
Mèjodoi Krylov

Dojèntoc enìc pÐnaka A n × n kai enìc dianÔsmatoc x n × 1 mporoÔn na
orisjoÔn oi akìloujec ènnoiec:

• AkoloujÐa Krylov (Krylov sequence):
h akoloujÐa twn dianusm�twn {x,Ax, . . . , An−1x}

• PÐnakac Krylov (Krylov matrix):
Kn(A, x) = (x,Ax, . . . , An−1x)

• Upìqwroc Krylov (Krylov subspace) di�stashc m:
Km(A, x) = span(x,Ax, . . . , Am−1x)
upojètontac ìti ta dianÔsmata eÐnai anex�rthta.

Oi basikèc mèjodoi Krylov eÐnai dÔo:

1. h mèjodoc Arnoldi

2. h mèjodoc Lanczos (A summetrikìc).

Oi dÔo parap�nw mèjodoi tautÐzontai ìtan o pÐnakac A eÐnai summetrikìc
me thn proôpìjesh ìti ta arqik� dianÔsmata eÐnai ta Ðdia.

Oi mèjodoi Arnoldi kai Lanczos qrhsimopoioÔntai san mèjodoi probol c
sthn arijmhtik  grammik  �lgebra gia thn epÐlush upologistik¸n problhm�-
twn sta opoÐa o pÐnakac A eÐnai meg�lhc di�stashc kai araiìc.

Pleonèkthma twn mejìdwn Krylov
'Ena meg�lo prìblhma prob�lletai se ènan upìqwro Krylov di�stashc m
(m << n). Tìte to prob�llwn prìblhma epilÔetai qrhsimopoi¸ntac mÐa su-
nhjismènh teqnik  kai h lÔsh aut  eÐnai kai h lÔsh tou arqikoÔ probl matoc.

H mèjodoc Arnoldi

Basik  idèa

H basik  idèa thc mejìdou Arnoldi [1], eÐnai h akìloujh:
Dojèntoc enìc pÐnaka A ∈ Rn×n, enìc mh mhdenikoÔ dianÔsmatoc v di�stashc
n kai enìc akeraÐou m ≤ n, dhmiourgoÔntai èna sÔnolo apì (m + 1) orjo-
kanonik� dianÔsmata {v1, v2, . . . , vm+1} kai ènac (m+ 1)×m �nw Hessenberg
pÐnakac H̃m ¸ste na isqÔei h sqèsh:

AVm = Vm+1H̃m (1)
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ìpou:
Vm = (v1, . . . , vm)
Vm+1 = (v1, . . . , vm, vm+1)

O algìrijmoc Arnoldi

H sqèsh AVm = Vm+1H̃m mporeÐ na grafeÐ sth morf :

A(v1, . . . , vm) = (v1, . . . , vm, vm+1)


h11 h12 · · · · · · h1m
h21 h22 · · · · · · h2m

h32
. . .

... h3m
...

...
...

0 0 · · · 0 hm+1,m

 (2)

To v1 epilègetai ¸ste v1 =
v

‖v‖2
ìpou v eÐnai to dosmèno di�nusma.

B ma 1: (Upologismìc v2 kai pr¸thc st lhc tou H̃m)
SugkrÐnontac tic eisìdouc thc pr¸thc st lhc kai sta dÔo mèlh thc exÐswshc
(2) prokÔptei:

Av1 = h11v1 + h21v2

Pollaplasi�zontac aut  thn exÐswsh me vT1 , paÐrnoume:

vT1 Av1 = h11

(afoÔ vT1 v1 = 1 kai vT1 v2 = 0, lìgw kataskeu c twn v1, v2, . . . , vm+1)
Jètontac v̂ = Av1 − h11v1
paÐrnoume h21 = ‖v̂‖2
kai met� jètoume: v2 =

v̂

‖v̂‖2
=

v̂

h21

B ma 2: (Upologismìc v3 kai deÔterhc st lhc tou H̃m)
SugkrÐnontac tic eisìdouc thc deÔterhc st lhc kai sta dÔo mèlh thc exÐswshc
(2) prokÔptei:

Av2 = h12v1 + h22v2 + h32v3 (∗)
Pollaplasi�zontac thn (∗) me vT1 prokÔptei:

vT1 Av2 = h12

Jètoume v̂1 = Av2 − h12v1
Pollaplasi�zontac thn (∗) me vT2 paÐrnoume:

vT2 Av2 = vT2 h12v1 + h22
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⇒ h22 = vT2 (Av2 − h12v1) = vT2 v̂1

Jètoume: v̂2 = v̂1 − h22v2
kai paÐrnoume:

h32 = ‖v̂2‖2

v3 =
v̂2
h32

Ta �lla b mata eÐnai an�loga.

B ma k: (Upologismìc vk+1 kai k-st lhc tou H̃m )
O upologismìc tou vk+1 kai thc k-st lhc tou H̃m gÐnetai apì thn anadromik 
sqèsh:

Avk = h1kv1 + · · ·+ hkkvk + hk+1,kvk+1 (3)

lamb�nontac upìyin ìti ta {v1, . . . , vk} eÐnai orjokanonik�.

Algìrijmoc 1.1: Mèjodoc Arnoldi

EÐsodoi:
1. A, n× n pÐnakac
2. v, n× 1 di�nusma
3. m, jetikìc akèraioc ≤ n
'Exodoi:
1. èna sÔnolo apì m+ 1 orjokanonik� dianÔsmata {v1, v2, . . . , vm+1}
2. ènac (m+ 1)×m �nw Hessenberg pÐnakac H̃m = (hij)
B ma 0: KanonikopoÐhsh tou dianÔsmatoc v

Jèse v1 =
v

‖ v ‖2
B ma 1: for k = 1, 2, . . . ,m

v̂ = Avk
for j = 1, 2, . . . , k

hj,k = vTj v̂
v̂ = v̂ − hj,kvj

end
hk+1,k =‖ v̂ ‖2. if hk+1,k = 0 stop

vk+1 =
v̂

hk+1,k

end
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Upologismìc poluplokìthtac tou algìrijmou 1.1

Parak�tw shmei¸noume tic pr�xeic pou apaitoÔntai se k�je b ma tou al-
gìrijmou Arnoldi ¸ste na brejeÐ h sunolik  poluplokìthta tou algorÐjmou:

for k = 1, 2, . . . ,m
v̂ = Avk −→ n2 flops
for j = 1, 2, . . . , k

hj,k = vTj v̂ −→ n flops
v̂ = v̂ − hj,kvj −→ n flops

end
hk+1,k =‖ v̂ ‖2. if hk+1,k = 0 stop −→ n flops

vk+1 =
v̂

hk+1,k

−→ n flops

end

H sunolik  poluplokìthta tou algìrijmou Arnoldi eÐnai:

m∑
k=1

n2 +
m∑
k=1

k∑
j=1

2n+
m∑
k=1

2n =

= n2m+
m∑
k=1

2nk + 2nm

= n2m+ 2n
(1 +m)m

2
+ 2nm

= n2m+ nm+ nm2 + 2nm

= n2m+ nm2 + 3nm

'Ara, h poluplokìthta thc mejìdou Arnoldi eÐnai O(n2m+ nm2).

Breakdown
O algìrijmoc Arnoldi stamat�ei sto b ma j an to di�nusma v̂ eÐnai mhdèn se
autì to b ma. MporeÐ na deiqjeÐ ìti autì sumbaÐnei an kai mìno an o bajmìc
tou el�qistou poluwnÔmou tou v1 eÐnai akrib¸c j, dhlad  eÐnai grammikìc sun-
duasmìc j idiodianusm�twn [1].

Basikèc sqèseic
Apì ton algìrijmo Arnoldi (Algìrijmoc 1.1) prokÔptoun orismènec basikèc
sqèseic.
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'Estw:
Vm = (v1, . . . , vm)
Vm+1 = (v1, . . . , vm, vm+1)

Hm = o m×m �nw Hessenberg pÐnakac pou prokÔptei diagr�fontac thn
(m+ 1) gramm  tou pÐnaka H̃m

1. Arnoldi paragontopoÐhsh
H sqèsh (1) mporeÐ na grafeÐ sth morf :
AVm − VmHm = hm+1,m(0, . . . , 0, vm+1)
⇒ AVm = VmHm + hm+1,m(0, . . . , 0, vm+1)
⇒ AVm = VmHm + fme

T
m

ìpou: fm = hm+1,mvm+1

H parap�nw paragontopoÐhsh lègetai Arnoldi paragontopoÐhsh.

2. QR paragontopoÐhsh tou pÐnaka Arnoldi-Krylov
'Estw Km ≡ Km(A, b) = (b, Ab, . . . , Am−1b) pÐnakac Krylov.
H QR paragontopoÐhsh tou pÐnaka Km eÐnai:

Km = VmRm

3. Pollaplasi�zontac th sqèsh (1) me V T
m prokÔptei:

V T
mAVm = V T

mVm+1H̃m

=


v1
v2
...
vm

 [ v1 . . . vm vm+1

]
H̃m

=


1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0

 H̃m = Hm

4. MporeÐ na kajierwjeÐ ìti k�je vi = pi−1(A)v1 i = 2, 3, . . . , ìpou to pi−1
eÐnai polu¸numo bajmoÔ i− 1.
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SÔndesh mejìdou Arnoldi me Modified Gram-Schmidt (M.G.S.)

'Estw ìti isqÔei h sqèsh:
A = QR

ìpou:
A pÐnakac n× n
Q orjog¸nioc pÐnakac n× n
R �nw trigwnikìc pÐnakac n× n

H sqèsh A = QR mporeÐ na grafeÐ sth morf :

[
a1 a2 . . . an

]
=
[
q1 q2 . . . qn

]

r11 r12 . . . r1n
0 r22 . . . r2n
...

...
. . .

...
0 0 . . . rnn

 . (4)

Jètoume ai ≡ qi gia i = 1, 2, . . . , n.

B ma 1: (Upologismìc q1 kai pr¸thc st lhc tou R)
SugkrÐnontac tic eisìdouc thc pr¸thc st lhc kai sta dÔo mèlh thc exÐswshc
(4) prokÔptei:

a1 = r11q1.

Pollaplasi�zontac aut  thn exÐswsh me qT1 , paÐrnoume:

qT1 a1 = r11.

'Ara, r11 =‖ q1 ‖2 (afoÔ jèsame a1 ≡ q1).

Jètoume q1 =
q1
r11

.

B ma 2: (Upologismìc q2 kai deÔterhc st lhc tou R)
SugkrÐnontac tic eisìdouc thc deÔterhc st lhc kai sta dÔo mèlh thc exÐswshc
(4) prokÔptei:

a2 = r12q1 + r22q2. (?)

Pollaplasi�zontac thn (?) me qT1 prokÔptei:

qT1 a2 = r12.

Jètoume q2 = a2 − r12q1.
Pollaplasi�zontac thn (?) me qT2 paÐrnoume:

qT2 a2 = qT2 r12q1 + r22
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⇒ r22 = qT2 (a2 − r12q1) = qT2 q2 =‖ q2 ‖2 .

SuneqÐzontac me ton Ðdio trìpo prokÔptei o akìloujoc algìrijmoc:

Algìrijmoc 1.2: Mèjodoc Modified Gram-Schmidt (M.G.S)

Jèse qk ≡ ak , k = 1, 2, . . . , n
for k = 1, 2, . . . , n

rkk =‖ qk ‖2
qk =

qk
rkk

for j = k + 1, . . . , n
rk,j = qTk qj
qj = qj − rk,jqk

end
end

SugkrÐnontac th mèjodo Arnoldi me th Modified Gram-Schmidt (M.G.S.)
eÐnai eÔkolo na parathr soume ìti:
oi dÔo mèjodoi èqoun thn Ðdia basik  idèa kai douleÔoun me ton Ðdio trìpo.
Ousiastik�, sth M.G.S. sto pr¸to mèloc èqoume ai en¸ sthn Arnoldi Avi. H
mình diafor� eÐnai ìti sth M.G.S. mhdenÐzoume stoiqeÐa gia na prokÔyei �nw
trigwnikìc pÐnakac en¸ sthn Arnoldi na prokÔyei �nw Hessenberg pÐnakac.

O summetrikìc algìrijmoc Lanczos

Sthn perÐptwsh pou o pÐnakac A eÐnai summetrikìc, o algìrijmoc Arnoldi
(Algìrijmoc 1.1) lègetai summetrikìc algìrijmoc Lanczos [1]. Se aut  thn
perÐptwsh, o �nw Hessenberg pÐnakac H̃m gÐnetai summetrikìc, tridiag¸nioc
pÐnakac T̃m o opoÐoc gr�fetai sth morf :

T̃m =


α1 β1 . . . 0

β1 α2
. . .

...
...

. . . . . . βm
0 . . . βm αm+1


H sqèsh (1) pou isqÔei sth mèjodo Arnoldi an�getai sth:

AVm = Vm+1T̃m (5)
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⇒

A(v1, . . . , vm) = (v1, . . . , vm, vm+1)


α1 β1 . . . 0

β1 α2
. . .

...
...

. . . . . . βm
0 . . . βm αm+1

 . (6)

To v1 epilègetai ¸ste v1 =
v

‖v‖2
ìpou v eÐnai to dosmèno di�nusma.

B ma 1: (Upologismìc v2, α1 kai β1)
SugkrÐnontac tic eisìdouc thc pr¸thc st lhc kai sta dÔo mèlh thc exÐswshc
(6) prokÔptei:

Av1 = α1v1 + β1v2.

Jètoume v̂2 = Av1

α1 = vT1 Av1 = vT1 v̂2.

Jètontac v̂2
′ = v̂2 − a1v1 paÐrnoume β1 = ‖v̂2′‖2

kai met� jètoume: v2 =
v̂2
′

β1
.

B ma 2: (Upologismìc v3, α2 kai β2)
SugkrÐnontac tic eisìdouc thc pr¸thc st lhc kai sta dÔo mèlh thc exÐswshc
(6) prokÔptei:

Av2 = β1v1 + α2v2 + β2v3.

Jètoume v̂3 = Av2 − β1v1

α2 = vT2 (Av2 − β1v1) = vT2 v̂3.

Jètontac v̂3
′ = v̂3 − a2v2 paÐrnoume β2 = ‖v̂3′‖2

kai met� jètoume: v3 =
v̂3
′

β2
.

Ta �lla b mata eÐnai an�loga.

H anadromik  sqèsh (3) pou isqÔei sth mèjodo Arnoldi t¸ra paÐrnei th
morf :

Avk = βk−1vk−1 + αkvk + βkvk+1. (7)
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'Etsi, prokÔptei o akìloujoc algìrijmoc:

Algìrijmoc 1.3: Summetrikìc Algìrijmoc Lanczos

EÐsodoi:
1. A ∈ Rn×n summetrikìc pÐnakac
2. v, n× 1 di�nusma
3. m, jetikìc akèraioc < n
'Exodoi:
1. èna sÔnolo apì m+ 1 orjokanonik� dianÔsmata {v1, v2, . . . , vm+1}
2. tic eisìdouc αj kai βj tou summetrikoÔ kai tridiag¸niou pÐnaka T̃m

B ma 0: Jèse v0 = 0, β0 = 0, v1 =
v

‖ v ‖2
B ma 1: for j = 1, 2, . . . ,m+ 1

v̂j+1 = Avj − βj−1vj−1
αj = vTj v̂j+1

v̂j+1 = v̂j+1 − ajvj
βj =‖ v̂j+1 ‖2. if βj = 0 stop

vj+1 =
v̂j+1

βj
end

Upologismìc poluplokìthtac tou algìrijmou 1.3

Parak�tw shmei¸noume tic pr�xeic pou apaitoÔntai se k�je b ma tou al-
gìrijmou summetrikoÔ Lanczos ¸ste na brejeÐ h sunolik  poluplokìthta tou
algorÐjmou:

for j = 1, 2, . . . ,m+ 1
v̂j+1 = Avj − βj−1vj−1 −→ n2 + n flops
αj = vTj v̂j+1 −→ n flops
v̂j+1 = v̂j+1 − ajvj −→ n flops
βj =‖ v̂j+1 ‖2. if βj = 0 stop −→ n flops

vj+1 =
v̂j+1

βj
−→ n flops

end

H sunolik  poluplokìthta tou summetrikoÔ algìrijmou Lanczos eÐnai:
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m+1∑
k=1

(n2 + 5n) =

= (m+ 1)n2 + 5(m+ 1)n

= mn2 + n2 + 5mn+ 5n.

'Ara, h poluplokìthta tou summetrikoÔ algìrijmou Lanczos eÐnai O(mn2).

'Opwc kai sth mèjodo Arnoldi , ètsi kai sto summetrikì algìrijmo Lanc-
zos isqÔoun oi akìloujec, antÐstoiqec, sqèseic.

Jètoume Vj =
(
v1, v2, · · · , vj

)
.

1. Summetrikìc Lanczos paragontopoÐhsh
AVm = Vm+1T̃m

2. QR paragontopoÐhsh tou summetrikoÔ Lanczos-Krylov pÐ-
naka
Km = VmRm

3. V T
mAVm = Tm

Par�deigma

'Estw A =


1 2 5 3 0
2 7 9 1 10
5 9 2 6 2
3 1 6 5 2
0 10 2 2 1

 ∈ R5×5 summetrikìc pÐnakac,

v =


1/2
0

1/2
1/2
1/2

,
m = 3.

Ja efarmìsoume to summetrikì algìrijmo Lanczos me tic parap�nw eÐso-
douc gia na broÔmem+1 = 4 orjokanonik� dianÔsmata vi kai ènan tridiag¸nio
kai summetrikì pÐnaka T̃3 4× 4 (genik�, (m+ 1)× (m+ 1)).
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B ma 0:

Jètw β0 = 0, v0 = 0
To dosmèno di�nusma v eÐnai  dh monadiaÐo opìte den qrei�zetai kanonikopoÐ-
hsh.
'Etsi, v1 = v.

B ma 1: (Upologismìc v2, α1 kai β1)

v̂2 = Av1 − β0v0 =


4.5
11
7.5
8

2.5


α1 = vT1 v̂2 = 11.25

v̂2
′ = v̂2 − α1v1 =


−1.125

11
1.8750
2.3750
−3.1250


β1 =‖ v̂2′ ‖2= 11.8822

v2 =
v̂2
′

β1
=


−0.0947
0.9258
0.1578
0.1999
−0.2630


B ma 2: (Upologismìc v3, α2 kai β2)

v̂3 = Av2 − β1v1 =


−2.7957
5.2810
2.9061
−3.8792
3.7688


α2 = vT2 v̂3 = 3.8456
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v̂3
′ = v̂3 − α2v2 =


−2.4316
1.7209
2.2993
−4.6479
4.7801


β2 =‖ v̂3′ ‖2= 7.6559

v3 =
v̂3
′

β2
=


−0.3176
0.2248
0.3003
−0.6071
0.6244


B ma 3: (Upologismìc v4, α3 kai β3)

v̂4 = Av3 − β2v2 =


0.5372
2.1903
−2.5663
−2.2430
4.2721


α3 = vT3 v̂4 = 3.5802

v̂4
′ = v̂4 − α3v3 =


1.6742
1.3856
−3.6415
−0.0696
2.0368


β3 =‖ v̂4′ ‖2= 4.7050

v4 =
v̂4
′

β3
=


0.3558
0.2945
−0.7740
−0.0148
0.4329


B ma 4: (Upologismìc α4)

v̂5 = Av4 − β3v3 =


−1.4750
−0.9359
2.2458
0.3668
−1.1373


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α4 = vT4 v̂5 = −3.0364

'Ara, o tridiag¸nioc kai summetrikìc pÐnakac pou prokÔptei apì to summe-
trikì algìrijmo Lanczos eÐnai:

T̃3 =


11.25 11.8822 0 0

11.8822 3.8456 7.6559 0
0 7.6559 3.5802 4.7050
0 0 4.7050 −3.0364


kai ta orjokanonik� dianÔsmata pou par�gontai sqhmatÐzoun ton akìloujo
pÐnaka:

V4 =
[
v1 v2 v3 v4

]

=


0.5 −0.0947 −0.3176 0.3558
0 0.9258 0.2248 0.2945

0.5 0.1578 0.3003 −0.7740
0.5 0.1999 −0.6071 −0.0148
0.5 −0.2630 0.6244 0.4329


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