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Eicoaywyn

H ©cewpla Métpou (xar Oloxhfipwong) avarntiydnxe otic opyéc tou 200U oumva xou
and tote €yel yivel xevtpixd gpyoheio yia tnv Avdivon. To xiviteo yio ) perétn
authc TNne Yewplag orfuepa etvar apyLxd 1 avTxatdotaoy Tou oAoxinewuatog Riemann
and 10 ohoxAfpwpa Lebesgue, to omolo, 6mwe Yo dolue, anotelel pio moAd yoviun
YEVIXEUTT] TOU TEAOTOV.

Ac neproplotolye oto R yia var €youue xohUtepn xatavonon. Av €youyue uio un
apvnTixd, Riemann oloxdnpdowr cuvdpetnon f : [a,b] — R, t61€ T0 0hoxhfpwpa
Riemann tng f exgpdlel yewyetpixd to eufoadd tou ywpelou mou Peloxeton xdtw and
To yedpnua tng f, dnhadn

b
| #a)de = cupsioRy) o

6mou
Ry={(z,y) ER* 2 € [a,b] xn 0 < y < f(z)}. (2)

H évvola tou ohoxinpeouatoc xotd tov Riemann npooceyy(leta we e€ng:
1. Awhéyouye wo Slauéplon Tou tediov oplool g cuVdETNONS €0Tw
P={a=zy<z1<22<..<20 =0}

xan oynuatilovye tic avtioTolyeg «dvwy xal «xdtwy tpoceyyioelc tou eyPoudold
and evoelg opdoywviwy, dnhady av

my =inf{f(z):zp <z <z} xouw My =sup{f(z) : 2x <2 < xp41}

Yyfua 1: Fewpetoinr| epunvela Tou OAOXANEOUATOS
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Yewpolue TI¢ ToodTNTEC

n—1 n—1
L(f,P) = mi(xesr — k) wou U(f,P) =Y Mp(zrsr — 1)
k=0 k=0

2. TMupatnpolpe 611 600 «exhentivoupey 11 dopéplon P, ou nocdtnree L(f, P)
xow U(f, P) épyovrtor 6M0 ot o x0vVTd.

3. Av, xodo¢ To mhdtog tne dlauéptong telvel oto 0, autég ol tocdTNTES TElVOLY
v Toutlotoly, Aéue v f Riemann ohoxAnpdoiun xar tnv optaxr) autyh TN
TN Aéue oloxhfpwua tne f.

H 18¢a tou Lebesgue, Bdoel tne omolog xataoxedaoe 1 Yewpla tou Yo ueheticouye,
frav 1 e&€ne:

Eexwdpe pe wa dapéplon tou Tedlou TL®dy tne cuvdptnong. Ankadn, av n f
elvon q)powpéwﬂ xou f([a,b]) C [m, M], ewpolye pio Swapépton

Q:{mzyo<y1<y2<...<yt:M}.

Tote, ta avtloTorya «dvwy xaL «xdtwy adpolouata Yo ERpene Vo €Youv TN Hop®H:

t—1
L(£,Q) = > yrt{x € [a,b] : g < f(2) < yry1})
k=0

pdeis
t—1

U(f,Q) =Y ykert({w € [a,b] s i < f(2) < g }),
k=1
6mou L(A) ebvar to «prixocy evéc ocuvérou A C R. Av 10 A eivan didotnua (i €otw
Evoror dlaoTEdTeY) uTdpyel évac udhhov guotohoyde Tpénog vo optotel To uixoc.
Do ™ yevueh neplntwor duwe, otny onola 1o cbvoho A umopel vo elvon SLoltepa
nohUmhoxo, elvon cagéc 6T ypeldlovto emimhéoy LO€eg.

An’ 61 gaiveton howmdy, o var avamtuydel 1 Yewpio Oloxhipwaone tou Lebesgue
Tpénel T T var Vepehwiel 1 évvola Tou «pfixougy 1 otwe Yo Aéue, tou uétpou. INa
va yivelr autd otnyv nepintwon tov R hoindy, mapousidletar 1o e€ng:

IMeoBANnma. Trdpyet wa ouvdptnon £ : P(X) — [0, 00] dote yia xdde didotnuo I
tou R, 1o (1) va elvon to prixoc tou (pe T cuvidn évvola) xou To onoio va txavorotel
EMTAEOV XATOLEG KPUOLONOYIXESY LBLOTNTEG UhUOUG;

H Boowr| Biotnta tov déAovue va ixavonolel pio TETola cLVAETNOT «HéTpouy elval
n aprunoiun rpooletikdTnra: av A, plo oxoroutia EEvwv avd 800 UTOGUVOAWY TOU

R, tot1e
el U An) =D uAn). (3)
n=1 n=1

Tpoywedvtag otn Yewpla, Vo dolue &L TpoxeWEVoU va €youpe po cuvdpTtnon £
TOU IXOVOTIOLEL ToL TTUPATAVE E(UAOTE OVOYXAUOUEVOL VO XAVOUUE XATOLEG KEXTITWOELGY
elte otg WBL6TNTES oL ATy Yo TANEOl elte oTol cOVoAa Tou Vo uropolyue va ueTpRoou-
UE.

Yy npoonddeta va Yepyehwoouye Tig Wéeg tou Lebesgue do nethyoupe ta e€nig:

L Autde o neplopiopde Eencpwidton TohD slxola ot Dewplo.



1. Ou xotaoxevdooupe piot ToAD yevixr Vewpla uétenone (xon xatd cuvEnE Oho-
x\pwone), dnhadr Yo unopolue vor eladyouue TNV €vvola Tou UETEOU (Xou Tou
avtioToyyou ohoxhnpmyuatoc) ot audaipeta olvola. EWdudtepa, mopdhhnia pe
v évvola Tou «uixoucy oto R Yo peretndel auotned xou 1) €vvola Tou «byxouy
otoug ywpoug RE.

2. Ou ouvapthoeic f: R — R mou Yo uropodye vo ohoxdnpdivoupe Yo ebvon puo
moAU eupltepn ¥Adom and auTh Twv Riemann ohoxAneooiuwy cuVIpTHCELY.

3. To ohoxAfpwua oto R Vo unopel mhéov va oplotel mdvew oe plar ToAD peydhn
HAGOT GUVOALY, XOL OY(L OVAYXAOTIXE O BlAoTHUATOL.

4. Oa dwmotwoouye 6TL To oloxhpwua Lebesgue cuuneplpéoetan mohd xaAbTERY
OTIC OLYXAOES aXOAOLILBY CUVAPTACENY amd TO ohoxAfpnmuo Riemann.

I va e€nyrooupe autd to teieutalo onuelo: To ohoxAfpwua Riemann eivon 1dua-
{tepa «mpoPhnuatndy oTic CUYXAICES AXOAOUTLOY GUVHPTAGEWY. LUYXEXPWEVA, OV
éyovue pa axohovdia Riemann ohoxinpdoomv cuvopthoewy fy, : [a,b] — R xou piot
ouvdptnon f dote f, = f xatd onpelo oto R, dnhady

fu(z) = f(z), v xdde x € [a,b]

0€ UTMOPOVUE €V YEVEL VO GUUTIEPAVOUUE OTL Loy VEL XU

/ab fn(x)de — /f(x)dm

Yty mparypotixdtnTa, ebvon miovo 1 oploxy| cuvdptnon f va uny eivon xav Riemann
ONOUATIPOTLUY).

IMogdderypa. Eotw {¢, : n = 1,2,...} wo apidunon tov pntdv tou Swotiuatog
[0,1]. Bewpolpe Tic cuvapthoelc fr, : [0,1] = R xow f:[0,1] = R pe

fn = X{a1.2,-.00} xocﬂ f = Xanp.]

Téte mopatnpodue 6t f, — f xotd onuelo (yuatl;) xaw xdde f,, eivon Riemann oho-
xhnpwotur (éxel povo nenepaouéves to TAROC ACUVEYELES), EVEK 1) optax) cUVAETNO
f dev eivon (awtd pnopel vo eheyydel e to Kpitrpio tou Riemann, Bréne Hoapdptnua
A",

5. Télog, Ya anodeifoupe OtL mpdypott To oloxhripwua Lebesgue amotehel wa
yviow yevixeuon tou ohoxinedpatog Riemann: xdde Riemann ohoxAnpwoiun
ouvdptnom etvor xou Lebesgue ohoxAnpdoiun xou tdte o 800 OAoXANEGUATA
Towtilovtat.

Avutéc ol onpewdoec elvor oxedlooUévee DOTE Vo XUAUTITOUY TIC OVEYXES EVOC
TEOTTUYLo00 1} HETUMTUYLXOU pordfuotog Oewplag Métpou. Ta mpdta 6 xepdhona
ouwioToly TN Vepehinon g Baowhc Yewplag, dnhadh twv Wewv tou Lebesgue. Ta
unéhotna 5 xe@diona efval ouCLAOTIXG aveEdpTNnTa HETOEY TOUG %ok 0popOVY TILO TEO-
yoenuéve onuelo tne Yewplac.

1 ,z€A

2 Quuiloupe 6T yia éva oOvoro A C R, Hétouue xa(z) =
0 ,o¢A






Kegpdiaio 1
o-ANYEBpEC

'Onwe npoidedoaye xar otny Elwcaywyn, to onuelo and to omolo mpénel va apyioet n
Yewpla elvon 1 Yeyehlwon tng évvolac tou «pétpouy. Ipwtol yivel autd duwe, meénet
vou amogacicovpe Told axpBae etvar ta odvoha mou Yéhoupe va yetprioouvpe. Ot
WBLOTNTES TOL TEETEL VoL EYEL WULaL TETOLOL OLXOYEVELD CUVOAWY TEQLEYOVTOL GTOV OPLOUO
™™g 0-GAYEBpPag Tou TUPOUGLELOUUE GE QUTO TO XEPEALO.

1.1 "ANyeBeec xou 0-dAyeBpeg
Ogiopo6c 1.1.1. 'Eotw X éva olvoro xou A C P(X) wior 0ixoyEéveLs UToGUVORGY
tou X. H A xahelton dAyefpa av woybouv ta oxdhoudo:

(i) X € A,

(il) n A eivon xhewoth ot suUTANEOUATA, dNhadh av yia €va oUvoho toylel A € A,
t6te xow A°= X\ A € A xou

(iii) n A eivon xheot oTIC TETEPUCUEVES TOUES, dnhad av Aq, Ag, ..., A, € A th1e
ebvan xou (), A € A,

IMopatneroeig 1.1.2. (o) Eow A wa dhyeBpa unocuvorey tou X. Téte n A
elvon xAeloTh 0TI GUVOROVEWPENTIXES BLUPOPES XAl TIC TIEMEQUCUEVES EVOELS, dNhadN:
(iv) Av A,B € A 6t eivan xan A\ B € A.

(v) Av Ay, As, ..., A, € A téTe elvon xou U?:1 A e A

Anddaén. T o (iv) apxel va napatnphoovye 6t B¢ € A ané 1o (ii) xou
A\ B=AnB". (1.1)

To cupnépaopa éneton and o (iii). I to (v) mapatnpolue méL 6t A € A yia 6ha

T j X0l ETUTAEOV
c

Aj=| () 45 (1.2)

1 j=1

n n
Jj=

and toug vépoug De Morgan. O
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(B) H Wbt (i) tou opopot 1.1.1 propel vor avtixataoctoder e plo ond Tic

0e Axu A#0D.
(v) H 6o (iil) tou oplopol 1.1.1 unopel vo avtixataotadel oand my (v).
Ou qavel TOA) cUvToua duws 6Tl 1 évvola TG GAyefBpag dev elvan «apxeT» Yo

vou avamtuydel emtuyde 1 Yewplo.  Elvor ouoiddeg vo unopolue v «petprioouuey
neplocotepa civora. ‘Etotl, odnyoluacte otov e€Xc oployo:

Optopdc 1.1.3. Eotw X éva olvoro xaw A C P(X) yio 01xoYEVeLd UTOCUVONGY
wou X. H A xodelron o-dAyefpa av ioybouy o axdrouvda:

(i) X € A,

(i) n A ebvan xhewot ota oupmAneduaTa, dNAadH av yio éva obvolo Loyler A € A,
t6te xow A°= X\ A € A xou

(iil) n A eivor xheoth otic apriufolec Touée, dnhadh av A, € A, n = 1,2, ... té1¢e
ebvan xou ;2 4; € A,

IMopatneroeic 1.1.4. (o) Kdde o-dhyePpa eivon dhyePpa.

Anddeln. Av Aq, As, ..., A, € A, 9étovge A; = X € A, yia j > n+ 1 xou €youue

n o)
J=

Aj=()4; €A
J

1 j=1
O

(B) Hoapdpowr pe o (B7) xou (') tov Hopatnpfioewmy 1.1.2 éyouvye 611 Wior oixoyEéveLa
A urocuvéhewy Tou X elvon o-dhyePpa av xou pévov av A # ) xou 1 A elvor xhewot
oo CUUTANEGOUATA Xt oTIG opLdURoUES TOPES 1| EVWOELS.

IMopadeiypata 1.1.5. () Eotw X éva cOvoro. Tote ov Ay = {0, X} xou
Ay = P(X) elvan 0-8hyefpec oto X. Av A wa dhhn o-dhyefpa oto X elvan guowxd

A CAC A, (1.3)
(B) Eotw X =N 10 6Uvoh0 T0V QUOXOY aptdudy xou
A={ACN: 10 A+ 1t0 A° civon nenepaouévo} (1.4)
H A etvou dhyePpo oto N, odXd byt o-8hyefpo.

Anédeitn. Eivou dpeco 6t A # 0 xou 611 1 A elvon xdheloth otar ouunhnpeduata (o-
76 TN ovypetplol Tov oplopod ). Av tdpa Ai, Ag, ..., Ay € A, Soaxpivoupe 800
TEPINTAOOCELS:

Av 6ho T Aj ebvon dmewpar, tOTE Ol Tor A elvou TemEpaopEVal, dpa xou 1) EVwot| Toug

c

Uas=1M4
j=1 j=1

elvon memepaouévr. Buvende ﬂ;-lzl Aje A
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Av xdmowo Aj;, elvan tenepacuévo, o Blo Loy Vel XL YLt TNV ToUY n?:1 Aj € A, agob
’ n

puondd (N A C Ajg-

Apa, mpdypatt n A elvan dhyeBpa. Aev elvar duwe o-8hyefea, agol Yol Ta hvoha

A, ={2n}, n=1,2,... ebvu puowd A,, € A (apol elvar nenepacyéva), oG elxolo

ehéyyeton on ;o) Aj ¢ A O

(¥) Xto ocbhvoho twv mpaypatixdy aptdumdy X = R n oxoyéveln A mou arotelelton
and T TEMEQACUEVES EVWTELS BlacTNUdtey Tou R elvon dhyeBpo ahhd oyl o-dhyelpor.

Andbaén. Kat' opyde, etvon dueco 6t A # (. Emnéov, av I xou I dvo droothpota
oo R xou 1) tops| toug I NI etvan didotnpe. Eton, av A = J;_, I; xou B = U?:1 J;
dvo otouyeio g A elvon xou

AmB:O O(Imjj)efl.

i=1j=1

Suvenoe, pe g amhf enorywyh, n A elvor ¥AeloTH) 0TI TENERPUCUEVES TOUEC.

Av tdpa I éva didotnua oto R 1o cupniipwud tou 1€ etvon elte Sildotnua elte évwon
’ 7 7 7 ’, n 2 ’
800 Sreotnudrev Tou R xou dpa avixer oty A. Av topa A = (J;_, I; éva otouyelo

me A elvan

A= (I € A,
j=1

oo to mopandve. Apo A elvon dhyeBpo. Aev elvan duwe o-dhyeBpa, agpold yia xdie
n o I, = (2n,2n + 1) elvor ototyeio e A evéd n évwon oo | I, dev avixel oty A
(ywotis). O

Eotww {A,} wo oxohovdia vrocuvéhwy evéc cuvdrou X. H {A,} Yo Méyeton
avéovoa av A,, C A, 41 v xdde n xon pdivovoa av A, D At v xdde n. Me auth
TNV oporoyla divouue éva BoAind yapaxtneloud Twv aAYePedy ou elvon emmAéov xou
o-GhyePpeg:

IMebétoom 1.1.6. Eorw X éva ovvodo kar A pua dAiyeBpa vnoowwdlwv tov X. H
A eilvar o-dAyefpa oto X av (kar udvov av) wyvel kdnow and ta napakdto:

(i) Ia xdOe avéovoa axodovdia {A,} otnv A wxvea ], | A, € A.

(ii) Ia kdOe pOivovoa axokovdia {A,} otnr A wxvea (,—, A, € A.
(i#i) Ia kdO axolovdia {A,} Evwr avd 5o cwvdrwr Tng A wxidea | ), A, € A.
Anéoaén. H A eivon dhyePpoa, dpa apxel vo deydel ot elvan xhelot otic apriunolues
evooelg 1 topés. ‘Eotw (B,,) axohoudio otoyelwy g A.
‘Eote 6uioylen (i). Oérovpe A, = Uj_, Bj. Apodn Aebvau dhyefeo, ebvan A, € A

xou emmhéov A, C Apyq yio x&e n. ‘Apa xou yio Ty évewon woyle oo, A, € A
and tnv undveon. Edxola BAénovye duwe ot

o — U ea .
n=1 n=1 n=1
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Av wylel n (ii) Héroupe A, = ﬂ?zl Bj. Agol n A elvau dhyefpa, elvon A, € A xou
enfong A, 2 App1 v x80e n. Apa xou yia v topA woyvel (-, An, € A. Edxola
BAémouye Suwe 6Tl

3

Bn:ﬁAn — ﬁBn e A (1.6)
1 n=1

n=1

n
Téhog, ag unodéoouue 6Tt woybel 1 (iii). Xe avth v nepintwon, Yétovue

n—1

A, =B\ | B (1.7)

xalL TPATNEOVUE E| ot A, € Ay xdde n xou bt tar A, etvon Eéva avd dbo. Apa,
an6 ) unddeon wyvel |, A, € A. Edxola BAénoupe duwe 6t

o

UB.=J4. = [UB. € A (1.8)
n=1 n=1 n=1

O

Heétaocy 1.1.7. Av F C P(X) elvar pia oikoyéveia vroouvvédwy tov X, téte
urndpxer N eAdyiotn o-dAyefpa A oto X mou mepiéyer Ty F, 6nladri av A’ pa dAdn
o-dAyefpa pe F C A’ tite efvar kar A C A’

Anddeln. Apywnd, unopel va topatneroet xavels 6tu av (A;)ier pia un xevi oixoyéveo
and o-dhyefpec tou X, téte xu M (o Ai ebvon ot o-dhyeBpa oo X (doxnon).
OewpoVUE THPA TNV OXOYEVEL T-ONYEBPWY

C ={A: o-ohyefpa xou F C A} (1.9)

Puoxd C # O (apod P(X) € C) xou dpot and Ty nopamdve Topatienomn 1 oxoyEvela
(umocuvdrey Tou X)

A=(C=({B:Bec} (1.10)

elvon ot o-dhyeBpa oto X. Edxola Bhémoupe thpa 61t F C A xan udhoto 6t n A
ebvan 1 eNdylotn pe auth TV WBLoTNTOL O

Optopdc 1.1.8. H (povadin) o-8hyefea A nou npoodiopileton and tny nopomdve
TpoTAo AEYETOL 1) 0-dAYEBpa Tou mapdyeTan amd TNy owoyEéveln Fxon ouuBoiileton
ue o(F).

Alvoupe thHpa 0 Pooctxdtepo Tapddetyua o-Ghyefeag Tou eival GAAWGTE QUTO TTOU
odnyel otn Yeyehlwon tou pétpou Lebesgue otoug Euxieldeioug ydpouc.

Opiopo6c 1.1.9. Eoww (X, d) évag yetpinde Xd)poﬂ xat T 1 OLXOYEVELN TV AVOL-
%1V uTocLVOhwy tou X. Ta otoyelo tng o-dhyeBpog mou mapdyel n T xoholvTton
Borel unocivoha Tou X. H owoyéveion dAwv twv Borel unocuvérwy tou X cuufo-
AMeTow pe B(X).

! Yrevdupiloupe 6t 1 évwon tne xevic owoyévelug eivon . Etol, A1 = By.
2 . . , ,
Olec ot WBLo6TNTES TV cLVOAWY Borel mou Yo peletricouye Soulebouv xou 0TO YEVI-
%OTEPO TAAOLO TWV TOTONOYIXWDY YDPWV.
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©uuiloupe toug e€rig oplopolc:

‘Eva A C X Ayeton G5 00volo av YpapeTon we aptdufoudn Tor avoLxXT®y cUVOAWY
Tou X, dnhady) av undpyouvv G, avowtd, n =1,2,... dote A = ﬂzozl Gp.

‘Eva B C X Aéyeton Fi, cOvolo av yedgetar w¢ apudufotun évwor xAelotoy touv X,
dnhodh av undpyouy F, xhetotd, n = 1,2,... dote B =J,, Fy.

Ipogavneg dha to G5 cbvola xou oL Fyy alvola ebvon xou cUvola Borel. Etot, 1 xAdon
B(X) qoiveton var Teptéyet OhaL T «XAAdy TOTONOYIXE CUVORAL.

IMpétacm 1.1.10. Eoww F n owkoyévela twy kAewtdy vroovwddwy touv R kai
€TIONS 01 O1KOYEVELE:
Ay = {(—00,b] : b € R},

Ay ={(a,b] :a < b, a,b € R},

As ={(a,b):a<b, a,beR}.
Tére

B(R) =0(F) =0(A1) = 0(Ag) = 0(A3). (1.11)
Anédaitn. O dellouye 6T
B(R) 2 o(F) 2 (A1) 2 0(A2) 2 9(A3) 2 B(R)

oT6TE Loy VoY xau oL {ntovuevee. Aol B(R) D F eivar xou B(R) D o(F). Emnhéov,
x&de cvvoho tne Ay eivan xheotd, dnhadh Ay C F xou étot elvon xou o(F) 2 o(Aq).

Av tpa a,b € R xou a < b, elvou
(a,b] = (—00,b] \ (—o0,a] € 0(A1), (1.12)

dnhadh Ag C o(Aq) xou cuverde givor xou 0(Aq) 2 0(As). Eneta, av (a,b) € Ag,
Yedpouue

oo

(a,0) = | J(a,b— %] € o(Ay) (1.13)

n=1
xou madpvoupe tov eyxhelopd Az C o(Asg) dpa xat tov o(Ag) 2 o(As).

Iot v anddelén tou tekeutaiov eyxAelopol, Yuuduaote 0Tt xdVe avoxTé GUVOAO GTO
R yedpeton w¢ apriuriolun Evwor avoixtdy SLtoTNUITwY E|xoa €tol, av T 1 oxoyévela
TWV AVOIXTOY UT0oLYOAWY Tou R elvar T C 0(Ag) xou GUVETHS

o(A3) 2 0(T) = B(R),
OTLC VENAUYE. O

Xenotponowdvtog Tic dleg Wéec unopel vo Selel xavels v e€hc yevixdtepn tpdta-
omn g onolag 1 amddEEn aprveTU WS doxnon:

Meétaon 1.1.11. Eoww Fi n owkoyéveia tov kheotdr vroouvilwr tov RF kai
€TIONS 01 01KOYEVELEG:

k
Ay =14 [](-00.b]:bj €RG=1,2,...k ¢,

j=1

3 udhiota, Eévewv avd dvo: Préne Tnuewdoeic Mpayuatxhe Avdluong, TI. Bokéttac
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k
Ay = H(aj7bj]:aj<bj7aj,bj eR,j=1,2..k,,
=1

Az = (aj,bj):aj<bj,aj,bj€R,j:1,2,...,k

—

<
Il
—

Tére
BRF) = 0(Fi) = 0(A1) = 0(Ay) = 0(As). (1.14)

1.2 KAdoeig Dynkin

Opiopo6c 1.2.1. Eotw X éva abvoho xou D C P(X) ot 0ixovEVELD UTOGUVORDY
tou X. H D xakeltoaw xAdon Dynkin ov i1oydouv to axdhouvdo

(i) X eD,
(ii) av A,B € D pe A C B, t6te eivor xou B\ A € D xou
(iii) n D elvo xhewoth otic adZouoes evioels, dnhadh av (Ay) ad&ouca axoloudia
otoyelwy e D, téte ebvon xon | J, - A, € D.
IHMopatneroeic 1.2.2. (o) Kdde o-dhyefpa eivor xhdon Dynkin.
(B") Ané 1o (i) tne Hpdtaom 1.1.6 npoxdntel ebxora 6T av D eivow wa xhdon Dynkin
xheloth otic nenepaopéves Topés (1 evaoelg) tdte D elvan o-dhyeBpo.

(v) To avtiotpogo tou (a) dev toylet yevixd. Eotw X éva un xevé obvoro xaw A, B
duo un xevd, yvhoia utoclvoha Tou X yla Ta onola Loy vouv

A\B#0, B\A#0, AnNB#0.
Téte 1 owoyévewa
D={0,X,A,B, A, B°}

ebvon o xhdon Dynkin oto X aAAd Bev elvon olte xav dhyeBpa, agod A, B € D odld
ANB¢D.

(&) Opowa pe v Hpdtoon 1.1.7, napatneolue TL 1) ToUR WS N XEVAS OLXOYEVELIS
xhdoewv Dynkin efvor xt avth wo xAdon Dynkin xou €tot, yio piar owoyéveron A C
P(X) undpyet n eldyrotn xhdon Dynkin D mou nepiéyet tnv A.

Opiopo6c 1.2.3. H (uovadixn) xhdon Dynkin D tou npocdiopileton and tnv mapo-
Tdvey mopothenor Aéyetan 1 xhdon Dynkin mou mopdyeton and tnv owxoyévelar A xou
ouuBohiletan pe §(A).
Ipogovae, yio ot owoyévelr A C P(X) ebvon
5(A) Co(A), (1.15)

aoV N o(A) ebvon o-8hyeBpa, dpa xou xhdon Dynkin. To enduevo Bacixd dedpnuo
Blvel Lol eavr) cuvidnn Oote va loyVel 1 lodTnToL.
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Ocdpnua 1.2.4. Eotw A pa oikoyévela vtoowidwy tov X KA€OTI] 0TI TETE-
paoéves touég. Tote
0(A) =a(A). (1.16)
Arnddedn. Kot apyde, napatneodue ot av 1 6(A) frav o-dhyefpa, tote o elyope
o(A) C 6(A) xau dpo (Woyw e (L.15) v emduunth wétnra. Ondte apxel vo
deiZouye 6tL 1 6(A) elvon pior o-dhyePpa B loodlvaue, clugpwva pe v Hopatipnon
2.1.2 (B), 6t n 0(A) eivon xheot otic nenepaopéves Topéc. Anhadt, Tpénel
ANB e §(A), yioxdde A€ 6(A) xou vy x&de B € §(A). (1.17)

Oewpolye hoIOV TNy ooyEveLa
SA)={ACX: ANBed(A), yoxkde B e d(A)}. (1.18)

Iopatneriote 6tL npénel vo deilouye Tov eYXAEIOUS

e

5(A) C 5(A).

Do vou Seydel autd elvan cagég 6TL apxel va anodeydodv to axdrouda

—_—

1. Toylet o eyxhewopudc A C 6(A) xou eminhéov

2. n owoyévew 0(A) etvou xhdon Dynkin.

Topa mou eldaye t0 oyEdLo TNE AndBEENC UTOPOUKE Vol UTOVUE GTIC AETTOUEQPELES.
Tevixdtepa, Yo pla owxoyévele P C §(A) Hétoupe

P={ACX: ANnBed), yuxide B € P}. (1.19)

Ioyvewopée: H P ebva x0don Dynkin.

Ou BLotNTEC ToU Oplopol Tng xhdone Dynkin enadniedovia we e€ie:

(i) Tw B € P, eivn XNB=Be P CH§A) xudpa X € P.

(ii) Eotw A1, As € P pue Ay C Ay, Tére, yia B € P, ebvau

(A2\ A1)NB = (42N B)\ (A1 NB) € 4(A),
agol Ay N B, A; N B € §(A) xou Ay N B C Ay N B. Aga Ay \ Ay € P.
(iil) "Eotw (Ay) adfouoa axohovdia otoyelnwv tne P. Téte, yia B € P, ebva
(G An> NB= G(AnﬁB) € 4(A),
n=1 n=1

apov 1 axohovdia (A, NB) eivar adEouca oxoroudia otoyeiwy tne 6(A). Etot,
medypar U, A, € P.
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Egapuélovtac tov woyvptopd vy P = §(A) anodeiydnxe to 2. T to 1 o, mo-
patneolue 6Tt ool N A elvor XAELGTH OTIC TETEPUCUEVES TOUES LOYVEL O EYUAEIGUOG
A C A. Opwc n A eivon xhdon Dynkin, deo toydel emniéov

§(A) CA.

Me &M Aoy, vy xdde A € 0(A) xou B € A wyber AN B € §(A) 1o onolo
looduvoel Ue Tov eYxAeloUd

e

A C3(A)

nou ebvan axpPBie to 1. Etol n anddeln ohoxhnpdinxe.
O

Iopatrenon 1.2.5. Xenowonoldvtag To nopoamdve Yewpnua, 1 pdtaon 1.1.11
AVOBLOTUTVETOL YRAPOVTOC

B(R) = 6(Fx) = 6(A1) = 6(A2) = 6(As).

Andbaén. Apxel va mapatnefioet xavelc 0TL oL owoyéveiee Fi, Aq, AU{0}, AsU{0}
elvon XAELOTEC OTIC MENMEQACUEVES TOUES. O

1.3 Aoxnoesig

Ouéda A’

1. Eotw X éva obvoro, A C P(X) wo dhyefpa (avtiotorya o-8hyefpa) oto X xou
C C X. No def€ete 611 n owoyévela

Ac={ANC:Ae A}

elvou ernione dhyeBpa (avtiotowya o-dhyefBpa) oto C.

2. Eow X,Y d0o obvoha, f: X — Y xou B pa dhyefpa (avtiot. o-dhyePea) oto
Y. Noa 8etéete 6t 1 owxoyévela

f7HB) ={f"'(B): Be B}

elvan enione dhyeBpa (avtiot. o-dhyelpa) oto X.

3. 'Eotw X éva clvoho xou

C={{z}:2€eX}.
Na neprypdpete v o(C).

4. Eotww X éva odvoho xar (A,) wo oxohoudia utoocuvérwy tou X. Opiloupe to
cUvoha

limsup 4,, = {x € X : 10 z avixel oc dnepo and o A, } (1.20)
n

ol
liminf 4, = {x € X : 10 = avixel oe dha tehxd o A, }. (1.21)
n
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(o) No defEete ot

limsup A,, = ﬁ [j A xow liminf A, = [j ﬁ Ap. (1.22)
n n=1k=n " n=1k=n

(B) Av n (A,) elvar ab&ouoa, téTE

limsup A, = liminf 4,, = U A,

n=1

, ’ ’
€V AV gLvol (Pl()LVOUO'OC

limsup A,, = liminf A4,, = m A,.

n=1

Ouéda B'.

5.

10.

11.

‘Eotw X éva olvoro xar F C P(X) wa ooyéveta unoouvohwy touv X . Anodeilte
oL UTdEYEL 1) PixpoTERN dAYEPpa ou TepLEyel T F. Auth Aéyetan n dAyeBpa mou
napdyer n F xon oupPoiileton ye A(F).

. Eotw n owxoyévela

T ={la,b] : a,b € R}.
No 3¢iZete 61 0(Z) = B(R).

. 'Eotw n oxoyévela

Zo = {(a,b) : a,b € Q}.
Na detZete 6t 0(Zg) = B(R).

. 'Bow X = {z1, 29, ...} éva aprdufiowo odvodro. Ileprypddte dheg tic o-dhyePpes

oto X.

. Eow X,Y yetpuxol ywpol xou wa cuvdptnon f : X — Y. Na deléete 6t 10

cUVOAO
A={z € X: nfelvu cuveyhc oto x}

elvar Borel vrtoclUvoro tou X.

Eotw X petpinde ydpoc xou wia axohoudia cuvey®y cuvopthoewy f, : X — R.
No deiete 6Tt 0 clvoho

B={zeX: vrdpyetto lim f,(x)}
n— 00

etvon Borel urtocUvoho tou X.

‘Eotww X éva olvoro. M owoyévelr R C P(X) Myetow daxtidiog av eivou
XAELOTY| OTIG MEMEQUOUEVES EVIOELS X0 TIC CUUPETEIXEG Slapopéc. Av emimhéov 1
R elvan xhewoth otig apuiurioues evioel, Yo Aéyeton o-daxtoMog. Anodeléte ta
axdhouvda:

(o) O Baxtihot (avtioT. oL o-daxtOMoL) elvan xheloTol oTic Tenepaopéves (avtiot.
optIUROLUES) TOUEC.
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(B) Evoc doxtdiog (avtiot. o-doxtOlog) R eivon dhyefpa (avtiot. o-dhyelpo)
av xou wovo av X € R.

(v) Av 0 R elvau o-Soxtohog, w6t 10 {E C X : E € R {4 E° € R} e
o-GhyePpa.

(8) Av o R elvon o-8axtOhog, tote T0 {E C X : ENF € R vy xdde F € R}
elvon o-dhyefpo.

12. 'Eow X éva olvoro xou F C P(X). Na deilete étL yo xdde A € o(F) undpyet

Ca C F opudufown wote A € 0(Ca).
(Tr6deln: Oewprhote Ty oxoyévela

A={Aeco(F): undpyer C4 C F apiufiown ue A € 0(Ca)}
xou omodellte bt ebvan o-dhyePpa xan F C A. Tl éneton o {nroduevo;)

13. Av X éva cOvolo, uia o-Ghyefea A oto X Aéyetan apiurjoua tapayduevn ov
undpyel aprdurown oxoyévewr C dote A = o(C). Anodeilte 6t 1 B(R) eivon
aprdurowa topayouevn. Emniéov, anodellte to Bo yia v B(X), 6nou (X, d)
Slarywplowog peTpixds YGeoC.

Oudda I'.

14. 'Eotw X éva oOvolo. M owxoyévelor M unocuvorwy tou X Aéyetar povdtorn
kAdon oto X av wovornotel to e€hc:

(i) Eivar sxheioth otic adovoee evioele, dnhadr av (A,) adfouca axoloudio
ototyelwv e M, t6te ebvan xau | Joo, A, € M.

(ii) Eivou xhewoth otic giivousee topée, dnhadh av (A,,) @divouca oxoloudio
ototgelwy e M, téte ebvan xau (), A, € M.
Av A i ooyévela vtoouvohwy tou X, oupPoiilovue pue m(A) tn wxpdtepn
povétovn xhdom nou mepiéyel T A (Mépe 6t m(A) mapdyetar ond v A). Na
anodeilete ta e€nc:
(o) Ké&de xhdon Dynkin elvon povétovn xhdom.
(B) Av A wa owoyévelo unoouvorey tou X, tote m(A) C 4(A).
(v) Beeite wo povétovn xhdon nou dev eivon xAdon Dynkin.
(8) Av A eivon i dhyePpa oto X, thte

m(A) = o(A).

15. 'Eotw X éva odvoho xou F o aptduriown oxoyévela utoocuvorwy tou X. Na
deuydel oL xou n A(F) (BN. dounon 5) elvon aprdurouun.

16. Eotw X éva civoho xan A pio o-dhyeBpa oto X pe dnelpa otouyeio. No detlete

oL
(o) H A mepiéyet wo dmetpn axohouvdia Eévev avd 800 cuvormy.

(B) H A eivan unepoprdurioun.



Kegpdhawo 2

Merpa

‘Eyovtoc avantiEel m Baou Sewpla yio Tic o-dhyefpeg, umopolue topa vo oplcouye
10 Booind AVTIXEIUEVO QUTOV TWV ONUEWWOEWY, dNAadY TNV Evvola Tou uétpou. Eva
pétpo Yo anodidel oe xdde cUvoho plog o-dhyefpog €vav un opvntixd apldud, To
«pfixocy tou. Ou puotohoyinée anawtiioelc mou Vo elye xavels apyixd elvon ot e€fc:

1. To xevd oOvoho B vo éyer Quod «uhxocy Undév xou

2. ov (Aj)ier pa owxoyévewn and Eéva avd 6vo ototyela, ( dmou tpog To mapdy dev
npoodlopilovpe Tt TEENEL Vo Loy UEL Yo To oUvoho dewxtidv 1), tdte To «uinocy
TN EVWONS TOUG VAL LoOUTAL UE TO GUpOLoU OAWY TV KUNXWVYY.

O {Biog 0 opiopde tne o-dhyePpoc «emBaiiely To lvoho dextwy I 6To 2 va efvan TO
Toh0 apripnoo, wote va eEac@aiileton ot av A; € A yio xdde ¢ € I, téte elvon xou
Uier Ai € A. Auté pnopeite va to deite xou wg e€nc:

‘Eva «gpuotohoydy uétpo oto R Yo anédide oe xdde wheiotd Sidotnua [a, b] to uixog
tou b — a. 'Etol, xdde povooivoho Va elye uixog undév. Av to I oto 2 mopoandve
unopoloe va elivol UTERUELIUNOIO, YEAPOVTOG

A= (=)
T€EA

Yo elyape 6T xdde oclhvoho A C R €xel undevixd unxoc xau dpo o oplopdg Yo Aoy
%EVOC VoruaTog.

2.1 Oplopdc xou Bacixeg LOLOTNTES

Optowoc 2.1.1. Eotw X éva olvoro xou A pa o-dhyeBpo oto X. Mia cuvdptnon
p A— [0, 00] Aéyetan pérpo av:
(i) Ioyder u(@) = 0 xou

(il) o p elvon aprurioua mpooetiké (i o-npoodeting), dnAady av (An)nen oxo-
Aouvdio EEvwv avd SVo cuvorwy oty A, tdte elvan

(U] =S 2)

n=1
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And v teheutalo WBOTNTY, Eval TETOO UETPO TOAMNES POPEC avapépETal XL We ap1l-
prjopa npoodetid (f o-tpoodetnd) pétpo.

Enfone, to Lebyoc (X, A) Aéyetoun petpriouos xdpos, n teudda (X, A, u) Aéyetou
XDpos 1éTpou xou Mue 6Tt To p elvon évo uétpo otov (X, A) f ankd oto X. Ta
ototyela e A Ayovtan xou A-yetpriopa oOvoha.

Oplopocg 2.1.2. 'Eotw X éva alvoro xou A pla o-dhyeBpa oto X. M cuvdptnon
pi A — [0, 00] Méyeton nenepaouéva mpooletikd pétpo av:

(i) Ioyver u(0) =0 xou

(ii) to p v memepaouéva rpoaletins, Snhadh av (A;)7_; po Temepaouévn oxo-
houvto Eévwv avd Blo otolyelwy g A, téte ebvan

(U4 | =D mAy). (22)
j=1 j=1

Etvon cagéc ot xdide yétpo etvan xou nenepaopéva tpoodetind Yétpo.
HMopodeiypata 2.1.3. Eotw (X, .A) évoc petpioyoc yopoc.
(o) Tt A € A opilouye

n, av to A éyel n to tAidoc otolyela
) = X fidos oot (2.3

00,  AAAOC
To p elvon pétpo:

Anddeaén. Tpogovae () = 0 xou yio va enahndedoovpe t (ii), apxel vo mopotn-
poovpe 6t av A, # 0, yio drepa to Thidoc n téte xotahfyouue ot oyéon 0o = 0o
evé oty avtidetn nepintwon éyoupe YL Tenepaouévn Eévn €vmoT TENECUOUEVWY CU-
vohwv. Ométe xou wdh oy et to {ntolyevo. O
To pyétpo pu Aéyeton apriuntiké pétpo.
(B) Tt A € A opilouue

v(A) = { 0, ovA=0 (2.4)

00,  AAAOC
To v elvan enlong pétpo:
Anédeitn. Eivow v() = 0 xou v v (ii), mopatneodue 6t av wyver A, = 0 yo
x&de n, TOTE xATOATYOUUE oE TawTohoyia TN wopric 0 = 0 eved av yio xdmoto n eivon

A, # ) t6te xotahiyouue oty 00 = 00.
O

(v) T z € X xan A € A oplloupe

1, av z€ A
0x(A4) = { 0, avz ¢ A (2.5)

To §, eivar yétpo (doxnon) xaw Aéyetow pérpo Dirac oo x.
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Av p, v 800 pétpa oo petphowo xodpeo (X, A), tote 10 Blo toydel xou yio o p+v
xa @ - p (6mov a € Ry, nou opllovton and tic oyéoelc

(+0)(A) = p(A) +v(A), (a-p(A)=a-pd), AcA  (26)

Extoc and autéc tic anhéc mpdiels, undpyet xou 0 eEHC TEOTOC Var XU TUOHEVELOVUE
HoVOVPYLOL LETEO OO TTAALAL:

‘Eotw (X, A, 1) évac yopoc pétpou xau C € A. Opllouye té1e 1 cuvdptnon uc :
A — [0, oo] Yétovtac

pc(A) = u(ANC), ywa Ae A (2.7)

Mrnopei va deifet xaveic 6t 10 pe elvon pétpo oto petprowo yopeo (X, A). To uc
Aéyeton o mepiopiouds tou i oto C. H anddelln autod Tou Loyuplopol aghVETIL ©¢
doxnon.
IMpoétaom 2.1.4. Eotw (X, A, 1) xdpos pétpou.

(i) To p etvar povdrovo, 6niadr) av yie A, B € A wyve A C B, tdte elvar kai

1(A) < p(B).
(i) Av emmdéor p(A) < oo, tdte (B \ A) = pu(B) — p(A).

Anédeién. TI'pdpouye
B=AU(B\A)

xou tapartneoVpe 6Tt ta A xou B\ A ebvon Eéva petald toue. ‘Etot, and tny tpocie-
TXOTTA Tou w1 efvor

1(B) = pu(A) + u(B\ A).
Apa, mpdypatt u(B) > p(A) xou av emniéov p(A) < oo eivan

w(B\ A) = u(B) — u(A). (2.8)
m

IMopatnerote 6T oY amoBEEN YeNOOTOMooUE UOVO OTL TO [t Elvol TEREQUOUEVAL
npocVetind péTpo.

IMopatAenon 2.1.5. To (ii) e nopandvew npdtacng dev Exel vomua av p(A) = oco.
Té6te Yo ebvon xou u(B) = 0o and 1o (i) eved to u(B\ A) propel va elvon nenepacpévoc
aptduog 1 To dnelpo:

I mopdderypa, Yewphiote 1 to apriunuxd pétpo oto petpriowo yoeo (N, P(N)) xou
twohvoha A={2n:n=1,2,..} xu A, = {m,m+1,..}. Téte A, A,, CA; =N
%o etvou

w(A\A) =00, pu(A1\An)=m-—-1, m=1,2,..

IMeétaocr 2.1.6. FEotw (X, A pu) évag xdpos uétpov. To p eivar apidunoua
vrorpooetikd (1) o-vrnomnpooletikd), dnladn av (A,) Tuxodoa axolovdia oroeiwy

s A, tdte
" ( U An> <3 ulAn). (2.9
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Andden. Moluaote xdnwe ™y anddelln e Hpdtaone 1.1.6. Oétouye

n—1
Bp=A4,\J4;, n=12,.. (2.10)
j=1

Téte xdde B, € A, ta B, elvon E€va avd 800, oylel B,, C A, xou pdhiota

(@

U B,=|]A4,.
n=1 n=1
YUVETC:
M (U An) =p (U Bn) = ZN(Bn) < ZM(An)7
n=1 n=1 n=1 n=1
AOYL TG opriurioung TeocVETIXOTNTOC TOU [ Xl TNS LOVOTOV(oC. O

Ieétaor 2.1.7. Eotww (X, A, 1) xdpos pérpov. To uétpo p éxer tig akédovles
1010TNTES «OUVEXEIRSy:

1) Av (A,) abvéovoa akolovdia ororyeiwr tng A, téte elvai
3¢ ns

(i1) Av (A,,) ¢Oivovoa akolovdia otoreiwy tng A kai emmdéor p(Ar) < oo, téte
efvai

f (ﬂ An) = lim p(Ay). (2.12)

Arndbeén. (i) Oewpolue to GUVORL
Bp=Ay\Ap_1, n=12,.. (2.13)

(6mou éyoupe Yéoer Ay = () to onolo elvan Eévar avd Vo xou TAPUTNPOVUE GTL YLoL

, ,
wdde n elvar
n

M:U&:Q@
i=

j=1

Y UVETC:

(ii) Oewpolpe ta chvoha

Cpn=A1\A, yian=1,2,.. (2.14)
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Téte, n (C) elvon ad€ovoa axoroudio oty A pe

U Cn=41\) 4.
n=1 n=1

Aré To (i), éneton tiopa 6t (oo ; Crn) = limy, p(Cly), Snhody

‘Etot, ané v Ipbdtaorn 2.1.4 (ii) éyouye

O

H vnédeon p(A41) < oo oto (i) tne napandve npdtaone dev unopel vo nopaheipdel:
T topdderypar, av Yewmprioovue p to apduntxd yétpo oto (N, P(N)) xou tn @divouoo
oxohoudiot (Ap)m>1 Ue Am = {m,m+ 1,...} elvou p(A4,,) = 0o v x&de m, evédd
(M= Am) = p(0) = 0.

Mdhota, ou Wiotntes e Hpdtaone 2.1.7 yopaxtneilouy exeivar to nenepaouéva
mpooeTnd pétpa mou efvan xou apriuroiua TEocVETIXd, oOUPLVL Ue TNV oxdlouln
[eotaon,.

ITebtoom 2.1.8. Eotw p éva nenepaoiiéva mpoodetikd UéTpo oTo LETPIIOIUO X WDPO
(X, A). To p etvar uérpo av (ka1 udvov av) wxve a ané tg axdlovdes ourdrikeg:

(i) Tha kdOe avéovoa axolovldia (A,) oroeiwr tns A 1w0xle

m (U An> = lim pi(An). (2.15)
n=1
(i) I'a xdOe pOivovoa axolovdia (A,) ororeiwr tng A pe (), A, =0 wyvea
lim p(4,) = 0. (2.16)
Anédaén. To p eivon nenepaopéva TpocVeTind UETpo ot Gpor Hével var detyVel ubvo
n apWiuriown tpocletixdtnia.  Oewpolye Aowndy oxolovdia (By) Zévev avd dlo

otoyelwv e A xou Yo dei€ovpe 6t 1 (U Bn) = D oney 1(Bn).

‘Eotw 6t woybet to (i). Of¢tovue tdte
An = Bk (2.17)
k=1

xat mopatnpolpe 6t A, € A v xdde n, n (Ay) elvou ad&ouoa xou emtAéov

U
n=1

(@

n=1
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"Etot, elvouw:

M(U Bn> :u(U An> zliglnu(An):

n=1
lim o <U Bk:) = li}an/i(Bk) = (B,
k=1 k=1 n=1

Novw tne Widtntoe (1) yo tar Ay xow TG MEMEPAUOUEVNS TPOCUETIXGOTNTAC TOU [4 YLoL
T By
Ac unodéoouye thpa 6T toylel to (ii). Oftoupe thTe

A= B (2.18)
k=n

xou Topatnpolue 6t A, € A v xdde n, 1 (Ay) ebvor @divouoa xon emimhéov

A 4=
n=1

(emed¥) tot By, elvon Eéva, xavéva © € X de unopel va avixel oe dnetpa and owtd). Tt
xqe n Opwe, elvou

UBn:BluBQU...UBn_luAn
n=1

X0l OO TNV MEMERUOUEVY TROCVETIXOTNTO TOU [t TA{PVOUUE

oo n—1
u (U Bn> =Y u(Br) + p(Ay).
n=1 k=1

YtéhvovTag T0 1 070 GnElpo, TalpVOUPE hotmdV

p <U Bn> = u(B),
n=1 k=1

apol and to (ii) éyovue lim, u(A,) = 0.
O

Khetvouye auth tnv evétnta, Ue TOV 0ploud TS XAJoNG EXEV®Y TWV UETPWY TOU
Bo pog elvol o YeNOWES oTA EMOUEVAL.

Optopdc 2.1.9. Eotw (X, A, i) évac yopoc pétpou. To pétpo pu Méyetou:
(1) memepaouévo av u(X) < oo,
(i) pérpo mbavdrnrag av pu(X) =1 xou

(iii) o-memepacuéro av undpyel axohovdio (A,) otoyeiwv e A ue X = U~ 4,
xou p(Ay) < ooy xdde n=1,2, ..

AvtioTtoya, Mue 61 o ydpog pétpou (X, A, p) elvan tenepoouévog, xhpog mdavoty-
TaC N YWPOC O-TENERUCUEVOL UETPOL.
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IMopatneroetg 2.1.10. (o) Av 1o p eivon menepaouévo, téte éyovue u(A) < oo
yioe xde A € A, and ) povotovia Tou PETpou.

(B") Av 1o p eivan o-nenepacpévo, v xdde C' € A unopolye va ypddouyue

CXmC(DA,L)mCD(AnmC), (2.19)

n=1 n=1

ue p(An NC) < p(Ay) < oo

(v) To obvora A, GTOV 0pLOUS TOU T-TETEQUCUEVOL UETEOU UTOPOUY VOl ETIAEYOUV
. . n—1 , . [
xou Eéva, Vetovtac By, = Ay \ Uj—; 4 (6nwg éxoupe Lovandvet).

(&) Hpogavirc 1y bouv oL CUVETAYWYES
pétpo miavoTNTAC = TETEPAOUEVO UETPO = O-TMEMEPAUOUEVO UETEO,

oIS oo amd AUTES BEV AVTIOTEEPETOL:

To dumhdoto evdg pétpou mdavdtntag elval QUOLXS TETEPUCUEVD, OARS Oyl UETEO Ti-
Yavotntog. Eniong, to apduntxd yétpo oto (N, P(N)) elvou o-nenepacuévo ohhd oyt
nenepaocpévo (ylorti;).

(€") Trdpyouv xou pétpa mov Jev elvon o-TEMEPUOUEVD, TS PEP ELTELY, TO UETPO V
v Hopaderypdtwy 2.1.3: yioo X # 0 eivon v(A) = oo yia xdde A € A e A # 0.

2.2 Movadixotnta

Ao pétpo i o v ot éva uetphioto xopeo (X, A) etvon ioa av yia xdde odvoho A € A
woyvel u(A) = v(A). AN auth n ouvdnxn elvon ev yvéver dloxolo vo eheyydel.
Onodte elvan Quolohoyxd va pwthoet xovelc: uAmowe ov to g xou v towtilovial o€
plot <MEYSBANY unoowxoyéveln tne A umopolue va cuumepdvoupe 6tL tautilovton xou
navtol; Tnv andvinon oe autod, yio apxetd XaAd pétpa, tn divel 1 oxdrouvdn npdtaon:

ITpotaot 2.2.1 (Oedpnua Movaddtnrag). Eotw (X, A) petpriopog xdpos ka
A e oikoyéveaa vroourdlwv touv X KA€I0TI) 0TIS TETEPATUéveS TopéS yia Tny onoia
wyver o(A) = A. Av u kar v efvar 0o pérpa orov (X, A), dote

w(D) =v(D), ywa kdfe D e A
ka1 wyvel pia ané ts akodovdes ovrinkes, tote p = v:
(i) Ta p ka1 v eivar nenepaopéva kar p(X) = v(X).

(i) Trdpye pa adéovoa axodovdia (Dp)nen otnr A dote X = |J;°, Dy ka1
w(Dy) = v(Dy) < 0o ya kdde n (ka1 dpa ta p ka1 p eivar o-nenepaouéva).

Arnddein. (i) Trodétoupe npdta 6Tt 1oy beL to (4).

Eivar onpovtind vo xatavoioete autr) TNy anddelln ool 1 TEYVIXY TOU YpNoLuo-
notefton elvon Tohh cuviing otn Ocwpio Métpou. Ilupatneriote opyixd, 6Tl agod n A
elvon ¥AELOTH OTIC MEMEPUOUEVES TOUES, CUUPWVY e To Oewpnua 1.2.4 éyouue

5(A) = o(A) = A.
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Oewpolpe TNV ooYEVELX
D={AcA: pu(d)=v(4)}. (2.20)

O otoyog elvan va del€oupe 61t D = A. Xlugwva e tnv unodeon €youpe olyoupa
TOV EYXAEIOUO:
ACD.

Aol howndy eivan A = §(A), apxel va deioupe 6T xou D eivan xAdon Dynkin, dioti
téte da €youpe

A=6(A)CD

dpa xan T {nroduevn wwétnTa. O bLotnTes Tou oplopol tne xAdone Dynkin ehéyyo-
Vo wg e€ng:

(o) Ioyler X € D and v vnddeon (i).
(B) Av A,Be€ D xu BC Aclvu
WA\ B) = j(A) — u(B) = v(A) — v(B) = (4 B).

(TTapatneriote 61 ypnowonoioope Eovd oe autd T0 onpelo OTL Ta 1 xou v efvan
nenepacpéva.) ‘Etol, A\ B € D.

(v) 'Eotww (A,) wa adZovoa axoroudio ototyeiwv tne D. Tote, elvon

(UA>_11mu n) = limy(A (UA)

oOugpova pe v Mpétaon 2.1.7. Apa etvan xou |, | A,, € D.
‘Apo mpdrypatt n D elvan xAdon Dynkin xou 1 anéden ohoxhnpd>dnxe.

(i) "Eotw todpa 6Tt woylel to (if).
Nan=1,2,... dewpolye to PETEA L, Vp : A — [0, 00] e

n(A) =pu(AND,), vo(A)=v(AND,), yoAcdA, (2.21)
onAadY) Toug meploplopols 6to Dy, TV YEtpwy p xon v avtiotoyo. Av D € A, elvan
(D) = (D 0 Do) = v(D 1 Do) = v (D)
apoL N A elvar ¥helot otig nenepacpéves Touée xau dpa D N D,, € A. Emnlong

pn(X) = (X NDy) =pu(Dy) =v(Dy) =v(XND,) =v,(X) < 0.

‘Etot, Yo o fiy, %ot vy, TAnpolvTon oL untodéoelc Tou (1) xou CUVETDC Uy = Vp, YLO
e n =1,2,... Av tdpa A € A tuydyv, Yedpoupe:

w(A) = (U (AN Dn)> = liTanpL(A NnD,) = li7rln,un(A) =
li;lnlln(A) —hmV(AﬂD (U (AN D,) ) =v(A),

Onhadh 1 = v.
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Egoppoyh 2.2.2. Eotw p o v d0o nenepacpévo pétpa oo yoeo (R, B(R)) dote
p((—o00,b]) = v ((—o0,b]) yio xdde b € R. Tote p = v.

Andbaén. Oewpolye v owoyévewr A = {(—o0,b] : b€ R}. H A eivar xheloth oTic
nenepaocpévee topée xon o(A) = B(R) (Hpdtaocy 1.1.10). Eniong,
p(R) = lim p ((—o0, n]) =limv ((—oo, n]) = v(R) < oo.

n
Y0uQwvo Ue TNV Topdndve teotacy Aolmoy elval p = v. O

Edxoha BAémoupe BéPona btL o1 unodéoeis (i) xan (ii) elvon amopaitnres i v oy
Tou ouunepdopotoc. Lo mapdderypa, av p 1o apriuntxd pétpo otov (R, P(R)) xou
v = 2u, autd ovunintouv oty owovévelr A = {(—o00,b] : b € R} evdd yevixd dev
elvon (oo

2.3 II\rpwon

Ac unodéooupe thpa 6T oe éva ydpo pétpou (X, A, 1) éyovue otadeponotioet éva
Ae Aye p(A) =0. Av N éva tuybv unocivoho tou A dev elvor xodéhou alyoupo
ot N € A: auté eaptdton and tnyv emhoyT g o-dhyePpac. Ilap” dha awtd av {oyuel
N € A t6te olyovpa Yo eivon (V) = 0. Tidetow Aotndv To epdTnuo: Unopolue vo
enextelvoude N o-8AyeBpa A dote va mepiéyel Gha auTd Tar «oeAnTéRy GUvVoa; Oo
delouue oo ETOPEVA OTL 1) ATMAVTNOY ELVAL XUTOPOLTLXT).

Optowdc 2.3.1. Eow (X, A, pu) yodpoc pétpou xaw N C X. To N xodeiton p-
undeviké atvolo av urdpyet éva A € A pe N C A xou pu(A) = 0.

O (X, A, ) xokelton mApng (xou 10 p mARpes pétpo) av xdde p-pndevind cvvoro N
avixer oty A.

Ogiopoi 2.3.2. 'Eow (X, A, 1) évag ywpoc pétpou. Optloupe tére:

(i) v owoyével
A, ={AC X : undpyouw E,F € Aye E C AC F xu u(F\E) =0}. (2.22)

(TTopatnerote bt Ya ebvon p(E) = p(F).)

(if) ™ ouvvdptnon @ = A, — [0,00] mou opileton and ™ oyéon f(A) = u(E)
omov 10 E b mopandve. (Hapatnpotue 6t yiao B € A ye B C A civon
w(B) < u(F) = p(E) xou dpa elvou

n(A) =sup{u(B) : B€ A, B C A}. (2.23)

‘Etot, n I eivon xohd oplopévn cuvdptnon.)

H owoyévewa Ay, xohelton mApwon tng A, 1 cuvdptnon it TATjpwoT ToU [ X0l 1) TELEd
(X, A, u) mhhpwon tou (X, A, ).

To oroyela e A, Aéyovtan p-petpriowe abvola. Elvau dueorn andppoto Tou mopa-
v oplopol OTL xdde p-pndevind olvoro etvan xan p-yetpriowo. Kdmwe dioucdntind,
To otoyelor g Ay, elvan exelva to utocUvola Tou X ToU omEYOUV «U-ouEANTEN O-
oo taony (Snhadr| xotd évor p-undevind obvoho) and orouyelo e A.



24 - METPA

Ieoétact 2.3.3. Eoto (X, A, u) évag xdpos puétpov. Tdte n mAipwori tov éxel
71§ akoAovleg 1016TnTEG:
(1) HA, evar o-dAyeBpa oto X kan A C A,,.
(1t) To i elvar mAnpes pétpo oo xpo (X, A,) kar o mepropiopds tov oty A elvar
T0 , 6nAadn |4 = p.
(tit) To i efvar To povadikd pérpo oy A, pe |4 = .
(tv) To p etvar mAnjpes pérpo < A, = A (ka1 dpa T = p).
Arnddeaén. Kot apyde, av A € A, nadpvovtac E = F = A oo (i) tou oplopol 2.2.4,

énetan 6t A € Ay, xou fT(A) = p(A). Enopévec, mpdypott A C A, xou Tij4 = p. T
ToL UTOAOLTIAL TP

(i) Etvon guowd A, # 0. Av whpa A € A, Peloxouye E, F € A dote
ECACF (2.24)
xou w(F\ E) = 0. Ebvow dpwe emniéov B¢ F¢ € A xou 1oy0ouv oL eyxhelopol:
F°C A° C E°. (2.25)
Agol
EC\F°=E°N(F)°=FNE*=F\E (2.26)
ebvon xou p(E°\ F°) = 0 xou dpa A® € A, dnhadh n A, ebvoar xheloth ota GuTAn-
popATL
Télog, av (Ay) wa oxohoudio otoiyeinv e A, Beloxoupe axohoudiec (Ey), (Fr)
oty A e
E,CA,CF, (2.27)

xow pu(Fy \ En) = 0 yio x80e n = 1,2,.... 'Etoi, étovtac E = U, B, xu F =
Uo2, Fn éyoupe xou

E:UEHQGATLQ DFn:F, (2.28)
n=1

pe E, F € A. Enlong, and tov eyxhelopd

F\E=<[‘]Fn>\<6m>gG(Fn\m (2.20)
n=1 n=1

n=1

€youue

w(F\E) <p <U<Fn\En>) < WFN\E) =0
n=1 n=1

‘Eneton howndy o6 | Joo | Ay, € A, xan ouvende n A, efvon npdrypartt o-8yefpo.

(i) Etvou dueco ot (@) = 0. Av (A,) oxohoudio vy avd 800 ouvbhwy oty A,
Yewpdviac ta obvora B, xou Fy, tou oplopol éyoupe, pe Bdorn tny anédeln tou (i)
rapamdve, 6t E C |2 A, C F o pu(F\ E) =0 dpa

i (U An> = u(B)=p <U E) (2.30)

n=1
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xa oo xou T By, etvon Eévar (yrortl;) ebvon tehweds

I <U En) = ZM(ETL) = Zﬁ(An)-

Apa mpdrypatt to [ elvon pétpo. Emmiéov to I elvar mAfpec:

Av A éva fi-undevixd oivoho, undpyer B € A, pe
AC Bxuf(B)=0.

A6 tov oplopé tou T Bploxoupe F € A dote B C F xau pu(F) = 0. Oétoviac E = 0,
€youue
ECACF xuu(F\E)=u(F)=0.

Enopévwg A € A,.

(iii) Eotw v éva yétpo oty A, wote v|4 = p. Téte, yia A € A, Bploxoupe
E,Fe Auye ECACF xoau u(F\ E) =0 xou éyouye:

Aot bpwe p(E) = p(F) énetan 611 v(A) = pu(E), dnhadnf v(A) = i(A). Enopévec
v =U.
(iv) («=) Av A=A, t6te and 1o (ii) éyovue 6T i = p o to [t ebvon mhfpec. ‘Apa
xon to f elvon ThpeC.
(=) Eow 6t 1o 1 elvon mhfpeg xau A € A, Oa dei&ouye 611 A € A. Bpioxoupe xou
TGAL

E/FeA ye ECACFxu p(F\E)=0.

Apo 1o A\ E C F\ E eivon p-undevixbd olvoro xou and tny unddeon A\ E € A.

"Etou elvon xon

A=FU(A\FE)c A (2.31)
O

IMopadeiypota 2.3.4. (o) To apdunuxd uétpo p oe onoodAnote petprowo
yweo (X, A) elvon mhipeg, apold 1o povadind pu-undevixd cbvoro ebvar to ) € A.

(B") Eotw (X, A) petpriowog yopos xa x € X dote {z} € A# P(X). e auth v
neplnTtwon, 1o uétpo Dirac p = d, Sev elvan mhripeg.

Anédeitn. Mnopovye va napoatneioovue ot A, = P(X). Ilpdypot, av A C X
UTopoVUE Vo Ypdouue
A= (An{z})u(An{z}°)

xou AN{z} =0 A {x} xou dpa avixer oty A xou 1o AN {x}¢ elvon p-undevixd agpol
neptéyetan oo {z}¢ mou éyel p({x}¢) = 0. Xuvendc A € A,. Eto,, A# P(X) = A,
xou dpor ue Péon to (iv) to p dev elvon mhpec. O



26 - METPA

2.4 Aoxnoelg
Oudda A'.

1. 'Eoww (X, A, ) évac yodpoc pétpov. Na dellete 6tL 1) ouvdptnom uc + A — [0, 0]
e
pe(A) =pu(AnC), AcA
opileL éva pétpo oto xodpo (X, A).

2. Eotww (X, A, p) yodpoc pétpouv xan (A4,) wo axoroudio otoyelwv tne A. Na
Oclete 6L
p(liminf A,) < liminf pu(A,) (2.32)

o0

xou 6t av emmhéov 1 (U, —;

A,) < o0, t61e

lim sup u(Ay) < p(limsup A,,). (2.33)
n

n

3. (1o Afupa Borel-Cantelli) ‘Eotw (X, A, u) xou (Ay,) oxohoudio otoyeiwy tne A
yia o omola Loy Vel

Z w(Ay) < oco.

Na deigete 6w p(limsup,, A,) = 0.
4. Av X # 0 xou a: X — [0, 00] wa cuvdptnon, Bétouye, yio xdde A C X

Z a(x) = sup {Z a(x): FCA, F#0xuF nsnspaopévo} . (2.34)
z€A zeF

Emmiéov, ¥étoupe ) oy a(z) = 0. Anodellte to e€hic:

() Av Y oy a(x) < oo, t6te 10 ohvoro J = {z € X : a(x) > 0} elvon aprdurior-
po. (Tnodeln:

o

J = U{xeX:a(m)>%}.)

n=1
(B) Na dei€ete 6L 1 ouVpTnom g : P(X) — [0, 00] mou opiletan and tnv
pe(A)= Y ale)  ACX
€A

opiler éva pétpo oto yweo (X, P(X)). H p, eivan n onueaxr katavoun mov
endyetar and tny a xou o a(x) eivon N udla tou .

5. Eotw (X, A) yetpriowoc ywpog xou {p, } pla axohoudio uétpwy otov (X, A). Na
delete otu

(o) H ouvdptnon p: A — [0, 00] pe
pA) = pn(4), AcA
n=1

elvan pétpo otov (X, A).
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(B) Av emmiéov x&de wy, ebvon yétpo miovétnTog, TETE Xou 1) ouVdpTNon v @ A —
[0, 00] pe

=1
vA) =) goim(4), AcA
n=1

elvow enlone pétpo mboavdntog.

6. Ilepiypddte Oho ta pétpa oto yopo (N, P(N)).

7. BEotww (X, A, ) évac thipne yopoc pétpov. Av yia xdrow A € A xaw B C X
gyoupe AAB € A xou u(AAB) =0, vo deilete 61t B € A xou p(A) = pu(B).
(Edc» AAB := (A\B)U(B\A)=(AUB)\ (ANB).)

Opdda B'.

8. AoTe topddetypa o-renepaocuévou pEtpou i oo xopeo (R, P(R)) dote p((a, b)) =
o0 vy xdde a < b € R.

9. Eow (X, A) petphowoc ywpoc xat {u,} wo adZovso axohovdia yétpwy otov
(X, A), dnhad?) v xdde n € N xonw A € A woyler pn(A4) < pinp1(A4). Tiw A e A
oplloupe

p(A) = lim g, (A).
Na 8ei€ete 6t t0 p elvon éva pétpo otov (X, A).

10. Eotw (X, A, u) évoc xodpoc o-nenepocpévou pétpou xon (A4;)ier (Lot oeoyévela
&évwv avd dVo otoiyelwy e A. No dellete 6Tl yia xdde A € A o obvoro
Ja={iel:u(ANA4;) >0} cvon aprduriowo.

11. 'Eotw F wa dhyelea o éva oOvoho X xau i €évol TENEQUOUEVO UETPO OTO YWEO
(X,0(F)). No deilete 6ty xdde A € o(F) xou € > 0 undpyer F' € F dote

w(AAF) < g,
omou AAF = (A\ F)U (F\ A).

12. 'Eow (X, A, 1) évag ydpoc nenepaopévou wétpou xou (A,) wa axohoudio uto-
ouvolwy Tou X yla TNy omola undpyet § > 0 wote p(A,) > 6 v xdde n € N.
(o) Agigte 6T p(limsup,, A,) > 0.

(B) Aci&te 6u vndpyer ad&ouoa axohoudio Quody apdundy {k,} dote
(o)
) Ak, # 0.
n=1
13. Eotw (X, A, 1) évac yopoc pétpou. To p Aéyetan nuimenepaouévo av yio xdde

Ae Aye pu(A) = oo undpyer B C Aye B € Axa 0 < pu(B) < co. Nu deilete
ot av (X, A, ) yopog nurenepacuévou pétpou xoau A € A pe p(A) = oo, t61e
yioe x&de M > 0 undpyer B € Aye B C A xou M < pu(B) < oo.

Owdda I'.
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13.

14.

15.

16.

17.

‘Eotww (X, A, 1) évag ydpog pétpov. Optloupe o @ A — [0, 00] pe
po(A) =sup{u(F) : F C Axa u(F) <o}, Ae€A

No deléete ot

(o) To po elvon nuinenepacuEVo PETEO (T NUITENEPaTLEVO UéPOS TOU [1).

(B) Av 10 p elvon numeTEPOIOUEVO, TOTE g = L.

(v) Trdpyel yétpo v otov (X, A) mou mafpver uévo Tic Tée 0 xoun 00, TETOL0 MOTE
= o+ v.

Eotw (X, A, p) évoac ydpoc PéTpou.

(o) Tt B0 ovvora A, B € A ypdgpouye A ~ B av u(EAF) = 0. No deilete 6Tt
n ~ elvou oyéon woduvapiog oty A.

(B) T A, B € A opiloupe p(A, B) = u(AAB). No deifete 61 n p elvon yetpinn

670 6UVOAO TWV ¥AAoEWY looduvapioc A/ ~.

Eotww (X, A, 1) évac yopoc pétpou. ‘Eva olvoho E C X Néyeton tonikd peTprion-
pooav ENAe Ay xdde A€ A ye pu(A) < oo. Opilovue

A={EC X: E tomuxd petprowo}.

(o) Now delEete 61t A C A xou 61 1 A ebvan o-dhyePpo. Av A= Ao (X, A pu)
AEYETAL KOPETUEVOS YOPOC UETEOL.

(B) AciZte 6T av t0 p ebvon o-nemepaopévo, téte A = A.

(v) OpiCouye ™ ovvdpon i = A — [0,00] pe f(A) = p(A) yio A € A xa
(A) =ocoyia A € A\ A. Aci€e 6o (X, A, ) ebvar xopeopévoc ydpog pétpou.
‘Eotww (X, A, p) évac yopoc nencpacpévou pétpov. Aci&te dtL ta oxdhoudo elvon
Llood 0V

(o) To olvoro {u(A) : A € A} eivan dmerpo.

(B) Tt x&de & > 0 undpyer A € Ape 0 < u(A) <e.

(v) Trdpyet axohovda Eévwv avd 500 cuVOrWY (A )nen oty A dote p(A,) > 0
vt xéde n € N.

‘Eotw (X, A, p) évag ydpoc nenepaouévou pétpou xou o owoveéver £ C A. Téte
undpyel aptdunoiun vroowoyévela F C € dote:

(i) Av A e F, t6te pu(A) > 0.

(ii) To otowyeia tne F etvon Eévo avd dvo.

(i) Av F =JF, 1o X \ F Bev nepiéyel xavéva ototyelo e € yviour detino
p-UEToou.



Kegpdiowo 3

ElwTtepind peTpa

Méypl thpa €xouue oploel EmMTUYOS TNV €vvola Tou PETEOU ot €youpe amodellel pe-
pwéc Baowée tou W6TNTeg. Tlop” ol awtd, ta mapadelyyota péTpwy mMOU €youuE
XOTOUOHEVAOEL ElVOL EXETE O TOLYELDON XU )L TOCO EVOLAPELOVTL.

e autéd 10 PO Vo TUPOUCLICOUUE TEDTA EVOL KUNYAVIOUOY XATAOKEUNS UETEWY
péow tou BOewphpatoc tou Kapaldeodwer. H mopeio authc tne xotaoxeurc etvor ye
Ayo Aoyl 1) e€hc:

1. KotaoxeudZoupe pio ouvdptnon ¢ : P(X) — [0, oo] 1 onolo ixavorolel xdmoteg
acYevéotepeg WLOTNTES and auTéC Ve pétpou (xan pa elvon euxoldtepo Vo
xataoxevootel). M tétow ouvdptnon Ya ) Mue efwtepikd pétpo.

2. Tepopiloupe v @ o xatdAnhn o-dhyefea A C P(X) mote 0 neploptopds
ouToC Vo elvon pétpo oto yopeo (X, A).

Yav eqoppoy) avthc tng dodixaciog Yo xataoxeudoouue T0 €€wtepikd pétpo Le-
besgue otov R* mou Yo pac odnyfost apydTepa 0T YEVIXEUGT TOU OAOXANPMUATOC
Riemann.

Télog, Yo napoucidoovye t0 Oetpnuo Enéxtaone tou Koapadeodwen nou divel
pLo ouctaoTixd avtiotpogn dladascia xataoxeuic uétpwy. 1o ouyxexpéva:

1. Kotaoxevdlouvye wa cuvdptnon p mou «potdlel ye pétpoy xai oplleton ot pia
ShyeBpa Ag C P(X).

2. Emexteivouye v cuvdptnomn auth otn o-dhyePea A mou mopdyel 1 Aop.

H tehevtalo auth tey v etvon Wlaktepa yerowun. Elvon yio topddetypo dSopixd epyo-
Aelo yia ) Geperlwon e Oewplog IravotriTwy.

3.1 Oploudc xou to e€wtepind peteo Lebesgue

Optopdc 3.1.1. Eotw X éva olvoro. M ouvdptnomn ¢ : P(X) — [0, 00] Aéyeton
eLwtepid pétpo av:

(i) Ioyver p(0) =0,
(i) n ¢ eivon povdrovn, dnhadn av A C B C X t61e p(A) < ¢(B) xou
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(iil) n ¢ elvon apidunioua vronpootetikn (| o-unonpooietiny), dSnhadh av (Ap)nen
axohovdia uTocLVOAWY Tou X, tdTE eivon

" (U An> <Y o(4n). (3.1)
n=1 n=1

Me Bdon ta anoTteAEoUATO TOU TEONYOVUUEVOL XEQoAalou efvan capéc 6Tl xdde uétpo
elvon o e€wtepind pétpo.

HMapodeiypata 3.1.2. («) H cuvdptnon ¢1 : P(X) — [0, 00] ue

[0, wwvA=0

elvon e€wtepd Yétpo:

Anddeién. Ou ouviixee (i) xou (ii) tou opoyol ixavonotolvtoar Tpogavee. o Ty
(ili) wpa, av A, = 0 vy xdde n woyder Tpogavde 1 wwdthTe 0=0, evéd av xdnoo
Ay, elbvon un xevo, tote o1 (Ur g An) = 1 xan D07 01(An) > p1(Ay,) = 1, bnec
GéNoe. O

Emniéov, ebxolo BAémoupe 6t av | X| > 2, 1 @1 dev elvon pétpo.

(B) H ouvdptnom @2 : P(X) — [0, 00] ue

0, ov A cpruico
902(‘4) :{ 1 OL)\)\Ld)gp poHt (3'3)

elvan e€wtepnd pétpo:

Andbaén. H ocuvdhxn (1) wovoroleiton agod guoixd to @) elvou aprdpfioipo civolo.
T v (ii), av A € B %o 0 B elvon unepapripniowo, woylel p2(A) < @a(B) = 1,
oL 1 @2 Aofdvel uévo tic Twég 0 xar 1. Av to B elvan oprdurowlo ndl, xat to
A ebvan dpduriowo, dpa p2(A) = @o(B) = 0. Tw wmy (iii), av xénowo A, v
unepaptduriowo, 1 avicdTnta Loy Ve Tpogavds 6mwe xou oto (ii). Av ndh dha to A,
etvan apriuhowa, tote xou n (oo A, etvon aprduhoun xou dpo

©2 (U An> =0=> @a(An).

Apo mpdryportt T 2 elvon eEwTEPO UETEO. O

3.1.1 To e€wtepixd uétpo Lebesgue

Qo doouue Tpa TOoV oploud Tou ewtepxol pétpou Lebesgue A* oto R. Elvou
puotohoyd, av I = (a,b) éva avowtd ddotnua va Jélovue va wxva

() =b—a. (3.4)

Av tdpa A C R tuydv, pmopolue médvta vo xohOoupe 10 A amd apripnoiua to
TAfloc avoxtd Sraothpote, dnhadh va Peodue oxohoudio (In,)n, pe Iy = (an,by)
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wote A C U, I, (ywrl;). Téte, to ddpowopa > oo (by — ay) diver wor «omé mévewy
extiunon i to «pnxog» tou A xou dpa elvor Aoyd hoimdv vo {nticouue

A*(A4) < Z (b, — an), Yo omowd¥inote tétow kdAvn (I,), tou A. (3.5)

n=1]
Obdnyoluoaote hotndv Puolohoyixd oTov €A OploUO:

Optopdc 3.1.3. To eéwtepikd pétpo Lebesgue N* @ P(R) — [0, 00] opiletan we
e&ng:

A*(A) :inf{Z(bn—an): Un,bn €R, xou A C U(an,bn)}, (3.6)
n=1 n=1

v xde A C R.

Ot Booixéc 18L6tNnTEC ToL e€wTepnol Yétpou Lebesgue mepléyovton oty axdrouidn
ITpbtaon,.

Meétaocm 3.1.4. (i) ToX* : P(X) — [0,00] efvar mpdypati éva eEwtepikd pétpo
oto R.

(it) Ia a,b € R pe a <b elvar

A([a, b)) = A*([a, b)) = A*((a,0]) = A*((a,b)) = b — a. (3.7)
(iii) Av I un gpayuévo tidotnua oto R, tére A*(I) = oo,
Andbaén. (i) Ov WBbtntes oL eEWTEPOY PETPOL EAEYYOVTAL WS EERC:

(o) T xdde e > 0, ebvou 0 C (—¢,¢). 'Etor, ye Bdon tov opiopd tou A* (¥étouyue
ay = —€,by = ¢ %o a,, = by, v xdde n > 2) eivon

A" (0) < 2e.
Agol 1o € > 0 Arav Tuydy, elvon A*(0) = 0.

() Av A C B C R, t6te xdde axohoudio Swootnudtwy mou xahinter to B da
xohomter xon 1o A. ‘Etot, 1o A*(A4) da eivan pixpdtepo agol nafpvoupe infimum
oe meplocdtepa ohvoha. Lo goppahiotind, av B C (J,~ | (an, by), Tét€ elvan 3o
ACUr (an,by). Anhody

{((ambn))n :Bc (anvbn)} c {((ambn))n Ac (ambn)}’ (3.8)

xou ot
inf {Z(bn —an):BC U (an,bn)} > inf {Z(bn —ap): AC U (an,bn)} .
n=1 n=1 n=1 n=1

‘Etot, A*(A) < A*(B), dnhad) o A* eivon povédtovo.
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(v) 'Eotww topa axoroudio (A,) vtocuvérwy tou R. O deioupe 6Tt

e (0a) <o

n=1 n=1

Av > A (A4,) = oo, 1o {nroluevo eivon mpogavéc. Ymodétouue hotmdy OTL
Yo A (An) < 0o. Apa eivon xou A*(A4,) < 0o yia xdde n. Eotw € > 0. And tov
optold touv X*, yio xdde n Pploxovye axohoudio (I, ;)jen ve I j = (an j; bn j)

WoTE
An g U In,j
J

pdei

= €

D (bnj — anj) < A (An) + o
j=1

Téte, n owoyéveld (In ;) (n, ;) eivon aprdufown (apod to N x N eivor apriuioio)

xou Loy Vel

An C

1 n

(@

I, ;.
1

$Cs

n

Apa

A" (U An) < Z(bn,j —nj) = Z Z(bnd —an;) | <
n=1

<> (WA + 57 ) = DN (A) +e.

Aol 10 € > 0 oy Tuy 6V Emetan xan 1 {nTodyevn,.

Apa, mpdryuatt To A* elvan e€wtepind pétpo.

(ii) 'Eotww a,b € R pe a < b. Oa deifoupe 61t A*([a,b]) = b — a. Eotw € > 0. Eivan
[a,b] C (a—£,b+ %), dpa AN ([a,b]) < b—a-+e. Agob Eexvoae pe tuyaio € > 0,
etvou

A*([a,b]) < b—a.

T Ty avtiotpogn avicdtnTa TR, Yewpolue axohoudio avoIXTOY BLACTNUATLY
I, = (an,by), n=1,2, ... ye [a,b] C U, (an,by) xou mpémet vo delfoupe 6t

> (bn—an) = b—a.
n=1

To Sudotnua [a, b] elvon cuunayéc obvolo, dpa to avouxtd xdhvupa (I,)y, €yel mene-
poopévo umoxdhuppa, dnhadif urdpyer m € N &ote [a,b] C ()" (an, by).
Ioyvetowoéc. Eiva Y7 (b, —an) > b—a.

O anoderydel ye enaywyh oto m. I'ia m =1 o woyvploude ebvar tpogavic. Ag
unodécoupe 6Tl oy Vel Yioo m = k xai Yl To enoywywd Briua Yewpolue ot

k+1

[a,5] € | (an, bn).

n=1
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Téte undpyer 1 < i < k+1 dote a € (a;,b;). Alywe BAIBn unodétoupe étL ¢ = 1,

dnhad” btL oyler a1 < a < by. Av by > b, t61€ (a,b) C (a1, bi] o dpa

k+1

b—a<b —a1 < Z(bn—an).
n=1

Av ndh by < b elvon

k+1

[bla b] g U (an7 bn)

n=2
xou Gpat, amd TNV EmAy WYy utddeo

k+1

b—b < Z(bn —ay).
n=2

'Etot, éyouue

k+1

b—a<b—ay=(by—a)+(b—b) <> (by—an),

n=1
onwe Béhaye. Hpdypatt Aowndv o oyvpionds ahndedet.
"Apa mpogavis etvan xou Yoo (by — an) > S0 (by — ay) > b — a, xou TeENXd
2 ([a,b]) = b—a.

T 1o avowtd didotnua (a,b) todpa, av a < b evow xou a + 2 < b— 1 yio

peydreg Twwég Tou n. ‘Etol, [a - %, b+ %] C (a,b) C [a,b] xow and T povotovie Tou
e€wtepnol UETPOU

1 1 2

¥ ([a— ,b—I—]) =b—a——<X((a,b)) <b-—a.
n n n

Ytélvoviac 10 n 6To 00 €youpe Aowdy A*((a,b)) = b — a. Arnd 1 govotovia Tov A*

TWpa, eival dueceg xon ol dhkeg 500 LoOTNTES.

(iil) Kdde un ppaypévo ddotnua I neptéyet pporyuéva Slaothata 06087 note yeydhou
uhxoue, dnhady yia xdde guoxd n vndpyel a, € R dote (ap,an, +n) C I. Etol
A*(I) > n v xéde n xou éneton o Lnrodyuevo.

O

Me ti¢ Bieg 0éeg ahhd Alyo meplocdTepo #OTO, UTOPOUUE VO XUTAOHEUGCOUUE
xou o pétpo Lebesgue otov RE. Eva avouktd gpayuévo tidotnua otov RF eivon éva
oUVOAO NG UOPPHC

k
1= H(aj,bj) = (al,b1) X (a2,b2) X ... X (ak,bk) (39)

j=1
onou a; < b; € R. O dyrog tou dwaothuatog I elvon 1 mocodTnTa
V(I) = (bl — al)(bg — ag)...(bk — (lk). (310)

, . ; k . , ; _ k o
Ievixdtepa, éva drdotnua otov RY etvon éva sbvoro tne poperic I = szl 1;, 6mou
I, 15, ..., I Swotipata 6to R xan 0 6yx0og Tou €lvol TO YIVOUEVO TV UNXWOY TOV
dlaotnudtey I; (émou xdvoupe ) cVuPacn 0 - co = 0). Tevixebovtoc hoimdy Tov
Optopo6 3.1.3 drtumdvouye tov axdloudo:
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I I

5 13 2 3
I I 7
IQ Il I4
5

YyAua 3.1: Adupo 3.1.6 (ii)

Optopde 3.1.5. To efwtepikd pétpo Lebesgue \; @ P(RF) — [0,00] otov RF
op{letan w¢ e&ic:

Ap(A) = inf {ZV(In) . I, CRF avowté gpaypévo Sidotnua o A C U In} ,
n=1 n=1
(3.11)
v xdde A C RE.

Etvon cagéc and tov optopd 1L A] = A*. Mepixéc @opécg, ydplv anhdtntoc, Yedpouue
now Ap = A%,

Do vor amodei&oupe Tic Baotéc WBOTNTES TOU Aj, (Bnhad¥) To avdhoya tne Mpdtaong
3.1.4) Ya ypewotobye to axdhoudo yewuetpixd Afuua:

Adppa 3.1.6. (i) H owoyéveia A twv vroourilwr tou R¥ rmouv ypdpovtar wg
nenepacuéves Eéves evdoes Buatnudtwy elvar a d\yeBpa atov RF.

ii) Fotw I;, j = 1,2,...,n &va Swothuata otov R*, I = |J'_, I; n évwor tou
J nH j=115 1 1 Toug
ka1 J éva Bdotnua otov RF dove I C J. Tére

> (1) < o) (3.12)

j=1

kai av emmAéor to I elvar Brdotnua eivar kai

> (L) = (). (3.13)

Anédein tou Ar;;u;uatog- (i) Eivou qu)cxvsg 6t A # (. 'Eotw A, B € A. Tére,
yedgouvue A = Ui, I; xu B = |JIL, J;, énou (I;); xu (J;); owxoyéveiec Eévwv
dotnudtwy oto R¥. Téte

j=1

ANB= U I;NJj;
4,7
6mou ) (1;1J;) i j ebvoun eniong owoyévewc Eévev daotnudrtwy otov RF. ‘Etot ANB €
A, dnhad) n A elvar ¥AeloTr] oTIC TENEPACUEVES TOUEG.
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Ji J2 J3

Jg I Ju

J7 J6 Js5
Eyfua 3.2: T xdde Sdotnua I elvon 1€ € A.

T o oupmAnpeduota Thpe, Toputneolue 6Tt av I éva didotnua otov R téte
Ie =R\ T € A. (H anddeiln agphveton otov avayvootn. Tk = 2, delte xou T0

Sy B-2})

'Etol, A° =, If € A and 1o nopandvew. Apa medypatt n A ebvon Shyefpa. O
IMapathienon 3.1.7. Agod n A elvan dhyefpa mou nepiéyel to dlaothiyarto, Yo me-
PLEYEL X0 TIC TETEPUOUEVES EVOTELC Blao TNtV otov RE (6yt avaryxaotind Eévev).
'Etol, x4 nenepaopévr évwon dotnudtey tou RF propel vo ypagpel xou we tene-
paopévn E€vn Evwor Slao TNUATKY.

Anddatn tov Ajuparog[3.1.6] (it) O o omodeifouye pe enoywyh oto n. Nan =1
t0 {nrovpevo elvar tpogavéc. Trodétoupe 6Tt toylet yio n = m xou Yo To amodel&ouye
ywn =m+1. 'Eotww hownoév I = U;”’:tl I; xou J éva didotnua otov R* Gote I C J. H
Wéa ebvor var ywpiooupe Tov R¥ og 8o nulywpolc, Gote n topr tou I ue tov xodévay
and autolg va elvan Evwon m SlaeTnudtwy, avtl yioe m + 1, xou vo epapudcovye exel
TNV enaywyixh unddeon,.

Mropolue vo utodécoupe 6t I; # 0 yio x&de j, ool otnv aviidetn tepintwon
Beloxdpaote oto n = m. T xdde j =1,2,...,m + 1 ypdgpouue

k
L =11 L
A=1
omou I SwothAuata oto R. Térte

k

k k
0=LNIh = (H I1,,\> N <H Im+1,)\> = H(IL,\ N Lg1n)-
A=1 A=1

A=1

Apa, utdpyer 1 < g < k odote I1ay N Imt1,0, = 0. Mnopodue vo vrodécoupe 6t
T0 11,3, elvon «oplotepdy ToU Inyi1,a,- AV B 10 8e&l dxpo tou I ), , VéTouye
Ji = {(z1,72, ..., 7) ERF : my, < B} xou Jo = {(z1, 20, ..., xx) ERF 1 x5, > B}
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Il Im—l—l

J1 Jo

g

Yyfuor 3.3: Ta Iy xow Ipyqq Sraywpeilovion and 1o unepeninedo xy, =

Téte, ool J; N Ipy1 = 0 ebvou

AhnI=Jhnl)CnnJg
j=1
xou dpola, ool Jo NI =0
m+1
JonI=|J(hn)Chnl
j=2

Egéoov ta diacthyata J1 NJ xou Jo N J mepiéyouy EEVeC EVHOOELC TO TOAD M BlAOTN-
PATLY, and TNV enaywyix unddeor Yo €YOUUE TIC OYETELS

m m—+1
S vhnL) <v(ANT) x Y v(BnI) <v(J2NJ)
j=1 j=2
dpa
m m—+1
V() =V NT) +v(LNd) =Y VA NL) + > v(n) =
j=1 j=2
1 m+1 m+1 m+1
V(Jl n Ij) + Z V(JQ n Ij) = Z (V(Jl N Ij) + V(J2 N Ij) = V(Ij),
j=1 j=1 j=1 j=1
omou yenowonotfioope Tic oyéoelc v(0) = 0 xou
V(K) = V(K n Jl) + V(K N JQ) (314)

Yot x&de K didotnua tou R¥ (npdypa mou emBefoudiveton dueoa, apol ta Ji %o Ja
elvon Ny wpot).

Av wdpa to I elvan Sidotnua, toHte T0 Blo toylel xou yio Toe J1 NI xou Jo N 1. 'Etot,
amd TNV enaywyLxr unddeon TdAL, eivon

m m+1
S v(hnI) =v(hnI) xa Y v(JnI) =v(J2NI). (3.15)
j=1

Jj=2
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Adpoilovrac dnwe xou topandve éneton 6t v(I) = Z;n:"il v(I;), dpo xou o Lnrodyevo.

O

Xenowonowdvrac autd to (teyvind) Afupe, €xoupe to &hc avdhoyo tne Ipdta-
ong 3.1.4:
Mpétaon 3.1.8. (i) To " : P(RF) — [0, 00] efvar rpdypan éva eéwtepiid pétpo

oto RF.
(i) Ta kdBe I ddotnua tov R wyda \*(I) = o(I).

Anédaitn. H anddein auty| diagépet and v anddelrn g Ilpdtaone 3.1.4 uévo ctov
LOYUPLOHO TIOU DLULOPPWVETAL ¢ eENG:
Ioyveiopds: AvK = Hi:ﬂa}u by] éva ouurayée dudotnua otov RF xau Ih, I, ..., I,
avouxTd pporyuéva dloo thparta ue K C U;;l 1;, ot

< iv(fj). (3.16)
j=1

Do Ty anédeldn tou Ioyuplopon, Yo yenowonotfooupe to Adpue [3.1.6] (i) Gote
va «omdoouper to (i, I; oe Eévn évwon avoixtdv Sotnudtey xo éneta to (i)
GoTe Vo Tdpoupe To {NToluevo. Luyxexpldéva, Yewpolue to ohvola
i1
Ei=L\|JL, j=12,.n (3.17)
i=1
xou topotneoVpe 6Tt efvan Eéva avd 800 otouyeia tne A (BAéne To nponyoluevo Afpua),
Ej C I yw xde j xou emmhéov wyter Uj_, E; = Uj_, I;. Ertov, and 1o Afjupa
3.1.6| (i), x&0e E; ypdgetor we menepaopévn Eévn évaon dlaotnudrey tou RE. Eotw
Ji, t=1,2,...,m o apldunon oy autdv tov dotnudtwy. Téte, ta J; eivon Eéva

avd dvo (yrol;) xon
m

KeUr =CJ -

6mou yenooroioope to to (ii) tou mponyoduevou Afupotoc yio Tic wootntes (*),
xo o Ioyvploude anodelydnxe.

Meétaon 3.1.9. Av A C R* éva apiurioruo otvoro téte \*(A) = 0.

Arédetn. Eotw A= {x,:n=1,2,..}. Téte, yio e > 0 glvow

[j f[ (mn 2n’ Tn(A) + 2%) (3.18)
b A* e

pdei OLPO( and tov OpLGp,O TOL gval

k

ZH(% n)_(x”( ):Z onk 1f1/2k‘

n=1 =1 n=1

Agob Eexvoaye pe tuyaio € > 0 éyoupe mpdypatt A*(A) = 0. O
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3.1.2 Kataoxeur] eEwTepXmV UETPWY

H 8éa e xotaoxeurc tou e€wtepnol pétpou Lebesgue elvon ouctaotind vo xa-
Nooupe xdde olvoro pe por aprdurfoun Eveon «<xahdvy cuvelev (BlaoTnudtwy o
CUYXEXPUIEVY TEPITTWOT) TWV 0TolwY YVWELOUUE TO «UETPO» %Ol OTY CUVEXELX VO
Bolpe méoo xohr) pmopel outh N mpocéyylon va yivel.  Autr n Siadixacio ymopel
VoL Yevxeulel MOTE VoL Jog BOGEL £VOL KUNYOVIOUOY XATUCHEVNS EEMTEPUMDY PETPWV.
Xpewlopoaote npnta évav Oplopd:

Ogiwop6c 3.1.10. 'Eoctw X # 0. M owoyévewr C C P(X) vnoocuvérwy tou X
Meyetan o-kdAvyn tou X av

(i) 0 eC xu
(ii) undpyouvv X1, Xs,... € C dote X =, X.

Ocedhenupa 3.1.11 (Kataoxeufc elwtepixdv pétpwyv). FEotw X # 0, C a o-
kdAvpn tov X ka1 7 : C — [0,00] pa owdptnon ue 7(0) = 0. H ouvdptnon
¢ : P(X) = [0,00] pe

p(A) = inf {i T(Cp): Cp eC kar AC Ej Cn} (3.19)

n=1
yiae A C X, eivar éva eEwtepikd pétpo oto X.

ITpw v amddeln tou Oewpiuatog, napatneriote dtL agol 1 C elvon o-xdhudr, yio
x&de A C X vrdpyouv C1,Cs, ... € C wote C C |, Cy, xou dpa 1 cuvdpTnon ¢
elvon xaAd oplouévn.

H anédeiln eivan ouotaotxd autobota pe Ty anddelln e Hedtaone 3.1.4 (i) xou
dpa elvon xohé v tpooTadficete vo T xdvete wg doxnon. Tny cuuninedvoupe yio
Aoyoug TAnedTNTIC.

AnéoaiEn. Oudiotntee Tou Optopod 3.1.1 ehéyyovtar we e€ic:
(i) Tt to xevé obvoho eivon B C |, O xou dpa (@) < > 7(0) = 0. "Apa (D) = 0.

(i) Av A C B C X 16te, ndlde xdhudm tou B anéd otoyeio e C eivon xan xdhudn
Tou A, dnhadn

{(cn)n:cn €Cxu BC Ucn} C {(cn)n:cn ECxocLAQUCn}.

Suverde, npdypatt o(B) > ¢(A) (yl;).

(iii) Méver va det€ouye tnv aptiuiown unonpoocdeuxdtnia tou ¢. ‘Eotww (A4,), wa
axohoudior utoouvéhwy tou X. Oa delfoupe 6t ¢ (U, An) <D, w(An).

Av ) ©(A,) = oo 10 {nrodpevo eivon tpogavéc. Trodétoupe howndy du . p(Ay) <
00 xou Gpa etvon xou w(A,) < 0o v xdde n. Eotw e > 0. Ta xdde n howndy, Beloxou-
pe axohoudiar ototyelwy e C, (Ch,5); dote A, €U, Cn j %
> €
Y 7(Cng) < p(An) + o

on’
j=1
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Téte U, An C Un,j Ch.,; nou pa (apol 1o N x N efvon aprdproo) ebvon

v (U An) <Y Do) | €D p(An) + e
n=1 n=1 \j=1 n

Agol to € = 0 Arav tuydy, toybel xou to {nrolduevo.

3.2 Metprioipa cOVoAa

‘Eotw ¢ : P(X) — [0, 00] éva e€wtepind yétpo 610 cvvoro X. Onwg elnoye xou otny
elooywyn Tou xepoakafou, avolntolye wa o-dhyeBpa A oto X dote o neploptowds ¢| 4
vo ebvan étpo oto ywpo (X, A). Mo tétola o-hyePpa undpyet névta (1 TETPYIMEVN
A = {0,X}), bunc ypewolduacte vo PAoupe yLor piol GpxETE o «ThoVoLoy ond
auth). Eva «unyoavioudy yio vo to TeTOYOUUE auTd Sivel o axdhouvlog OploUsS TWV
(p-HETPNOUWY TUVAwWY o€ GUVBLACUS e To Oepnua tou Koapadeodwer| 3.2.3.

Opiopdc 3.2.1. Eotw ¢ : P(X) — [0, 00] éva e€wtepind pétpo oe éva ohvoro X.
Eva B C X Myeton p-petprioipo av «xOfel owotdy xdde dAho utocivolo touv X,
OnhadN

p(A) = p(AN B) + ¢(A\ B), (3.20)

v xde A C X. XupPBoiilouvue ye My, TNV oXOYEVELL OAWY TWV Q-UETEHOWWY
UTOCUVOAWY Tou X.

IMopatneroeis 3.2.2. (&) And v unompocdetixdtnta Tou eEWTEPXOU PETPOU
n oxéon ¢(A) < p(AN B) + ¢(A N B) wybe ndvto. ‘Etol, yo vo deyydel T éva
B C X elvon p-petprioo opxel vo eheyydel n avicotnta

0(A) > p(ANB)+ p(A\ B), yuxdde AC X. (3.21)

‘Opong, n aviedtnta auth ebvan tpogovic otnyv nepintwon mov p(A) = co. Tuvendc,
apxel var xortdoupe povo exeiva 1o A C X pe p(A) < oo.

(B") Ané o (o) mpoximter 6t xéde B C X pe ¢(B) = 0 elvar p-petphiowo, agol and
N povotovia Tou @ éxouue p(AN B) =0 xou ¢(A\ B) < p(A).

Oeopnpa 3.2.3 (Kapadeodwpen). Eotw ¢ : P(X) — [0,00] éva e£wtepikd uérpo
oo obvodo X. Tére n M, etvar pia o-dAyefpa oto X xar o mepiopiopss |, wov
p otn M, elvar mAnjpes uézpo.

Arnddeiln. Oo droouue Ty amddelEn ot PruoTa.

Brjpo 1. H M, elvan dhyeBpa.
Av A C X ebvar

P(ANX) + p(A\ X) = p(A) + ¢(0) = p(A).

Apa X € M.
Av B e Mg xon A C X, ebvan

p(A) = (AN B) + p(AN BY) = (AN B) + (AN (B)°),
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onhod) B¢ € M,,.
Oewpolue tpa B, By € M, xa Ya delovue 61t By N By € My,. 'Eotww A C X.
Agol By € M, eivan

@(A) = (AN By) + (AN BY)

xau ool By € M,
w(ANBy) =p(ANB; N By) + p(AN By N BY).
‘Ouwe, By \ By = By \ (B1 N By) xou B C (B N B?)¢, dpa
W(ANB1NBS)+ p(ANBY) = (AN (B1 N B2)°N B1) + ¢(AN (B N By)° N BY).
XeNnoWonolmvTag TI¢ Topandve xat 6t By € M, éyouue 6t
W(A) = (AN (B1NBy))+9(AN(B1NB3)°NBy) + (AN (B1NBy)°NBY) =

Yuvende, npdyuott By N By € M.,.
Brupo 2. Av By, By € M,, eivon Eéva petprioyo oUvora xou A C X, tote

IMpdrypatt, yenowonowsviag 6t By € M, xou By N By = 0, madpvouye

Ewdwétepa, Yétoviac A = X, éneton 6Tt 10 |, elvon menepaouéva npoodeting
z 4 z ’ ?
uétpo, dnhadn Yy B, By € M, &éva ioylel

¢(B1 U By) = ¢(B1) + ¢(Ba2). (3.23)

IMapathenon 3.2.4. And 1o napandve Brua, éneton Ye omhn enaywyy| Ot

wl|l AN O Bj = i(p(AﬂBJ) (324)
Jj=1 j=

v xdde By, B, ..., B, € M, &éva avd 0o xa A C X.
BrApa 3. H M, elvon o-dhyeBpa xou 10 |y, eivan pétpo.

Toupwva pe to (ill) e Hpbdtaone 1.1.6, apxel va derydel dt av (By) oxolouvdia
Zévewv avé BVo ototyelov Tnge My, xou B =2 | By, 16t B € M, xou emnhéov

= @(B). (3.25)

Oa detéoupe 6Tt Yo xdde A C X oybouv ol oyéoels

W(A) = p(ANB) + p(A\ B) = i (AN By) + (A\ B). (3.26)
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And v mpdtn wétnTa éneton 6L B € M, xou omd 1N deltepn Vétoviag A = B
gneton xou 1) (3.25).

Iedrypatt, yioa xdde N € N, eneldy Uﬁle B, € My,

H(A) = ¢ (An <TQBH>> +¢ (Am (Q Bn>c>

N N c
> $(ANB,) +¢ (Aﬁ (U Bn> ) (3.24)
n=1

n=1

WE

> ) (ANBy) +¢(ANB°)

3
I
-

c
ot ANBCC AN (Ufj:l Bn> . Aol n avicdtnTa oy el yio xdde N € N, éyouue

HA) > > 6(ANB) +6(AnE) D 6 (D(Amm)) +6(ANBY)

n=1 n=1

6nov oty (*) yenowonomooue Ty o-uronpocteTixdtnTa Tou . AMNG Uy (ANB,) =
AN (U,By) = AN B, dpa

¢<D<Am3n>> + (AN B) = p(ANB) + ¢ (AN B°) > ¢(4)

n=1

Tl and TNy unompootetndtnTa. Anhady
$(A) =Y S(ANB) + (AN B) 2 (AN B) + ¢ (AN B°) = $(A)
n=1

SLVETKC Loy Vel Wbt xou 1 (3.26]) anodelydnxe.
BApa 4. To ¢|a, sbvou mifipec pétpo.

‘Eotw B C X dote va vrdpyer C € M, ue B C C xa ¢(C) = 0. Torte, and
povotovio Tou ¢, ebvar p(B) = 0 xou dpo B € M, ané tny Iapatrienon 3.2.2 ().
O

Optouode 3.2.5. Ta otouyela tne o-dhyefpac My~ Aéyovton Lebesgue petprioiua
ovrola.

Ev vével, To va eheyyVel xatd n660 éva doouévo aivoro B C RF eivar Lebesgue
peteriotuo ebvan Wiattepa dboxoho. Ilpog To mapdy, ta Lebesgue yetprioipo obvola mou
Yvoploupe evor pévo 1o RF xou tor «oehntéoy, dnhodi exelva tou éyouv eEwtepind
pétpo undév. H axdhouvdn Ilpdtaon Oelyver 6t 1 owoyévelr My elvan Slodtepa
nholalo.

Meétaon 3.2.6. Kdle Borel vrootrodo tou RF etvar ka1 Lebesgque petprionuo,
dnAadr B(R*) C My-.
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Anddeln. Av Yewprooupe tnv ouxoyévela

k
A= [](=00:bj]t bi,ba, .. br €R (3.27)
j=1

Yvopilovye (Mpbtaon 1.1.11) 6n o(A) = B(RF). Suvende, agod n My elvan o-
dhyePea, yia vo del€ouye tov eyxhetopd B(RF) C My« apxel vo del€oupe 6t A C
M+, Oewpolye Aowmdv éva B = Hf 1(=00,b;] € A xou Yo dei€ouue 6 elvon
Lebesgue petpriowo, dnhady ét

M (A) > A (AN B) + A (A\ B), v xdde A CRF ye \*(4) < .

Eotw A C RF pe M*(A) < oo xare > 0. Ané tov oplops tou ¥, Beloxoupe axohoudia
(1) avoutdy gparypévev dlactnudrtey tou RY dote A C J,, I, xou

i ) < A*(A) +e. (3.28)

T x&de n 1o I, N B eivon gporypévo didotnua 6yt arapoitnta avowxtd) eved to I, \ B
Yodpetan w¢ TENEPUOUEVN EEVN Evon QpayUEvwy BlaoTnudtey and to Afuua 3.1.6
(i), S

kn
I,\B= U I, j, 6mov I, ;, j=1,2,... k, Zéva gpoyuéva dothuata.  (3.29)
j=1
Ebvor epgavée, 6ty xdde gpaypévo didotnua I tou R urnopolpe va Bpolpe éva
avowto georypévo didotnua J wote I C J xou 1 dapopd v(J)—v(I) vo eivon ocodfinote

uxpr. Bploxoupe hoimdv avoutd xou gpoaypéva diaothpata J, xa J, j, 6nou n € N
xou j=1,2, ..., k, Gote

I, NBCJ, xau I; CJp

pdeis

kn
—|—Zv ) <v(l,NB) +ZV n.j) =v(l,) +

Jj=1 Jj=1

- (3.30)

obupwva e to Aupa 3.1.6 (ii), ool o didotnue I, ivon 1 Eévn évwon (I, N B) U
Uk, 1. Saomudrey. Téte duoc

j=1
oo oo oo oo kn
cUnnB) < |JJn xa A\NBC |JT\B) S | | Ini
n=1 n=1 n=1 n=1j=1

Ol CUVETIOC

kn

*(AN B) f:v Jn) o )\*(A\B)gin(Jn’j).

n=1 j=1
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Apa TeNX4,

n

/\*(AmB)+/\*(A\B)§§: V() + Y v(dng) | <

1

3

Il

_
<

< i v(I,) + = = v(In) +e < A"(A) + 2e.

Agob 10 € > 0 mou apyloaue Ytav Tuyodo €metan xan 1 {nToduevn).
O

Mopotnpriote 6t oty nepintwon tov R, dnhad yio k =1, to I, \ B eivon pporypévo
dudotnua xou dpo 1 an6dEEN amhoVaTEVETOL APXETAL.

Optowocg 3.2.7. O neploplopde tou e€wtepixol pétpou Lebesgue Ap otn o-dhyeBpa
Mx: héyeton pérpo Lebesgue xou cupBohileton e Ag 1 oamhd pe A.

S0uQwvo gE To Topandvw, To A etvar Thpeg uétpo. Mepnéc popéc, xou 0 TEPLOPIOUOS
tou A; oty B(RF) Yo Méyeton pétpo Lebesgue.

Mot neprypogpt| Tou e€wtepixol uétpou Lebesgue ue Bdon tov neploptogd Touv otny
B(RF) dtveton oty axdhoudn pdoon,.

IMpétaon 3.2.8. Ia kide A C R¥ wydour ta axdlovda:

N (A) = inf{\(B) : B € B(R*), B D A} = inf{\(G) : G avoxté pe G 2 A}.
(3.31)

Anédatn. Tw B € B(R¥) ue B 2 A eivaw A*(A) < A\*(B) = A(B). Suvernde
A*(A) < inf{\(B) : B € B(R*), B D A} <inf{\(G) : G avowxt6 yec G D A}.

‘Etot, av A*(A) = oo n {nrodpevn eivan tpogovic. Oewpolue hotnév A ye A*(A) < oo,
£ > 0 xou Yo Ppodye G C R* avouxtd pe

A(G) < A*(A) +e.
Ané tov opiopd tou A* Peloxoupe oaxoroudia (I,,) avouxtdv Sootnudtony wote A C

U, In 2w >, v(In) < A*(A) + €. Oétovpe G =, In. To G eivar avowtd, nepiéyet
0 A xou emmAéov

AMG) = A (U In> <N V() < A(A) te.

‘Etot, inf{\(G) : G avoxté pe G O A} < A*(A) + ¢ xu v € — 0 nodpvoupe 10
{nrolyevo. O
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3.3 Eowtepxd xou e€wTtepind LETPO

To anotéheoya tng tereutalag Hpdtaone pag divel Ty e€hc xatdotaon: 1o ewtepind
€100 evéc uTooLVONOL Tou RF towtileton pe TV «and Thvw» TEOCEYYLoN Tou amd TO
©étpo ouvéiwv Borel xou avouxtdv cuvohwy. H 6éa auty odnyel otov e€hc Opopd:

Optopdc 3.3.1. 'Eow (X, A, ) évac yopoc pétpou. Ta A C X tuydy opiloupe:
(i) to eéwtepind pézpo Tov A ws TPOS L
p(A) =inf{u(B): Be Axu BD A} (3.32)
(il) to eowtepikd pétpo Tou A ws TPOS :
i (A) = sup{u(B) : B € Axu B C A}. (3.33)

Eivor dueco and 1 povotovia tou p 6t yioe xdde A C X elvon pi (A) < p*(A) xon oy
emmhéov A € A, t6te pi(A) = p(A4) = p*(4).
Ieétacy 3.3.2. FEoww (X, A, p) évag xdpos pétpov. To eEwtepixd uérpo p* tov
W éxer Tis €€ng 116TnTeES:

(1) I'a kd0e A C X vndpyet B € A ue A C B ka1 pf*(A) = pu(B).

(i) Houwvdptnonp* : P(X) — [0, 00] elvar npdypatt éva eEwtepind pézpo (olupwrva
H€ Tov opoud 3.1.1).

Andbeén. (i) Av p*(A) = oo elvar xou pu(X) = oo (amd tov oplopd Tou p*) xou dpo
v B = X €youvue tn {ntoduevn,.

Ac unotéooupe 6t p*(A) < oo tpa. Toéte, yo xdde n € N, Poioxovpe B, € A ye
A C B, xa

. 1
Ocewpolye to clvoho B = (), B, € A xa napatnpotue 6t A C B xou dpa p*(A) <
1
-

w(B). Oupwe, yia n € N eivoaw xou B C By, xau dpo u(B) < u(Bp) < p*(A) +
"Etol,

1
p (A) <u(B) <p*(A)+ —, yiaxdde n=1,2, ...
n
xou dpat, Todpvovtog n — 0o €youde mpdyuatt u(B) = p*(A).
(ii) Ov WibtnTeg Tou Optoyot 3.1.1 eréyyovton wg e€hg:
(o) Ipogavie p*(0) = u(d) = 0.

(B) Av Ay C Ay C X, xdde otouyelo tne A nou xohdntel To Ay xohinter xou 10 Aq,
Gpa ebvon p* (A1) < p*(Az) (yotl;). Apa to p* elvor povétovo.

(v") Mével va del&oupe étt 1o p* elvon utonpoodetind. Av (A,) axohudia utocuvérwy
tou X Yo delloupe 6T

w* <U An> <>t (An). (3.34)

n=1
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T xéde n Bploxouye, oVupwva pe to (i) obvoro B, € A ye A, C B, xou
p(Ap) = u(By). Tote lJ,, An € U,, Bn € A xou dpa

T (U An> <u (U Bn> <> u(Bn) <Dt (An),
OmeS VENE.
O

MopatAenon 3.3.3. Av A 7o pétpo Lebesgue oto petprioo yopo (R*, B(RF))
t61€, and v lpdtaon 3.2.8, 1o e€wtepind pétpo mou opilel T0 A GUUPKVAL UE TOV
Optoué 3.3.1 towtileton pe 10 Yvwoté poc e€wtepind wétpo Lebesgue (Optopde 3.1.5).
Meétaocr 3.3.4. Foww (X, A, n) évag xdpos uérpov kar A C X e p*(A) < oo.
Téore

Ac A, & (A =pu"(A4). (3.35)

Andbaén. (=) Anéb tov opopd e o-dhyeBpoc A, vndpyouvv E, F € A dote E C
ACF xu pu(F\E)=0. Téte

1(E) < pa(A) < p(A) < u(F)
mou pall ye ) oyéon p(E) = p(F) diver ) Intoduevn: p.(A) = p*(A4).

(<) Trodétouue tohpa dtL py(A) = p*(A) < oco. Téte, ouvdudloviac toug dvo
oplopole 3.3.1, v xdde n € N Pploxovye cbvora E,, F,, € Aue E, C A C F,, xu

B = (Bn) = p(Fu \ Ea) < -

Oewpolpe T olvora E =, By xou F = (), Fy, o mopatneolye 6t B C A C F
ol ETUTAEOY, Yio xdde n:

1

and ) povotovia tou p. ‘Etor, pu(F\ E) =0 xo dpa A € A,,. O
IMapatrienon 3.3.5. And vy anddeln tng tehevtaiog Ilpdtaong, mpoxdntel 6t
v A e A, ebvon p.(A) = p*(A) = (A).

3.4 To Jewpnpa enextaong tou Kapadcodwe
‘Onwe elnoge xou oty Ewoaywyn tou Kegahaiou, 1o demdenuo enéxtaong delyvel pia
avtioTpogn ovctaotixd dladxascia xotaoxeunc Yétpwy and to Osdpnua 3.2.3 tou
Koapoteodwer|. Alvoupe mpdta tov e€¥ic Oploud:

Optopde 3.4.1. 'Eotww X éva olvoho xar Ay wa dhyeBpa umoouvorlwy tou X.
Mt suvdptnon po = Ag — [0, 00] Aéyeton mpouérpo premeasure oto chvoro X av:

(i) Toyoer up(0) = 0 %o
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(i) Av Aq, Ag, ... wo axohoudio Eévwv avd dUo otouyelwv e Ay v ta onoio
emnhéov woyvel - An € Ay, toTE

Ewwdtepa, xdlde mpopéteo elvan nenepacuéva tpocdetind otny diyeBpea Aop.

Ochpnpa 3.4.2 (Oedpnuo Enéxtaonc). Eotw X éva ovrodo, Ay pa ddyefpa
oto X, A = o(Ay) n o-dAyeBpa mov mapdyer n Ay kai po éva mpopétpo otny Ajg.
BOewpote tn ovvdptnon p* : P(X) — [0, 00] nov opiletar wg

1 (A) = inf {Z p0(An) : Ap € Ag kar AC | A,L} (3.37)
n=1 n=1

yiae A C X. Tére wyvovy ta enig:
(i) H u* etvar éva eEwtepixd pétpo oto ovoro X.
(i) Ta A € Ay etvar p*(A) = po(A).
(1it) Av M- n o-dAyeBpa twv p*-petprioipwy ouwvddwy téte w0y vel
AC M- (3.38)

Yuvends to p = p*| 4 elvar éva pérpo oo petprionuo xopo (X, A) mou enekteiver to
to. EmmAéor, 1oxve ka1 n akélovdn uopen povadikdtnag:

(iv) Av o ug elvar o-tenepaopévo, dnladn av vrdpxea e abéovoa axolovdia (F,,)
oty Ag pe X = ,, Frn ka1 po(F,) < 00 ya kde n, téte to p1 efvar to povadixé
Hétpo oo petproiuo xopo (X, A) mou erexteiver To .

Andbeén. (i) Eivou dpeco and to Oedpnua 3.1.11 (xataoxeuric eEWTEPXMV YETPWY).

(ii) Eow A € Ag. Ebvaw cagéc 6t p*(A) < po(A), agold 1 oxoroudio A, 0,0, ...
ebvan par xdhudn tou A amd otowyela e Ag. T v avtiotpogn avicétnta e,
Yewpotye wo oxohovdia (Ay), oty Ag pe A C J,, Apn xon Yo Sel€oupe ot

Oewpolpe o ahvoa
n—1
Bp=A,\ | JA4 |, n=12..
j=1

Téte B, € Ag v x&dde n, 1o B, civar Eéva avd d0o, B, C A, v x&dde n xou
U, Bn =U,, An. Apo:

o0 o0

to(A) = po <U (AN Bn)) = uo(ANB,) <Y po(Ba) <Y po(An),

n=1 n=1
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onwe Véhope. Apa, mpdypatt p*| 4, = Ho-

(iil) T'vepiCovyue (Oemenua Kapadeodwen 3.2.3) 6t n M .+ ebvan piar o-8hyeBpa uro-
ouveAeV Tou X xou emopévac agol A = o(Ag) v va deuydel o eyxheroude (3.38)
opxel va Sel€oupe 61t Ag € M+, Eotw howmdy A € Ag xan B C X pe p*(B) < oo.
Ipémer va Set€ouye ot

p(B) Z2 pr(BNA)+p*(B\ A),

‘Eotw € > 0. Bpioxoupe wa axohoudio (B,,) oty Ag ue B C {J,, Bn xon emnhéov

S tolBa) < *(B) +<.
n=1
‘Ouwe, apob 1o f1p elvar Tpopgétpo, €Youpe:

S h0(Ba) = 3 no(Ba N A) + 3 0B 1 A) > (BN A) + (B A),
n=1 n=1

= n=1
apol B, NA, B, NA° € Ay yio xdde n. ‘Apa tehxd
(BN A) + " (B\ A) < 1i"(B) + ¢
xat vy € — 0 €youpe to {nTolduevo.

(iv) T ) povadixdtna thpa, Yewpolye éva uétpo v oto xodpeo (X, A) pe v|a, = o
xou Yot Seiovpe 6ty =p. N A e A, av A C |, An e A, € Ag elvon

n—= =

(o9}

v(A) SV(

Koté ouvénew ebvan xou v(A) < p(A) and tov opioud tou p*. To v avtiotpon
aVIEOTNTAL TOEA, delyvouue TpwTta To e€ng:

Ioyveiopds. Av F € A pe pu(F) < oo, tote eivan u(F) = v(F).

‘Eotw € > 0. Bploxouue axohouvdia (B,,) omv Ay dote F C {J,, Byp %o

> w(By) < p(F) +e. (3.39)

Av B = J,, By, t0TE ¥pNOWOTOIOVTOS TNV UTOTPOCVETIXOTNTA TOU [, TNV Oyéom
(3.39) xau 10 yeYOVSC 6L P(F') < 00, cuunepaivouue 6Tt

w(B\ F) <e. (3.40)

IMopatneolye ouwe Ot
v(B) =limv U B;| =limu U B; | = u(B),
j=1 j=1

OTIOV YENOULOTOACOUE OTL U;L:1 B; € Ag vt xde n. Luvende, eivou:

p(F) < p(B) =v(B) = v(F) + v(B\ F) <v(F) + p(B\ F) < p(F) +e.
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Apa npdrypott u(F) < v(F) xow o woyvplopdc anodelydnxe.
INo A € A tuydv whpa, Yedpoupe

A:

(@

(ANF,)

n=1

xau dipar ebvo
w(A) =limu(ANF,) =limv(ANFE,) =v(4),

omwe Héhaye. ‘Etol ) anddelén elvon mhripng. O

Meétpa Borel octo R %ol cUVRETACELS XATAVOUNS
Hapatrpnon Av p ebvan éva tenepacuévo pétpo Borel oto R, ny ouvdptnon katavouns
Tou p opiletan we e&he:

F,:R—=R upe F,(z)=p((—o0,z]).

H F), eivon gporypévn, av&ovoa, 8e€id ouveyhc (Bnh. yiaxdle s, limy s F,(t) = F,(s))
xou ixavorotel limy, oo F,(t) = 0. Avtiotpoga,

Oewpnua 3.4.3. Av F : R = R evai gpayuérn, avéovoa, de&id auvexns kai
ikavomolel limy_, o, F(t) = 0, tdte vndpyer povadikd menepaopévo pérpo Borel pp
oto R dote

F(x) = pp((—o0,z]) e kdBe = € R.

T ¢ anodellewe, deite oto KoupuouAdr) - Neypendvtn, Oewpia Métpov, 3.18 -
3.20.

3.5 Aoxroeig
Opdda A’
1. Botww A C R¥ ye A° # (). Na deifete 6t A*(A) > 0.

2. Eow X éva abvoro. Abvovta ol ouvopthoels ¢; : P(X) — [0,00], j =1,2,3,4

e
0, avA=10 0, awvA=0
A)=<" ; A)=1{" ;
91(4) {1, av A#0D 92(4) {oo, av A £
0, oav A aplunioiuo 0, av A aprduroipo
d(A4) = PO xou u(4) = e
1, av Avunepoapripriowo oo, av Aurepoprduriowo

No del€ete 611 oL ¢ ebvan e€wtepind pétpa xou va Beeite i My, .

3. T A C N opiloupe ¢(A) = limsup, 2|[{EN{1,...,n}| (6nov |A] elvor 0 Th-
Vdprduoc tou A). EZetdote av 1 ¢ eivon e€wtepd pétpo.
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4. Oewpolpe v oxoyévela C mou amotehelton and To xevd ahVOAO xat dAa T dioUvo-
Aot puov aptdudv. Opiloupe 7(0) = 0 xaw 7({m,n}) = 2 yia xédde {m,n} € C.
H C elvon o-xdhudrn tou N, ondte endryel éva ewtepixd yétpo p* oto N. Tnolo-
yiote o p*(A4) yio A C N xou Bpeite ta p*-petpioa clvora tou N.
5. Anodei&te 6L xdde eudeiar xou xdde xOxhoc oto R? éyel uétpo Lebesgue pndév.
6. Eotww A C R éva petpriowo olvoro pe 0 < A(A) < oo.
(o) Aci&te 6t 1 ouvdptnon f 1 R — R pe f(x) = MAN (—o0, z]) elvon cuveyrc.
(B) Aci&te 6n undpyet yetpfiowo oivorho F C A dote A(F) = A(A)/2.
7. BEotww (X, A, u) yoeoc yétpou xaw éva A C X. Acite 6t undpyer Ag € A pe
Ag C A xou py(A) = pu(Ao).
8. 'Eoww (X, A, u) évac yweoc pétpou. Av (A,) wa adZovoa axoroudio uTocuVORwY
Tou X, té1e
w* (U An> = lim p*(Ap).
n=1
Owdda B'.
9. Eotw A CR ye \*(A4) > 0. Acigte 6T undpyouvy z,y € A dote x —y € R\ Q.
10. Eotw A C R pe A(A) = 0. Na delfete 6T xon v 10 A’ = {2? : z € A} woylel
AA) =0
11. 'Eow (X, A, 1) évag yopeoc pétpou xou A C X. No delEete 6Tt
pa(A) + p" (X \ A) = p(X).
12. Acg{€te 6m éva A C R eivar Lebesgue petpriowo av xaw pévo av
A ((a,0)) = A" ((a,b) N A) + A" ((a,b) \ 4), vy xéde a < b oto R.
13. Eow A C R ye M*(4A) > 0 xaw a € (0,1). No deilete b1 undpyet avoutod
dudotnua I oto R dote
A(ANI) > ai(I).
14. Nuo deifete 6t undpyer Lebesgue petpriowo odvoho A C R pe A(A) > 0 xou
AMANT) < XI) v xd0e un tetpypévo didotnuo 1.
15. 'Eotw X éva obvoho xau A pio dhyeBpa oto X. I'odpoupe A, yioo tnv owoyévela

OV TV optdUowY EVOoEWY oTolyElwY TS A xot Agys Yiot THY OXOYEVELL OOV
0wy apriuiopwy ooy ototyelny e A,. Eotw py éva npopéteo oty A xou
1" To avtiotoiyo eEntepxd wétpo. Acléte To &g

(o) Twr x&¥e A C X xou e > 0, undpyet B € A, dote A C B xu p*(B) <
w*(A) +e.

(B) Av p*(A) < 00, to1E T0 A Elvon p—petphotpo av xat uévov av undpyel B € Ags
tétoo vote A C B xau p*(B\ A) = 0.

(v) Av 10 po eivon o—nenepacpévo, téte oto (B) dev ypeldleton va XAVOUUE TNV
unddeon p*(A4) < oco.
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16. Eotw ¢ éva e€ntepind pétpo oto oUvolo X xou 1 To ETUYOUEVO PETEO GTO YWHPO
(X, My). AvE,G C X, 10 G Myetou ¢p—puetpriouo kddvua touv E ov:

ECG, GeMy ruyoxdde Ae My ue AC G\ E wyder u(A) =0.

() Av G1 xon G2 dUo ¢p—petphiowa xahbpata tou Bov B C X, del€te 6m
/L(G1AG2) =0.

B) Av E C G, G € My nu ¢(E) = p(G), va Beilete 61t 10 G ebvan éva
p—ueTenoyo xdAvpa Tou E.

17. 'Eow (A,,) axolovdia yetpriowny utocuvéiwy tou [0,1] pe v biétnta

limsup A(4,,) = 1.

n

Agigte bty xdde a € (0,1) umdpyet vrnaxoroudio (Ag,) e (A,) Gote

A (ﬁ Akn> > .
n=1

18. 'Eotww {g,} pa apldunon tou QN [0, 1]. T xéde € > 0 opilouye

Owdda I'.

o e €
A(‘g) = U <Qn - ﬁ’q"+27n>'
n=1

Téhog, Véroupe A = N2, A(1/7).
(o) Actte 61t AM(A(e)) < 2e.
(B) Av e < $ delEwe 6t o [0,1] \ A(e) ebvan un xeve.
(v) Acei&te 6t A C[0,1] xou A(A) = 0.
(d) Acigte 61 QN[0,1] C A xou 61t 0 A elvon unepaprdurioo.
19. Eotw A éva Lebesgue petprioyo unochvoho tou R¥ pe A(A) < oo xow {4,322,

oxohoudio Lebesgue petpriownv utocuvéhey tou A dote A(A4,) > ¢ yio xdmolo
c>0xmneN.

(o) Aeigte 6T A(limsup,, A,) > 0.

(B) Aeigte 6n undpyel yvnoiwe adZouca axohoudio {k,} puoidy aprdumy ye Ty
WLoTNToL

m A, #0.

n=1

20. 'Eotww {g,} wo apldunon tov prtov apuduov. Acilte 6t oyeddv xdde € R (wg
mpog 1o pétpo Lebesgue) €yel v e bibtnTan

urdpyer k = k(z) € N dote yo xdde n > k vo woylet |z — gn| > 1/n?.
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. Aépe 6n éva A C R éyel onpueio ouunlkvwons oto drepo av yio xéde a > 0, to
obvoro {x € A:|z| > a} elvon vrepapriuriowo. Optlouue

0, av A apudurowo
#(A) =<1, av A urnepaprdufoio ywplc onuelo cuptdixvwone 6To dmelpo .

oo, av A vnepoprdpioo ye onueio cupmixvwone oTo AEWOo
Acl&te 611 1 ¢ ebvan e€wtepnd pétpo oto R xau d1u
My ={ACR: A apduiowo f A® apriuriowo}.
‘Eyel #xé9e A C R ¢p—petpriopo xdAuue;

. 'Eoww Lebesgue petpriowo obvoho A C R ye A(A) > 0. No dei€ete 611 o olvoro
A—A={z—y:z,y€ A} nepiéyel Sidotua pe xévtpo 1o 0.






Kegpdhawo 4

Boaouxeg 1ototnTeg ToUu
ueteou Lebesgue

Y10 mponyolueEvo xe@dhoo avomTUEUUE UEPIXOUS TEOTOUS XUTOUOKEVNS EEWTEPLXMY
HETPWY xou PUETPWY divovTag Widteprn Eupaon oty xatacoxeuv) Tou uétpou Lebesgue
otoug Euxdeldeloug ywpoug Rf. Yo xe@dhono autd Yo ueEAETHoOOUPE TIC Pooixég
WL TEC Tou pé€tpou Lebesgue xou Yo to yopoxtnploovye Bdoel autdyv. Xtn cuvéyela
Vo oTEUPOVUE OTN UEAETT) TOV EYUAEICUWDY

B(R*) € My C P(R")
Tou eldaue GTO TEONYOUUEVO XeQdiato. Ou dellouue bTL undpyouv Wialtepa «mtado-

Aoywd» ohvoha, dnhadh umocivola tou RF mou dev eivon Lebesgue petprioyo xou
Lebesgue petprioyo cvola mou dev eivon Borel.

4.1 Kavovixdtnta tou pétpou Lebesgue
Opiopo6c 4.1.1. Eow (X, d) évac petpinde ydpos, A wo o-8hyefpa oto X dote
A D B(X) xou i éva uétpo oo petpriowo xweo (X, A). To pétpo pu Aéyeton kavovikd
HETPO Ov:

(i) uw(K) < oo v xdde K C X oupnoyéc.

(ii) To p wavorotel T cuviixn ewtepikiis kavovikdTntag, dnhadA

p(A) = inf{u(G) : G avoixté oto X xou G D A}, v xdde A€ A (4.1)

(iii) To p wavonolel 0 cuVIxn €owTePIkTS KavorikdTnTag, dSnhadt

w(G) = sup{p(K) : K ocvunayéc xouo K C G}, v xdde G C X avowxtos. (4.2)

H ouvininm xavovixdtnrag evéc pétpou p expedlet wa cUUPBBAGTOTNTA TOV 1t YE TN
dopn tou X ¢ PeTPIX0U YWpou (OVoLHoTIXE, UE TNV TOTOAOY(a TOL).
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Tpétaon 4.1.2. To pérpo Lebesgue A atov R* eivar kavoviké pérpo. EmmAéov,
10y Vel

A(A) = sup{\(K) : K ovurayés ka1t K C A}, ya kdle A € M- (4.3)
(éx1 1évo yia ta avoiktd).

Arédaén. Louewve e ty Hpdtaon 3.2.6 eivor B(RF) € My« xon xatd cuvéneo
el vomua vo ehéyEouvpe Tic Wiotntee (1)-(iii) tou Optopotd 4.1.1:

(i) Eotw K C R* cupnayéc ohvoho. Téte, pnopolue va Bpodue évo peydho gpoyuévo
didotnua J tou RF dote K C J. Apa, amd Tn povotovia Tou A ebvon

AMEK) < A\J) = v(J) < .

(ii) An6 v Hpéraon 3.2.8, A*(A) = inf{\(G) : G avoxté ye G 2O A} vy xdde
A C R*. Opoc étav 1o A eivar Lebesgue petprioio, éxoupe A*(A) = A(A).
(iii) T TNV E0WLTEPH XAVOVXGTNTO TOPY, AOY® TN povotoviac tou A opxel va
delouyue 6Tl

A(A) <sup{A\(K): K C A ouunayéc}.

Oo unodéooupe apyxd 6Tt to A elvon ppaypévo. To va amodel&ouvye ) {ntoduevn
dyvoupe éva x)\sto‘rdﬂ olvoho K peoa oto A mou va elvon «mohd xovtdy oto A.
Iood0vopa, Pdyvouue éva avoixtd cOvoro G peyolitepo and to A mou va elva oL
«mohb xovtdy oto A° (oustaotixd G = K°). ‘Ouwc, 10 A elvar pparyuévo ondte avt
va Bpolye éva tétolo avowté G uag apxel va TeploploToOUE OF €val UEYIAO CUUTOYES
obvoho L ye L O A, va Beolue éva avowxté U «hiyo yeyahltepoy amd T diopopd
L\ A xou ot ouvéyela va Béooupe K exelvo to tphpa tou A mou ev téuvel 1o U.
Avuté Ya elvon avayxaoTixd «xovtdy oto A.

Yyfuo 4.1: AndBelln tng eoWTERIXNG XAVOVIXOTNTAC Yio PRy UEVO GUVOAXL

Lagpot o A elvan gpayuévo, Do elvon autduate cudmayéc
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Fpdpovrac ta mopandve mo @opuoaliotixd, emthéyovue L ocvunayéc ye L O A. Oe-
wpolue € > 0 and v ewtep) xavovixdtnia Tou A, epboov (L \ A) € M-,
Betoxovye U avowxté pe (L\ A) C U dote

AMU) < ML\ A)+e, dpa MU\ (L\A)) <e.

Yn ouvéyewr, Vétovpe K = A\ U. Topatnpolpe 61t K C A xw K = L\ U
(yrarti;), ovvende o K elvar xhewotd vnooivoro tou L. Emnhéov, edxola gaiveto
6t A\NK CUN\ (L\ A) xou xatd cuvéneia

AMA\K) AU\ (L\ A) <e.

Y yevi nepintoon whpa (to A by amapoitnta gpoyuévo), yio xdde a < A(A)
Véhoupe éva oupmayéc K C A pe a < A(K). Oétoupe

A, = AN B(0,n),6mou B(0,n) = {x € R* : ||z||s < n}, n=1,2,... (4.4)

xou mopatneolue 6tL 1 oxohouda (A,) elvon adfovoa ye A = |J,, An, ouvende
AAn) 7 A(A) xan dpa unidpyer n dote A(A,) > a. Opwe 10 A, elvon gpoyuévo
otov R¥, onére, e Seifoye, undpyel ouunayéc K C A, pe a < A(K) . To K eivor
0 {nroluevo, agol K C A. O

XenowonoldvTag Ty xovovixotnto tou pétpou Lebesgue elyocte oe ¥éon va
xatohdBoupe xohltepa T oyéon uetoEh Tou ydpou pétpou (RF, My« A) xa tou
(R*, B(R¥), \). AnodeiZope oty Hpétaon 3.2.6 611 B(RF) C M+, ol\& oty pary-
paTeoTNTAL Lo VEL TO €€MC LoYUPOTERO AMOTEAETUAL:

Meétaon 4.1.3. To uétpo Lebesgue avo petprioo xapo (RF, My.) etvar n
mArpwon tou uétpou Lebesque atov (RF B(RF)).

Anédain. Agol mpdxeitar ouotaoTxd Yo To (Blo UETEO TEQLOPLOUEVO OTN UXEOTERT,
o-6veBpo B(RF), apxel va delEoupe é11 My« = B(R¥), 1 10080vopa:

Ae My & undpyouy E,F € BR¥), ue EC AC F xou A\(F\ E) =0. (4.5)

(=) BEotw A € My-. Trodétouye opyd 6t A(A) < co. Téte, and v xoavo-
vixétnto Tou A Peloxouye axohovdies (K,), (Gr) pe K, ouvurnoyf xou G, ovouxtd,
K, CACG, xu

MGr) = AKy) = MGr \ Kp) <

S|

©¢étoupe (6mwe éyouue Eavaxdvel) B =, K, xou F' =), Gp. Téte, EC ACF,
E,F € B(R) xou

1
AMF\E)<ANG,\K,) < o Y xdden=1,2,..

‘Apa A(F\ E) =0, dnadh A € B(RY),.
Av tdpa A € My Tuydv yedgpoupe

o0

A=|J A, 6mou A, = AN B(0,n).
n=1
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Téte, %80 A, elvon petphoo xon gporyuévo xou doa amd T mopamdve A, € B(RF),.
Agol duwc 1 B(RF)y eivor o-dhyePea, eivor xou A € B(R¥), xou dpa 1 (=) ano-
delyUnxe.

(<) Av A C R¥ ¢ote va undpyouy E,F € BRF) uye EC AC F xou A(F \ E) =
0, ypdgpouye A = EU (A \ E). Téte, 10 A\ E elvar unoctvolo Ttou UETPROLIOV
ouvéhou F'\ E mou éyel pétpo undéy, xau ouvende v petpriowo (o (RF, My, N)
elvor Tpne yOpog pétpou), dnhadh A\ E € My-. Emnréov E € B(RF) C M-
Apo A= (A\E)UE € Mj-. O

IMapathenon 4.1.4. Xtnv npoydatixdtTnTo Loy bouy ol e€hc looduvopules:
Ae My« & undpyet E D A Gs obvoho pe A(E\ A) =0 (4.6)

xou
Ae My« & undpyer F C A F, obvoro ye A(A\ F) =0, (4.7

1 an6den TV onolwy aPHVETOL WS AoXNOT).

Optopdc 4.1.5. Eotw (X, d) yetpdc yodpoc. Kéde uétpo oto petpriowo yopo
(X, B(X)) Myetou uérpo Borel otov X.

Tpétacn 4.1.6. To puétpo Lebesgue etvar to povadixé uétpo Borel otov R¥ e
MI) = o(I), ya ke I Bdotnua oo RE. (4.8)

Arnddeén. Tlpdxertan yio epoppoyn Tou Yewprjuatoc Movaddtntac (pdtaon 2.2.1).
Oewpolye NV oXoYEVELL

A = {I CR": I dudotnua}.

H A ebvou xhetot otic nenepaopuévec topée xan o(A) = B(RF) xatd o yvwotd. Av
p éva uétpo Borel otov RY ue pu(1) = v(I) yio xdde I € A, téte eivan p(1) = A(I)
v xdde I € A. Emmiéov RF = (J°7 [—n, n]¥, énov n ([—n,n]*), ebvor adZouvoa
axorovdio oty A xou p([—n,n]*) = A([—n,n]¥) = (2n)* < oo Yo x&de n. Etor,
and v Hpdtaon 2.2.1 elvor tehnd A = p.

O
IMapatienon 4.1.7. Iupatneriote xdde mpdtoom e wop@ric
«To \ eivar 0 povadind pétpo Borel otov R* dote va toyler n détnta (P)»
ouVETdYETOL TNV avTioToLYN
«To A eivar 0 povadind pétpo 010 yoHpo (RF, My+) dote va toylel 1 Widtnta (P)»
and 1 povaddtnto e TAfpwone (Ilpdtaon 2.3.3 (iil)). Ondte, dtav oTo TopoxdTe:
wot Hpdtoomn Yo pog eZacpaurilel 6t 1o yétpo Lebesgue eivon to wovadnd pétpo Borel

IOV IXAVOTIOLEL ULol LY XEXEWEVT WBLOTNTA Yol YVeELOUUE OTL QUTOUATO EYOUUE KoL THY
avtiototyn povadidtnta 610 yhpo (RF My.).
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Khelvouye auth v evotnta pe €vo amoTEAECUN TOU EVIAGOETAL OTIC ASYOUEVES
«tpelc Apyéc tou Littlewood»ﬂ To anotéheopa auTd AL «YOVTPXEY OTL

Kdde petprioiuo avoro avov RE efvar oxedov ioo je merepaouérn évwan Eévwv avd
0vo avoiktdy dlaoTnudTwy.

Puowd, uével va dieuxpvioTel TL onuatvel «oyedov (coy. H avotner| Swtdnwon eivon
o e€he:

TMeétaon 4.1.8. FEoww A C R* éva Lebesque petprioio otvoro pe A\(A) < oo.
Ia kd0e ¢ > 0 vndpyovr &va avd 0Vo avoiktd gpayuéva dwotnhuata Ji, Ja, ..., Jm

dozel

)\(AA(Jl UJQU...UJm)) < €. (49)

Anddeiln. And tov oplopd tou e€wtepnol pétpou Lebesgue, Bploxouye axohoudio
(In)n vOTAY Xxou QeoryUevev diaotnudtwy wote A C |, I, xo

gv(ln) < MA) + g

Aol n oepd v v(I,) cuyxhive,, vndpyet N € N apxetd peydho wote

IMopatneolye duwe 6Tt

A\(GITL)C [j I, xou (ijfn)\AC(GIn)\A. (4.10)

Katd cuvéneia

A(M(Q%))SA( G In>§ i v(ln) < 3

n=N+1

) <AA (Cp)) <

201 dhhec B0o eiva o Dewprata tou Egorov xou tou Luzin xou Yo anoderydolv ota
Kegdhowo 7 xou 8 avtiotouya.
3YrevOuullouye 6t 1 ouppetpikn Siagopd A Suo cuvéhwv X xou Y oplletan we

XAY = (X\Y)U (Y \X)=(XUY)\ (XNY).
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j—1

To obvora K :=I1;\ U I, j =1,...,N elvou Zévar avd 800 xou pparypéva (opo
n=1

K; C Ij) xou xadévo toug elvan memepaopévn évewan Eévwv avd dUo Slotnudtey

(Afppo 3.1.6 (1)), avayxaotind @poyuévey. Anhady, unopolue va Bpodue Eévo avd
800 dwothwata @1, Q2, ..., Qm GOTE

Emniéov, agpol

((Ue) (Uer)) =

Yétovtag J; 1= QF éyouue Eéva avd V0 avouxTtd xou Qporyuéva Stao THYNTA J1, Ja, ...y I
TETOL (OTE

AMAA(JTU U U Jy)) = A <AA (6 Qn)> = <AA (Lj\j In>> <e.

=1 n=1
O
4.2 Meérpo Lebesgue xou petacynuoticpol
Av A, B C RF Hétouye
A+B={a+b:ac Abe B}, (4.11)
t0 dipoopa v A, B. Av B = {z}, ypdpoupe A + = avti tov A + {z}, dnhadh
A+z={a+z:a€ A}, (4.12)

1 petddeon tov A xatd x. Doz € R¥ dewpolpe v aneévion Ty, : RF — R yue
T.(y) =y+z,y € RY. HT, ebvon 1-1 xou eni pe avtiotpopn tnv T—,. Ané 1 oyéon
A+ =T,(A), ovunepoivouye tor eERc:

(1) (U, An) + 2 = Up(An + 2),
(i) (N, 4n) +z =), (4, + ) (2o’ n Ty eivan 1-1),
(iii) (A\B)+z=(A+2)\(B+z) xau
(iv) B+ x = (B +x)".

Emnmiéov, yio xdde € R¥, n T, eivor opolopop@lopndc xon GUVERHS évol UToGUVORO
A CR* glvon avouxtd av xou povov av o A + = elvan ovouxtd.

Hopathenon 4.2.1. Tw éva A C RF xou 2 € RF 1oybe 1 iooduvopio:
A€ BRF) & A+axecB[RF). (4.13)

Andéaén. Ipogoavae, apxel vo det€oupe wévo ) ouvemoywyt (=), agod A = (A +
x) —x. Oétoupe
F={B € B([R") : B+zcBR")}. (4.14)

Tougpwva ge ta topandve, xdde avoxto alvoho avixel oty F xau and Ti¢ oyéoelg (i)-
(iv) ebxoha Brénel xavelc 6t N F eivan o-dhyefpa. Etor F = B(RF) 6newc 9éhape. O
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IMpobtaocm 4.2.2. (i) To eiwtepikd puétpo Lebesgue N* elvar avaddoimto 0T e-
Tagopés, onAadn ya kide A C RF ka1 x € RF etvar

A(A4+2x) =N (4). (4.15)
(i) To pérpo Lebesgue A elvai avaddoiwto oTis peTapopés, dnAadn:
(a) Ta A CRF ka1 x € R* efvar
AeMy« & A+xzeE My (4.16)

Kai

(B) ya kdde A € My ka1 x € R* efvar
AMA+2) = AA). (4.17)

Andbaén. (i) Hoapatnpolue apyxd 6Tt av I éval avoixtd xou QparyUévo didoTtnuo Tov
R* xou 2 € R* 16te o o1 petapopéc tou I £ z ebvon enione avowxtd xon pporypéva
droothpara pe v(I) = v(I £ ). Etor, yio A C R* xau z € R¥ tuyév ebvow:

N (A+z) = inf {Z I, avouxto xou ppaypévo dudotnua ue A + x C U }

=1 n=1

= inf {Z (In — ) : I, —  avouxtd xou gpaypévo ddotnua ye A C U (I, — x)} =

= inf {Z v(Jn) © Jn avortéd xou gporyuévo Sidotnua pe A C U Jn} = A"(4).

n=1 n=1
(ii) T to (o), Yewpolpe A € My xu x € RE. Av B C RF Yu deifouye 6Tt
MN(B)=XN(BN(A+z)+X(B\ (A+x)). (4.18)
Eivou hotndv:
N(B)=XNB-z)=X(B-2)NA)+ X (B-2)\A4) =

=X ((BN(A+2z)—z)+ X" ((B\(A+2z))—z) = A" (BN(A+2))+ A (B\ (A+2)),

OOV YENOWOTOoUUE dpXETEC Yopéc To (1). Apa npdypatt A+x € My-. H iobmnta
AMA + x) = A(A4) npoxdntel thpa dueca and To (o).
O

Me Bdon 1o (i) tne nopandvew Hpdtaone xou v Hopathenon 3.2.1 elvon dueco
611 To uétpo Lebesgue oto petpriowo yopeo (R*, B(RF)) etvar emione avalholwto otic
petagopéc. Elvor mohd evdlagépov 61l To A elvan ovoaotikd to povadixé uétpo Borel
otov RF mou éyel auth v étnto. Do va omodetfoupe autd Tov oyuplopd Yo
Yeetaotolpe to endpevo Aupa mou etvon €vo avdhoyo tne Ilpdtaong:
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KdOe avoixto ovvoro oto R ypdgetar ws apidunoiun évwon Evwv avd 6o avoiktay
doTnudTwy.

Iapatneriote 6T emmAéov to teleutaio anotéheopa unopel av Pertiwdel we egng:

Av D éva mukvé vmoovolo tou R, tdte kdle avoikté odvolo oto R ypdgpetar wg
aprunoun &vn évwon Evwr avd 6o avoiktwy daoTnudtwy ue dkpa oto oUvodo

H omédelén tou teheutaiou autol LoyUELoUoU aQHVETUL S doXNoT.

Adppa 4.2.3. Kdide avoikté otvoro oto RF ypdpetar ws apidunoun évoon Evwor
avd Ovo deoTnudtwy NS HoPYPNiS:

=12k,
(4.19)

pi pit+1
A(naplap2a "'apk) = {(.Tl,xg,...,xk) S Rk : 27:1 S x; < 22,”

yia n € N kai p1,p2,...,px € Z.

Anédaén. Eoww G C RF avoxtd. Ou yeddouye 10 G ¢ apdufown Eévn éve-
orn ouvdhwy e popehic (4.19). T n € N ctadepd Yewpolpe v owoyévewn Dy,
uTocUVOAWY Tou RF pe

DTL = {A<n7p1ap2a "'7p]€) 1 P1, D2, - Pk € Z} (420)

Ta otowyelo e Dy opilouy éva «mhéypar otov RY nou endyel o Stopépion autol
oe k-ddotatouc xOBouc dyxou 1/2"F. Emione, yio n < m 1 dwoyépon Dy, ebvou
Aentdrepn and v Dy, pe v e&hc évvow: av A € Dy, xu B € D, pe AN B # 0,
t6te B C A, Tlpdyuatt, to A elvon évwon (nencpaouévou mhidouc) otoyelwy tou
Dyt1, enopévwe éva ototyelo B € Dy4q, av dev nepéyeton oto A, t6te dev Yo 10
Téuvel to (Blo toylel Tpoavde btav B € Dyy,.

Ou «e€avtAiooupey to clvoro G and péoa e TETolouE XOPoUC. ZeXVAUE UE TOUG
peyohitepous (n = 1): Yewpolye v owoyévelo

81:{A€D1A§G} (421)

H &; eivou olyovpa apriuriown (apod mepéyeton otny Dy), alhd dev omoxheleton vo
elvan xev|. 3tn ouvéyela, Pdyvoupe touc apéowe pxpdteEpous xVBouc (n = 2) mov
nepiéyovtan oto G, 0hAd Bev téuvouy autolc Tou Berxope tpw (Yuundeite 6t Yéhouvye
Zévr évwon). Oewpolpe Aotdy TNV oLxXoYEVELL

E={A€Dy: ACGxu ANB =0y xdde B € & }. (4.22)
Fevixd, av ov £1,E&s, ..., En €xouy oploTel, YewpoUUE TNV OLXOYEVELNL TV UUECHS Wi
%1p6TEPWY (OBWY
Eni1 = AE€ED, 1 : ACGxu ANB =0 vy xdde B € UEJ- . (4.23)
j=1

Kéde &, elvou puowd aprdurown xa &, C Dy, cuvenng

&= G &, C D A,
n=1 n=1
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‘Etot, 1 € anotekelton ond aprduriowe to tAfloc Swothgata tne popphc (4.19) nou
nepéyovtar oto G. Ou del€oupe ot

G=J{A:Ae¢}. (4.24)

‘Eotw x € G. To G elvou avoxtd, dpa undpyel UTdha XEVIPOU & TOL TERLEYETIU GTO
G xou ouvendg undpyouv cvvora C € |, D, ote C C G xan x € C. Oewpd tov
ehdytoto Quoxd ng wote va undpyer A € Dy, ue A C G xow ¢ € A. Tote, elvou
A€ &y, 6t av vipye | < ng xu B € Dy dote ANB # () Yo irtav A € B
(6mee mopatnphioaue o Tévew) xou dpa x € B: dtomo and v emhoyn tou ng. ‘Etot,
zelU&n, CUE. Apa, npdypott oylel To {nrodyevo. O

Ocdpnpa 4.2.4. FEotw p éva pétpo Borel otov R* avaddoiwto otis petapopés
dwotnudTwy, dnAadn ue

(Il +z) = p(I), ya kdde I Bdotnua ka1 x € R¥

ka1 p(K) < 0o ya kide K C R* guunayés. Tére vndpyer a > 0 dove p = a - A,
OnAadn
w(A) =a-\NA), ya kide A € B(RF).

Anddeaén. Kot apyde, ag utodécoupe otL loylel 1 {ntoduevn. Téte, yio to obvolo
D= {(x1,29,..,23) ER¥: 0< z; < 1,i=1,2,.... k}

ebvar (D) < (D) < oo (agol 10 D ebvon ouprayéc) xou (D) = a- A(D) = a > 0.
©¢touue howtdv a = p(D) < oo.

Ava =0, eivor u(RF) = 0, apot 1o RF yedpeton ¢ aprduriorun Zévn vwon HeTapopdy
tou D (ywtl;). Apa = 0 ond tn povotovia tou pétpou.

Av a > 0, dewpolpe ™ ouvdptnon v : B(R*) — [0,00] pe v(A4) = 1. u(4) v
A € B(RF). Edxoha BAénovye 611 1o v elvan pétpo Borel otov RF nou ebvon emimhéov
avadholwto otic petagopéc dootnudtwy. ‘Eyoupe v(D) =1 = A(D) xo Ya Seiloupe
6uv = A Twn €N, w0 [-n,n)F yedgeton wc Eévn évwon (2n)F 1o mihdoc
HETOPOPWY Tou D xou dpa and v undveon

v([=n,n)*) = (2n)*v(D) = (2n)* = M[-n,n)")
xa GUVETADS, antd to Vedpnua Movadxdtntoe (Ilpdtoon 2.2.1) apxel va deiloupe bt
v(G) = MG) vy xd9e G C RF avowté. Tuvende, oOUGOVIL UE TO TRONYOVUEVO
Afjpa, apxel va detoupe ot
V(A(n7p17p27 7pk‘>) = )\(A(ﬂ,p17p27 apk))

yioe xdde n € N xou py, pa, ..., pr € Z. Enedd 1o A(n, p1, p2, ..., px) €lvon piat petdieon
tou A(n, 0,0, ...,0), evou

V(A(n7p17p25 7pk)) = V(A(n70a Oa ) 0))
‘Opwe, 10 D ypdpeta we Eévn évwon 2" aviitiney tou tou A(n, 0,0, ...,0) xou dpo

1 =v(D) = 2"%u(A(n,0,0,...,0)).
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Apa, Tehixd
1
V(A(nvplaPQa apk)) = QW = /\(A(”7P17P27 7pk))
OTwe VENYE.
O
Tw A C RF o p € R opiloupe
p-A={p-a:a€ A} (4.25)

Tty pdén auth oyvouy Ghec ot Wdtntee (1)-(iv) Tou avagépaue yia To dlpolopa
800 cUVOAY. Mropolue va delfoupe axpde 6mwe e 6Tt ot o-6hyePpec B(RF) xou
M Bratnpodvron avodholwteg and v Tpdln auth (doxnom).

TMeétaon 4.2.5. Av A CR¥ ka1 p € R téte 1oyve n oxéon
Xe(p- A) = pl* - X*(A). (4.26)

Anédeitn. T p = 0 1 {nroduevn elvon mpogoaviic. T p # 0, nopatneolye 6TL yia
EVaL OVOXTO Xal PRAYHEVO BIACTNHA

1= (al,bl) X (ag,bg) X ... X (ak,bk)
elvon
p -1 =(|play, |plbr) x (|plaz, |plb2) x ... x (lplar, [plbr)
xou Gpar v(p - I) = |p|*v(I). H ouvéyeio ebvon duotor ue v ombdein tne Hpbraone
422 (i). O

Pevixdtepa, av T : RF — RF évac ypoppinde petaoymuotiopéc xou A € My
unopel vo deydel 61 T(A) € My« (agpriveton we doxnon). YTreviupilouue oe auté 10
onuelo TNy eZhc yewpetpwxd epunvela g optllovoag tov T av D = {(x1, 2, ..., 2) €
RF:0<um; <1,i=1,2,.., k} t61¢

v(T(D)) = | det(T)]. (4.27)
H omh auth 8idtnta yevixebeton o e€ng:

Ipétaon 4.2.6. Av T : R¥ — R* évag ypaujurds petaoynuatiouds kar A €
M+, Tdte
AMT(A)) = |det(T)] - M(A). (4.28)

Andbaén. YTrmodétoupe apyixd 6t det(T) # 0 xou o epappdéoovue 10 Oedpnuo. po-
vodixdtntoc 4.2.4. Oswpolye T ouvdptnon i : B(RF) — [0, 00] pe u(A) = M\(T(A)).
Eoxoha BAénouye 6L 10 p ebvan éva pétpo Borel otov R¥ xau emimhéov yia A € B(RF)
xon z € RF etvon:

A+ 2) = NT(A+2)) = A(T(4) + T(x)) = MT(A)) = u(A)

ané to avarhoiwto tou pétpou Lebesgue ot yetagopéc xou T yeouwxdtnTo tng 1.
Apo and to Oedpnua 4.2.4 (xow v anddeldy| tou) elvon

n(A) =a- A(A)
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6nov a = p(D) = AN(T(D)) = | det(T)]. Eto, éyoupe 0 {nrodyevn,.

Av Opa det(T) = 0, Yo deifoupe 61 1 = 0 # w0odlvoua 6t A(T(RF)) = 0. Agol
det(T) = 0, o T dev eivau ent, omdte 0 T(RF)) := E eivon yvho10¢ ypopmuxde Undyweoc
Tou R,

‘Opoe %x8de yvioiog yeapuuxée urdywpoc E tou RF éyel avoyxootind uéteo pn-
0év (A (E) = 0). Hpdypott, yetd ond pa alhoyr opdoxavovixic Bdorne (nou elvou
toopetpio xon dpa dev ahhdlel To PéTpo) Unopolpe vo unodécouue GTL UTdpyEL m < n
wote

E ={(z1,22,...,2m,0,...,0) : 1, T2, ..., xy, € R},

dpa
E=JJn
n=1
61OV
Jp = [—n,n] X [-n,n] x ... x [-n,n] x {0} x ... x {0}.
‘Etot - -
AE) <D MJn) = v(Jn) =0,
n=1 n=1

TedyUa mou amodevieL Tov Loyuplopd poc. Apa A(T(RF)) = 0, omdte mpdypatt
pw=0. O

Khetvouye auth tnv evédtnra ye éva demdpnua mou delyvel xdnwe T doun twv
ouvOhwy VYeTnol uétpou Lebesgue. H mpdytn evtinwon mou {owe €xel xavelic eivou
ot éval cUvolo detixol pétpou Lebesgue avayxaotixd mepiéyel yiot avoixty Umdha,
10 omolo guoxd eivar Addoc (vl Topdderypo to R\ Q coav utocivoro touv R dev
€yel auth v WotnTa). o’ Gha awtd, To enduevo Yedpnua delyver dtL oylel x4t
acvevésTeERO GAAG Tap” Aol auTd WBLalTEpa Yprioudo.

Oedpnua 4.2.7 (Steinhaus). Av A eivar Lebesgue petprionio vnootvolo tou R¥
pe A(A) > 0, tdre vndpyer 6 > 0 dote

B(0,5) C A— A. (4.29)

Anddaén. Kot apyde, unopodue va vrodéooupe 6t A(A) < oo: Tnv mepintwon
mou oyVel A(A) = oo unopolye va Ppolue (amd THY ECWTEPIXY XAVOVIXGTNTA VLot
nopdderypa) B € My« pe B € A xau 0 < A(B) < oo. 'Etot, av v xdnoto § > 0
et B(0,6) € B — B Y eivou olyovpa xou B(0,5) C A — A.

Trodétovpe 611 0 < A(A) < 00 hottdv. Oo YENOLLOTOACOUUE TNV XAVOVIXOTN T
Tou pétpou Lebesgue. 'Eotw € > 0. Torte, obpgpwva ye tny Ilpdtacn 4.1.2, undpyouv
K CR*x ovpnayéc xou G C R* avouxtd dote K € A C G xou

AMG) < AMA)+¢e, AMK)>AA) —e. (4.30)
Tote K C G xou dpo oplleton xohd 1 andotaoy
0 := dist(K,G) > 0. (4.31)

‘Etol, v z € K elvon B(z,0) C G. Ou delloupe dTL autd elvan 10 6 mov Pdyvouye.
pénet vo detfoupue 6t xdde © € R¥ ye ||z|| < § ypdgpetor we Slapopd 300 ototyeinv
tou A. Oa anodelloupe 10 e€hc LoyLELTEPO:
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Ioyveiowoée. Eivaw B(0,0) C K — K.

Eotw z € R¥ pe ||z]| < §. Oo Ppodye 21,22 € K ot © = 21 — 22. loodOvaya,
Péyvouue z € K tétoo wote  + 2z € K. Av vnodécoupe 6Tt dev umdpyet téTolo,
tote KN (K +2) =0 xou dpo:

AK U (K + 1)) = M(K) + MK + 7) = 2A(K) > 2\(A) — 2¢

and to avaAroiwto tou yétpou Lebesgue otig yetagopés. Ouwg K C G xou emnAéoyv
K+x CG,apobavy € K+ x, vndpyel z € K dote |y — z|| = ||z]| < d xou dpot
y € B(z,0) C G. Suverde, KU (K +z) C G, dpu

ME U (K +2)) <AMG) < AA) +e.
Tehnd, etvou:
2AM(A) —2e < A(A) +¢

1 10od0vaua
AA) < 3e.

Eq¢" 6c0v 10 € > 0 pe t0 onolo Eexwviioope oy Tuyaio, éxouue A(A) = 0 tou €pyetan
ot avtigoaon pe v unédeaon.
O

4.3 Mn petprioipa cOVoAa

Yo mponyoluevo xepdhato pehetoope Tic o-6hyeBpec B(RF) xon M+ xou moportn-
PNOOPE TOUS EYUAELOUOUE

B(R*) C My- C P(RF).

To epdtnua dpwe av autol ot dVo eyxielopol eivon yvAotor (dnAady, av uTdpyouY
unocvoia tou R mou dev elvar petprioo xou oy UTdEYoLY YeTERowa GOVORA TOU BEV
ebvon Borel) Sev etvon xordéhou anhd. e authAv Ty Topdypapo o XUTUOXEVACOUUE T
pédeLypa Un peterotwou cuvérou. H xataoxevy| Boaocileton oto «ofiwpa tne emhoyhcy
and v Oewplor Luvorwy, T0 onolo amodeyOUAcTE.

Agiopa tne Emhoyhc: Eotw X = {X, : a € A} pa un xevh owoyévewa Eévay,
4N XEVHV UTOCLYOAWY evOg auvohou ). Téte, umdpyel éva cbvolo E mou mepiéyel
a3 éval ototyelo z, and xdde alvoro X,. Anhody, undpyel CLVAETNOT ETL-
Aovhc f:A— Que f(a) € X, v xdde a € A.

Ynpeiwor. To AZlwpa tne Emhoyrc, av xou gofveton «odoy, amodewvieton ove-
Edptnto and ta adudpata (Zermelo-Fraenkel) tne Ocwploc Luvorov.

Oezwpnpa 4.3.1 (Vitali). Yrdpyer un petprioipo vroovrodo tov R.
Arnddeaén. Opiloupe oyéomn iooduvoplag ~ oto R wg ednc:

r~y<—=z—yecQ. (4.32)
H ~ ywpilet to R oe xhdoeig 1ooduvapiog

E,={yeR|y=2z+qywxdrowov g € Q}. (4.33)
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Av cupPoricovpe pe X = {X, 1 a € A} v OXOYEVELXL TWV SLAPOPETIXADY HNACEWY
tooduvapiog, to a&iwya e emAoYhc pag Aéet 6T undpyel éva ovoho E = {y, 1 a €
A} C R 10 onolo nepiéyet axpBoe éva ototyelo y, ond xdde xhdon X,. Edwdrepa,
av a #boto A t6tE yo —yp ¢ Q.

Ocwpotye wa opldunon {g, : n € N} tou Q xou Yewpodye v axohoudio GuvOrwY

E,=FE+g¢q, neN (4.34)
Ta cbvoha E;, ixavomololy ta e€ng:

1. Avn # m 6w E,NE, = 0. Hpdypat, av vtiexay ya, ¥ € E dote
Yo + qn = Yb + Gm, T07€ ot elyope 0 # yo — Yp = ¢m — gn € Q, 10 0omol0 Elvan
dtomo and Tov TEéTO OpiopoL Tou E.

2. R=Uy, E,. Tpdypoart, av 2 € R t61€ undpyer a € A dote z € X,. Auvté
onuadver 6Tt T = Y, + ¢ Yo xdmowov ¢ € Q. Opwe, téte undpyet n = n(z) € N
WOTE ¢ = @p, ONAOOY, T = Yo + ¢ € Ey,.
Ac vnodéoouye 611 10 E elvon petpriowwo. Tote, 10 E, = E + ¢, elvar yetpriowo yia
xdde n € N xou A(Ep,) = AM(E). Anéd tic Widtniec tov E, xou and v aprdurown
TEOCYETIXOTNTA TOU PETEOV, TAlPVOUUE

+00 = A(R) = Y A(En) = > A\E).
n=1 n=1
Tovenoe, A(E) > 0. And to Oedpnua Steinhaus, to E — E nepiéyel didotnua (—6, )
yioe xémotov § > 0. ‘Ouwg autod elvon dromo, d16T 10 E — E 8ev unopel vo neptéyel
eNTo Sopopetind and o 0: av x # y oto E 161 0  —y elvan dppntog, and tov Tpémo
oplouol tou E. 'Enetan 611 10 E dev elvar yetpriowo cOvolo. O

IMapathenon 4.3.2. Miolyevol auth Tnv anddel&n unopolye va del€ouye to e€hg
LOYVPOTEPO AMOTENECUAL:
Av A C R éva petprioiuo avvolo Jetikot pétpou, téte undpyer un petpriouo £ C A.

H onédelén autod Tou Loyuplodol aphveTol »g doxno.

MrnopoUye, ye moapduolo teomo, vo anodel€oue v Umapén un uetprowwouv £ C
[0,1], amogetyovtog Ty yefion tou Oewpfuatog Steinhaus.

Aettepn anddeién. Opilouvpe oyéon wooduvapioc ~ oto [0, 1] we edfc:
r~y<=zr—yecQ. (4.35)

MapatnpAote 6ty avoyxaotxd, ¢ —y € [—1,1]. H ~ ywellet to [0,1] oc x\doeic
tooduvopiog

E,={y€[0,1]| y =2+ ¢ yw xdnowov q € [-1,1] N Q}. (4.36)

Av oupPoricovpe pe X = {X, : a € A} TNV 0xOYEVELY TWV DAPOPETINADY KAICEWY
wwoduvapiog, 1o alivpa e emhoyhc pac Aéet 6Tt undpyel éva civoho E = {y, 1 a €
A} C [0,1] to onolo neptéyet axpBie éva ototyelo Yy, and xdde xhdon X,. EWddtepa,
av a #boto A tote yo, —yp ¢ Q.
Ocwpotye wa opidunon {g, : n € N} tou Q N [—1, 1] xou Yewpolye v axorouvdia
CUVOAWY

E,=FE+gq, nelN (4.37)

Ta cbvohra E,, ixavomololy ta e€ig:
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1. E, C[-1,2].
2. Avn#mtéte E,NE, =0.

3. [0,1] € Uy, By Tpdypar, av z € [0, 1] tote undpyet a € A dote z € X,,.
Auté onpaiver 6t & = Y, + ¢ Yo xdrowov ¢ € QN [—1, 1]. 'Opwc, tdte undpyel
n=n(z) € N dote ¢ = gpn, INdN, T =Yg + gn € Ep.

Trodétouye 6Tt T0 E elvon yetpriowo. Téte, 10 E, = E + ¢, b yetpriowo yuo
xdde n € N xou A(Ey,) = ME). Ané uc Widtnieg twv E, xou ond 0 povotovia xou
v apriunon teocVeTindTnTa TOU UETPOV, TalpVouuE

1=A([0,1]) <A (G En> <M[-1,2) =3

won A (U En> =3 MEn) =Y _AE)

10 onolo elvan dtomo agol to teheutaio dlpotoua eivar gite (oo pe 0 (av A(E) = 0)
elte ye +oo (av A(E) > 0). Zuvendg, 1o E dev eivan petpriowo chvoro.

4.4 MeTproipa cbvolo mouv dev eivanw Borel

e auThV TNV ToEdYEaPo UEAETAUE TOV TEMTO EYKAEICUO YIol TOV OTOL0 AT COME TTopa-
Tavw. Oa anodetlouue dTL elvon yviolog, dnhady| 6Tl UTdEy oLV PETEROWA UTOGUVOAX
tou R mou Bev elvaw Borel. Oa ddooupe 800 anodellelc Yo autd TOV LoYUELOUO, Uiat
GUVOLOVEWPNTIXTH TIOU YENOWOTOLEL TIC OLOTNTES TWV DLATOXTIXWY opLOUMY oL Lal
xataoxevao iy mou Baciletan oty cuvdptnon Cantor-Lebesgue mou opllouue oty
napdypoapo 4.4.2. Kou yia tic 800 outég anodeléelg ypelaldpacte Uepinéc Baolxé
WBLoéTNTESC TOL cLVGAoU Tou Cantor To onolo Vo HATAGHEVACOVYE.

4.4.1 To ocOvolo tou Cantor

§1. Kataoxeur Tou cuvoilou tou Cantor

Ocewpolpe o didotnua Cp = [0, 1] xou 0 ywpeilouue oe tpia (oo dao thuata. Agapo-
e To avouxté pecato didotnua (1/3,2/3). Ovopsdouye Cy 0 6hvoho Tou amopével,
dnhad

C1=1[0,1/3] U [2/3,1].

To C elvor Tpogavis xhetoté olivoho. Xwpllouye xodévo amé ta duaothparta [0,1/3]
xou [2/3, 1] oe tplo (oo BlaoThpaTa o, amd xadéva and autd, opotpolUe To pecaio
avouxtd Sidotnua. Ovopdlouye Cy 10 XAelGTO GUVOAO TOU ATOUEVEL, BNADY

Cy =1[0,1/9] U [2/9,1/3] U [2/3,7/9] U [8/9,1].

Yuveyilovtog ye autédy Tov TpéT0, xoTaoxeudlovye Yo xdde n = 1,2, ... éva xhewotd
ovoho Cy, €tol dote 1 oxohovdia (Cy) va €xel tic e€hc WioTnTee:
1. 4 :)CQDC3:)"'.

2. To C,, elvan m évwon 2™ xhelotddy dlaotnudtev, xadéva and to omolo €yet uixog
1/3™.
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To ovvodo tou Cantor eivan To cOvoro
C=()Cn (4.38)
n=1

Enuetwon. Tadwotipote e poppic [k/3", (k+1)/3"], n e N,k =0,1,...,3"—
1, ovoudlovton TpLadixd SLLCTAUATAL.

§2. Id1otNnTeEC TOL CoLVOAou Tou Cantor

To C eivon clyoupa un xevod, agol TEpLEYEL Ta dxpo GAWY TWV TELABXDY dLAGTNUATLY
Tou amnaptilouy xdde C), (6nwe Yo dodue Topoxdtw TeplEyel xat TOMG dhha onueia).
Enlong to C elvon xhetotd, a@ol 1 Topn XAE0TOV oUVORwY elval XAeloTtd GUVOAO.
Emnnmiéov, 1o C éyel tic e€fc biotnee:

(1) To C eivar tédero advodo, dnhadr eivon xheoté xou xdde onuelo tou C elvon onueio
ocuoompevone tou C.

Anédaén. Edaye 6t to C elvar xhetot6. T va dei€oupe bt xdie x € C elvan onueio
cuoowpevong Tou C napatneodue 6T yia to Tuydy & € C umdpyel povaduxr axohoudio
XAEWOTOV TEdXDY dlaotnudtey In(z), n = 1,2,..., ye x € I,(z), I,(z) C C), xou
U(I(z)) = 3=. Ovoaxohoudie (av, () xon (8, () TV opLoTEROY Y01 DeElidV dxpwY
twv I, (z) avtiotowya nepiéyovion oto C, xadepio and autéc ocuyxhivel oto =, xou
n o Tovkdylotov and Tic dVo dev eivon tehixd otadeph. Apa, to = elvar onueio
cucowpeuong tou C. O

(2) To C éxer €€wtepikd pérpo foo e 0.

Andbaén. T xdde n € N éyoupe C C C,, xou A*(Cy,) = g—:, apol 1o Cy, elvan €vwon

2™ Eévwv avd 800 XAECTOV Do TNUdTEY, xodéva and To omolo EYEL Uxog % "Apa,
* * 271
v xé&de n € N, ondte A*(C) = 0. O

ITapatrenon. Ewuxodtepa, To C' dev meptéyel xaveéva SLacTnuaL.
(3) To C etvar vrepaprdurioipo.

Anédailn. And éva yevind Yedenua tne Tomohoylag, xdde un xevd téhelo unochvoro
Tou R elvar unepoprdunowo. Agol dellope dti to C elvon Téhelo, Enetal 0 LoYUPLOUOC.
O dwoouyue duwe uia dedTeE amodelly), N omolo Yoc Blvel TNV aopur) va doVUE plo
dapopetiny) meptypapr Tou ouvdrou C nou Topouctdlel YEVIXOTERO EVOLAPEQOY.
Mrnopotue va oplooupe pla éva mpog €va xou entl anewxoévion @ tou C' oto alvolro

{0, 21 = {(@n)32) | v xdde n, a, =01y, = 2}. (4.39)

To {0, 2}" etvou unepapripiowo (Yuundeite To drorydvio emiyeipnua Tou Cantor). Apa,
to C etvan umepaptiuriowo. H anexdvion  opileton we e€hc:

T xdde € C vndpyet povadix) oxoloudior xhelotdv dactnudtwy Iy (), n =
1,2,..., dote: I1(x) D Ix(z) D -, xou yio xdde n, x € Ly (x) xou to I (z) elvon éva
amé o Tpadxd dlaoThuaTa uikous - mou anoptilouv 0 Ch.
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Me Béon authy v oxorouda Sctnudtwy optloupe wa oxohoudio (af )52, €
0,2} o¢ e€hc:
() n = 1: ©étovye af =0 av I1(z) = [0, 3] (Bnhodh, av z € [0, 5]) xon af =2 av
Ii(z) = [3,1] (dnadh, av z € [3,1]).

(B) Eraywyucé pripa: T xéde n, av I,(z) = [, EEL] 161 w0 41 (2) ebvon éva
amé o 800 dwothuata Jy 1= [, 4 + girr], Jo 1= (4 + grs it (exetvo mou

nepéyet To ). Oétouvue o 1 =0 av L1 (x) = Jo xow o ) =2 av Ip1(x) = Jo.

Tapotnpolpe 6T av & # y, toTe Yio xdnoto n Yo woyler I (z) # I, (y), ahhude
Vo émpene va éyoupe |z — y| < Fv v xdde n € N. Av ng ebvan 0 mpédtoc puode
Yo oV 0n0lo I, () # Iny(y), 16T and T0v 0ploU6 TV af, BAémouue 6Tl ap, F af) ,
dpat ot 800 axoroudies (o )52 xou (0)5 elvon SopopeTtinés. Autd anodexviel bt
1 amexdvion

:C—{0,2}" e @(z)=(af)i,
elvon éva mpog €va.

Aclyvouye 6tLn @ ebvan enl: av (o, )02 elvon piat oxohoudia omd 0 1) 2, 1 oxohoudio
auth opilel povadixh axohoudio tpladixmy Swotnudtwy (1,)5%; we 1 D Ir D -+,
wote v ¥89e n o I, vo elvon éva omd To TELOIXS DlaoTAUATE UAXOUS 3 TIOU
anaptilouv 0 C):

(@) n=1: Av ay = 0 9éroupe I; = [0, £], evéd> av o = 2 Yéroupe I; = [3,1].

(B) Tevixd: to 11 opiletan va efvan éva omd o 300 TeLadXd UTOBLUCTAUNTA PAXOUC
:,)n% Tou 1, mou eptéyovion 610 Chp1: TO APLOTEPS AV ty i1 = 0, T0 Se&l av a1 = 2.
Aol o uinn twv dlaotnudtwy I, @divouv oto 0, n Topn toug eivar Lovocivoro:
€0t

{z} = ﬂ I,.

(Ouundeite 6L 1) Topd eivon un xevi Aoyw Tou VeWPAUATOS TwY XPOTIOUEVLY DG TN
wdtwv). Agod I, C Cy v x&de n, eivan goavepd 6t x € C. Enlong, I, (x) = I, yw
xqe n, xou and tov TE6TOo oplolol Twv I, €youue

(an)nZy = (ai)nZr = ().
Auté anodexviel 6t ) @ ebvou ent tou {0, 2}, dpa to C elvor unepaprdpfowo. O

O tpdmog oplopol e @ pag odnyel oe wo AN teprypapt| Tou cuvérou tou Cantor.

§3. Teladxn napdotacn agtdnuol

Av (an)32, elvou par oxoroudio pe a, € {0,1,2} v xdde n € N, t61e 1 oepd
ooy 82 ouyxhiver oe évay apdud = € [0,1]. H oeipd Y7 $2 (H 1 axohoudia
(an)2%1) Méyetu TELadixhf TopdotacT tou x. Ipdgovue = (ai,ag,...) avti
™o =300, g

Kéde apdudc z oto ddotnua [0,1] éxer tpiadixy) mopdotacy. H axoroudio
(an)Se, propel va emdeyel we e&ic: Xwpiloupe o [0,1] ota tple LTOdLOG THUOTA
[0,3], (3,2) xou [2,1]. ©étouye

33 3
0, z€l0,4]

ar=11, ze€(32)

2, wel3,1]
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Me autédv ToV 0pLous, oE xdde TEQINTWOT EYOUUE

aq aq
— <z< = . 4.40
37x73+ ( )

W =

Ac lunofl)éc;oupg (Sl'cL z € [0, %] Xwpllouye autd 10 didoTnua oL Telo LTOBIGTAUATY
0,351, (5,5): [5, 3] xou Détoupe az = 0,1 % 2 avtioTolya av T0 T AviieL GT0 UpLOTEROD,
670 Ueoalo Y oto 6eld amd autd To Slaotrhuate. Avdhoya opiletal To ag 6tav x €

(3,2) iz € [2,1], étoL dote o€ x&e mepinTwon va €youpe

al ag a1 ag 1

—+ =<z =4+ =+ —. 4.41

3 @ - Ty (4.41)
YuveyiCoupe Ty EMAOYT TOV Gy PE AUTOV TOV TPOTO £TCL WOTE Yot XGVE N VoL EYOUUE

n

< 1
Z%<x< L (4.42)

Agob howndy

Etvan qovepd 6tL av & # y T0TE 1) TpLadIXY TopdoTooY) Tou X elval BlapopeTixy| and
QUTAHY Tou Y, ool Wla oelpd dev urmopel vor cuyxAivel oe 800 BlapopeTixd dpla.

Trdpyouv duwe apuol = € [0,1] mou éyouv dlo BpopeTinés TpladIXES Topar-

otdoeic. o mapdderypo, av o = £ 161e

1 1 &0 1 =2
RO SR RO

(Me Tov tpom0 emhoyhc e (an)i, Tou mapouctdoaue Topandve, Yo Beloxaue Ty
deltepy TopdoTaoT).

Fevixdrepa, woybel 1o e€fic: ‘Evoc apripdc x € [0, 1] éxer d0o Swagpopetinée tplo-
Buéc TapacTIoES oV o WOVO av 0 x elvon TELIBXOS pNTdC: SnAdY| oV & = 3% yiot
xdmotov n € N xan xdmowov axépano k € [1,3"] (agphvetar we doxnon).

To Getpnuo mou oxohoudel divel Evay dhho TEdTO TERLYPAPYC TOU GUVOAOL TOU
Cantor.

Oceopnpa 4.4.1. Eotw z € [0,1]. Tdre, x € C av ka1 pévo av o = éyer pia
Tp1a01k1) mapdotaon n onola mepiéyel uévo ta Yneia 0 kai 2. |

Arnddeén. Eotw x € [0,1]. Av 1 axoroudia (a,) emheyel pe Tov tpéM0 TOU TTAPOU-
oldooye Topandve, ToTe Woylel o €t z € C av xau wévo av a, # 1 vy xdde n.
Autd amodewxviel 6t av & € C' 101 0 2 €yel Yio TELOBLXY THPEACTACT IOV TEPLEYEL
uovo ta dnpla 0 xon 2. H ohoxAfpwon tne anddel&ne agphvetal we doxnon. O
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§4. Yrndpyouv petpriopa cOVola nou dev eivar Borel

Ity anddelén autol tou oyuptopol yeelaldpacte To e€c cuvorodewpnund Afu-
ot

Afppa 4.4.2. Ay X elvar évag Biaywpionuos petpikds xdpos, tote |B(X)| < «,
émou ¢ = |R| to ouvexés. o ovykexpyuéva, av X = R, éyovue |B(X)| = c.

Anéoeiln. Aol o X elvon Baywplowog undpyet aprduriowo tuxvé cbvoro D =
{z1,22,...} ot0 X. Té1e, n oxoyévewn

C={B(@n,qm):n,m=1,2,..},

6mov {gm : m = 1,2, ...} wa apidunon Tou QN (0, 0o) eivon o ciprdurioun Bdom yio Ty
Tomohoyla Tou X, dnhadt| xdde avouxtd cbvoro oto X ypdgeton wg Evwor oTolyelwy
e C - egnyriote yiotl. Kotd ouvénela, xdide avouxtd odvoro avixer oty o(C) %o
Spa B(X) = o(C). T xdde aprdpfiorpo Sotonetind aprdud o opllovye unooioyéveles
By C B(X) ¢ e&fc:

e O¢étoupe By =C.

o Av n B, éyel opiolel, ovoudlouvue Bot1 THY OXOYEVELWL OOV TV OpLOUoHIWY
EVOOEWY XAl TV CUUTANPOUETOY oTolyelwy TS Bey.

o Av [ elvou optande drotaxtixde aptduds Yétouue

Bs= | Ba.

a<f

Amodemvieton t6TE 6Tl %&le B, €xel mAnddprtuo uixpdtepo 1 oo and to cuveyég

xon OTL
B(X)= U{Ba : v oprdufioog St tinde optdudc ).

Enopévoc, medyportt, n B(X) éxer minddprduo uixpdtepo 1 {oo and to cuveyée, dnhady
B(X)| <.

Yy mepintwon tou R thpa, 1 atewxdvion ¢ 1 R — B(R) pe ¢(x) = (—o0,z)
ebvan guod 1-1 xou dpo ¢ = |R| < |B(R)|. H wémnta |[B(R)| = ¢ éneton thpa omd 10
Oedpenpa Schroder-Bernstein. O

ITpétaom 4.4.3. Trdpyer Lebesgue uetprioio vroovrodo tov R mov dev eivar Bo-
rel.

Anédaitn. Av C 1o obvoro touv Cantor, and v mhnedtnta ToU A Xou TN oyéom
A(C) = 0 ovunepaivouye 6L xdde unoclvord Tou eivor Lebesgue uyetpriowo, dnhads

P(C) C My-.

Yuvenag, eivon [My«| > |P(C)| > |C] = ¢. O Inroduevoc YvAcLOS EYXAEGUOC EMETOL
and 1o mponyolpevo Afuua: eivon |B(R)| = c. O

4.4.2 H ouvdprnorn Cantor-Lebesgue

Oewpolpe o cbvora C, oL Yenoonotinxay yia TNV XATaoxeur] Tou cuvohou C'
tou Cantor. T xdde n € N opilouvue ouvdptnon f, : [0,1] — [0,1] wc e&fc. Av
JI e Jo 1 etvon T Stadoynd avouxtd Stacthpata tou oynuotiCouv to [0,1]\ Cy,
oplloupe fn(0) = 0, fo(1) = 1, fu(z) = 2 Y x4 = oto JJ, xou emextelvoupe
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CYEOULXEY E| oe xoéva and ta xhetotd St thorta tov oynuatilovy to C), dhote va
TpoxOeL GuVEYRC cUVAETNOY.

f

Bl Rl ke

1 f3 %

3 ]

1

1|

2

1|

1
121 2781 21920 7 2223 8 2526 |
2727 9 92727 3 32727 9 2727 9 2727

Yyfua 4.2: Kataoxeur| tne ouvdptnone Cantor-Lebesgue

Do mapdderypa, éxoupe Cr = [0, 31U [2,1]. H fi ebvu otodept| xou fon pe & oo
(3,2), «ypopuxfy o10 [0, 4] ue f(0) = 0 xon f(3) = 1, «ypoupuiehy oto [2,1] pe
f(3) =3 xu f(1) = 1. S0 devtepo Prua, 10 [0,1] \ Cy amoteheltoan omé tplor Eévar
avouxtd dwothuora: oto (§,2) 1 f2 ebvon otadepr] xou {on pe 1, oto (3,2) 1 f2 ebvou
otodeph xaou fom pe 1, oo (&, 38) n fo elvon otadepr| xou (o pe 3, evadr oe xadéva
and To T€ooepa xAeloTd dlaoTAata Tou Co TNV EMEXTEIVOUPE «YRUUUXEY GE GUVEYN

ouvdptnom, opilovtac ndht f2(0) = 0 xou f2(1) = 1.
ITeotaoy 4.4.4. H axolovdia {f,}22, ovykdivel opoiduoppa o€ pua ouvexrj ou-
vdpTnon f : [0,1] — [0,1]. H f efvar adéovoa kai enf tov [0,1]. H eicdva tov C péow
s [ éxe pérpo A(f(C)) = 1.
Andden. Anéd v xataoxev| e 1 axoloudio {f,} éxel Tic axdroudeg WidTnTee:
1. Kdde f, etvou av&ouoa, cuveyhc ouvdptnom pe fr(0) =0 xau f,(1) = 1.
2. Av J}} elvon xdmoto and tal avouxtd SoTHOTOL TTOU apotpOVUE GTo n-00T6 Bua
e xataoxeuic tou C, t6te 1 fp elvon otadepy| oo Ji', xan

fn:fn+1:fn+2:"' oTO J]?

3. Ioylel
1
‘|f7l+1_fn||mS277 TL:1,2,3,....

pdryportt, ou fr, %ot frq1 SLOUPECOUY POVO GTA XAELGTA BLAGTAULATI IOV ATOTEAOUY TO

Cp, xou og xodévo and autd malpvouv xat oL 8Vo TWéS oTo SLdoTnua [2%, %] it

xémoto k, enopéves 1 diapopd Toug dev unepPaivel To TAGTOS ToU BOTAUATOS, S

13N\, ue mopdywyo otadeph
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Ané v tpltn WidTnTa ehéyyoupe edxora bt n { fr} elvon Baoweh oxohoudia otov
C[0,1]: av m > n t61€

m—1 m—1
1 1
Hfm_fnlloog E ”karl_fchOOS E 27k§ on—1 =0
k=n

k=n

6tav m,n — oo. O C[0,1] eivan mAipne we mpoc Y || - ||, Gpar UTdpyeL cuveyhc
ouvdptnon f : [0,1] = R wote f, — f opodpopga.

Ipogovae, fr, — f xatd onueio oto [0,1]. Aol xdde f,, elvor abEovoa cuvdp-
mon pe fr(0) = 0 xou fr(l) = 1, éneton étL 1 f ebvon x auth adZouoa, cuveyhc
ouvdptnom pe f(0) = 0 xou f(1) = 1. Eldwdtepa, 1 f ebvou ent tou [0, 1].

Téhoc, f(C) = [0,1]. Ipdypott, and v devtepn Widtnta e {fn} PAénouue
ot n f elvar otodepn oe xdde avowxtd Sdotnua J Tou cuuminpwuatog touv C, xou
pdAoTa auTh N otadepr| TWn Talpveton xat ot dxpa Tou J Ta omolo avixouv ato C.
Agot 7 f eivou enl Tou [0, 1], xédde y € [0, 1] eivan (oo pe f(x) v xdrow x € C. Ané
mv f(C) = [0,1] eivon pavepd ot A(f(C)) = 1. O

Enueiwon. Tlapatmefiote 6t A([0,1] \ C) = 1 xou f'(z) = 0 v xéde = ¢ C.
Mpdrypatt, av ¢ C t6TE 10 T AvixeL o€ xdnoto avoxté didotnue J oto onofo 1 f
elvou otadepr. Tuvende, 1 f elvon topaywylown oto z xou f/(x) = 0. Me dhha Aoy,
n f' elvan oyed6v Tovtol fom ye undéyv, napdro mou 1 f elvan ab&ovoo xou ametxovilel
o0 [0, 1] eni wou [0, 1].

Xenowonowvtag v ouvdptnon Cantor-Lebesgue, unopolye vo amodelouue
Vv Onoapdn yetpriowy cuvokwy ta onola dev elvon cOvola Borel. Oa ypeiactodue
0 e&hc Afupa

Afppo 4.4.5. Eoww A ovvolo Borel oto R ka1 éotw f 1 A — R ovvexrs ouvdp-
tnon. Tére, ya kdde Borel otvodo B C R, o f~1(B) = {x € A: f(x) € B} etvar
ovrolo Borel.

Anédeitn. Oewpolue TNV oxoyEveLd
A={BCR: 7o f(B)eiva chvoro Borel}. (4.43)

Av B elvar avoxté utoohvoho tou R, t6te 10 fT1(B) elvan avoixté oto A, Bt 1
f etvar ouveyhe. Aol to A ebvon oOvoho Borel, énetan 61 10 f71(B) ebvon ohvoho
Borel (e&nyfote yuori).

EiOxoha ehéyyoupe 6t 1 A elvon o-dAyeBpo — 0L AETTOUERELES OPHVOVTAL (G GOXT-
on. Agol n A elvan o-dhyefpo xou TEPIEYEL Tl AVOLXTE GUVORA, GUUTEPAVOUNE OTL
n Borel o-dhyefpa B(R) nepiéyeton oty A. And tov oplopd tne A énetan 6t 1
avtiotpoen exdva f~1(B) xéde Borel cuvéhou B C R elvon ovoro Borel. O

ITpétaom 4.4.6. Trdpyer Lebesgue petpriouo vroovrodo tov ouvédouv tov Cantor,
70 omoilo Oev efvar ovvodo Borel.

AnéddeiEn. Oewpolye v ouvdptnon g : [0,1] — [0,2] pe g(x) = f(z) + z, émou f n
ouvdptnon Cantor-Lebesgue. H g eivar pvnoiwg atZovoo (oot 1 f eivar adovoa),
ouveyhc xou ent (o (B0 xou n g7 t).

To olvoro g(C) eivan petpriowo xou A(g(C)) = 1. Ilpdypat, 1o g(C) eivou
XAELGTO WS CLYVEYNC EdVA Tou cuunaryolc cuvorou C, doa elvan ueteriowo.
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Ioxvpiopds: A(g(C)) = 1. Tlpdypatt, to [0,1] \ C elvan &évn évwon |J J; o-
j=1

VoTOVY BlaoThudtwy.  Ye xodéva and autd n f ebva otadepr, éotw fls, = cj.
Enopévwe 1 g anewxovilet xdde didotnua J; oto J; +cj, dnhady| ot avoxtéd SidoTnua
{oou uriroug. To Slwcthyato autd etvon Eéva, yatt to J; etvan Eéva xou 1 g etvan 1-1.
Apa

Ag(€)) = A([0,2]) = AMJj +¢)) =2 - Z A(Jj +¢5)

J

=2-) AJj) =2-A[0,1]\C) =1.

Aol 1o g(C) éxer Yeuxd pétpo, undpyel un petpriowo vtochvoro M tou g(C'). Tére,
10 K = g7} (M) elvor Lebesgue petpriowo diott elvon unocsivoro tou C 1o omolo éxel
undevixd pétpo. ‘Ouwe, o K dev eivon obvoho Borel: av fitav, and 1o Afupa 4.4.5 to
M = (g71)7H(K) Yo Arav cOvoro Borel we aviiotpogn exdva cuvérou Borel péow
oLVEY0UC CUVEETNONG. MLVETKSE, To M Va ftav Lebesgue yeterouo. O

4.5 Aoxnosig
Opdda A'.
1. Acl&te 6u xdde vrooivoro A tou R pe AM*(A) > 0 €xel pn petpriopto utochvolo.

2. Adote nopdderypa evée Lebesgue petpriowou unocuvéhou A C R? ¢ote 1o 1 (A)
vo unv etvon Lebesgue petphowo, énou m(z,y) = x v (z,y) € R? n npoforn
OTNY TEWTN CUVTETAYUEVT.

3. Av C 7o olvolo tou Cantor, delZte 6 § € C, nopdho mou 10 § dev elvan dxpo
xavevéde omd Tt dtaothpata Tou opllouv to abvoho tou Cantor.

4. BEow A C R, a € R xud > 0. Trodétoupe 61t yio xdde t € (—4,0) woydel
a+teAfha—te A Acilte 6u N (4) > 6.

Owdda B'.
5. Botw E, F duo ouugnoyr urmoohvora tou RF pe B C F xa A(E) < A(F).

Aci&te 61 v %8 a € (A(E), A(F)) pnopolye va Bpolue cuunoayés ovvoho K
we EC K C F xauw M(K) = a.

6. Eotw A=QnNJ0,1]. Aci€te 6t

(o) T x&de € > 0 undpyet oxohoudio {1, }22 ; AvVOXTOV BLAGTNUATOY BOTE
AC U I, xou Z)\(In) <e.
n=1 n=1
(B) T x&de menepoouévn axohoudio {1} ; avoxTdv BlaoTNUETLY Ue

AC 6 I, oylel Em:)\(fn) > 1.
n=1 n=1
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7.

‘Eotw {gn}n>1 pa apidunon twv entdv aprdudy. Aei&te du undpyet évo obvolo
B pe A(B) = 0 odote xdde x € R\ B va éyel v e€fc biémnta: undpyel k =
k(z) € N tétol0¢ dote vl x&de n > k vo toylet |z — g,| > 1/n.

8. (a) Eotw f: R — R ouvdptnon, n onola eivon Lipschitz cuveyfc ot xdde xheiotd

ddotnua [a,b] C R.
(i) Acigte 6t n f anewoviler olvola undevixol pétpou Lebesgue o clvola
undevixoL pétpou Lebesgue.
(ii) Ael&te 6un f anewoviler Lebesgue petpfioipa obvoha oe Lebesgue petprion-
pat oUVORaL.
(B) Eivon owotéd 6t xdde ouveyhc ouvdptnon f : R — R anewxoviler Lebesgue
peteRoua abvora oe Lebesgue petprioiuo ahvora,

9. (o) 'Eotw G gpoyuévo, avoxtd unochvoro tou R™. Ae{lte 6t dev undpyet o-
pwurowo xdhvppa {B;} tou G and avowtéc undhes wote: xde onueio touv G
avixel o dnelpeg o TARYoC B xou Zjoil A(Bj) < 0.

(B) Acei&te 6 undpyel oxohoudio { B;} avoxtdy unahdv kote vo xahinter o G
6mwe oto (o) xan v xéde p > 1 va oy det Z;’;l(/\(Bj))P < 00.

10. 'Eotw A to unocivoho tou [0, 1] nou anoteheiton and dhoug toug aptdpolc tou to
dexadnd Toug avdmtuyua dev meptéyel o Ynplo 4. Actgte dtL to A elvan Lebesgue
petpriowo xou Beeite to A(A).

11. Av C 7o ovoho tou Cantor deilte 6t C — C = [—1,1]. Tuvdryete 6L dev loyvet
10 avtioTpogo Tou Oewpruatoc Steinhaus.

12. Eoww 6 € (0,1). Enavolopfdvoupe tv Sodixacio XaTaoxeufic T0U cUVONOU
tou Cantor ye tnv dlopopd 6TL 010 N-00TO BriUc APUEOVUE XEVTEIXG AVOLYTO
didotnuo pixoue 0/3" and xdde didotnua mou €xel amoueivel oto (n — 1)-0016
Bruo. Koatalfyoupe oe éva sbvoro Cy «timou Cantory. Acetlte dtu:

(o) To Cy eivon téhelo xou dev MEPLEYEL avoLyTd BLooTHUATL.
(B) To Cy eivon vrepaprdurowo.
(v) To Cy eivan petpriowo xou A(Cy) =1 -6 > 0.

Owpdda I'.

13. T xdde A € My« xau yia xdde x € R oplloupe

. AMAN(z -tz +1))
Ax)=1
pdz) = I, 3 ,
av oautd o dpto undpyel. O p(A, x) eivoan v petpikr) nukvdtnta Tou A oto onueio
x.
(o) Aeilte 6T p(Q,2) =0 xau p(R\ Q,z) =1 vy xéde z € R.
(B) Eotw 0 < a < 1. Kataoxevdote olvoro A C R e v bidtnta p(4, 0) = a.
14. Aci&te bt undpyet axoroudio {4, } Eévwv avd dbo vtocuvorwy Tou R dote

(0] <o
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15.

16.

17.

18.

19.

20.

21.

22.

‘Eotww E Lebesgue petpriowo utootvoro tou R pe 0 < A(E) < oo.
(o) Agigte 6T

tliH(l) MEN(E+1t) =AE).

—

(B) Aci&te 61, vy xdde k € N, vndpyouv z, s € R dote

z,x+s,x+2s,...,0+(k—1)s € E.

‘Eotw p éva un apvnuxd pétpo oo Borel untoctvora tou R pe p(R) = 1. Aeiéte
6TL uTipyEL xhewot6 utooivoro F tou R e p(F) = 1 xon v e&¥c WBdtnros o
xdde xhewoté ovvoho E mou meptéyeton yvhota oto F ioydel p(F) < 1.

'Eotw E, F 300 Lebesgue petphoa utoctvora tou R¥ ue A(E) > 0 xau A\(F) >
0. Aeléte 61t 10 E 4 F mepléyel didotnuo.

‘Eotw E 1o olvoho twv x € R yio ta onoio 1) axorovdia {sin(2"x)} 02, cuyxhivel.
No dei€ete 6Tt A(E) = 0.

‘Eotww f:[0,1] = R ouveyhc ouvdptnon e f(0) = f(1). Oewpolye 10 obvoro
A={te]0,1]: vndpyer x € [0,1] wote f(x +1t) = f(z)}.

(o) Aci&te 61 T0 A eivon xhelotd, dpo xou petprotpo.

(B)Av B={te[0,1]: 1—-te A}, dei&te 61t AUB =[0,1].

(v) Aci&te 6t AM(A) > 1/2.

AnodeiZte 6t av A(E) > 0 xou Yo x&e z,y € E éneton 61 3(z +y) € E, té1¢
10 E €yl un xevé eocwtepind.

‘Eotw A CR pe A(A) > 0. Aci&te 6

AR\ (A4 Q)) =0.

Kataoxevdote éva Lebesgue petpriowo obvoro E C [0, 1] pe v e&rc Wbidtnros
yioe x&de ddotnua J C [0, 1] wydet

AMJNE)>0 xu AJ\E)>0.






Kegpdhawo 5

MeTpNolUES CUVOETNOELS

Ye udde xAddo tTwv Modnuatindv, extéc and ta SLdpopo AVTIXEUEVO TOU UEAETAUE
OO ONOUPAOTE XOU HE TIC «XUNECY GUVOPTAOELS HETAED aUTY, dNhadh exelves Tic ou-
vopTioelc Tou céBovTal T Sopn Twv avixelévewy. Lty Tonoloyla autée elvon ol
ouveyeic ouvapthoelg, ot Alogpopiny I'ewpetpia ov dlagopioiues cuvapthoelg, ot
Oewpla Ouddwy ol opopopplouol opddwy x.0.x.. To avtictolyo avtixelyevo otr Oe-
wpla Métpou elvan ol petprjoues ovrvaptioerg. Ot uetpioWles CUVAPTAHCELS VoL AUTES
yio Ti onoleg VYo EMLYELPNCOVUE OTY| CUVEYEL VoL 0ploouue To oloxhfpwua Lebesgue.
Ouundeite, and v Ewoaywyy, 6t 1 Baocuxr wéa tou Lebesgue #rav va mpooey-
Yiooupe to ohoxMpwpa [ f wac cuvdptnong f oe éva civoro X and adpolopara
™S poppric 1
> pn({z € X 1y < f(@) < yrsa}) (5.1)
k=0
omou {yo < Y1 < ... < Y} por droépiomn tou mediov v e f. T wo tétola
ouvdpTNon Aoy, xatohofaivouue GTL amawtovvTon To €ENC:

1. H f Yo npéner va opileton o€ éva petpriowo xdpeo (X, A) xou vo hoPdver Tyléc
oTo [—00, 0.

2. Ta chvola By={x€X 1y, < f(z) < yps1}
npénel va elvon uetphiotpa (Yo otoladAnote eTAoYA TWV Yk, Yk+1), ONAadA oToL-
yela e A.

duowxd, otn cuvéyela mou Ya oploovpe To ohoxhpwua Lebesgue Yo amoutodue xou
v Untapln evic pétpou p oto (X, A) v va opilovtan xahd to adpoiopara (5.1),
oA ouT6 Bev ebvan amopaftnToO TEOC TO TAPOV.

5.1 Ilpaypotixég UETPNOLUES CUVALTNOELS
O8nyolpacte howndy otov e€ng Oploud:
Ogiopd6c 5.1.1. 'Eotw (X, .A) évac petprioyoc yopoc.

(i) M ouvdptnon f : X — [—o0,00] Myetw perprioun ws mpos A (4 A-
petphoun) ov
[f <b):=f ' ([~o0,b)) ={z € X: flx) < bl €A yiaxddecbeR. (52)
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(i) Av pévapétpo oo yodpo (X, A) n f Myetan p-petpromun av eivan A,,-yetphioyun.
(iii) Ewwétepa, ov X = RF xdde A-petpriown ouvdptnon Méyeton Lebesgue petprion-
Hn-
(iv) Av o X elvou petpixde yodpoc xou 1 f elvon B(X)-uetpfiown, téte 1 f Méyeton
Borel petprjomun.
Mepxol anhol yopoxtnpiopol tne yetenotudtnros divovton atny axdrouvdn Mpdta-
on:
Ipotaor 5.1.2. Eoww (X, .A) évag petprionuos xopos kar f : X — [—o0, 00| ua
petpoun ovvdptnon. Ta axdrovda elvar iw0odvvaua:
1. H f etvar A-petprioun.
2. [f<b={zeX: f(zx)<b}eAyarxidebeR.
3 |fzb={xeX: f(x)>b} €A yakidebeR.
4. [f>b={xeX: f(x)>b} €A yakidebeR.

Anédaén. (i) = (ii) I b € R, ypdpoupe

[f <t = g [f <b- H (5.3)

agov, yio z € X ebvan f(z) < b ov xou pbvov av undpyet n wote fz) < b— L. Aga
[f <b] e A

(i) = (iii) T b € R eivon
[f =0 =[f <0l (5:4)
xou dpa [f > b] € A.

(ili) = (iv) ‘Onwe xou oty mpdTn cuvenaywyy, Y b € R ypdpouue

[f >0 = U[f>b+ } (5.5)

xou ouvenoe [f > b] € A.
(iv) = (i) Tw b € R eivan

[f <O =1[f >0 (5.6)
Gpa [f < b] € A xou xotd ouvénewa i f elvon A-petpriown.

Ieétacy 5.1.3. (¢) Eotw (X, .A) évag petprionuos xdpos kar B C X. H ouvdp-
mon xp : X = R ue
1, avx e B
xp(w) = { 0, avx ¢ B (5.7)

elvar n yapaktnpiotiky) ovvdptnon tov owddov B. H xp eivar A-uetprionun av kai
pévov av B € A.
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(B) Av f :R¥ - R tére
f owexric = f Borel petpriomun = f Lebesque petpriomun. (5.8)

(y) Av I éva &idotnua oo R ka1 f : I — R pua abéovoa ovvdptnon tite n f elvar
Borel petpnoun.
Duaikd o 1010 amotédeoua 1wxver ka1 yia pPivovoes ourapTnoe.

Arnddetn. (o) Autd npoxinTel dueca and Tov LTOAOYLOUS

0, avb<0
[xp <b=<B¢ av0<b<1 (5.9)
X, avb>1.

(B) Av n f ebvon cuveyhe, 16t v xdde b € R 10 [f < b] = f~1((—o0,b]) o ebvon
xheoT6 cvvolo (aol to (—oo, b elvan xhewotd) dpa xou civoko Borel. (Ilapoatneriote
6t tpoxOmtel xou and 1o Aduuo 4.4.5 o8 cUVBUACUS PE TNV TEONYOVUEVY TPGTAOT).)
H Seitepn ouvenaywyh éneton dueoa and tov eyxhetopd B(RF) C M.

(v) Eotw b € R. O¢toupe
a=sup[f <b]=sup{z € I: f(x) < b}.

Agol f abdZovoa, av t,s € I ye f(t) < b xou s < ¢ téte ebvon xou f(s) < b. Katd
ouvvénewa to olvoro [f < bl = {x € I: f(z) < b} eivan SdoTnua, TEOPAVHS YE dve
dxpo o a. ‘Apa

_J INn(—o0,a], avaelxm fla)<b
[f<b)= { IN(—o0,a), ol (5.10)
Ye xdde nepintoon [f < b] € B(R). O

IMopadeiypata 5.1.4. H x|o 1) ebvou mopdderypo cuvdptnone mou eivar Borel pe-
TEHoWY), AAAG Oyt cLVEYHC.

H x4 6mou A € My \ B(R) elvou napdderypa cuvdptnone mou eivan Lebesgue
petefowun, odkd oyt Borel. (Tétowr obvola undpyouv, 6nwe detlope otnv Ipdrao
4.4.3 % v 4.4.6.)

I var avogeptodue otoug TEpLOPIOPOUS UETENOWIWY CUVAPTHCEWY YEELUCOUACTE
tov e&hc Oplouo:

Optopdc 5.1.5. Eotww (X, .A) évac petpriowog yopoc xou C C X. Oewpodyue tny
OLXOYEVELDL

Ac={ANC:Ac A (5.11)

Edxoha anodewxvieton 6t 1 Ac elvon pio o-dhyefea oto C' (doxnor) mou Aéyeto
ixvos ( nepopoude) e A oto C.

M suvdptnon f : C — [—00, 00] Méyeton petprjoun av eivon Ac-petphoun, Snhady
av
[f <bl € Ao, v xdde beR.

Av bpwe C € A ropatnpolpe 6t Ao ={A € A: AC C} xou dpo
f uetphown & [f <bl €A, yoxdde beR.

Yyeuxd woybouv ta e&hc:
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Ieétacr 5.1.6. Eoww (X, A) évas petprotog xdpos kar ua ovvdptnon f :
X — [—00,0].
(i) Av n f elvar A-petpioqun kar C C X tdte ka1 n flo etvar Ac-petprionun.
(ii) Av (Cy) efvar pua axolovdia ovoryetwr tng A pe X =, Cy, tdte

f A-upetprionqun & fle, Ac, —netprioun yia kdde n. (5.12)
Arnddeaén. (i) T b € R eivou
[fle <t ={ze€C: f(z) <b}=Cn[f <Y €Ac.

Apa 1 flo elvon Tpdypatt petpriown.
(ii) T b € R givon

F<tl=J@Cunlf <t = [fle. <b] € 4,

n=1 n=1

onhodn) 1 f elvon peterown.
O

Ieétacy 5.1.7. Fotw (X,d) petpixds xdpos k'Y C X. Tdre wyvovy ta e€ng:
(i) B(X)y =B(Y)(6ntedri BY)={BNY :B e B(X)} rxa
(i) Av e f: X — [—00,00] efvar Borel uetprjoyun tére kain fly : Y — [—o00, o]
etvar Borel uetprjomun.

Arnddeén. (i) Tvopilovue 6L tor avouxtd ohvolo 6to Y elvon axpiBdde tot sOVORaL Tng
popehic GNY pe G C X avowtéd. Katd ovvénew n B(X)|y ={BNY : B € B(X)}
TepLEYEL ToL avoxtd oou Y, dpa, epdoov elvan o-dhyeBpa, meptéyel Ty B(Y).

I tov avtiotpogo eyxieloud, Yewpolue v owxoyévela
A={ACX :AnY e B(Y)}. (5.13)

EOxoha delyver xavelc (doxnom) 6t 1 A eivon o o-8hyefpa oto X mou meptéyet To
avowtd tou X. Apa B(X) C A, dnpadfiav A € B(X) tote ANY € B(Y). Enopévoc,
B(X)ly € B(Y).

(ii) Zopgova pe to (i) tne nponyoluevne Hpdtaone n fly eivan B(X)y petpriown xo
ouvende, and 1o (i) tou pohe deiloye, eivon Borel petpriown.
O

Khetvoupe auth Ty evotnta ue Yepnég axdun WIOTNTES TWV YETEHROWMY GUVIR-
THCEWY ToU Yol 0ONYHCOLY dPYOTER OE EVOY AEXETA YEVIXOTEPO OPLOUS TNG UETENOL-
poTnTaC.

IMpdétaocr 5.1.8. Eoww (X, A) évas uetprionuos xdpos. Ia pa ovvdptnon f :
X — R wa axdrovOa eivar w0oddvaua:

(i) H f elvar pezprioun.

(ii) Etvar f~1(G) € A ya kde G C R avoiktd.



5.2. TIPAZEIL METAZY METPHEIMON LYNAPTHSEQN - 81

(iii) Etvar f~Y(F) € A ya kd9e F C R xAeotd.
(iv) Etvar f~1(B) € A ya xd0e¢ B € B(R).
Anédein. BOewpolyue v oxoyévela
F ={AC[-00,00]: fH(A) € A}. (5.14)

EOxoho unopel va dewydel bt F eivon pa o-dhyefBpo oto [—00,00]. H anddeln
autol agriveton we doxnon. Ou npotdoeic (1)-(iv) éxouv tic e€hc Loodlvopec:

(1)’

(i)’
(iii)" H F mepiéyel 6ha tor xhewotd unocivoha tou R.
(iv)
‘Opo, enedr n B(R) ebvar 1 o-dhyefpa mou napdyetar omd tor SlooThaTe TS Hopphc
(—00,b], Ta avouxtd cUvola 1 ta xAetoTd olvoha xan emmAéoy 1 F eivon o-dhyeBea,

’

mpdypatt 1 (iv) ebvon 1wodvoun pe xadepio and tg (1)-(iil)" 6nwe Féhope.

H F nepiéyet 6ha ta Sroothuorto e popghc (—oo,b], b € R.

H F nepiéyel 6ha tor avoixtd unocUvola tou R.

H F nepiéyel 6ha to. Borel unocivoha tou R.

O

5.2 Ilpdlelg puetal LETEPNOLUWY CLUVAETACEWY

Eexwde Thpa vor UEAETAUE TIS TTREELS HETOEY UETENOWWY cuvapTHoewy. Oa dellouyue
OTO MAUPAXATEL OTL TO GUVOAO TWV UETENOWWY CUVHPTACEWY CUUTEQLPEQETIL KPUTLO-
Aoydy we mpog T cuvAdels TpdEele xoddc xon To Hptar IXOROUDLEDY.

ITeétaon 5.2.1. Eoww (X, A) évag petprioog xdpos kar f,g : X — [—00, 0]
ovo petpoues ovvaptroe. Tote:

(i) [f <gl=A{r e X: f(z) <g(z)} € A

(i) [f <gl={zeX:[f(z) <g(x)} € Ara
(i) [f =gl ={r e X: f(z) = g(x)} € A.
Andbaén. (i) And v nuxvédtnta Tov ety oto R cupnepaivouye 6t v évax € X

f(z) < g(z) av xou pévo av undpyet ¢ € Q pe f(x) < g < g(x).
'Etot, unopolpe va ypddouue
f <a= (If <dnls>q) (5.15)
q€Q
70 omolo elvan oTouyeio e A agol ol f, g elvan petprowes xou o Q elvon apriuroo.
(ii) Eivou
[f<gl=lg<fI
T0 onolo elvou petpriowo obvoro and to (i).
(iii) Etvou
[f=gl=1[f <gI\If <y

10 onoio elvau petpriowo obvoro and ta (i) xou (ii).
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It

Yyfua 5.1: Ov cuvapthoeie f1 xou [~

IMeoétaocr 5.2.2. FEoww (X, A) petprioguos xdpos xar f,g : X — [—00,00] pe-
prjoues ovvaptnoes. Tote
(i) O1 ovvaptiioes fV g = max{f,g} ka1 f A g = min{f, g} elvar uerprioiues.
(ii) O ovvaptices f+ = fV 0 ka f~ = (—f) V0 elvar petprojes.
Anédeén. (i) I'o b € R eivou
[fvg<bl=[f<bnfg<beA (5.16)

preeis
Frg<h=[f<HUlg<teA (5.17)
'Etol éyoupe to {ntobuevo.

(ii) ‘Eneton dpeoa and 1o (i) agod ou 0 xou —f elvon petpriowes (agod [—f < b] =

[f = —b]).

O

IMopathenon 5.2.3. Oucuvoptioeic [T xou f~ elvou Wiodtepa onpovtinée xon Yo
pag Qorvoly oAU yehoWeS oo Topaxdtw. Elvor to Yetind xou 1o apvntind pépoc tng
ouvdpetnone f. T'a po onodrrote cuvdptnor f oybouy ol e€¥ic oyéoeic:

f=1"=F wu |fl=f"+f" (5.18)
7 anddelln Twv onolwy aPHVETIL KOG AoXNOT).

Ilpotaoy 5.2.4. Eoww (X, A) évag petprioiuos xdpos kat fr, + X — [—00, 0]
pia akodovdia petprioipuwy ouvvaptrjoewy. Tote
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(i) O ouvvaptiioe sup,, fn kat inf,, f, elvar petprioiueg.
(i) Or owvaptijoes limsup,, f,, ko iminf,, f,, efvar petprioues.

(iii) Av n axolovdia {f,} ovykAiver katd onueio o€ a ovvdptnon f, téte ka n f
elvar petpioun.

Arnddeitn. (i) Ta b € R unoloyiloupe

oo

[sup fn < = [)[fa <t € A (5.19)
n n=1
Hol o
[inf f < 0] = Ulfn<tlc A (5.20)
n=1

xat €tol To {nrolyevo énetal.

(ii) Tvwpiloupe 6Tt av (an,) eivar o axoroudio aprdudv téte

limsup a,, = ian <sup ak> xou liminf a,, = sup (inf ak> (5.21)
ne n

n k>n neN n

xou Gpot

limsup f,, = inf (sup fk> xou liminf f,, = sup (inf fk) .
n neN k>n n neN \k>n

Yuvenane, and to (i) o limsup,, f,, xou liminf,, f,, elvon yetprowes ocuvaptioeic.

(iii) Av f = lim, f,, t6te ebvor guowd xou f = limsup,, f, = liminf,, f, n onoia
elvan petpriown ond o (ii).
O

H televtaio Wiétnta e napandve Ipdtaone etvan e€oupetind onpovter. X0upevo
pe auTh av Lo axohoudia amoteleiton and UeTEroWES cuvapToEls, ToTe To (Blo Va
oy Vel xou Yo To xotd onueio 6plo toug. Ouundeite 6Tl auTy elvan pio WBLOTNHTAL TOU
puoxd dev {oyue Yo To ohoxifpwua Riemann xau dpo €youpe €va mpwTo delypa TNng
yevixdtntog otny onola epapuoleta 1 Oewpio Ohoxhipwone touv Lebesgue.

Opiopdc 5.2.5. 'Eoto (X, d) évac petpixde yopoc. M suvdptnon f : X — R
ANeyetaw Baire-1 ouvdptnon av undpyet axohovdia fy, : X — R cuveydv cuvapthoewy
wote 1 f va elvon o xotd onpeio 6plo Twy fi,.

M ouvdptnon f : X — R Aéyeton Baire-2 ouvdptnon av glvo t0 xotd onuelo 6pto
ptag oxorouvdiog Baire-1 ouvaptioewy xou yevixdtepa yioo n > 2 Aéyetow Baire-n
ouvdptnon av eivar to xotd onueio dplo wag oxoloudiac Baire-(n-1) cuvaptioewy.

Me yior anhy) enorywyt), YeNOLOTOIOVTAE OTL oL cuveyelc ouvapTthoelg elvan Borel pe-
Tpfowes xou to (iii) e tehevtaiog Hpdtaong, éxovpe 6Tt xdde Baire-n cuvdptnon
elvon Borel-uetpriown.

E¢gappoyh 5.2.6. Av f: R — R wo napoywyiown cuvdpetnon, tdte n f': R — R
elvon Borel yetpriown.



84 - METPHIIMEY LYNAPTHIEIS

Anéoaién. Io z € R elvau

f(z) = lim flzt+h) - fz) — lim

h—0 h n—o00
and v Apyh e Metagopds. Apo 1 f’ elvon Baire-1 ouvdptnon xou dpa Borel
peteow. O

Enotpégouye otic mpdéelc petoll HETPNOW®Y CUVIPTHCEWY Yol OTOSEXVOOUUE
Ta e€ng:

Iedétact 5.2.7. Eotw (X, A) évag petpriopos xdpos, f,g: X — [0, 00] 6Yo un
apvnuikég petpnoiues ovvaptioegs kar éva a > 0. Tote:

(i) Ha- f elvar petprioun ovvdptnon.

(i) H f + g evar petprioun ovvdptnon.

Anddaén. (i) Av a = 0, n a- f evan n undevixr} cuvdptnon mov elvor TEOPAVEHS
petpiown. Av a > 0 tdpa, yio b € R eivon

wfsmz[st]eA

xon dpa 1 a - f elvon yeteriowun.
(ii) T b € R €youpe
f+g<btl=J (f<dnlg<b—dq)
q€Q

oxentépevol axpie 6nwe oto (i) e Mpdtaone 5.2.1. Apa, npdypatt xou n f + g
elvon yetprown ocuvdptnon.
O

Ieétaocr 5.2.8. FEotw (X, A) évag petpriouog xapos, f,g : X — R Vo pe-
Tprjoues ovvaptioes ka1 a € R. Tére
(i) H owvdptnon a- f eivar petpriomun.
(ii) Or ovvaptiioes f + g kar f — g elvar petprionues.
(iii) Or ovvaptices f? ka f - g efvar petpioijues.
(iv) Av g(z) # 0 ya kdOe x € X, ka1 n ovvdptnon 5 efvar petproun.
(v) H ovvdptnon |f| elvar petprioyun.

Andbeaén. (i) H anédeiln eivan (i pe to (1) tne nponyoluevne Ipdtaone extde and
v mepintwon a < 0. Téte vy b € R eivan

ngmpzﬂeA

a

xal dpa €youue to {ntolyevo.
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(if) AnodemvieTon axpBie 6mwe To (ii) e mponyolpevne Hpdtaone, agod xu n —g
elvon puetpriown.
(iii) Amodewvioupe TpdTa Tov toyuploud Y Ty f2. Av b < 0 ebvou
[/ <bl=0
eved av b > 0 elvow
[f2<bl=[f <VBN[f>—-VbeA (5.22)
"Apa, mpdryportt ) f2 etvon petpriown. Tty f - g tOpe, Ypdpoupe

X0l dpot oo T TOROTAVE EfValL XL AUTY) HETETOWUT).

(iv) Abyw Tou (iil) apxel va Serydel btu 1 1/g elvan petpown ouvdptnon. Oewpolye
10 alvoho A = [g > 0] € A xau vy b € R ypdgouye

1
[g <b} =([bg > 1N A)U([bg <1 NA°) € A, (5.24)
ool xou 1 b - g elvon petpriown. Apa xou n 1/g elvon petpriown cuvdptnon.

(v) Tedpoupe
[fl=fT+ 1
(Yupndeite v Iapothpnon 5.2.3) xou cupnepaivoupe 6t 1 | f| elvon petpAowun and
v Ipéraocn 5.2.2 xou o (if).
O

5.3 AmAEg ouvapTroELg

e auth TV evotnTa Yo UEAETHOOUPE TIC AEYOUEVES ATTAEC GUVORTATELS TTOL £Y0UY OTH|
Oewpla Ohoxhfpwone tou Lebesgue ) 9éom mou elyav ou xhoxwTtée cuvapthoelg
otV ohoxAfpwon xotd Riemann. Zexwvdye ye tov e€nc oploud:

Optowoc 5.3.1. 'Eoww (X, .A) évac yetpriowos xodpoc. Mo petpriown cuvdptnon
s: X — R NMyetonw amAi av To oOvoro tdv tne s(X) elvon nenepaocuévo.

Kdde anhv) ouvdptnon yedgpetow 6T AeYOUEVT] Kavovikt) Hopgn
n
5= ZanAj (5.25)
j=1

omou s(X) = {a1,az,...,an} xu A; = s7'({a;}) = {z € X : s(x) = a;}. H
{A1, Ay, ..., An} elvon wa Swopépion tou X (vt a; # aj v @ # ) o€ un xevd
HETEHOWO GOVOAQL.

Avtiotpoga, xdde ypopuuxde cuvduaouoc

> bixs, (5.26)
j=1
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YOEUXTNELOTIXDY PETENOWGY UTOCLUVOAWY Tou X elvan amAr| ueTEROoWY CUVAETNOT).

BéBoua, 1 napdotacy wog aniic ot poper (5.26) Sev eivan povadixd, av to B
Bev anoteholV YeTeriown dlauéeton tou X xan o by Bev elvon SlapopeTind ava dlo.

To xevtp6 anotéreopa autic e Tapaypdpou (Oedpnua 5.3.3) delyver bt xdile
un aevnTi geterioydn ocuvdptnom elvor To xotd onueio dpto wag adEouscoag axoloudiog
amhév cuvaptioewy. o va to anodelouue Yo ypetaotodue to e€ng Afupo:

Afppa 5.3.2. Eoto (X, A) évag petprionuos xdpos kar f + X — [0,00] ua pun
apynTIKN HETPHOIUN TUVdpTNOT).

(i) TI'a kdOe nenepacuévo vroorodo P tov [0,00) pe 0 € P, ag nolue
P={0=ap <aj <..<ay},

Oérovpe Aj = [a; < f < ajp1] ya 0 < j<n—-1ka A, =[f > a,] ka
opiloupe

st = Z agxa,- (5.27)
=0

Tére n st etvar pna ankij ovvdptnon pe 0 < st < f ka1 yia v € X pe f(z) < an
10y Vel n aviodTnta
0< fz) = s"(x) < |IP], (5.28)

P|| =max{aj11 —a; :0<j<n-—1}.

émou |
(i) Ta xdde P,Q C [0,00) menepaouéva pe 0 € P ka1 P C Q wyvea sf < s9.

Arnddeén. Ilpw umodue otic Aentopépeleg tne omodeldne mpénel vor xotoahdBoupe Ty
Wéa TN xataoxeLRc TwY ouvdpThoewy st ‘Omoc einaye xou mpw, Yo o dedopévn
un apvnTeh xou petpriown ouvdpetnon f Py voupe wa aEovoo axohoudio (s, ) amhdy
ouvopThAoEY oL Vo TY TpooeYYlet (avoryxaoTxd «amd xdtwy). Ot cuvapthoeic s¥
HAUTOOHEVAOTNXAY AOLTOV ¢ e€NG:

1. Awhé€ape wa oavdolpetn «BLO(p.épLO"q))E P={0=ay <a <..<ap} tou
[0, c0] xou draepiloupe to clvoro X avdloya e tis Tipés mou hapfBdvel 1 f.
"Etot xotaoxevdlovye ta ohvola A;.
2. Ye xadéva amd 1o ovvora Aj = [a; < f < aj41] ddoape oty s¥ 1 puxpdepn
Ty mou unopet v mdpet exel 1 f, dnAady) Tnv TN a;. ‘Etot, éyouue mpdyuatt
po «amd wdtwy npocEyylon e f.
I v anddelln topo
(i) Ebvor epgavéc 6t n s¥ elvon un apvnmixd amhf ouvdptnon. Méhota, apol o
{Ao, A1, ..., A} cuviotoly pa dopépton tou X elvon exelvn 1 anhf cuvdptnon nou
oto A; hayBdvel tny Ty a;. Doz € 45, 0 < j < n elvon

s'(z) = a; < f(a),
and tov oplopd tou Aj xan av emimiéoy j < n (Snhady f(x) < an) eivou
f@) = s"(z) = f(z) —a; < aj41 —a; <||P|

LAev elvor Siouépion pe ) yvooth évvota BéBota, opol Yo émpene Vo mEpLéYEL XU TNV
<«TNAy 00.
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a7 +
ag +
as +
a4 +
as +
as +

X

Yyhua 5.2: Ilpoceyyion puetpoyng cuvdeTNoNg and ATAES

and tov optopd e || Pl

(ii) Eotw 6t 1 s diveton améd ) oyéon (5.27). Apxel va del€oupe to {nroduevo otny
nepintwon mov Q@ = P U {a} yw xdnowo a > 0, a ¢ P. H yevu! nepintwon éneton pe
enaywyh oto |Q \ P|. Awxpivouye t61e TIC TEQLTTOOEL:

Ava; < 4 < ajy1 v xdmowo j = 0,1,...,n — 1, n nopdotacn g s@ Olapépet
and QUTHY NG P u6vo atov bpo tou adpolopatog mou mepEyel o A Avtl tou
TpocUeTéou ajXa; eupavileton To dpoloua

ajxay + dXA?, 6ToL A; =[a; < f < a] xou A? =[a< f<aj) (5.29)
YUVETOC, YPNOWLOTOLOVTAS TN OYECT XA; = Xat + Xaz €YOLUE OTL

s@— " = ajxar + &XAg —ajxa, = (a— aj)XAg >0,

OTLS VENUE.
Av 8L @ > ay, N mopdotaon e s9 Slapépel and auth tne sT ubvo otov teheu-
Tafo 6po mou mepLéyel T0 Ap. Avtl tou mpooVeTéou apxa, epgaviletar to ddpotouoa
anXay +axaz, O6mOU Al =Ta, < f <a] xu A2 =[f > al. (5.30)
Apa
Q_ P = QX a2 — =(a— >0
§% — 8" = apXay +axaz — anxa, = (@ —an)xaz > 0.

Etot ohoxhnpddnxe 1 anddelln.
O

Oceopnpa 5.3.3. Eoto (X, A) évag petpioog xydpos kar f: X — [0,00] pia
petprjoun un apvnuikn ovvdptnon. Tote vrdpyer avéovoa axodovdia amddv ouvap-
tioewr 0 < 51 < 59 < ... < f dote

sn /" f-
Av emmAéov n f elvar ppayuéyvn, tote n oUykAion eivar opoiduopen.

Andbaén. Ou xotaoxeudoouye wo ad&ouoa axohoudio «diapepioewvy P, tou [0, 00]
omee 0To TeoNyoluevo Afupe xon oUUPwYa e autd 1 avtiotoryn oxoloudio {s,} Vo
ebvan ad&ouoa xan Yo tpooeyyile «xakdy» v f av ||P,|| — 0.
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ITio cuyxexpwéva, H€touvue

Pn={0<21n<22n<...<n;::n} (5.31)
xou s, = st 6nwe oto mponyoluevo Afuua, dnhadh
n2" -1 .
Sp = Z QJTLXBn,j +nxe,, (5.32)
j=0
6mou
B, ;= {;ﬂ <f< 32—:1} , 7=0,1,...,n2" — 1 xu C,, = [f > n]. (5.33)

Téte, and to Afppa, xdde s, elvan andy) cuvdptnon ye 0 < s, < f xon yio exelva To
x € X pe f(z) < n elvou
1
0= f(@) = snlz) < [[Pull = 5
Emuniéov P, C P41 yio x&e 1 xon dpo and 1o (ii) tou Afupartoc 1 oxohovdia (sy,)
ebvan mpdrypatt adéouoa.

‘Eotww z € X. Av f(z) < 0o undpyel ng dote Y xdde n > ng vo ebvon f(z) <n
xou Gpar f(x) — sp(x) < 1/2". 'Etoy, npdypatt s,(x) — f(x). Av ndh f(z) = oo
T61€ () = n v xdde n xouw dpa TN sy (z) — f(2).

Av n f elvow gporypévn thpa, undpyel ng Bote yio xdde n > no xaw x € X vo
ebvon f(x) <m, Apa 0 < f(x) — sp(x) < 1/2™ yia xdde x xou n > ng. 'Etot, npdypatt
5, — [ ouolduop@a.

O

IMépiopa 5.3.4. Eotw (X, A) évas petprouog xopos kat f : X — [—00,00] pua
petprionun owvvdptnon. Tére vndpyer akolovdia (sy,)n atAdy ovvaptrioewy e

Sp = f
ki 0% [si| < Jso] < < |,

Av emmAéov 1) f elvar ppaypévn, téte n ovykhion elvar opoidpopen.

Anédaén. Lopgove pe v Hopotfienon 5.2.3 propolue vo yedoupe f = fT — f~
6mou o fT xou f7 elvon un apvnuinée xou petpowes. ‘Apa, LTdpyouv aOEOUCES
axohovdieg {0y }n xou {7 }n un dpvNTIXGY amhdv cuvapThoeny Gote 0, — f1 %o
T — f7. Av Véoouvue s, = 0, — Ty, TOTE 1 Sy, EVOL ATAY XU ETUTAEOV Sy, —>
ff=fr=r

IMopatnerote 6t av A = [f > 0] t6te v xdde n éyovue 7, = 0 610 A xou 0y = 0
oto A°. Yuvemdc

|Sn| = |Un - Tn| = maX{0n7Tn} < maX{JnJrl»TnJrl} = |Sn+1|7

dnhadh 1 (s, ]) etvon adZouoa, xa dpa 0ot |s,| — | f] émeton ot |s,| < | f].

Téhog, av 1 f elvon pparypévn, téte To Blo toyler xou Yo Tic fT xou f~. Tuverde,
ot {on} nou {7} pmopolv vo enAeYolV HGOTE Vo SLYXAVOUY OPOLOUOPP GE CUTEC
amd To mopAndve Oedenua. XUVETDC s, — f ouoldpoppa.

O
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5.4 Muiyodixég LETPNOLUES CUVALTNOELS

H évvola tng petpnotldTnTog Tou UEAETAOUUE OTIC TEONYOUUEVES THPOY APOUE UTOREL
va avamtuy Vel o€ mohd mo yevixd mhaioto and autd oto onolo TN Véooue péypL TR
Xoplc emmpdovetn duoKohio OUKC, UTOPOUUE Vol UEAETHOOUNE HETENOWES CUVIPTATELS
TOU TOUEVOUV LY odIXES TEC.

Opgiopb6c 5.4.1. 'Eotw (X, .A) évac petpioylog xopoc .

(i) M ouvdptnom f : X — C Méyetoun petprionun ws mpos A (1 A-petpriown) av
f~YB) € A, yw x&de B € B(C).
(if) Av pévopétpo oto ydeo (X, A) 1 f Méyeton p-petprioiun av eivon A, -uetpriown.
(iii) Ewwétepa, av X = R¥ xdide A-petpriown ouvdptnon Ayeton Lebesgue petprion-
.
(iv) Av o X eivar petpixde yopoc xau 1 f elvon B(X)-petphown, t6te 1 f Aéyetou
Borel uetproun.

Mrnopei o €66 v amodelydel To avdhoyo tng Hpdtaong 5.1.7, Snhadh ot wma f @ X —
C elvon petprionn av xou LOVov av avToTeépel To avoxtd (loodivopa, To XAEGTE) ot
A-petprioa chvoha.

IMpdétaocm 5.4.2. Eotww (X, A) évag petprionuos xdpos kar f = u+iv: X — C
Heu = Ref = f2if karv = Imf = % Téte n f elvar petprioun av ka1 pévo av ol
U KA1 v €ival HETPHIOIUES.

Anddeiln. (= ) INa b € R eivau

[u<b={reX:ul) <bl={reX: f(z)=s+it,s € (—o0,b}
= f 1 ((—o00,b] xR) € A

agol (—o0,b] x R € B(C). Tehelwe duota xar 1 v anodetxvieTon UETEHOW.

(<) Eow G C C avoxté. Oa delfovyue 6t f~1(G) € A. Mnopolue vo Bpolpe
opriprowes owoyéveies (I,) xou (Jy,) daotnudtwy tou R dote G = {J,,(In X Jn)ﬂ
YUVETKC

F7U6) =

(@

FHI < J) = | ™ () N (Jn) € A,
n=1

n=1

apol oL u xou v efvan yetprioues. Ereton howndy étu xou 1 f elvon petpriown.
O

IMpoétaom 5.4.3. Eotw (X, A) évag petprionuos xdpos kat fr, : X — C uia axodov-
Oia petpiouwy ouvaptrijoewy. Av n {f,} ovykdive katd onueio oe pa ovvdptnon
f, ©te ka1 n f elvar pegprioun.

2Biére v §8.1.

3 , , , , , , ,

H owoyévela SAwv tv avoxtody @eayuévey opdoywviny I x J elvar aprdunouun, xou
%&de avoxtd olvoro elvan Evmon téTowwy oploywviwy.
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Anéoaén. Tpdgovpe fr, = up + vy, xou f = u + v 6mov u, = Ref,, v, = Imf,,
u = Ref xu v =Imf. Ago0¥ f = lim, f,, énetan 6w v = lim,, u,, xou v = lim,, v,,.
‘Etot, and v [pdtaon 5.2.4 oL u xou v elval HeTEoIUES X Gpol amd TNV TEOTNYOUUEVT
Ipbtacy to Blo toyvel xou yia v f. O

IMopathenon 5.4.4. Av (X, A) évac petpfopoc yopocxar f 1 X - C, 9 : C— C

000 yetpriowee ouvapthoel Tote xou 1 p o f : X — C elvon petprioyun

Anédeén. Tw B € B(C) nopatnpoiue 6t ¢~ 1(B) € B(C) agpod 1 ¢ eivor petphown
AU ETOPEVRS TO

(9o /)7H(B)=f" (¢ (B))
elvon yetpriowo obvoro emeld”| n f elvon yetpriown. O

AmodewcvieTton xou €8¢, OTWS xou TNV TEAYUATXn TepinTwor, 6Tt xdde cuveyhc ou-
vdpTnon etvor Borel pyetpriown xon xotd ouvénewa 1 HopathApnomn oy el ewdixdtepa yia
ouveyelc ouvaptioeig ¢ : C — C.

Ipotaor 5.4.5. Eoww (X, A) évas uetprionpos xdpos, f,g : X — C do pe-
tpnoues ovvaptioes kat a € C. Téte
(1) H ovvdptnon a - f etvar petprioyun.
(i) Or owvaptiioes f + g ka1 f — g elvar petprionues.
(iii) Or owvaptioeg f2 ka1 f - g efvar petpioues.
(iv) Av g(z) # 0 ya kdOe x € X, ka1 n ovvdptnon 5 efvar petpioun.
(v) H ouvdptnon |f| efvar petprioun.
Anddeln. Av ypddovpe f=u+iv, g =w+iz ye u=Ref, v =Imf, w = Reg xau
z = Img éyouvpe:
w —z

+1 .
’UJ2+2,’2 w2+22

f+g=(utw)+i(v+z2), f-g=(vw—vz)+i(uz+ow), é =

‘Etol, yenowonowvtog enavellnuéva tic Ilpotdoeic 5.2.8 xon 5.4.2 énovton tor ou-
unepdopata (1)-(iv). T to (v) tdhpa, etvon

1= Va2 5

7 onola elvor petpRown wc olvdeorn tne petpRowne ouvdptnone u? + v? o Tne
ouveyolc p : [0,00) = R pe p(z) = =. O

Yuveyilovpe ye oV 0plod TV AMAOY CUVIETACEWY PE WYadXés TWéS XL TO
avtioTolyo Yedpnua Teocéyyione.

Opgiop6c 5.4.6. Eotww (X, A) évac yetprioyog yopoc. M yetpfiown cuvdptnon
s: X — C Myeton amAi) av 10 olvoro oy e s(X) elvon tenepooyévo.

IMopatnpotye 61t po cuvdptnon s : X — C elvow amhr) av xou pévov av ot Res xou Ims
ebvon amhéc ouvapthoeic (yiot;). ‘Onwe xat 6Ty TepInTWwon TV TEOYUATIXOY ATAGY
CUVAPTHCEWY UTAPYEL Lot LOVABLXH XAVOVIXY) Hop®T| Xxdde amhig Uy adinic cuvdeTnomg.

H WSu6tnra auth elvon el teplntoon e Mpdtaone 8.1.2 mou Va Solue mopaxdte.
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IMpoétaocm 5.4.7. FEoww (X, A) évag puetprionuos xdpos xar f : X — C pua pe-
tprioun ovvdptnon. Tdéte vrdpyer akolovdia {s, }y, atAdy ouvaptioewy e s, — f.
Av emmAéov n f elvar ppayuéyvn, tote n olykAion eivai opoiduopen.

Anédaén. 'Eotww f = u+iv, 6nov u =Ref xou v =Imf. Anéd 1o Ilbpiopa 5.3.4
Betoxouye oxohouvdiee {r,} xou {t,} amAOV TEOYUATINOY CUVIPTACEWY WGTE Ty — U
xou ty, — v. Téte, n s, = 1y + ity elvon amh) xou npogaves s, — u +iv = f.

Av tdpa 1 f elvon @poryuévn, To (Blo toyDeEL XL Yo TS U X0 U XL XUTE GUVETELDL
T — u %o t, — v opodpopgpa. ‘Eneton 6t xou 1 odyxhon e (s,) oty f elvou
OUOLOUOP®T). O

5.5 Aoxnoelg
Ouddo A'.
1. Eoww (X,A) évac petpiooc yodpoc xou wo ouvdptnon f @ X — [—oo, 00].
Aci&te 6t f ebvon petpAown av xou povo av [f < ¢] € A vy xéde g € Q.
2. 'Eow (X, A) évac yetpriolpoc ywpeoc xon f : X — R wo petpAown cuvdptnon.
OpiCoupe ) ouvdptnon g : X — R ue
0, av f(x)eQ
g(x) = f@)
1, ov f(z)¢Q
Aci&te ot 1 g elvon peteriown.

3. Eoww f,g: R = R 80o ocuvoptioeic pye v f va elvar petprioun xou 10 cOVoho
[f # g] va ebvon A—undevind. Acite dt xou 1 g efvon petpoun.

4. 'Eotw wa ouvdptnon f : (a,b) — [—00,00] dote yio xdde 0 < € < b —a o neplo-
PLOUOC f(a,p—c) Vo elvan petpriowun cuvdptnon. Acite 6t n f ebvou uetpriown.

5. Eotww (X, A, u) évac yopoc pétpou, {sn} po oxohoudia anhdv UeTphouwy ou-
vopThioewy xan pla Yetprion ouvdetnon f @ X — R wote s, — f ouoiduoppa
oto X. Acl€te 6u 1 f elvon pporyuévn.

Oudda B'.

6. Adote nopddetypa wiog ouvdptnong f 1 R — R mou va pnv eivon Lebesgue pe-
Tpfiowun, evod ol | f| xon f? elvon Lebesgue petpriotuec.

7. Eow f: R — [0, 00] wa abZovoa ouvdptnon. Aceilte 6t undpyet pa adouoa
oxohovdia {s,} mov amotereitan and adlovoec anhéc cuvapthoec e s,  f.

8. Eotw (X, A, i) yopoc yétpou xou {E,} axohoudio otoyelwy tne A.
(@) Av p(E,) < 5= v xdde n € N, deléte 6t p({z : xpg,(z) - 0}) = 0.
(Ynodden: Yuundeite to lo Afupo Borel-Cantelli.)
(B) Ioyvel to tponyoluevo cuunépacya pe Ty acevéstepn unddeon u(E,) — 0;

9. Eotww f: R = R wa cuveyhc ouvdptnon,.
(o) Aci&te 6u n f anewoviler F, obvola o F, cOvoha.

(B) AceiZte 6t f anewovilel Lebesgue petpriowa abvoha oe Lebesgue petprioua
oOvoha av ot Pévo av yia xdde A C R pe A(A) = 0 wyler xou A (f(A)) = 0.
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10. 'Eow (X, A, 1) évag yopoc uétpou. Trodétouvye ot yio xdde o € R pog diveton
éva yetpriowwo olvolo E, € A tétowo dote:
(i) T a < B elvau By C Eg,
(i) wytet Uper Pa = X xou
(i) Moer Eo = 0.
Aci&te 6T undpyet yetprown ouvdptnon f : X — R tétowa dote yio xdde a € R
Vo oy bouy o e€fic: av x € By, tote f(x) < aevd av z ¢ E, t6te f(z) > a.
11. Eotww (X, A, u) yopoc nencpacpévou uétpou xor oxohovdia LeTpAoUlwY cuvop-
moewv fn 1 X = R pe v e&rig Wdtnra: yio xdde © € X woylel
sup | fn(x)] < o0.
neN
Aci&te ot v xdde € > 0 undpyouv A € A xou M > 0 dote
WX\ A) <e xa vy xdde x € A: sup|fn(z)| < M.
12. Xpenowomnowvtog Ty ouvdptnor Cantor-Lebesgue Peelte plo cuveyr ouvdptnon
g : R — R xou wa Lebesgue yetpriown ouvdptnon h: R — R tote n ho g va uny
elvan Lebesgue yetprown.
13. 'Eotw E Lebesgue petpfiotpo utoctvoro tou RF ue A(E) < 0o %ot éotw f 1 E —
R Lebesgue petpriown cuvdptnon. Opilovue ) ouvdptnon wy : R — R ye
w(t)=A{z € E: f(z) > t}).

(o) Aei&te 6t n wy elvan @Oivouoa xou cuveyfic and de€id. Xe mowd onueia eivan

ACUVEYTNS;

(B) Av ou f,f : E — R civar Lebesgue petpfiowes xu f, 7 f, deilte 6u

wyr, S wr.

Owpdda I'.
14. 'Eow fp : R — R Lebesgue petpriowes cuvapthoeig xou o € R. Aei€te dtu av

SoA(: fule) > a}) < oo,
n=1

t61e undpyel Z C R pe A(Z) = 0 dote limsup,, frn(z) < a v xédde © € Z°.

15. 'Eoww f, : R = R Lebesgue petpriowec ouvaptioeic o oxohoudia (&,,) detinddv

apldudy pe €, — 0. Acetéte 6L av
o0
Z A({z: folz) > en}) < o0,
n=1
t61e undpyel Z C R pe A(Z) =0 dote fr(x) = 0 yia xdde x € Z°.

16. Eotw f:[0,1] x [0,1] = R wa ywpiotd ouveynis cuvdptnor, Snhadnh cuveyhc we
mpoc xdde yeToAnTy ywetotd. Aci&te 6t i f elvon Borel petpriown.

17. 'Eow f, : [0,1] = R wa oxolovdia Lebesgue petpriowy ouvopthoewy. Aellte

otL uTdipyel oxorova Vet TpaypaTiedy aptduody (ay,) xou cbvoro Z C [0, 1]
pe A(Z) =0 vote

lim ——= =0, vy xddex e Z°.

n—oo



Kegpdhawo 6

OAoxArpwpa

Ye autd 1o Kegdhowo o atdyoc elvon va xataoxevaotel 10 ohoxhrpwua Lebesgue
yio petpholec ouvapthoelc. Bploxdpaote howmdy o éva yohpo pétpou (X, A, 1) xou
pereTdpe mpaypotixée () uyodixée apydtepa) petpriowes ouvaptioee f : X — R.
Ot Wotntec nou Ja Yéape va 1kavomorel 1o ohoxhApwpa elvor oL e€ic:

(i) Av A€ A, w6te [ xa du = p(A) 6mou x4 1 yopaxTneloTixs cuvdptnot tou A.

(if) To ohoxhpwua eivon ypouuxd: av f, g yetphiowes ouvapthoelc xou a,b € R
To1€E

/(af+bg)dy:a/fd,u+b/gdp.

(iii) To ohoxhfpwpa ebvon «detixdy av f petprown ocuvdptnon pe f > 0, téte xou
[ fdp > 0. H duétnra auth elvon @uoixd 10odvaun pe ) povotovie: av f, g
peTphioes ouvapthioels xau f > g, tote xou [ fdp > [ gdp.

H xartooxevr| aut o yiver oe tplo Bruota:

(o) Opilouue t0 ohoxhipwpo Lebesgue yio un apvntixéc anhéc cUVAPTHOES (OTE
vou ieavoroovvtan o (1) xou (ii) mopamdve.

(B) Opilouye t0 0hoxhApmpa YLo U dpVNTIXES HETPHOMES ouVapTHoES Bactlouevol
oY HOVOTOVIOL X0 GTNY TEOGEYYLOY TETOLWY GUVILTHOEWY Ud OmAEC.

(v) Ogiloupe t0 ohoxhipwpa YeVixd ypnowonowsviag ) oyéon f = fT — f~.

Iapddhnho pe autr Ty mopeia Yo anodeiloupe uepinéc mON) Bacixéc WBIOTNTES TOL
ohoxhnpouatoc Lebesgue xou blodtepa xdmolo amoTeEAECUATO CYETIXG UE TY) CUUTE-
pLpopd tou oloxAnpwuatoc Lebesgue we mpog 0 cUyYXAon oxohouh®Y UETEHOWWY
CUVOPTACEWY.
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Lyfuo 6.1: OhoxAfipmuo amihc cuVAETNoNG

6.1 AmnAEc pn ApvNTIXES UETPNOUWLES CLUVARTH-
oclg

Optopdc 6.1.1. Eotw (X, A, 1) évac yodpoc uétpou xou f: X — [0, 00] pior amhA
un 0EYNTIXY CUVAETNOT UE XAVOVLXY) LOP®T

f= Zaju(Aj) (6.1)

(dnadh f(X) = {a1,...,an} xou Ax = f~(ay)).
Téte opiCoupe T0 oroxhnpwua ¢ f va elvar 1 tocdTnTa

[ dn=>" a4, (6.2)
j=1
6mou €youpe xdvel T obuPacn 0- 0o =00 -0 =0.

Iopatnehoeis 6.1.2. (o) Eivaw dueco onéd tov opopd 6t [ f dp > 0 xon av
A€ A tote:

/xAdu = u(A). (6.3)

(B) Tougwva e tov opoud, éxovpe [ f dp =0 av xou pévo av p({z € X : f(z) >
0}) =0.

IMo va anodetgouue whpa v Teoc¥eTndTnTa TV OhoXANEWUATOS UE Bdon Tov
TPATAVE 0plopd YpeetalouaoTte To e€fg:

Adfppo 6.1.3. Eotw (X, A, 1) évag xdpos pétpov kar f : X — [0, 00] pia amdrj
ovvdptnon Tov ypdeetar wg:

f=3 bixs, (6.4)
j=1

yia kdrowa by, by, ..., by, ka1 By, Ba, ..., By, uetprionua ka1 Eéva avd 60o. Tore:

[ in=>"biu(s,) (6.5)
j=1
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Anédaén. Alywe BAEBN punopolue va unodécoupe Gt U;n:l B; = X (oA, Yéto-
viog Bmt1 = X\ U;n:l Bj ot by p1 = 0 8ev odhdler xdt). Eotw howndv 6t f
€)EL xovovixY| Hop®n
f = Z AiXA;-
i=1

Ago0 n f eivar amhf ouvdptnon, av A; N B; # B eivaw guowd a; = bj xou emhéov
tloyVouv oL e€Ac ToauToTNTES:

(Az N Bj) nol Bj = LnJ(Al n Bj), (66)

1 i=1

A=

T

J

6mou xou oL dvo evdoel eivan Eévee. Etol, éyoupe:

i=1 i=1 j=1

i=1 j=1

n n

=D D bu(AinBy) =Y by (AN By) = ijM(Bj)~

j=11i=1 Jj=1 i=1
O

IMpétaocm 6.1.4. Eotw (X, A, u) évag xdpos pérpov, f,g: X — [0, 00] 8o anAég
un apvnuikés ovvaptrioes ka1 a > 0. T'éte 1wy vovy ta e€ng:

(i) To olokAApwua €fvar <opoyevégy:

/afdu:a/f dp. (6.7)

(i) To odoxArijpwpa €lvar «mpooOetikdy:
/(f+g)du=/fdu+/gdu~ (6.8)
(i4i) To olokARpwua efvar <povdtovoy:
av f<gotoX tdte /f dug/g du. (6.9)

Arnédaén. 'Eotw
n m
f:ZaiXAi o g=ijXBj
i=1 j=1

oL XOVOVIXES Hop®EC TwV f xal g.

(i) Tote naf = > 1  aa;xa, ebvon 1 xovovixdh popph e af xou dpa

/af dp = Zaaiu(Ai) = aZaiu(Ai) = a/f dp.
i=1 i=1
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(ii) H owoyévewa (A; N Bj)(; 5y amotehelton and Zéva avd 800 chvoha xou apol
fHg=> (ai+b)xans, (6.10)
4,J
(emahndedote 10) COUPEVOL YE TO TOPATAVE UM EYOUUE OTL
[+ 9= 3"+ byt )
2

= D_aip(Ai NV Bj) + 3 bin(Ai N By)

()

ai Y p A-mBj)+ijZu(AmBj)

j=1 =1 =1
1(A;) +iju /fdu+/gdu

(B A; = U;'L:l(Al N Bj) xau Bj = Ji_,(4; N By).

<.
<.

)

I
M:

N
Il
-

I
M:

i=1

(i) H (g — f) eivon un apvnund| anhf cuvdptnor xou dea ord To (ii):

/gdu:/fdu+/(g—f)du2/fdu,

omwe VENYE.
O

IMogathenorn 6.1.5. Toupwva pe ta (1) xou (i) e terevtaioc Ipbdtaone, To
Arppa 6.1.3 woylel xou ywelc v undldeon ot ta B; elvan Eéva, apo:

/ijXBde = ij /XBde = iju(B )
j=1 j=1 j=1

6.2 Mn apvnTIXEg UETPTOLUES CUVIULTNOELS

Enextelvoupe thpa TV 0pIoHG TOU OAOXANPOUATOS YO 1) EVITIXES HETPNOWIES GU-
vopthoeis. Ivopilovpe and to Bemenua 5.3.3 6t yio xdde f un apvntind yetpriown,
unopolpe vo Bpolue abZouoa axohoudia (S,) Un dEYNTIXMY OTAGY CUVIPTHOEWY UE

Sn /( f

Emniéov, av s wa tuyoboa amhy yetpriown cuvdetnon pe 0 < s < f oto X, dua

Béhape va oy el
/ s dp < / [ du,

UE TOV Oploud TNG TEONYOUHEVNS ToRAYEd(POoL Yio TO fsdp. E¢" 6cov uropolue va
Bpolue houdy anhéq uetphioles s 06081 mote xovTd (and «xdtwy) oty f odnyoluo-
ote otov e€NC OploPo:
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Opiopde 6.2.1. Eow (X, A, p) évoc ydpos wétpou xou f @ X — [0,00] wa
un apynTer weteriown ouvdetnon. Opiloupe tdte t0 odorArpwua g f va elvon 7

TOcOTNTA

/f dp = sup {/s dp ;s omhf cuvdptnon pe 0 < s < f} . (6.11)

Puowd, o oplopdg aUT6C cLUPKVEL te Tov Oploud 6.1.1 TOU OAOXATNEWUATOS YLl ATAES
ocuvopthoel, agod av 1 f elvon amhf To supremum vlonoieitan Y s = f and
povotovior Tou oAOXANEMUUTOS Yior amhés W apvntxée cuvapthoelc (Ilpbtaon 6.1.4

(iii)).
Av A € A, opllouue
/ fdu= /fXA du, (6.12)
A

0 odorAfpwpa s f oto A. Eivau dpeco éu [, f du € [0, 00] xou enione

/deu=/fdu~

ITpotaocy 6.2.2. Eotw (X, A, ) évag xdpos pétpov, f,g: X — [0,00] Vo un
apvnuikés petprioues owvaptrioes, A, B € A ka1 éva a > 0. Téte wyovr ta e€ng:

(i) To olokAfpwua €lvar «opoyevégy:
/af du:a/f du (6.13)

(i) To oloxAripwpa €lvar «povdtovos:
Av f < g oto X tdre /f dp < /g dp. (6.14)

(ii)) Av A C B tdre

d f du. 6.15
/ f u < / L ( )
(iv) Av ,u(A) =0 77’ av f =0 oto A, téte

/ fdu=0. (6.16)
A
Anddaén. (i) Av a = 0 n Inrobuevn eivor npogovic. Av a > 0 tdpa, €youye:

/afdu:sup{/sdu:san)\v’]pEOSSSaf}:

:sup{a/sdu:san)\r’]peog Sf}:
a a

5
a
asup{/td,u:tom)\r']ps()gtgf}a/fdu.
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(ii) Autd TpoxdnTEL EUXONN At TOV TPOTO TOU OPIGUUE TO ONOXAAPWMOL: OV § Lot OTAT]
ouvdptnon ue 0 < s < f, tote Yo elvon xou 0 < s < g. Apa

{s:samipe 0<s< f}C{s:soamhfue 0<s<g},
xaou dpa mpdryportt [ f dp < [ g dp.

(iii) H oyéon A C B exgpdletan u€ow YopaxtnploTXMY CUVIPTHACEMY od TNy X4 <
xB (yoi;). Apo, ebvon xou fxa < fxp xon 1o ovunépaocpa éneton ond to (ii).
(iv) Av f =000 A, t61€ fxa = 0010 X xaudpa [ fxa du =0, 5nad [, fdu = 0.

Eotw 6t p(A) = 0 tdpo. Av s amhfue 0 < s < fxa, t6te 1 s Yo pundevileton é€w
and 1o A xou dpa Yo €yel wa TopdoTaon Tng LopPhc

n
s = E aiX4;, omouv A; C A vy xée i, Eéva avd dVo.
i=1

Apa Yo elvon
/s du = Z%M(Ai) = Zai -0=0.
i=1 i=1

Aol autd woyver Yo x8de omhf s ue 0 < s < fxa ebvou xou [ fxa dp = 0, Snhadh
J4f dp=0. O

ITap” 6ho mou ot mapamdve WLOTNTEC TOLV OAOXANEGUATOS anodelydnxay oyeTixd
ebxola, pe tov Optopd 6.2.1 mou dwoope dev elvon xoddrou Tpoavrc N tpoodetxdtn-
oL TOU OAOXANEOWOTOS, dnhadh dtL av f, g : X — [0, 00] 800 pn apvntnée, petprolpes
GUVOPTACELS, TOTE

/(f+9)dM=/fdM+/gdu. (6.17)

Iot vor amodei&oupe v npootetixdtnta Yo Baciotobue ot 500 Tohl Baowxd Yewpriato
oUyxMong, To Oempnua Movétovne Loyxhorng tou Lebesgue xat to Aupa tou Fatou.
Oa ypelaotolyue apynd to e€ic Afupa, mou Ya yevixeudel apydtepa otny §6.2.1:

Afppa 6.2.3. FEotw (X, A, n) évag xdpos puétpou kar s : X — [0,00] pua anAsj
un apvnrikf ovvdptnon. Tére n ouvdptnon v : A — [0, 00] pe

v(A) = /As dp, (6.18)

yia A € A etvar éva uérpdl] oo ydpo (X, A).
Anédatn. Av

n
5= E ajXA;
j=1

1 xavovixt| pop@n tne s, tote yoo A € A unohoyiloupe:

v(A) :/ sdp = /SXA dﬂzzaj/XAmAj du = Zaju(AﬂAj),
A j=1 J=1

OTOL YENOWOTOCOUE TNV TOWTOTNTA XAXB = XAnB. Opws, to ;i A — [0, 00] ye
wi(A) = p(ANA;) ebvon évo u€tpo, 0 TEPLOPLOUOS TOL [ 6TO Aj, %ol XAUTE CUVETELY
oy Vel To (B0 xau yioe To v, agol a; > 0 vy xdde j. O

'H v Myetan adpioto odoxArpwpa Tne s ©S TEOS L.
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INo va mpoyweriooude oty anddelln twv Paowwy Yewpnudtwy cdyxhone Yo
Yeewotolpe Ty évvola tou liminf,, yiog axohoudiog cuvorwv: Av (A,) ula axohou-
Yo utoouvorwy Tou X, Vétoupe

liminf A, = {z € X : 0 x avixel oc dho telxd o A, }. (6.19)

Tougpwva ye y doxnon 1.4 (doxnon 4 tou xegoraiou 1), éyouvue Ty tawtdTNTY
liminf A, = (] () 4. (6.20)
" n=1k=n
Tougwva ge Ty doxnon 2.2 whpa, av emmiéov o X elvon évag yopoc wétpou (X, A, u),
oy VEL 1 avlooThTAL:

p(liminf A,) < liminf pu(A4,). (6.21)

H anddelén Ohwv autdV TV TEAEUTAUWY IOYUELOUOY AQHVETIL WS GoxnoT. XEeNnoLlo-
TOLOVTOG TA ToEATAve Setyvouue Aowmév to e€hc:

Oceopnpa 6.2.4 (Afuua tou Fatou). Eotw (X, A, p) évag xdpos pérpov ka
frn: X = [0, 00] pa axodovdia un apvnuikdv petprioiuwy owvaptioewy. Tote:

/lim inf f,, dp < lim inf/fn dp. (6.22)

Arnddeiln. BOswpolye tn cuvdpetnor f = liminf, f, n onolo eivon petprown and v
Ipbtaom 5.2.4 xou pio amhfy cuvdptnon s pe 0 < s < f oto X. Ou dei€oupe 6Tl

/s dp < liminf/fn du. (6.23)
n

Iood0vaya, Yo dei€oupe 6T v e € (0,1) audaipeto oy e

s/s dp < liminf/fn dp.

‘Eoww € € (0,1). Oewpolue to shvola
AL =[fnzes| ={zeX: fu(z) >es(x)} (6.24)

xa opoTnEolUe OTL elvon petefiolda xou emmiéov liminf,, A5 = X: Ipdyuatt, yio
z € X av s(z) =0 t61e npogavie = € AS vy xdde n, eved av s(z) > 0, téte

es(z) < s(z) < f(z) = linhinf ful(x)

ot ot (amd tov oplopd Tou liminf, f,,(x)) urdpyet ng dote yio xdde n > ng vo etvor
es(x) < fn(z). Eto, npdypatt x € AS, vy x&dde n > ng xou dpot & € liminf,, A%.

Ané tov opioud tou A éyouue ot
Jn(w) > es(x)xa: () ot0 X (6.25)

HOL XOLTH CUVETELL:

/fndu2€/sx,4i duza/ s dp = ev(As)
A

€
n
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6mou v A — [0, 00] T0 pétpo tou Afupatog 6.2.3 yio TRy anhf cuvdptnon s. Katd
ouvénelo and ) oyéon (6.21) xou v wdtnta liminf,, A5 = X éneton 6

lim inf/fn dp > eliminf v(A;) > ev(liminf AY) = ev(X).

Ouowc, v(X) = [y s du xou dpo mpdrypat

liminf/fn duze/s du,

Tou yioe € — 17 Bivel v (6.23). Metd, nalpvovtac to supremum névew o€ OAEC TIG
anhéc petprotuec s pe 0 < s < f éneton to {nrodpevo.
O

IMépiopa 6.2.5. FEotw (X, A, 1) évas xdpos pérpov kar fr, + X — [0,00] pua

axolovdia un apvnuikoy petprioiuwy ovvaptioewr. Av n f, ovykdiver katd onpueio
o€ uia ovvdptnon [+ X — [0,00] ka1 emimAéor f,, < f oto X ya kdOe n tdre

/ f dp = Tlim / fo dp. (6.26)

Anddeln. Ou epappdoovue to Afppa tou Fatou: elvan liminf,, f,, = f xou dpa:

/f dy = /liminf fndp < 1iminf/fn dp <

glimsup/fn dug/f du,

agoV f, < f oto X. "Apa, Ohec oL aVIGOTNTES Elvol IGOTNTES XOU XAUTE CUVETELR

lirrln/fndu:/fdu.

Ewwotepa €youpe to e€¥c mtohd onuavtixd [ldpioua:

IMogwopa 6.2.6 (Ochpnuo Movétovne iyxhong). Eotw (X, A, u) évag xdpos
pHérpov kar f, + X — [0,00] pa avéovoa axodovdia pun apvnutikdy petprioipwy
ouvvaptioewy. Av f = lim, f,, téte

/fn duf/f dp ya n — oo. (6.27)

Anéoeitn. H anddelén eivan dueon and to mponyoluevo Afupa, agod f, < f oto
X. O

Xernowomoldvtog thpa o Oewpenua Movédtovng Liyxhong éyouue évav Tohd mo
Bolxd tpémo va yewptldpocte to ohoxhipnpa: T o f @ X — [0, 00] pn apvntind,
uetprown Beloxoupe and 1o Oewenuo 5.3.3 wo adlouoa axoroudia (s,) amhédv un
QPVNTIXWY CUVIRTHCEWY UE

sn /' f.
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Téte, obupuva pe to Ildpiopa 6.2.6 sivou

/fd,u:lim/sndu.

Ané auth Vv napathenon énovton To e€ng:

IMépiopa 6.2.7. Eotw (X, A, u) évag xdpos pétpov kat f,g: X — [0, 00] 8o un
apvnTikés petpnoues ovvaptioers. Tote:

(i) To olokArjpwua efvar npooetikd, dnAadri
J+gran=[1aus [gan (6.25)

(ir) Av f < g oto X ka1 emmAéov [ f dp < oo, tdte

/(g—f)du=/gdu—/fdu. (6.29)

Anddaén. (i) Onwe einope xou oy T dartinwon Tou toplopatog, Beioxouye adZou-
oec axohoUES (Sn)n xot (tn)n KN KEVNTIXAOY ATAGY GUVAPTACE®Y UE S, 7 f xou
t, /' g. Tote, n oxohoudio (sy, + ty)n elvon enione wa aEovoo axohoudio un apvr-
TIXWY ATADY CUVAPTACEWY XAl

Sp+tn S f+g.

Yuvenog, and 1o Bevpnua Movétovne Liyxhiong éyouue

/(f+g) d,uzlim/(sn—i—tn) duzlim/sn d,u—i—lim/tn du:/fd,u—&—/gd,u,

OTIOV YENOLLOTOCUUE TNV TPOGVETIXOTNTA TOU OAOXATPOUATOS YOl TIC ATAES GUVAE-
THoelS Sy, xou by, (Ilpbtaom 6.1.4).

(i) Ou f xou g — f ebvan un apvnuxée petpriowes ouvaptioels xou dpo and To (i):

/fdu+/(g—f)du=/gdﬂ-

Agol emnhéov [ f dp < oo, omé v teheutaia éneton mEdypaTt OTL

/(g—f)du=/gdﬂ—/fdu~

O

Av thpa emiyelpiooupe vo avtixataothooude to liminf oto Afuua tou Fatou ue
lim sup nofpvouye to e€¥ic Buind amoteréoportas

Ocewpnpa 6.2.8. Eoww (X, A, u) évag xdpos uérpov kar fr, : X — [0,00] pua
axolovdia un apvnuikdy uetprioipwy ouvaptrioewy. Tote:
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(i) Av vndpyer a g : X — [0,00] perprioun dote f, < g yua kide n ka
J g du < oo, téte

/lim sup f, du > lim sup/fn dp. (6.30)

(i) Av n (fn) ovykdiva katd onpeio o€ ua ovvdptnon f: X — [0,00] pe fr, > f
ot0 X yw kd0e n ka1 emmAéov vndpyer a g : X — [0,00] doze fr, < g ya
kdOe n ka1 [ g dp < oo, tére

/f duznrrln/f,,b dp. (6.31)

(iii) Av n axodovdia (fy) etvar pOivovoa ka1 [ f1 dp < oo, téte ya Ty f = lim, f,
1wy Ve

[ twdu [ 1 an (632
Andbeaén. (i) Egopudélovue to Afjupo touv Fatou yio tmv oxohoudio (g — fi)n xou
gyoupe 6T
/liminf(g — fn) du < liminf/(g — fn) dp.
n n
Opwe, av (a,) wo oxohovdio tporypatixdv aptdumy xo a € R, 1oybouy ol oyéoeic:

liminf(a, + a) =liminfa, + a xou liminf(—a,) = —limsup(a,) (6.33)
n n n n

2Ol GOl 1) TUPATIAVG YRAPETAL OC:

/g du—/limsupfn dug/g du—limsup/fn dyt.
n n

Yuvdudlovog auth pe ™ oyéon [ g du < 0o cuurepalvouue 6Tl TedypaTL
/hm sup f, du > lim sup/fn dyt.
n n

(ii) Hpoxdnter and to (i) axpBne 6nwe mpoxintel to Ibpiopa 6.2.5 and 1o Afupa
tou Fatou. Ot Aentopépeiec agprivovton wg doxnon.

(ili) Hpoxintel dueoo and to (ii) av napatnpiooupe 6Tl 1 g = f1 xuptapyel Ohec Tic
fr, ONA00Y fr, < f1 yio xdde n.
L]

HMapotApnon 6.2.9. H unddeon tne Onopdne wac petphounc g : X — [0, o0]
TIOU VL €XEL TEMEPATUEVO ONOXANPWUO XOUL VO xUpLaEYEL OXeC TIC f, 0TO TpoNYolUEVO
Vewpnua dev unopel vo mopaelpiet.

Anddeaén. Av dewpricovpe yio mapdderypa tnv axoloudio cuvopthioewy f, : R = R
BE fn = MX(0,1/n) TOQATNEOVUE OTL OAEC OL f,, elvon uetpriotues, frn — 0 xatd onueio
xou [ fr dp =1y xédde n. Zuvende o (6.30) xan (6.31) dev odndetouy. O

K\etvouue auty| tny evétnta napatnecviag 0Tl To ohoxAfpnuo Lebesgue cuune-
PLPEPETAL XOAGL XOUL WG TIEOC TIS OELRES UN AeVNTIXADY cuvapThoeny. TIo cuyxexpéva:
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Oceopnua 6.2.10 (Beppo Levi). Eotw (X, A, pu) évag xdpos pétpov kar f :
X — [0, 00] pa axodovdia un apynuikdy petprioipuwy ovvaptrioewy. Tote:

/i Fo dp = i/fn dp. (6.34)

n=1 n=1

Andoaén. Av 9éooupe
gm = fr+ fat .ot fim,

*4OE gy, elvon petpRown xou yio T ouvdptnon f =Yoo | fn oylel:
Im S f yoom — oo.

Yuvenwg, and 1o Bewpnua Movéotovne Xiyxhiong €youue Ot

/gfndu:/fd/L:ligln/gmduzlglng:l/fndﬂz

6mouv oty Tl WoTTAL Yenowwonomoope Ty (nenepaopévn) tpocYeuxdTnia Tou
ONOUATIPOUOTOC. O

i/fn dp,

n=1

H €vvoia tou «oyxeddv navioly»

‘Eotw (X, A, 1) évag yodpoc uétpou xou P(x) o BdTnta ov apopd to. oTolyel
x € X. Ou Mue 6u n P(z) woylel u-oxebdr tavtol av 1o chvolo

Z ={z € X :n P(z) dev arndelet}

ebvan p-undevind (Yuundeite tov Oplopd 2.3.1). Ou ypdgouue 6t n P oylel p-o.r.. H
oaxohovldn npdTaoT Belyvel OTL oL «Blotapayés oe p-UNndevixd cUvolay dev ennpedlouy
TO OAOXATIPWMAL:

IMpétaocm 6.2.11. Eotw (X, A, p) évag xdpos pétpov kar f,g : X — [0, 00] 6o
un apynuikés petpnoiues ovvaptnoels. Tote wyvovy ta €€ng:

(i) Av f =g p-o.m., e [ f dp= [ g dp.
(i) f=0 p-o.m. av ka1 uévo av [ f dp = 0.
(iii) Av [ f du < 400 wdre f(z) < +00 p-oxeddv ya kide x € X.
Arnddein. (i) O¢tovpe Z = {x € X : f(x) # g(x)} xou napatnpodye 61t Z € A (apo?

f, g petphiowec) xau dpa and tnv unddeon u(Z) = 0. Luvende, YpNOLLOTOUIVTIS TO
(iv) e Ipdtaone 6.2.2 tpdypott:

/fdu: fdu:/ gdu:/gdu~
X\Z X\Z

(ii) Av f =0 p-o.m. t61e and 1o (i)

/fduz/OduzO.
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Av néh [ f dp =0 9étoupe A = [f > 0] xou mapatnpolpe 6t ov A, = [f > 1] t6te

elvan
Ouwg

dnhadh p(Ap) = 0 yioe x&de n. "Encton howndv 6t eivon xou p(A) = 0 xon Gpor mpdryport
f=0 p-o.m.

(iii) Av [ f dp < +oo Hétouue B = [f = +o0] xou B, = [f > n| xou nopotnpeodue
6t B C B, vy x&de n. Opwg

nu(B)énu(Bn)Z/ ndué/ fdué/fdm
Goa 0 < p(B) <
f < oo p-o.m.

J f dp vy x80e n. ‘Ereton howndy 6t pu(B) = 0 xou dpor mpdypott

1
O

Anéd vy npoéTaon auty éneton OTL oty piot WLOTNTA Wiog cuvdpTnone f Loy Vel p-o .
61 10 ohoxMjpwpa e f B Vo adhdEel av urnodéoouue OtL loyvel toavtol. ‘Etot,
UTOEOUUE VO YEVIXEVOOLPE Yol mapddetyuo to Ildplopa 6.2.5 unodétovtag 6t 1 f,
ouyxhivel ot f p-o.m. xou 6t f, < f pro.m.. ‘Oyola umopel var yevixeudel xou to
Oedpenua 6.2.8. Xtn cuvéyela Yo YENOLUOTOLOVUE QUTEC TIC WBLOTNTEC TOU KOYEBOY
navToly ywelc Wiodtepn wvela.

6.2.1 To adplocTo OAOXAN LU

Ye auto 1o onueio Ya entyelpioouue va yevixeboouue to Afppa 6.2.3. Alvouue tpdta
Tov €& oploud:

Optopdc 6.2.12. 'Eoto (X, A, u) évac yopog pétpou xar f: X — [0,00] pat un
apvnTiey uetpriown ouvdptnon. Opllouyue ) ouvdptnon v : A — [0, 00] e

v(A) = /Af du (6.35)

yio A e A H v Aéyetu adpioto odokAfpwpa tng f ws mpog .
O1 Booixéc 1BLOTNTES TOL 06ELETOL OhoXANEGUATOG elvan oL e€Xc:
Ieétacy 6.2.13. FEotw (X, A, p) évas xdpos uérpov, f: X — [0,00] pa un
apynTIKY LETPNOIUN oUrdpTNOT KAl V To adpioto okokAnpwua tns f ws npog p. Téte
1wyYovy ta €€ng:
(i) To v eivar uérpo.
(i) Av A€ A ue u(A) =0 tdre eivar ka1 v(A) = 0. E|

2Av yia 800 wétpa p xon v toyVet auth N WBiéTHTe, Adue 6T To v elvon andAuta ouvexés
WG TEOG 4 XU YPAUPOVUE V K (L.
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(iii) Av g: X — [0,00] pua petprionun ovvdptnon, tdéte

/g dv = /gf dp. (6.36)

Andbaén. (i) Eivaw mpogavéc 6t v(0) = 0. T v apduiowun npoodetixédtnra,
Yewpolpe pror oxohouvdia (A,) Eévev avd dvo otoyelwv e A xou Yo del&ovue 6Tt av
A=J7" A, tote v (A) =500 v(A,), dnhedr 6t

/Af dp = ;/A f du. (6.37)

Agol ta A, ebvon Eéva avd 800, cuunepalvouue 6Tl éva atolyelo € X aviixel oto A
oV X0 UOVOV oy avixeL oE €vol ovadixd A, emouéved

o0
XA = Z XA,
n=1

xou Gpa m (6.37) yYpdpeTton e

/ifon dp = ni_o:l/fXAn dp

mou etvan axpBng o Oewpnua Beppo Levi yia tic fr, == fxa,,-
(if) To éyoupe amodeilel RdN oo (iv) e Hpdtaone 6.2.2.

(iii) Oa omdooupe TNV anddelln oe PAuata, axolouddvTac TNV uéxpet o Topela Tou
0pLOUOU TOU OAOXANEMUATOS.

Brjpa 1. Av 7 g eivon tg poperic g = x4 yia xdmowo A € A.

Ye auth v mepintwon, vroloyilouye

/gdv:V(A):/Afdu:/gfdu.

Brjpa 2. Av 7 g eivon amhn cuvdptnon g wop@hg
9= Z AjXA;-
j=1

Ye auth) v meplnTwor, yenowonowvtac to Brua 1 xou T YeaumuxotTnTo T0U 0lo-
XANEGUATOG €Y OLUE:

/gdu:Zaj/XAj duzzaj/XAjfdM:/gfdﬂ-
j=1 j=1

BrAua 3. H g ebvon tuyoboo un apvnuxy| uetpriow.
Ye auth) v meplntwon, urnopolue va Beolue wa ad&ouco oxohoutio amAwyY un dp-
VITIXDY CUVIPTACEWY (Sn)n UE Sp 7 g. Xenowlomowdvtoc To Bhua 2 téhpa éyouue

o’
/sn dV:/snfdu
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v xdde n xon dpa, yio n — 0o and o Ocdpenua Movéotovng Loyxhione €neton Xt 1

/ng=/gfdu7

ool ot (Sy) xou (Sp f) elvan adZouoec axohovdiec. O

Yy o6Ao. And tny Ipdtaon 6.2.13 mpoxintel guolohoynd to e€hc epwtnuo: Av [
xou v 0o pétpa oe évay yopo (X, A) dote v < g eivon amopaitnto 10 v va €xEl
™ pope e oxéone (6.35); Autd To epitnua eivan apxetd dvoxoho. To Oedpnuo
Radon-Nikodym nou Yo anodei€oupe oto Kepdhowo 10 divel didpopec cuvdixes und
¢ omoleg awtd Loy VEL.

6.3 OAOXAMPWOOLUES CLUVARTNOELS

K\elvouye autd to xepdiato ye To teAeuTaio GTABL0 TOL OPIGUOY TOU OAOXATPOUATOL:
70 ONOXM PP Y10l CUVAPTACELS UE TWES 0T0 [—00, 00] xau pryadixéc cuvapthoeis. Ap-
yiloupe pe v npdn nepintwon: Eotw wa petprown cuvdptnon f : X — [—o0, 00].
Ouundeite ) Baowur ToutdTNTA

f=r=f

omov ou f1 xaun f7 elvon un opvntiéc petprioes ouvapthoec. Av Yewphiooupe Tpog
STIYURY OTL €xoupe oploel Evar OAOXAPOUA VLol OAEC AUTES TIC CUVIPTNOEL f, TO omolo
va emextelvel Tov oploud e §6.2 xou auTéd elvon ETTAEOV YRUUUIXO, avaryxooTixd Yo

Loy el
[tau= [t =[5 an

IMo vo opiletan xoAd auth) 1 TOGOTNTA GUWE TEETEL VoL ATOPUYOUPE XATUCTAUCELS TNG
popprc 0o — co. Alvouye hotndv tov €N 0plopo:

Opgiop6c 6.3.1. 'Eotw (X, A, u) évac yopoc pétpou xan f : X — [—00,00] pa
HETENOWY cUVEETNON.

(1) Av woyber Toukdyotov pla omé g [ f dp < oo xau [ fT dp < oo, téte Mue
6Tl 10 ohoxATpwuo tne f opiletar xou Vétoupe

[ran=[rau= [ an (6.33)

(ii) Av oyouv xou oL dvo apandve oyéoel, dnhadh [ frdpu<oo xou [ fdu<oo,
t6TE N ouvdpTtnon f Aéyetal odokAnpdoiun xou Tkl YETouyE:

[ran=[stau [ an

ITapatrenon 6.3.2. Xenoomowdvtag Ty TautdTnTa
fl=r"+7

TopoTNEOVUE OTL Wi YeTpriown ouvdptnon f elvon ohoxinedoiun ov xan Ydvov av
J 1l dp < o0
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Abyw g teheutaiog Tapathpnone odnyoluacTte oTov €€ 0pLoUd Yol TN LY odixH
neplntwon:

Oplowoé¢ 6.3.3. 'Eotww (X, A, 1) évag yopog pétpou xau f 1 X — C wo petpfiowun
owdptnon. H f Aéyetaw odoxAnpdoun av [ |f| dp < oo.

Av u = Ref xou v =Imf, téte n f elvar ohoxhnpdoudn av xou UOVOV av oL u Xou v
elvan ohoxhnpidotues (ylorel;), dnhadh ov xon LOHVoV o Tol OAOXANEMUT

/u+ du, /u_ du, /v+ dp xou /v_ du

elvon memepaopéva. Xe auth Ty nepintwon YETouE QuoLxd:
< ,

/fdu:/udqui/vdu (6.39)
Onhadn

/fdu:(/uJ”du—/u_du)—i—i(/zﬁ’du—/v_du). (6.40)

Eniong, av A € A 9étoupe xon mdAL

/Af dp = /fXA dp. (6.41)

SupPoriloupe pe Li (1) 10 60vOro TV 0OAOXANEOOWLY cuVapTHoEWY Tou Opt-
opol 6.3.1 xou ue L1(1) 10 oOvoro TV ohoxhne®otuwy cuvapthoenmy Tou Optopol
6.3.3. Oa avanti&oupe ot cLUVEYELX TIC WBLOTNTES AUTGY TV XOewv. O anodellelg
Twv avtlotolywy IHpotdoenv xa Oewpnudtwy woldlouv oA xou yio autéd Fo ooy o-
Andolye ouctaoTixd wévo ue v mepintwon tou L1(u). Koheltow o avoyvdotng va
ouumhnenoeL boec anodelieic vl tov Lk (1) dev elvon movopotdTuTES.

Ilpétacn 6.3.4. Eotww (X, A, p) évag xapos nézpov, f,g € L1 (u) kar a,b € C.
IoxYovr ta e&ng:

(i) O xcpos L' (p) etvar ypapjurds xdépos, dnAadi af +bg € L (k).
(ii) To oloxAripwua otov L1 (1) efvar ypapjnxd, dniadr
/(af—&-bg)du:a/fdu—l—b/gd,u. (6.42)

Anddaén. (i) H ouvdptnon af + by elvon guoixd yetpioyn xon omd Ty Teryovixy
AVICOTNTA LXAVOTOLEl TNV
|af +bg| < lallf| + [bllg]

XOUL XOUTEL CUVETIELL €)Y OUUE

/Iaf+bg| dug\a|/|f| du+|bl/lgl dji < 50

and TN YEOUULXOTNTO TOU OAOXANOWUATOS YLoL U] OPYNTIXES UETENOWES CUVAPTHOELS
ITpbtaon 6.2.2 (ii) xou IIépopa 6.2.7.
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(ii) Tt v npoodetixdtnor unodétoupe apyxd 6Tt o f xou g Tadpvouv Tpée oto R
xon ¥étoupe h = f + g € L1(p) and to (i). Térte, and T YVOOTH TUUTETNTA YLoL TO
VeTind xou 1o apvnTixd uépog €youue OTL

e —h™=f"—f"+g"—g"

1 10080 vapo
Rt +f +g =h" +ft+g".

Ouwg, OheC oL EUTAEXSOUEVES CUVOIPTNOELS EIVOL TCEA (1) EVNTIXES XL XAUTE CUVETELNL:

/h*du+/f*du+/g*du:/h*du+/f+du+/g+du

7 omolo Aol GAa T ONOXANEWUOTA EVOL TETECUCUEV YRAPETOL K

/h+du—/h_du=/f+du—/f_du+/g+du—/g‘du

1 1ood0vaua
/hdu:/fdu—k/gdu.

3 yevin mepintwon, 9étovye u1 = Ref, v1 = Imf, up = Reg xon vy = Img. Torte,
and T oyéon (6.39) xou and Tov TEAEUTHO UTONOYIOUS EYOUUE:

/f+ng=/(u1+uz) du+i/(v1+vg) dp =

_(/mdu+i/v1du>+</quu+i/v2du)—/fdu+/gdu.

T T opoyévewr tdpa: uodéToupe xou TaAL Yio opy ) 6Tl 1) f malpvel Tyég oTo
[—00, 4+00] xau a € R. Téte, av a > 0 €youpe Tic oYEoELC

(af)" =af" xu (af)” =af”

xal dpat o AT TNV TeplnTwon etval

/afdu:/aﬁ dyf/af’ du:a/fd,u.

Av méh a < 0 ov avtioToyee oyéoelc naipvouy TN Lopn:
(af)" = —af” xau (af)” = —af*

(yrotl;) dpor mdhL oy et

/afduz—a/fﬁ du—|—a/f+du=a/fdu.

Av topa 1 f elvon yevixd plor yryadixy) cuvdptnon, yedgouue u = Ref xoau v = Imf
xot tote Yo a € R ebvon

/afd,u:/aud,u—l—i/avdﬂ:a/fdu
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ané Tov TeonyolUevo uoloyiopd. Av a = i, téte ebvan af = —v + iu xou dpot

/fd,uz—/vd,u—l—i/udu:i/fdu

YenotprorodvTog xat tdht Ty (6.40). T tn yevixdtepn nepinTtooT tdpd, av ¢ = T+iy
pe z,y € R éyovpe 6T

[t du= [t +ivs) du= [of duv [ivs du—
:x/fdu+iy/fdu:a/fdu.

IMopatRenon 6.3.5. Av f e LY (u) 4 f € LL(1) xn A, B € A 8o Eéva olvola,
T61E LoyLel 1 € TawtdTNTOL!

O

fdu :/ f du+/ g du. (6.43)

AUB A B
Arnddeiln. Agol ta A, B eivon Eéva toylel 1 oy€on XAauB = XA + XB X dpa TO
ouumépoopa gneton ond to (i) e napamdve tedtaone. O

3 ouvéyela amodexvioude 6Tl To OAOXAPWUO ToU oploaue elval TEdYHATL o-
vo1ovo Omwg Béhaue. Puod autd Bev €xel VONUA YLoL LY OBIXES CUVOPTHOELS OTOTE
, ; 1
douletouue oty xhdom L (1).

Ipétaon 6.3.6. Eotww (X, A, p) évag xopos pétpov kar f,g € L1 (1) pe f < g

p-o.7. oto X. Tére
/f dp < /g du. (6.44)

Andbaén. Oewpolye to chvoho A = [f = oo] xou Topatnpolue bt

/Afdu=/Agdu=oo-u(A)-

Ané 1o avédoyo e Hpbdtaone 6.3.4 v 10 yodpo Lk(p) éneton 6t gxae — fxac €
L3 (1) xon emmiéoy:

/nglt:/Acfdqu/Ac(g—f)dpz/AcfdM’

apol g — f > 0 p-o.m.. Apa tehind:

/gdu=/gdﬂ+/ gduz/fdwr/ fdu=/fdu-
A Ac A Ac
Ipétaon 6.3.7. Eotw (X, A, i) évas xdpos pétpov kar f € L(p). Tére:

‘/f du‘ S/\fl dp. (6.45)
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Anédaén. Av [ f dp =0 tote To {nrotuevo elva mpogavéc. Te avtidetn neplntwon
Yewpolpe excivov tov a € C wote

’/f d,u‘ :a/f dp (6.46)

xau Toportneolue 0Tt e Bdorn tny Ilpdtaon 6.2.4

’/fd,u‘:a/fd,u:/afd,u.

Ouwe, 1 aplotepy] TO0GOTNTAL Vol TREOYUAUTIXY Kol dpol YENOULOTOWWVTAG TN O)EoT
(6.39) xaw v teheutala Hpdtoaon éxoupe

]/f du‘=/Re(af) n< [lasl du= [ 11]

apol |a|l = 1), 6mwe YéENauE. O
(agpol |a] = 1), W

Kietvoupe 10 xepdhoto ye éva mohld Bacxd demdpnua clyxhiong: 1o Oswernuo
Kuptapynuévne X0yxhione tou Lebesgue. To dedpnua autd €yel 1o mAeovéxtnua
ot eappoleton ot avdaipeteg ueTprowes cuvapthoelc oe avtieorn pe to Afuuo Tou
Fatou ot to Oewpnuo Movétovne LOyxhione mou 1oyUouy HOVo Yol U1 GEVNTIXES
CUVOPTHOELS.

Ocebpnpa 6.3.8 (Ocpnuo Kuplapymuévne Loyxhone). Eoto (X, A, 1) évag xdpos
pnézpov, fr, + X = C pua akodovdia petprionuwy ovvaptrioewy ka1 f : X — C dote
fn = f p-o.m.. TroOéroupe éu emmAéov vndpyer pa ovvdptnon g € Lk(n) doze
|fn] < g p-o.m. oto X. Tdte o1 f,, ka1 n f efvar odokAnpdoipes kar 1wy ler:

/ |fn = fl dpu— 0. (6.47)

Ané avtrj tn oUykdion énetar éni

lim / fo dp = / f dp. (6.48)

Andbeaén. Kot apyde, apol |fp] < g p-o.m. éneton 6

/\fnlduS/gdu<oo,

dNAadh fn € L1(1) v x80e n. Emnhéov, agol f, — f p-o.m. émeton 1 f ebvou
petphiown xau | f| < g p-o.m.. ‘Apa ebvon xou f € L1(p).

T v (6.47) topa, mopatneodue 6Tt 1 cuvAxy Tng UTapEne W TéTolg ou-
viptnone g Yuuiler v avtiotoyn cuviiun oto Iépwopa 6.2.5. H |f, — f] eva
ot oxohoudior un apvnTixdy petpRouwy cuvapthoewy, |fr — f| — 0 p-om. %o
|fn— f] > 0. Aol emniéov

|fn—fl <29 p—om xau /QQdu<oo
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gneton, and to Iléplopa 6.2.5. , 6TL

i [ 1£, - 1] du=o.

INo v tehevtalo {nroduevn, €youpe 6Tt

‘/fndu—/fdu‘=‘/(fn—f)du’S/Ifn—fl a0

xou dpor Loy Vel xou 1) (6.48). O

IIépwopa 6.3.9 (Ochpnua Ppoyuévne Loyxhoneg). Eotw (X, A, p) évag xdpos
nenepacuévou uétpov, fn + X — C a akodovlia petpfiouwy ouvvaptioewy ka
f:X — C dote f, = f p-o.m.. Ymobérouvue 6t emmAéoy vndpyer M > 0 cdote
|fn] < M p-o.m. oto X. Téte o f,, ka1 n | elvar odokAnpdoiues kar 10y ver:

[15.= sl dn o,

Ané avtn} tn oyklion énetar ot

lirlgn/fnd,u:/fd,u.

Anédeién. Eivow dueco and 1o Oewpnua Kuptapynuévne Loyuhong ov napatnecouue
ot M otodepn cuvdpnon g(x) 1= M elvor oOhoXANEMOUN: TEAYHOTL

/Mdu:M-u(X)<oo.
O

XxoAio. Me 10 mapandvey Jemdenuo oAoxAneaveTon 1) Slodixacia oplopol Tou olo-
xinpdpatog Lebesgue xau 1 anddeiln twv Pacixay tou wothtwy. H B n mopelo tou
oaxohouUcoUE Yo TOV Oplopd Yac Blvel pia uédodo anddellng VEmY anoTEAEoUATOV:
Av ¥éhouye va anodetgouye 6Tl pa tpdTaoy P oy Vet Yo xdde oAoxAnemaolun cuvde-
mon f oxohoudolue morkéc popéc ta e€Vic Priarta

1. ArnoBewviouye apyxd Ty mpdTaon otny neplntwon mou 1 f elvon e pop@nic
f = xa yw xdnowo A yetpriowo.

2. XpnoWomoloUUE TN YROUULXOTNTO TOU OAOXATPOUNTOS VLol VAl AnodelEOUUE TO
anotéhecya oty nepintwon mou 1 f elvon un cevnTuer xou omh.

3. Xenowwomololue Ty TeocyYlon and amhéc CUVIPTACEL. GE GUVBLOOUO UE TO
Oetpnua Movédtovng Lioyrhiong ywr va anodeiloupe Ty medtacy 6Ty xAdom
TWV U1] AEVNTIXOY UETEHOWWY CUVIRTHOEMV.

4. Téhog, Moyw tne toawtdtnroc f = fT — f7 yevixeloupe to anotéheopo Yo
TUYOUCO OAOXANEWOULY CUVAETNOY UE TEAYHATIXES TUES XL OTY) CUVEYELDL UE
pyodixée and v tawtétnTa (6.39).

H teyvin mou nepiypddoye woic ebvan Wioktepa cuvriing otn Oewplo Métpou xau Yo
T XEYNOLLOTOCOUUE TOAAES (PORES TAPAUXETE.
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6.4 Aoxroeig

Oudda A'.

1.

10.

11.

‘Eotww (X, A, ) yopoc yétpou xou f : X — [0,00] ohoxhnpddon cuvdptnon.
Opilovue F': [0,00) — [0, 00| pe

F(t) = p({o € X : f(x) > 1)),

Aci&te 6t n F eivan @divouoa, ouveyhc and delid xou limy oo F'() = 0.

. AclEte 6t f[l 00) L d\(z) = 4o0.

. Bepeite i oxorovdia {f,} petpriowwy cuvoapthoewy f,, : R — [0, 00] mou weoavo-

motel ta e€hc: fr, = 0 odhd lim,, f fn dX = 1. Mnopeite va emré€ete v {fn}
€ToL OOTE Vo OLUYXAIVEL opolduoppa oTr undevixtr) ouvdetnor; Ti cuyPaiver av
fn 10,1 = [0, 00);

‘Eotw (X, A, ) yodpoc pétpou. Trodétouvpe 6t f xau fr,, n € N elvou un apvntixnéc
HETPHOWES GUVAPTAHCELS, [ \ f, xou untdipyeL k tétolog wote [ frdu < oo. Aefite

ot
/fd,u: lim /fnd,u.
n—oo

. 'Boww (X, A, 1) yodpeoc yétpov xan f : X — [—00,00] yetpriown ouvdptnon.

Trodétouye 6t f > 0 o Av [, fdu = 0 yw xdnow petphowo olvoho E,
dellte 6m u(E) = 0.

. 'Eotww f: R — [0, 00] pn apvnuixd Lebesgue petpriown ouvdptnon. Acite

/ fdx= hm fdAf lim f dA.
- o0 J{f>1/n}

‘Eotw (X, A, 1) xHpoc pétpou xar f un dpvntnd) ohoxANedolr) cuvdptno.
Aci&te 6T

/Oofdu:lim fdu.

—o0 o0 J{f<n}

. 'Eoto fR — [0, 00] ohoxhnpmoiun cuvdetnon. Eivaw cwotéd 6t lim, 4o f(x) = 0;

Av n f elvou emimhéov ouveyhc;

. Bewpnviag TIc oLUVOPTAGES fr = X[nnt1) OcllTe 6TL 070 Arupa Tou Fatou 1

avio6tnTa unopel va elval yviota.

‘Eotw {fn} wo axohoudio un apyntindy HETpHOOY CUVAPTACENY OE €val X(OPO
uétpou (X, A, ). Eivon cwotd bt

lim sup/fn dp < / <lim sup fn dﬂ) ;
n—oo n—oo

Av npocdécoupe v unddeon 6t n {f} ebvou opodpoppa peayuév;

(Avioétnta Chebyshev-Markov) ‘Eotw (X, A, u) xodpoc pétpou xan f : X —
[0, c0] piar un cpvnTied| petpfiowun ouvdptnot. Tote yia xéde ¢ > 0 eivon

p({z e X : f(z) > 1)) < /fdu
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Oudda B'.

12,

13.

14.

15.

16.

17.

18.

19.

20.

21.

Eotw f xou fr, n € N un apvntixéc HETEAOLUES CUVIRTAHTELS OE EVal XpO UETPOU
(X, A, 1) pe fn < f yiaxdde n € N xa f, — f. Acite 6T

/f du:ngnolo/fn dp.

‘Eotww {fn} oxoloudio Lebesgue ohoxhnpioiuwy cuvapthcewy oto [a,b]. Av
fn = [ ouyoldpopgpa, dei€te 6t 1 f elvon ohoxhnpwouun xan ot fab |fro—fldX — 0.
‘Eotw 6t o f, fr, elvon ohoxhnpaotpec ot éva odpo pétpov (X, A, u) xau fr, 7 f.
Mropolue var cuurepdvoupe 6t [ f, du — [ f du;

‘Eotww f, fr, ohoxhnpdoipes ouvopthoels oe éva ywpo uétpou (X, A, 1).

Av [|fn— f] dp— 0, 8elEte 6t [ fr dp— [ f dpxn [ |fp] du— [ |f] dp.

‘Eotww f, fr, ohoxknpdolpes cuvapthoelc ot éva yopo wétpou (X, A, i).
Av [|fn—fldp — 0, 8elte 6 [, fr du — [ f dp yio xdde petprioywo obvoro
E,xu [ ffdu— [ fT dp.

‘Eotww f un apvnuxh ohoxknptoun cuvdptnon oe éva ywpeo pétpou (X, A, n).
Aci&te bt v xdde € > 0 undpyer petpriowo cvvoro E pe u(E) < oo tétolo

WoTE
/fdu>/fdu—€.
E

Emmiéov, beléte 611 To E pnopel vo emheyel €tol wote 1 f va elvan gpaypévn
ot E.

‘Eotww f un apvnuxh ohoxnpioun cuvdptnon oe éva ywpeo pétpou (X, A, u).
Aef€te 6t v xdde € > 0 umdpyer 6 = 6(e) > 0 pe v eZhc Wbt oy
W(E) <0, tote [, f du <e.

‘Eotw f: R — R un apvntixf Lebesgue ohoxAnpdown cuvdptnon. Acilte bt n
ouvdptnon F(z) = [“_ f dX elvon ouveyfic.

‘Eotww évac yodpoc uétpov (X, A, ) xau f, fn, n € N un opvnuxéc petprioec
ouvapthoelc Ye fr, = f xou

lim fnd,u:/fd,u<oo.
n—oo

Aceite 6T

lim fndu=/fdu
A A

n—oo

yioe x8de petpriowo cvvoro A € A. Adote mopdderypa mou va delyvel 6TL awtd
dev woyler av [ f dp = oo.

‘Eotww f petpon ouvdptnon ot éva yipo pétpou (X, A, p). Acite dtun f eivan
ONOXATIPOCLUN oY Xl UOVO oy

Y 2"u{Ifl > 2¥)) < cc.

k=—o0
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22. Aciéte 6T
oo n x n
/ e *dr = lim (1 — f) dr = 1.
0 n—oo Jq n

23. Tnoloyiote (awtiohoydvoc TAApwe T amdvinoT 6oc) To

n

lim (1 — (z/n))"e*/ ?dux.

n—oo 0

24. Eotw {fn}, [ ohoxhnpdoipes ouvopthoelc oe éva yohpo wétpou (X, A, i) xou €6t
otu fr, = f oyedov mavtol. Aeiéte 6Tt

/\fnff\duﬁo oV oL HOVO OV /\fn|d,u%/|f|du.

25. Eoto (X, A, 1) évac yodpoc pétpou xou f ula petprion cuvdptnon.

(i) Av f >0 oyeddv navtol xaw av f, = min{f,n}, w6t [ f,, dp— [ f dp.

(ii) Avn f ebvon ohoxdnpdoiun xou f, = max{min{n, f}, —n}, w6t [ f, du —

[ f dp.
26. Eotww [ : [a,b] — R Lebesgue ohoxinpmoiun cuvdptnomn he tny Wbiotna
fdx=0,
[a,x]
v x&de x € [a, b]. No dei€ete 61 f =0 A—o.n. o70 [a, b].

27. Aciéte 6T

1 1 3/2
nx n
n—o0 [, 1+ n4x n—o0 Jq 14+ n2x2

X

Oudda I.
28. Trnohoyiote (ue mhien autiordynon) to

i /ﬂ2 (1 — m)n cos xdx.
0

n=0

29. Eoto {fn}, {gn} xo g ohoxdnpdoyes cuvaptioeic ot éva ydpo pétpou (X, A, p).
Trodétovue 6Tt | fn] < Gn, frn = f, gn — g (Ohat autd oyedOY TavTol) xan Ot
[ gn dp — [ g dp. Acilre 6T n f ebvor ohoxdnpdown xou 6t [ fr, dp — [ f dp.

30. 'Ectw f Lebesgue petpfiowun xaw oyedov tovtod tenepoouévn oto [0, 1].

(i) Av [, f dX = 0 v xdde petprowo E C [0,1] pe AM(E) = 1/2, delite 6
f=0A—o.n. ot [0,1].
(ii) Av f > 0 oyedév mavtov, deite oninf{ [, f d\: A(E) =1/2} > 0.
31. 'Eotw E éva Lebesgue petpfiowo unochvoho tou R¥ ue A\(E) < coxou f : E — R

pot yvnoloe Yetnr| petprown ouvdptnor. Aceléte 6t yia xdde o > 0 undpyet
0 >0 wote, av A C E éva Lebesgue petpriowo obvoro ye A(A) > «, téte

/Afd)\z&
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32. 'Eotw pa ouvdptnon f € L0, 1], ouveyhc oto 0. Na deifete ot v x&de n xou
1 ouvdptnon fn(z) = f(z™) avixel otov L]0, 1].

33. Eotww (X, A, u) évac yoeoc pétpou xou fr, : X — R axoloudia ohoxhnpdotuwy
CUVIPTACEWY UE

> [l dn < oc.
n=1

Aci&te 6t

(1) Hoewpd Y oo fu(x) cuyxhiver oxeddv vy xdde = € X.
(ii) H ouvdptnon Y oo fn elvor ohoxdnpdotun xou

/(andu> Z/fndu

n=1 n=1

34. Sradepormotolpe 0 < a < b xau opilovye fn(z) = ae™ "% — ne="*. AgiZte 6t

S [ ildr=o
n=1"0

| (Zh) dA#Z/ fu dX.

n=1 n=1

pide

35. Eotw k,n € Nye k < n xo Ei,...,E, yetpfoya utocivoha tou [0, 1] ye tnv
e&fic WdtnTor xdde = € [0, 1] avixel oe touhdytotov k ond ta Eq, Es, ..., E,.
Aci&te 6t undpyet @ < n dote u(E;) > k/n.

36. 'Eotw {q, : n € N} wa apidunon tov pntédy tou [0, 1] xou éote (a,) axorovdia
TEAYUATIXOY aptdudy Ye Y |an| < co. Ael&te 6ti 1 oeipd

sz \/|x*%r‘

ouyxhivel anohltwe oyeddv avtol oto [0, 1].

37. Oewpolpe ) owvdptnon f: R = Ruye f(z) =272 av0 <2 < 1 xa f(z) =0
ode. Oewpoldye wa apldunon {r, : n € N} tov pntdv xou 9étoupe

= f — n)
:z:l(xQn’" .

(i) AciZe 6t g € L(N). Edidrepa, deilte 6t |g] < oo oyeddv mavtod.

(i) Aelgte 6t n g elvon acuveyfic oe x&de onuelo xou dev elvan Qpaypévn oe
XOVEVAL BLACTNULOL.

(iii) Aei&te 6T 1 g% dev ebvar ohoxhnpdon oe xavéva didoTtnua, T GAo Tou
g% < 00 oyedby mavTol.

38. Eotw f:[0,1] — [0, 00 un apvnuxh ohoxinpdaoudrn ouvdetnon. Acei&te 6t

lim / V(@) di(z) = {z: f(z) > 0}).

n—oo
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39.

40.

41.

42.

43.

44.

‘Eotww f:[0,00) = R g ohoxinpdown ocuvdptnon. Ta z > 0 opllouye

o(z) = / T F (e dA(t).

Agi&te 61 n g ebvon ouveyhc xon limy 4 o g(z) = 0.

‘Eotw fy, : [0,1] — R Lebesgue petpfiowun cuvdptnom pe

1
(%) / B dA®) <1,

v xéde n € N.

(1) Aci&te 6u vy x&de ¢ > 0 undpyer 6 > 0 dote av E C [0,1] Lebesgue
uetpriowo pe A(E) < 8, t6te [, [fo| dX < € yia xdde n € N.
(ii) Ael&te 6t T0 ovunépacua tou (i) dev woydel av 1 (x) avixatactodel ond
v fo 1 fa(®)] dA(t) < 1 yio xdde n € N
‘Eotww (X, A, ) xtdpoc yétpou xou f uio ohoxAnpdouun ouvdptnon. Av E, = {z :
|f(z)] > n}, va deilete 6w n - u(E,) — 0 xadde n — oco.
‘Eotw f: R — R wa Lebesgue ohoxAnpoowun cuvdptnon,.
(i) Av [, f dX =0 yia xdde avowtd ovvoro U pe A(U) = 1, deilte 6n f =0
oYEdOV ToVTOU.
(i) Av [, fdX= [z [ dX, yiaxdde avoutd oivoro G, Beilte bt f = 0 oyedov

TV ToU.

Eoto (X, A, u) yoOpoc wétpou xou o ouvdptnon f € Li(p). Trodétouye d1t
urdpyer otadepd C' > 0 wote [, f dp < C yio xéde petpiowo ohvoro E neme-
poouévou pétpou. Acite 6t

/de;LSC’.

Ioyler o oupmépaoua ywelc TNy unddeon g ohoxinpwoudtnTog T f;

‘Eotw wa axolovdlo Ay, Ag, ..., A, ... Lebesgue petprioiuwy unocuvéiwy tov R
ue tic e€ng WLoTNTES:

(o) A(Ag) > 1/2, v xdde k xou
(B) AMArNA;) <1/4 yoxdde k # s.

AelEte 6T



Kegpdhawo 7

20YHALOT oaxOAOL VLDV
METENOLUWY CUVIOTNCEWY

I'vweilouvye omd v Hpaypatxr Avdhuon Tic évvolec Tne xatd onueio xoL tng ogol-
6UopPNC CUYUMONE AXOAOUTLOY TEOYUUTIXWY CUVAPTACEWY. LUYXEXQEVA, av X éva
olvoho, fp + X — R pia axorovdio cuvopthoewy xou o f: X — C, Mye 6Tt

fn = f ratdonpelo av fi(z) — f(z) v xdde z € X (7.1)

nou

fn = f opotbuopgo av || fr, — flleec — 0, (7.2)
dnhadf av yia xdde € > 0 vndpyel no(e) € N dote

[fn(z) — f(z)] <&, yxdde n > ng xou xdde x € X.

Y10 xe@pdrono autd Yo ueketicouue Bidpopeg dAAeS €vvolec lYXAONG oXOAOU-
Yoy petpowwy cuvaptioewy ot éva ywpo pétpou (X, A, p) xo Yo eZetdoouue
didpopec oyéoelg petald toug. To amoteléopata autic g popghc elvon WBlodtepa
yerowa oty Oewpla Irdavothtwy xodoe eivon to Boaoixd epyalelo yia Ty anddelln
oploxdv Yewenudtwy. Evdewtind, nopanéunovye oe omoodnnote Bi3hio yetpoden-
enteddv Hdavotitwy yia tic anodei&elc tou Ioyupod Néuou twv Meydhwy Aptiudy
xo Tou Kevtpixol Oplaxod Oewpriuotoc.

7.1 Koatd onueio xol opolopoppr cOyYXALon

O ouviielc xatd ornueio xan ouoldpopen clyxhion dev elvan WBlaltepa yeHOWES OTN
Ocwpla ITavotAtwy, dTou pag anacyoroly @avoueva Tou dev cUUPUivoLY «TTavVToLY
ahhd cuyPaivouy «BéBaoy, dniady) pe mdavéotnta 1. ‘Etol, éyouue Tic e€fc aode-
VEOTEREC €VVOLEC CUYXMOTG:

Optowoe 7.1.1. 'Eoww (X, A, u) évac yopoc pétpou, fr, : X — C o axoloudia
peTpowny cuvapthoewy xa f : X — C petpriowrn ouvdpetnon. Tote Aue 61

(i) H {fn} ovyxhivet oty f xotd onueio p-o.m. av undpyer Z € A ye u(Z) =0
oote fr(z) = f(z) yiaxdde z € X \ Z.
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(i) H {fn} ovyxhivet otnv f opoibpoppa p-o.m. av undpyer Z € A pe u(Z) =0
oote f, = f ouotduoppo oto X \ Z, dnhodr

sup {|fu(z) — f(z)| ;2 € X\ Z} - 0 yio n — o0. (7.3)
(i) H {f,} eivon opotdpopgo Cauchy p-o.m. av vndpyer Z € A ye u(Z) =0 dote:

T %dde € > 0 va utdipyet ng(e) € N dote: yia x&de m,n > ng xa yio
%xée x € X \ Z vowoyle |fn(z) — fn(z)| < e.

Etvor qavepd and toug oplouole 6t av f, — f ouoldpopga -o.1. toTE %01 fr, — f
xotd onuelo p-o.m.. Enlone, av n {f} ouyxhivel opodpoppa u-c.1. oe pio cuvapTno
f, tote n {fn} ebvar xou opordpoppa Cauchy p-o.x..

Ioyber xou to avtioTpogo tou Teheutaiou LoyvplouoL:

Iedétaocr 7.1.2. Eoww (X, A, p) évag xdpos pétpov kar fr, : X — C pa axo-
Aovlia petprionuwy ouvaptiocewr. Av n {fn} efvar opoiduoppa Cauchy p-o.w. tdte
vndpxer petpriomun owvvdptnon f : X — C woze f, — f p-o.m.

Anéoaién. I'vwpllovye E| ot av 1 frn : A = R elva ogoldpoppa Cauchy téte undpyel
wo f: A = R dote f, = f ouyodpoppa oto A. Egopudote autd 1o anotéhecpa
oto obvoho X \ Z énouv Z 1o olvoro mou PBeloxovue and tov Opopd 7.1.1. Ou
AeMTOUEQELEC APVOVTAL WS oA, O

Amnodewxviouye thpa Tic Paoinés WBLOTNTES TwV cUYXAoEWY Tou oplooye:

Ieétacy 7.1.3. Eoto (X, A,u) xdpos pétpov, fr, + X — C pa axodovdia
petpiouwy ovwvaptioewy kat f,g: X — C petprjoes ovvaptioes.

(i) Av f, — [ katd onueio p-o.m. kar f, — g xard onueio p-o.m., Wre f = g
-0 T..

(i) Av fn, — [ opobuopga p-o.m. kar fr, — g opoduopga p-o.m., wWre f = g
U-0.T..

Andbeén. (i) And tov opioud tne xotd onueio p-o.m. cvyxhong, Peloxovue chvola
Zl, Z2 cA ue [L(Zl) = ‘LL(ZQ) =0 wote

falz) = f(z) ot0 X\ Z1 xu fn(z) — g(z) oto X\ Zs.

‘Eto, eivan f(z) = g(z) oz € X \ (Z1 U Z3). To cupnépaopa topo Emeton and 1
oyéon u(Z, U Zy) = 0.

(ii) Eivou dueco and o (i) ool 1 opotdbuopdn pu-c.1t. cOYXAOT CUVETEYETOL TNV XS
onuelo p-o.m. cOyxAlon.
0

Ipétaocr 7.1.4. Eotw (X, A, pn) xopos pétpov, fn,gn @ X — C axodovdieg
petpiouwy ovvaptioewy kar f, g : X — C petprjoiues ovvaptioe.

(i) Av fn, — [ katd onueio p-o.m. ka1 g, — g katd onueio p-o.m., Téte Yia kde
a,b € R evar ka1 af, + bg, — af + bg kard onueio p-o.m..

Ly, ané v Heaypatioch Avéiuon
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(ii) Av f, — [ ounoiduoppa p-o.m. ka1 g, — g opoWbUOPPaE [1-0.T., TéTE Ve kdDe
a,b € R etvar ka1 af,, + bg, — af + bg opoduoppa p-o.m..

Anddaén. (i) Opowa ye tnv mponyoluevn anddelln, Peloxovue clvora Z1, Zs € A ye
w(Z1) = p(Z2) =0 dote

falx) = f(z) ot0 X\ Z1 xu gn(x) — g(x) oto X\ Zs.
‘Etol, vz € X\ (Z1UZs) ebvan afp(z)+bgn(z) = af(x)+bg(x), dmov u(Z1UZ3) =
0. Hedypott Aowndyv afy, + bg, — af + bg p-o.m..

(i) Bpioxouye mdht cOvoha Z1, Zs € A dote
fn = [ ouobpoppa oto X \ Z1 xou gn, — g opordpoppa oto X \ Zs.

‘Etot, and 1o Yvwo Té yio TV ogolouoppa cUyxMor ebvan afy, + bg, — af + bg ouol-
bpoppa oto X \ (Z1 U Zs). To {ntoluevo éneton tidpo xou méA ool p(Z1 U Zz) = 0.
O

Meétacy 7.1.5. FEoto (X, A, u) xopos pétpov, fn,gn : X — C axolovdieg
petproipuwy owaptioewy, f,g: X — C upetprioues ovvaptioeg kar a, b € C.

(i) Av f, — [ xatd onueio p-o.n. kai g, — g katd onueio p-0.1., ToT€ frgn — fg
Kkatd onpueio p-o.m..

(ii) Av fn, — f opoduopga p-o.1., g, — g opodOpPa pi— 0.7 ka1, €mimAéor, vndpyel
M > 0 dote |fn] < M xar |gn| < M p-o.7. yia kd0e n, wote fngn — fg
OHOIUOPPa [4-0.T..

Anddaén. (i) H anddeiln elvou ovotootind v (B pe to (i) tne nponyoduevng Hpbtoong
20l APHVETOL WE oXNGT).

(i) Kot apyde Yo «poalédoupey Oha tar «xoxdy cOVORAL (OOTE VoL oy VOACOUPE To. fi-
o.m. oTic unodéoeic. XOpQOVA UE TOV 0pLOUO TNG OHOLOUOPPNG U-C.T. GUYXAIONG,
Beloxoupe oOvora Z1, Zy € A pe u(Z1) = p(Z2) =0 dote

fo = f opobuopgo oto X \ Z1 xou g, — g opoduopypa oto X \ Zs.

Ané 1 deltepn unddeon, yio xdde n Beloxouvpe emnhéov alvoro A, € A ue u(4,) =
0 wote |fn] < M xou |gn| < M ot0 X \ Ay,. Oftoupe

Z=72U2ZU ] An (7.4)

n=1

o ToPATNEOVPE 0Tt Z € A %o emmAéov

WZ) < w(Zh) + p(Za) + ) n(An) =0,

n=1
dnhadh w(Z) = 0.
Eotww e > 0. T xdde x € X \ Z ebvon

[fn()gn () = f(2)g(z)| | (fn(@)gn (@) = f(2)gn(2)) + (f(2)gn(z) = f(2)g())]

[fn(@) = f(@)llgn(@)] + [ (@)]lgn(z) — g(2)|
M (| fu(2) = f(2)] + |gn (@) — g(2)]).

IAIA
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agol etvan xou [f(x)] < M oto X \ Z (ywel;). Opwe, cOpgpovae ye tic unodéoele,
Beloxouye N € N dote vy xdde z € X \ Z xou n > N vo elvon

3 3

7 % lgale) — 9(@)| < 50

[Fale) = ()] < .

Katd ouvénewa, e Bdon o mopandve, yio z € X \ Z xou n > N éyoupe

[Fa(@)gn(@) — Fl@)g(@) < M7 =,

xau dpdt frgn — fg ogoldpoppa p-o.m. Omwe VéNaye.
O

Exoho. H ouvdrixn e Urapng opotdpoppou @edyuatos v Ti¢ { frn} xan {gn} oty
TPOMNYOUPEVT TPoTaoT) Oev pmopel vo mapaheipUel. AQAVETOL 1S AOXNCT 1) XATACHELY
evoe avunopadelypotoc.

7.2 XOyxAion xatd HEco
Ac vrnodéooupe npoc otiyphv 61 Beloxduccte ot éva ywpo tdavétntae (X, A, ).

Ou petpriopes ouvapTAOELS OE €val TETOLO YWPO XaholvTal Tuxales peTaPANTES. Av
f X = C wa tuyoda petafBAnty Aowndy, 1 nocdTT

B(f] = [ f dn (7.5)

Meyetan péon tiun) g f xoun elvan, xotd ®Emolo TedT0, TO XEVTPO TNG XATOVOUNS TNG
f. Autd odnyel otov e&ric:

Opiopo6c 7.2.1. 'Eoww (X, A, ) évac xdpoc uétpov, fr, : X — C o axohoudia
peteowy cuvapthoewy xa f : X — C o yetprion ouvdptnon. Tote Aéue otu:

(1) H {fn} ovyxhiver oty f katd péoo av
182 =11 du 0. (7.

(ii) H {fn} eivar Cauchy xatd péoo av yia x&de € > 0 vndpyet ng(e) € N dote: yio
xdde m,n > ng vo oy el

/\fn — [l dpu <e. (7.7)

Eivou xou ikt copée, 6t av puat oxohoudio { fr, } cuyxhiver xotd uéoo ot pio suvdptnon
f, tote elvan xou Cauchy xoatd yéco.

‘Onwe xou oty §7.1 anodewxviouue tweo Tic Pooixés WBLOTNTEG TNE olYXALONG
xatd péoo:

Ieétacr 7.2.2. Eotw (X, A,u) xépos pétpov, fp, + X — C a axodoviia
petpriouwy ovvaptrjoewy kat f,g @ X — C upetprioues ovvaptioes. Av f, — f
katd péoo kar f, — g katd uéoo, tote f = g p-o.m..
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Anéoaén. Ilopatnpodue 6Tt AoYw TG TELYOVXAC AVIOOTNTOC XU TNG YEUUUXOTNTAS
TOU OAOXANPWOUOTOG Yiot xdde 1 Eyoupe

/If—gl du§/|f—fn|d,u+/|fn—g|du—>0

ané g doouéveg ouyxhloew, dpa [ |f — g| du = 0. "Etor, agold
paivoupe 6t |f — gl = 0 p-o.m. A woodlvaya 61 f = g p-o.x..

f—g| >0, cuune-
O

IMpétaocr 7.2.3. Eotw (X, A, pu) xopos pérpov, fn,gn @ X — C axolovdieg
petproipwy ovvaptiioewy kar f,g 1 X — C uerprioues ovvaptioeas. Av f, — f
katd péoo kai g, — g katd péoo, tote ya kde a,b € C eivar kar af, +bgn, — af+bg
katd péoo.

Arnddeiln. To cuunépaoya eivor dueco and t oyéon:

/|(afn+bgn)—<af+bg)y dp < |a\/\fn—f| du+|b\/|gn—gl dp— 0.
O

Yyetund ye Tic oxohoudieg ocuvapthoewy mou elvar Cauchy xotd péoo €youue to
eZhc Boowd anotéheoyor

Ochpnpa 7.2.4 (Riesz). Eoww (X, A, pn) évas xdpos puérpov kar f, : X — C
pia axolovdia petpiouwy ovvaptijoewr. Av n {fn} eivar Cauchy katd péoo, tdre
vrdpyer pa petprjonun ovvdptnon f: X = C dote f, = f xard péoo.

EmimAéoy, vrndpyer vrakodovdia {f,, } tns {fn} dote fn, — [ p-o.m..

Arnddein. Oo xataoxeudoouye 1 {nroluevn cuvdptnon f. Agol n {f,} eivar Cau-
chy xatd péoo, yio xdde k undpyel ni € N dote yio xdde m,n > ny va loyle

/|fn_fm| dlu’< 2%

MrnopoUye pdhioto vo utodécouye 6t ny < ng < ... (yuatl;) xou xotd cuvénewa n { fn, }
ebvon pat umocohovHa tne { frn}. And v xataoxevy| e utaxohoudioc cupnepaivoupe
howndy 6T

1
/|fnk+1 - fnk| dp < 27k (7.8)
vt xéde k. Oewpolye téte TN ouvdptnon F @ X — [0, 00] pe

00
F= Z|fnk+1 - fﬂk|
k=1

O TTUPATNEOVUE OTL EVOL UETEHOWUT] UE

o0 o0 1
/qu:Z/\fnk+1—fnk|du<22—k:1<oo,
k=1 k=1

amd to Oewenuo Beppo-Levi 6.2.10. Yuunepaivouye Aowndy ot F' < 00 p-0.1. 07O
X xou dpa undpyet B € A pe u(X \ B) = 0 dote F(z) < oo v xdde © € B,
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on6Te N 6ed > p 1 (frpss (T) = frp (@) Vot cuyKAiver yia xdde 2 € B. Oewpodye
ouvdptnon f: X — C pe

f(ac) _ {fm (:L‘) + 220:1(fnk+1(x) - fnk (-%')), avz € B (7'9)

0, OLaPOPETLXAL

X0l TOPATNPOVHE OTL efvou PETEVOLWN E| xou emnAgoy yia & € B elvou

f(l‘) = hII(n (fnl + Z fnk+1 fnk( ))) = h]I(nan(.’E)

Yuvenwg, npdyyott fn, — f p-o.m. oto X.

Méver va deuydel uévo ot f,, = f xatd péoo. I x € B napatnpolye 6t

[ () = f2)] =

an( fn1 Z fnk+1 f’ﬂk( ))’ -
k=1

K— %)
Z P (@) = Fug (@) =Y (frr () = frr (2 >>| =
k=1 k=1

o0

Z (fnk+1( ) fnk

k=K

Z |fmc+1 fnk( )|

Kotd ouvénewa, agol u(X \ B) = 0 xou and 1o Octpnua Beppo-Levi eivau

[ - |du<2/yfnk+1 @] i< Y = o =0,
k=K

Télog, €youye 6Tl

/|fk*f\ du§/|fk7fnk|dﬂ+/‘fnk*f‘ dp — 0

xou Gpo fr, = f xatd péoo xoddde k — 00, and TOV TOPATdvVE UTOAOYLOUO XaL TO
yeyovoe 6t {fn} ebvor Cauchy xotd péoo.
O

IMépiopa 7.2.5. Eotw (X, A, u) évag xdpog puétpov, f, : X — C pa axorovilia
petpiouwy ovvaptrioewy kar f : X — C pua perprioun owvvdptnon. Av f, — f
katd péoo, téte vndpyer vrakolovdia { f,,} tns {fn} dote fn, — f p-o.m.

Anddaén. Eiva dueco and 1o Oewpnua Riesz agol n { f} o ebvan emnhéov Cauchy
xatd Y€co. O

2Av Ay = {x: f(z) < b} t6te 10 Ay = (AN B)U(ApNB°) eivan éveron 800 petphowpey
GUVOAWV.

SAve >0, LTdPYEL No WOTE f |frn— fm| du < €/2 bty n,m > ng. Emdéyoviac k > no
WoTE 2% < € €Youue ng > no onodTE, Yia x&de n > no,

Sl = fldpw < [1fn = frl di+ [ 1fng = fldp < 5+ 555 <e
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IMapdderypa 7.2.6. Acv elvor 0wotd 6Tl 1 GUYXAIOY XATd HECO GUVETAYETAL THY
p-0.7. oUYXAoT.

Arndden. Oewpolye v axoloudio yetpriowy cuvoaptioewy frn, : R — R ye fi =
X(0,1), f2 = X(0,1) f3 = X(3.1) fa= X(0,4) fs = X(1,2) X-0X.. Anhady, yia xdde
n Yewpolpe ta dadoyxd oot ufxous + mou xehuntouy To (0, 1) (Eexvdvrac
and o n = 1) xaw yetd ouveyilouue oto n + 1. E@doov 1o pixn twv o tnudtey
autedv telvouv ato 0, elvon copég ot

[ 1@ dz 0,

dNAad” fr, — 0 xotd péso. Aev woylel duwe 6t fr, — 0 p-o.m: Av x € (0,1) évac
dpeNTog, TOTE TO T AVAXEL OE ANELPA DLACTHUNTA TNE LOPPNS (%, %) e 0 <k <n-1
xou Gpa gbvor fr, () = 1 yio dmewpouc delxtec m: dpa, yia dho ta dppnra = € (0, 1), 7
{fm(z)} 8ev cuyxhiver oo 0. O

Mo eqoppoyt) tou Oewpripotoc Riesz elvar to e€hc avdhoyo tne Ipdtaone 7.1.5
yioo T oUYXAoT XoTd YECO:

IMpétaocr 7.2.7. Eotw (X, A, pu) xopos pérpov, fn,gn @ X — C axolovdieg
petprioipuwy owaptioewy ka f, g : X — C uetprioiues ovvaptiioe.

(i) Av fn, = [ katd péoo ka1 emmAéor vndpyer M > 0 dote |f,| < M p-o.m. yua
kd0e n € N, téte | f| < M p-o.7..

(i) Av f, — f katd péoo, g, — g kard péoo ka1 emmAéov vrdpyer M > 0 dote
|frl < M kai |gn| < M p-o.m. ya kdide n € N, téte fr,gn, — fg xatd péoo.

Anddaén. (i) Lopgpova pe to tponyoluevo Yempnua, undpyet utoxorouvta { fr, } e
{fn} mou cuyxiivel oty f xatd onpelo p-o.m. xou dpo To {nTolpevo énetan and Ty
Ip6taon 7.1.5 (ii).

(if) Axorovddvtac v anddeln tne Hpdtaone 7.1.5 (ii) urnopolue vo Bpodue chvoho
Z € Ape u(Z) =0 oote v xdde x € X \ Z xou xdde n € N vo 1oy det

[fn(2)] < M ¥ |gn(z)| < M,

Spa |g(z)| < M ané to (i). Etot, ypdpoupe:

L/m%—mhm /ﬁn%—nm+ww—mﬂw

IN

l/MM%fmdu+/UhfﬂMdu

IN

M/m—mw+M/m—ﬂw%&

YUVeEn®G, Tpdypatt elvon xou frngn — fg xotd péoco.
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7.3 XOyxAiomn xotd LETPO

Opiopoéc 7.3.1. 'Eow (X, A, 1) évac ydpeog yétpou, fr, : X — C wo axohoudia

peTenowWwy cuvaptioewy xa f : X — C wo uetprown ocuvdptnon. Tote héue ot
(i) H {fn} ovyxhivet oty f katd pérpo (f xatd mdavétnta), av yio xdde € > 0

u({e € X ¢ |fule) — f(@)] 2 €}) =0 (7.10)

dnhadr, av yio xdde € > 0 xou xdde § > 0 vndpyet no(e,d) € N dote: vy xdde
n > ng va Loy Vel

u({z € X |fule) — f@)] > <)) <4

(ii) H {fn} ebva Cauchy kard pérpo av yio xdde £,0 > 0 vndpyel no(e,d) € N
Gote: v xdde m,n > ng vo Loy el

n({e € X ¢ [fule) = funla)] > €}) < 4. (7.11)

Oa pog avel ToAd ypriown ota mopoxdtw N e€Xg:

IMapatrienon 7.3.2. Av f,g: X — C 80o yetprioyec cuvapthoelg, toTe Yo xdde
a,b > 0 woyleu

p({z: (@) +9(@)| = a+b}) <p({z: [f(@)] = a}) + p({z : |g(x)] > b}).
H ondédelln e avicdtnrag agphveton we doxnon.

Ané v nopandve oyéorn topa, elivon opxetd eupavéc 6t av pa axorovdio { f}
ouyxhivel oe Wit ouvdptnon f xatd pétpo, téte N {fr} ebvon xan Cauchy xotd pétpo
— va o enolndedoete.

Ieétacy 7.3.3. Foww (X, A, u) évag xdpos puétpov, fr, : X — C pa akolovlia
petpropuwy ovvaptioewy kai f, g : X — C 6Vo uetprioues ovvaptioes. Av fr, — f
katd pétpo kar f,, — g katd uétpo, tote f = g p-0.T..

Arnddeiln. ‘Eotww € > 0. Téte, and v mogathipnon mo méve, yia xdde n etvau:

u(fa @) =g(@)] > e}) < p{o: |f@)~fa@)| = SH+n({a: | fale)—g@)] > 5})

0 omolo cuyxiivel 6To undév xadde n — co. Apa pu({z € X : |f(z)—g(z)| > €}) =0
yioe xée € > 0 xou xatd cuvénew f = g p-o.m. (yoi;). O

Ipétact 7.3.4. Eotw (X, A, 1) évas xdpos pétpov, frn,gn : X — C axodovdies
petpriouwy ovvaptioewy kat f,g : X — C Vo petprioueg ovvaptijoes. Av f, — f
katd pétpo ka1 gn, — g katd pétpo, tote ya kdde a,b € C etvar af, +bg, — af +bg
katd uétpo.

Anédeitn. Mnropolye va unodécoupe 6t a # 0 xou b # 0. To {nroduevo éneton dueoa
and T oyéon:

p({z : [(afn(z) + bgn(2)) — (af (z) + bg(x))] > €})

< p({z: | fulw) - f(2)] = ﬁ}) +{ lon(e) = 9(2)| 2 5p}) = 0

%xadOg 1 — 00. LUUTANEWOTE TI AENTOUERELES WS BOXNOT). O

3
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Oa YENETACOLYUE TOPX TNV CUUTERLPOPd Twy oxolouhodv {fy} mou elvar Cau-
chy »otd pétpo. I autd Yo ypelaotolue Ty évvola tou limsup,, pag axoroudiog
ouvOhwv: Av (A,) yo axohoudio utocuvorewy Tou X Vétoupe

limsup A, = {z € X : t0 = avhixel oe dnepa o tAdoc and o Ay} (7.12)

Yougwva ye v doxnon 1.4, éyouye Ty TowTHTNTA

limsup 4, = ﬁ Ej Ag. (7.13)

n=1k=n

Yyetxnd pe o limsup,, piog axoroudioc cuvOrwY loylel xat o e€hc Baoixd amoTéle-
[oVieHs

IMedétaocm 7.3.5 (1o Afupa Borel-Cantelli). Eotw (X, A, 1) évag xdpos pégpov
ka1 (Ay) pie axolovdia otoryeiwr tng A. Av

> u(Ay) < o,
n=1

tére p(limsup,, A,) = 0 6nAadr) p—oxeddy kdde x € X aviker o oAU o€ menepa-
opéva and ta A,

Avty elvon 1 doxnon 2.3. Ov anodel€elg TV Topamdve LoyUplopdY TapaheltovTon XoL
APHVOVTAL WG UGANOELS OTOV OVOLYVWOOT.

Xenotponoldvtog Aotmdv autd o epyoheio amodewxviouye to e€Rc:

Oeopnua 7.3.6. Eotw (X, A, u) évas xdpos pérpov kar fr, + X — C pa axo-
Aovllia petpriouwy ovvaptioewr. Av n{f,} evar Cauchy katd puétpo, téte vndpyer
mia petpioun ovvdptnon f: X — C dove f,, — f katd uérpo. EmmnAéor vndpyer
vrakodovdia {fn, } tns {fn} doze fn, — [ p-o.m..

Anddaén. Aol n{fn} eivan Cauchy xatd pétpo, yio xdde k Pploxovpe ny, € N dote

1 1 ,

1 ({x € X :|fn(x) = fin(2)| > 216}) <o T xé&de m,n > ng.
Mdhiota, unopolyue vo SlohéEouue T Ny Ye TETOW TEdTo (OoTE va elvan Ny < ng < ...
(vwtt;). Bror, 0 {fn, } ebvon wa vmaxohoudior tng {fn} xau emmiéov p(Ag) < 75 yiol
xdde k, émou

2k
Agod howndv Y-, pu(Ar) < 0o ouvpnepaivouye 6t ov F' = limsup,, 4, téte and o

lo Afjppo Borel-Cantelli Yo eivon p(F) = 0. And tov oplopd Tou limsup,, pog
axohovdac cuvdrwy, av & € X \ F vndpyer K = K(z) € N dote

M={ € X3 1 @)~ fu @)= 31}

1 .
| s () = [ (2)] < ok v xéde k > K.
Yuunepatvouue hotndv OTL 1) oELRd

oo

Z(-fnk+1 ($) - fnk (13))

k=1
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ouyxhiver Y xéde & € X \ F, dnhodf p-o.m. oto X. Ocwpolye 1 cuvdptnon
f: X — C nov opiletar g

Fa) = {fm (#) + 0% (s (2) = fu (@), vz € X\ F 714)

0, OLAPOPETIXTL.

Eivou epgavéc (nme xou otny anéddelln tou Ocwpfuatog 7.2.4) 6t 1 f efvon yetphiown
xou emmhéov yio & € X \ F éyouvye

K-1
f(x)_hmfnl + Z fnk+1 fnk( ))Zh}I{l’lan(Jﬁ),
k=1

xou Gpo mpdypatt fp, — f p-o.m. oto X.
Mével va deydel povo n alyxhon xatd pétpo. Av ¥écouue

Fn=|J Ak (7.15)
k=m
TpATNEOVUE OTL
oo o0 1
(Fm) <30 uAR) < D0 op = 5oy
k=m k=m

xou emmhéov 6Tl Yz € X \ Fyy ebvan [ f,,, (2) — fo, (@)] < 55 yia0 %80 k& > m.

Suverde, av x € X \ Fy, éyoupe 6t

5

[ () = f2)] =

P (@) = fr () =Y (frs () = o (2 >>‘—
k=1

m—1 00
= Z(fnk+1( fﬂk Z fnk+1 fnk( ) =
k=1 k=1
oo oo 1
= Z(fnk+1(x)_fnk(‘r)) < Z ‘fnk+1($)_fnk(x)| < 2m7—1
k=m k=m
Ané avutolc Toug unoAoYiopolE cuunepaivoupe OTL
1 1
p{ € X |fa (@) = F@) 2 5= ) < plFn) < 5y

, , . 1 ), ,
Eotw e > 0. Bploxoupe my € N 60te 5mg < € %o mopatnpolue 6tL yioe m > mo
ebvau:

({1 f,, (@) = f(@)] > e}) <p({z: [ fo, () = f(@)] > 5-}) < o5 =0

xadodg m — 00, dnhadn fr, — f xatd pétpo.
Téhog, yia x&de k xou € > 0 elvon

p({a i) = )] = ¢}) <
< al{ : 1ful@) = fanl = 51) +nl{a s [fun (@) = F@)] = 51 =0

apoV M { frn} etvon Cauchy xatd uétpo xan fr, — f xotd pérpo. Apa telhxd, mpdyport
fn — f notd pétpo. O
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IMépiopa 7.3.7. Eotw (X, A, u) évag xdpos pétpov, f, : X — C e axodovdia
petprioyuwy ovvaptrjoewy kat f @ X — C pa petprionun ovvdptnon. Av fn, — f
katd pérpo, téte vrdpyer vrakodovdia {f,, } s {fn} doze fn, — [ p-o.1..

Andbaén. Eiva dueco and to nponyovuevo Yempnua oot 1 { fr} Yo elvar emmiéov
Cauchy xotd yétpo. O

IMapdderypo 7.3.8. Aev elvar 6wot6 6Tl 1) GUYHMOT XUTE UETEO GUVETAYETAL TNV
p-o.7. oOyxhion: to Hopdderypa 7.2.6 etvon avtimapddetyuo xon €8¢ — e€nynote yioti.

IMpoétaom 7.3.9. Eotw (X, A, p) évas xdpos pérpov, fr,gn : X — C axolovdieg
petprioipwy owaptioewy kat f, g : X — C 8o petprioiues ovvaptioer.

(i) Av f, — f katd pérpo kar emmAéor vrdpyer M > 0 doze |f| < M p-o.m. ya
kdOe n € N tdte eivar kar |f| < M p-o.m..

(i) Av fn, — [ katd uérpo, g, — g xard pérpo ka1 emniéor vndpyer M > 0 dote
|frl < M xai |gn| < M p-o.1. y1a kd9e n € N, tdre efvar kar frgn, — fg xatd
uérpo.

Anddaén. (i) Zougwva pe to nponyoluevo Jedpnua undpyet uraxohoudio { fr, } g
{fn} mou cuyxhiver oty f xatd ornpeio p-o.m. %o dpa o TnToduevo éneton ond TNV
Ipbtacm 7.1.5.

(ii) Bploxoupe, xatd to Yvwotd, cvoro Z € A pe u(Z) = 0 dote

[fu(@)] < M xau |gn(z)] < M
v xédde x € X \ Z xou xdde n. 'Eotw € > 0. Téte woyber n avicdnros

p({z | fa(@)gn(@) - f(@)g(@)] = €}) <

< ul{e: |fule) = £@)] 2 520 + nl{a s ga(@) - 9(@)| = 52))

(vor v amodeifete) xou dpa €neton To {NTOUYEVO. O

7.4 Xyedov onoldpopyr cUYXALON

Aoyoholyacte oe auTH TNV TaEdYEaPo Ue po ac¥evEéoTepn Hop@Y| TNC OUOLOUOPPNG
p-o.m. oUyxhiong. Alvoupe tov e€rig:

Optopdc 7.4.1. 'Eotw (X, A, p) évac yopoc pétpou, fr : X — C wa axoroudia
petpownv cuvapthoewy xai f : X — C wo yetpriown ouvdptnor. Tote Aéue 6tu:

(i) H {fn} ouyxdiver oty f oxeddr opoduoppa av yia xéde 6 > 0 undpyet A € A
pe u(A) < 6 wote fr, = f opotduopya oto X \ A.

(if) H {fn} eivar Cauchy oxeddv opoiduoppa av yio xdde § > 0 vndpyer A € A pe
p(A) < § dote n {fn} va eivon opordpoppa Cauchy oto X \ A.

Ebvon o ndh cagéc and tov oplopd 6t av f, — f oyeddv opotdpoppa tote 1 {fr}
elvoaw Cauchy oyed6v opoiduoppo.
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Iedétact 7.4.2. Foww (X, A, u) évag xdpos uétpov, fr, : X — C pa axodovdia
petpriouwy ovvaptrjoewy kat f,g @ X — C upetprioues ovvaptiioes. Av f, — f
OX€O0V opoduoppa kat fr, — g oxEOOV opobpoppa ToTe f = g p-0.T..

Andbeén. Eotww 6 >0xu E={z € X : f(x) # g(x)}. Toppwva pe tic vtodéoele,
Beloxouye cOvora Aq, Ay € A dote

fo = f opotbuoppo oto X \ A1 xou f, = g opoiduoppa oo X \ Ao

xou p(Ag), p(A2) < d. Téte, av z € X \ (A1 U A2) olyovpa oylel 6t f(x) = g(x)
(yrorel;) xon dpo E C Ay U Ay, Tuvendde

p(E) < p(Ar) + p(A2) <26
xa ool to apywd § > 0 Hroav tuydy, Tedyuott f = g p-o.m.. O

IMpétaot 7.4.3. Eotw (X, A, 1) évas xdpos pérpov, fr,gn : X — C axodovdieg
petpiouwy ovvaptioewy kar f, g : X — C dvo petpnoues ovvaptrioes. Tote, ya
kdOe a,b € C elvar af, + bgn, — af + bg axedov opoiduopga.

Arndbeén. Eotww 6 > 0. Trdpyouv téte olvora Ay, As € A dote pu(Ar), p(A4z) <
0/2 nou

fn = f opodpoppa oto X \ A1, gn — g opodpoppa oto X \ As.

Av Yéoovpe A = Ay U Ay, t61€ afy, + by, — af + bg opobpoppa oto X \ A xou
w(A) < 6, dpo éneton to {nroduevo. O

H oyed6v ouoldpoppn obyxhiorn cuUTERLPERETAL XANDTERA OE OYECT) PE TIC OXO-
houdiec Cauchy and tic cuyxhicel Tou peAeTAoUUE OTIC BUO TEOMNYOUUEVES EVOTNTES.
IIio ouyxexpyéva woydel to e€ng:

Oewpnpa 7.4.4. Eoto (X, A, u) évas xdpos pérpov kar f, + X — C pa axo-
Aovbia petproipwy ouvaptrioewy. Av n{fn} etvar Cauchy oxeddv opoduoppa, tdte
vrdpyer pia petprionun ovvdptnon f + X — C dove f, — f oxeddr opoiduopga.
EmmAéor woyve o f, = f p-o.m..

Anddeén. T xéde k Pploxoupe oOvoha Ay € A pe p(Ai) < 3 Gote 1 {fn} vo etvou
opotdpopga Cauchy oto X \ Ag. Buvende, undpyouv cuvapthoels gi @ X \ Ay — C
hote fr, — gi opoldpoppa oto X \ Ag. Oétouue

A:ﬂAk

k=1

xou mapotneolpe 6t oplletan xohd wa f : X \ A — C dote f, — f xatd onuelo
oto A. Hpdypott, av x € X \ A, t6te © € X \ A) v xdmowoug deixtec k xou oo
fn(z) = gi(z) ouunepaivouye 6Tt oL tocdtntee gi () Towtilovton Yo Ghoug awtolc
touc deixteg k. Ovoudloupe f(x) Ty xowh T auTdV TV TocoTHTOY Xt YETOUYE
f(z) =0 6tav z € A. Anhadr

f(z) = {hmn fn(x), avze X\A

0, OLALPOPETLXAL.
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H f eivou petpriown (6nwe oty anddeln tov Oewphipatoc 7.2.4) xo ool

ulA) < p(As) < 7

yioe x&e k éneton 6t u(A) = 0 xou dpa fr, = f p-o.7..

It tn oyedov opoldpopen clYXAon Thea, Yewpolue § > 0 xou Beloxouye k wote
1 < 8. Téte f, — f opobuopga o0 X \ Ay xon p(Ay) < § < & xou dpa o
{nrolyevo énetau. O

IMépwopa 7.4.5. Eotw (X, A, u) évag xdpos uétpov, f, : X — C pa axolovdia
petprioiuwy owvaptrioewy kai f @ X — C pua petprioun ovvdptnon. Av f, — f
ox€edov opoduopea, tote f, — f p-o.m..

Anddaén. Ebva dueco and 1o nponyoluevo Ocmonua agol 1 { f,} Vo elvon emmiéov
Cauchy oyeddv opoldpoppa. O

Avdhoya pe tig mponyolueveg mopaypdpoue, epapudlovue to Oedenuo 7.4.4 xou
delyvouyue v e&nc:

Ipétaocr 7.4.6. FEotw (X, A, p) évag xdpos pétpov, fr,gn : X — C axodovdieg
petpioipuwy owaptioewy kat f, g : X — C 6o petprioiues ovvaptioer.

(i) Av fn — [ oxeddr opoduoppa kai emimdéor vrdpyet M > 0 dote |fn| < M
p-o.m. ya kdde n € N, tdére |f| < M p-o.t..

(i) Av f, — [ oxeddv opoduopga kar emmAedy |fn| < M kai |g,| < M p-o.m. ya
kdOe n € N, tdte f,,g, — fg oxedov opoduopga.

Arnddeitn. (i) And to mponyoluevo Vedpnua elvon xou f, — f p-o.m. xou dpa to
{ntodpevo énetan and tny Hpdtoon 7.1.5 (ii).

(ii) "Eotw d > 0. Mropolye va Bpolue obvola Ay, Az € A dote (Ar), p(A2) < 6/2
X0 ETTAEOY

fn = f opotbpoppa oto X \ A1 % g, — g opodpopya oto X \ Ag.

I o v Ipbdtaon 7.1.5 (ii) Aowndv eivon frgn, — fg opoibuoppo p-c6.1. oto
X\ (A1 U Ag) xon ool (A U Ag) < § éneton xou 1 {nroduevn oyedbv opotduopn
oUYXNO.

O

7.5 XUyxpwon TV dlapdpwy EWB®Y cUYXALONG

Kielvoupe autd 1o xepdlono ue didpopa Yewpruata mou delyvouv 1N oyéon uetold
TWV CUYXAOEWY TIOU UEAETHOUUE GTIC TPOTYOUUEVES EVOTNTEG. Zexivdyue and to e€hc:
Eidape oto Oempnua 7.4.4 6u av wo axohouvdia { f,} cuyxhiver oyedbv opoiduoppo
oe po ouvdptnon f t6te cuyxAivel oty f xan xatd onueio p-o.m..

Iopadétouye 800 pepwed avtiotpoga autol Tou Yewphuatoc: To mpwto, To Oedprnua
Egorov, elvou 1 8ebtepn and tic Aeyduevee «tpelc Apyéc tou Littlewood» tic omoleg
elyape avagépel oto Kegpdhowo 4.
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Oewpnpa 7.5.1 (Egorov). Eotw (X, A, u) évag xopos uétpov, fr, : X — C pua
axolovlia petprioiuwy ovvaptrioewy kar f : X — C a petpriowun ovvdptnon. Av
w(X) < oo kar fr, = f p-o.m., tote fr, — f oxedov opoiduopga.
Arnddeén. ‘Eotw 6 > 0. Kot’ apydg unopoldue va unodécovue ot f, — f mavto
oto X (e€nyrhote ywotd). T xdde k, m € N opiloupe to chvoro

Apm = {;U € X :|fulx) - f(z)| < % yio xdde n > m} (7.16)

xou apatneolpe 6Tt 1 axohoudior (Agm )50y elvon adZouoa (yiati;). Emniéov, nopa-
neovue 6t av & € X xau k € N, t6te undpyet m € N oote | fr(z) — f(2)| < 1/k vt
xdde n > m. Autd omodeixviel ot

X = U Apm Y0 %80 k. (7.17)

m=1
Kotd ouvénewa p(Agm) — u(X) xadde m — oo v xédde k xou dpo unopoue vo

Bpolue my, € N wote

)
pX) <l Akm,) + 5

(ool pu(X) < 00). Opilouvye
A=) Akm,-
k=1

Téte fr, = f opoiduopypa oto A. Ilpdypott, éotw € > 0. Bploxoupe k € N dote
1/k <e. Téte yioa xdde x € A éyoupe & € Ag m, X Gpat yior xdde n > my,

fale) = f@)] < 7 <,

(fn = Nlalloo = supf{|fu(z) — f(z)] : 2 € A} <e.
Eniong,

X\A SZ X\Ak,mk Z%: a

xau dpa Tedypott fr, — f oyeddv ogoldpopga. O

‘Eva dA\ho pepind avtiotpogo tou Oswphpatog 7.4.4, mou avtixoahotd Tnyv amol-
o va efvan tenepacuévo To WETpo (X)) Ghou Tou ydhpou Ue Ty amaltnon Unapéng
wde «xplapyoloacy ocuvdptnone g € L1(X), etvan o e€c:

Oewpnpa 7.5.2. FEotw (X, A, n) évag xdpog uétpov, fr, : X — C pua axoloviia
petpouwy ouvvaptrjoewy kar f : X — C pua petprioun owvvdptnon. Av f, — f
p-o.m. kar emmAéor vrdpyer g : X — [0,00] dote |f,| < g ya kdOen ka1 [ g dp < oo,
tote fr, = f oxedov opoiduopga.

Anéoeiln. ‘Eotw § > 0. Oewpodye xau mdh to cOvora Ay, TS TEONYOLUEVNS
anddelEne xan vnodétouvye 6L f, — f mavtod oto X. Téte, agol |fy| < g v xéde
n etvon xou | f| < g xon dpo | fr, — f| < 2g. And 1 oyéon auth xon v (7.16) éneton
oTL

X\ A C {7 € X g(a) >

o) (7.18)
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Ioyvetopodg. T xdde k etvor pu({x € X : g(x) > 1/2k}) < 0.
Medypatt, av xaréoouye Si autd T0 GUVOIO, TOTE

1 1
oo > gduz/gdu>/*du:fu5k
/ Sk Ska' 2k( )

‘Opotat pe Ty nponyoluevn anddelln, delyvouue dti 1 oxohoudion (X \ Ak m )50y
elvan pdivouca pe touh| o xevé olvolo xau Gpa, epdoov (X \ Akm) < 00, elvou
lim, (1(X \ Ak,m) = 0 yia x&de k. ‘Eto, Peloxovpe my € N dote

0
2716.

A= Akm,-
k=1

Téte fr, — f opobpoppa oto A (axpiBide 6mwe Tewv) xou

Gpa pu(Sk) < o0.

X\ Ap,) <
O¢touye

(XN A) <3 (X Ap,) = 6.
k=1

‘Etot, npdypott fr, = f oyeddv opolduoppa. O

Yuveyiloupe pe dAho éva Yedpnua mou emBefoudvel Tl 1 oXEOV OUOLOUORYPN
ocUyxMom ebvon tloyvpn: cuvendyetar TV olYXAlon xatd HETEO.

Oevpnua 7.5.3. Eotw (X, A, u) évag xdpos uétpov, fr, : X — C pa axolovdia
petprioyuwy ovvaptrjoewy kat f : X — C pa petprionun ovvdptnon. Av fn, — f
ox€O0Y opoduoppa, tote fn, — f katd uétpo. Avtiotpopa, av f, — f katd uézpo,
téte vndpyer vraxoovdia {frn,} s {fn} dote fn, = f oxeddr opoduopga.
Arndden. T'o to evdl npwta: Eotw € > 0. Tote v xdde § > 0 undpyer obvolo
A e Ape u(A) < 0 xa fr, = [ opodpoppa oto X \ A. Arnd tnv opodpoppn
olyxhon, Beloxoupe éva ng € N dote yia xdde x € X \ A xou n > ng vo ebvon

(@) — f(2)| <e.
Kotd cuvénela
{zeX:|fule) - fl)| 2} C A
xon dpot
p{z € X o [fu(z) = f(2)| 2 e}) < p(A) <6

v xdde n > ng. Apa npdypatt f,, = f xotd pétpo.

‘Ocov agopd to avtioteopo, Exel 1o anodelyVel ouclaoTind oto Oetpnua 7.3.6:
Axohoudivtag Tov oupBolopd authic e omédeling, éxovpe 6t w(Fy,) < grer Y
89 m. 'Eote § > 0. Bploxouye xou mdh m o€ 5t < 6 xou 161e i € X \ Fy,

elvou
1

@) = F@)] < 5

v xdde k > m. Yuvendg,

1
ooﬁﬁ—ﬂ)

1(fri = HIx\F,

yioe k — 00 xou dpot fr, — f opoibpoppa oto X \ Fp, xou pu(Fp) < d. ‘Apa, mpdryportt
frn, — [ oxeddv opoldpoppa. O
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Yuvbudlovtag to mponyoluevo Yedpnua pe to Bewenuo Egorov malpvouue to
e&ic Paoixo:

IMépwopa 7.5.4 (Lebesgue). Eotw (X, A, 1) évas xdpos uézpou, fr, : X — C ua
axolovdia petpiouwy ovvaptioewy kar f : X — C a petprjionun ovvdptnon. Av
w(X) < oo kat fr, = f p-o.m., téte fr, — f kard pérpo.

O

Anodewvioupe thpa éva Bacixd epyalelo Yo Tal TAUPUXATLD: TNV OVICOTNTA TWV

Chebyshev-Markov mou mog” 6An tnv amAdtnta g €xel, 6mwe Yo SOVUE, GNUVTL-
AOTUTEC EQAPUOYES:

IIpotaoy 7.5.5 (Awoétnta Chebyshev-Markov). FEotw (X, A, u) évag xdpos

pérpov kar f + X — [0,00] pia un epynuikrj petprionun ouvvdptnon. Tére, yia kdOe
e > 0 wxver n avioétnta

u{r e X: f(x) >e}) < /f du. (7.19)

=

Eyfuo 7.1: Anédeiln tng avicdtnrag Chebyshev-Markov

Arnddeén. Tapatnpolue 6T, av A, = {z € X : f(z) > €}, 11

/fdu>/A€fdu>/AE€du=€-u(As)

ToU LoodLVAUEL QUOIXE pe TN {NTOUUEYY. O

Y1n ouvéyela, cuyxplivouue TNy clYXAon xatd p€tpo e TN ayYXAon xatd péoo.
Ioyber to e&€nc:

Oewpnpa 7.5.6. Eoto (X, A, n) évag xdpog uétpov, fr, : X — C pua axolovdia
petpriouwy owvaptrjoewy kai f : X — C ua petprioyun ovvdptnon. Av f, — f
katd péoo, tote f,, — f katd pérpo. Avtiotpopa, av f,, — f katd puétpo kar emmAéoy
vndpyetr pa petprioun ovvdptnon g : X — [0,00] pe [ g dp kar |fn] < g ya kdde
n, tote fp, — f katd péoo.

Anéoatn. Kot apydc yio o evdi: éotw € > 0. And v avicdtnta Chebyshev-
Markov éyouue ot

({z € X : |fulz) - f(2)] > €}) < /Ifn f du 0,
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apoV fr, = f xotd péoo. Apa, mpdypatt f, = f xatd pyétpo.
I 1o avtiotpogo thpea, unodétovpe 6t f, = f xotd pétpo. Av 1o {nroluevo
dev 1oy Vet, undpyet g9 > 0 xou utoxorovda { fr, } e {fn} dote

/ o — £ di> 0 (7.20)

v xdde k. Agol f,, = f xatd pétpo elvan xou fr,, — f uotd pétpo xou dpo, and to
Hépiopa 7.3.7, urdpyer wow uraxohoudio fr, NS fn, OOTE fp, — f pro.m.. And m
oxéon | fry, | < g %o 0 Ui Y T g, T0 Oedpnua Kupapynuévne Eoyrone
6.3.8 divel oTL

[, = A0

10 onolo €pyetan Quowxd oe avtigaon pe ) oyéon (7.20). Apa, mpdypott fr, — f
%ot Y€co, OTwe VENE. O

IMapdderypo 7.5.7. Acev elvor owotd 611, YEVXE, 1) cUYXMON %aTtd uéTpo cuve-
TdyeTon TN oUYXUMOT XUTd YETO.

Arnddeiln. Oewpolye v axohovdio petphiowwwy ocuvaptioewy f, : (0,1) — R pe
fn = 1nx(0,1). Tote, Yo e € (0,1] ebven

p{z € X |fule) ~0] 2} = - =0

nou dpar fr, = 0 xotd pétpo. Ouwe, yia xdde n elvou

/|fn(17)| dr = n% =1-»0

xou Gpar n { fn} Bev ouyxhivel ot undevix] cuvdpTtnom xoutd uéco. E| O
Khetvoupe ot to xepdiono ye Yeptnoic Lloodivauoug Yapax Tnetodols Tne o0y xhi-
oNe XAt PETPO O €VAL YWPO TETEPACUEVOL UETEOU:

Oceopnua 7.5.8. FEotw (X, A, n) évag xdpos uétpov, f, : X — C pa axolovdia
petprioipuwy ovvaptnioewy ka1 f : X — C a petprjomun ovvdptnon. Yrodérovue
ot (X) < 00. Ta axdrovOa eivar wodbvaua:

(i) H{fn} ovyrAiva oty f katd pézpo.

(i) KdOe vraxoloviia tng {fn} éxer pua vrakodovdia mov ovykdiver u-o.t. otny f.

(ii3) f% dp — 0 ka9dg n — oo.

Arndbeén. (i) = (ii) Trodétoupe 6t fr, — f xotd yétpo xon Yewpolye wio uToxo-
Noudia {fn,.} e {fn}. Tote emnhéov eivar xau f,, — f xotd pétpo xou dpa to
{nrovyevo éneton and to Ildpopa 7.3.7.

(ii) = (iil) Av urod€coupe 6t dev ohndeletl to {ntodpevo, propodye va Bpolue d > 0
xou vrtaxohovdia { fr, } e {fn} dote

|fnk _f|

Tl Sev epopudleton edd T0 TEONYOUUEVO VedEnuaL
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Yo x&e k. ‘Opowg, and o (ii) propodue va Beotpe vraxohovdia { fr, } tne {fn,} ue
frw, = [ pro.m. xou dpo

‘fnkl - f|
— 7 — 0.
1+ |fnkl - f|
Aqgob o ytpog elvan tenepacuévou PETEOU xaL
|f’ﬂkl - fl <1
I+ ‘f’fbkl - f|

oto X, éneton and t0 Oevdpnuo Ppaypévne Lodyrhong 6.3.9 6T
|fnkl - f|
————du—0
/ 1+ |fnkl - f|

T0 onolo épyetar o€ avtigaon pe v (7.21).

(ii) = (i) 'Eotww € > 0. Té1te and v Avisdétnra Chebyshev-Markov cuunepaivoupe

e 1fole) = 1@ = 29 = ({as IS LS ) <
1+e¢ |fn - f|
s k== Ll
olpgwva pe o (iil). -

To anotehéopata authc e evétnrac cuvodilovton oto mopoxdTe Sidypoppas

YXVyrkhion katd pétpo F//\‘ XVyrkhion katd péoo

(K) |

3
G

Yxedbév ouor- | K) f] (H) ‘ XVyrkhion katd onueio

Suopen oykiion ‘\—//‘ U- oxeddy mavTol

7

ToL

(T): odyxhion xotd vraxoroudio

(IT): p(X) < 00 xou

(K): n axohouvdia xuplapyeiton and xatdhAnhn ohoxAnedouly) cuvdetno.
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7.6 Aoxnoeig

Ye bheg ¢ mopaxdte aoxfoels, (X, A, 1) ebvan évag yidpog pétpou, dha to TOGUVORA
Tou X mou epgavilovton avipxouy oty A xon ot fr,, [+ X — C elvon yetpriowuec.

Ouéda A’

1.

Oewpolye pia cuveyn ouvdptnon ¢ : C — C. Anodeite 6t av f, — f xotd
onpelo p-o.1., t6TE elvow xan @ o f, = w o f xatd onpelo p-o.m.

2. Na dei€ete 6t av 1 axoroudio {x4, } ouyxhivel oe pla cuvdptnon f xotd pétpo
1 oYed6V opoldpoppa, tote undpyel A € A dote f = x4 p-o.m.

3. TroVétoupe ot p(X) < oo xou 6Tt yior e axohoudior LETPAOULWY CUVIPTACEWY
fn : X = Cwoylel sup,, | fn(2)] < 00 p—oyedév yio xdde x € X. Na deilete étu
yioe xdde 0 > 0 undpyer B € A pe u(X \ B) < § vote

sup sup | f(2)] < oo.
ze€B neN

4. Av f, > 0 xa f, = f xatd yétpo, deilte 6Tt

/fdu < lim inf/fnd,u.
n—o0

Ouéda B'.

5. Oswpolye wa ogotduoppa cuvey ouvdptnon ¢ : C — C. Anodeilte ot av
frn = f xatd pérpo (avtiot. oyeddv opgolbuoppa), téte eivon xou @ o f, — o f
xatd pétpo (avtiot. oyedov opolduoppa).

6. No deifete ot 1 oxoroudio {xa, } ebvar Cauchy xatd yéoo ¥ oyedbv opoldpoppa
av xou povo av (A, AA,) — 0y n,m — oo.

7. Trodétouue 61t p(X) < oo. T e > 0 xou k € N Yewpolpe to sUvoha

Ep(e) ={z e X: |fi(z) — f(2)| = e}.
Anodel&te 6t f, = f xotd onuelo p-o.m. av xon wévo av yio xdde € > 0 woydel
s (U =0
k=n

8. Trodétovue bt pu(X) < oo, Anodellte bti av yio oxoroudies uetpriowmwy cuvap-
woewy {fn}, {gn} woxlel f, = f xotd pétpo xou g, — g xatd pétpo, téTE elvon
XU frngn — fg xatd pétpo. [Yndbeaén: Xenowonofiote v doxnon 3.]

9. Av vy pa ohoxhnpoowr cuvdptnon g : X — [0, 00] wylel |fn| < g xou emniéoyv

fn = [ xatd pétpo, va dellete 6T

/fnd,u—>/fdu.
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Oudda I'.

10.

11.

12,

13.

14.

15.

Trodétoupe 6Tt T0 1 elvon u€tpo mdavotnToag xou 6Tl yia xde n oy Vel
p{z : fo(z) = 1}) = p({z : falx) = —1}) = 1/2. No deilete bty v
axohovdia {gn}, 6mov
1 n
In = n Z i
j=1

loyVeL g — 0 xatd pétpo.
Trodétoupe 6T pu(X) < 0o xou Yewpolye axohoudia fr, : X — [—o0, 00] petprior-
pev ouvaptioewy Ye | fp| < oo p-o.m.
(i) Amodellte éti urmdpyer axoloudio (A,) Vetdv opdudy Gote Ay fn, — 0
%xoTd oNuelo p-o.T.
(if) Amnodeigte btL undpyet petprown cuvdptnon g : X — [0, 00] xou oxohoudia
(rp) ety apdudy dote | fr] < rpg p-o.m. yio xdde n.
Trodétouvye 6t pu(X) < 0o xou 61 f, = 0 xotd onuelo p-o.m.
(1) Amnodei€te éti undpyer axohoudio (A,) VeTxdv apiudy ye A, — 0o Wote
Anfrn = 0 xatd onuelo py-o.m.
(il) Amnodeilgte btL undpyet petprown cuvdptnon g : X — [0, 00] xou oxohoudia

(en) VeTeddy aprdudy xou g, — 0 dote | fr| < epg p-o.m. yio x&de n.

Trodétouvpe 6t p(X) < 00 xou 6t ol fi, f elvon ohoxhnpowes. Aéue ot ov fp
elvon opoiuoppa odokAnpdoipieg av yio xdde € > 0 undpyet 6 > 0 dote av A € A
pe pu(A) < 6, téte va oy el

’/ fdu‘ <e, ywxddeneN.
A

Anodei€te 6t f, — f notd péoo av xou pévo av ot f,, elvon oyoldpoppa oNoXAN-
phoes xou fn, — f xotd uétpo.

Trodétovpe dtL p(X) < 0o xou 6t ov fo, f eivon ohoxhnpioues. Efetdote av
wyver 10 e&fc: frn — f %ot péoco av xou uovo av [, fadp — [, fdu v xdide
Ae A

‘Eotw wa ouvdptnon f: R® = C, ocuveync we npoc xdde yetaffinty Eeywplotd.
Anodeite 6T 1 f elvow Lebesgue petpriown.



Kegpdiowo 8

MeTeNOWUES CUVOETNCELS »al
OANOXATIP WU

Emotpégouye o auTé TO XEQPIAMO OTN UEAETY TWV PETPNOWOV CUVIRTACEWY XaL
aoyoholuaote Ue ta e€hc Tela Baod avtixeipeva:

1. Alvouye opyxd €vo yevixd oplopd tne petenodnrog, onhady opilouue Tig
petpriowec ouvopthoeic f + X — Y, énou (X, A) xau (Y, B) elvou petprioot
YOEOL X0 0T CUVEYELN HEAETAPE TIC Booinés Toug BLOTNTES.

2. Mehketdpe o mEoBANU TN TEOCEYYIONG UETEHOWWY CUVHPTACEWY ANd GUVE-
¥elc ouvopThoels.

3. Mehetdue 0 oyéon Tou ohoxAnpapatos Lebesgue pe 1o ohoxAfpwua Riemann
%ol AmodEVOOUPE GTL TO TEWTO ANOTEAEl TEAYUATL Yol YVriola Yevixeuon tou
dedTeEpOL.

To anoteAéopota aUTd GUUBGAAOLY GE Uil THO OAOXANPWUEVT XATAVONCT TNE YETEN-
odTNTOC X Tou oloxAnewuatog Lebesgue.

8.1 MeTpnolddTnIA KU TO ENAYOUEVO UETEO

Ynyv Hpdtaon 5.1.7 (iv) arodeiope 6Tt ot éva yetphiowo yoeo (X, A) wa cuvdptnon
X — R elvon petphion av xow uévo av v x&de B € B(R) wyter f~1(B) € A.
Opuapevol amd autd 1o anotéreoya divoupe tov e€rg Yevixd oplowd tTng UETENOWOTN-
oG

Opiopo6c 8.1.1. Eow (X, A) xau (Y, B) 800 yetpriowol xhpot xou yiot cuvdpetnom
f: X =Y. Hf Myetu (A, B)-perpioun (f petpiown we npoc A xou B) av yia
x&de B € B elvan f~1(B) € A.

Ewd, otnv nepintwon nov o Y elvon petpinde ywpoc xow B = B(Y) n f Myetu
A-petpown.

Av Jewprioouye TNV oxoyévela

f7B)={f"(B): Be B} (8.1)
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nopatneolue ot N f elvon (A, B)-yetpriown av xat uévov av
f~4(B) C A (8.2)
Ieétacy 8.1.2. Eotw (X, A), (Y, B) ka1 (Z,C) petprioipor xdpot kar cuvaptrioeis

f: X =>Yxag:Y = Z. Avn f etvar (A, B)-petprioun ka1 n g etvar (B,C)-
petpriomun, téte n ovvdeon tovg g o f elvar (A, C)-petprionun.

Anéoaén. Iopoatnpolye apyixd ot
(goNTHC) =1 (97(©). (8.3)
Ané v mopoathpnor mopondve éyoupe 6t fTH(B) € A xow g71(C) C B. 'Encto
hotnov i
e @) B A
Tou Aoy e (8.3) Biver To {nroluevo. O
M toAd yerown mapatienon yio va eAEyEel xavelc xatd tdco wa cuVEETNo
f: (X, A) = (Y, B) eivou petprown eivor o (ii) e axdroudne Ipdraonc:
IMpoétaot 8.1.3. Eotww (X, A) kar (Y, B) 6vo petprioyuor ydpor kar f : X =Y
pia ovvdptnon. Téte wyvovr ta €€rjs:
(i) H owcoyéveaa F = {B CY : f~Y(B) € A} etvar jua o-d\yefpa oo X.
(1) Av C CP(Y) peo(C) = B, tdte ny f etvar (A, B)-petprioiun av ka1 udvov av
) cA. (8.4)
Andbeén. To (i) etvon oyeddv dueco and tov oploud e o-GAYEBPUC xou aPAVETAL (G
doxnon. T to (ii) todpa, 1 f elvor petphiown av xou pévov av
BC{BCY:fYB)eA. (8.5)
Aol n owoyévewa F delid elvan o-dhyePpa xou o(C) = B ot woyvpopol C C F xou
B C F eivan tood0vaol. O
HMapatnerioeic 8.1.4. (o) Ouowr pe to (1) amodexvieton xou OTL 1 OLXOYEVELX
f7H(B) etvon o-dhyePpa oo X.
(B) Av dewpriooupe TNV owxoyévela
A ={(—o0,b]: bR}
yvweiloupe 6t o(A) = B(R) xau xatd cuvénewa o (ii) tne tereutaioc pdtaong etvon
o Opioude 5.1.1 v yetpriowes ouvaptioes f: (X, A) = R.
Ac unodéooupe thpa, dTL emmAéov o petpowoc xopeoc (X, A) éxel xt éva pétpo
p. Tote, n yetpriown cuvdptnon f endyel éva uétpo oto yweo (Y, B) we edhg:

Ogiopo6c 8.1.5. Eow (X, A) xau (Y, B) dbo petpriowor yopeor xu f : X — Y
wat (A, B)-yetpfiown ouvdptnon. Av p éva pétpo oto xodpeo (X, A), dewpodue
ouvdptnon v : B — [0, 00] mou opiletan we

v(B) = p(f~(B)) = u(f € B), (8.6)

v B € B. Edxoha anodexvietan 6Tt To v eivon uétpo (enahniedote 10) 010 XOpo

(Y, B). To pétpo v héyetaw eikdra tov p Yéow e f xow oupfBolileton pe fi(p) 1 ue
f

w.
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Méow autol Tou pétpou €youue pa pop@y Yewmpruatog «ahhayng HETUBANTACY
yioo T0 ohoxhnedduo Lebesgue. Ilio cuyxexpiéva, to emnduevo Jemdenuo divel évay
TEOTO VoL PETATREPOLPE Tal ONOUANEMUATA WS TPOS fr (1) OE OAOXANPOUATI WS TPOG
7

Oceopnua 8.1.6. Eotw (X, A) kar (Y, B) 6vo petpriouor xopor kar f : X —Y
pia (A, B)-petprioiun owdptnon. Av to p efvar éva uérpo oo ydpo (X, A) kar
g:Y = [—00,00] 1jg: Y = C pua petprioun ouvdptnon, tdte

/ g dfu(u) = / go f du, (8.7)
B f~Y(B)

yia ke B € B. (Me tnv televtaia 10dtnta evroolue dti to mpddto oAokApwua
undpyer av ka1 pdvov ay vrdpyer to deltepo ka1 o€ autr) TNy mepintwon elvar {oa.)

Anédain. Kat’ apyde, Ayw e Hpodtaone 8.1.2 1 cuvdptnon g o f elvon petpriown
xou dipar ToL ohoXATEOUTA Tou eugavilovtar €youv vonua. Emmiéov, mapatnedviog
N oyéon

(gof) - xs-r1m) = (9-xB)of (8.8)

uropolpe va unodéoovpe 6t B = Y (ev avdyun détovtac § = ¢ - xB), xou dpo
fU(B) = X. ©¢toupe v = fi(pn) xou Vo delfouye howndy 61t

/gdi/:/gofdu.

Oo omdoouye v anddelln oe Briuata, K¢ cuvidng:
Brpoa 1. H g eivon tng poperic g = xB Yl xdnowo clvoro B € B.

Troloy(louue tdte:

[ o v = [ xudv=v(B) = (s~ (8)

pde i}
/90f dp = /XB ofdu= /x,H(B) dp = p(f~H(B))

xat dpo Loy Vel 1 {nToduevn.

Brjpa 2. H g eivon pn apvntuen amhy) yeterioydn cuvdptnon tng Hop@phc
9= Z bjXB;-
j=1

And ) ypauuioTnTa ToU OhoXANE®UATOSC Xou To Brua 1 €youue:

/ng:ij/XBj dV:ij/XBjofd,u:/gofdu,
j=1 j=1

onwe {nthoaye.

BAua 3. H g elvar tuyoloa un apvntixy| uetpriodn cuvdetnon.
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A6 10 Oedpnua [5.3.3] urnopolpe vo Bpodue wa adEouvoa axohoudior un apvnTxdy,
AMAGOY GUVOPTAOEWY (Sp)n YE Sy g 010 Y. Ané 10 BAua 2, éyoupe 6t yior xdde n

elvon
/sn dl/z/snofdu.

Opwe ou oxohovdies (sp)n %o (Sp 0 f)y elvon adouoeg axoloudies un opvnuxmdy
UETENOWMY CUVAPTACEWY UE Sy, ' g Xl Sp 0 f 7 go f. Egapudélovtoac 8o gopéc 10
Oewpnuo Movotovne Xoyxhione 6.2.6 Aowndy, énetan 6t

/gdyzlim/sndV:lim/snofd,u:/gofdu.

BApa 4. Hg: Y — [—00, 00] elvan tuyoloa yetpriown cuvdptnon.

Tedpoupe, we cuvdug, g = g — g~ xou mopatneolue 61, and to Brua 3 elvou

/g+ dV:/g+°fdM=/(9°f)+dH
/9‘ dv:/g‘Ofdu=/(gOf)_ dp.

"Etot, npdypott to ohoxMpwyua [ g dv undpyer av xou ubvo av urdpyel to [ go f du
xou o€ QUTY TNV TepinTwon ebvou (oo

ol

BAua 5. Hg:Y — C elvar tuyolooa yetpriown pyadixr) cuvdetnon.

Eivon dueco av egapudooupe 1o Brpa 4 oTic UETPOWES TEAYUATIXES CUVAPTACELS
u = Ref xow v =Imf.
O

8.2 To Yeddenpa Tou Luzin

Xty evotnTa AT Ao ONOVUIGTE YE TNV TEOCEYYLOT UETENOWWY CUVAPTACEWY GTOV
R* ané cuveyeic ouvapthoeic. TTdpyouv TOAG amoTehéopaTto OoYETIXG, TOU LoYDOLY
xoL o€ YeEVXOTeEpo Thalolo, aAAd epeic Yo apxeotolue oto Yedpnua tou Luzin, to
onolo elvan 1 tehevtoda and g «3 Apyéc tou Littlewood» mou €youue 101 avocpépet.

Ocdpnua 8.2.1 (Luzin). Fotw A C RF éva Lebesque petprioqo otvolo pe
MA) < oo ka1 f 1 A — R pa perprionun ovvdptnon. Ia kdle € > 0 uropolue va
Bpolue khewoté otvolo F. C A pe M(A\ Fr) < € dote n f|p. va elvar ouvexris.

Arnddeén. ‘Eotww € > 0. Ou ddooupe xou ndAL Ty anodelln oe Brigata.
BAua 1. Av ) f elvon e popphc f = x g via xdnowo E C A Lebesgue yetpriowo.

Oa «duywpioovue» To onuela oto omolo 1 f malpvel Tic Twég 1 xow 0. And v
xavovxotnta tou uétpou Lebesgue, unopolue vo Peodue K xieloté obvoro oto A
xou G avowxté oto A pe K CE C G xou

AE) < MK)+ =, MG) < \E)+ 2

N



8.2. To eEQPHMA TOY LUZIN - 141

A

Eyfhuo 8.1: Anddedn tou Yewpruatoc Luzin

Aol AM(E) < A(A) < 0o oL oyéoelc autéc divouy:

MG\ K) <

l\')\(‘f)

Ocewpolye 10 olvoro Fy = K U (A \ G) xou napotnpolye 6Tt

AMANF1) = MG\ K) <

l\D\(")

To cOvoha K xou A\ G eivar Zéva xou (oyetind) xhetotd oto A xou emmhéov f =1
oto K xau f =0 ot0 A\ G. Enet 6t 1 f|p, elvon cuveyric ouvdptnon (yiol;).

II& amd v ecwtepxf] xavovixétnta tou A Peloxovpe F C Fy oupnayée (doo
xhewot6 otov R¥) pe A(Fy \ F) < £. Etoun f|p elvon ouveyric xou emmiéov

AMA\F) = MA\ F) + A(Fy\ F) <e

BrAupa 2. Av 7 f elvon amhr} cuvdptnon tne poperc
/= Z AjXA;-
j=1

Ané 1o Brua 1, yio xdde j Peloxoupe odvolo F; C A xhewotd ye A(A\ Fj) < e/m
xoL X4, |F; ouvexnc. Av F = ﬂ?:l F}, t6te 10 F elvon xheioté unochvoro tou A, 7
flF ebvon ouveyfic cuvdptnon xou emthéoy

AA\ F) gﬁi AA\ F)

omwe VEAE.
BAua 3. Av 7 f elvou Tuyoboa petprioiun cuvdpetno.

Ané 1o llopiopa undpyel axohouvdia cuVaETAGENY (8y)n TNG LOpPPTc Tou BAua-
T0¢ 2 ote s, — f oto A. T xdde n unopodye va Bpolye xhewot6 clvoro A, C A
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ve AM(A\ A,) < gagz GOTE 1 8pla, Vo elvan cuveyfic. Oétouue

A

n=1
X0l TPATNPOVKE OTL
AAN AL €S AUV A <3 =5 ©
\ Z \ Z on+2 4
n—=1 n=1

xo OTL QUOLXS ONEC OL Sp | 4., Elvon cuveyeic. Tot vo TEpdoouUE GUWE TN CUVEYELRL OTHY
oplox) cuvdptnon f Vo Béhaue 1 obyxAion va elvar opotdpopen. Edd yenotuonolobue
0 Yedenuo tou Egorov: unopodye va Bpodue civoho B C A ue A(A\ B) < § dote
sn, — f opolduoppa oto B. Metd, yio To cbvolo

C=BNAx

ebvaw A(A\ O) < 5 (ywotls) xow n fleo ebvon ouveyie, agod ol s,|c ebvan cuveyeic yia
xdde n xou s, —+ f opoiduopgpa oto C.

To C elvaw Quowxd petprioo, arhd Oyt anapaitnta xhewotd. And Ty ecwTepUy
xovovxdnta Tou A Beloxoupe xAewoté olvoho Fr C C dote A(C'\ F;) < 5. Téte

AMAN\F) = MA\C) + MC\ F) < &

xou puoxd 1 flr. ebvan ouveytc, oot Fy C C.
O

Xxoio. Xpedletow xdnola npocoyy| ot dlatiTwon Tov Bewphuoatog Luzin: Aev
loyvptloyacte OTL yiot xdde € > 0 unopolye vo Peolue cOvoro Fr C A xheloto pe
MAN F;) < € dote dha to onpela Tou Fr vo elvon onueio ouvéyele tne f. Xe auti
v mepintwon 1 f Yo Arav cuveyhic oyeddy navtod oto A (yiati;) To onolo, 6nwe Yo
Bolue otnv enduevn moapdypapo, onuoivel 6Tt 1 f elvon Riemann oloxinpewowun. To
anotéheopa elvon 6Tl 0 TePIopouds e f oto Fr elvan cuveyrc cuvdptnon.

Do mapdderypa, yioo ™y f = xg oto [0,1] Zépoupe 6tL elvan aouveyhc o xdde
onpelo Tou [0, 1] eved o nepoplopde e f oto (R\Q)N[0, 1] eivon 1 otardept; cuvdptnon
0.

Yuveyiloupe pe g yevixeuor tou Oewpfuoatog Luzin og yevindtepoug petpinolc
XOEOUC %ot o€ PETEA oL Bev elvan XAt aveyxnV TENEPACUEVA, BIVOVTAC (Lot TILO JUEDT)
an6delén mou dev otneiletan oto Oewpnua Egorov.

Oeopnpa 8.2.2 (Luzin). FEotw X perpikds xdpos kar p pétpo Borel otov X
ue Ty didtnta: Yy kdle B p-petpriouo kar kde € > 0 vrdpyovr G avoiktd, F
khewtd, F C B C G dote u(G\ F) < e.

Av f: X — R elvar p-petprionun, ya kde € > 0 vrdpyer

(1) éva avoiktd ovolo AC X pe pu(A)<e dote n flae va elvar ouvexis oto A° kai
(n) pa ovvexris ouvvdptnon g : X — R dote G([f # g]) < e. EmnAéov

sup{lg(z)| : # € X} <sup{|f(z)]: z € X}.
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Anddaén. 'Eotww {V, : n € N} wo apidunon v avouxtdv Sotnudtoy tou R e
enTd dxpat. E| Téte xdde f~1(V,) ebvon p-petphiowwo, dea, and tnv unddeon, undpyouvy
F,, xhe1016 xon Gy, avowxté wote F, C f71(V,) C Gy xan u(GR\Fy) < 5 - G)s'roupsﬂ
A=, (GL\F,) xu Y = A¢. To Y elvou xheiot6 %o

p(A) €Y G\ <Y 5 =

Ioxupiopuds: H fly ebvon ouveyhic otov Y. Tha va 1o anodeifouye, apxel (yiotl;) va
delEouye 6L xde f1(V,)NY ebvon avoxté (otov Y). Oa deifouyue 6t f1(V,)NY =
Y NG,.

Hpdrypett, agol F,, C f~1(V,,) C G, éxoupe

YNE, CYnf 'V, CYNG,.

AMé G \F, C X\Y dpa Y NG, =Y N F,, ondte woylel lobtnTo.
Anodelydnxe 1o (1). Egapuéloviog tépa 1o Ocipnuo Tietze (B). [8.2.3), enextel-
voupe v cuveyn ouvdptnon fly 1 Y — R oe wa ouveyr cuvdptnon g : X — R ye
sup{lg(z)| : @ € X} = sup{[f(y)| : y € Y} < sup{|f(2)| : v € X},
X0l TIORATNEOVPE OTL oL g xou f Slopépouv To oD ot onuela Tou A, mou €yel Yétpo
pxpdTepo TOL €. O,

Afppo 8.2.3 (Oeidpnuo Tietze yio yetpinole ywpous). Av X elvar petpikds xipos
ka1 Y C X xAewotd, kdOe ovvexris ovvdptnon f: Y — R éya pua ovveyr) enéktaon
g: X = R ka1 eminAéor

sup{lg(z)| : x € X} = sup{[f(y)| -z € Y}

Yy nepintwon X = R, 1 anddeln eivan dueon: To olvolo Y€ glvon avowxto,
pa etvan aprdufoun évwon Eévev avd Vo avoixtay daotnudtey: Y = Uy, (ay, by).
Enextelvoupe v f oe o ouveyn ouvdptnon g : X — R oplCovtag v g ot0 V¢
dote ot x8Ve (ay, by) T0 YpdeNud tne va eivan euvdelo ypoupr:

(x —an) f(bn) — (. — by) f(an)

, anp <z < b,.
by, — an,

g(z) =

Y7o endpevo Afuua divoupe cuvirixeg mou eEaopaiilouy Ty unddeon «xavovi-
XOTNTACH TIOU YPYNOULOTIOLAOUUE GTO YEVIXEUUEVO Oewpnua Luzin: Ioydet yio xavovixd
uétpa Borel oe chvola nenepacyévou UETEOU, 1| o€ PETEOUE YWEOUS TOU KEEXVTAOU-
viouy amé wa oxohoudio cuumay Gy (6nwe Ty. otov RF).

Afppa 8.2.4. Eotw [ kavovikd pétpo Borel otov uetpixd (1§ tonodoyikd) xdpo
X.
(a) Kife A € B(X) pe u(A) < oo ikavonoiel tny «eowtepikij kavovikdtntay

w(A) = sup{p(K) : K ouurayés , K C A}.

(B) Av 0 X efvar petpikds xapos kar éxer pa e€avihotou axoloudio and cupmoyy
vao)\aﬂ {X, 1 n € N} 6nAadrj a axodovdia pe X,, € X7, ka1 X = J,, X, tdre

;n o omotadrimote aprdunoun Bdon yio Ty 'corco)lxoyioc Tou R
Avalnrolpe éva xhewstd clvoro Y dote 1o fT(V,) NY va ebvan (oyetind) avouxtd
/ . ; .
610 Y). To Y xataoxeudleton «netddvtog tor xoxd xoupdtioy Gp\Fy.
3 této1ec axohoudiec udpyouy ot xdde todamhdTTer oTov RF uropodye iy va ndpoups

Xn = B(0,n).
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yia kdle A € B(X) kat kd0e € > 0 vndpyovr G avoté ka1 F' kdewoté ue F C AC G
kat p(G\ F) < e.

Arnddeén. (o) Eotw € > 0. And v eZwtepus] xavovixdtnta yio to A, undpyet G
avouyto pe G D A xan u(G) < u(A) + € (apod p(A4) < oo).

Enopévoe (G \ A) = u(G) — p(A) < e. And tny e€wtepinf] xavovixdnto yio
0 G\ A, undpyet V avorytd pe V2o G\ A xou u(V) < e.

Ané v eowteph xavovixdnta Yoo To (avowxtd) G, undpyer L ovunoyéc pe
L C G xa p(L) > u(G) —e.

Oérovpe K = L\V: ebvat xheiotéd unooivolo cupmaryols, dea ouunayés. ‘Eyouue

K=LNVeCGN(G\AF=A

xon p(K) = p(L\ V) = p(L) — p(LOV) > (L) — (V)
> pu(L) —e > pu(G) —2e > p(A) — 2e.

(B) ©étoupe A, := AN X, onéte p(A4,) < oo v xédde n. And 1o (o) (xou Vv
e€wTeph) xovovxoTnTa), Yoo xdde n undpyouv G, avoytod xou K, cupmayéc pe
K, CA, CGyxo p(Gn \ Kp) < 57.

Oétww F =, Kn xu G =J,, Gn xou €y F C AC G (agod A =, An) xou
WG\ F) <>, 5= <e.

To G eivor avouxtd xou oyvpllopor 611 o F eivan xheiotd. Hpdypatl: éotw (z,,)
wat oxohovdio otov F pe @, — x. O dellw 6tz € F. 'Eotw W := {z, : n € N}.
To clvoho W U {x} eivan cuprayéc, xau n owxoyévewr {X2 : n € N} elvou avouxté

no
xdhuppa Tou X, dpa xou Tou WU {z}, cuverde undpyet ng dote WU {z} C |J X2.
n=1
no no
Enopévoe W C |J X, xaw agod W C F éyouue W C |J (X, NF)= U K,, 10
n=1 =1

n=1
no

onolo elvar xhewotd olvolo, xou cuvende x = limz, € |J Ky, doa z € F. O

8.3 X0yxpiomn pe To ohoxArjpwua Riemann

T g ouvdptnon f : [a,b] — R Yo ypdwoupe f; f(z) dx vy o ohoxhfpwua Rie-
mann o fab f dX yio to ohoxhipwua Lebesgue e f (otav autd undpyouv). Eniong
Aéyovtog «oyedov mavtoly Yo evvoolue A—oyedov navtol. ‘Onwg delyvel to Hewpenuo
nou axoloudel, To ohoxhfpwua Lebesgue enexteivel to ohoxhfipwpa Riemann.

Oezopnpa 8.3.1. Eotw f : [a,b] = R Riemann olokAnpdoun owdptnon. Tote,

(i) H f elvar pezprioun.
(i) H f eivar Lebesgue olokAnpdoiun rkat

/:f dr = /:f(x) da. (8.10)

Anéoein. Oa yenoiuonoiicouye to e€Nc:
1. To Yedpnua xuptapynuévne odyxAong.

2. Av h > 0 petpfown xou [ h dX = 0, t6te b = 0 oyeddv naviod oo E.
Enopévae, av f < gxou [ f dX = [, g d\, t6te f = g oyedby navtol oto E.



8.3. XITKPIZTH ME TO OAOKAHPOMA RIEMANN - 145

3. AV 8 = AiX[as,b,) EVOUL WL XApax T GUVAETNROY, TOTE

/abs d)\:/abs(x) dx.

Trodétovue 6t 1 f elvar Riemann oloxdnpdown. Téte, undpyer axohouvdia (P,)
dropepioewv Tou [a, b] pe tic e€hc Widtntec: Py C Putq () Pot1 elvon exhiéntuvon g
P,), | Pa]] = 0 (tor thdtn toov dapepioewy P, teivouy oto 0), xou

b b
L.P) = [ 1@ do . UP) [ 1) do

‘Eotw £y, N *XApoxe T cuvEpTnom Ue f; ln(z) dz = L(f, P,) (dnhadh, av L(f, P,) =
k—1 , k-1 . ,
D ico Mi(Tiy1 — @5) T6T€ Ly = D00 MiX[ws,0i41)) X0 Un 1) AVTIOTOLM XAPAXOTH

CUVEPTNON UE f; up(z) de =U(f, P,). Tote,
by < f < up.

Ané my P, C P,y énetan 6t n (£y,) ebvan adZovoa xou 1 (uy,) @divousa, ondte
oplCovtan ol cuvapthioec ¢ = limy, £, xou v = lim, u, xou £ < f < u. And 10
Yewdpnua peayuévne obyxiiong,

b b b b
/ud)\:hm/ und)\:hm/ Up (T) dac:/ f(x) dx

b b b b
/Ed)\:lim/ 4y, d)\:lim/ 4y () dx:/ f(z) du.

Aol £ < u xan f;f dX\ = fabu dA, ouunepaivouue 6TL £ = u oyeddy navtol. Aol
¢ < f < u, mpoxintel 6Tl

pudei

{=f=u oyedbv novtoL. (8.11)

Apa, 1 f elvou petpriown ouvdptnomn we 6pto (oyedov mavto) axorovdiag YeTEHOWLDY
oLVOETHOEWY. [7| AuTd anodewviet to (i).

Aqgot 1 f elvan yetpriowun xou peaypévn, 1 f elvon Lebesgue ohoxhnpddowun. Téhog,

and v (8.11) éyoupe
b b b
/ fd)\z/ ud)\:/ f(z) dz,

dnhady| éyouue anodelZel xou to (ii). O

Khelvouye authy tnv mapdypoapo ue évav yopoxtneilopd twv Riemann ohoxin-
paotpwy f 1 [a,b] — R: eivon excivec oL ppayuévee cuvopThoelc Tou eivon cuveyels
oYEBOV ToVTOU.

4 T %80e b € R, 10 alvoro [f < b = ([f <D N[f=u) U([f <O N[f#u]) = ([u<
bN[f=ul)U([f <bN[fF#u]) elvon Lebesgue petpowo, yiati to [u < b N [f = u] elvon
peTphiowo xau to [f < b N [f # u] pndevixd.
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Oevpnpa 8.3.2. FEoww | : [a,b] = R gpayuévn ovvdptnon. H f elvar Riemann
oAoxkAnpaoun av kair uovo av

A{z € [a,b] : n f elvar aocvveyris oo x}) = 0.

Anédain. Yrodétovue mpdta 6Tl 1 f elvon ouveyfic oyedov mavtol. Emhéyoupe a-
xohovda (P,) dwpeploewvy tou [a,b] pe P, C Poy1, ||Pa|l — 0, xou Yo delovpe bt
U(f7Pn) 7L(fvpn) — 0.

Oewpolpe T cuvapTHoelS £y, Uy TOU avtiotolyoly oty P, ye £, < f < u,,
[P0 (2) dz = L(f, Po) xou [P un(z) de = U(f, P,). Anhadf, av P, = {a = x <
- <z, = b} opilouye

k—1 k—1
by = ZmiX[;ci,le) AL Uy = Z MiX[:c,i,le) (812)
=0 i=0

Tote, by, 7 xou Uy \( U, 010V £ < f < u.
Ou Ly, uy, etvon YETPHOWES X0t OPOLOUOPPA PporyUéVeS (amd TO Supremum xot To
infimum e f oto [a,b]). Ané to Vedpnua ppoyuévne obyxhione PAénoupe 6Tt

b b b b
/ £, () dm—>/ £d\ xou / U () dx—>/ u dA.

b b
L(f,Pn)—>/ 0 d) o U(f,Pn)—>/ w dA. (8.13)

b b
/€d)\:/ u dA.

Avuté oy el yio tov e€Ac Aoyo: av P = )| P, xou av A efvor 1o oOvoho twv onuelwy
acuvéyetag e f oo [a,b], tote v x&de x € [a,b] \ (AU P) éyoupe £(z) = u(z).
Medypatt: éotw x € [a,b] \ (AU P) xu éotw € > 0. Agol 1 f elvon cuveyic oo z,
utdpyel § > 0 dote: av y,z € (x — d§,x + 0) t6te |f(y) — f(2)] < e. Emhéyoupe ng
vt T0 0100 || Pl < 8. Av [z, x;41] €lvon to unodidotnua tne P, oto onolo avixet
10 x, TOT€ [24, Tit1] C (z — 6,2 + J), dpa

Anhadn,

Apxel va Sel&ouye 6T

M; —m; = sup{f(y) : y € [wi, zipa]} —Inf{f(2) : z € [wi, zi1]} <,
dnhadh 0 < up, () — €y, (z) < €. Opowc,
0 <wu(z)—L(z) < upy(x) —lny(x) <e.

xou ool to € > 0 Atay tuydy, éneton 6Tt u(x) = £(x). ‘Ounc M(AU P) = 0 xa dpo
¢ = u oyedbv navtol, To onolo delyvel Tt f;@ dX = [ u dA.

Avtiotpoga: Trodétoupe bt n f elvoan Riemann ohoxhnpioiun oto [a,b]. Em-
Aéyoupe oxohovdia diopeploewy (Pp)y e Py C Pory1 yio xéde n xou

b b
L(f,Pn)—>/ f(z) dz | U(f,Pn)—>/ f(z) dzx



8.4. ASKHIEIY - 147

Mo xdde n € N, dewpolue TiC ¥APoxwTEC OUVAPTACELS £y, XL Uy, TOL AVTICTOLYOUY
oty P, pe £, < f < uy, xou

b

b
/ Ly (z) de = L(f, Py,) , / up(x) de =U(f, Pp).

a

H axohoutdio (€,,) eivar av&ovoo xou 1 (uy,) eivan @divovoa. 'Eotw £ = lim, £, xou
u = limy, u,. Téte £ < f < u xon and to Yedpnuo xuplapyNUEVNE cUYXMOTNG

b b b
/ Cd\ = lim/ ly(x) de =lim L(f, P,) :/ f(x) dx
ol

/abu A\ = liTILn/:un(a:) dz = lim U (f, P,) = /abf(.%') .

b b
/Ed)\:/ u dA. (8.14)

Agob ¢ < u, éneton 6L £ = u oyeddY TovTo.

Eotww C = {z € [a,b] : {(x) = u(z)} xou éotw P = J,—; P,. Ou delfoupe 6t
yie xéde © € C'\ P v f elvor cuveyhc oto x. Hpdypati: éotw € C'\ P xou € > 0.
Téte U(z) = u(x), dpa undpyet ng Pe 0 < up, () — ln, (z) < €. Autd onuoiver 6Tt av
(x4, %i11) ebvon To umOddoTNUA TS P, 070 omolo aviixel to x, TéTE

Apa,

sup{f(y) : y € [wi, wiy1]} —Inf{f(2) : 2z € [ws, mi11]} <&

‘Eneton 6t 1 f elvou ouveyfic oto x (e€nyfote yiotl).

Yuunepaivoupe 6tL av A elvon t0 cOvoho Twv onuelwv acuvéyelag e f, tote
A C ([a,b]\ C)U P, dpo A(A) = 0. O

YxoAo. AxpBog avdhoya anoTeAEoUATA PE AUTE TOU POAS amodelloue yio TNV
Tporypater eudeia oy louy xau i Toug yopouc RF yevixdepa.

8.4 Aoxroeig
Opdda A'.

1. 'BEow X,Y uyetpixol ywpol epodiacuévol pe Tic 0—dhyefpec twv Borel unoou-
vohwv toug. Amodei€te dtu xdde cuveyrc ouvdptnon f: X — Y elvon yetpriown.

2. 'Eotw ot ouvapthoec f,g: R — Ruye f(z) = €® xou g(y) = y3+y. Nounohoyiotet
10 ohoxhpwud
| gdnon.
(0,1)

3. Eow X évoc petpixde yopoc. Mo ouvdptnon f : X — [—o0, 00] Myetow drw
(avtiot. kdtw) nuourexris av to cbvoro {z € X : f(z) < a} (avtiot. {x €
X @ f(x) > a}) evon avowtd oto X yio xdde a € R. Anodellte 6t pa tétowa
ouvdptnom f elvon cuveyhc av xat LéVo av elvol Gve XL XETw NUICLVEYHC.
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Oudda B'.

4.

‘Eotww (X, A) petphowoc xodpoc, Y petpxde yopoc xou fr, : X =Y, n=1,2,..
o oaxohoudio (A, B(Y'))—uetpfiouwy cuvapthioewy. Av n {fn} ouyxiivel xatd

onuelo oe waouvdptnon f : X = Y, va Bellete dtuxan n f etvon (A, B(Y'))—uetpriowun.

. 'Botw X évac petpixde yopog, p éva mencpacpévo uétpo Borel otov X xou

f + X — R woa Borel petpriown ouvdptnor. Na deléete 6TL undpyel oxohou-
Bo ouveydv ouvoptioewy g, : X — R dote g, — f xoatd onuelo p-oyeddyv
navtol oto X.

. 'Eotww X évac petpixde ydpog xan éva unoovvoro A C X. Tlote 1 yapaxtnplotxy

oLUVEETNON XA €lvol dve NULOLYVEYNC oL TOTE HETW NUCUVEYHC;

‘Eotw X évoc petpwde yopoc xat f g : X — [—00,00] 800 dve (aviiot. xdtw)
nuovveyelc ouvaptioelc. Na deléete 6t yia xdde a, b > 0, n cuvdptnon af + bg
elvan xon Ut dvey (avtioT. xdtw) Nuouveyhc.

Opdda I,

8. (Oehpnpa Vitaly-Kapodeodwper) Eotw A C R¥ éva petpriowo odvoro pe A(A) <

00, wot ouvdptnon f € Li(A) xow éva e > 0. AnodelEte 41t uTdpy oLV dve TuL-
GUVEYHC O VW PEOYUEVT] CUVERTNOY) @ XU HATL NUCUVEYHS XL XATW QPEOYUEVN
ouvdptnon P oto A dote ¢ < f <4 xou emnhéoyv

/X(w—fb)du <s,

axohovddvtog o e€ng Prpotas

(i) YTrodéote npddhta bt f > 0 xou anodei&te btu n f unopel va ypogel otn popen

(*) f = Z kaBk
k=1

Yo xdmota peTeRotdo abvoro By xa by, > 0.

(if) Xenowomouwdvtog Ty (*) xou TRV xavovixdtnta tou pétpou Lebesgue xoto-
AMEte oto {nrolduevo otny nepintwon mou f > 0..

(iii) Oloxhnpdote Ty anddeln ypdpovtas f = fT — f~ xa ypnowonodvrog
Ny doxnon 7.

. Eoto (X,d) évac petpude yopoc xou f @ X — [0,00] wo xdtew nuouveyic

ocuvdpTnom, Oyl Tawtotxd {on pe oco. e n =1,2,... xou z € X opilovye
gn(x) = inf{f(p) + nd(z,p) : pe X}.
Arnodeilte 6t

(i) Ioyter n aviobtnta |gn () — gn(y)| < nd(z,y) yia x&de x,y € X (dpo n g,
elvan cuveyhc).
(ii) Toyxtet 0 < g1 < g2 < ... < f.
(iii) H {gn} ovyxhiver xatd onpelo otnv f v n — oo.
No oupnepdvete dTL Lo un aevnTixy cuVdETNaN elvol XETEL NUICUVEY TS oV Xl LOVO
av etvar xotd onuelo 6pto W avZouoas axohovdiog CUVEYHOY CUVIPTHACEWY.



Kegpdhawo 9

Merpa yivoueva

Ye autd 10 XEPIANLO ACYONOVUAOTE UE UETPA OE YWOEOUS YLVOUEVO. ZEXIVAUE AOLTOV
e dvo yopouc pétpou (X, A, 1) xou (Y, B, v) xou $€houde vo Sdcoupe 6T0 xopTecLavd
ywoépevo X X Y o «puotohoyxfy Soun ywpou pétpou (X x Y,C,p). Edudtepa,
Véhoupe:

1. H o-d\yefpa C va mepiéyel dha to puetpriopa opoydvia, dSnhadr oha T chvola
e poppfic A x Bue A€ Axu B € B.

2. To pétpo p va axoroudel 1 Sloddotatn évvola Tou eufadol, dnhady yia xdde
Ac Axa B e B vaoylel

p(Ax B) = p(A)v(B). (9-1)

Oo anodetgouye 6TL, UTE LV xeS, Eva TETOO PUETEO UTdpEYEL XaL efval UIALG TOL LOVa-
OLx0.

To endyevo PuOLOAOYLXS oM TN Efval Vo XaTIAGBOLUE Twe «AELToURYELY TO Olo-
xAMpwpo wg Teog autd To wétpo p. I'vwpllouye, and tov Anecipootind Aoyiopo, ot
av K = [a,b] % [c,d] CR? xou f: K — R pio ouveyfic ouvdptnom, t6te

| rwwaa= [ b / ) dyde = / ' / faydady,  (92)

6mou dA elvar to ototyelo tou eufadol oto eminedo (ouotacTixd elvan To dAg). e
auTH TNV TEP(MTWOoT AoV, TO BITAO OAOXANEWUA GTO YWEO YWOUEVO YEAPETOL (G
B0 Sladoyd amAd ohoxAnpouata. Ao dolue mapaxdtw 6Tl To Blo anotéieopa Yo
oY VEL xou OTN YEVIXY TEpInTwor) Ye TNV mpolnddeon 1 f val elvor OAOXANEOCIUY ©¢
TPOS TO UETEO YVOUEVO.

9.1 Xwpol xou UETEA YIWOUEVO

Eexwvdue pe tov oplogd g o-dhyefpac ywouevo yio v onola wAhooue oto 1.
TOPOTAVE:

Optopoe 9.1.1. Eow (X, A) xa (Y,B) dbo petpriowor ywpeot. Eva cbdvolo
C C X XY nodelton pegprionuo oployddvio av etvon tne wopphc C = A X B yia xdnolo
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i Y

Yyfua 9.1: Ou toyég evog cuvorou C

A€ Axa B € B. H o-dAyeBpa ywduevo v A xau B elvou exelvn 1 o-dhyefpa mou
napdryeTon oo ToL UeTerotua opdoydvia, dnhadr 1

AoB=0c({AxB:Ac A B e B)). (9.3)

Optopoc 9.1.2. Eotw X,Y 800 cbvohaxaw éva C C X xY. Ave e X xawy €Y
ot topés tou C' ota & xou y avtiotolya slvon ot

Co={yeY:(z,y) €C} xu CY ={ze€ X :(x,y) € C}. (9.4)

Av emmdéov f @ X XY — R wa ouvdptnor, tote opillovton oL cuvopthoels
fo Y > Rxou f¥: X - Rye

fw(y) = f(x,y) ol fy(x) = f(:v,y) (95)

IMopatneiote étL av 1 f elvor g wopyhc f = xc v xdmowo C C X X Y, téte
fo = (Xc)s = X, agob v z € X otadepd civon f(x,y) = 1 av xou uévov av
(x,y) € C, dnhadh y € C,. Tehelwe dpowa oyde xou f¥ = (xo)¥ = xov.

Enione, av 1o C eivan e poppic A x B yia xdnoie A C X xou B C Y, t6t¢

B A A B
C, = y, WITE o oxa CY = » WYE . (9.6)
0, SwpopeTind 0, BdpopeTind

Fevixd woybouy ta e€nc:
IMpotaom 9.1.3. Eotw (X, A) ka (Y, B) 8Vo petpriotor xdpor.
(i) AvCe AR B, tte Cp, e Bxar CY € A yuu kdf0e x € X kary €Y.

(ii) Avn f eivar pua petprionun ouvdptnon oto X XY, téte n f, elvar B-petprionun
yia kdOe x € X xa1 n fY elvar A-petprionun ya kdle y € Y.

Arnddeén. (i) Oewpolye TV oxoYEVELL
C={CeARB:Cy € B, yaxdde z € X}. (9.7)

Ou dei€oupe 611 C = A® B. Iapatnpodye apyxd, 6t av C' = A x B éva petprotdo
opBoydvio, téte and v (9.6) Cp € B v xdde x € X xou dpo  C mepiéyet o
petpiowo opBoydwia. T va Setydel Aowndv to {nrolpevo, apxel vo deiloupe 6t 1 C
ebvan o-dhyefpa. Hopatnerote apyixd 6Tl Loy oLV oL Gyéoelc:

oo

(X xY)\C), =Y \C, xa (U cn> = J(Cn)x (9.8)

T n=1
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(voo Tic ehéyEete). Amb autéc thpa, €neton OTL M owoyvévewr C elvon xAeloTh oTa
CUUTANEOUAT X0 0TI optdufolueg eVRoelg, dnhadt etvar o-dhyefpa, omwe Géhaue.
Apa, mpdyuatt toyvel to {ntobuevo. Tehelwe duolo delyvouue xan 61t CY € A yia
x&e y € Y.

(ii) Eotw (Z, D) évac petphowog yopoc xat f : (X x Y, A® B) — (Z,D) petpfiown
ouvdptnom. Toéte, yia D € D elvou

(fo) (D) ={y €Y : fuly) = f(z,y) € D} = (f~1(D)), € B

and to (i). ‘Oporo xou 1 fY eivar yetphiowun.
O

Yyxoho. Yto (ii) mopandve YeNoULOTOCHUE T YEVIXY EVVOLXL TNG HETENOWOTNTOC
Tou TPoNyoluEVOU xepodaiou. Av 1 ocuvdptnon f molpvel Twéc oo [—o0, 00| Tol
avtioToya obvora D elvon ta Slothuarta e wopehc (—oo,b] émou b € R eved av
nadpvel Twée oto € elvar tor Borel unoctvola tou C.

Ewodryouye oe autd to onuelo éva cupBohioud: Av f o yeteroun cuvdptnor o
éval Ywpo pétpou (X, A, 1) Ya ypdypouye

[ 1 an- /X £(z) du() (9.9)

yioe va EeywpiCoupe xdde @opd ) uetoAnTy oloxhripnong.

‘Onwe elnope xa oty apyh Tou xepaiaiou Véroupe vo amodel€ouue Yewpruata
tirou Fubini ot apxetd «<xohécy xataotdoec. Elwdrepa, av (X, A, 1) o (Y, B,v)
B0 «xaholy yopot pétpou xan f 1 X X Y — R wa «xahhy cuvdptnon Yo délaue va
umopolpe Vo ahAGEoupE T oepd Tne Btthic ohoxhipwong, dniady

A(Lﬂaww@>wwzl(4ﬂ@ww@0ww. (9.10)

Alyo o mpooextixd, 1 teheutalo ypedpeTal

A(Lh@w@0@m=A<Aﬂmmm0@@, (9.11)

Exelvot o1 ydpot yétpou yia toug onoloug Yo metdyouue tétolag QUoNE anoteAéouata
elvon oL ywpol o-tenepacuévou uétpou. BOa pavel apydtepa moléc Yo elvon oL «xohéCy
ouvopThAoEl, dAAd ot xdde mepintwon Vo VEAUUE Ol YUPAXTNELOTIUES CUVIRTHOELS VoL
elvon tétolec. ‘Eyouye Aowndv 1o e€ig anotéheopa

Ochpnpa 9.1.4 (Fubini v yopaxtneotixés ouvaptioe). Eotw (X, A, 1) ka
(Y, B,v) xdpor o-nenepaopévov uétpov. Ia C € AR B fJewpolpe tis ovvaptrioes
oc : X = [0,00] kat Yo ' Y — [0, 00] nov opilovtar wg

bo(a) = v(Cy) = /Y xe. () dv(y) = /Y xe(@,y) dv(y) (9.12)

Kai

Vely) = p(cY) = /

xeu (&) du(z) = / xe(@,y) du(z).  (9.13)
X X
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Tote n ¢c etvar A-petprioun, n o B-petprionun kar emmAéov 10y Vel

/X¢c dp = /Yil)c dv, (9.14)

1 1wodlvaua

/X ( /Y Yol y) du(y)) dpu(z) = /Y ( /X X (@) du(m)) (). (9.15)

Arnddeén. (a) Trnodétoupe apynd 6TL ta p xou v elvon nenepoouéva. Oempolue Ty
owoyévewa C mou aroterelton and dha o C € A® B yia ta omola

(i) H ¢¢ civon A-petphiown, n o B-petphiowun xou emniéov oy del

(ii) fX ¢C du == fy wc dv.

xou Vo dei&ovye 611 C = A®B. Opwg A®B = 0(A), 6mou A 1 owxoyéveio OV TV
peTERowy opdoymvimy xou agol 1 A elvon xAeloTh oTic TeEnepacpéves Toués (yroti;)
oupmepatvouye 6T emmhéov woyler A @ B = §(A) and to Oedpnua [1.2.4] Ernopévec,
apxel va deloupe Ot

1. H C mepiéyel to yetpriowa opUoy@via.

2. H C elvou xhdon Dynkin.
INo to mpwyto, v C = A x Bue A€ Axa B € B éyovue 61t Cp = B yiv x € A xou
Cy =0 edhde. Enlone CY = Ay y € B o C¥ = () odhddS xou dpat 0L GUVapTAOELS
dc(z) =v(B)xa(z) xo Yo (y) = p(A)xs(y) elvou petpriowes. Enopévwc

/ bc dy = / v(B) du = p(A)w(B)
X A
xau /ch dv = /B,u(A) dv = u(A)v(B).

INo 1o Seltepo, mpénel vo ehéyEoude Tic WBLOTNTES TOL Oplolol NS xhdone Dynkin.
Kot apyde npogavee X X Y € C agod 10 X x Y elvou petpriowo optoymvio.

Oewpolye (C), abouoa axohouvdia otoryeiwv e C xou Yo deiloupe 61t C =
U,, Cn € C. 'Ohec o1 ¢¢,, xou ¢, eblvon uetpfiowes xan emmhéov oy Vel

/ ¢c, dp = / Yo, dv
X Y

Yo x8e . Agol 1 (Cp)p ebvon ad€ouoa, to Bio wyber xou v wic ((Cn)a), xon
((C’n)y)n xou dpat yiow Tig axohoueg (V((Cn)x))n %ol (u((Cn)y))n Emuniéov éyoupe

C, = [_jl(C'n)ac xou CY = Dl(Cn)y.

‘Eto, ot (¢¢, ) xou (Yo, ) ebvor abfouoeg xou emmiéov
oc(x) =v(Cy) = lign v((Ch)a) = lirrln éc, ()

vo(y) = u(CY) =lim u((Cn)") = lim e, ()
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v xdlde z € X xawy € Y. 'Etol, ou po xou Yo elvar petprioies xou emmiéov, and
10 Oedpnua Movébtovne Loyxhone (6.2.6) €xovue 6

/ oc du = lim/ oc, dp = 1im/ Ve, dv :/ Yo dv,
X noJx nJy Y

onhadn medypatt C € C.
Oewpolpe thpa d0o cbvora C, D € C pe C C D xou Vu deifovue 61t D\ C € C.
lNoze X xuwy €Y e

(D\C)y =Dz \Cy xou (D\C)Y=DY\CY (9.16)
xaw dpa, apol Cp € Dy o CY C DY o ol p1 Xou v €ival memepaopéva €YOUYE:
¢p\c(r) = v(Dy \ Cy) = v(Dy) — v(Cy) = ép(x) — dpc ()

xou épota Yp\¢ = Yp — Po. Eneton howmdy 6L oL dp\¢ xa Yp\¢ ebvon petprioylec
X0l ETUTAEOV

/X¢D\Cdﬂ=/x(¢z>—¢c)du=/X¢Ddu—/X¢cdu=

= [ v ar= [ vear= [ o —ve)av= [ i\ av

Apa npdrypatt D\ C € C.
‘Etot, woybouv ta 1 xou 2 napomdves xa dpo énetan 611 C = A® B oty nepintwon

TWV TEMEPAUOUEVWY UETEWY.

(B) n yevixt nepintwon thpo, epbdoov To p o v elvon o-nenepacuéva, Peioxouye
avZouoeg axohovdieg (Xp)pn xou (Yy)n otg A xa B aviiotoya dote X = (J,, Xy,
Y =, Yo xa v xde n woyder u(Xy),v(Y,) < 0o. Ocwpolye, v¢ ouvidng, Toug
TEPLOPLOUOUS [hy, XOU Vp TOV b X0l ¥V oL opllovTtal »¢

pn(A) = p(ANX,) xu v,(B)=v(BNY,)

yion € N, Ae Axu B €B.

Ta pin, %o vy, elvon mencpaoyévo HETEo Xl Yol OTOLECONTOTE UETENOWES CUVAP-
Thoelg f xou g ota X xou Y avtiotolya loylel

/fdpn:/ fdu xon /gdun:/ g dv, (9.17)
b's Xn Y Y,

n

apxel vor opilovton 6ha tar ohoxnpdpota. (H anddeln autdv twy oyéocwy agphveto
we doxnom.) A@ol To iy xau vy Elvol TETEPUOUEVA, GUUPWVO UE TO TOROTEVE Ol
CUVOPTNAOELS

T = vp(Cy) %o y = pp(CY)

elvan petproes xon emmiéov Loy Vel

/X v (C) dpin () = /Y 1 (CV) dva(y)
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yioe xdde n. Lopgovo pe ) oyéon (9.17) tdpa 1 teheutaio Ypdpeton ©¢
[ (€ @) duto) = [ (v o) vt (9.15)

‘Opwe, edxolo Prenovpe 6t po(z) = v(Cy) = limy, v, (Cy) xou dpowa Pe(y) =
limy,, 1, (CY) xou dpat oL o xou Yo ebvon petpfoles ouvapthoel. Tdpa, ool o
axohovdiec (X,,) xou (Y5,) eivan ad€ovoec to (Bto toydel xou Yo Tic UG OROXAAPWOT)
axolouvdiec e oyéonc . Eropévie, otéhvoviac To n oto 0o €youye (amd to
Oedenua Movétovng Xiyxhiong ot

A%wwmsz@wm

omwe Yéhaue. ‘Etor ohoxinpdveton 1 anddelln tou Oewpruatoc.
O

Av vrodétope npoc oTiypfv ot elye oplotel éva uétpo p otov (X X YV, A® B)
dote vo ixavomotelton 1 ouvdixn (9.1) xon Véhape vou oy Vel o xdmolo anoTéReopo
tonov Fubini vy tyv f = x¢ Oa énpene:

/X¢Cdu=/yl/10dVZ/XXYXCdp:p(C).

Me Bdon auth v napatienon arodexvioupe Aowndy to e€Xg:

Oehpnpa 9.1.5. Eotw (X, A, u) ka (Y, B,v) 6Vo xdpor o-nenepaouévou pétpou.
Tdre vndpyer éva povadixd pétpo p oo xdpo (X x Y, A® B) dote

p(Ax B) = u(Av(B), ya kide Ae Axa B € B. (9.19)

To p bivetar ané tn oxéon

p(C) = /X v(Cy) du(z) = /Y v(CY) dv(y), yiuC e A®B. (9.20)

onAadn
[ vt dute) = [ vetw) avto)
b's Y
omov 01 P ka1 Yo €lvar 6tws oTo TpoyoUrevo Jedpnua.

Anédeitn. Amodewxviouue apyxd v Omapln. Oewpolue Aoumév Tn cuvdptnom p
Tou opileton and Tic oyéoeic (9.20) xou Yo Selfoupe bTL opilel éva uétpo oo YOPO
(X xY,A® B). Kat" apydc etvon

p@%iL¢wm:[Qw0dM@:0

Emopévwg, uével va deydel uévo n aprdunowun mpocdetinotnto. Oewpolue Aotndy uio
axohovdia (Cy)p E€vev avd dlo ototyelwy e A @ B xou Yo Seiloupe bt

p (U cn> =Y p(C). (9.21)
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Yrohoyilovue Aoimodv:

p (}_Jl C'n) Z/X¢unc" dMZ/XV (U(Cn)1> du(z) = /XZV((C,,)I) dp(z)
=3 [ (@) dute) = 3 [ de du=3 p(Ch),

p(Dﬁ)/X%ncndu/XV(

= nz_:l/X V((Cn)z) du(z) = nz::l /X oc, dp = nz::lp(cn),

omou oty Tpltn wdtnTa yenowonowoope 6Tl ta (Cp ), elvon Eéva avd 800 xou oty

endpevn 1o Oewpnua Beppo Levi [6.2.10] ‘Etot, npdypatt to p elvan pétpo.
Av A x B éva petpriowo opdoynvio thpea, dnhadh A € A xa B € B éyouye:

o0

(Cn)m> dp(x) :/XZV((Cn)x) dp(z) =

n=

plaxp) = [

X

(4% B),) dula) = [ v(B) dua) = u(A)u(B).
Yuvende, to p ixavorolel o {NToUUEVY, Gpal TEAYUATL TO UETPO YIVOUEVO YOl YWEOUG
O-TENEPAUOUEVOU UETPOU UTHPYEL.

T ) povaddtnta thpa, Yewpolue éva dAho puétpo T 6to Ydpo (X XY, A® B)
ME TNV WBLOTHTA

T(A x B) = p(A)v(B), ywxdde Ac Axu BeB

o Yo Set€ouye 6tL tawtiletan e to p. Eneldr) ta p xou v etvon o-nenepaopéva, Peloxou-
e avZovoeg axorovdies (X,,) xa (V) petphowwy cuvolwy dote X = J,, X, xau
Y = U, Ya %o eniong, v xdde n vowoytel u(X,,) < oo xou v(Yy,) < co. Téte buwc,
X xY =, (X, xY,) xa emnhéov

T(Xn x Vo) = p(Xpn)v(Yy) = p(X, x Y,) < occ.

'Etot, agol 1 ouxoyévela Twv HETeRoWeY 0p0oymviny eivol XAELOTYH OTIC TENEPACUEVES
Topég énetan, and to Osdpnuo Movadixdtntog ot p=T. O

Optowdc 9.1.6. Eotw (X, A, u) xou (Y, B,v) 8o yopol o-nenepacpévou UETpou.
To povaduéd pétpo p nou e€acpaiileton and To nponyoluevo Jewenuo Aéyeton uétpo
Ywipevo Tov p xa v xon suuPoliletan pe pux v. O ydpoc pétpou (X XY, ARB, X v)
Aéyeton xapog ywduevo wwv (X, A, u) xa (Y, B, v).

Iopatnerote 6Tl UE TOV TPOTO TOU OPIGTNXE TO PETEO YLVOUEVO E(UACTE TWEA OF

Véom va Zavarypdpoupe ) oyéon (9.14) we eZhc:

/X¢c du=/y¢c du:/XnyC % v). (9.22)
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IMépiopa 9.1.7 (Apyn Cavalieri). FEoto (X, A,u) xar (Y,B,v) 6o ydpor o-
nenepaouévov uétpov. Av C, D € A® B ya ta onofa

v(Cy) = v(Dy) p-oxebov yia kdde x € X
wéte (u x v)(C) = (u x v)(D).
Anédain. H Soopévn oyéon ypdgetoaw xou 0¢ ¢c = ¢p p-o.m. oto X xou dpd,
TEAYUOTL
(05 0)(©) = [ e du= [ op du=(uxr)(D)

E&etdloupe thpa ) cuuneptpopd tou uétpou Lebesgue ota yivoueva:

IMopdderypo 9.1.8. INa n € N dewpolye to pétpo Lebesgue A, oto petpriowo
yoeo (R™ B(R™)). Av k,m € Nye n =k + m, t61e:

() Toyver B(R™) = B(R*) @ B(R™), énou éyoupe xdver puotxd tnv taltion R™ =
Rk x R™.

(B) Eivou Ay, = A X Ay,

Arndbeén. (o) Ou arodeifoupe dadoyxd toug dlo eyxlelopoic. Oewpolue apyxnd
800 cOvora A € B(R¥) xou B € B(R™) o Yo Seifoupe 611 A x B € B(R™). Av

m R =R X R™ 5 R* s mp: R"=RF x R™ — R™
oL anewxovioels tpofolic, Téte unopolyEe Vo Yedgouue
Ax B=(AxR™)NRFxB)=n7"A) N, (B).

Aol oLy xou Ty ebvan cuveyelc cupnepaivoupe 6t ta ) H(A) x5 H(B) elvor ohvola
Borel otov R™ xou dpa 1o (B0 woydel xou yio 1o A X B. Zuverde n B(R™) nepiéyel
Ta petprioyo opdoydvia xou ool emmAéov elvon o-dhyeBpa €youue Tov eyxAeloud
B(R*) @ B(R™) C B(R™).

Tt tov avtiotpogo eyxdeloud twpa, apxel guoxd va detlouue 6T av G éva
avoxté utootvoro tou R™ w6t G € B(RF) ® B(R™), agol 1 B(R™) nopdyeto
and 1o avoixtd ovvora. ‘Omwe eivan Yvwoté and v Tpoypotind Avéluor, undpyet
aprdphown oxoyéveln U = {U; : i € N} anb avoxtd odvora otov R¥ dote xdide
avoxtéd ohvoho otov R¥ va elvan éveon ototyeiowy tne U (my. undhec e pntd xévtpo
xou oxtiveg). ‘Eotw V = {V; : j € N} avtiotoiyn owxoyévei otov R™. "Eneton 6t
10 G ypdgeton we apdurioiun éveoorn avoxtdy opdoywvioy U; x Vi (yvtl;). ANG
x&de U; € B(R?) xou xdde V; € B(R™), enopévac U; x V; € B(R*) @ B(R™) dpo xou
G € B(RF) ® B(R™).

(B) Tvwpilouue 6Tt 10 pétpo Lebesgue eivar 1o povadnd pétpo Borel otov R™ dote
M (L) = v (I), v xdde I didotnue otov R,

6mou v, 0 n-ddotatoc 6yxog tou I. Av I éva tétolo Sildotnua, TOTE UmopolUE Vo
yedoupe I = ITW % 1 érou ta IM xou I?) efva dothpata otov R¥ xau otov R™
avtioTouya xou dpa

M X An) (D) = Mg X M) TV x T®) = A\ (TN, (1P)) =



9.2. TA eEQPHMATA TONELLI KAI FUBINI - 157

Vi), (I?) = v,,(IM x I?)) = v, ().

‘Etot, mpdypatt Ay = A X Ay O

Mopathenon. loxde o eyrraouds My: (RY) @ My: (R™) C M. (R™) (andder-
&n: dnws pe ta Borel), aAAd dev 1w0xUe 106tnTa.

Hpdyport, av Yewphoet xavelc éva A C [0,1]% mou dev ebvor Lebesgue petprowo xou
évo Lebesgue petpriowwo B C R™ un xevé odhd pe A, (B) =0, tote 1o C = A X B
dev umopel v aviixel oty o-dhyefpa My: @ M« , Bu6TL Yo Enpene oL Touég Tou
CY vo avixouv otny M-, mpdypa mou dev oupfaive, epdoov C¥ = A btav y € B.
‘Opwe 1o C avixer otny M, yiotl ebvor Ap-pundevixd ohvoho, ool TeplEyeTaL 6T0
petpriowo abvolro [0,1]% x B mou éyet A\, ([0,1]% x B) = 0.

IMapdderypo 9.1.9. To Yedpnuo Fubini yio yapoxtnplotixéc cuvaptrioelc unopel
VoL UV Loy Vel oy €0TR Xk EVoL oamd Tal L xou v Bev elval o-Tenepacpévo.

Arnddeitn. 'Eow (X, A) = (Y,B) = ([0,1],B([0,1])), ¢ to pétpo Lebesgue oto
(X, A) xou v w0 apiuntnd pétpo otov (Y,B). Oewpolue 10 A = {(z,z) : = €
[0,1]} € X x Y xou nopatnpodpe 61t A € AR B xauenione yiw z € X xou y € Y eivon

Pale) = v(Az) = v({z}) =1

nau

Yaly) = u(AY) = u({y}) = 0.

/deu:#o:/ymdu.

Yuvenwe,

O

Yy O6Ato. Ty evétnto auth anodeiloye hotnév 6Tl otny Tepintwon nou €xovue d0o
YWOPOUC T-TENEPAUOUEVOL LETEOL 0pileTon TEVTOL EVOL LOVadLXS LETEO Yvopevo (Snhady
TOU VoL LxavoTolel T oyéon 0TO YOPO YWwouevo. Aev elval YeEVIXd owoTo, av
AUPOLEECOUPE TNV UTOVEST] TOU T-TEMEPAUOUEVOL PETEOV, OTL UTdpyEL TaVTA UOVO €va
T€1010 UéTpo: otnv doxnon[14]divetan évar avtinopdderypa. Tlopdha autd eivon yeyovoe
6TL Yo omolouodnirote dvo ydpoug pétpou (X, A, 1) xou (Y, B, v) undpyet éva pétpo p
otov (X X Y, A® B) mou vo ixavorotel v (9.1). H anédeiln awtot tou Oewprpatoc
yenowornolel 1o Oetpnua Enéxtaone tov Kapodeodwper. Oo oxiaypagricovue to
Baowd e Briwata otny doxnon (13| napoxdte.

9.2 Ta Yewpruata Tonelli xow Fubini

Yy evotnta autry Yo anodetoupe 800 Blapopetinéc exdoyéc dewpnudtenv tOnou

Fubini. Z0ugovae ye 1o Oedpnua xou tov Oplopd av ot X xou Y ebvou
YOpoL o-TETEPAoUEVOL PéTpou xar f = X Yo xdmow C € A ® B, téte woyle

/X</dey>du:/y(/deu)du:/xxyfd(uxz/). (9.23)

O o1t6y0¢ pag etvor va amodel€ouye TéToleg TAVTOTNTES VLo EUPUTERES XAACELC GUVAE-
thoewv. To guotoloyixdtepo nou o oxeptdtay UdAhov xavel eivor vo Tpoywenoouue



158 - METPA TINOMENA

OIS oXPPBAOC XL OTOV OPIOHO TOU OAOXANPOUATOS OTO XEPEAALO 6: PETA and TIC Yo-
PUXTNPLOTIXES VO PTACOUUE OTIC ATAES, OTH CUVEYELD OTIC U1 0pVNTIXEC UETENOWIES
xaL téhog ot ohoxAnpwoles. Auth axplBde tnv nopela Yo xpothooupe: Eexwvdyue
hotnov and o e€ng:

Oezopnpa 9.2.1 (Tonelli). Foto (X, A, n) kar (Y, B,v) 6Vo xdpor o-renepaoiiévov
pHérpov. Av f: X XY — [0, 00] pia petprionun ovvdptnon Yewpolue tis ovvaptioes
5 X —[0,00] ka1 ¢y : Y — [0, 00] mov opilovrar wg

o1@) = [ fodv= [ fa) avty) (9:24)
Kai
— Y dy —
vt = [ £ dn= [ ) dnto) (9.25)
Tote n ¢5 etvar A-uevprionun, n ¥y B-petprionun ka1 emmAéor 10y ver
Josdu= [ wyar=[ s (9.26)

1} 1006Uvapa

/X </Y f(z,y) dz/(y)> dp(r) :/Y </x f(z,y) du(x)> dv(y) = /Xfo d(p x v).

(9.27)

Arnddaén. Kot' apydg, ou ¢y xou oy elvan xahd opiouéveg, yiotl ou fp xan fY elvon
petpowes, obupova ye tny Ilpdtaon Q¢ ouvidwe, divouue Ty anddellrn oe
Briuorto:

BAua 1. H f ebvar g poperc f = xc o xdmowo C' € AR B.

‘Onwg elnope xou mewv T SLHTOTWOY Tou YeWEHUATOE, AUTO TEOXUTTEL JUECH ON6 TO

Oewpnua xan Tov Optopd [9.1.6L av mapatnerioovpe 6Tl ¢f = pc xu Py = Yo
axohouddvToe Toug cuUBollopols Tov Oewphuatoc

BAua 2. H f elvar un apvnuixy anh cuvdptnor, dnhadn tne popehc

n
=2 axe,
j=1

v xdmowt a; > 0 xon C; € A® B.

Etvor epgavée 6t yia x € X elvon
n
j=1
O XAUTE CUVETELD 1) YRUUULXOTNTA TOU OAOXATPOUATOS BiVEL

dr = ajéc, (9.28)
j=1
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1 omola efvan yetprowun. Telelwg ool matpvoupe 6Tt
br = ac, (9.29)
j=1

xou Gpor xon 1 Py ebvon petprown. Emmiéov, and to BAua 1, yioa xdlde j €youpe

/qucj duz/ywcj dV:/XXYXCj A x ),

IMolomhaoidlovtoe auTés T OYECES UE a;j xat Tpoolétovtae Tadpvouue 6Tt (Adyw

v (9.28) xou (9.29)) 6w

Joordu= [ oyar=[ g,

Onhadr ) {nroduevn,.
Brpo 3. H f elvon tuyoloo un apvntixn peteriowun cuvdptnon.

Katd ta yvwotd, undpyet ad&ouoo axohova (Sy, ), 41 dpVnTixdy anhéy HeTeRoudey
ocuvapTAcEwy Kote s, A f. Tote, yio x € X, 1 axohoudio cuvoptAcewy ((sn)m)n
elvon adZovoa xat EMTAEOY (Sp)y 7 [z Katd ouvéneia, and to Ochdpnuo Movétovng
X0yxhiong €youue 6T

lim ¢, (z) = lim/ (Sp)x dv = / fo dv = ¢;(z).
Tehelwg dpola €youpe xar T oyéon
lim s, (y) = ¥5(y)

vy xdde y € Y. Ouwg, and to Briya 2 ou ¢, xan s, €lvon yetpriowes yio xdde n
xou €TUTAEOV Lo VEL

/ s, dp :/ Ys,, dv :/ Sy d(p X v).
X Y XXY

Apat, xou oL cuVOPTACELS ¢f xou Yy elvon peTERoteS xou wdMoTa, ool xou ol (¢s, )n
xat (s, )n eivar ablouoeg (yiatl;), énetan and 1o Oedpnua Movétovne Loyxhioneg ot

/)(¢fdM:wadV:/)(xyfd(Mxy)'
0

IMépiopa 9.2.2. Eotw (X, A, p) kat (Y, B,v) dvo xdpor o-tenepacuévov pétpou
ka1 pia petpoun ovvdptnon f: X xY — C. Ta axérovOa elvar w0oddvapa:

(i) H f etvar odoxAnpdoun, 6nkadn f € LY (u x v).

() toxter [ ([ 1ol avt)) duto) < .

(i) tocse [ ([ 116l dn(o)) dvty) < .
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Andbaén. H|f| elvou petphowun, un opvntix cuvdptnon, deo and o Ocwpenua Tonelli
Loy el

| [ el vt dute) = | [ 1l dut@) ae) = [ 151 dgeon.

ITpogovie Aowndv av woyvet wio ond e (1)-(iil), Snhadr éva and ta tpla ohoxAnpedpoTo
elvan menepaouévo téTE TO (BL0 Loy VEL MU Yiar TIC dhAeg Blo. O

To endpevo PBripa elvar QUOXE Vo UEAETACOLYE TL YIVETAUL UE TIC OAOXANEWOUIES
ouvopThoelc Tou dev elvan un apvntixéc. o autég loylel 1o e€hc:

Oeopnpa 9.2.3 (Fubini). Eotw (X, A, u) ka (Y, B,v) 8o xdpot o-tenepacuévov
pétpou kai pa odoxAnpaoiun ovvdptnon f € LY (u x v). Tére:

(i) Ioxve f. € LY (V) p-oxeddv ya kide x € X war f¥ € LY (u) v-oxeddv ya kdde
yey.

(i1) Or owvaptijoes ¢y : X — C ka1 ¢y : Y — C mov opilovrar wg

¢f<x>={0fyfx(y> W, e L) (9.30)
, wpopetird
Kai
) Yy 1
wf<y>={gxf (@) dutah, o 12 E (9.3
, wpopetird

avijkour atous L1 (p) kar L1 (v) avtiotowa ka1 emmAdoy 10y Uet

[osau= [ wrav= [ ragsy) (9.32)

onAadn, ovoaotikd

/( f(x,y) dv(y ) /( f(x,y) du(x > v(y) = /Xxyfd(wl/)

(9.33)

Ano5el§n Ou Xpnomonowupe %0l TO oup@ohcpo on(x) = [y h(z,y) dv(y) xonp(y) =
Jx f(z,y) dp(z) yoo o petprown ouvdptnon h = X >< Y — [0, 00] émwe xdvaye 6To
Oedpernuo Tonelli.

(i) Agol f € LM x v), clppuva ye To Teonyolpevo Toploua éxouue 6Tt

/. ( [ 1 dy(y)) ) <
/Y|fm(y)| dv(y) < oo

p-oyeddév v xde z € X (e€nyhote 10 autd avohutind). Me dhha Moy fr € L1(v)
p-oyedov yio xdde z € X. Tehelwe buota éxoupe xau ot f¥ € L1(1) v-oyeddv yio
x&de y € Y.

O XOTH CUVETELNL
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(i) ©¢toupe A={z € X : f, & L1 (v)} xou nopatnpodue 61t yio éva € X ebvon

/Y |f2(y)] dv(y) = o0 av xou uévo av ¢ (x) =0

xou dpa, ool M 5| ebvon uetprioyun, éyovpe A € A pe pu(A) = 0. T v anddeln
e (9.32) tdpa:

Trodétovpe apyixd 6t 1 f elvon maipvel Tyée oto [—o0,+00]. Tz € X\ A
€Y OLNE

bs(x) = /Y fo() duly) = /Y (o) (4) di(y) — /Y (o)™ () di(y) =
= [0 o) = [ )al) dvls) = 64+ () — 6y (@)
Y Y

Apat ¢ = (Pt — - )xx\A- AQoL houmdy oL drt o Py ebvon petpriouleg and 1o
Oewpnpa Tonelli, n ¢ ¢ etvon petpRown xou emnhéov, agpod u(A) = 0xa f € LY (uxv)
Loy oLV oL

/ Pprxx\A dp =/ Gp+ dp :/ fTd(pxv) < oo
X X XXxY

/X(bf*XX\A d/ﬁz/xq%ff du:/nyf_ d(p x v) < oo.

pdel’

YUVETAC

/X|¢f\dﬂ§/x¢f+ du+/X¢f— du:/Xxy\f|d(u><1/)<oo,

dhadh ¢ € L1 (). Mo ebvon xou

[ordn= [ oponadu= [ o dn-
X X X

:/Xxnyrd(uxu)—/Xxyf_d(uxu):/Xxyfd(uxu).

Tehelwe avdhoyo amodeixvieTal xaL 1) OYECT) HE TNV Yy
It yevix teplntwon topa: yedpouue f = f1 +ify 6mou ot fi, fo elvon mpory-
HATXES CUVORTNOELS, OAOXATIPWOOWES WE TPOG [ X V. OEtoupe
Al={zeX:())e L' V)} xu Ay={z € X:(fo)e & LV}

Aol fr = (fi)e +i(f2)s énetn 61 A = {z € X : f. ¢ LY (v)} = A1 U Ay
(ouverie p(A) = 0) xou eniong ¢ = (¢y, +idyp,)Xx\a- Apx N @5 elvon uetproun
XL pf = ¢, +igs, p-o.m. 010 X xou ouvenoe ¢ € L) xou

/¢fdu:/¢f1 du+i/ bf, dp =
X X X

— d ] d = d .
/Mfl (uXV)H/Xnyz (1 x ) /Mf (4 x )

Tehelwe dpolor ENETOL X0 TO CUUTEQUGUAL YLOL TIG Y F KOl ETOL ONOXATIPWVETAL 1) AMODELEN.
O
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Me v (Bt ouctaoTtind anddelln unopet va del€et xavelc 6tL 1o Oewpnua Fubini etvou
EYEL oYY XL VL0l ONOXANPWOWIES CUVARTAOELC Ye TWéS oTo [—00,00]. H omddei&n
AUPAVETAL (S AOANOT.

Xy oio. Luvidwe ta Yewpriwato Tonelli xow Fubini egapuélovtan poli. Av déhouvpe
vo. utohoyloouye Tto ohoxhfpwpa wog ouvdptnone f @ X X Y — C Pohelel molkég
popéc va amodeloupe mpdta 611 f € L1 (1 X v) yenoponoidvoc To Oedprua Tonelli
(ouctaoTnd TO TdPLoU TTOU T oxohoUDEL) oL TN CUVEYELX VoL TO UTONOY{COUPE PECw
Tou Oewprpatog Fubini avadiatdocovtog tor ohoxAnpduota Ue xotdhhnin oetpd. Mo
eappoyY) awthc e Wéag Yo dodue ato Kepdhowo 11 mou Yo yekethooupe 0 cuvEREN
oo ywpeo LY(N).

9.3 Aoxnoeig
Ouddo A,
1. Eotw (X, A, pn) xou (Y, B,v;), i = 1,2 yopol o—nencpacpévou pétpou. No deilete
ot
px (v +ve) = (ux i) + (p X va).

2. Eow (X, A) yetpriowoc ywpeoc xou f : X — R uyetphiown ouvdptnon. No Seilete

6Tl ot oOVORa

(i) Gr(f) ={(z,y) € X xR: y < f(2)}

(i) Gre(f) = {(z.0) € X xR: y > f(2)} xm
(iif) Gr(f) ={(z,y) € X xR: y = f(x)}
avixouv otn o—dhyeBea A @ B(R).

3. Eotww (X, A, 1) yodpoc o—nenepoouévou pétpou xa f : X — [0,00) petpfioun
ouvdpTtnon. Oétouue

R(f) ={(z,y) € XxR: 0 <y < f(z)} x S(f) ={(z,y) € XxR:) <y < f2)}.
No 3ei€ete 6u woyver R(f), S(f) € A® B(R) xou emnhéov
/Xf dp = (p x X) (R(f)) = (p x A) (S(f)) = /[0 )M([f > y]) dA(y).

Yuvdryete ot av yio ot petpriotn ouvdptnon g 1 X — [0, 00) woyder p ([f > y]) <
1 (lg > y]) yia xdde y > 0, wéte [y fdu < [y gdp.

Oudda B'.

4. Anodei&te 6t dev undpyet obvoro Borel A C [0,1] x [0, 1] dote A, aprdufowo
yioe x&e x € [0,1] xon [0, 1]\ AY aprdufiowwo yio xdde y € [0, 1].

5. Adote mapdderypa cuvérou C C R? dote C ¢ B(R?) xou v .oylouy to e€hc:
() Cp € B(R) xou CY € B(R) vyt x&de z,y € R xou
(B) O ouvapthoeic © — A(Cy) xou y — A(CY) eivou Borel yetpriowes xou toylet

/ NGy )dA(z) = / ANC)A ().
R

R
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6. Awote napdderypo Borel yetpriowne ouvdptnone f: R? = R odote f ¢ LY(Ax )
xon vou toylet fr € LY(A) xon f¥ € L1(N) v x80e x,y € R xou emmiéov

//fxyd)\ YdA(y //fmyd)\ YdA(z).

7. 'Eoto f o ouvdptnomn 6nwe oty Teonyolpevn doxnor. Oewpolue Ty g : R? —
R nou opileton and ) oyéon g(z,y) = xf(x,y). No egetdoete ov:
(i) H g eivon Borel petpown.
(i) Toyber g € LA x N).
(ili) T Ty g oyvouY oL AMAUTACELS TNS TEONYOVUEVNS doXNoTC.

8. Eoto (ank),_; ot Simh) oxohoudior mporyUartixdy aprduy yio Ty onofo 1 oelpd
>k lank] ouyxhiver. No Seilete 6t

[ee] oo o0 oo
DD ak=) ) an
k=1n=1 n=1k=1

Oudéda T’

9. Eow f : (0,1) — R wa Lebesgue petpriown cuvdptnon. Av n cuvdptnon
g(z,y) = f(z) — f(y) ebvar ohoxdnpdowun oto (0,1) x (0,1), vo deilete bt f €
£1(0,1).

10. 'Ectww f,g: R™ — [0, 00] un apvnuxéc yetpfioyes ouvaptioeic. No dellete 6t
(o)
fonn=[(f f() dA(@) | dAw).
R 0 {z€Rm:g(z) >y}

[ ate) xa) = [ At gta) 2 )

11. Eow f : R"™ — R wo Lebesgue petpriowrn ouvdptnon pe v e&hc wbidtnto:
urdpyel C1 > 0 dote, yio xdde t > 0

Yuvdyete 6Tt

Mz |f(@)] = 1)) < 2.

Agf&te bt undpyer Cy > 0 dote, v xdde yetpriowo obvoro E pe 0 < A(E) < oo

VoL Loy UL
[ 1@ ds < 2 V/NE)

12. 'Eoto wo petpiown ouvdptnon f € £1(0,1). Tw z € (0,1) 9étoupe

1.
oM

g(x) = T

x

Aci&te 6t g € L£1(0,1) o

[ o) ixe) = [ 1) ixe)
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13. Eotww (X, A, n) xo (Y,B,v) tuydviec yopol pétpou. Amodellte 6T oto Yo
ywopevo (X x Y, A® B) oplletan éva uétpo yvouevo p oxoloudmvras to e&hg

Bruortor
(i) Amodeilte btL av éva yetpriowo opdoydvio A X B ypdgeton o1 popgn

AxB= D(A”XB")’

n=1

omov {A,, x By} axohovdia Eévev avd d0o petpiowny opdoywviwy, téte

(ii) Av {A, x Bp} o {E,, x F,} 800 axoloudiec Zévwv avd 800 peTphiotuwy
opBoywviny dote

G (An X Bn) = Ej (En X Fn)7

n=

H

3
Il
—

t67te elvan

Z N(An)V(Bn) = Z N(En)V(Fn)

n=1

(i) Oewphote R v ox0YEVEWL OAWV TWV TETEPUOUEVWV EEVMV EVIICEWY |E-
TeRowwy opdoyeviov. T éva C = |J;_,(Ax x By) € R 9étouyue

po(C) = u(Ap)v(By).
k=1

Arnodelgte 61 n R elvan dhyefpo xan 10 pg €va premeasure oty R.

(iv) Xpnowonowdvtag to Oedpnua Enéxtaone tou Kapadeodwper cuvdyete to
{nroluevo.

14. Eow (X, A, pn) = (Y,B,v) = (R, P(R), u), émou

0, oav A apiuroipo
M(A)Z{ pLoUNoLIL

00, av A unepapriufiolo

Eow 7 : X XY — X e n(z,y) = ¢ —y n npoPorf; tou X nopdhhnho ot
daydvio A = {(z,x) 1z € X} tou X x Y = R2. Opiloupe p,7: A® B — [0, 00]
and T oyEoELS

(©) = 0, ovC=AUB xu m(A),m2(B) aprdufioua
)= 00, OLUPOPETIXG

(©) {O, av C=AUBUD xou m1(A), m2(B), (D) apriuiotua
7(C) = :

00, OlUPOPETIXG

Na delete 61U



9.3. ASKHIEIT - 165

(i) Ta p xou 7 elvon pétpa otnv AR B.
(ii) p(Ax B)=7(Ax B) = u(A)v(B) yua xdde A € Axu B € B.
(iii) T Sroydvio A woydet A € AR B xow p(A) = oo, evdd 7(A) = 0.

'Etot, 1 LovadixotnTo Tou PETEOU YIVOUEVOU amoTUYYAVEL Slywe Ty utddeoT) Tou
0 —TENERUOUEVOU.
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