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ON DIMENSION-DEPENDENT CONCENTRATION FOR CONVEX LIPSCHITZ
FUNCTIONS IN PRODUCT SPACES

HAN HUANG AND KONSTANTIN TIKHOMIROV

ABSTRACT. Let n > 1, K > 0, and let X = (X1,Xa2,...,Xn) be a random vector in R” with independent K-
subgaussian components. We show that for every 1-Lipschitz convex function f in R™ (the Lipschitzness with
respect to the Euclidean metric),

ct? ) t>0
- 2— b K
K2log (2+ p7gz)
where ¢ > 0 is a universal constant. The estimates are optimal in the sense that for every n > C and ¢ > 0 there exist

a product probability distribution X in R™ with K—subgaussian components, and a 1-Lipschitz convex function f,
with

max (P{f(X) — Med f(X) > t},P{f(X) — Med f(X) < —t}) < exp (

C« 2
P{[f(X) — Med f(X)| > t} > 6exp(— m)
t2/K?2

The obtained deviation estimates for subgaussian variables are in sharp contrast with the case of variables with
bounded || X;]|,,, -norms for p € [1, 2).

1. INTRODUCTION

Concentration in product probability spaces is an active research direction with numerous available results (see,
in particular, monographs [I8, [7]). Among classical examples of such results are Bernstein—type inequalities [7]
Chapter 2] for linear combinations of independent random variables, and the isoperimetric inequality in the Gauss
space which implies subgaussian dimension—free concentration [25] [6] (see also [9], 3] as well as [21, Theorem V.1]).

Let (€4, %;, pi), © > 1, be probability spaces, and for a given n > 1, let F,, be a subset of real valued measurable
functions f on the product space ([T, s, [T~ Zi, 11 X - -+ X py). A question is to estimate for every ¢ > 0 the
quantity

(1) sup max (1 X -+ X pn){f —Med f > t}, (u1 X -+ X pn){f — Med f < —t})

(we focus on deviation from the median, for concreteness).

First, let F,, be the class of 1-Lipschitz functions in R™ (here and further in this note, the Lipschitzness is with
respect to the standard Euclidean metric in R™), and p, ..., g, be Borel probability measures in R. In particular,
it is known that whenever measures pu; satisfy a Poincaré inequality with a non-trivial constant A > 0, i.e

AVar,, h <E,|h|>, 1<i<mn, forevery smooth function h: R — R,

then the product measure p1 X - - - X u,, satisfies the Poincaré inequality in R™ with the same constant, which in turn
implies subexponential dimension—free upper bound exp(—ct) for (), where ¢ > 0 depends only on the Poincaré
constant [14] (see also, for example, [29, Chapter 2]). Conversely, if u = p; = ps = ... is a probability measure on
R, and for some ¢t > 0, (@) is uniformly (over n) upper bounded by a quantity strictly less than 1/2 then necessarily
u satisfies a Poincaré inequality with a non-trivial constant [T1].

A connection between concentration and measure transport inequalities was first highlighted in [19] 20]. In
particular, it has been established in the literature (see [23| Section 7], [10, Section 5|, [4, Corollary 5.1]) that
exponential dimension—free concentration for p*™, n > 1, is equivalent to the inequality

dv dv
T log (d—) dp  for every probab. measure v absolutely cts w.r.t p,
1 1
where the infimum is taken over all pairs of random variables X, Y, with X ~ pand Y ~ v.
A complete characterization of product measures which enjoy dimension—free subgaussian concentration was

obtained in [10] (see also earlier work [28]). It was shown in [10] that given a measure p on R, the quantity in () is

inf E min (| X —Y[,|X —Y]?) < C/
Xe~p, Y~y R
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upper bounded by Cexp(—ct?) for some C,c > 0 (independent of n) if and only if there is a constant D > 0 such
that u satisfies the following measure transportation inequality (the To—inequality):

d d
inf E|X-— Y|2 <2D / d log (—V) dp  for every probability measure v absolutely continuous w.r.t p,
Xeop, Y ov R dp dp

where the infimum is over all pairs of random variables X,Y on R with X ~ p and Y ~ v. We refer to [10] for a
more general statement.

We would like to mention the logarithmic Sobolev inequality as a well known sufficient condition for subgaussian
concentration [8], [I8, Chapter 5], as well as inequalities interpolating between log—Sobolev and Poincaré [17] as
sufficient conditions for dimension—free concentration estimates of the form exp(—ct?) for the quantities in ().

Following works of Talagrand [26] 27], it has been shown in various settings that by restricting the class of
Lipschitz functions to convex (or concave) functions, the worst—case concentration estimates can be significantly
improved. As an illustration, it is well known that for every n > 1, there exists a (non-convex) 1-Lipschitz function
fn in R™ such that for the random vector X (™) uniformly distributed on vertices of the cube {—1,1}", one has
Var f,(X(™) = 0(\/n) (see, for example, [29, Problem 4.9]). On the other hand, a classical result of Talagrand
[26] 27] asserts that there is a universal constant ¢ > 0 such that, with F,, := {Convex 1-Lipschitz functions in R"},
and with g1 = pa = -+ = p, being the uniform measure on {—1,1}, the quantity in () is upper bounded
by 2exp(—ct?), for a universal constant ¢ > 0. An extension of Talargand’s argument shows that () can be
upper bounded by 2 exp(—ct?) for the class of convex 1-Lipschitz functions whenever 1, ..., i, are measures with
bounded supports (then the constant ¢ > 0 depends on the largest support diameter) [I8, Chapter 4]. A complete
characterization of probability measures p on R such that (Il) admits dimension—{ree subgaussian concentration for
convex 1-Lipschitz functions with g = p; = pa = ..., was obtained in [I2] [13] (see also [1I] for an earlier result in
this direction). Both necessary and sufficient condition in that setting is u((t + s,00)) < 2 exp(—cs?)u((t, o0)) and
p((—o0, —t —5)) < 2exp(—cs?)u((—oo, —t)) for all s,¢ > 0 for some constant ¢ > 0, which can be interpreted as the
condition that the distribution p has “no gaps”. The convex subgaussian concentration, in turn, is implied by the
convex log-Sobolev inequality (see [24]). For results dealing with dimension—free subexponential-type concentration
for convex Lipschitz functions, we refer to [5] [13] 2].

Whereas necessary and sufficient conditions for dimension—free concentration are well understood, those condi-
tions are rather strong. For example, it is easy to construct a sugaussian distribution which does not satisfy the condi-
tion for dimension—{ree subgaussian concentration mentioned above. As another illustration, take n i.i.d Bernoulli(q)
random variables by, b2, ..., b,, where ¢ > 0 is a small parameter. Talagrand’s convex distance concentration in-
equality then implies that for every 1-Lipschitz convex function f in R", P{|f(b1,...,bs,) — Med f(b1,...,by)| >
t} < 2exp(—ct?), t > 0, for a universal constant ¢ > 0. However, when ¢ — 0 as n — oo and t is sufficiently large,
it can be checked that the bound is suboptimal.

The main purpose of this note is to give optimal dimension—dependent concentration bound in the class of
subgaussian product measures for convex 1-Lipschitz functions. However, we would like to start with a discussion
of || - ||l4,-bounded variables for p € [1,2), to emphasize the difference in tail behaviour. We recall the definition of
the || - ||y, norm. Given a real valued random variable Y, we set

[Yy, :=inf {A>0: Eexp([Y[P/N) <2}, p>1.

Theorem 1.1. For every p € [1,2) there is a ¢, > 0 depending only on p with the following property. Let K > 0,
n > 2, and let X = (X1,Xo,...,X,) be a vector of independent random variables with | Xy, < K, 1 <i < n.
Then for every 1-Lipschitz convex function f in R™, we have

P{|f(X) —Med f(X)| >t} < 2exp ( — ¢, t?/KP) + 2exp ( — ¢, t?/(K?(logn)??)), t>0.

We were not able to locate the above theorem in the literature, and provide its proof for completeness. Theo-
rem [[.1] is obtained by a simple reduction to Talagrand’s inequality for bounded variables. We note here that the
two—level tail behavior for functions of independent variables is a common phenomenon within high—dimensional
probability, starting with the classical Bernstein’s inequality. It can be informally justified by saying that while
deviation of individual variables from the above theorem are controlled by exp(—©(t?)), linear combinations of
variables of the form >, a;X; (with [ja]l« < |la||2) exhibit subgaussian behaviour in a certain range. No-
tice that, in the above statement, 2exp( —¢p t2/(K2(10g n)2/1’) is the dominating term on the right hand side

when £ = O((logn) P<22*PJ). Further, there is no concentration phenomenon when + = O((logn)'/?). For

t> K(logn) ge= , the tail is estimated by O(exp ( — ¢, t*/K?)).
It can be verified that the statement of Theorem [[LT]is optimal in the following sense:
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Proposition 1.2. For every p € [1,2) there is a C, > 0 depending only on p with the following property. Let
n > C, t >0, and K > 0. Then there exist a random vector X = (X1, Xo,...,X,,) of independent random
variables with || Xy, < K, 1 <14 <n, and a convex 1-Lipschitz function f such that

P{f(X) —Med f(X) >t} > émax (exp (— Ct*/(K>(logn)*/?),exp (— Ct*/K?))
and
P{f(X) —Med f(X) < —t} > é¢max (exp (— Ct*/(K?*(logn)*?),exp ( — C't*/KP)).

Here, ¢,C' > 0 are universal constants.

Now, let X = (Xi,...,X,) be a vector of independent K—subgaussian random variables, that is, || X;||y, < K,
1 <4 < n. It is elementary to see that || X||o := max |X;| = O(v/logn) with probability, say, 1 —n~!0, where the
i<n

implicit constant in O(-) depends on K. By considering the vector of truncations (X;1 {1x:]<C \/@})?:1 (for an
appropriate choice of C') and applying the Talagrand convex distance inequality, it is elementary to deduce that for
every 1-Lipschitz convex function f in R",

Var f(X1,...,Xn) = O(logn),

where the implicit constant depends on K only. However, getting optimal upper estimates for P{| f(X1,..., X,) —
Med f(Xy,...,X,)| > t} in the entire range t € (0,00) appears to require additional arguments rather than the
straightforward reduction to the case of bounded variables.

The main statement of this note is

Theorem 1.3. There is a universal constant ¢ > 0 with the following property. Let K > 0, n > 2, and let
X = (X1,Xs,...,X,) be a vector of independent K —subgaussian random variables. Then for every 1-Lipschitz
convex function f in R™, we have

max (P{ f(X) — Med f(X) > t},P{f(X) — Med f(X) < —t}) < exp (- T E2t+ K_%)>, t>0.

The estimate provided by the theorem is optimal in the following sense:

Proposition 1.4. Let K >0, n > C, and t > 0. Then there exist a vector X = (X1, Xo,...,X,) of independent
K —subgaussian random variables, and a convexr 1-Lipschitz function f such that

. Ct?
P{7(X) e /X)) 6o~ ey ).
and ~
P{f(X) — Med f(X) < —t} >5exp(_ e )
a B K2?log (2 + K;") '

Here, ¢,C' > 0 are universal constants.

The structure of the note is as follows. In Section 2] we provide a proof of Theorem [[LIl Section [Bis devoted to
proving Propositions and [[L4l Finally, in Section @ we consider the main result of the note, Theorem

2. PROOF OoF THEOREM [ 1]

Fix p € [1,2), K > 0, a natural number n > 2, and a 1-Lipschitz convex function f in R™. To prove the theorem,
it is sufficient to verify a deviation inequality for the parameter ¢t > C' K (logn)/?, where C' > 0 is a large constant
depending on p. Let X = (Xi,...,X,) be a vector of independent variables with || X[y, < K, 1<i<n.

For each number k£ > 1, denote

k
V= X1 <20 K log /o
Further, let m > 1 be the largest integer such that
t2
>
22m+6 K2(10g n)?/p - 1’

and define
up = ¢2”@PIm=kl/A s )
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where the constant ¢ = C(p) > 0 is defined via the relation

é Z 9—(2=p)Im—k|/4 _ 1
k=1
We start by writing
P{|F(X) — Med £(X)| > t}

<P{lf(v",...,v,V) - Med f(X |>t/2}+Z]P’{|f VD YDy py P YW > )

To estimate the probability P{|f(Y1(1), ce Y,gl)) — Med f(X)| > t/2} we observe that

min(P{f(v;V,...,¥,()) > Med f(X)}, ]P’{f )Y W) < Med f(X)})
1 ) 2 1
z5-n rglgagﬂ”{lXil > 4K (logn)/?} Z 5 a2
Hence, applying Talagrand’s convex distance inequality for bounded variables, we get
2
(1) 1y _ _ ct
]P’{|f(Y1 yees Yo ) — Med f(X)] > t/2} < 2exp ( K2 (log )7 )’
for a universal constant ¢ > 0.
Further, for every k > 1 we have
P{ Yy ) - r ™y > g t)

<P = YO | > )

= 1H2

n 242
ug t
< P{ Zl l{l/i(k+l)_),i(k)7éo} > max (1, 2R 76 K2(1Og n)Q/P) },
1 <1 < n, are independent Bernoulli random variables with

2
P{Yy ) _y® £ 0l < P{|X;| > 2- 2% K(logn)Y/P) < 1<i<n.
{ ) 7 # }— {| |— (Ogn) }_exp(2p-2kplogn)’ Stsn

where 1 (k+1) (k)
-y oy

Applying Chernofl’s inequality, we get
PO, - r Y )] 2 et

w 2
- mae (L arsa b g 277 )
S - u2 t2
exp(2? - 287 log n) max(1, sz et ogmyers)
P, okp Ui 4
- _eop.
< exp < c2P-2"logn max (1’ 22k+6 K2(10g”)2/p)),

for some universal constant ¢ > 0.
For k < m, we write

242 9kp—mp—(2—p)(m—Fk)/2 42
exp (—0217 .2kplogn max (1, Y >

22576 K2(log n)Q/P)> < exp ( —c&2P2™ . (logn) 52— 2276 K2(log n)2/7
9(2=p)(m—k)/2 42

22m+6 K2 (log n)Q/P)

<exp(—c&2P2™ - (logn) 2(271’)(’”*]“)/2).

= exp ( — & 22" . (logn)

Using the definition of m and assuming the constant C' in the assumption for ¢ is sufficiently large, we get

ct?
S B{A ) - p Y| 2wt} < exp ( B K_)
k<m

for some ¢ > 0 depending only on p.

For k > m, we simply write

P{ Ay ) - p ™Y > upt) < exp (- 27 - 257 log ),

3
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and essentially repeating the above computations, get

C/Itp
S R{AE L) - Y )] 2 ) < exp ( T K )
k>m

for some ¢”” > 0 depending only on p.
The result follows.

3. PROOF OF PROPOSITIONS AND [T 4

First, consider the following basic example. Let p € [1,2], K > 0, and let w1 be the probability measure on R
defined via the relation

1 .
u([t, 00)) = p((—o0, —t]) = ) exp ( - (t/K)p)v t>0.
It is easy to see that, with the random vector X in R™ distributed according to p*", the components of X have
|| - [, norms bounded by O(K’) (with the absolute implicit constant). On the other hand, with the function
f:R™ — R given by
f(II;IQV"v'rn) =T, (II;IQa"'v'rn)eRna
we have 1
P{f(X) < —t} =P{f(X) > t} = S exp (= (t/K)"), t >0,
which gives the required estimates for ¢ > K(log n) 7% in the statement of Proposition [[.2] and for ¢ > f(\/ﬁ in
Proposition [[L4]
The main statement of this section is the following;:

Proposition 3.1. There exists a universal constant C > 1 so that the following holds: Let n > C, p € [1,2],
K > 0. Further, let 0 <t < %\/ﬁ Then there exists a random vector X = (X1,...,X,,) with i.i.d components
whose || - ||y, -norm is bounded above by K such that

1 t2
P{|X ||z — Med | X |2 >t 2—exp(—C- ), and
{ I=e K2 (1og (2-+ 552)) 7"
1 t2
P{||X ||z — Med || X |2 < —t 2—exp(—C- )
e = K2 (log (2.4 532)) 7

Together with the above example, Proposition [3.1] implies Propositions and [[L4l The “test” distribution we
use to prove Proposition Bl is the n—fold product of a 2-point probability measure defined by p({0}) =1 — 0 and
pw({K log(1/6)Y/P}) = 6 where § = 6(t) is an appropriately chosen parameter.

The proof of the proposition relies on a precise lower bound for the tail probability of a Binomial random variable.
We need the following result:

Lemma 3.2. There exists universal constants ¢, > 0 and Cyp > 1 so that the following holds. Let n be a sufficiently
1

cpn’

large integer. For 0 € [ cb} ,let Yr,....Y, be i.i.d Bernoulli random variables with a parameter 8 > 0. Then,

for any 0 <r < n—0n, we have

- 1 on+r r?
2 ]P{ Y; >0 } > — -Gyl 24 —— || — ).
) ; = _Cbexp< bog< " )9n+7°>
Remark 3.3. The term 07:_2” corresponds to the usual Bernstein—type tail estimate, and log (2 + ‘9’5%) is the

“extra” factor emerging when 6n = o (r).
Although the above statement is based on completely standard calculations, we provide its proof for completeness.

Proof of Lemma[33. We will assume that v0n (and 6n) is greater than a sufficiently large universal constant
and at the same time 6 is smaller than another small universal constant. Those conditions on # can be imposed
by adjusting the constant ¢, in the statement of the lemma. For every k < n, let P, := P{}." | Y; =k} and
Pop =P {370, Y; > k}.
We claim that in order to prove the lemma it is sufficient to establish the following inequalities:
exp( —Clog (2 + ﬁ)r) if r> %Gn,
(3) VO<r<n—6Onwithn+reN, Psgpi,r> -

exp (= Cosr if 0 <r < 56n,

Ql= Q=
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for some universal constants C ,C > 1.

To verify the claim, fix any 6 (satisfying assumptions from the beginning of the proof) and any r with 0 < r <
n —6n. We have P>gnir = P>ignir]-

First, consider the case [fn 4+ 7] — 6n > {60n. Since fn is greater than a large universal constant, we have

[On + 1] < On + 2r, whence, applying ([B]) with parameters 6 and [6n + r]| — On,
1 _ 2r 1 A r
S - _ 210 > — —
P>rgngr > Cexp( C'log (2—1-9”) 27‘) > Oexp( 4C'log (2+ Hn)r)’

where the last inequality holds since log(2 + 2z) < log ((2 + z)?) = 2log(2 + z) for > 0. Further, under the

condition [n + r] — f6n > 91—8 and assuming that On is larger than a big universal constant, we have 9;2_; > 1.
Therefore

2

Next, consider the case 0 < r, [fn +r] —fn < £2. Clearly, [0n + 1] — 6n < r + 1, and hence

1 ~(r+1)?2
Pxrontr) 2 EGXP(_C on+r )

2 %eXp(_éﬁnTj—r _é)’

where the last inequality holds since r < 91—8 and On is sufficiently large. As log (2 + #) > log(2), we obtain

2

1 ~ C r r
> = - - — )
P> tonir = Cexp( 0) exp( og(2) log (2+ 9n)9n+7~)’

and derivation of (@) from (B]) is complete.

From now on, we assume r > and On + r € N. Obviously,

n n—on—r
(4) Ponir = ( o + T) ot (1 — )"
Case 1: % <r<n-6fn.
By the standard estimate, (en"JrT) > (W’jﬂ)enﬂ, and so
on Ontr 0 On+r 0
> —_nvnTr — _ _ gyn—bn—r
Popir > (971 n r) (1-19) exp ( log ( o )(6‘n + r)) (1-19)

Since (1 — ) > exp(—26) whenever 6 > 0 is small enough, we get
(1—6)""=" > (1 —6)" > exp(—26n),
and therefore

Poonir 2 Ponir 2 exp ( Tl (9n9+ T) (bn+7) — 29”) > exp ( —Clog <9n9+ r>r>
> ! :

for a universal constant C' > 1. This completes the proof of ([B)) in the regime r > %.
Case 2: O§r<91—8.
In view of Stirling’s formula,

On+r n—0n—r
n n n
P n+r > _— 9071"1‘7‘ 1 _ 9 n—0n—r
On+ _c\/(9n+r)(n—9n—r) (9n+r> (n—ﬁn—r> ( )

- c on On+r n— On n—On—r
“VOn+r \On+r n—60n—r ’

where ¢ > 0 is a universal constant. Since log (1 + z) > x — 22 for z > 0, we get

n—6n—r n—6On—r 2
711_9” = 1_’_77“ >exp(r— —
n—6n—r B n—0n—r = &Xp n—nf—r)’

Similarly, since log (1 — z) > —z — 222 for « € [0, ] and o €10, 1) for 0 < r < 6,

971 On-+r . r On-+r . 27”2
= - xp [ —r — .
on+r On+r = OXP on+r
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. 1 1 1 1 1
Hence, together using that —5— < " Ton < T, < when 0 < 6 < 3, we get

c 3r?
5 Popyr > —— - .
©) ot \/Gn—i-reXp( 9n+r)

The bound Psgp+r > Pynir is insufficient to get (B) when r is small. We will bound Psg,,4, by comparing it with
the sum of a geometric sequence starting with Py, 4.
For v’ > 0 with fn ++' € Nand n — 6n — ' > 0, by (@) we have
Popirryr  n—On—r" 0 1_(110—9)71
Py On+r+11-6 1+% '

Sinceﬁzl—xforallxz(),

Pgn+T/+1> 1 r’ 1_1—0—1"’ >1_ 7’ _1+r’
Popgrr (1—-6)n on )~ (1—-6)n On

Next, with % < 13be < L when ¢, > 0 is small enough,

4
>1_1+§T’I

P9n+r’+1

P0n+r’ on

4
Notice that for 0 < i < max([r], [Vn]) := u, we have 1 — W > 1 — 2 where we used that v/fn is greater
than a large absolute constant. Hence, for 1 < i < u,

AN
Popyryi > P0n+r(1 - 9—) .
n

Then

u u . w\utl
Poonir >3 Pousrss > Pons -<Z(1_4_“)1)_p9 P k) NN )
7717’_120 n+ro-ir — n—+r Pt en n-—+r 3_:’ - n-—+r Su
where the last inequality holds since ( — 3—Z)u+1 < exp ( — %) <exp(—4) < % since u > v/0n. Together with @,
we obtain
P>9n+7“> o_n#exp<_i>
= ~ 8u+On +r On+r

With On > 225 (since r < 22) and u < 2max(r, Vn) (if fn is large enough), 2= T 2

c VOn+r .
33 max(r VB Finally,

it is easy to check that
2

VIR e (- )
max(r, VOn) P On+r/

P s o A
Zontr = 39 P\ T g )

and the proof of (@) is finished. O

Now we conclude that

Lemma 3.4. There exist constants ¢, > 0 and C, > 1 so that the following holds. Let n be a sufficiently large
integer and let o > 0. For 0 € [ 1

cpn’?

cb} , let Yr,...,Y, be i.i.d Bernoulli random variables with parameter 6. Set

X = (X1, Xa, ..., Xp), with X; = aY;, i <n. Then, for allt € [o, #}

1 ~ 2\ 2
(6) P{HXHQ > Med|| X2 + t} > C'_b exp < — Cylog <2 + 9na2) ?)

Proof. Clearly,

Since the mapping y — «,/y is monotone increasing for y > 0, the median estimate for Binomial random variable

[0 < Med( znj Y;) < [on]

=1
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(see [16]) implies

(7) ar/|0n] < Med|| X||2 < ay/[0n].
Thus,
[Med|| X ||z — aV0n| < a\/TOn] — ay/]0n] < «

where the last inequality holds when 6n > 1.
We claim that in order to verify the lemma, it is sufficient to establish the following bound:

i 1 2\ ¢
® Vi e [O,a— L P{IX]l2 > avBn + )} > Zexp (= Clog (24 77— ) —

2 o?

for a universal constant C' > 1. Indeed, suppose (8) holds. For ¢ € [0, #],
1 1 [t Nt 2
]P’{HXH2ZMed||X||2+t}2P{|\X|\2Zav9n+a+t}25exp —Clog 2+% 54—1 a—i—l ,

where the last inequality follows from (8] since a4t € [O, aﬁ}, under the assumption n > 16. Since (é +1)2 <

2
2(£)? + 2, we get

1/t 2 2 2 (t)\’ £
—(Z < R < . -
log (2+ 9n<a+1) ) < log (2+ 9n+6‘n (a> > < log <2 ( 9na2>> 210g< 9na2>’

where we used - < 1 in the second inequality. Then, applying the bounds (£ 2 <2(L)?+2and 5= <1 again,
we obtain

1/t 2 [t 2 #2 £\? 2 £\?
log{2+ —|—+1 —+1) <A4dlog|2+ — ) +1)<4log(3)+8log |2+ -1,
on \ o o Ono? « Ono? o

where we applied the inequality log (2 + %) < max (log(3) log (2 + 9na2) (a) ) Therefore,

1 2 t\?
P{|| X2 > Med| X|l2+t} > & ©xp(—410g(3)C) exp < —8Clog <2 + W) (—) )

«

and () follows from () with Cp, = max(C exp(4log(3)C),8C). The claim is established.
Now we prove (B). First, since || X||2 = ay/> ., Vi,

- t
P{|X|l2 > avbn +t} =]P’{2Yi —0n>2V0n— + — }

~—_————

T

For 0 < £ < +/fn, we have 0 < r < 36n. We apply Lemma B2 and use that log(2 + 9"”) < log(6), to conclude

1
o

o 1 2
b

n

1 t2 1 9log(6) 2\ t?
> — —Cpl 09— | > = log(2+— |— |
c exp < Cy log(6) 9a2> > Cb < C'b 02 (2) og ( + 6‘na2) a2)

For von < é < %\/ﬁ, we have On < r < %2 < %n < n — On where the last inequality holds when ¢, > 0 is chosen
small enough. Applying Lemma again, we obtain

1 61 \ 3t2
P{| X2 > avn +t} ZFeXp —Cplog | 2+ 5 —= )
b

Ona o?

We have log (2 + 96‘22) < 3log (2 + %), and hence

1 2\ 2
> > — — .
P{|| X2 > aVon +t} > P ( 9Cy log (2 + 9m2> QQ)

Now (8) follows by choosing C' := max (glog 9) Cy. a

log(2
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Proof of Proposition Iﬂ Let X(0) = (X1(0),...,X,(0)) be the random vector defined in Lemma B4 with parame-
ters 6 € [c ,¢p] and o := K (log(1/6))'/? (the actual choice of § will be made later in the proof). Then, {X;(6)},
are i.i.d random variables with the || - ||5,-norm bounded above by K. We want to emphasize that the distribution
of X depends on the parameter 6, and that our future choice of 8 will also depend on t.

Applying Lemma B4 with 0 <t < K‘f < O“F and any 6 € [C —, cp), we get

1 ~ t? t?
© P{IXO 2 Ml X0 +1) > o (= Coios (24 gt ) etz )

Case 1: t € | \/K2 logn)?/? \/Cbﬂ?"]. In this case, we define

3cp
oot = (2 (o (52)")

Since t — 6(¢) is a monotone increasing function for ¢ < K+/n/3, our choice of 8 satisfies

2/p
N (log n) <p< Co

con cpm 2/ = _ﬁgcb’
evn (108 (i) (1os (2))
| G —

/ pl
when t= K2 (log n)?/P when t= Cbi -
\/ 3cp E

which conforms to the conditions in Lemma B4 and therefore the estimate (@) is valid. Our choice of 8 implies
log(1/6) > log( ) and thus

IN

3t2 3t2 B (log (£22))*” 312
tos (“K?enaog(l/e»?/p) K2(log (1)) (“ Tog(1/6)°77 )K2<1og<1/9>>2/p
3log(3 )

75
K> (log (%))
Further, the assumption that ¢ < 4/ # and ¢, > 0 is sufficiently small implies that K;" > 9 and therefore
K?n 1 K?n 1 K?n\2 K?n
10 oz () = glos (5) = qes ((57) ) = qes (24 57).
(10) B3z ) =2\ ) T 1%\ 40g T
We conclude that

. Lo e Blog®)t
P{IX(6(t)]2 > Med|| X (0(t))[|l2 + ¢} > G p( Co K2 (1og (%5 ))2/10)

t2 )
Kz(log (2 + Ktén))z/p '

Next, we will handle the lower tail estimate. We can assume that [fn] > 6n/3 since On > % and ¢, > 0 is
sufficiently small. Then, by (7)) we have

Med||X (6(1)) 2 > K (log(1/6))/7+/[0n] > K (log(1/6))"/?/8n/3

K2n K22/ \ 2/P 12
\/< 0% ( 312 (1oe ( 312 ) )> (log (K 2n/3t2))2/P =
AS a consequence,

P{IX(0(t) ]2 < Med|| X (0(1))]l2 — t} = P{]| X (0 ())|\2_0}_(1—9) > exp (- 26n)

> Ni exp ( —3.42/PCylog(3)
Cy

- )
K2(10g(K2n/3t2 2/p
Finally, by ([I0),

2
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We have shown that for 4/ ng+b")2/p <t <4/ #, the proposition holds with C' = max(48C} log(3), 6-16), since
p>1

Case 2: 0<t< 1/}{2(13%:)2/;7' Set to := \/mlg%b")wp, and let X := X (0(to)). We have, by the above,

2
tO

T
K2(log (2 + thn

. . 1
P{||X[ls = Med || X[|2 > to} > = exp

>>2“’>'

When n is greater than a sufficiently large constant,

t3 B (logn)?/? < (logn)?/? < 2
2n\\2/P 2/p = 2/p = 3¢’
K2 (log (2 + th ) 3cp ( log (2 + 7(10‘;?;;12/;, )) 3cy(log(v/n)) 3cp

where we used that p > 1. We conclude that for ¢ € [0, to],

3¢y

The lower tail is treated the same way. By adjusting the constant C, it implies the proposition for ¢ € [0, to], and
completes the proof. O

- - - ~ 1 2C
P{IX]l> — Med | X[ > 1} > {[Xl> ~ Med [ X[l > 1o} > exp (— )

4. PROOF OF THEOREM [1.3]

Our proof of Theorem [[.3]is based on a modification of the induction method of Talagrand. In fact, the first part
of the proof which deals with setting up a recursive relation for a modified convex distance, essentially repeats, up
to minor changes, the standard account of the method (see, for example, [I8]).

Definition 4.1. Given a point x € R™ and a non-empty subset A of R™, we define the modified convex distance
between x and A as

n
dist®(z, A) := max min Y a;|x; — y;l.
(z, 4) a: fjalla=1 yeA; iz = uil
Remark 4.2. In the standard notion of the convex distance, the indicators 1(,,,,} are considered instead of the
differences |z; — y;|. Since we work with measures with (possibly) unbounded supports, it is crucial for us to track
the “quantitative” distance between z; and y;, i < n.

Given a non-empty A C R™ and 2 € R", we denote by U(x, A) the set of all vectors in R’} of the form

Uz, A) := {(|a:Z - yi|)i:1 HETRS A},
and let V(z, A) C R™ be the convex hall of U(x, A).

Lemma 4.3. We have
dist®(z, A) = dist(0, V' (z, A)),
where the distance on the right hand side is the usual FEuclidean distance in R™. Furthermore, when A is convex,
dist®(x, A) = dist(z, A).

Proof. We will provide the proof for the second assertion of the lemma for Reader’s convenience. Let A be a
non-empty convex set. Without loss of generality, A is closed. There exists a vector y € x — A such that for all
z€x— A, wehave z-y >y -y, so that dist(z, A) = dist(0,z — A) = ||y]|2.

Now, for any z € R", let Z be the vector obtained from z by replacing each component of z by its absolute value.
For each point 2’ € U(x, A), there exists 2 € z — A such that 2/ = Z. Since Z-§ > z -y > ||y||3, the set U(z, A) is
contained in the half-space {w € R" : w-§ > |ly||2}, and the same is true for its convex hall V(z, A). Therefore,
we conclude that dist(0, V(z, A)) = [|7]l2 = ||y||2 since § € V(x, A). O

The main technical result in this section is the following:

Proposition 4.4. Let K > 0, and let pi,pe,...,u, be K-subgaussian probability measures in R. Let X =
(X1,Xo,...,X,) be distributed in R™ according to pq X pro X -+ X i, and let A C R™ be a non-empty Borel subset.
Then, for any o0 € (0, %],

. < & (dist®(X, A))2 ) L4
Xp n > )
K210g (2+ W) P{X (S A}(S

where ¢ > 0 is a universal constant.
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Before we consider the proof, let us show how to derive Theorem from the above proposition.

Proof of Theorem[1.3. First, note that it is sufficient to prove the statement for t > C’K /logn for a large constant
C’ > 1. For the upper tail, we let A :={z € R" : f(z) < Med f(X)}. By Proposition @4 for any § € (0, 3],

¢ (dist®(X, A))? 8
o (SRR 8
K?log (2 + 10g(2+1/5)) g
Let A, := {z € R™: dist°(x, A) < t}. Observe that, since f is convex, so is the set A, and therefore A, = {x € R™:
dist(z, A) < t}, in view of Lemma[£3]l Applying Markov’s inequality, we get
P{A(X) > Med f(X) + £} < P{X ¢ A}
8 exp ( ct? )
< -—exp| — — .
5 K2log (2 + rmlm)

We choose & := exp ( — e 10;;2_{4[(22” ) (we can assume that 6 < 1/2 if C” is sufficiently large). Observe that
t2/4
log(2 + 3) > log(1/68) = ﬁfl) and hence
zt2/4

n K?n K?n K?n

1 (2 7)<1 21 1 ( ) <21 (2 —)

B\ g2t 1/9)) = °g< zea Pt aen) ) =Pt Ee
Therefore,
ct?/4 ét? ct?

5 K2n 3 =8exp| — &y )
K 10g(2+m) 2K2log (2 + Z774) K?log(2+ £2)

1

where ¢ := ;¢. By assuming C’ > 1 to be sufficiently large, we get

( ct? > ( t2/2 >
8 exp ———Jan | Sexp| - ————= |
K?log(2 + ct2 ) K?log(2 + 2 )

which completes treatment of the upper tail.

For the lower tail, we take A := {z € R" : f(z) < Med f(X) —t} and define A; := {x € R : dist®(z, A) < t} =
{z e R™: dist(x, A) <t} (with the last equality due to convexity of A). Then {x € R"™ : f(x) > Med f(X)} C A
and therefore P{X € A¢} > 1. For § € (0, 3], we have, in view of Proposition 4 and Markov’s inequality,

PLA(X) > Med f(X) + 1} < Sexp (

. 4 ét?
sPX e < pxean” p<_10g( #)

2+ TgErire)

N)I)—l

which implies

P{f(X) < Med f(X) — t} = P{X € A}

<8ep( ét? )
< —exp| — — .
log (2 + tztysy)

Now, the same choice of § leads to the desired bound. O

As we have mentioned above, the proof of Proposition 4lis based on the inductive argument (with the dimension
as a parameter of the induction). The next proposition sets up the argument:

Proposition 4.5. Let n > 1, and let ju1, jio, . . ., fins1 be probability measures in R. Let A C R™*! be a non-empty
subset, and for each o € R, denote

Ala) :={veR": (v,a) € A}.
Let X = (X1, Xa,..., Xn11) be distributed in R"1 according to py X pg X -+ X jiny1, and X' be the vector of first
n components of X. Then for every k > 0,

Eexp (k- (dist®(X, 4))?)
< Einf {exp (n- (R/ X1 — 0 dl/(a))Q) a];% (E exp (i (dist*(X’, A()))2)) |,

where the infimum is taken over all discrete probability measures v in R with a finite support.
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Proof. Take arbitrary element (z,s) € R x R = R"*1. Observe that

U(w,9),4=  |J (U@ A@)e(s-al),

a€R: A(a)#0

where the notation “@” should be understood as vector-wise concatenation producing vectors in R”*!. Therefore,
every vector of the form

[ @ e (s - a)avie) = ([ o@vta). [ 1s - al i) e e,
R R R

where v(a) € V(z, A(a)), o € R, and v is a discrete probability measure on R with a finite support, belongs to the
convex hull V((z, s), A) of U((z, s), A).
Further, we have for every Borel probability measure v on R and every choice of v(a) € V(z, A(a)):

H [ vierivta)| ( / Jo(a)ll2 dva ) / Jo(e) B dv(a

by Jensen’s inequality. Hence,

(forsn oo for s fo-im)

Recall that dist®((x, s), A) = dist(0,V((z,s), A)) and dist®(z, A(a)) = dist(0, V(z, A(a))) (see Lemma F3)). Thus,
taking v(a) € V(z, A(«)) so that ||v(a)||2 = dist®(z, A(«)) for all o, we obtain that

(dist“((z,5). 4))” < inf </(dist (z, A(a))) (/|s—a|du ) )

where the infimum is taken over all discrete probability measures v on R with a finite support. Clearly, Eexp (Ii
(dist®(X, A))?) = Ex,,,,Exs exp (k- (dist®((X’, Xn+1), A))?). Further, applying the above observation, we get

Ex exp (’i - (dist (X7, Xpt1), A))2)

< Ex: infexp (Ii : / (dist(X’, A(a)))2 dv(a) + k- (/|Xn+1 —qf du(a)>2>
R R

< ill}f Ex’ exp <Ii : R/ (dist®(X’, A(a)))2 dv(o) + K - <]R/ | Xnt1 — @ du(a)> >

= inf [eXp (,.;. </|Xn+1 - a|du(a)>2> Ex: exp <,.;./(distC(X’,A(a)))Qdy(a)ﬂ.
R R

In view of Holder’s inequality, the last expression is majorized by

. 2 . N
inf [exp (n- <R/|Xn+1 —a|dy(a)) ) I1 (EX/ exp (- (dist®(X’, A(a))) ) ]

a€cR

and the result follows. O

Remark 4.6. The class of measures v in the above proposition is restricted to discrete measures to avoid any
discussion of measurability.



DIMENSION-DEPENDENT CONCENTRATION FOR CONVEX LIPSCHITZ FUNCTIONS 13

Remark 4.7. By considering two-point probability measures v of the form \dx, ., + (1 — A)d,, we get from the
last proposition

Eexp (k- (dist®(X, A))?)

2
- V:/\t?xn+1+(1—l§)5y,,\e[o,l],yeR [eXp (FJ (/| +1— @ z/(a)) )
R

T (2 exp (- i (7, ()|

a€eR
1
-E inf “al
v=xdx,, 1 +(1-0)6,.0€(0.1], yeR [eXp ( B F exp (r - (dist (X', A(Xn41)))2)
1
(Xnsr —y)2 (1 =N)2) .
E exp (IQ' (diStC(X/,A(y)))Q) T Kna = 9) ) )]

—(1=X)log

Next, we record an elementary fact:

Lemma 4.8. Let —oco < b<a < +4o0, and let co >0, R > 0. Then

- R%, if (a—b) > 2cR?
(11) min (— b — (1= Na+ coR*(1— /\)2) _ et fg,b)z %f (@ —b) > 2c¢o
Ao —b— dcoRZ if (a—0b) < 2¢oR2.

Proof. We have

i —Ab—(1-=2) R21-)N)?)=— i R21-=XN?4+Xa—0b
Agl{(lfﬂ( ( Ja + coR*( )) a—l—Aren[gll] (co ( ¥4+ Ma—1b)

—b
— a4+ coR? min](l—i—(a —2))\—1—)\2).

A€[0,1 coR?
The expression (1 + (;;%b? —2)A+ M%), A €[0,1], is minimized at A = max(0,1 — 2‘;0_122 ). And ([T follows since

- a—>b 5) (1 a—b (1 a—b 2_1 . a—>b z_a—b (a — b)?
coR2 2¢oR2 200R2) 200R2 /)  coR2? 4¢AR*

As an immediate consequence of Remark 7] and Lemma L8], by considering two-point measures we get

Proposition 4.9. Let n > 1, and let piy, lia, . . ., fins1 be probability measures in R. Let A C R™*! be a non-empty
subset, and for each o € R, denote

Ala) :={veR": (v,a) € A}.
Let X = (X1, Xa,...,Xn11) be distributed in R"™ according to puy X pig X -+ X pint1, and X' be the vector of first
n components of X. Then for every k > 0,

Eexp (k- (dist®(X, A))?) <E i]telﬂfQ exp (H(Xn+1,9)),
y

where

H (ty) = min (= Ah(t) = (1= Nh(y) + 51 =) (y - t?),

and h : R — R is any function satisfying
1
h(z) <1 ;
() < log E exp (k- (dist®(X’, A(z)))?)

Moreover, the function H (t,y) can be represented as
—hly)+ =1 i h(y) = k() =2y - 1),
1) = LM if0 < h(y)— (1) <26 (y—1)°,
t), if h(y) —h(t) <0.

z € R.

H(ty) = { —h(
—h(
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Remark 4.10. Repeating the optimization argument from [I8 p. 74], we get for every pair numbers ¢,z with
h(y) > h(t), and for every number Q > 4k (y — ¢)°:

H (t,y) = —h(y) + min (4F; (y —1)° ((1 —N)?/4— AM))

A€[0.1] 4k (y —t)°

< —h(y) + Qlog (2 —exp (W))

The next lemma encapsulates the initial step of the induction:

Lemma 4.11. Let p be a K —subgaussian probability measure on R, and X be distributed according to p. Then for
any choice of the parameter L > /2 K and any non-empty Borel subset A C R,

(dist®(X, A))2 4
B () <

Proof. WLOG, the set A is closed. Let x € A be a point with dist®(0, A) = dist(0, A) = ||z||2. Then

dist®(X, A))? 2X2 + 222 222
Eexp (%) < Eexp <T> < 2exp (F)

It remains to note that
i(A) < P{IX| > o} = P{exp(2X2/L?) > exp(262/12)} < exp(—22%/L%)E exp(2X?/L?).
The result follows. O

In the next lemma, we deal with “the main part” of the induction argument. The basic idea is to split the
argument into two cases, according to how much of the “total mass” of a set A is located far from the origin.

Lemma 4.12. Let m > 2, and let A be a non-empty Borel subset of R™. For each x € R, let

Alz) = {y e R™ 1 (y,x) € A}
Further, let p1, po, ..., um be K—-subgaussian measures on R, let X = (X1,...,X,,) be distributed according to
1 X fhg X -+ X fh, and let X' be the vector of first m — 1 components of X. Assume that for some R > 1, L > 16K

and every x € R,
(dist®(X’, A(z)))? R
< .
B exp ( 2 = P{X' € A(z)}

Then

Eexp ((distc(L)g, A))2> . R _ex]}pp({;(/:;/f}z;z(?))){

Proof. Without loss of generality, A is closed. Moreover, by an approximation argument, we can (and will) assume
that the measures pq, ..., m—1 are supported on finitely many points. Define parameters L= L/4 and M :=
L/(8K).

We consider two cases. First, assume that P{X € A and X,, € [-L, L))} > (1 — exp(—M?))P{X € A}. In this
case, we essentially repeat the standard “induction method” argument employed in the proof of dimension—free
subgaussian concentration on the cube. Let z, be a point in [~ L, L] such that P{X’ € A(z;)} > P{X’ € A(x)} for
all z € [—-L, L]. In view of Proposition A9,

Eexp ((dist®(X, A))?/L?) < E exp (H (X, z3)),

where
H(t,xzp) : = )\ren[g)%] (= AR(t) — (1= Nh(zp) + (1 — A (2 — t)? /L?)
—h(xp) + (wp — t)° /L2, if h(xy) — h(t) > 2 (zp — ) /L2,
= { —h(t) - BLEROR i 0 < h(my) — h(1) <2 (@ — 1) /1,
—h(t), if h(zp) — h(t) <0,
and

P{X' € A(u)} 1

(12) h(u) = log (#) < log (@se, Ay <%
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Using the definition of x, the equation 1%2 =1, and Remark with parameter @ := 1, we get
H(Xom, ) < —h(zp) + log (2 — exp (M(Xm) — h(zp))), whenever X,, € [-L, L]

On the other hand, for all realizations of X,, ¢ [~L, L] we can crudely bound the function as
H(Xpm, 2p) < —h(z0) + (26 — Xim)? /L7
Combining the relations, we get

E exp ((dist®(X, 4))%/L?)
<E [exp<—h<wb>><2 — exp (A(Xm) — h@n)) Lixnel 2.0

+exp (— h(xp) + (2 — Xpn)? /L?) 1{Xm§2[i,i]}:|
R PX/{XI S A(Xm)} 2 2
<spre i (0 Bt ) nectsan +oR (X)L, 20
—_ R L
- P{X’ € A(xp)}
Observe further that

<2]P>{|Xm| <L} - PLX Ezﬁ{jﬁde);?;)[}_ L) g [exp (4X;,/L?) 1{|Xm>i}])'

~ ~ 0 2
E[exp (4X7 /L*) 1y x, siy] < 2exp (= L?/K? +4L%/L?) + 2/ sTar? ds
" exp(4L2/L?)

< 4exp(—[~/2/K2 +4l~/2/L2),

since % > 2. Moreover,
P{X € A and X,, € [-L, L]}

P{X" € A(zy)} <P{|Xn| < L}.

Hence,
E exp ((dist®(X, 4))%/L?)
RP{|X,,| <L} 4Rexp(—L?/K?+4L?/L?)
= P{X’ € A(z)} P{X' € A(z)}
_ R | ARexp (- L?/K? +4L%/1?)
T P{X € Aand X, € [-L, L]} P{X" € A(zp)}
R(1 —exp(—=M?))~"  4R(1 —exp(—M?))"texp ( — l~/2/K2 + 4I~/2/L2)
ST pxea T PIX € A}
R(1 — exp(—M?))~! N R(1 — exp(—M?)) "L exp (— 2M?)
P{X € A} P{X € A} ’

implying the result.
Now, consider the second case: P{X € A and X,,, ¢ [-L, L]} > exp(—M?)P{X € A}. Observe that since
PIX € Aund X ¢ L= [ PodX' € A6} din(s) = Ex, (P (X' € AL, o).
R\[—-L,L]
there must exist a point z; € R\ [~L, L] with Px/{X’ € A(x;)} > 2P{X € A} exp(2z?/L?). Indeed, if we assume
L2

the opposite then, by the above (using that 577 > 2),

exp(—M?)P{X € A} <P{X € Aand X,, ¢ [-L, L]}
<2P{X € A}Ex,, (exp(2X7, /L)1 x 15iy)

o0

=2P{X € A} (exp(2E2/L2) P{|X,.| > L} +/

P{exp(2X2 /L?) > s} ds)
xp(202/12)

<8P{X € A} exp (— L*/K* +2L*/L?)
< 8P{X € A} exp (— L?/(32K?)) = 8exp(—2M?*) P{X € A},

leading to contradiction.
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Applying again Proposition L9 we can bound
Eexp ((dist®(X, A))?/L?) < E exp (— h(ay) + (20 — Xm)* /L?),
where h is given by ([I2]). Hence,

Eexp ((dist®(X, A))*/L?) < WRA(%)} exp(227 /L) E exp(2X2,/L?)
2Rexp(2x?/L?)
~ 2P{X € A}exp(227/L2)’
and the result follows. O

Proof of Proposition[{.4 Let § € (0, %] which could be an n—dependent parameter. Define a positive parameter L
via the relation
L2 =512K%log (24+ — ).
©8 ( T g2+ 1/0)
Observe that this choice of L satisfies both Lemmas 11| and Hence, applying Lemma 11l and then
Lemma inductively n — 1 times, we get

Eexp ((diStC(X A))z/L2) < 4(1 — eXp(—Lz/(64K2)))—2(n—1) |

P{X € A}
Note that
) n —8\ —2(n—1)
_ 72 2y))—2(n—1) _ . . n
(1 —exp(—L7/(64K7))) (1 (2+ log(2—|—1/5)) )
< an 2+ — " -
: e"p( ”( i 1og<2+1/6>> ))
-7
~oo (g (** i) )
2+m 10g(2+1/6)
< (2+ 1/5)4(“7103@11/6)) <(2+1/6)% <1/6,
since 1/§ > 2. The result follows. O
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