
9. Bεltistopoίhsh (I)

ΌpwV  είcamε  dεi  stiV  mεlέth  twn  sunatήsεwn  miaV  mεtablhtήV,  oi
diajorίsimεV  sunartήsεiV  ήtan  polύ  crήsimεV  sthn  εpίlush
problhmάtwn bεltistopoίhshV. 

Lόgw  sunέcεiaV  gnwrίzoumε  όti  sε  klεistά  diastήmata  paίrnoun  kai
mέgisth kai εlάcisth timή.

Lόgw  diajorisimόthtaV  gnwrίzoumε  όti  ta  akrόtata  εmjanίzontai  sε
sunoriakά  shmείa  ή  sε  εswtεrikά  shmείa  tou  pεdίou  orismoύ,  sta
opoίa mhdεnίzεtai h prώth parάgwgoV.

Xέroumε  εpίshV  όti  h  sunqήkh  f ' Hx0L = 0  dεn  sunεpάgεtai  pάnta  thn

ύparxh  akrόtatou.  Sε  tέtoia  shmείa  h  sunάrthsh  εndέcεtai  p.c.  na
έcεi  shmείo  kampήV.  Sε  mεrikέV  pεriptώsεiV  mporoύmε  na  doύmε  ti
sumbaίnεi  sε  έna  tέtoio  shmείo  mεlεtώntaV  th  sumpεrijorά  twn
paragώgwn anώtεrhV tάxhV thV sunάrthshV.

 | 
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9. Bεltistopoίhsh (II)

Oi  sunartήsεiV  dύo  mεtablhtώn  parousiάzoun  parόmoia
sumpεrijorά.

Oi  sunεcείV  sunartήsεiV  dύo  mεtablhtώn  paίrnoun  mέgistεV  kai
εlάcistεV timέV sε klεistά kai jragmέna pεdίa orismoύ.

Mia  sunάrthsh  dύo  mεtablhtώn  mporεί  na  εmjanίzεi  akrόtata  mόno
sε  sunoriakά  shmείa  tou  pεdίou  orismoύ  thV  ή  sε  εswtεrikά  shmείa
tou  pεdίou  orismoύ  όpou  kai  oi  dύo  prώtεV  mεrikέV  parάgwgoi
mhdεnίzontai  ή  όpou  mia  toulάciston  εk  twn  dύo  paragώgwn  dεn
upάrcεi.

Kai  pάli  όmwV  o  mhdεnismόV  twn  prώtwn  paragώgwn  sε  εswtεrikό
shmείo dε sunεpάgεtai anagkastikά thn ύparxh akrόtatou sε autό to
shmείo.

 | 
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10. Akrόtata - OrismόV

Έstw  f Hx, yL  orismέnh  sε  pεriocή  R  pou  pεriέcεi  to  shmείo
a = Hx0, y0L. Sthn pεrίptwsh autή:

1.  H  f  parousiάzεi  topikό  mέgisto  sto  shmείo  a,  an  upάrcεi

ε > 0 tέtoio  ώstε  gia  όla  ta  shmείa  Hx, yL  tou  R  pou  anήkoun  sε  έna

anoiktό  dίsko  kέntrou  a  kai  aktίnaV  ε,  iscύεi  h  scέsh
f Hx, yL § f Hx0, y0L.

2.  H  f  parousiάzεi  topikό  εlάcisto  sto  shmείo  a,  an  upάrcεi

ε > 0 tέtoio  ώstε  gia  όla  ta  shmείa  Hx, yL  tou  R  pou  anήkoun  sε  έna

anoiktό  dίsko  kέntrou  a  kai  aktίnaV  ε,  iscύεi  h  scέsh
f Hx, yL ¥ f Hx0, y0L.

Ta parakάtw scήmata είnai εndεiktikά. Sto aristεrό scήma έcoumε 4
shmείa topikώn mεgίstwn, εnώ sto dεxiό έcoumε άpεira shmείa topikoύ
εlacίstou.
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Έstw  f Hx, yL  orismέnh  sε  pεriocή  R  pou  pεriέcεi  to  shmείo
a = Hx0, y0L. Sthn pεrίptwsh autή:

1.  H  f  parousiάzεi  topikό  mέgisto  sto  shmείo  a,  an  upάrcεi

ε > 0 tέtoio  ώstε  gia  όla  ta  shmείa  Hx, yL  tou  R  pou  anήkoun  sε  έna

anoiktό  dίsko  kέntrou  a  kai  aktίnaV  ε,  iscύεi  h  scέsh
f Hx, yL § f Hx0, y0L.

2.  H  f  parousiάzεi  topikό  εlάcisto  sto  shmείo  a,  an  upάrcεi

ε > 0 tέtoio  ώstε  gia  όla  ta  shmείa  Hx, yL  tou  R  pou  anήkoun  sε  έna

anoiktό  dίsko  kέntrou  a  kai  aktίnaV  ε,  iscύεi  h  scέsh
f Hx, yL ¥ f Hx0, y0L.

Ta parakάtw scήmata είnai εndεiktikά. Sto aristεrό scήma έcoumε 4
shmείa topikώn mεgίstwn, εnώ sto dεxiό έcoumε άpεira shmείa topikoύ
εlacίstou.

 | 
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11. Akrόtata - Kritήrio Fermat parάgwgoV 1hV tάxhV (I)

Qεώrhma
An h sunάrthsh f Hx, yL εmjanίzεi topikό mέgisto ή topikό εlάcisto sε

kάpoio εswtεrikό shmείo a = Hx0, y0L tou pεdίou orismoύ thV, sto opoίo
upάrcoun όlεV oi mεrikέV parάgwgoi, tόtε iscύεi h scέsh 

“ f Hx0, y0L = 0.

Dhladή  to  εjaptόmεno  εpίpεdo  sto  shmείo  a  είnai  parάllhlo  mε  to
εpίpεdo x - y.

Apόdεixh
H apόdεixh είnai arkεtά aplή. AV upoqέsoumε όti h f  parousiάzεi sto

a  topikό  mέgisto.  Qεwroύmε  th  sunάrthsh  gHxL = f Hx, y0L  (kόkkinh

grammή).  H  g  parousiάzεi  sto  shmείo  x0  topikό  mέgisto.  Άra  apό  to

gnwstό  qεώrhma  tou  Fermat  gia  tiV  sunartήsεiV  miaV  mεtablhtήV
prokύptεi  όti  fxHx0, y0L = g ' Hx0L = 0.  QεwrώntaV  th  sunάrthsh

hHyL = f Hx0, yL  (mplε  grammή)  kai  akolouqώntaV  ta  ίdia  bήmata

apodεiknύoumε  όti  fyHx0, y0L = 0.  H  apόdεixh  gia  to  topikό  εlάcisto

είnai parόmoia.

Ç
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11. Akrόtata - Kritήrio Fermat parάgwgoV 1hV tάxhV (II)

ΌpwV  iscύεi  gia  tiV  sunartήsεiV  mίaV  mεtablhtήV,  to  parapάnw
qεώrhma  maV  lέεi  όti  ta  mόna  shmείa  όpou  mia  sunάrthsh  f Hx, yL
mporεί potέ na εmjanίsεi akrόtata είnai:

1. Eswtεrikά shmείa sta opoίa iscύεi h scέsh “ f Hx0, y0L = 0.  (blέpε

Scήma a, f Hx, yL = e-x2-y2)

2.  Eswtεrikά  shmείa  όpou  mίa  toulάciston  εk  twn  mεrikώn
paragώgwn dεn upάrcεi. 
(blέpε Scήma b, f Hx, yL = » x - y » + » x + y »)

3.  Sunoriakά  shmείa  tou  pεdίou  orismoύ  thV  sunάrthshV.  (blέpε

Scήma c, f Hx, yL = x - y + x + y )

Ta shmείa twn dύo prώtwn kathgoriώn onomάzontai krίsima shmείa.

                  (a)                                                                     (b)
(c)
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ΌpwV  iscύεi  gia  tiV  sunartήsεiV  mίaV  mεtablhtήV,  to  parapάnw
qεώrhma  maV  lέεi  όti  ta  mόna  shmείa  όpou  mia  sunάrthsh  f Hx, yL
mporεί potέ na εmjanίsεi akrόtata είnai:

1. Eswtεrikά shmείa sta opoίa iscύεi h scέsh “ f Hx0, y0L = 0.  (blέpε

Scήma a, f Hx, yL = e-x2-y2)

2.  Eswtεrikά  shmείa  όpou  mίa  toulάciston  εk  twn  mεrikώn
paragώgwn dεn upάrcεi. 
(blέpε Scήma b, f Hx, yL = » x - y » + » x + y »)

3.  Sunoriakά  shmείa  tou  pεdίou  orismoύ  thV  sunάrthshV.  (blέpε

Scήma c, f Hx, yL = x - y + x + y )

Ta shmείa twn dύo prώtwn kathgoriώn onomάzontai krίsima shmείa.

                  (a)                                                                     (b)
(c)

 | 
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12. Sagmatikά Shmείa (saddle points)

ΌpwV  έcoumε  ήdh  tonίsεi,  kάqε  krίsimo  shmείo  dεn  είnai  anagkastikά
shmείo topikoύ akrotάtou. Έtsi έcoumε ton parakάtw orismό.

Qa  lέmε  όti  sε  έna  krίsimo  shmείo  a = Hx0, y0L  h  f  parousiάzεi

sagmatikό  shmείo,  an  sε  kάqε  anoictό  kuklikό  dίsko  mε  kέntro  to  a
upάrcoun  shmείa  tou  pεdίou  orismoύ  thV  f  όpou  f Hx, yL > f Hx0, y0L  kai

shmείa  tou  pεdίou  orismoύ  όpou  f Hx, yL < f Hx0, y0L.  To  shmείo
Hx0, y0, f Hx0, y0LL onomάzεtai sagmatikό shmείo (saddle point).

TrεiV  sunartήsεiV  pou  εmjanίzoun  sagmatikά  shmείa  sto  (0,0).  Sto
scήma  (a)  εmjanίzεtai  h  sunάrthsh  f Hx, yL = - » x - y » + » x + y »,  sto

(b) h f Hx, yL = x2 - y2 kai sto (c) h f Hx, yL = x3 ë2 - y3 ë4.

             

                       (a)      (b)  
 (c)
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13. Kritήrio 2hV paragώgou (I)

Prin  anaptύxoumε  to  qεώrhma  prέpεi  na  dώsoumε  kάpoiouV  orismoύV
pou ajoroύn pίnakεV.

ΈnaV summεtrikόV pίnakaV A diastάsεwn N µN  onomάzεtai
qεtikά orismέnoV, όtan iscύεi u A uT > 0, gia kάqε u ≠ 0,
arnhtikά orismέnoV, όtan iscύεi u A uT < 0, gia kάqε u ≠ 0,
aόristoV, όtan upάrcoun u kai v tέtoia ώstε: u A uT > 0, v A vT < 0.

Έstw έnaV pίnakaV A =
a b
b c

. Iscύoun ta εxήV:

1. O A είnai qεtikά orismέnoV, an kai mόno an a > 0 kai a c - b2 > 0.
2. O A είnai arnhtikά orismέnoV, an kai mόno an a < 0 kai a c - b2 > 0.

Ta  parapάnw  είnai  mia  εidikή  pεrίptwsh  tou  QεwrήmatoV  tou  Sylves-
ter.

 | 
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13. Kritήrio 2hV paragώgou (II)

Qεώrhma
Έstw   f  mia  sunάrthsh  dύo  mεtablhtώn,  h  opoίa  έcεi  sunεcείV
mεrikέV  paragώgouV  mέcri  kai  2hV  tάxhV  sε  όlo  to  anoiktό  pεdίo
orismoύ. Έstw εpίshV έna krίsimo shmείo a = Hx0, y0L. Iscύoun ta εxήV:

1. An o EssianόV pίnakaV “2 f Hx0, y0L είnai qεtikά orismέnoV, tόtε h f
parousiάzεi sto a topikό εlάcisto.
2.  An  o  EssianόV  pίnakaV  “2 f Hx0, y0L  είnai  arnhtikά  orismέnoV,  tόtε

h f  parousiάzεi sto a topikό mέgisto.
3.  An  o  EssianόV  pίnakaV  “2 f Hx0, y0L  είnai  aόristoV,  tόtε  h  f
parousiάzεi sto a sagmatikό shmείo.
4.  Sε  opoiadήpotε  άllh  pεrίptwsh  dεn  mporoύmε  na  apojanqoύmε  gia
to a.

Mε  bάsh  autά  pou  anajέramε  gia  touV  summεtrikoύV  pίnakεV
(qεώrhma  Sylvester)  oi  parapάnw  sunqήkεV  mporoύn  na  xanagrajoύn
wV εxήV:

1.  An  fxxHx0, y0L > 0  kai  fxxHx0, y0L fyyHx0, y0L - fxy2Hx0, y0L > 0,  tόtε  h  f
parousiάzεi sto a topikό εlάcisto.
2.  An  fxxHx0, y0L < 0  kai  fxxHx0, y0L fyyHx0, y0L - fxy2Hx0, y0L > 0,  tόtε  h  f
parousiάzεi sto a topikό mέgisto.
3. An fxxHx0, y0L fyyHx0, y0L - fxy2Hx0, y0L < 0, tόtε h f  parousiάzεi  sto a
sagmatikό shmείo.
4.  An  fxxHx0, y0L fyyHx0, y0L - fxy2Hx0, y0L = 0  dεn  mporoύmε  na

apojanqoύmε gia to a.

 | 
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13. Kritήrio 2hV paragώgou - Apόdεixh (III)

Dεn  qa  dώsoumε  mia  oloklhrwmέnh  apόdεixh,  allά  qa  anajέroumε  thn
basikή  idέa  thV  apόdεixhV.  Katarcήn,  prέpεi  na  anajεrqoύmε  sε
mεrikά stoicείa thV analutikήV gεwmεtrίaV. 

H  sunάrthsh  f Hx”L = x” A x”T ,  όpou  A =
a b
b c

 έnaV  summεtrikόV  2 εpί  2

pίnakaV,  είnai  έna  praboloεidέV  pou  mporεί  na  pάrεi  diάjorεV  morjέV.
Sugkεkrimέna:

An  o  A  είnai  qεtikά  orismέnoV,  tόtε  h  f  είnai  έna  kurtό  εllεiptikό
paraboloεidέV όpwV jaίnεtai sto scήma (a).
An o A είnai  arnhtikά orismέnoV, tόtε h f  είnai  έna koίlo εllεiptikό
paraboloεidέV όpwV jaίnεtai sto scήma (b).
An  o  A  είnai  ikanopoiεί  thn  a c - b2 < 0, tόtε  h  f  είnai  έna  upεrbolikό
paraboloεidέV όpwV jaίnεtai sto scήma (g).

             

       (a) (b)
(g)
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Dεn  qa  dώsoumε  mia  oloklhrwmέnh  apόdεixh,  allά  qa  anajέroumε  thn
basikή  idέa  thV  apόdεixhV.  Katarcήn,  prέpεi  na  anajεrqoύmε  sε
mεrikά stoicείa thV analutikήV gεwmεtrίaV. 

H  sunάrthsh  f Hx”L = x” A x”T ,  όpou  A =
a b
b c

 έnaV  summεtrikόV  2 εpί  2

pίnakaV,  είnai  έna  praboloεidέV  pou  mporεί  na  pάrεi  diάjorεV  morjέV.
Sugkεkrimέna:

An  o  A  είnai  qεtikά  orismέnoV,  tόtε  h  f  είnai  έna  kurtό  εllεiptikό
paraboloεidέV όpwV jaίnεtai sto scήma (a).
An o A είnai  arnhtikά orismέnoV, tόtε h f  είnai  έna koίlo εllεiptikό
paraboloεidέV όpwV jaίnεtai sto scήma (b).
An  o  A  είnai  ikanopoiεί  thn  a c - b2 < 0, tόtε  h  f  είnai  έna  upεrbolikό
paraboloεidέV όpwV jaίnεtai sto scήma (g).

             

       (a) (b)
(g)

 | 
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13. Kritήrio 2hV paragώgou - Apόdεixh (IV)

AV  qumhqoύmε  tώra  thn  prosέggish  katά  Taylor  thV  sunάrthshV  f
sto shmείo a = Hx0, y0L, mέcri kai ton dεύtεro όro. 

f Hx”L @ f HaL +“ f THaL ÿ Hx” - aL + 1
2!  Ix” - aM ÿ “2 f HaL ÿ Hx” - aLT.

Epεidή  sto  shmείo  a = Hx0, y0L  έcoumε  topikό  akrόtato  qa  iscύεi  to

kritήrio  1hV  tάxhV  (Fermat),  dhladή  “ f Hx0, y0L = 0.  EpomέnwV  h
sunάrthsh  f  mporεί  na  prosεggisqεί  (kontά  sto  a)  apό  mia

tεtragwnikή morjή:

f Hx”L @ f HaL + 1
2!  Ix” - aM ÿ “2 f HaL ÿ Hx” - aLT. EpomέnwV:

1.  An  fxxHx0, y0L > 0  kai  fxxHx0, y0L fyyHx0, y0L - fxy2Hx0, y0L > 0,  tόtε  o
pίnakaV  “2 f Hx0, y0L  (dhladή  h  Essianή  thV  f )  είnai  qεtikά  orismέnoV

kai  εpomέnwV  h  f  prosεggίzεtai  kontά  sto  a  mε  έna  kurtό  εllεiptikό
paraboloεidέV. Άra h f   parousiάzεi sto a topikό εlάcisto.

2.  An  fxxHx0, y0L < 0  kai  fxxHx0, y0L fyyHx0, y0L - fxy2Hx0, y0L > 0,  tόtε  o
pίnakaV  “2 f Hx0, y0L  είnai  arnhtikά  orismέnoV  kai  εpomέnwV  h  f
prosεggίzεtai  kontά  sto  a  mε  έna  koίlo  εllεiptikό  paraboloεidέV.
Άra parousiάzεi sto a topikό mέgisto.

3.  An  fxxHx0, y0L fyyHx0, y0L - fxy2Hx0, y0L < 0,  tόtε  o  pίnakaV  “2 f Hx0, y0L
είnai  aόristoV  kai   h  f  prosεggίzεtai  kontά  sto  a  mε  έna  upεrbolikό
paraboloεidέV. Άra h f   parousiάzεi sto a sagmatikό shmείo.

                   

          

       (a) (b)
                       (g)
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AV  qumhqoύmε  tώra  thn  prosέggish  katά  Taylor  thV  sunάrthshV  f
sto shmείo a = Hx0, y0L, mέcri kai ton dεύtεro όro. 

f Hx”L @ f HaL +“ f THaL ÿ Hx” - aL + 1
2!  Ix” - aM ÿ “2 f HaL ÿ Hx” - aLT.

Epεidή  sto  shmείo  a = Hx0, y0L  έcoumε  topikό  akrόtato  qa  iscύεi  to

kritήrio  1hV  tάxhV  (Fermat),  dhladή  “ f Hx0, y0L = 0.  EpomέnwV  h
sunάrthsh  f  mporεί  na  prosεggisqεί  (kontά  sto  a)  apό  mia

tεtragwnikή morjή:

f Hx”L @ f HaL + 1
2!  Ix” - aM ÿ “2 f HaL ÿ Hx” - aLT. EpomέnwV:

1.  An  fxxHx0, y0L > 0  kai  fxxHx0, y0L fyyHx0, y0L - fxy2Hx0, y0L > 0,  tόtε  o
pίnakaV  “2 f Hx0, y0L  (dhladή  h  Essianή  thV  f )  είnai  qεtikά  orismέnoV

kai  εpomέnwV  h  f  prosεggίzεtai  kontά  sto  a  mε  έna  kurtό  εllεiptikό
paraboloεidέV. Άra h f   parousiάzεi sto a topikό εlάcisto.

2.  An  fxxHx0, y0L < 0  kai  fxxHx0, y0L fyyHx0, y0L - fxy2Hx0, y0L > 0,  tόtε  o
pίnakaV  “2 f Hx0, y0L  είnai  arnhtikά  orismέnoV  kai  εpomέnwV  h  f
prosεggίzεtai  kontά  sto  a  mε  έna  koίlo  εllεiptikό  paraboloεidέV.
Άra parousiάzεi sto a topikό mέgisto.

3.  An  fxxHx0, y0L fyyHx0, y0L - fxy2Hx0, y0L < 0,  tόtε  o  pίnakaV  “2 f Hx0, y0L
είnai  aόristoV  kai   h  f  prosεggίzεtai  kontά  sto  a  mε  έna  upεrbolikό
paraboloεidέV. Άra h f   parousiάzεi sto a sagmatikό shmείo.

                   

          

       (a) (b)
                       (g)

 | 
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13. Kritήrio 2hV paragώgou - Paradείgmata (V)

AV  prospaqήsoumε  na  broύmε  ta  akrόtata  thV  sunάrthshV
f Hx, yL = x y - x2 - y2 - 2 x - 2 y + 4.

Ajoύ h sunάrthsh orίzεtai kai είnai diajorίsismh gia kάqε x kai y kai
to  pεdίo  orismoύ  thV  dεn  έcεi  sunoriakά  shmείa,  akrόtata  qa
εjanίzontai  mόno  sε  shmείa  pou  plhroύn  to  kritήrio  thV  1hV
paragώgou:
“ f Hx0, y0L = 0.

Έtsi paίrnoumε dύo εxisώsεiV:
fxHx, yL = y - 2 x - 2 = 0,  kai  fyHx, yL = x - 2 y - 2 = 0,  apό  tiV  opoίεV

prokύptεi όti x = y = -2.
SunεpώV  to  (-2,-2)  είnai  to  monadikό  shmείo  sto  opoίo  εndέcεtai  na
upάrcεi  akrόtato.  Gia  na  doύmε  tί  tεlikά  sumbaίnεi  upologίzoumε  kai
tiV paragώgouV 2hV tάxhV: fxxHx, yL = -2, fyyHx, yL = -2, fxyHx, yL = 1. 

EpomέnwV  έcoumε  fxxH-2, -2L fyyH-2, -2L - fxy2H-2, -2L = 3 > 0  kai

fxxH-2, -2L < 0.
Autό  shmaίnεi  όti  h  f  parousiάzεi  topikό  mέgisto  sto  shmείo  (-2,-2)
mε f H-2, -2L = 8.
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13. Kritήrio 2hV paragώgou - Paradείgmata (VI)

AV  prospaqήsoumε  na  broύmε  ta  akrόtata  thV  sunάrthshV
f Hx, yL = xy.

Ajoύ h sunάrthsh orίzεtai kai είnai diajorίsismh gia kάqε x kai y kai
to  pεdίo  orismoύ  thV  dεn  έcεi  sunoriakά  shmείa,  akrόtata  qa
εjanίzontai  mόno  sε  shmείa  pou  plhroύn  to  kritήrio  thV  1hV
paragώgou:
“ f Hx0, y0L = 0.
Έtsi paίrnoumε dύo εxisώsεiV:
fxHx, yL = y = 0,  kai  fyHx, yL = x = 0,  apό  tiV  opoίεV  prokύptεi  όti

x = y = 0.
SunεpώV  to  (0,0)  είnai  to  monadikό  shmείo  sto  opoίo  εndέcεtai  na
upάrcεi  akrόtato.  Gia  na  doύmε  tί  tεlikά  sumbaίnεi  upologίzoumε  kai
tiV paragώgouV 2hV tάxhV: fxxHx, yL = 0, fyyHx, yL = 0, fxyHx, yL = 1. 

EpomέnwV έcoumε fxxH0, 0L fyyH0, 0L - fxy2H0, 0L = -1 < 0.
Autό  shmaίnεi  όti  h  f  parousiάzεi  sagmatikό  shmείo  sto  (0,0).  To

sagmatikό shmείo είnai to (0,0,0). 

 | 
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13. Kritήrio 2hV paragώgou - Paradείgmata (VIIa)

Brείtε  to  olikό  mέgisto  kai  to  olikό  εlάcisto  thV
f Hx, yL = 2 + 2 x + 2 y - x2 - y2,  sto  trigwnikό  cwrίo  tou  prώtou

tεtarthmorίou, pou pεriklείεtai apό tiV εuqείεV x = 0, y = 0, y = 9 - x.

Ta mόna piqanά shmείa topikώn akrόtatwn είnai εkείna sto εswtεrikό
tou trigώnou όpou mhdεnίzontai oi mεrikέV parάgwgoi kai ta sunoriakά
shmείa.

Eswtεrikά shmείa
fxHx, yL = 2 - 2 x = 0,  fyHx, yL = 2 - 2 y = 0.  Άra  έna  upoyήjio  shmείo
είnai to (1,1). H timή thV f  sε autό to shmείo είnai 4. EpίshV,  έcoumε:
fxxHx, yL = -2,  fyyHx, yL = -2,  fxyHx, yL = 0.  EpomέnwV  fxxH1, 1L = -2 < 0
kai 
fxxH1, 1L fyyH1, 1L - fxy2H1, 1L = 4 > 0  .  Άra  sto  (1,1)  έcoumε  topikό
mέgisto.

Sunoriakά shmείa - Erεunoύmε mίa proV mίa tiV plεurέV tou trigώnou.
1. Gia y = 0.
H  sunάrthsh  g1HxL = f Hx, 0L = 2 + 2 x - x2,  mporεί  na  qεwrhqεί  wV

sunάrthsh  miaV  mεtablhtήV  orismέnh  sto  [0,9].  Ta  akrόtatά  thV
mporoύn  na  prokύyoun  apό  ta  shmείa  mhdεnismoύ  thV  prώthV
paragώgou kai apό ta sunoriakά thV shmείa:
Gia x=0 έcoumε g1H0L = f H0, 0L = 2, topikό εlάcisto.
Gia x=9 έcoumε g1H9L = f H9, 0L = -61, topikό εlάcisto.
Gia x=1, έcoumε g1 ' H1L = 0, g1H1L = f H1, 0L = 3, topikό mέgisto.
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13. Kritήrio 2hV paragώgou - Paradείgmata (VIIb)

2.  Gia  x=0,  h  sunάrthsh  g2HyL = f H0, yL = 2 + 2 y - y2,  mporεί  na

qεwrhqεί  wV  sunάrthsh  miaV  mεtablhtήV  orismέnh  sto  [0,9].  Ta
akrόtatά  thV  mporoύn  na  prokύyoun  apό  ta  shmείa  mhdεnismoύ  thV
prώthV paragώgou kai apό ta sunoriakά thV shmείa:
Gia y=0 έcoumε g2H0L = f H0, 0L = 2, topikό εlάcisto.
Gia y=9 έcoumε g2H9L = f H0, 9L = -61, topikό εlάcisto.
Gia y=1, έcoumε g2 ' H1L = 0, g2H1L = f H0, 1L = 3, topikό mέgisto.

3.  Gia  thn  εuqείa  y = 9 - x,  x œ @0, 9D,  έcoumε  th  sunάrthsh

g3HxL = f Hx, 9 - xL = -61 + 18 x - 2 x2,  miaV  mεtablhtήV  orismέnh  sto

[0,9]. 
Gia x=0, έcoumε g3H0L = f H0, 9L = -61, topikό εlάcisto.
Gia x=9, έcoumε g3H9L = f H9, 0L = -61, topikό εlάcisto.
Gia  x=9/2,  έcoumε  g3 ' H9 ê2L = 0,  g3H9 ê2L = f H9 ê2, 9 ê2L = -41 ê2,  topikό
mέgisto.

SunoyίzwntaV:
Sto (0,0) έcoumε topikό εlάcisto.
Sto  (9,0)  έcoumε  topikό-olikό  εlάcisto.   Sto  (0,9)  έcoumε  topikό-olikό
εlάcisto.
Sto (1,1) έcoumε topikό-olikό mέgisto.

 | 
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14. Gεnίkεush - Qεώrhma Sylvester (I)

Ta  qεwrήmata  pou  anajέramε  parapάnw  iscύoun  kai  gia
sunartήsεiV  pεrissotέrwn  mεtablhtώn.  Eidίkotεra,  gia  to  qεώrhma
thV  paragώgou  2hV  tάxhV,  dίnoumε  thn  akribή  diatύpwsh  tou
QεwrήmatoV tou  Sylvester.

Έstw A έnaV summεtrikόV pίnakaV N apί N.

A =

a1,1 a1,2 ... ... a1,N
a2,1 a2,2 ... ... a2,N

. . ... ... .

. . ... ... .
aN ,1 aN ,2 ... ... aN ,N

Orίzoumε wV upoorίzousa k tάxhV tou A thn orίzousa

Dk =

a1,1 a1,2 ... ... a1,k
a2,1 a2,2 ... ... a2,k

. . ... ... .

. . ... ... .
ak,1 ak,2 ... ... ak,k

.

Gia parάdεigma:

D1 = » a1,1 », D2 =
a1,1 a1,2
a2,1 a2,2

, D3 =

a1,1 a1,2 a1,3
a2,1 a2,2 a2,3
a3,1 a3,2 a3,3

, ...
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14. Gεnίkεush - Qεώrhma Sylvester (II)

Qεώrhma (Sylvester) CarakthrismόV qεtikά orismέnwn pinάkwn
Έstw A έnaV summεtrikόV pίnakaV N εpί N.

Iscύoun ta parakάtw:

1. O A είnai qεtikά orismέnoV, an kai mόno an iscύεi:  Dk > 0, 1 § k § N .

2.  O  A  είnai  arnhtikά  orismέnoV,  an  kai  mόno  an  iscύεi:  H-1Lk Dk > 0,
1 § k § N . 
Dhladή D1 < 0, D2 > 0, D3 < 0, ...

3. O A είnai aόristoV an kai mόno an 
είtε upάrcεi kάpoio k άrtio ώstε Dk < 0,
είtε  Dk ≠ 0,  1  §  k  §  N  kai  to  sύnolo  D1, D2 êD1, D3 êD2, ..., DN êDN-1

pεriέcεi qεtikά kai arnhtikά stoicείa.

 | 

Taylor-Max-Min.nb 53



15. Gεnίkεush - Paradείgmata (I)

Brείtε  ta  shmείa  topikώn  akrόtatwn  kai  ta  sagmatikά  shmείa  thV
sunάrthshV f Hx, yL = x3 - 3 x2 + y2.

H  sunάrthsh  autή  έcεi  projanώV  sunεcείV  paragώgouV  mέcri  kai
dεutέraV  tάxhV  (kai  mεgalύtεrhV  tάxhV).  Έcoumε  fxHx, yL = 3 x2 - 6 x,
fyHx, yL = 2 y, fxxHx, yL = 6 x - 6, fxyHx, yL = 0, fyyHx, yL = 2.

Apό  to  kritήrio  Fermat  “ f Hx0, y0L = 0,  έcoumε  to  sύsthma

3 x2 - 6 x = 0, 2 y = 0,  to  opoίo  έcεi  tiV  lύsεiV  (0,0)  kai  (2,0).
MεlεtώntaV  tiV  upoorίzousεV  tou  Essianoύ  pίnaka  έcoumε  ta  εxήV
apotεlέsmata:

Gia  to  (0,0), D1 = -6 < 0, D2 =
-6 0
0 2

= -12 < 0, άra  to  (0,0,0) είnai

sagmatikό shmείo.

Gia to (2,0), D1 = 6 > 0, D2 =
6 0
0 2

= 12 > 0, άra to (2,0) είnai topikό

εlάcisto.
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15. Gεnίkεush - Paradείgmata (II)

Brείtε  ta  shmείa  topikώn  akrόtatwn  kai  ta  sagmatikά  shmείa  thV
sunάrthshV f Hx, y, zL = x3 + y2 + z2 - 3 x.

H  sunάrthsh  autή  έci  projanώV  sunεcείV  paragώgouV  mέcri  kai
dεutέraV  tάxhV  (kai  mεgalύtεrhV  tάxhV).  Sugkεkrimέna  έcoumε:
fxHx, y, zL = 3 x2 - 3,  fyHx, y, zL = 2 y,  fxHx, y, zL = 2 z,  fxxHx, y, zL = 6 x,
fxyHx, y, zL = 0,  fxzHx, y, zL = 0,  fyzHx, y, zL = 0,
fyyHx, y, zL = 2, fzzHx, y, zL = 2.
apό  to  kritήrio  Fermat  paίrnoumε  to  sύsthma  3 x2 - 3 = 0,  2 y = 0,
2 z = 0, to opoίo maV dίnεi  tiV lύsεiV (1,0,0) kai (-1,0,0). Έtsi loipόn qa
έcoumε:

Gia  to  (1,0,0)  D1 = 6 > 0,  D2 =
6 0
0 2

= 12 > 0,

D3 =

6 0 0
0 2 0
0 0 2

= 24 > 0, άra to (1,0,0) είnai topikό εlάcisto.

gia  to  (-1,0,0)  D1 = 6 > 0,  D2 =
-6 0
0 2

= -12 < 0,

D3 =

-6 0 0
0 2 0
0 0 2

= -24 < 0, άra to (-1,0,0,2) είnai sagmatikό shmείo.

 | 
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