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LECTURE NOTES ON ELLIPTIC EQUATIONS

ARAM L. KARAKHANYAN

ABSTRACT. In this notes we discuss some ideas of De Giorgi and Moser leading to Holder
continuity of the weak bounded solutions. We also give the proof of Krylov-Safonov’s
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1. OUTLINE

The present notes contain the material that I have been covering in the PDE seminar
organized for the postdocs and first and second year PhD students. The proof of the De
Giorgi oscillation lemma is based on the unpublished notes of Labutin [3]. The discussion
on the weak Harnack inequalities for non-divergence form elliptic equations is based on the
paper of Trudinger [5]. Other important texts are listed below

e D. GILBARG, N.S. TRUDINGER; Elliptic partial differential equations of second
order. Reprint of the 1998 edition. Classics in Mathematics. Springer-Verlag,
Berlin, 2001

Q. Han, F. Lin; Elliptic partial differential equations. Second edition. Courant
Lecture Notes in Mathematics, 1., New York; AMS, Providence, RI, 2011

e L.A. CAFFARELLI, A priori estimates and the geometry of the Monge-Ampére equa-
tion. Nonlinear partial differential equations in differential geometry (Park City, UT,
1992), 5-63, IAS/Park City Math. Ser., 2, Amer. Math. Soc., Providence, RI, 1996.

e LL.A. CAFFARELLI, X. CABRE ; Fully nonlinear elliptic equations. American Math-
ematical Society Colloquium Publications, 43. AMS, Providence, RI, 1995

e E. LANDIS; Second order equations of elliptic and parabolic type. Translated
from the 1971 Russian original by Tamara Rozhkovskaya. With a preface by Nina
Ural’tseva. Translations of Mathematical Monographs, 171. AMS, Providence, RI,
1998
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2. THE DE GIORGI OSCILLATION LEMMA

By L we denote the divergence form uniformly elliptic operator with measurable coeffi-
cients,

Lu= En: D;(a;j(z)Dju).
i,j=1

Let A > 0 be the ellipticity of L. Here ijs the De Giorgi oscillation lemma.
Theorem 1. Let u € HY(By) satisfy
(2.1) Lu>0 in DBj.
Assume also that u is normalised in the following sense:

u<1 in By,
(2.2) |Bij2 N {u < 0} > 6By
for some 8 > 0. Then

(2.3) supu < 1-—g¢,
Bi/a

for some e =¢(n, L,0) > 0.

The meaning of this lemma is simple. A function u satisfying (2.1) is more convex than
concave. Condition (2.2) means that u is below the level 1 near 0B, and below the level 0
on a set of big measure in By ;. The lemma claims that such u is below the level 1 — ¢ in
B /. Actually, the name growth lemma reflects the nature of estimate (2.3) better.

Utilising translations and stretches of the graph of u we derive the De Giorgi oscillation
(growth) lemma at any level A € R
Let u € HY(By) satisfy
Lu>0 @ Bj.
Assume that u is normalised at the level A as follows: for some 6,0 > 0
u<A in By,
|{u < A= 6} N Byjs| > 0|Byal.
Then there exists € = e(n, L,0) > 0 such that

(2.4) sup u < A — €d.
Bi/a

Indeed, just consider
_u
u=—+b
a
and choose a, b such that (2.1)—(2.2) hold for @: a > 0 and

Tip<1 o u<4a
a

§+b§0 o u<A—G.
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This gives

Then (2.3) gives
u A
sup (+1> <l-eesupu<Ad-ed
B/ 1) 1 By»

Similar estimate holds for supersolutions:

Let u € HY(By) satisfy
Lu<0 1w Bj.
Assume that u is normalised at a level A as follows: for some §,0 >0
u>A in B,
{u>A+38}N0 Byl > 0|Byl.
Then there exists € = e(n, L,0) > 0 such that

(2.5) inf u> A+ &é.
By
Lu<0
N
//~ \ A+d
J N

\ A+ed

/ i i u
By, : By, :
A ! !

B, BN {u=A4+8}

(A) (B)
FIGURE 1

We also formulate a variation of the previous result.
Theorem 1'. Let u € H'(By) satisfy
(2.6) Lu>0 in Bj.
Assume also that u is normalised in the following sense:

u<1l in By,

(2.7) ’31/4 N{u < 0}’ > 0| B4

for some 8 > 0. Then

(2.8) supu <1-—g¢,
Biy

for some e = e(n, L,0) > 0.
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Proof.
0
|Bl/2ﬁ{u < 0}| > ‘Bl/4ﬁ{u < O}‘ > o

then apply Theorem 1 to infer the result. (Il

Notations: for a function v and ¢t € R set
Clearly
(u—t)T=lu—tj=u—t on K.
We also have
for k < h.

2.1. Main steps in the proof of the De Giorgi oscillation lemma.

Proof. Step 1: Reversed Poincaré inequality. The starting point is the Caccioppoli
inequality. In order to obtain it, test the equation

Lu>0
with
(u—t)" 02 g

Here 7, r is the cut-off localised in Br. The result is

1 2
(2.9) / |Dul? < 7/ u—t|”.
E:NB, (R— 7")2 E.NBg | |

In other words,

for any height t the gradient of the subsolution w is controlled on the set E;
by the relative elevation of u on a larger scale.

The rest of the proof consists of a nontrivial bootstrapping of (2.9) at different scales and
levels.

Take
v(z) = 7> () (u— t)Jr ,Dv=2nDn(u— t)+ +n?Du (2) 1g,

where n(z) = n(|z|) is radially symmetric continuous functions such that n(s) =1 in (—r,r)
zero outside of the interval (—R, R), R > r and linear otherwise. From the weak formulation
formulation the equation we have

/a () Du(x) Dv (z) < 0.

Subtracting the expression of Dv into this inequality yields

/nQIEt (a (z) DuDv) < —/ 2nDn (aDu) (u —t)" .
(Br\B,)NE:
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Using the ellipticity of a we obtain

A/ n” | Dul?
BrNE,

IA

/ n*aDuDu < 2A n|Dn||Du| (u —t)*
Bt (Br\Br)NE;

1
20 ( / 72| Duf? + 1 / D[ — tm?) |
(Br\B,)NE; €

o= 26A)/772\D77|2 < é/ | Dnl?[(u —£)*]%.
(Br\B»)NE,

IN

Or equivalently

€

Choose/\:2eA:%:>e:ﬁtoget

/ |Du\2§/ n2|Du|2§8<A>2Cn2/ [(u— )2
B.NE; BRrNE; A) (R=7)%JppnE,

Step 2: Local maximum principle. Careful iterations combined with the Sobolev
and Holder inequalities give that

Proposition 2. for u € H'(By) satisfying (2.9) for all levels and all scales, the following
inequality holds:

1/2
[e%
supu < t+C(n,L) / lu — t|? <|EtﬂB1/2|)
By 2NE:

By
(2.10) for any t.
Here
1
(2.11) a=an)=—>0
2K

and k is a fixed number (the positive root of 2k% — n(k + 1) = 0). The proof of (2.10) relies
on recurrent relations between the integral and the measure in the right-hand side there
obtained from (2.9), see next section.

Step 3: Dyadic level sets. From (2.10) the proof of the desired estimate (2.3) is almost
immediate. Indeed, set
1 )
t=1-g, j=12...,
in (2.10). We discover that

1/2
supu < t+C / lu — t|? |EtﬂBl/2a
Bl/4 Bl/2mEt

< 4 (1—t)C|E, N By pf*H/?
(2.12) = 14 (t—1) (1= C|E, N Byp))*
1 a+1/2
(2.13) < 1- 1—C‘El_i N By
23 27

forany j=1,2....
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We see that to prove (2.3) it is left to establish that
|Et N\ Byjs] -0 when t—1
uniformly over all subsolutions normalised by (2.2).

Step 4: Decay rates. The final step is to obtain from (2.1) and (2.2) that

2_2
(2.14) j|Ei_1 NBijp| " <Cn,L0), j=12,....
27

Combined with (2.12) it completes the proof of the De Giorgi oscillation lemma.

Estimate (2.14) for our u, u < 1, implies that
|Ey]| -0 when ¢— 1.

This is not surprising because u is a subsolution bounded by 1 from above. Intuitively we
expect this from the strong maximum principle. Formally, the proof of (2.14) relies on the
Cacioppoli inequality and the Sobolev estimate.

2.2. Proof of the decay estimate in Step 4. To prove (2.14) we need to approach the
level 1 for u. To see what can be done fix two numbers h and k such that

O0<h<k<l
We use the following general fact.
Lemma 3. If f € WYY(By) and h < k, then

1
w 1

1—
k-wl{fsmnB| "<—o0©>
( A snB {f <k} Bil Jineseryng,

|Df].

Remark 4. The meaning of Lemma 3 is simple. The left hand side in the last inequality
indicates how f grows above the level h. The lemma asserts that we can bound this growth
provided we controll Df and f lies below the level h on a set of positive measure.

The lemma is proved later.

In the ball B/, apply Lemma 3 to our function u to discover that

(n—=1)/n 1
(k —h)|E, N By s < [ Dul
‘ / |{U < h} N B1/2| (Er\Er)NB1/2
1
(2.15) S f/ [ Dul.
0 (Eh\Ek)ﬂBl/Q

In the last inequality we used (2.2).
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Now we are going to use Caccioppoli inequality to bound the last integral. Applying
Holder inequality and (2.9) derive that

1/2
/ |Du| < (|Ep N Byja| — Bk N Byjl)'/? / | Du?
(Er\Ek)NB1 /2 (Ex\Ek)NB1 /2
1/2
< (IBwN Byja| — |Ex N Bypo|)'? </ |DU|2>
EpNByj2
1/2
S (|EhﬂBl/2|*|EkmBl/2D1/2 </ |Uh|2>
EnNBijz
< (IBnN Byl = |Ex N By jo|)/2(1 = h).

Continuing (2.15) deduce that

2 1—h)\>
(216) |Ek n Bl/2|2fﬁ S (M) (|Eh n Bl/2| — ‘Ek n Bl/2|>

It is left to iterate (2.16) trying to approach the level 1. For that it is clear that we need
to choose h and k such that

]

k—h"™
The simplest choice is

1 1 1—h
h:1—27, kzl—ﬁ, mZQ,
where j = 1,2,.... Sum the first m inequalities
22
By 031/2‘ < C(n,L,0) (‘Ek% mBI/Q‘ _ ‘EFW;H ﬁBl/zD :

7=0,...,m—1, and keep in mind that

‘Epzim 031/2’ < ‘Elfﬁ N Byz|, j<m.

Discover that

m ‘El—% mBl/Q‘ " <C(n,L,0)|Byysl,
which proves (2.14). |

3. PROOF OF LEMMA 3 AND PROPOSITION 2

Recall the statement of Lemma 3:

If fe Wl’l(Bl) and h < k, then
1
-y 1

1
k—nl{f>rnB < -
(k= h)[{7 >k} N By T 0B Jine ey,

IDfl.
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Proof. Step 1. The proof is simlar to the derivation of (2.15). Truncate f at the levels h
and k, and consider the relative value ¢, ¢ > 0. The formula for ¢ is

¢=((f—kK)~+h)",

. 0 if flz)<h
o) ={ f@)—h if h<f(z)<k
k—h if k< f(z)

The Sobolev inequality gives that

B (n—=1)/n
([ o=asren) 5 [ ol
Bl Bl

Let us express this in terms of f and E; = {f > t}.

Step 2. First notice that

| 5< (b= WIELN B
- | B '

0< g = —
B |Bl| EpNBy

Consequently

[ o=anlre 2 [ oGy ey
B, ErNB1

- / ((k — ) — By, [/ D)
FEirNBy

n/(n—1)
E,nNnB
<(k—h)—(k—h)|h31|1|) |Ex N By

n/(n-1)
((k—h)l{f SZ,TB”) |Ej, N Byl

Y

At the same time

[ el [ D1l
B {h<f<k}NB;

Substitution in the Sobolev inequality for ¢ now gives

(k=h){f <h} 0 By| reramths [ Df|.

|Bl‘ {h<f<k}NBi

The lemma follows. O

Proof of Proposition 2 and (2.10.)
We want to show that

for u € H'(By) satisfying (2.9) on all levels and at all scales, the following
inequality holds:

1/2 o
supu < t+C(n,L) </ |ut|2> <|EtﬂB1|)
BiNE;

Bys
for any ¢,

where o = a(n) > 0, see (2.11).
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We will prove a more general statement. We show the bound for functions u from De Giorgi
class:

Proposition 2P. Letn >p>1, and let u € WYP(By) satisfy
1
(3.17) / |Dul? < 7/ (u—t)P
E.NB, (R=7)? Jg,nBg
on all levels t and at all scales 0 < r < R. Then the following inequality
holds:
1/p o
supu < t+C(n,L,p) (/ (u—t)p> <|EtﬂB1|>
B2 BiNE;
(3.18) for any t,

where o = an,p) = p%@ > 0 and k is the positive root of pr* —n(k+1) = 0.
The proof of (3.18) is a careful iteration of (3.17) changing levels and scales.

Proof. Step 1. To move closer to the proof of (3.18) let us try to understand the behaviour
of two quantities, namely

I(r,t) = L,(r,t) = / (u—t)P

E.NB,
and

w(r,t) = |Ey N By,
when t — +o00. For any real t we have (u —t)* € W1P(By), and in localised version
nu—t)* € Hy?(By) forall teR', neCF(B).

Now fix
0<r<p<R<l1, neC(B,, n

Estimate the W, P-norm using (3.17):

[ pGu-on < [ pajw- o
B, B,
+ [ i (w=o)p

B, = L.

s [ -ty
E.NB,
+[ pay
E:NB,
.
S /= (u—1t)°
(p =1 Jg.nB,
.
o (u—t)P.
(R—=p)? JE,nBxs
Now set
R+r
p= :

2
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Then the last inequality gives that

P 1 P
/Bl |D(77(u7t)+)’ S’(R—r)P/EmBR(Ut) .

Now, the Poincaré-Sobolev estimate for HO1 P 1< p<n gives!

(f |n<u—t>+\p*)1/p* <([ I (n@—t)*)\f’)l/p, L

and we obtain
A\ p/P" 1
u—t)P ) < 7/ u—t)F.
</EtﬁBr ( ) (R=7)? Jg,nBn ( )

The Holder inequality implies that

, .\ P/p
?*‘1/ (u—t)P<(/ (u—t)”) .
E:NB, E.NB,

/ (u_t)P<W/ (u_t)P.
E.NB, ~ (R=7)? JgnBg

Let us record this result in the following form:

|E, N B,

Consequently

(3.19) () < M il

< WI(R, t).

Estimate (3.19) shows what happens when we go to the smaller scale. What happens when
we go the higher level?

Step 2. To pass from E; to Es with s > ¢ we will use only a very simple fact, namely the
Chebyshev inequality:

1
EVQB.Si/‘ u—1)P.
1B : (s —t)P EtﬁBr( )

In other words,

(3.20) pu(r, s) <

Step 3. Combining (3.19) and (3.20) we discover that

pu(r, )P/

I(r,s)u(r,s) < m[(fi, t)I(r,t), r<R, s>t

e tacitly assume that n > 3 because for n = 2 Ch. B. Morrey gave the proof of Holder continuity of
u using the regularity theory of quasiconformal mappings. Thus we can assume that n > 3 and p = 2 is
allowed.
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Actually, it is better to take a power x > 0 of (3.19) and obtain

p(r )P/
1 ®u(r, < I(R,t)~I(r,t),
(s ulrs) S R IR ()
p(R, )P/ 1+
< I(R,t)"™"
~ (R_T)pﬁ(s_t)p ( ) ) ’
r < R,
(3.21) s> t.
The reason for introducing this x > 0 is that now we can use
P P
B(r, s) = I(r, 5)"u(r, s) = (/ (u— s)p> B, N E, |5
B,.NE,
to express (3.21) simply as
P B
o) § e

(R—r)(s— 1)

r <R,
(3.22) s>t
provided k = k(n,p) and 8 = B(n,p) are given by

1 1
g=PE g D k2 (k4 1) = 0 see (2.11).
n K K

Notice that
8> 1.
The crucial observation is that (3.22) can be iterated to produce (3.18).

Step 4. We are going to establish (3.18). First notice that
[ull Lo (B, 0y < M <= ®(1/2,M) = 0.

We will establish the last equality. For that we want to iterate (3.22). Therefore we neces-
sarily have to introduce a sequence of radii {R;}. Set

1 1
] 2+2]a J ) Sy
Fix a level
M=t+T

with some T' = T'(n, p,t) > 0 to be chosen below. Let us try to approach it with the sequence

{t;},
T )
tj=t+T— 25 j=12...
Thus Rj —)1/2, tj —)t+T, and

1
[Bjrs = Bl = o5, [ty — 5] = 55



LECTURE NOTES ON ELLIPTIC EQUATIONS 13

Utilising (3.22) we discover that
C'2PKIQPI

O(Rjy1,tj41) < T@(Rj,tj)ﬁ
Ci
< ﬁé(Rj,tj)ﬁ
Gi (it B
S 7\ O(Rj_1,t; 1) | .., j=1,2..,

with some C(n, L, p) = max(1,C)2P(x+1) > 0.

Note that for 5 > 1 we have that

-
o

N
)\8
%=

QU

&

oo
= / e o8B pdy =
1

1 <,
= (10g5)2/1 e “zdz
I'(2)

(log B)*

IN

Having in mind this and that 8 > 1 we straightforwardly iterate this estimate to derive
that

O+ =D+ =2)8%++15771)

J
®(Rj1 i) < TP(I+B+62++57-1) o(L,1)

ﬁj
o(1, )"

(o G=D G- 1
C(ﬁ+ﬁf*1+w‘*2+'"+3)

1 1 1 1
r(F+artatetoth)

~ 37

Od(1, 1) -T2

(1(1/13)]’)) c=0C
T=(1/8)

Recall that 8 > 1. Hence we see that

®(1/2,t+T) = lim ®(R;,t;) =0
j—o0
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provided
Co(1,t
# < 1.
T7-T

For example, we can take
T = (C+1)®(1,t)P~-V/7,
Then
T = é[(l,t)n(ﬁfl)/pu(l,t)(ﬁfl)/p
~ 1
= CI(,H)YPu(1,)* with a=(8—-1)/p=— >0.
DK

We conclude that

IN

t+T
t+ CI(L,t)Pu(1, )

[ullLe (B, ,2)

IN

which establishes (3.18).

4. HOLDER CONTINUITY FROM DE GIORGI OSCILLATION LEMMA

The De Giorgi oscillation lemma implies the Hélder continuity of u € H! solving
Lu = 0.
Namely,
for uw € HY(By) solving
Lu=0 in B,
the estimate
(4.1) [U]CO'Q(§1/2) < oscp,u

holds.

Note that
oscp, u < 2||u||Loo(Bl),
and that by (2.10)
ull oo (By) S ullL2(my)s)-

We set
M(R) = supu,
Br
m(R) = 13;115 u,
o(R) = oscg,u= M(R)—m(R).
To prove (4.1) it is enough to show that there exists £ < 1 such that
(4.2) o(R/4) < &o(R) for all R>0.

To prove this fix R > 0. Take the level | = (M (R) 4+ m(R))/2. Either
H{u > 1} N Brya| > |Bryal/2,
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or
Hu <1} N Brya| > |Bryal/2-

In the first case we utilise that u is a supersolution Lu < 0 and use (2.5). In the second
case we utilise that u is a subsolution Lu > 0 and use (2.4). Assume, for example, that the
first possibility is realised. We have

Lu <0 in Bpg,
together with the pointwise bounds

u>m(R) in Bg,
o(R)

{u > m(R) + 2} N Brya

> |Bryal/2.

Estimate (2.5) is scale invariant. Applying it to our « deduce that there exists ¢ = e(n, L) >
0 such that

m(R/4) > m(R) + go(R).

At the same time
M(R/4) < M(R).
Hence
o(R/2) = M(R/4)—m(R/4)
< o(R) - %o(R)
2—c¢
2
We conclude that (4.2) holds. Thus (4.1) is proved.

o(R).

Lemma 5. Let o(r) > 0 be non-decreasing and o(r) < no(4r) for some n € (0,1). Then

1 0 o IOg%
< — (= = .
0<f’>—n(R) o(R)0 =1

Proof.
R R
4m < =< 4™t = mlogd <log — < (m+1)log4
p p
lo R log%
m<—L <m+1 = gm">prEr >pmth
log 4

Tterating w% <p< 4% we have

R 1
olp) < o) <™ < Ly o(R)
og B
< o) T
n
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5. THE MEAN CURVATURE EQUATION AND A BERNSTEIN TYPE THEOREM

Let u be a W11(Q) satisfying

D
div | ——— | =0.
\/1+ |Dul?
. . Du . . N
This PDE Mu = div | ——— |is called the mean curvature equation and arises in
1+ |Dul?

the area minimization

Area = / \/1+|Du)* = min.
Q

sup |Du| < M = u € CL%(Q).
Q

loc

Theorem 6.

Proof. Let e be a fixed unit vector. We have

D Du, DuD?*uDu,
Oe Y = Y . 4z uzu = = a () Du,

\/1+ | Dul? \/1+ |Dul? < /1+|Du|2>3

W):l(id D®D>

- 2
\/1+ |Dul? 1+ |Dul

It follows that u. solves the equation
div (a (z) Du.) = 0.

Denote w = Du, then w € L*°(Q). Furthermore,

where

. 1 Du - €)2
a;;§'¢ = ——m— <|f|2 - (5)2>
1+\Du|2 1+|Du|
1 Dul|¢])?
. 2<|5|2<| |Z|)|>2>
\/ 1+ [Dul 1+ |Dul
1
> 7l
(\/1 + |Du|2>
On the other hand
a;§'¢ < €%,

v
\/1+ |Dulf?
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consequently, a is a uniformly elliptic matrix such that

1 1
= ’A == .
(14 M2)*? V1+ M2
Applying De Giorgi’s theorem the result follows. |

Theorem 7. (Bernstein type theorem) Suppose that Mu = 0 in R™ such that supgn |Du| <
M. Then u is a linear function.

Proof. Suppose 4(0) = 0 and introduce the scaled functions

u (Rx)
R
It is easy to check that Mugr = 0. Observe that

=ugr(z), € B,,R>0.

N ‘ z ’ <1
== — .
R RI—
We have from the C1'* result of the previous theorem

|Dug (z) = Dug (y)| < C'lo —y|*.

Scaling to the original variables we get that

Du(z) - Du(9) < 0

6. WEAK HARNACK INEQUALITY FROM DE GIORGI OSCILLATION LEMMA

The De Giorgi oscillation lemma can be formulated in a seemingly stronger form. For
example for supersolutions we have:

Let u € HY(By) satisfy
Lu<0 in Bj.
Assume that u is normalised at a level A as follows: for some 6,6 > 0

u>A in B,
|{u > A+5}QB1/100} > 9|Bl/100"

Then there exists e = e(n, L,0) > 0 such that
(6.1) inf u > A+ &é.

B2

In other words (having in mind the comparison principle), the oscillation lemma says
that
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if a supersolution u lies above the level A everywhere in By (and in particular
around dB;) and if in By it lies above the level C', C' > A, on a set of
big measure, then in the ball By, it lies above the level

A+¢e(C - A),
with € > 0 independent of u, A, and C.
It is convenient to reformulate the De Giorgi oscillation lemma for dyadic cubes instead
of balls. Let w € H*(B;) be a positive supersolution:
Lw<0 in By,
w>0 in Bj.

We will assume that dyadic cubes stay far away from 0B;. Let @ be a dyadic cube, and let
Q@ be any of x(n) dyadic cubes touching @ and belonging to the previous generation.

Proposition 8. There exists M > 0, M = M (n, L), such that
1
Hw>1+M}NnQ|> §|Q| = infw>1 for
Q

(6.2) any Q.

Proof. Indeed, (6.1) implies at once (with A =0,§ = 1) that

u>0 in By, }
{u>1}NnQ[ > 3]Q

= infu >e.
Q

_ w
Now set u = T Then

{w>1+M}INQ={u>1}NnQ.
Hence the normalisation
w >0,

fw=14+M}0Ql> 1[Q)

implies
w
inf =infu > e.
ol+M o —
Consequently,
infw>(14+M)e>1
Q
. 1
provided we take, say, M = —. O
€

Another way to say (6.2) is:
There exists M >0, M = M(n, L), such that

~ 1
(6.3) infw<1 for some Q= [{fw>1+M}NQ|< §|Q| for all dyadic subcubes Q.
Q
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This is just the trivial negation of both sides in (6.2).

The oscilation lemma toether with the Calderon-Zygmund decomposition implies the
weak Harnack inequality. It is convinient to have in mind both forms (6.2) and (6.3) of the
oscilation lemma. We set

Qo=(0,1)", Q1=(-3,49", Q2=(-6,8)", Qo C Q1 CQ2.

Theorem 9. Let u > 0 satisfy the oscilation conditions (6.2), (6.3) with some constant
M > 0. Then there exists k > 0, kK = k(n, M), such that

(6.4) |E: N Qo| St " inf u.
Q1
In particular, for some p > 0, p = p(n, L),

llullr Qo) < léllfu

Proof. Step 1. Without loss of generality we assume that

infu=1.
Q1

Then oscilation property (6.3) implies that

w14 M} N Qol < 1 1Qul.

We are going to combine the Calderon-Zygmund decompoistion with the oscilation property
at any scale to derive that

1
(6.5) |{u2(1+M)k}on\§2—k|Qo\, forall k =1,2....

Estimate (6.4) follows immediately from (6.5). The rest of the proof is devoted entirely to
veryfying (6.5).

Step 2. Set E; = {u > t}. We have from (6.3)

1
| B N Qol < 5|Qol-
Of course we also have
Evim D Eqianz D D Eqganrs O Eqpnner Do

Fix an element in this chain. The crucial fact here is that its measure is less than the
measure of the previous element by a fized factor. Namely, we claim that

(6.6) [ > (14 M)} 0 Qol = |Brane N @0l < o51Q0]

To see this we will use a Calderon-Zygmund type argument. Assume that there is dyadic
cube @Q C Qo such that the inequality

1
|Eqianz NQ| > §|Q|

holds. (If no such Q exists then we have Y- Eq4a2 NQ < 33 |Q] < 57| Qo| < 32|Qo))-
For @ we have

U 1
>14+ M| > -|Ql.
{2 s> e
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u

Oscilation property (6.2) applied to 75 gives
u
inf >1
lg 1+M ™~ 7
and hence _
QCEiry.

Thus we have derived the following implication:

1 ~
|Eqianz N Q| > §|Q\ =QCEiium-

In particular, we derived that

if a dyadic cube Q C Qo is filled with the set E a2 by more than 1/2,
then its dyadic parent Q' belongs to E14 .

Now apply a Calderon-Zygmund type lemma described in the last step below with A =
Eqiwmy2, B = Ei1 at the level 6 = 1/2. We deduce at once that

| E14ar)2 N Qo| < %|E1+M N Qol.
Recalling that
|Erymr N Qo < %|Q0\
we see that (6.6) holds.

Further iterations give
1
|Ean N Qo < o ol
which proves (6.5).

Step 3. We present a Calderén-Zygmund type argument and prove the following state-
ment. By @ we denote a dyadic cube, and by @’ his parent.

Lemma 10. Let § € (0,1), let A C B C Qo, be measurable and let A satisfy

(i) [A] < 6]Qol-
(ii) For any dyadic cube Q the following implication holds:
N
ANQ) >0=Q CB.
Q|
Then
(6.7) |A] < 4|B|.

Proof. Recall the Calderon-Zygmund decomposition: for every f € L'(Qq) and 6 > 0 there
are disjoint dyadic countably many cubes {Q;} such that

If <6 ae inQo\|JQ;
J

5§][ ] < 2"5.

Qj
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Apply this to 1 4 to infer

AcC U @; modulo a set of measure zero

5< ANl _gns ADQ
|QJ| |Q]|
where the last inequality follows from the Claderon-Zygmung argument where those cube
‘Algiﬁjl bisected (resulting @);) until the opposite inequality is true for Q.
From our assumption (ii) we see that

ACU@jCB.
J

which satisfy

Relabelling @j such that they are non-overlapping we get
A<D IANQ; <6 10,1 < 4lBl.
J J

O

The LP estimate now follows from an elementary integration argument as in Section
10.3. |

7. HARNACK INEQUALITY

For u € H'(By) satisfying

>0, Lu>0 in By,

1/2
sup u < (/ |u|2> .
B2 B,

Simple translations and scalings give that for any B(p, R) C B; we have

. 1/2
sup u S | 5 / |u|? .
B(p.R/2) R Jsw.m

) 1/2
sup u < 7/ |u|? .
B(p,rR) (((1 —T)R)" JB(p.R)

A simple scaling is not enough to prove this estimate. However, we can argue as follows.
Choose 9 € B(p, TR) such that

estimate (2.10) with ¢t = 0 gives

Moreover, we have

2
sup u | < 2u(zo)?.
B(p,7R)
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At the same time B(zg, (1 — 7)R) C B(p, R) and hence

u(zg)? < sup u?
B(wo,(1-7)R/4)
1
S ] uf
(1-7)R) B(zo,(1-T)R/2)
1 1/
S = | B Jul* |-
(1—m7)" (R" B(p,R) )

8. THE ALEKSANDROV MAXIMUM PRINCIPLE

Normal mapping is defined as followsiu
Xu() ={p€R": st.u(@)2u(y) +p(z—y), Vo €Q}.
Lower contact set is defined
I, = {yeQst xu(y) #0}
{yeQst.u(x) >u(y)+p- (z—y) Yo € Q and some p € R"}
{y € Q where u is convex}.

Proposition 11. Let u € C°(Q) then

o Ifu is differentiable at y € T~ then xu(y) = Du(y).
o if u is convex in ) then '™ = Q and x is subgradient of u.
o Ifu is twice continuously differentiable at y € T~ then D?*u(y) > 0.

infgou — info u

Lemma 12. Let M = ]

, Q bounded u € C%2(Q) N C°(Q). Then

BM(O) - Xu(F_)'

\
\ {
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Proof. Note that 9Q C Q thus infgqu — infou > 0. If M = 0 then Bj;(0) = (. Thus
assume M > 0. Replacing v with v = u — infyq v we have infgov = 0,v > 0 on 92 and in
terms of the new function v we have that

ian v

M=
d

Let ,Q~ = {v < 0}. Tt is enough to show that

By (O) C Xu (F_ n Q_) .
Given £ € By (0) . Suppose m = ming v = v (0),0 € Q (if the minimum is attained on 92
then we are done). In our notations

M:_%,m:v(o)«).

Consider the linear function £ (z) = m+ &£ - z, [£] < M then
Z(x) <m+ (T)d:Q Ve e Q,Z(0)=m<0.

There is x1 close to 0 such that
v(zy) < Z(x1)<0.

Thus we have "room” to translate £ (x) downwards before it becomes tangent to the graph
of v at some point Z. Note that Z(z) < 0,2 € Q thus after translating downwards the

resulted functions .Z(x) < 0,z € Q and consequently Z ¢ 9. Thus we see that for given
& € Bps(0) there is T € Q such that £ is the slope of the tangent at . O

Theorem 13. Let u € C? (Q) N C° (Q) satisfy
det D*u < f(z)h(Du) onT~
dp

h(p)
1

min > min —cd (/ f> n
Q oQ _

where C = C (n) depends only on the dimension n.

for some h > 0,h € C* (R™). Assume [ f < [gn

Proof.

M™ / dp / dp det D%u
< — < < < (2)
sup h B (0) h (p) x(T'—) h (p) I— h (DU) r—

By approximation x5, = Du + <Id, and then letting ¢ — 0 we can justify the change of
variable formula.

Consequently

d
and the result follows. O

M = (Hlfagu —infq u) < £ (@) da,
.-
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Consider

Lu = a;ju;; < gin Q
For n x n matrices A, B > 0 we have

Tr(AB)\"
det Adet B < (r())
n
(8.8) infu < infu— dC (n) ||—L— . d = diamQ.
09 @ (deta)™ || pnire
Similarly for Lu > g we have
(8.9) supu < supu + dC (n) Ll , d=diamQ,
Q o (deta)™ || o (ps)
where I'" is the upper contact set defined by
It = {yeQst.u(@) <uy)+p-(r—y), Vo €Q and some p € R"}.

9. APPLICATIONS OF ALEKSANDROV’S MAXIMUM PRINCIPLE

9.1. Generalizations for Lu = a;;u;; + bju; + cu. 2

Next proposition contains a generalization of the Aleksandrov maximum principle.

Proposition 14. Let ¥ = deta, Z* = P+ such that
A< 9" <A

Let u € C* () N C (Q) satisfying
Lu = azju; +bjus +cu > f in Q)
such that the following holds

b

;L7$*€L7L(Q), c<0 in Q
Then

supu < supu‘L +cl|l=
Q 99 Z* | n ey
A b o
In fact the constant C' depends on n,d = diamf2, || — and more explicitly
7 pn )

2™ -2 b ||"
WnT 9 Ln(I+)

2This section covers some of the material from Section 2.5 of the lecture notes of Q. Han and F. Lin.
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where w, = |B1].

Proof. In Q* = {u > 0} with ¢ <0 we have from Lu > f
(910) — Q5 Ugj g Z) - Du — f +c (QL') u
= ?-Du—f—i—qur—cu_
%
= b-Du—f+cut
|f[|Du| + f~.

IN

It is clear from the binomial theorem that
_\n - _\n—k [T
(Bl1Dul+ 1) = 3 (B0 ()" (7).
k=0

For 1 < k <n — 1 we have from holder inequality ab < % + %,p =7, % 4+ 2 =1 we have

1
q

k(p—\n—k _ ul™ bk f et
(B0 (7)™ = il ()

n k n *k N "
o (o () )

i (’“, n- ’“) (16 [ Dul)" + (£7)".

1<k<n—1\n' n

IN

IN

Using this computation we get

(B1Dul+ 7)< (D) + ()" + X oo (0 ()

r=1

< (OBl 1Dul)" + (F)") 1+m(k_ >Z< )]
< ((pl1Du)” + (£7)") [KM 1(k - ) ]

L2 (@D + ()").

For 11 > 0 to be fixed below we notice that

(“"”(i) >(|Dun+u") _ bI”IDUI"+(f)"+|bI"u"+(J;> D"

B [Dul" + (f7)"

%

implying the estimate
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|~

n

p10ul+ £~ < (1 25 gour - (2

2n=l 1) + 1)

Returning to (9.10) we conclude

det a det(—Dyju) < (f%)" < <|b|” + (fu)) (IDul™ + p™) % 2" +n—2).
Define )
g(&) = €+ n

and use Lemma 12 (applied to —u and consequently replacing I'™ with 't and M =

+_ .
supg Ul —SUPap ) 46 Ghtain

2" +n—2 "+ ()"
de< 21— = .
/BM 9(&)d < nntl /r+msz+ Z

It remains to evaluate the integral

M  n—1
r"=tdr
d¢ = Area(0OB /
/ g(f)f ( 1) R "

Area(0By) log <M N 1)
n ur

MTL
wy, log (n + 1) .
I

Consequently
2m -2 b ||" "
M fexpd SR H | —1le
Wpn 9 Ln(T+NQ+) 9 Ln(I+NQ+)
Iff%Othenwechooseu—H f* . If f =0 then we let 4 — 0. O
Z* || Ln(r+nat)

We begin with the following simple application of strong maximum principle due to James
Serrin. Note that there is no assumption of the sign of c.

Lemma 15. Letu € C?(Q)NC (ﬁ) satisfies Lu > 0. If u < 0 in Q then either u < 0 in Q
oru=01inQ .

Proof. We have ¢ = ¢™ — ¢~ consequently
aijui; + bju; — ¢ u > —ctu > 0.

Applying the strong maximum principle the result follows. O

Next lemma is valid for the domains with small volume.



LECTURE NOTES ON ELLIPTIC EQUATIONS 27

Lemma 16. Let Lu = a;ju;; + byu; + cu in §)
{ai;} is positive definite in Q, |b;| + |c| <A, det (ai;) > A
Suppose u € C (ﬁ) NC%2(Q),Lu>0inQ, u <0 in Q,diamQ < d. There is a constant
d=06(n, A\ A, d) >0 such that if |2 < then

u<0 in.

Proof. Write ¢ = ¢t — c¢—, then it follows
aijui; + bju; — ¢ u > —ctu=—ct (u+ — uf) > —ctut.
We can apply now the Aleksandrov maximum principle

< C +,,+
Sgpu = [etu HLn(Q)

< O]l 190" supu
Q
< 5w C ”c+‘|oo sup u.
Q
This implies that v < 0 if § is sufficiently small. ]

9.2. The moving plane method.
Theorem 17. Suppose u € C*(B1) N C(By) is a positive solution of

Au+ f(u) =0 in By,
u=0 on 0B,

where [ is locally Lipschitz in R. Then u is radially symmetric in By and % < 0 for every
x # 0.
The proof follows from the following

Lemma 18. Suppose 2 is a bounded domain conver in x1 direction and symmetric with
respect to the plane {x,, = 0}. Let u € C*(B1) N C(By) be a positive solution of

Au+ f(u)=0 in By,
u=0 on 0B,

where f is locally Lipschitz in R. Then u is symmetric in x1 variable and g—; < 0 for every
r € Q with x1 > 0.

Proof. Step 1: We use the notation z = (x1,y),y € R*~1. We shall prove that

(9.11) u(z1,y) < u(zi,y)

for any x1 > 0 and 2] < 21 with 2] + x1 > 0. Then by letting 7 — 1 we get u(z1,y) <
u(—xz1,y) for any 1. Then changing the direction x; — —x; we get the symmetry.
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Step 2: We introduce now the main notations

a=supzx,0 < A<a,

€N
Y={reQ x> A\}
T)\:{aﬁ:/\},

¥\ = reflection of ¥, with respect T},

x=2A—z1,29,...,&n), x=(T1,Z2,...,Tp).

In ¥, we define
wy =u(z) —u(zy), =€ Iy
Then we have by the mean value theorem

Awy + c(z, Nwy =0 in Xy,
wy <0, and wy Z0 on 0%,

where ¢(x, \) is a bounded function in Xy.

Claim 19. wy <0 in Xy for any X € (0,a).

Proof. For A close to a we have wy < 0 by Lemma 16.

Let (Ao, a) be the largest interval of values of A such that wy < 0 in X). We want to
show Ay = 0.
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If Ao > 0 by continuity, wy, < 0 in 3y, and wy, # 0 on 93, (because otherwise we will
have an interior point zy where u vanishes which is precluded by our assumptions.).
Let us take small § > 0 to be fixed below. Let K be a closed subset of X, such that

5
Ba \ Kl < 5.

The fact that wy, < 0 in ¥,, implies there is n > 0 such that
wy, () < —n, Vo € K.

Choosing € small we get
[Zxg—e \ K| <6
we choose ¢ so small that we can apply Lemma 16 to wy,—. in Xy,—. \ K. Hence we get
that
Wrg—e § 0 in E)\g—e \ K

and then my Lemma 15 we infer
Wrg—e < 0 in E,\O,€ \K

Therefore we obtain that
w}\ofe ln Z)\Qfﬁ

which is in contradiction with the definition of Ag.

O

Step 3: From the claim we see that wy assumes along 0¥, N Q its maximum in Xy. By
Hopf’s lemma we have that for any such A € (0,a)

Dzlw)\|:r;1:)\ = 2Dzlu|x1:>\ < 0.
O

10. LOCAL ESTIMATES FOR SUBSOLUTIONS AND SUPERSOLUTION OF LINEAR EQUATIONS
aijuij; = f

Let us define
= e o(x) = 1—re if r>e,
TN Tl - e — (1 - ) if r<e.

1 1
2 R, E ;
F(Du)fl_a E )\]Jrn_l Aj.
2;>0 2;<0

Let

This operator is convex for o < 1 and hence one has a priori C*® estimates of Evans.

For a < 1 we have F(D?u) = —C(a)e* 21, hence
|F (D)}, = e ~2en
goes to zero as € — 0 for any
n
< —.
PS54

This shows that W?2P a priori estimates for fully non-linear equations cannot hold for p < n.
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Note that from Sobolev’s embedding theorem we have that w € C® if u € W2P, p > n
with
[ulloe < Cln, [ullwzr).
In this section we show that a better estimate holds
[ullce < C(n, luflos, L)
for the solutions of the elliptic equation

Lu = a;ju;; = 0(or = f).

10.1. Subsolutions.

Theorem 20. Let Q C R™ be open such that it contains the ball Br = Br(y) (y) C Q,u €
C?(Q),Lu > f in Q, with f € L™ (Q). Then Vo € (0,1),n>p >0

1 5 R
supu < C —/ ut p) + — n
s {( 7 @)+ ey

where C'= C (n,o,p, i) .

Proof. By scale invariance we can take R = 1. Define

B
1— |SC‘2) T € B

10.12 AN , :

( ) K { 0 otherwise,
where the exponent 8 > 1 will be fixed later.

(10.13) Dy < B,

(10.14) |D277| < cnl_%
Define v = n (u+)”, consequently

Dv = Dy (u+)2 + 2nu™ Du,
D*y = D% (u+)2 + Dn ® Dndut + 2nDut @ Dut + 2nut Dw.
Combining
Lv = (u+)2 aini; + dutagmiug + 2nal-ju;-"u;' + 2nut Lu

2
1——
> —A (u+)2 n B+ dut agmiuf + 2naiulul + 2nut f.
Clearly we also have

dutaimiug + 2naguiul > 2Xn ‘Du"‘—i—‘g — 4wt A |Dy| | Du™|

J
+ 2
2| Dut > — 40 (“‘lﬁ”') e ypu+|2> .

v
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Returning to Lv we infer
2

2, B +2 (u* |Dn))” +2 +
Lv > —A (u ) n —|—2/\1]|Du | —4A T—!—eﬂDu | +2nuT f
> —A (u+)2n1_7 <1 + 4) +277‘Du+|2 (A —2eA) + 2nut f.

Choose

then
A
Lv > —A (u+)2 771*% (1 + 8}\) + 2nut f.

Now apply Aleksandrov’s maximum principle to conclude

supv < supv—|— ( ) 77 5+277U+f
B4 0B,
Ln(By)
A 8A 1— g 4 2 11
=supv+ C(n ’ ( ) ut)? + ZvInzf
8B, A A ( ) A L™ (By)
4
A 8A -2 2 1
<o if (15| PP 0 e
L™(By)
L2 4 ;
< C (n) max A 1—|—8A 2 {supv B (u+)ﬁ supv Il L)
A A Bl V
L"’(Bl)

After dividing both sides by supp, v this yields the estimate

1 1—2 2
supv2 < C'<supv ﬁH(u )p
Bl Bl

_4n 1 2 1/, 4\_1. p
ﬁ—p, = 3 5—2(1 ﬁ)_2(1 n)

Applying Holder’s inequality we get

1
s 3 Wlinon -

Now choose

bupv%( (H E
q

L)

where ¢’ is the conjugate of q, i.e. E + ? = 1. We have to choose ¢ and ¢ appropriately.

l ﬁ
bupv2 H "

In order to match the powers and get the L? norm of u™ on the right hand side we should
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take ¢’ = 7. Consequently

’ n
q:—:}q: = =

1 p —p
p j — 1—E n—p

Thus returning to sup v2 we conclude that

1 n_ N —
supv? < C{E"—P
B,

1
5 gy + 5 19

or equivalently

IS Lant 3 T 1
[1 C Ve :|SE.FU2 SC{ns”p HU ”Lp(Bl)+>\f||L”}'
Choose ¢ so that
n—p _n 1 n =
C n—p — — = =
n c ’ c {QC(HP)}

and we finally obtain

n—p
1 2C (n — P 1
supv? < 2C (p ((p)> vl oy + % ”f”L"(Bl)> :

B n n

It is left to choose n > 1 in B, to conclude the proof of the theorem. O

10.2. Supersolutions.

Theorem 21. Let u € W2 (Q), satisfying u > 0, Lu < 0 in §, and let B C Q. Then for
some p (we will later see that p = 55 ) and any o € (0,1) we have the estimate

1
1 p :
u? <Cinf u
|BR0'| BRO’ BR"'
where v > p > 0 and C depend only on n,o and %, v = lffg]\g[ >0
Proposition 22. Let u > 0 be as in Theorem 21.
(10.15) If IKr(y) N{u > 1} > 6|Kg(y)| then lignf > M.
3R

Proof. Set w = log

,€ > 0 and normalize R = 1,2 € B;.
€

U
D
Dw = - u,
U+ €
D? D D D?
D*w = u—|— ue v u+Dw®Dw.

Cute (u—|—€)2 Cu+te
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From here we see that

D? L
_— u+(aDw)Dw:— Y
U+ € U+ €

Lw =

+ (aDw) Dw > (aDw) Dw.

Take

2N\ #
n=(1-lzf") .8>0,
By direct computation we have
2) A1
Dn = -28 (1—|x| ) x,
2 2 p-1 . 2 B—2
D = —26(1—|x|) id+48 (8 — 1) (1—|x|) TR

— 93 (1 - |g;|2)5_2 [2 B-1zox—id (1 - Wﬂ .

From these computations it follows that

Ly = 28 (1 - |av|2)ﬁ_2 [2 (8-1)(azx)z — (1 - |x|2> Tra}

> 28 (1 - |;U|2)ﬁ_2 [2 (B—1)\|z|> - nA (1 - W)}

For |z| > o we have
Ly > 28 (1 - |x|2)ﬂ_2 [2 (B—1)\|z]> — nA (1 - W)}

> 28\ (1 - |x|2>ﬁ_2 [2 (B-1)a? - n% (1- oﬂ)}

— 28\ (1 - |x|2)ﬂ_2 [a2 (2 (B-1)+ nﬁ) - nﬂ >0
provided that

A
(10.16) a“'z—)‘A, or ﬂ21—|—%%(1—a2).
2(8—-1)+ n

This computation shows that if & > 0 is a given small number o < 1 then we can choose
B > 2 large enough so that

(10.17) Ln>0 in B\ B,.
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Now we turn to
L(nw) = a (nDQw) + 2aDnDw + waD?n
= nLw+ 2aDnDw + wln

> n(aDw) Dw + 2aDnDw + wLn
> An|Dw|® — 2A |Dy||Dw| + wLy
1|Dnf*
> An|Dw|’ —2A (5 |Dw|*n + €|7;7|> +wLn
2A
n|Dwl* (A — e2A) — o | D) + wLn
A 2A
= \|Dw|? (1 - 25) - =Dy + win.
A En
Choose
A
10.1 =
(10.18) €= 5
in the last inequality to have
A|Dyf?

L > —4A——- Ln.
(nw) = =AM+ wln
We want to rewrite the last inequality in terms of v := nw and 7 only. To do so recall that

B—1
|Dn| = 281al (1= [o) .

Using this we obtain
28—2
462 [af* (1~ |of*)

()

W v
Finally, writing w = o _ —, with v = nw we obtain the inequality
n n

Dn? _ .
(10.19)' 7’]7 - =4p% |z (1 - |2[?)P2 <4p? f B> 2.

(10.20) Lv> 716A%52 + 2Ly
n

We need to consider this inequality in B* = By N {w > 0}. Utilizing the fact that
Ln>0 in Bj\B, Yae(0,1)
provided that

621—}—%%(1—@2) and 8> 2

we can further estimate

(10.21) Lv

Vv

A L
_16A52X —wvlp,_sup (— 77) in BT
B n

A (Ln)~
(10.22) = —16AB*~ —vlp, sup ——
A Ba 1
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where 1, is the characteristic function of the ball B, and (Ln)~ is the negative part of
Ln. Now recall Aleksandrov’s maximum principle

If u < 0 on O and T'" is the upper contact set of u € W™ (Q) N CY (Q)
then we have

deta

Lu)"
sup u < Cdiam{? [/ (Lu) ]n
Q T+

One may replace I'" in the former estimate by Q7 = {u > 0} which yields the estimate

1
diam$2 n
(10.23) supu < C 1 [/ (Lu)n] K
Q A o+
diam()
(10.24) = C [ Lull pn (o) -
We apply this estimate to v = nw
1 2y 1 (Ln)~
(10.25) supv < CX 166 AX +vlp, sup ——
o Ba L7 (B)

Recall that

-2

L 28 (1 - |x|2)B [2 (B-1)(ax)z — (1 - |x|2) Tru]

10.26 =
(10.26) ; ;
286(286-1)A
10.2 _—
(10.27) - 1—a?
provided
nA 9
(10.28) £ >2, and 521+T(17a).
Therefore
A A
supv < C Hlﬁﬁ2 + U13a4ﬂ2
Bl A A Lo (B})
A A
< C4ﬂ2X max (4)\, 1> ||1 + UlB(, HL"(BT)
<

Co (1 + H’U—i_HL"(Ba)> :
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Next we switch to cubes in order to employ cube decomposition argument. For cubes the
last estimates takes the form

1
supv < C 1+|B;‘|nsupv—|—
B1 B,
1
< C 1+|K(J{|nsupv+
Ba
1 1
< ¢ 1—|—<|K;|> |K|ﬁsupv+
|Koc| B,
< Cyu <1+93L2asupv>
B,
Implying
! C
1—-2C4a0n | supv < Cy = SupvgiAl,
By By 1—-2C4 a6

where we assumed that

+

| K,

al

(10.29) <40,
Ko
Recall that here C' depends on n, % Choose
_ 1
a (4050,4)” ’
then
C
— 4 —ac,
1 —2C 400w

Summarizing we have proved the following statement (here and henceforth § = (4716%)):

If

+

K
Ly <@ then supwv<2Cy4.
|K0t| B,

(10.30)

Here 0 < a < 1 is arbitrary and 8 > 2 must be fixed with respect to « such
that all constraints imposed on [ are satisfied.

Our choice is

1
10.31 = —
(10.31) a= 4
K - -
then < # becomes i < #. Now upon rescaling we get

[Kal |K

sk
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If
|K
(10.32) <9 then supw < sup v <2C4,.
|KR| 3R Bann
in terms of u this reads
(10.33) If |[Kp(y) N{u> 1} > §|Kr(y)| then inf > M.

Bsr

M = 204,

1
Note that M = e=2¢4 < 1, because w = log — and hence
U

1
{w>0}@{u>1},K§:KRﬁ{u<1}

and consequently
[Krn{u>1} > (1-0)|Kr(y)l

10.3. Proof of Theorem 21. We can reformulate our results obtained so far as

Claim 23. If for some § >0
[KrN{u=>1} > 6|Kg (y)]

then

inf u>M VKsgr(y) such that Ksnr (y) C 2.
Bsr(y)

From Claim 23 we deduce

Lemma 24. If

{UZl}ﬂK% > K%

then

Lo r)

inf w>M™.
K

W‘H

n

Proof. Demonstration is by induction. The base step is easy: if m = 1 then by Claim 23
we have

\{uzumf@ 25(1@ = inf > M
3n 3n Kﬁ
Inductive step m > 2. Let us prove that
if }{uZl}ﬂK% 25’”“‘K3¢ then Ii(nfuZMm'H.
- o L

n

Let @ € £ then Claim 23 implies that infé u > M. In particular

infu= inf wu>M
Ts Ugez@Q
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For w = — we have {ﬂ = % > 1} D) f‘;. Moreover, from the covering Lemma 25 it follows
that
ﬁ\>hm>%WﬂKl—y“1Kl
n=5t=35 E el
Thus for the supersolution u = §; we have that
{521}HK3¢ Z(Sm’K%

Applying inductive hypothesis we infer

inffg>M™ = inf u>M™H
KL KL
3n 3n

and this finishes the proof of the claim. O

From

I'NK.1

3n

>0M | K1

3n

after taking the logarithm we get

‘FHK#
log‘I‘ﬂKi 2mlog6+log‘Ki = log 1> mlogd
3n 3n Kﬁ
Since M < 1 it follows
INK 1
log 3n
M D < (e
implying
FﬂKL‘
log At llooggé
KL I'NnK.1
inf u>M" Tsd — = |log o
Note that v := lffg]g[ > 0, hence this yields
’F NKi1
inf » > on
Returning to balls
rOE, rnB,
inf v > inf u > Sn > c(n) Sn
B?%n Kﬁ Kﬁ Bﬁ

Finally setting {u > ¢} =T
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r,nBLl\’
inf u > Cot [0 By —on
1 |Bi

3n 3n
Set w = - then
infp_u
t ’Y
U > - N By
t infg_u
1> Co -
infp, u | Ba |
substituting s = - we infer
infp, u
1
0

|Bo| > {uw > s} N By =

(=)

—+o0
/ap:/ psP=1 {7 > s} N Ba| ds
Ba 0

1
+o0o p—1——
§/ ps Yds
1
__ b l
= T if p<
p— =
~

10.4. Proof of Lemma 25.

Lemma 25. Let Ky be cube in R™ and I' C Ky a measurable subset. Let 0 < § < 1 and set
s = J{Ksr(y) N Ko : Kr(y) C Ko,|[Kr(y) NT| > 6|Kr(y)|}-

IfT's # Ky then |I'| < §|Ts].

Proof is by Calderon-Zygmund type argument similar to one we did in the proof of the
Harnack inequality.

Proof. First suppose that
|KoNT| > 6 | Ko
then it implies
I's = Kp.

Therefore, we assume I's # K and consequently | Ko NT| < § |Kp|.

on .
Consider two cases:

Let us divide Ko into 2" subcubes {K (j1)}}, _;-

(a) ITNK (1) <0[K(5)l,
(b) TN K (j1)| > 0K (j1)l-
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Denote
%, ={K(j1): for which case (b) is true}.
If K(j1) ¢ % then subdivide K (j;) into 2" smaller congruent cubes {K (j1,j2)}%—,. Denote

jo=1"
by %, the collection of those cubes K(ji,j2) for which the case (b) is true. By repeating
this procedure we obtain a sequence %, Ao, ... containing cubes for which (b) is true. Let
B = {K(jlaj27' . 7jm71) : K (j17j27jm—1)7jm) € e%m} .
Observe that for
K(j17j27 s 7jm) € ﬁm
we have
\K(jl,...,jm)ﬁﬂ >(5|K(]1,,]m)‘
while
(10.34) K (1, s Jm—1) NT] <K (J1,- -y Jm—1)] -
Note that K(j1,...,Jm-1) € I's be definition, and, moreover
U K CTs.
Ke®
It follows from (10.34)
TsNI| = U msnr
Ke%
S GETS
KeA KeA
< oDl
It remains to apply Lebesgue’s theorem to finish the proof. ([l

11. POGORELOV’S ESTIMATE FOR THE MONGE-AMPERE EQUATION

Theorem 26. (a la Pogorelov [4, Theorem 5.1]) Let D C R? be a bounded convex domain,
and z € C*(D) N CY(D) be a convex solution to

det D%z = p(x, z(x), Dz(z)), in D,
(11.35) z=0, on 9D,
z <0, in D,
and 0 < ¢ € C3(R? x R_ x RY). Then, there exists a constant C > 0 depending only on d,
llellos, ||Dz||pee such that
—ZZij <C onD.

Remark 27. Since ¢ € C*(D) it follows that D?z > 0 as ¢ > 0 and z is convex.
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Proof of Theorem 26. On D x S 1 consider the function auxiliary function

|Dz|2 |Dz|2

>zaa = —z(x)eli( ) (zijo0),

where p is a smooth function to be defined below. Since w = 0 on 9D and w > 0 in D, then
there is zp € D and ag € S ! where w attains its absolute positive maximum. Without
loss of generality we will assume that o = 0 as otherwise we may translate the origin onto
xo by considering the function z(z) = z(z + zp) in D — zy. Next, by means of a rotation
we may assume further that D?z(0) is diagonal with the property that 211(0) > z;;(0) for

all 1 <i,j < d. Hence, we get that ap = e; = (1,0,...,0) € R9,

o
w(z,a) =w = —ze

‘We have | ‘2

D
logw = log(—z) + ( :

Differentiating this expression we obtain

) +log z4a-

OLQZ

1 T T 7
oguwhi = 2 +43 ) srize + 2

k=1 Zaa
and
(logw);; = = - (ﬁ)2 + i (i: Zkizk> + /JZ Zkii 2k + “Z iz oo (‘W)Q .
i z k=1 Zaa Rao

Since D?z(0) is diagonal and w has maximum at 0 from the last computation we get
(11.36) 0 = (logw)i(0) = 7 + jizsz + = =0,
and e
(11.37) 0> (logw)i; —@_i NS o Fewii PR

) > (logw);(0) = - + jizizis) +uk§::12,mzk + a(za)? + oot T,

Multiplying both sides of (11.37) by Z2= and summing up over 1 <i < d yields

d > d d > 22 d d
a2 . klz k Faai 2 .
(11.38) E + [Zaa E g - E +izao g 2 Zii + Zaa E Zii+
i—1 ke Zig i—1 ZiiZaa i—1 i—1
\‘,_/
4th order 3rd order
z 22 Z,
aq i, “aa
d-y " ZZee <,
z o1 zZ° Zig

We now want to eliminate the terms in (11.38) containing 3rd and 4th order derivatives
of z. Differentiating the equation logdet D?z = log ¢ at 0 in the direction v and using the
fact that D?z(0) is diagonal, by a simple computation we obtain

d d 2

. 2
(11.39) Yo H N T — 52 log,

-1~ ij=1 “ii%ij

(11.40) 35— 9 log,

; i1
i=1
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where on the right-hand sides of (11.39) and (11.40) are full derivatives of log¢. Using
(11.39) with v = o we replace the term containing 4th order derivatives of z in (11.38), by
so inferring that the remaining 3rd order term will be as follows

d 22 d d o
ij Phii Pk
3rd order = E e E A e E E LU
=1 ZiiZj54 P ZiiZao =1 k1 Zii
d 2 d
Rija . ZkiiZk
ZZ*Z..Z..WZWZ o=
i=1j#a ~W7I i=1k=1 "
d
Zkiik (11.36)
DTS 3 Si= RN 3 =
j2a Zaakjj ita jta uzj] i— Zii

d
Ziﬂ (%ﬂL/lejZa) + > Zlf; + 1200 Y
37 1<]] ;

JjF#a iFa jFa

Y+ Yo + f1Zaa Z 210k log ¢,
k=1

where X; o are respectively the first and the second sums of the second to the last row.
Substituting these computations in (11.38) we get

2
8wlogcp+z Faa (ZJ +,uzj]z]) +Zzz7a+

i I o ja 1501
d d d
fiZaa Y 2w0k108 0 + fizan D 272 + 12an Y 2iit
k=1 i=1 i=1
zZ d 22 zZ
d=e =) % =1 <0
z Z 22 Zig

A further simplification of I gives

’L « . ZDLQ
0>1=3% > - e Z;(zfmzj)%aialogw

i#o jFo Zii%jj j#a
22 d
2/:1'2(xa Z ;J + ,uzocoz Z Zkak 1Og P+
JjFa k=1
¢ ¢ z 22
fZaa Z 212211 + fZaa Z Zi; + dﬂ - 2’702(.

Finally, we deal with the derivatives of log ¢. Computing the derivatives at 0 and taking
into account that D2z is diagonal at 0, we obtain

d

(11.41) Ojlog @ = 0, log ¢ + (0. log ) z; + Z(@zk log )z,
k=1
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d

0%, ogp = (0:,108 ) 2kan + 224(02, log o)+
k=1

Zaa(0:log o + 0,,0., log o + 0.0, log ¢) + R,
Q

where in R we collect all terms containing lower order derivatives of z. We next eliminate
the term containing the 3rd order derivative of z using (11.36). By doing so, we arrive at
(11.42)

82 o logyp = z (82 log ) — fizan Z 252Kk 0z, log p — — Z 250z, 1log 0 + 200Q + R
k=1 _

Plugging (11.41)-(11.42) into I, after some simplifications we get

d 2
. 0lo 9%1o Zaa . 25
0>12>—fizaa E Wi@zkzkk + 822 4 7@’ + R+ 2f1Z00 ) ?]+

2
924 i7a
d d . .2
MZO‘O‘ZZ’“ zkk+uzaaz;z Z%—i_ﬂzaazgzu'i'dﬂ_z%:
1= 7
9 logw 2
Zaa Z ,UZ Zii + /fLZoza Z Zii + Zaa+
oo / . 2’3 Za
—(Q +d)+2ﬂzaa2?+ (R— 2—2)
" JjFa N——
N 3
Now choose pu(t) = e with ¢ > 0. Then ji = cp and ji = c?u. Therefore
¢ ¢ 0? log s
0> ZOMC2,U Z 222211 + clizaa Z Zii + L4 2 ot ZaaZQH + 2cpzaa Z 7] + % =
i=1 i=1 a j;ﬁa o
d 2
0%log v z zi Sy
/J/CZ Zaa(czizzii + Z“) + azg Zia + %QH + 26/’630((1 Z ?J + 272 =
i=1 J#o
d 2
02 log z z; 5
pezaa 3 zi(eaf + 1)+ 5 (zaa) + 22Q + 2epzaa Y L+ 5 2
i=1 JjFa
> Zaa
02 log ¢ 2 D212 So
R R CRE R E) - E
a i
S

9?1lo aa S
(c—sup‘ cka DZZ”‘—'_Szz—’_zg'

2
022
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Choosing ¢ > sup ‘%‘ and multiplying both sides by 22 we get

czina + Szzqa + S0 <0,

hence
—5+ /52 — 4¢Sy
ZZao < 2 = 01,
c

where the left-hand side is evaluated at 0, and Cy = C1(d, ||z||Le, ||Dz||L=, ||¢||cs). Since
w attains it maximum at 0, from the last estimate we get w(z) < Cj for all x € D, hence

—2(%)zaa(x) < C4, reD, acSh

The proof is complete.
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