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Confidence Intervals

= An interval estimate provides more

information about a population characteristic
than does a point estimate

= Such interval estimates are called confidence
Intervals



Confidence Interval and
Confidence Level

= [f P(LL <y <UL) =1 - a then the interval from

the LL to UL iscalleda 100(1 - a.)%
confidence interval of p.

= The quantity (1 - o) is called the confidence
level of the interval (probability between O - 1)

= In repeated samples of the population, the true value
of the parameter y would be contained Iin

100(1 - a)% of intervals calculated this way.

= The confidence interval calculated in this manner is
written as LL < py < UL with 100(1 - a)% confidence



Confidence Level, (1-a)

= Suppose the confidence level = 95%
= Also written (1 - a) = 0.95 or a=0.05

= A relative frequency interpretation:

= From repeated samples, 95% of all the
confidence intervals that can be constructed will
contain the unknown true parameter
= A specific interval either will contain or will
not contain the true parameter



General Formula

= The general formula for all confidence
intervals is:

Point Estimate £ k * Standard Error

= K often called reliability factor and
depends on the desired level of
confidence
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Confidence Interval for p
(02 Known)

= Assumptions
= Population variance o2 is known
= Population is normally distributed
= |f population is not normal, use large sample

= Confidence interval estimate:

_ c _ 9
X—=2Z »n—— < U < X+2Z,_,——
1-a/2 1-a/2
" Jn " Jn

(where z,_,,, is 1-a/2 percentile of the standard normal distribution)




Percentiles of the standard normal

= Consider a 95% confidence interval:
<

' 1—-o=.95

% _ 025 % — 025
| |
Z units: z=-1.96 0 z=1.96
] Lower Upper
X units: Confidence Point Estimate Confidence
Limit Limit

Find z 5,5 = £1.96 from the standard normal distribution table




Construction of confidence interval for the mean
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Intervals and Level of Confidence

Sampling Distribution of the Mean
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Confidence Intervals




Example

= Consider the grades of 9 students:
3,8,4,11,8,6,9,10,5
We know from past exams that the
population standard deviation is 1.5
(assume Normality)

= Construct a 95% confidence interval for the
true mean grade of the population.



Example

= Solution:
X=) x,/n=03+8+4+11+8+6+9+10+5)/9=64/9="7.11
i=1

Zl—a/2 — Zl—0.05/2 — Zo.975 =1.96

izm%=7.11i1.96(1.5/\/§) =7.11£1.96-0.5 =

=7.11£0.98

6.13< u <8.09



Interpretation

= \WWe are 95% confident that the true mean
grade is between 6.13 and 8.09

= Although the true mean may or may not be
In this interval, 95% of intervals formed in
this manner will contain the true mean



Confidence Intervals

Confidence
Intervals

Population
Mean

o2 Known

02 Unknown

Population
Proportion




Student’s t Distribution

= Consider a random sample of n observations
= with mean X and standard deviation s
= from a normally distributed population with mean p

= Then the variable

(XM

- s/</n

follows the Student’s t distribution with (n - 1) degrees
of freedom




Confidence Interval for p
(02 Unknown)

= |f the population standard deviation o is
unknown, we can substitute the sample
standard deviation, s

= This introduces extra uncertainty, since
s Is variable from sample to sample

= So we use the t distribution instead of
the normal distribution



Confidence Interval for p
(o Unknown)

= Assumptions
= Population standard deviation is unknown
= Population is normally distributed
= |f population is not normal, use large sample

= Use Student’'s t Distribution
= Confidence Interval Estimate:

_ S _ S
X—1 — < U < X+t —
1,1-a/2 1,1-a/2

T Un T Un

where t, ;4> isthe 1-a/2 percentile of the t distribution with n-1
degress of freedom



Student’s t Distribution

ne t is a family of distributions

ne tvalue depends on the degrees of

freedom (d.f.)

The number of observations that are free to vary after
the sample mean has been calculated

df.=n-1




Student’s t Distribution

Note: t — Z as n increases

Standard

Normal
(t with df = ) \ :

- = t (df=13)
t-distributions are bell-

ﬁhapelg and sylmrrrl]etrichbut /\

ave ‘fatter’ tails than the t (df=5
normal A (df = 5)




Example

= Consider the grades of 9 students:
3,8,4,11,8,6,9, 10,5
(assume normality)

= Construct a 95% confidence interval for the
true mean grade of the population.



Example

= Solution:
X=) x,/n=03+8+4+11+8+6+9+10+5)/9=64/9="7.11

i=1

n
Z('xi _)_6)2
A2 2 _ =l —

O =85 =

n—1
=[3-7.11)°+8-711)>+(4-7.11D)*+(11-7.11)> +(8-7.11)" +
+(6-711)"+9-71D)°"+(10-7.1D)* +(5-7.11)"]1/8 =
=60.89/8 =7.61

o=47.61=2.76



Example

tot a2 = ts0075 = 2.306

nlloc/2\/7 nlloc/2\/7
7.11—=(2. 306)ﬁ < < 7114+ (2. 306)276
V9 V9

7.11-2.12 < n < 7.11+2.12
499 < u < 9.23
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