcritical type, it neces- 
sarily creates a saddle-node bifurcation and naturally gives rise to a 
limiting point. From now on we use the terminology limiting point to 
designate a saddle-node bifurcation point in the parameter-solution 
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Figure 6.7. Intermittency 

space. Let us consider the situation in Figure 6.6 (a), where there 
is a saddle-node bifurcation of equilibria with the limiting point L. 
If an initial condition is taken near the limiting point L immediately 
after two equilibria disappear through the bifurcation, then the so- 
lution stays near the initial point for a long period of time, as if it 
is an equilibrium. This is so, because the vector field depends con- 
tinuously on the parameter, even if the bifurcation itself takes place 
suddenly. When the branches consist of periodic solutions, then the 
solution with an initial condition near L behaves almost like a peri- 
odic solution as in Figure 6.6 (b). Therefore, if an initial condition 
is chosen close to the profile of the limiting point of a saddle-node 
bifurcation, the solution for a certain time behaves in the same man- 
ner as the equilibrium (or periodic) solution which existed before the 
bifurcation. This is called an aftereffect of a limiting point, which 
naturally lasts only on a finite time interval. However, if the pa- 
rameter is chosen sufficiently close to the bifurcation point and the 
initial condition close to the limiting point, the aftereffect survives 
for a very long period of time. In the dynamics of a one-dimensional 
map, such an aftereffect is known as an intermittency (see Figure 
6.7). Let us show an example of aftereffect in a system of partial 
differential equations. It is well-known that travelling pulse solutions 
of the FitzHugh-Nagumo equation cease to exist when the diffusion 
rate D of the inhibitor becomes large. The family of travelling pulse 
solutions has the structure of saddle-node bifurcation as in Figure 
6.8 (a). When D becomes larger than the bifurcation point, pulse 
solutions cease to exist. We emphasize that a branch of the unsta- 
ble manifold of the slower pulse (which is unstable) is connected to 
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the trivial solution (0,0). If we choose D slightly above the value 
of the bifurcation point and choose a step-like function as an initial 
condition, then the solution at first structures itself as the shape of 
a travelling pulse as in Figure 6.8 (b), propagates for a while, and 

fast pulse 

SN ( 

slow pulse^ «•> ^ 

D 

(a) (b) 

Figure 6.8. Aftereffect in the FitzHugh-Nagumo model. 

then decays quickly to the trivial solution. This is a typical example 
in which the information of dynamics at the saddle-node bifurcation 
point reveals itself as an aftereffect. As one can see from this exam- 
ple, the behavior of the orbit after it escapes from the influence of 
the limiting point is determined by the destiny of (aftereffect of) the 
unstable manifold of the unstable solution. 

It is possible to join several units of such behavior as above, cre- 
ating a hierarchical structure as in the next subsection. 

6.2.4. Hierarchical Structure. Let us consider an artificial 
model described by the following ordinary differential equation: 

(6.2) 
du 1 

7 = —(u H- l)(u2 — a)(u2 — 2u + l — a), M < ,• 
dt 4 

There are three branches of equilibrium solutions consisting of two 
parabolic curves and a straight line u = — 1, as depicted in Figure 
6.9, on the (a, u)-plane. Here the branch of stable solutions is shown 
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Figure 6.9. The hierarchical structure for ODE- 
model (6.2). 

by solid lines and that of unstable ones by broken lines. The equilib- 
rium u = — 1 is always stable, regardless of the value a. Figure 6.9 is 
called the bifurcation diagram of the model (6.2) with parameter 
a. A remarkable point in the picture is that two saddle-node bifur- 
cations occur at the same parameter value. Another feature, which 
is a trivial fact in scalar equations, is that the unstable manifolds 
of dotted solutions are connected to the stable solutions located im- 
mediately above and below. If we choose a = —0.001 and the initial 
condition C/q = 0.5, then how does the solution behave? The behavior 
is depicted in Figure 6.10 as the graph of u(t) against t. 

The heights of the horizontal steps in Figure 6.10 are almost 
equal to the values of equilibria corresponding to the limiting point 
of the saddle-node bifurcations. The closer the initial value to the lim- 
iting point, the longer the length of the corresponding horizontal step. 
If we observe such a solution in a short period of time, it looks like 
an equilibrium. If we observe it in a longer period, then it jumps to 
a neighborhood of another limiting point and stays there for a while. 
After these processes, the solution finally settles down to the stable 
equilibrium u = — 1. Note that the solution go through only ordinary 
points before it reaches the equilibrium. Neither heteroclinic nor ho- 
moclinic orbits are involved in between. However, the jump from the 
vicinity of one limiting point to that of another in the orbit reflects 
how the aforementioned unstable manifold connects equilibria. In 
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Figure 6.10. Aftereffect of a limiting point, shown 
in the t-u plane. 

this sense, we could say that the memory of the hierarchical structure 
of limiting points controls the behavior of the orbit. We emphasize 
again that the jump of orbit from one limiting point to another is 
possible only for the parameter values immediately after the equilib- 
rium points disappear through saddle-node bifurcation. We call the 
global bifurcation structure described above the hierarchical struc- 
ture of limiting points. In the following sections, we will examine, 
based upon the results of [288, 289, 344] and [110, 111, 290], how 
our viewpoint is useful in understanding the self-replication processes 
for a concrete example (6.1) of a reaction-diffusion system. We will, 
in particular, show how a theoretical framework is abstracted from 
global bifurcation diagrams obtained by numerical simulations. 

6.3. Self-Replication Dynamics on a Finite Interval 

The self-replication process consists of a splitting of localized 
pulse solutions which decay with exponential rates at infinity. It is 
therefore natural to consider the process on the infinite interval, as 
we will do in §6.4. However, the basic assumptions we will employ 
in §6.4 are actually suggested by global bifurcation diagrams for the 
system on a finite interval. Moreover, the analysis of the system on 
the finite interval is interesting in its own right. For example, one can 
prove, on finite intervals, the existence of the hierarchical structure of 
limiting points. Thererfore we now discuss the self-replication process 
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on finite intervals, and examine essential driving mechanisms of such 
a process. 

6.3.1. Hidden Structure Driving Self-Replication. Let us 
explain the kinetics of the Gray-Scott model. We show that symmetry- 
breaking bifurcations occur at one of the equilibrium points. The ex- 
amination of the global bifurcation structure popping up from such 
points will reveal the hierarchical structure of limiting points. 

Kinetics of Gray-Scott model 

The kinetics of the Gray-Scott model without diffusion is given 
by 

du 9 I-. / - v — = -uv + ^(1 - u), 
at 

(6.3) ^ 

^ = uv2 — (F + k)v. 
^ ctt 

The phase-portrait of (6.3) and its (k, F)-parameter dependence are 
as given in Figure 6.11. The system has a Bogdanov-Takens singu- 
larity (BT-point) and the equilibrium point (1,0), which is asymptot- 
ically stable regardless of the parameter values. Saddle-node bifur- 
cation and Hopf bifurcation curves emanate from the BT-point. In 
one side of the saddle-node curve, two equilibrium points other than 
(1,0) emerge. One of the new equilibria is a spiral point from which 
(spatially homogeneous) periodic solutions bifurcate across the Hopf 
line. If diffusion effects are added, spatially inhomogeneous equilib- 
ria bifurcates from these equilibrium points, thanks to the Turing- 
instability mechanism discussed in Chapter 4. These bifurcated 
solutions are unstable1 immediately after the bifurcation. As the pa- 
rameter k changes, these solutions recover their stability, which will 
be detailed in the subsequent sections. In bifurcation diagrams and 
simulation results for the Gray-Scott model (6.1) exhibited below, we 
fix the value of diffusion rates as Du = 2 x 10"5 and Dv = 10"5, 
unless otherwise stated. 

■"^This is due to the fact that the equilibrium points as a solution of ODE are 
unstable even before the bifurcation. In this sense, it may not be appropriate to 
use the word Turing bifurcation, which means a bifurcation from stable equilibria. 
In this chapter, however, we generalize the notion and call destabilizations due to 
diffusion effects Turing instabilities. 
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Figure 6.11. The unfolding of the BT-point of the 
GS-model with respect to the (k, F)-paranieter and 
representative phase-portraits. The BT-point is a 
singularity of codimension 2, from which emanate 
the saddle-node bifurcation (solid line) and the Hopf 
bifurcation (dotted line) curves, as well as the ho- 
moclinic bifurcation curve (broken line). The homo- 
clinic orbits are the limit of the family of periodic 
orbits created by the Hopf bifurcation as the ampli- 
tude grows. 
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Limiting points of Turing bifurcation 
and basic self-replication structure 

From the preliminary consideration in §6.2, it is suggested that 
the key to understanding a self-replication process is to clarify the bi- 
furcation structures of localized equilibrium solutions. As a first such 
attempt, let us consider the simplest one-step splitting (cf. Figure 
6.12 (a)) observed on finite intervals, in which a one-hump solution 
splits itself into a two-hump one and the process stops there. For a 
parameter value k slightly larger than that for Figure 6.12 (a), a 
one-hump solution with the same initial condition does not split but 
remains as a stable solution (although the simulation is not exhib- 
ited here). The stable one-hump solution originates from an unstable 
equilibrium of (6.3) via Turing bifurcation. We emphasize, however, 
that the stable solution can never be captured by the local analysis 
around the Turing bifurcation point, and that a global bifurcation 
analysis based on numerical tracing of bifurcation branches is indis- 
pensable. We performed the following computations by using AUTO 
(cf. [96]) after we modified it for partial differential equations. We 
label branches of equilibria by the Fourier-mode number of the solu- 
tion at the Turing bifurcation point. We also use the word n-hump 
in the sense that 1-hump = 2-modes is understood. 

For the parameter value F = 0.04 with the system size L = 0.3, 
the global bifurcation diagram for the GS-model is as depicted in 
Figure 6.12. One can recognize Turing branches with 1 to 5 modes. 
The limiting points of 1 and 2 modes are realized at almost the same 
parameter value k = 0.0608. Although there is a larger parameter 
value of k at which several limiting points line up, it has nothing 
to do with replication; in fact the equilibria on the branches nearby 
are unstable and everything goes to the trivial state (1,0) even start- 
ing from an initial data of 1-hump shape (around k = 0.068). This 
suggests that just a line-up of limiting points is not enough to have 
interesting dynamics, and the interrelation through unstable mani- 
folds among different saddle-node branches plays a crucial role, as 
we will see below. Taking the parameter values k slightly below the 
limiting point of the 2-mode Turing branch and choosing an appro- 
priate 2-mode Turing solution as an initial condition, one obtains the 
time evolution of the solution profiles as in Figure 6.12 (a), (b). In 
both of these simulations, the solution behaves as a 2-mode equilib- 
rium solution for a period of time, splits into two parts, and then 
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Figure 6.12. The aftereffect of a limiting point for 
2-mode solutions and the splitting into a 4-mode so- 
lution in the GS-model. The limiting point of a 1- 
mode solution is at A; = 0.06080211, while that of 
a 2-mode one is at /c = 0.06079793. They are very 
close to each other. The vertical axis in the bifur- 
cation diagram stands for the L2-norm of solutions. 
The simulations of time evolution are performed at 
the following parameter values. For (a): A: = 0.06079, 
L = 0.3. For (b): k = 0.06075, L = 0.3. F = 0.04 is 
used for both cases. 
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Figure 6.13. The destiny of the one-dimensional 
unstable manifold of the unstable solution i7s. (a) 
The profile of Us {u: solid line, v: broken line) for 
k = 0.06009. (b) The unstable eigenfunction: The u 
(resp. u)-component has a positive (resp. negative) 
bump in the middle, which indicates the initiation 
of splitting, (c) The distribution of eigenvalues of 
linearization at Us. There exists a unique real unsta- 
ble eigenvalue, (a) and (/?) show the time evolution 
starting from small perturbations of Us, obtained by 
adding to Us small positive (for (a)) and negative 
(for (/?)) multiples of the eigenfunction in (b). 
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settles down to a 4-mode solution. In (a), the aftereffect of the lim- 
iting point lasts for a very long period of time, since the parameter 
k is very close to the critical value kc. In this case, one can clearly 
observe the aftereffect of the limiting point, as discussed in §6.1. For 
parameter values less than the critical one kc at which limiting points 
line up, there are no 1- or 2-mode stable solutions, and only 3- and 
4-mode stable solutions exist (see the magnified diagram in Figure 
6.12). From the two-dimensional diagram in Figure 6.12, it may 
as well happen that the orbit starting near the 2-mode solution con- 
verges to the 3-mode solution. However, this is not the case, the 
reason being that Figure 6.12 is only a projection of the infinite di- 
mensional phase space onto a two-dimensional subspace, and in the 
function space the orbit corresponding 2-to-4 splitting and 3-mode 
solution are far apart. To show that it is not by luck that the 2-mode 
(one-hump) solution self-replicates into a 4-mode (two-hump) one, 
let us examine the behavior of the unstable manifold of the unstable 
solution. Figure 6.13 (a) shows the profile of the 2-mode unstable 
solution Us. Figure 6.13 (c) exhibits the distribution of eigenvalues 
for the linearization around C/s, indicating the existence of a unique 
(real) unstable eigenvalue. The corresponding eigenfunction has the 
shape of profile depicted in Figure 6.13 (b). It has a dent in the 
middle, indicating the onset of splitting. In fact, if we multiply the 
eigenfunction by small positive and negative constants and add them 
to Us as a small perturbation, the solutions starting with these func- 
tions behave as in (a) and (/?) of Figure 6.13. The pictures strongly 
suggest that the destinies of the one-dimensional unstable manifold 
of Us are the 4-mode and 2-mode solutions. Therefore, we are justi- 
fied in saying that the self-replication dynamics in Figure 6.12 is not 
caused by chance but necessarily appears as the reflection of the basic 
self-replication structure consisting of the aftereffect of the limiting 
point for 2-mode solutions and the heteroclinic connection from the 
2-mode unstable solution to a 4-mode stable solution. 

6.3.2. Hierarchical Structure of Equilibrium Solutions. 
The basic structure of a splitting process discussed in the previous 
subsection was a one-step process. When the system size L becomes 
large, successive self-replication processes emerge as in Figure 6.2, 
which deserves to be called a transient dynamics. For L = 0.5, 
k = 0.06075, the solution undergoes two steps of splitting and settles 
down to a 4-hump equilibrium as depicted in Figure 6.14. The corre- 
sponding bifurcation diagram is shown in Figure 6.15. The limiting 
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Figure 6.14. Self-replication patterns in the Gray- 
Scott model with k = 0.06075, L = 0.5. 
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Figure 6.15. The bifurcation diagram of equilib- 
rium solutions for the Gray-Scott model (L = 0.5). 
Bold lines stand for stable branches and gray lines 
represent unstable ones. One can observe a hierar- 
chical structure of limiting points of Turing branches 
near k = 0.0608. 
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points of 1- through 4-mode solution branches arrange themselves al- 
most on the vertical line passing through a point near kc « 0.0608. 
In order to explain the dynamics in Figure 6.14, it is convenient 
to use a caricature, Figure 6.16 (a). As our initial condition we 
employ the 2-mode Turing solution (Figure 6.16) at the parameter 
value k = 0.0609. The solution behaves like the 2-mode equilibrium 
(AE2-part) for a while, splits quickly, behaves like the 4-mode equi- 
librium (AE4-part), splits again, and finally converges to the 8-mode 
(4-hump) Turing solution. In the graph of the L2-norm of the orbit 
(Figure 6.16 (b)), the value is almost equal to 8.8 at AE2 and al- 
most equal to 7.6 at AE4, which are almost identical, respectively, 
to the L2-norms of 2- and 4-mode limiting points, exhibiting the af- 
tereffect of limiting points. One can in fact confirm numerically that 
the aftereffect of the 4-mode equilibrium last longer by choosing the 
parameter k closer to the 4-mode limiting point. In this way, we can 
verify that the hierarchical structure of limiting points described in 
the previous subsection is actually embedded in the infinite dimen- 
sional phase space of the reaction-diffusion system. It is discussed 
in [289] that such structures as above are not rare exceptions but 
emerge naturally in a class of systems (see Remark 6.2). We do not 
pursue the issue any more here. 

The preceding discussions reveal that one can answer the follow- 
ing questions by analyzing the global bifurcation diagram of equilib- 
rium solutions. 

• For what parameter values and for what kind of initial condi- 
tions does a splitting occur? 

• How many times do splittings occur, and to which equilibrium 
does the solution settle down? 

It is important to notice that a saddle-node bifurcation structure 
controls the onset of splitting. It is also worth noticing that as the 
system size becomes large and the number of splittings increases, the 
information obtained from the bifurcation diagram alone is not suf- 
ficient to give a satisfactory description to the transient process. In 
Figure 6.2 (a), for example, after the solution splits into 2-hump or 
4-hump profile, the distance between the humps gradually increases. 
During the latter process, however, the solution profile is not close 
to that of 2-hump or 4-hump equilibrium solutions (where the humps 
are equally distributed on the interval). This suggests that the infor- 
mation obtained from the branches of equilibria is not sufficient, and 
that one needs to know more about the interaction among humps. 
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> JJ2 Turing branch of 2-mode 

Final state 
Turing pattern of 8-modc 

1000 2000 3000 4000 5000 6000 7000 8000 

Figure 6.16. (a) A schematic bifurcation diagram 
with L = 0.5. The 2-mode stable Turing solution at 
k = 0.0609 in the figure is adopted as the initial value 
for Figure 6.13. The shape of unstable solution 172, 
the associated distribution of the spectrum, and the 
behavior of the unstable manifold are the same as in 
Figure 6.13. AE2 and AE4 represent aftereffects of 
limiting points, (b) The L2-norm of the orbit in (a) 
plotted against time. The Z/2-norms of the flat parts 
AE2 and AE4 are almost equal to those in (a). 
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It is numerically observed that splittings appear to begin as soon as 
the distance between two adjacent humps exceed a certain length. 
To understand such a dynamic behavior, it is no doubt necessary to 
consider how pulses (humps) interact with each other. From such a 
consideration, one can in particular define a critical distance, which 
is a minimum distance between pulses for splitting to occur, as we 
will see in the next section. 

Remark 6.2. Hierarchical structures of branches of localized 
equilibrium solutions are not special to the Gray-Scott model. Similar 
structures are found in a large class of model equations. For example, 
the Gierer-Meinhardt model from morphogenesis, 

2 A a2 
CLf — 6 /\CL — CL ~ , 

h 

k e2ht = Ah — /ie2/i + a2, 

also displays splitting, as was shown by Doelman and van der Ploeg 
([104]). Hence it is expected to have a structure similar to the Gray- 
Scott model. In fact it has a hierarchical structure of saddle-node 
bifurcations as in Figure 6.17, which drives self-replication dynamics. 

Remark 6.3. As is shown in Figure 6.2, the Gray Scott model 
has at least two splitting manners, static and propagating types. By 
a careful parameter search, another type of splitting was found as in 
Figure 6.18, called the splitting of travelling breather type, in the 
transition area from static type to propagating type. It turns out 
that this dynamics can be captured by unfolding the codimension 2 
singularity of saddle-node and translational bifurcations ([112]). 

6.4. Pulse Interaction and Self-Replication Dynamics 
on the Infinite Interval 

When one wants to talk about self-replication, it is first of all 
necessary for the pattern in question to have specific shape and size 
differentiable from others, so that it has an entity to be called a self. 
Candidates in the Gray-Scott model are stationary pulses and trav- 
elling pulses. We shall consider below a stationary pulse, namely, 
the homoclinic orbit to the stable equilibrium (1,0) in the station- 
ary problem of (6.1), as a unit of self. The existence and stability 
of such a stationary pulse have been established by Doelman et al. 
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X 

Li 16' ' L 
7i » 54 545 55 40 45 55.5 56 565 57 

Figure 6.17. A self-replicating dynamics in the 
Gierer-Meinhardt model. The top figure shows a self- 
replicating pattern for the Gierer-Meinhardt system 
for e2 =0.05 and /x = 56.5 (see the text for the equa- 
tions). The associated global bifurcation diagram by 
AUTO clearly indicates the existence of the hierar- 
chy structure of saddle-node bifurcations. 



6.4. PULSE INTERACTION AND SELF-REPLICATION DYNAMICS 259 

50000 50000 

Figure 6.18. Self-replication of travelling breather 
type for the Gray-Scott model. Diffusion coefficients 
are the same as in Figure 6.2, and F is fixed to be 
0.0291. The boundary condition is of periodic type. 
At /e=0.05799 (left), the amplitude of oscillation of 
travelling pulse gradually increases, and when it ex- 
ceeds a critical level, the pulse splits into two travel- 
ling ones. On the other hand, if k is increased slightly 
up to k=0.058 (right), then the oscillation decays and 
it settles down to the stable travelling pulse. In fact, 
there exists a branch of travelling breathers bifurcat- 
ing from a travelling pulse via Hopf bifurcation, but 
it is subcritical and hence unstable. See [112] for 
details. 

([100], [99]) in certain scaling limits. For parameter values in a spe- 
cial region, exact solutions are known ([168, 169]). Based upon the 
considerations in previous sections, we will propose a mathematical 
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framework that allows us to sensibly understand self-replication pat- 
terns in the infinite interval. The framework is effective for a wide 
class of systems, including the Gray-Scott model, and gives us a lot 
of information as to when splitting initiates and how it subsequently 
unfolds. 

As for two-dimensional spots, there are very few rigorous exis- 
tence results at present (see [353], for instance). The methodology 
shown below, nevertheless, could be extended to higher dimensional 
spaces, once the existence of spot-solutions is postulated. 

6.4.1. Weak Interaction and the Flow Describing the On- 
set of Splitting. When stable pulses interact, staying far apart 
from each other, the pulse dynamics strongly resembles that of point- 
masses under the influence of a potential field. The driving force 
of such dynamics is caused by weak interactions through the tails of 
pulses, and hence it is possible to derive governing equations of mo- 
tion (for instance, see [109], in which a PDE-approach is employed). 
However, what we would like to consider in this section is not sta- 
ble pulses but dynamic interactions between unstable pulses, such as 
pulses which undergo splitting. In particular, our main interest is to 
clarify how weak repulsive interactions and the instability of splitting 
are related each other. 

Roughly speaking, the dynamics consists of two steps. In the 
first step, a chosen parameter gives rise to a critical distance, and the 
weak repulsive interactions dominate the dynamics before the critical 
distance is reached. In the second step, after the critical distance 
is reached, splitting-dynamics is enacted in a short time scale. The 
discussions below in this section apply not only to the Gray-Scott 
model but also to any system which conforms to the following general 
framework. The results in this section are due to [111] and [110], to 
which we refer for the details of proof. 

Remark 6.4. The reduction method to ODEs presented in the 
sequel has the same spirit as in §1.3 for very slow motion. A key 
feature in both cases is that translation of fronts or pulses forms a 
good approximation of the local invariant manifold. 

Remark 6.5. It is well-known in bifurcation theory ([163], [233]) 
that unfoldings of singularities of codimension k (> 2) lead to a variety 
of exotic dynamics. The stationary pulse with saddle-node singularity 
presented below is the simplest, but a nontrivial application of this 
idea. A natural extension is to investigate how the dynamics of pulses 
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associated with other singularities looks like. In fact, the splitting of 
traveling breather type shown in Figure 6.18 is born near a codi- 
mension 2 singularity of saddle-node and translational bifurcations 
for the Gray-Scott model (see [112]). This approach, i.e., to find a 
kind of organizing center of high codimension singularity and describe 
complex dynamics as its unfolding, seems quite powerful; however, it 
is in general quite difficult to show the existence of such singularities 
rigorously, partly due to the large amplitude of the patterns involved. 

Let us consider an equation of the form 

(6.4) tit = £(u; fc), t > 0, x G R1, 

where u € Rn, £(u;A;) = Duxx + F(u;k) and k is a bifurcation 
parameter such as k in (6.1). All of the assumptions listed below 
can be checked at least numerically for several models. Therefore 
they seem to give a natural and reasonable framework (see [289] and 
[109]). 

Suppose that the bifurcation structure of (6.4) with respect to k 
enjoys the following properties: 

51) 0 = (0, • • • , 0) € Rn is always a stable equilibrium of (6.4). 
That is, £(0; k) = 0 and the eigenvalues of the linearized ma- 
trix F^O; k) are all to the left of the imaginary axis for any k. 
For (6.1), the equilibrium (1,0) should be shifted to (0,0) by 
translation. 

52) There exists k = kc such that a saddle-node bifurcation occurs 
at k = kc, and for k > fcc, there exist two branches of station- 
ary pulse solutions {Ps(x; k)} and {Pu(x; &)} of (6.4) decaying 
exponentially at infinity. These solutions have Z2-symmetry, 
and Ps(x; k) is stable, while Pu(x; k) is unstable (see Figure 
6.19). 

53) Let X = (L^R1)}71 with the norm || • ||. We denote by Ls(k) = 
Cf(Ps(x]k)) and Lu(k) = C'(Pu{x\ k)) the linearized opera- 
tors of (6.4) in X around the stationary solutions Ps{x\ k) and 
Pu(x]k), respectively. For k > kc close to kCi Ls(k) has two 
critical real simple eigenvalues, 0 and \s(k) < 0. The spectra 
of Ls(k) other than these two, say £i(Ls(/c)), have negative 
real parts and stay uniformly away from the imaginary axis: 

T,i(Ls(k)) C {z £ C | Re (z) < -po} for a po > 0. 
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A * 

A f 

AA! 

Figure 6.19. Ps and Pu merge at the saddle-node 
point at k = kc. Splitting occurs for k slightly to the 
left of k = kc, k = kc + e (with small negative e). 

The eigenfunction corresponding to 0 is P£, which comes from 
translation invariance. Let ^s(x; k) be an eigenfunction corre- 
sponding to Xs(k) (see Figure 6.13(b)). 

Similar conditions hold for the operator Lu(k). That is, 
the spectrum of Lu(k) consists of 0, Xu(k) > 0 and £i(Ln(A;)), 
where 

Xi(Lu(k)) C {z G C | Re (z) < -p0}. 

The eigenfunctions corresponding to 0 and Xu(k) are respec- 
tively denoted by P^ and £u(k). 

S4) At k = kc, the two branches of solutions merge and satisfy 

Ps{x,kc) = Pu{x-,kc) =: P{x), 

Xs (kc) = Xu(kc) = 0, 

£s(x; fec) = C(x; kc) -■ t{x). 
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We consider (6.4) in a neighborhood of k = kc. Suppose k = kc+e 
and rewrite (6.4) as 

(6.5) vLt = £(u) + eg(vL), 

wliere 

£(u) = £(u; kc) = Duxx + F(u), 

F(u) = F(u-,kc), 

eg(u) = £(u; kc + e) - £(u). 

For (6.1), u = (u, v) and >C(u) stands for the equation on the right 
hand side of (6.1) with k = kc. g(u) is given by <7(11) = (0, — v). 

Thanks to S4) we have LS(A;C) = Lu(kc), so we denote it simply 
by L. The eigenvalue 0 of L is semisimple, and its kernel is spanned by 
Px and £. Let L* denote the adjoint operator of L. L* has the same 
properties as L. In particular, 0 is also a semisimple eigenvalue of L* 
with the associated eigenfunctions denoted by 0* and £*. Note that 
Px is an odd function, since P is an even function. As for the other 
eigenfunctions, we assume that they fulfil the following properties. 

55) £ and £* are even and 0* is odd, and they are normalized so 
that 

(Px,0*>L» = «,r)L2 = l- 

The relations (Px^*)l2 = (C?</)*)l2 = 0 hold automatically, 
because the integrands are odd. 

56) P(x), 0*(x) and £(#), £*(z) are exponentially monotone de- 
caying. That is, there exist a, a*, b, b* € Mn and a > 0 such 
that 

P(x) -» e-Q|x|a, £(s) -> e-a|x|b, 

4>* (x) -» ±e-Qlx|a*, C (x) -» e-Q|x|b* 

as x —> ±00. 

Remark 6.6. The bifurcation structure SI) ~ S4) and the sym- 
metry of eigenfunctions S5) can be numerically verified (cf. [289]) 
for (6.1). The symmetry properties in S5) are natural consequences 
of the fact that the saddle-node bifurcation is symmetry-preserving, 
i.e., the associated critical eigenfunction has Z2-symmetry. Note that 
the profile of f, shown in Figure 6.13 (b), has a small dent in the 
middle, which triggers the splitting. 
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One can observe, from the numerical simulation (Figure 6.2 (a)) 
performed on a large domain, that weak repulsive forces seem to act 
between localized pulses. Splittings start occurring, which are initi- 
ated as an aftereffect of the saddle-node bifurcation followed by large 
deformation of profile, as the distances between pulses reach a certain 
length. Let us now examine how the splitting and the weak repul- 
sive interactions through the tails influence each other to give rise 
to a whole self-replication dynamics. The weak interaction between 
pulses is described well by approximating the solution profile as a 
superposition of several shifted copies of a single pulse on the infinite 
interval. The collection of such superpositions constitutes an approx- 
imate local invariant manifold in the phase space. The flow on the 
manifold then gives a very good description of the weak interaction. 
The dynamic description we present below, moreover, takes into con- 
sideration the unstable process of pulse splitting. Namely, the neutral 
modes associated with the tangent space of the approximate local 
invariant manifold include not only ones coming from translational 
invariance of pulses but also a critical mode that triggers splitting. 
In this sense, our situation is a typical example of dynamics near a 
multiple singularity caused by the Euclidean invariance and a critical 
mode associated with a certain kind of destabilization. 

Let us consider the interaction of N + 1 pulses near the saddle- 
node point. The location of each pulse is denoted by Xj and the 
depth of dimple at the onset of splitting is expressed by rj£(x — Xj) 
for each j. Then the first approximation by superposition is given by 
the following: 

N N 
P(x;h) = £(x;h,r) = ^rJ-£(x-xJ-), 

.7=0 j=0 
N 

S(x;h,r) = 5Z{P(x - x,) + r^(x - x,)} = -P(x; h) + f(x,h,r), 
j=0 

where Xq = 0 and 

3 
Xj = Xj(h.) = hi (j > 1) for h = (hi, ^2, • • • , hjv) £ 

i=l 
and r = (ro,ri,--- ,rN) G RN+1, 

(see Figure 6.20). 
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Figure 6.20. Weak interaction among pulses 

We define the translation operator H by 

E(Z)u = u(x — I). 

By using the operator, we define a set 

M{h*,r*) = {Z{l)S(-;h,r) \ I 6 R1, mmh>h*, < r*}, 

a quantity 

(5(h) = sup ^(P^jh))!, 
xeR1 

and functions 

Hjih) - (C{P{x + xr,h)),<l>')v, 

Hjih) = (CiPix + xfMU*)^ 

for j = 0,1,... , AT", where minh = min{/ii,... , Hn}- Thanks to S6), 
6{h) = 0(e~aminh). 

Let Ai = Ai(h,r,e) = 5(h) + |r|2 + |e|. Then, we have 

Theorem 6.7. There exist positive constants h*, r*, e*, Co and 
a neighborhood U of M.(h*,r*) such that if the initial data u(0) € U, 
then there exist functions l(t) G R1, h(t) G RN and r(t) G RN+1 such 
that 

(6.6) ||u(t) - S(Z(i))5(h(t),r(i))||00 < CoA^h^.r^.e) 

as long as minh(t) > h*, \rj(t)\ < r* and |e| < e*, where u(t) is a 
solution of (6.5). Moreover, the derivatives of I, h andr are estimated 

(6.7) Z, h, r = 0(Ai). 

We will now give the explicit forms of the equations for h and r. 
For this purpose, let us introduce the following constants: 

Mo = 2a (Da, a*), M0 = -2a(Da,b*), 

M1 = !<F"(P)£-€,Ol», M2 = -{g{P),Ov- 
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We assume that these constants satisfy the following condition. 

ST) The constants Mq, Mq, Mi and M2 are all positive. 

Remark 6.8. The sign of the constant Mq determines whether 
the interaction between pulses is attractive or repulsive. For the Gray- 
Scott model, ST) can be confirmed numerically (see also [109]), which 
implies repulsion. 

The nonlinear ODEs for the distance h among pulses and the 
depth r of dimple are given by the following equations. For a fixed 
/?, |a < (3 < a, let us define 

Sj = Sj (h) = i e~ahi + e-ahi+1 (j = 1,2,... ,N -1), 

60 = e~ahl, 6N = e-ah», 

+
 

-r I II e-f3hj+1 (j = 1,2,... ,N-1), 

So = e-^\ 6N = e-0h», 

A- = Af(^ + kD + ^ + kDAI + Aji^p + ir,!3. 

We are ready to state 

Theorem 6.9. The following equations are valid as long as 
minh(t) > h* and \rj(t)\ < r*: 

(6.8) 1 = —ifo(h) + 0(Ao), 

(6.9) hj = if7_1(h) — ^(h) + 0(Aj-i + Aj), 

(6.10) fj = Myr] - eM2 - ^-(h) + 0(Aj), 

where Hj and Hj are given for j = 1,... , N — 1 by 

Hjih) = M0(e~ahi+1 - e-ah') (l + OCe-7™1111)), 

Hj(h) = Mo(e~ahi+1 + e-ah') (l + 0(e-7minh)), 

and for j = 0, N by 

iZo(h) = M0e-
ahl (1 + 0(e-7niinh)), 

HN(h) = —Moe~ahN (l + 0(e-7minh)), 

Ho(h) = Moe~ahl (1 + 0(e-7minh)), 

^N(h) = Moe-ah» (1 + 0(e~7minh)) , 

with 7 being a suitable positive constant 
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Theorem 6.10. There exist Ci > 0, C2 > 0 such that rj(t) is 
monotone increasing with 

fj > C2(r? + |c| +?J(h)), 

as long as \rj \ > C^J5j + |c|, while it satisfies 

(6.11) rf =(M1 + 0(Al))r] - eM2 - ^(h) 

+ (Gj + |e|)0(e-7minh + + |r|)i 

as long as |rj| < C\ \JSj + |e|. 

Remark 6.11. Interesting results of [97] and [98] show how the 
two pulses behave, even when the two pulses are not well-separated. 
These are an analysis in the mildly-strong regime, in between the 
weak and strong regimes. 

6.4.2. Manner of Splitting: 2n-splitting or Edge-splitting. 
What is the manner of splitting starting from a single pulse? Naively, 
one may think that all of the pulses split almost simultaneously and 
hence the number of pulses increases as 2n after splitting n times. On 
the other hand, Figure 6.2 (a) suggests that only the pulses located 
at edges are able to split, namely, edge-splitting. The goal of this 
section is to answer the question raised above when the system size 
is infinite. 

By constructing an invariant manifold near the saddle-node point, 
the flow on it was given as (6.8)~(6.10), which describes the weak in- 
teraction regime and the initial stage of the strong interaction regime 
(i.e., so long as the depth of the wedge in the middle of the pulse is 
shallow). It turns out that the weak and strong interactions are not 
independent. In fact, the onset of splitting is determined through the 
process of weak interaction. Namely, there exists a distance, called 
the critical distance, such that each pulse does not start splitting 
until the distance to the neighboring pulses exceeds it, driven by the 
weak repulsive interaction. Through the analysis of the principal part 
of (6.8)~(6.10), we shall prove that pulses at the two ends primarily 
reach the critical distance before others do, establishing the edge- 
splitting. Analysis including error estimates (see [110]) is not given 
here, but it gives the same result as what we present below. 
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Asymptotic behavior of pulse distances 

If the pulses are separated far away from each other and free 
from instabilities (i.e., k > kc), they are expected to interact only 
through the tails and move slowly. We discuss this type of weak 
interaction among pulses, and characterize the asymptotic behavior 
of the distances in between as t tends to oo. 

In fact, if the remainder terms are neglected, the system of equa- 
tions for hj(t) of (6.9) decouples from rj(t) as follows: 

(6.12) 

hi = —Mo{e~ah2 — 2e~ahl), 

hj = -Mo(e-ahj-1 - 2e~ahj + e-ah*+1) (j = 2,... , JV - 1), 

hN = -Mo(e-ahN-1 - 2e-ahN), 

where h stands for . Note that (6.12) is exactly the same ODEs 
derived under the assumption that the pulse is stable. For later use, 
it is more convenient to introduce new variables : Gj = Moe~ahj and 
a new time scale t —> at. In terms of Gj, (6.12) becomes 

f Gi = (G2 — 2Gi)Gi, 

(6.13) < Gj = (Gj-i — 2Gj + Gj+i)Gj (j = 2,... , N — 1), 

( Gn = (GN-I — 2GN)GN, 

where we used the same notation t for the new time. By the definition 
of Gj, we only need to consider (6.13) in the non-negative region. 
Since Mq > 0, thanks to S7) and Remark 6.5, the interaction is of 
repulsive type; that is, adjacent pulses repel each other. Intuitively, 
it seems clear that the distance between pulses eventually diverges 
as time goes to 00. Here the main issue is to clarify the order of 
divergence with respect to t and the ordering among the pulses. In 
particular, we shall prove the following. 

Proposition 6.12. Suppose that hj(0) < I (j = 1,..., JV) holds 
for a given I > 0. Then hi and/or h^ first attains I for some finite 
t*, i.e., hj(t*) = I (j = 1 and/or N). 

The proof follows from several lemmas, stated below. 

Lemma 6.13. It follows from (6.12) that if 2
max hj is larger 

than hi and hn, then 2
ma^ 1 hj is a strictly monotone decreasing 

function oft. 
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The proof of this lemma is left to the reader, since it is a direct 
consequence of the form of (6.13). In terms of Gj, Proposition 6.12 
is equivalent to the following: 

For a given constant L > 0, suppose that the conditions 
Gj(0) > L are satisfied for all j. Then Gi and/or Gjy 
first attain(s) L at t = t*. 

In order to prove this, we first show that the lengths of internal in- 
tervals never reach L primarily for finite time. 

Lemma 6.14. If Gj(0) > L for all j, then each Gj for j = 
2,... , N — 1 never attains the value L primarily in finite time. 

PROOF. Whenever the inequalities Gj > L hold, we have 

Gj = (Gj-1-2Gj + Gj+1)Gj 

>{21-201)0, (j = 2,... ,N — 1). 

Hence 

(2L - 2Gi)Gj - 

1 ( Gi , ^ \ 
L {21-201 201) 

d (log Gj log \L — Gj 

Suppose Gj = L holds primarily at t = tc. Then after integrating 
(6.14), we have 

'logGj log |I> — Gjll*" 
.2 2 J0 - 

c- 

This implies that Gj —> L is equivalent to tc —> -boo. □ 

The following comparison lemma is crucial in characterizing the 
asymptotic behavior of (6.13). 

Lemma 6.15. Suppose that Uj and V) (j = 1,..., iV) are bounded 
solutions of (6.13) and satisfies Uj(0) > Vj{0). Then Uj(t) > Vj(t) 
holds for t G [0, -boo). 
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Proof. Let Wj = Uj - Vj] then 

^ = (AU)jUj - (AV^Vj 

= U^AiU - V^) + (Uj - Vj^AV^ 

- Uj (AW) j + (AV)jWj, 

where (MJ)j = Uj-i — 2Uj + Uj+i(j = 1,..., N) and Uq = Un+i = 0. 
Moreover let ijjj = ectWj with c G R; then it satisfies 

dt dt 
(6-15) = cectWj + ect(Uj(AW)j + (AV)jWj) 

= Uj(A^)j + (c + (AV)jWj. 

Here (Ay)j remains bounded; c + (AV)j is negative for sufficiently 
small c for all time. Suppose that ^ (jo G N}) first becomes 
negative at t = to. We have 

(6.16) 

replacing to by a suitable one, if necessary. On the other hand, since 
c + (AV)j0 < 0, the right-hand side of (6.15) with j = ho is positive: 

(6.17) Uj0(Aip)jQ + (c + (AV)j0)ipj0 > 0, 

which is a contradiction. □ 

In order to characterize the asymptotic behavior of Gj(t), we 
introduce new unknowns Kj and a new time T as 

Gj (t) = Kj (log t)/t and T = log t. 

Then Kj(T) satisfies 

' K[ = (K2- 2X1)^1 + *!, 

(6.18) K'j = (tfj-i - 2Kj + Kj+JKj + Kj, 

<K
,
N = (KN-1-2KN)KN + KNl 

where K/ denotes 

Lemma 6.16. There exist two equilibrium points, (0, ...,0) and 
(jK"i, • • • ,Kn), for (6.18) in non-negative space, where 

Kj = l(N-i + l). 
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Kj(T) remains 0(1) {i.e., Gj = 0(l/t)) and Kj (j = 1,... ,N) 
converges to Kj as T tends to oo. 

Proof. The proof for the first half can be checked in a straight- 
forward way; hence we focus on the second part. 

First of all, it is easy to check that 

(Gu ...,Gn) = {Kx/it + tO,.. .,KNl{t + fi)) 

is a solution of (6.13). Take appropriate ti and t2 so that (Gi(0),..., 
Gjv(O)) and {Ki,... ,Kn) satisfy the following inequalities: 

(6.19) ^,...,^) <(G1(0),...IGJv(0))< 

In view of Lemma 6.15, for t e [0, +00) 

(6.20) 

< (Gi(f),... ,Gjv(i)) < , 
Vt + ti t + hj K 1W' ' \t + t2 t + t2j 

which clearly shows that Gj = 0(l/t). Moreover, for each j, we have 

^ . ZJ\n 
<tGo(t) < 

lim < lim tGj(t) < lim 
t—►oo t -(- 12 £—►oo t—>00 t ^2 

We conclude that 

lim Kj(T) = lim tGAt) = Kj. 
T—►00 t—>00 

Now we are ready to prove PROPOSITION 6.12. 

Proof. Lemma 6.14 implies that Gj {j = 2, • • • , N — 1) do not 
attain L in finite time as long as Gi > L and Gjv > L are satisfied, 
where L = e~al. On the other hand, it follows from Lemma 6.16 that 
Gj {j = 1,2, • • • , N) decreases with the order 0(l/t), which leads to 
the conclusion. □ 

Critical distance and edge splitting 

In the previous section we discussed the weak repulsive inter- 
action among pulses, and we showed that edge distances eventually 
primarily reach I for a given I. In this subsection we take into account 
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the deformation of pulses, i.e., rj measuring the depth of dimple for 
each pulse (see (6.10)). The dynamics of rj is completely determined, 
once {hj}f=i are known and the remainder terms in (6.10) are ne- 
glected. In fact, the resulting ODE has a quadratic nonlinearity and 
has two equilibrium points, unless hj and /ij+i exceed the length 
defined by 

-6M2 - Mo(e~ahj+1 + e~ahj) = 0. 

Note that the sign of e corresponds to which side of the saddle-node 
point the parameter k is chosen on (see Figure 6.19). Once the 
left-hand side of the last equation becomes positive (i.e., e < 0), the 
equation (6.10) ceases to have equilibria and its solution rj now can 
cross zero and grow large, i.e., initiation of splitting. The minimum 
of the above length is given by edge pulses, namely, 

-eM2 - Moe-ah* =0 (j = 1 or N). 

For negative €, the critical distance £c is defined by 

(6.24) e~aic = -M2e/Mo. 

When rj = 0 is satisfied for some j, we say that the onset of split- 
ting occurs for the j-th pulse. The goal of this subsection is to show 
that the onset of splitting primarily occurs only at edge pulses under 
natural assumptions for initial conditions. We prove this for the prin- 
cipal part of ODEs (6.8)^(6.10) in the following discussions. Based 
upon such discussions, one can rigorously describe successive edge 
splitting starting from a single pulse. However, we skip this and refer 
for the details to [111] and [110]. 

It is obvious that if all the pulses are separated sufficiently far, 
they immediately start splitting simultaneously. Therefore the inter- 
esting question is what would happen when each distance is initially 
less than the critical one. Let us therefore assume the following for 
the initial data hj(0) and rj(0). 

HI The initial values ^(0), rj(0) belong to the weak-interaction 
regime, i.e., minh(t) > h* and 1^(^)1 < r*, and satisfy the 
following inequalities: 

g—ahi (0) > e—o^c e-ahN(0) > g-o^c 

0—ahj (0) C? = 2... ,iV — 1), 
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where lc is the critical distance defined by (6.24). The initial 
data for rj satisfies 

(6.26) ri(0)<0 0=0... ,iV), 

Moreover, ^(0) is smaller than the unstable equilibrium point. 

Remark 6.17. When we take account of remainder terms, we 
need the following assumption, in addition to the above one, for 7^(0): 

(6.27) MO)! < Civ^W + M, 

where the positive constant Ci appears in Theorem 6.7. 

The principal part for Z, hj, rj is given by 

(6.28) i = -Moe-ah\ 

(6.29) ^ =-M0 (e~ah2 -2e-ahl), 

(6.30) hj = -Mo(e-aht-1 - 2e-ah' + e-0^-"). 

(6.31) hN = —Mo(e~ahN~1 - 2e-ahN), 

(6.32) ro = Mirg - eMa - Moe-ahl, 

(6.33) r-j = M^r? - eM2 - Mo(e"a'lj+1 + e"^'), 

(6.34) rN = Mir2
N - eMs - Moe~ahN. 

Proposition 6.18. Under the assumption HI, for sufficiently 
small \e\, the onset of splitting occurs primarily for hi and/or hjy. 
Namely, edge-distance is the first to attain the critical value, and ro 
(and/or rjv) crosses 0 primarily and becomes strictly positive while rj 
0 = 2,... , N — 1) remain negative. 

Proof. We prove that hi (and/or hjy) is (are) the first to reach 
the critical distance £c. In order for the j-th pulse (j = 2,..., iV—1) to 
split, the inequality e~ahi+1 -\-e~ahj < e-0^c must hold, which implies 
that either e~a^ or e~ah^+1 has to be strictly smaller than e~0iic/2. 
On the other hand, it follows from HI and Proposition 6.12 that 
either e~ahl(t) = e~Q:^c/2 or e~Q:/liV(t) = e_Q^c/2 is attained before 
the internal ones e~och^(t) (j = 2,..., N — 1) become smaller than 
e~aic/2. Namely, edge pulses already start splitting before internal 
ones do. Now we will show that the wedge depth for edge pulses 
ro (and/or rjv) becomes strictly positive, while internal ones remain 
negative. Let us take an appropriate constant c (1 < c < 2) so that 
e-^c/2 < Q-ot^^-ahN < e-atc jc^ xt follows from Lemma 6.16 that 
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it takes at least time 0(1/1el) for e ahl (and/or e ahN) to change 
from e~a^c/c to e~0:^c/2. On the other hand, we have 

(6.35) ro = — eM2 — Mqc-^1 

(6.36) > Mirl — eM2 —    

(6.37) = Mxrg - (l - ^ Mze. 

Let to be the time when e~ahl (and/or e~OLhN) reach(es) If ro 
(and/or r#) is (are) already positive, the proof is done. If not, let ti 
be the time when, say ro = f > 0, and p = (1 — l/c)M2 > 0. Then, 
from (6.37), 

(6.38) ti - to < n, \ arctan ( J'0 ) ~ O ( -^= ) . 

This implies that it takes only 0(l/y/\€\) for ro (and/or ryv) to cross 
0 and become positive. Recall that the differential inequality (6.37) 
holds for the much longer time 0(1/ |e|). Combining the above dis- 
cussions, we conclude that ro (and/or rjv) become(s) positive before 
e-ahN becomes e~a£c/2 for sufficiently small |e|. □ 

Finally we briefly touch on the successive splitting from a single 
symmetric 1-pulse. It is clear from (6.8)^(6.10) that the reflectional 
symmetry at the center of the initial pulse survives for all time. After 
initiation of splitting, the wedge depth becomes deeper, and then two 
new pulses are born, but they are not yet well-separated. Since the de- 
scription of this process is beyond our analysis for the moment, some 
assumptions are necessary to study the successive splitting, namely, 
the existence of an orbit connecting the initial stage of splitting to the 
next stage of the weak-interaction regime. Under those assumptions, 
we can prove the edge-splitting for all time for the principal part of 
ODEs (6.8)^(6.10), see [110, 111]. 

Remark 6.19. The methods described in this section are equally 
effective on sufficiently large intervals. For problems on finite inter- 
vals, such as in the Gray-Scott model in which pulse interaction is 
repulsive and the boundary conditions are of homogeneous Neumann 
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type, the solution profile converges to a stable spatially-periodic equi- 
librium solution after experiencing several splitting stages. The spa- 
tial period of the latter equilibrium is determined by the length of the 
interval and the critical distance. 

6.5. Spatio-Temporal Chaos and Heteroclinic Cycle 

As we have already witnessed, what is vivid and hence of more 
interest to us is the intermediate dynamical process rather than the 
ultimate dynamics. As we will see below, the spatio-temporal chaos 
passing through several ordered states is a typical example of transient 
dynamics in the sense above, as well as a recurrent dynamics. In 
order to understand such transient dynamics, the geometric viewpoint 
based on global bifurcation pictures employed above again plays an 
important role. In the following discussions, we will describe the 
outline of the procedure of dealing with such dynamics, referring to 
[290] for details. 

The pictures in Figure 6.21 are results of a numerical simulation 
performed for the Gray-Scott model. As one can seen in the left side 
picture, the solution stays near one state for a period of time and 
after a while make a transition to another state, and seems to repeat 
this kind of behavior indefinitely. 

The behavior is certainly different from a pure random one, be- 
cause in a short time scale one can observe that the solution stays 
near an ordered state. We claim that this is a special case of spatio- 
temporal chaos. To understand such a behavior, our strategy is not 
to display evidences of chaos by employing various statistical quanti- 
ties, even though such quantities give important pieces of information. 
What we would like to discuss is whether there is a geometric view- 
point that allows us to understand what kind of spatial patterns a 
solution orbit goes through and why it behaves in such a manner. 
Let us deal with the questions along the following steps: 

1. Identify the dynamism of self-reproduction. 
2. Identify the self-destruction mechanism. 
3. Construct a dynamic self-reproduction and self-destruction cy- 

cle by combining the previous two in an appropriate way. 

This is an attempt to construct a heteroclinic cycle in an infinite 
dimensional phase space. A precursor of such an idea has already been 
employed in [256]. Since the first stage of self-reproduction dynam- 
ics has already been described, we now consider the self-destruction 
process in the second step above. 
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Figure 6.21. Spatio-temporal chaotic patterns in 
the Gray-Scott model {Du = 2 x 10~5, Dv = 
lO"5, F = 0.035, k = 0.05632 and L = 0.8). The 
profiles on the right exhibit a cycle of characteristic 
behaviors, starting from a nearly constant state P, 
settling down to (1,0) on several spatial subintervals 
to ignite self-replication waves, pretending to be a 
stationary pattern for a while before breaking down 
through a self-collapsing process, and returning near 
the original state P. 

6.5.1. Self-destruction. In conventional pattern formation 
theory, as its name indicates, the main theme is to describe the spon- 
taneous formation of a spatially non-uniform state from a uniform 
one through fluctuation. The reverse direction, i.e., a destruction 
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process, however, is equally important in transient dynamics. In fact, 
if destruction processes of what has been constructed are missing, 
then systems in general may not be able to change from one state 
to another successively. What, then, do we mean when we say that 
dissipative structures undergo a self-destruction process? One can 
think of two ways in which a pattern collapses. In one, the pattern 
collapses by itself, without interacting with others. The other way 
is that it collapses because of a strong interaction with others (usu- 
ally copies of itself). A well known example of the latter is the pair 
annihilation of travelling pulses in the FitzHugh-Nagumo equation 
(with the diffusion coefficient D of the inhibitor being zero or small), 
upon head-on collision. As was shown in Figure 6.8, however, the 
same pulse undergoes a self-destruction process for specific parameter 
values. 

To our surprise, it turns out that the principle of self-destruction 
is the same as that of self-replication. The only difference is that the 
destiny of the unstable manifold is a stable constant equilibrium in 
the case of self-destruction, and hence the solution profile plunges into 
the trivial state, instead of increasing the number of humps, which is 
already exemplified in Figure 6.22. 

Let us observe the self-destruction process in a numerical simu- 
lation of the Gray-Scott model. We consider the self-destruction of 
a 6-hump (=12-mode) equilibrium solution. The number 6 is cho- 
sen for convenience in later discussions. We obtain the bifurcation 
diagram in Figure 6.22, tracing the branches of equilibria by using 
AUTO. One can see that a saddle-node bifurcation point exists in 
the diagram, and it originates from the 6-hump (12-mode) equilib- 
rium created by a subcritical bifurcation from the branch of constant 
equilibria (denoted by P). Immediately after the bifurcation, the 
branch of the 6-hump solutions and the P-branch are connected by 
the unstable manifold, and this situation continues up to the saddle- 
node bifurcation point k = kmin. Note that the constant equilibria 
on the P-branch recover their stability at the Hopf bifurcation point 
k = /cHopf- Since the 6-hump equilibrium solutions branch off from 
the P-branch at an unstable equilibrium, they are unstable imme- 
diately after the bifurcation. However, they recover stability at the 
turning point k = A;min, thus being able to accommodate the des- 
tinies of orbits that have undergone self-replication processes. If we 
choose the parameter k slightly less than A;min and start from an initial 
value with a 6-hump cosine-like function, the solution profile evolves 
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stationary pattern or 12 mode 

homogeneous state 

O.OSS 0.05S5 0.066 to.0565 0.057 0.0575 0.058 0.0585 0.059 0.0595 0.06 

Figure 6.22. The saddle-node bifurcation created 
by the branch of 12-mode equilibria bifurcated from a 
P-branch of constant equilibria. The self-destruction 
of the 12-mode solution into P occurs when the 
parameter k is chosen slightly less that A;min « 
0.0573408. Compare Figure 6.23. 

as in Figure 6.23. The solution shapes itself quickly into a 6-hump 
equilibrium from the 6-hump cosine-like profile, keeps the state for a 
while, and eventually collapses into a uniform state. In this case, the 
dimension of the unstable manifold of the unstable equilibrium U is 
1, and the manifold is connected to P. Even if the initial profile is 
a rather large perturbation from a cosine-like function, the solution 
shapes itself into a 12-mode (6-hump) profile, and thereafter follows 
the same course of events as above. This means that the basin of the 
self-destruction process is rather large. 

6.6. Construction of a Heteroclinic Loop 

We now embark on constructing a cycle of construction-destruc- 
tion dynamics by appropriately combining the self-replication process 
(in which patterns of the same profile as the original are successively 
produced) and the self-destruction process (in which the created pat- 
terns collapse). In Figure 6.14, the solution does not change once it 
settles down to 4-hump equilibrium after two steps of self-replication. 
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Figure 6.23. (a) The aftereffect of the unsta- 
ble manifold connecting the saddle-node bifurcation 
point to P in Figure 6.17, when the initial condi- 
tion is a 12-mode cosine function. The solution pro- 
file approaches that of a 6-hump solution once, and 
then collapses to P, (b) Even if the initial condi- 
tion is perturbed rather strongly from the cosine one, 
the solution shapes itself into a 6-hump solution, and 
collapses to the constant equilibrium, following the 
same course of events as (a). Parameter values are 
F = 0.040, k = 0.05772, L = 0.8 for both (a) and 

If the equilibrium at the final step is on a branch of a saddle-node 
bifurcation, such as that discussed in the previous subsection, one 
can adjust parameters so that it collapses to the constant state P. If 
the state P is stable, however, the dynamic process stops there, and 
cannot pass through other states indefinitely. Therefore, in order to 
have a chaotic cycle, P must be unstable, so that the orbit approaches 
P along its stable manifold during the self-destruction process, and 
then escapes from it along its unstable manifold in the direction to 
produce a spatial pattern again. We need to see whether the answers 
to the following are affirmative: 

(b). 



280 6. TRANSIENT DYNAMICS 

self destruction I self destruction 

^min *^Hopf 

(aJkmin ^ knopf (F=0.04) (k)kmin > knopf (F—0.035) 

Figure 6.24. (a) F = 0.04. Since kmin < 
^Hopfj both self-replication and self-destruction oc- 
cur. However, once the orbit settles down to P, 
which is stable, it remains there forever, (b) F = 
0.035. Since knopf < kmin, it is possible to choose 
a parameter k for which self-destruction to P occurs 
and P is unstable. In this case spatio-temporal chaos 
is possible. 

1. Are there parameter values for which self-replication and self- 
destruction occur simultaneously and repeatedly? 

2. Do the stable and unstable manifolds of P have the saddle 
structure described above? 

The global configuration and stability properties of bifurcation 
solutions again play decisive roles in answering these questions. The 
bifurcation diagrams of equilibria and the constant solution P in the 
Gray-Scott model for parameter values F = 0.04 and K = 0.035, 
respectively, are schematically depicted for the sake of explanation in 
Figure 6.24 (see [290] for more detailed diagrams). These two dia- 
grams may look the same at first glance, but there is a big difference 
in the relative position between A;min and A;Hopf- As one can read off 
from the pictures, A;min is the minimum value among the saddle-node 
bifurcation points and hence is the threshold to determine whether 
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self-destruction occurs or not. The constant equilibrium P undergoes 
a Hopf bifurcation at /cnopf, where it recovers stability. In both cases 
of Figure 6.24, one can observe self-replication and self-destruction 
patterns, respectively, on the broken and solid parts of the arrows. 
However, in case (a), if the parameter is chosen with k < kmin so 
that self-destruction is possible, the orbit settles down to P after self- 
destruction, since P is stable. On the other hand, in case (b), where 
^Hopf < kmin, if the parameter k is chosen with /cuopf < k < kmin, 
the orbit after self-destruction to the unstable state P escape from 
it and possibly passes through various states indefinitely. In fact, for 
k = 0.05632 the solution behaves as in Figure 6.21. We may thus 
conclude that A;min = ^Ropf is the threshold value to predict whether 
spatio-temporal chaos emerges or not. 

As is seen in Figure 6.21, it is clearly visible that ordered states 
emerge and disappear. What is the origin of such an iteration of 
spatially ordered states? One can confirm formally at k = km\n that 
there is a heteroclinic cycle as in Figure 6.24 on the infinite line 
R. This provide us with an answer to the question raised earlier: 
What kind of spatial patterns does a chaotic orbit experience? If we 
shift the parameter slightly, spatio-temporal chaos emerges from this 
heteroclinic cycle, reminding us of the Shilnikov-bifurcation or the 
homoclinic tangle in finite dimensional chaos theory. 

We thus realize that we can characterize the spatio-temporal 
chaos described above only through arguments based on global so- 
lution structures, not by reducing the analysis near the onset to that 
of lower dimensional ordinary differential equations. 

6.7. Concluding Remark 

We have considered, through several examples, what are the 
mathematical mechanisms that drive complicated transient pattern 
dynamics in dissipative systems. Since the dynamics takes place in 
an infinite dimensional phase space, it is very much a challenge to 
try to describe in detail how an orbit behaves in relation to other 
solutions. Recent developments in our computational ability have en- 
abled us to pursue such an attempt to a certain degree. Thanks to 
such studies, we have been able to clarify, to some extent, the skele- 
ton structure and guiding principle needed to understand the complex 
dynamics in partial differential equations of dissipative type. Prob- 
ably, the most important thing is that the information gained from 
this will give us hints on constructing a framework of mathematical 
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stationary pattern 

self-destruction 

unstable homogeneous state 

long-wave instability 
of oscillatory type 

stable homogeneous state 
with finite perturbation 

self-replication 

Figure 6.25. Heteroclinic cycle on the infinite line 
passing through an unstable homogeneous state P, 
(1,0), and a spatially periodic pattern. Strictly 
speaking, such a cycle does not exist on a finite inter- 
val, since (1,0) is stable in the PDF sense. However, 
after replacing (1,0) by (1,0) with trigger (the result- 
ing cycle is called a generalized heteroclinic cycle), we 
can observe an aftereffect of the generalized cycle nu- 
merically as shown in Figure 21. Here, (1,0) with 
trigger means that there is some portion of the inter- 
val where (u, v) is not equal to (1,0) and from which 
a replication wave can start propagating. Such a gen- 
eralized cycle can be defined at k = A;min in Figure 
6.24 (b). 
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Figure 6.26. Two-dimensional spatio-temporal 
chaos in the Gray-Scott model. Du and Dv are the 
same as in Figure 6.2, and F = 0.018, k = 0.054, 
L x L = 1.0 x 1.0. Self-replication and self- 
destruction coexist, which makes the following cycle 
locally in space. Several spots disappear almost 
simultaneously due to crowdedness {t = 30000); 
then the remaining spots have enough resources to 
split and fill the space (t = 30800), which causes 
crowdedness again. 
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theory. Although we omitted the details, we can give a rigorous proof 
to parts of what we have described above, which in turn tells us about 
essential ingredients. We are thus able to give universality to a phe- 
nomenon observed in a particular model. To set up a framework of 
standing hypotheses, imagination based on numerical simulation is 
very helpful. 

Remark 6.20. A similar type of spatio-temporal chaos consist- 
ing of creation and destruction of spots can be observed also in two- 
dimensional space as in Figure 6.26. Several spots disappear almost 
simultaneously; then the surrounding spots start to replicate and in- 
vade the empty zone. After the domain is filled up with almost iden- 
tical spots, then, after some time, several spots die out unpredictably. 
This process continues indefinitely. 



Future Perspectives 

Mathematics for pattern formation is diverse and has deep re- 
lationships with other sciences. The description of spiral waves in 
Chapter 4, for example, involves chemistry experiments, modeling, 
numerical simulations, and qualitative theories of nonlinear dynamics 
as a framework, each giving a feedback to others. It is easy to talk 
about the integral relationship among these aspects, but it is very dif- 
ficult in reality to fully undertake any one of them. Even though one 
single individual may not cover all of these aspects, it is impossible in 
reality to capture the whole picture of the phenomenon if one neglects 
the multi-faceted character of the matter. In the sequel, I will display 
my personal viewpoints related to these aspects from a rather broad 
standpoint. Constructive criticisms are very much welcome. 

The First Principle and Phenomenology 

Most of the model equations treated in this book are phenomeno- 
logical ones. In this sense, their role is different from that played 
by the Navier-Stokes equation in fluid dynamics. For example, as 
a model system of equations describing the transmission of nerve- 
impulses, the Hodgkin-Huxley equation (whose simplified version is 
the FitzHugh-Nagumo equation) is well known. Its derivation is based 
on many experiments and physical considerations, as well as on intu- 
itions gained from experience and qualitative reasoning. This situa- 
tion substantially differs from the case of the Navier-Stokes equation 
in which the governing equations with several parameters are uniquely 
derived from fundamental hypotheses (the first principles) on fluids. 
In order to make the Hodgkin-Huxley equation more accurate, for 
example, it is necessary to do more realistic parameter fittings based 
on a lot of detailed experimental data. It is easily seen, however, that 
such a direction of study unnecessarily complicates the model and is 

285 
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expensive. This reminds us of a centipede strolling along graciously, 
who suddenly gets confused when asked how it could control so many 
legs all at once in such a harmonious way. 

One loses sight of the essence if too much emphasis is placed 
on details. It is therefore more and more urgent to propose, from 
the standpoint of mathematics, qualitative models which capture the 
essence of a huge complicated system with a lot of substrata. Our 
time is already such an age. Mathematics is indispensable in dealing 
with the dynamics of the financial market and large communication 
network systems. How is it possible to build highly reliable qualita- 
tive models? Naturally, there is no simple almighty answer to such a 
question. One approach may be the method of exploiting differences 
in scales, discussed in this book, to describe dynamics from coarse- 
grained viewpoints. Also interesting are the ideas of systematically 
integrating dynamical behaviors gained in each scale and considering 
interactions between them. As the self-replication models and chaos 
theories in Chapter 6 suggest, a simple model or principle can pro- 
duce highly complicated dynamics. We can give, to a certain extent, 
theoretical predictions of such complicated dynamics. For example, it 
has recently been reported ([175]) that the Sierpinsky gasket struc- 
ture is realized as a spatio-temporal pattern in a reaction-diffusion 
system. The comparison between the Navier-Stokes equation and the 
Hodgkin-Huxley equation is due to an article (AMS Notices 45(9) 
1998) by John Guckenheimer, which is worthwhile reading. 

From Matter to Dynamism 

One may think that the standpoint of gene analysis is antipodal 
position to what we have presented in this book, but this may not be 
necessarily so. The work by Kondo et al. in [229] has received much 
attention because it claims that the phenomenological model (the 
Turing model described in Chapter 4) can predict to high accuracy 
the development of fish coat patterns. A cautious researcher may 
say about the result that it imitates the phenomenon in detail but 
fails to explain its essence. The viewpoint of Kondo et al., on the 
contrary, seems to advantageously claim that the essence is nothing 
more than what is revealed by the model. Moreover, they have made 
a step forward, recently, to try to relate a specific gene to the role of 
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a parameter in the model, namely, to try to identify a genetic control 
with parameter adjustment. 

What does this mean? It is highly probable that a simple qual- 
itative model, which is the remotest from reality, can give, precisely 
because it is so, an explanation of macroscopic dynamics. One of the 
missions of modern science has been to identify an ultimate matter, 
such as genes. While the mission has been successful, it simulta- 
neously has gotten rid of dynamical viewpoints. Matter certainly 
initiates dynamics, but is definitely different from dynamics. Even 
though phenomenological models are often abstract, they help us to 
understand dynamics. 

Local versus Global 

A universal question that appears in nonlinear problems is the re- 
lationship between local and global. The idea of the renormalization 
group method was related precisely to how one can extract global in- 
formation from local information. Also, the reason why various types 
of pattern appear more in systems of equations than in scalar equa- 
tions is that local and global effects coexist and interact in the former. 
In Chapter 4, we discussed Turing instability and the existence of 
stationary waves. In order for such a wave to exist, it was necessary 
for the inhibitor to diffuse much faster than the activator. The reason 
why a stable stationary wave can exist is that the inhibitor quickly 
spreads throughout the region to create a global inhibitory field in 
space and to prevent the activator from moving. 

The structure of solutions of an equation, and its parameter- 
dependent global bifurcation diagram, in particular, is a typical ex- 
ample in which local and global are connected via certain kinds of sin- 
gularity. Fujii, Mimura and Nishiura in [146] numerically show that 
the global bifurcation diagram of equilibrium solutions to a reaction- 
diffusion system is obtained by amplifying the local structure near 
a multiple bifurcation point. Namely, they identified the organizing 
center of global structure as the multiple bifurcation point. Such an 
attempt to connect local to global via singularities has also been em- 
ployed in Chapter 6, where it is shown that the multiple bifurcation 
point combining the Bogdanov-Takens and Turing singularities plays 
a decisive role in creating a hierarchical structure of limiting points 
that drives self-replication dynamics. 



288 FUTURE PERSPECTIVES 

Role of Simulation 

Needless to say, the role played by computers in mathematics 
has penetrated every scientific endeavor. Just as one cannot replace 
radio-telescope and electron-microscope by magnifying glasses any 
more, nobody can refuse the use of computers. The reason for this 
is simply because the machine stimulates human imagination. If it 
instantaneously gives an answer to a problem that a human being 
could not compute in a hundred years, then one may feel as if God is 
one's partner. 

However, there is a pitfall. Some years ago, I had an opportunity 
to chat with a researcher from the Netherlands who had developed 
a bifurcation-branch-tracing software. He said, "Now thousands of 
research papers with the first author being a machine will appear." 
Although a lot of papers with low quality have been published, as 
he predicted, the important things are what we should have the ma- 
chine compute and how we interpret the output. It is in the latter 
that mathematics plays a very crucial role. There is a periodical 
journal called Experimental Mathematics. It publishes varieties of 
articles, including topics such as algebraic geometry, combinatorics 
and wavelets, among which one can find articles that elucidate subtle 
relationships between mathematics and computation. It is also the 
case that saving the vast data produced by a large scale computa- 
tion is costly. Computations without any clear policy and vision will 
eventually be eradicated. 

For phenomena that are not reproducible or very difficult to actu- 
ally put into experiments, such as evolution processes, fluctuations in 
financial markets, brain functions, and the origin of life, it is becom- 
ing a common practice to construct models and perform experiments 
in computer simulations. The computer simulations have a lot to do 
with our recognition of chaos. It is not, however, yet certain how 
deeply and widely the relationship between simulation and mathe- 
matics will unfold. This is a research frontier that may give rise to 
unexpected relationships between the two. 

Geometrization 

A big difference between classical and modern theories of singular 
perturbation is that geometrization has been pursued in the latter. 
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Matching conditions in a singular perturbation problem is interpreted 
in geometric singular perturbation theory as an easily understand- 
able notion of transversality ([199]). The idea of the renormalization 
group method, having a close relation to self-similar solutions and 
fractals, also possesses the advantage of providing us with an easy 
grasp of geometric pictures. For background related to these points, 
I recommend [19] (see also [9] and [299]). 

Dynamical system approaches often give rise to geometric view- 
points. Kirchgassner and Mielke (cf. [263]) proposed, and showed 
the effectiveness of treating non-evolutionary types of partial differ- 
ential equations as a dynamical system by regarding one of the spatial 
variables as time. The advantage of such a viewpoint is that one can 
construct center manifolds to understand various types of solutions as 
geometric objects. The method of singular limit analysis, described 
in Chapter 5, is also an example of geometrization, in the sense 
that the original dynamics is reduced to the motion of hypersurfaces 
called interfaces. This viewpoint has been steadily uncovering the 
nature of complicated interface motions, such as in a series of works 
[265, 267, 296] by Mimura and Ohta et al. These results at the same 
time present unsolved mathematical problems, especially questions 
related to the effectiveness and limitation of singular limit systems. 
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