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Kef�laio 1

Diaforikèc exis¸seic pr¸thc t�xhc

Qr sima komm�tia jewrÐac wc proc thn epÐlush ask sewn

1. Diaforikèc exis¸seic qwrizomènwn metablht¸n:

Orismìc: Mia diaforik  morf  qwrizomènwn metablht¸n eÐnai thc morf c

dy(t)

dt
= g(t)h(y)

me g : (a, b)→ R kai h : (c, d)→ R.

EpÐlush thc diaforik c exÐswshc:

(i) An h(y) = 0 gia y = yk, k = 1, 2, · · · , n tìte, y(t) = yk, t ∈ (a, b).

(ii) An h(y) 6= 0 tìte,
y′

h(y)
= g(t) kai oloklhr¸nwntac wc proc t prokÔptei

∫
y′

h(y)
dt =

∫
g(t)dt+ c.

• Gia thn epÐlush tou P.A.T.

[
y′ = g(t)h(y), y(t0) = y0, t0 ∈ (a, b)

]
(i) Apì thn genik  lÔsh brÐskoume c me thn bo jeia thc arqik c sunj khc.

(ii) Me orismèno olokl rwma
y∫

y0

dy

h(y)
=

t∫
t0

g(t)dt.

2. Gia thn epÐlush diaforik¸n exis¸sewn thc morf c

y′ + p(t)y = q(t)

me p, q : I → R suneqeÐc sunart seic, k�noume qr sh tou oloklhrwtikoÔ par�gonta thc morf c

µ(t) = e
∫
p(t)dt.

3. Gia thn epÐlush diaforik c exÐswshc Bernoulli thc morf c

y′ + p(t)y = q(t)yr

ìpou p, q : I → R suneqeÐc kai r ∈ R gÐnetai qr sh tou metasqhmatismoÔ u = y1−r.

4. Gia thn epÐlush diaforik c exÐswshc Riccati thc morf c

y′ + p(t)y = q(t)y2 + f(t)

me p, q, f : I → R suneqeÐc gÐnetai qr sh tou metasqhmatismoÔ y(t) = y1(t) +
1

u(t)
, ìpou y1(t) mia

gnwst  lÔshc thc d.e. .

5. Gia thn epÐlush thc omogenoÔc diaforik c exÐswshc thc morf c

M(t, y) +N(t, y)y′ = 0

me M,N : D → R, omogeneÐc tou Ðdiou bajmoÔ gÐnetai qr sh tou metasqhmatismoÔ u =
y

t
, t 6= 0.
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6. Gia thn epÐlushc miac akriboÔc diaforik c exÐswshc thc morf c

M(t, y) +N(t, y)
dy

dt
= 0

me
M,N ∈ C1(D), D ⊂ R2

deÐqnoume ìti
∂M

∂y
=
∂N

∂t
kai èpeita jewroÔme thn F ∈ C1(D) me F (t, y) = C ¸ste

∂F

dy
= M και

∂F

∂y
= N

kai lÔnoume to parap�nw sÔsthma gia thn eÔresh thc F (t, y) = C.Se perÐptwsh pou
∂M

∂y
6= ∂N

∂t
k�noume qr sh pollaplasiast  Euler µ(t, y) = µ 6= 0 h eÔresh tou opoÐou prokÔptei apì thn sqèsh

∂µM

∂y
=
∂µN

∂t
.
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Ask seic KefalaÐou 1

1.1 Na lujeÐ h diaforik  exÐswsh
ty′ − y = t2, t > 0.

1.2 Na lujeÐ h diaforik  exÐswsh

y′ +
3

t
y = y2t2, t > 0.

1.3 Na lujeÐ h diaforik  exÐswsh

y′ +
y

t
= y2 − 1

t2
, t > 0

an mia lÔsh thc eÐnai thc morf c y1(t) =
1

t
.

1.4 Na lujeÐ h diaforik  exÐswsh
y2dt− t(t+ y)dy = 0

1.5

(i) Na deiqjeÐ ìti h diaforik  exÐswsh
xf(tx) + tg(tx)x′ = 0

ìpou f kai g suneqeÐc pragmatikèc sunart seic, mporeÐ na metasqhmatisteÐ se diaforik  exÐswsh qw-
rizìmenwn metablht¸n.

(ii) Qrhsimopoi¸ntac to (i) na lujeÐ h diaforik  exÐswsh

x− tx2 − (t+ t2x)x′ = 0.

1.6 Na lujeÐ h diaforik  exÐswsh
dy

dt
=

1

t− y
+ 1.

1.7 Na lujeÐ h diaforik  exÐswsh

y′ + y =

2∫
0

y(t)dt, y(0) = 1.

1.8 Na brejeÐ h tim  thc paramètrou λ gia thn opoÐa h diaforik  exÐswsh

ty2 + λt2y + t2(t+ y)y′ = 0

eÐnai akrib c kai na lujeÐ h diaforik  exÐswsh gia aut  thn tim  tou λ.

1.9 DÐnetai h diaforik  exÐswsh

eat+y + 3t2y2 + (2t3y + eat+y)y′ = 0 (1)

Na brejeÐ to a ¸ste h (1) na eÐnai akrib c kai na lujeÐ h (1).

1.10 Na lujeÐ h diaforik  exÐswsh

(3t+ 2y + y2) + (t+ 4yt+ 5y2)
dy

dt
= 0 (1)

an dèqetai oloklhrwtikì par�gonta thc morf c µ = µ(t+ y2).
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Endeiktikèc LÔseic Ask sewn KefalaÐou 1

1.1 Na lujeÐ h diaforik  exÐswsh
ty′ − y = t2, t > 0.

LÔsh.

H parap�nw diaforik  exÐswsh mporeÐ na grafteÐ sth morf 

y′ − y

t
= t .

JewroÔme ton oloklhrwtikì par�gonta, µ(t) = e
∫
− 1

t dt =
1

t
kai prokÔptei pwc,

y′

t
− y

t2
= 1⇔

(
y

t

)′
= 1⇔ y

t
= t+ c⇔ y = t2 + ct, c ∈ R. �

1.2 Na lujeÐ h diaforik  exÐswsh

y′ +
3

t
y = y2t2, t > 0.

LÔsh.

H parap�nw diaforik  exÐswsh apoteleÐ d.e. morf c Bernoulli �ra jewroÔme ton metasqhmatismì

u =
1

y
, y 6= 0.

'Ara, prokÔptei pwc,

u′ = − 1

y2
· y′.

'Eqoume pwc,

− 1

y2
· y′ − 3

ty
= −t2 ⇔ u′ − 3

t
· u = −t2

h opoÐa lÔnetai me th qr sh tou oloklhrwtikoÔ par�gonta µ(t) = e
∫
− 3

t dt =
1

t3
.'Ara, prokÔptei pwc,

u′

t3
− 3

u

t2
= −1

t
⇔
(
u

t3

)′
= −1

t
⇔ u

t3
= − log t+ c⇔ u = t3(c− log t).

'Ara, telik� èqoume pwc, y =
1

t3(c− log t)
, c 6= log t.

Akìmh parathroÔme, pwc h y = 0 ikanopoieÐ thn d.e. �ra, y = 0 eÐnai lÔsh thc diaforik c exÐswshc. �

1.3 Na lujeÐ h diaforik  exÐswsh

y′ +
y

t
= y2 − 1

t2
, t > 0

an mia lÔsh thc eÐnai thc morf c y1(t) =
1

t
.

LÔsh.

H parap�nw diaforik  exÐswsh apoteleÐ d.e. morf c Riccati �ra jewroÔme ton metasqhmatismì

y(t) = y1(t) +
1

u(t)
=

1

t
+

1

u(t)
.

'Ara, prokÔptei pwc, y′(t) = − 1

t2
− 1

u2(t)
u′(t) kai y2(t) =

1

t2
+

2

tu(t)
+

1

u2(t)
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'Ara, èqoume pwc,

− 1

t2
− u′

u2
+

1

t2
+

1

tu
=

1

t2
+

2

tu
+

1

u2
− 1

t2
⇔ − u

′

u2
+

1

tu
=

1

u2
⇔ u′ +

u

t
= −1⇔ u = − t

2
+
c

t

'Ara telik� prokÔptei pwc,

y(t) =
2t

2c− t2
+

1

t
, t2 6= 2c.

�

1.4 Na lujeÐ h diaforik  exÐswsh
y2dt− t(t+ y)dy = 0.

LÔsh.

ParathroÔme ìti oi sunart seic M(t, y) = y2 kai N(t, y) = t(t+ y) eÐnai omogeneÐc 2ou bajmoÔ sto R2

�ra, h parap�nw diaforik  exÐswsh eÐnai omogen c.JewroÔme ton metasqhmatismì,

u =
y

t
, t 6= 0

pou prokÔptei pwc, u′ =
y′

t
− y

t2
.'Ara, h diaforik  exÐswsh metasqhmatÐzetai se

u2 − (1 + u)(u+ u′t) = 0⇔ u2 − u− u′t− u2 − u′ut = 0⇔ −u = tu′(1 + u)⇔ −dt
t

=
1 + u

u
du∫

1 + u

u
du =

∫
−1

t
dt+ c⇔ log u+ u = c− log t⇔ log

y

t
+
y

t
= c− log t⇔ t log y + y = ct

h opoÐa eÐnai lÔsh se peplegmènh morf . �

1.5

(i) Na deiqjeÐ ìti h diaforik  exÐswsh
xf(tx) + tg(tx)x′ = 0

ìpou f kai g suneqeÐc pragmatikèc sunart seic, mporeÐ na metasqhmatisteÐ se diaforik  exÐswsh qw-
rizìmenwn metablht¸n.

(ii) Qrhsimopoi¸ntac to (i) na lujeÐ h diaforik  exÐswsh

x− tx2 − (t+ t2x)x′ = 0.

LÔsh.

(i) JewroÔme ton ex c metasqhmatismì
y = tx

ìpou prokÔptei pwc, x′ =
y′t− y
t2

dhlad ,

y

t
f(y) + tg(y)

(
y′t− y
t2

)
= 0⇔ yf(y) + g(y)(y′t− y) = 0⇔ yf(y) + tg(y)y′ − yg(y) = 0

tg(y)y′ = y[g(y)− f(y)]⇔ y′ =
y[g(y)− f(y)]

tg(y)
(∗)

h opoÐa èqei metasqhmatisteÐ se d.e. qwrizomènwn metablht¸n.

(ii) Upìdeixh: Qrhsimopoi ste ton metasqhmatismì kajwc kai thn sqèsh (∗) tou (i). �
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1.6 Na lujeÐ h diaforik  exÐswsh
dy

dt
=

1

t− y
+ 1.

LÔsh.

A' Trìpoc

JewroÔme ton metasqhmatismì
u = t− y

ìpou prokÔptei pwc, u′ = 1− y′.Dhlad  èqoume pwc,

y′ =
1

t− y
+ 1⇔ −y′ =

1

t− y
− 1⇔ u′ = − 1

u
⇔ udu = −dt⇔ u2

2
= −t+ c1 ⇔ u2 = 2c1 − 2t

'Ara, y = t−
√

2c1 − 2t   y = t+
√

2c1 − 2t gia t < c1.

B' Trìpoc

Parathr ste ìti h diaforik  exÐswsh −t + y − 1 + (t − y)y′ = 0 eÐnai akrib c kai lÔste thn me thn
gnwst  mèjodo. �

1.7 Na lujeÐ h diaforik  exÐswsh

y′ + y =

2∫
0

y(t)dt, y(0) = 1.

LÔsh.

Jètoume, r =

2∫
0

y(t)dt kai jewroÔme ton oloklhrwtikì par�gonta µ(t) = e
∫
dt = et.'Ara, èqoume,

ety′ + ety = ret =

(
ety

)′
= ret ⇔ ety = ret + c⇔ y = r + ce−t.

Gia t = 0 èqoume pwc, c = 1− r.Dhlad  prokÔptei pwc,

y = r + (1− r)e−t.

Gia thn lÔsh thc diaforik c exÐswshc arkeÐ na broÔme to r.

r =

2∫
0

y(t)dt =

2∫
0

r + (1− r)e−tdt⇔ r = 1− e2. 'Ara, telik� èqoume pwc,

y(t) = 1− e2 + e2−t

�

1.8 Na brejeÐ h tim  thc paramètrou λ gia thn opoÐa h diaforik  exÐswsh

ty2 + λt2y + t2(t+ y)y′ = 0

eÐnai akrib c kai na lujeÐ h diaforik  exÐswsh gia aut  thn tim  tou λ.
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LÔsh.

Gia na eÐnai akrib c h parap�nw diaforik  exÐswsh gia M(t, y) = ty2 + λt2y kai N(t, y) = t2(t+ y)

arkeÐ na isqÔei ìti,
∂M(t, y)

∂y
=
∂N(t, y)

∂t
⇔ 2ty + λt2 = 3t2 + 2ty

ìpou apì isìthta poluwnÔmwn isqÔei ìti λ = 3.

'Ara, h diaforik  exÐswsh metasqhmatÐzetai wc ex c :

ty2 + 3t2y + t2(t+ y)y′ = 0

h opoÐa eÐnai akrib c.

'Ara, up�rqei F ∈ C1(R2) me F (t, y) = c1 ¸ste,

∂F (t, y)

∂t
= M(t, y) και

∂F (t, y)

∂y
= N(t, y)

• ∂F (t, y)

∂t
= M(t, y)⇔ ∂F (t, y)

∂t
= ty2 + 3t2y ⇔ F (t, y) =

y2t2

2
+ t3y + h(y)

• ∂F (t, y)

∂y
= N(t, y)⇔ ∂F (t, y)

∂y
= t3 + t2y ⇔ h′(y) = 0⇔ h(y) = c2

An jèsoume C = c1 − c2 prokÔptei ìti
y2t2

2
+ t3y = C

h opoÐa eÐnai lÔsh se peplegmèngh morf . �

1.9 DÐnetai h diaforik  exÐswsh

eat+y + 3t2y2 + (2t3y + eat+y)y′ = 0 (1)

Na brejeÐ to a ¸ste h (1) na eÐnai akrib c kai na lujeÐ h (1).

LÔsh.

Gia na eÐnai akrib c h parap�nw diaforik  exÐswsh giaM(t, y) = eat+y+3t2y2 kaiN(t, y) = 2t3y+eat+y

arkeÐ na isqÔei ìti,
∂M(t, y)

∂y
=
∂N(t, y)

∂t
⇔ eat+y + 6t2y = aeat+y + 6t2y

ìpou prokÔptei pwc, a = 1.

'Ara, h diaforik  exÐswsh metasqhmatÐzetai wc ex c :

et+y + 3t2y2 + (et+y + 2t3y)y′ = 0

h opoÐa eÐnai akrib c.

'Ara, up�rqei F ∈ C1(R2) me F (t, y) = c1 ¸ste,

∂F (t, y)

∂t
= M(t, y) και

∂F (t, y)

∂y
= N(t, y)

• ∂F (t, y)

∂t
= M(t, y)⇔ ∂F (t, y)

∂t
= et+y + 3t2y2 ⇔ F (t, y) = et+y + t3y2 + h(y)

• ∂F (t, y)

∂y
= N(t, y)⇔ ∂F (t, y)

∂y
= et+y + 2t3y ⇔ h′(y) = 0⇔ h(y) = c2
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An jèsoume C = c1 − c2 prokÔptei ìti

et+y + t3y2 = C

h opoÐa eÐnai lÔsh se peplegmèngh morf . �

1.10 Na lujeÐ h diaforik  exÐswsh

(3t+ 2y + y2) + (t+ 4yt+ 5y2)
dy

dt
= 0 (1)

an dèqetai oloklhrwtikì par�gonta thc morf c µ = µ(t+ y2).

LÔsh.

H sqèsh (1) gr�fetai isodÔnama

M(t, y) +N(t, y)
dy

dt
= 0

ìpou, M(t, y) = 3t+ 2y + y2 kai N(t, y) = t+ 4yt+ 5y2.

ParathroÔme ìti,
∂M

∂y
(t, y) = 2y + 2 6= 1 + 4y =

∂N

∂t
(t, y)

�ra h (1) den eÐnai akrib c.

GnwrÐzoume ìti h (1) dèqetai oloklhrwtikì par�gonta thc morf c µ = µ(t+ y2).

'Estw u(t, y) = t+ y2.Tìte apì ton Kanìna thc AlusÐdac èqoume,

• ∂µ
∂y (t, y) = dµ

du (t, y) · ∂u∂y (t, y) = 2y dµdu (t, y)

• ∂µ
∂t (t, y) = dµ

du (t, y) · ∂u∂t (t, y) = dµ
du (t, y)

AfoÔ h (1) dèqetai oloklhrwtikì par�gonta tìte,

∂(Mµ)

∂y
=
∂(Nµ)

∂t

µ∂M∂y +M ∂µ
∂y = N ∂µ

∂t + µ∂N∂t ⇔M ∂µ
∂y −N

∂µ
∂t = (∂N∂t −

∂M
∂y )µ

dµ
du (2yM −N) = (∂N∂t −

∂M
∂y )µ⇔ dµ

du (2yt− t+ 2y3 − y2) = (2y − 1)µ

∂µ
∂u (t+ y2) = µ⇔ dµ

µ = du
u ⇔

∫
1
µdµ =

∫
1
udu+ c1 ⇔ log |µ| = log (|u| · ec1)

µ = ±uec1 = ±ec1(t+ y2)⇔ µ = c3(t+ y2)

'Ara, ènac oloklhrwtikìc par�gontac eÐnai

µ(t, y) = t+ y2

Pollaplasi�zoume me ton oloklhrwtikì par�gonta th sqèsh (1).

(t+ y2)(3t+ 2y + y2) + (t+ y2)(t+ 4yt+ 5y2)dydt = 0

(y4 + 2y3 + 4y2t+ 2ty + 3t2) + (t2 + 4yt2 + 6y2t+ 4y3t+ 5y4)dydt = 0 (2)

ìpou, M̄(t, y) = y4 + 2y3 + 4y2t+ 2ty + 3t2 kai N̄(t, y) = t2 + 4yt2 + 6y2t+ 4y3t+ 5y4.

'Eqoume pwc,
∂M̄

∂y
(t, y) = 4y3 + 6y2 + 8yt+ 2t =

∂N̄

∂t

�ra, h (2) eÐnai akrib c.
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'Ara, gnwrÐzoume pwc up�rqei F (t, y) = c ¸ste,

∂F

∂t
(t, y) = M̄(t, y) και

∂F

∂y
(t, y) = N̄(t, y)

• ∂F
∂y (t, y) = N̄(t, y)⇔ F (t, y) =

∫
t2 + 4yt2 + 6y2t+ 4y3t+ 5y4dy + h(t)

F (t, y) = t2y + 2y2t2 + 2y3t+ y4t+ y5 + h(t)

• ∂F
∂t (t, y) = M̄(t, y)⇔ 2ty + 4y2t+ 2y3 + y4 + h′(t) = y4 + 2y3 + 4y2t+ 2yt+ 3t2

h′(t) = 3t2 ⇔ h(t) = t3 + c4 ìpou gia c4 = 0 èqoume,

h(t) = t3

'Etsi telik� prokÔptei pwc,

F (t, y) = y5 + ty4 + 2ty3 + 2t2y2 + t2y + t3 = c

h opoÐa eÐnai lÔsh se peplegmènh morf . �
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Kef�laio 2

Ta Basik� Jewr mata

Qr sima komm�tia jewrÐac wc proc thn epÐlush ask sewn

1. ProseggÐseic Picard H akoloujÐa proseggÐsewn orÐzetai epagwgik� wc ex c :

y0(t) = y0, yn(t) = y0 +

t∫
t0

f(s, yn−1(s))ds

2. Je¸rhma Picard− Lindelof

1. 'Estw f(t, y), ∂f∂y (t, y) suneqeÐc sunart seic sto orjog¸nio

S = { (t, y) : t0 ≤ t t0 + a, |y − y0| ≤ b }

'Estw akìmh M = max
S
|f(t, y)|, δ = min

(
a,

b

M

)
.Tìte to P.A.T.

{
y′(t) = f(t, y)
y(t0) = y0

èqei monadik  lÔsh sto [t0, t0 + δ].

3. Orismìc: H sun�rthsh f ikanopoieÐ sunj kh Lipschitz sto S an up�rqei L > 0 tètoio ¸ste gia
k�je (t, y1), (t, y2) ∈ S èqoume thn anisìthta

|f(t, y1)− f(t, y2)| ≤ L|y1 − y2|.

4. Apl  an�gnwsh thc apìdeixhc tou Jewr matoc (b) deÐqnei ìti h upìjesh gia thn par�gwgo
∂f(t, y)

∂y
eÐnai dunatìn na antikatastajeÐ me th ligìtero perioristik  (c) qwrÐc kamÐa allag  sto sumpèrasma.
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Ask seic KefalaÐou 2

2.1 'Estw to P.A.T.
y′ = y3, y(0) = 1.

Na brejeÐ to mègisto di�sthma [0, δ] sto opoÐo to Je¸rhma Picard−Lindelof eggu�tai up�rxh lÔshc
kai monadikìthta.

2.2 Gia to akìloujo P.A.T. na proseggistoÔn oi pr¸tec tèssereic proseggÐseic Picard :

dy

dt
= t2 + y2, y(1) = 2.

2.3 'Estw to P.A.T. :
y′ =

√
y + 1 y(0) = 0, t ∈ [0, 1].

(i) DeÐxte ìti h f(t, y) den eÐnai Lipschitz se di�sthma pou perièqei to y = 0.

(ii) DeÐxte ìti to P.A.T. èqei monadik  lÔsh.

Upìdeixh 1: Upojèste ìti to P.A.T. èqei toul�qiston mia lÔsh.

Upìdeixh 2: Jewr ste thn sun�rthsh z(t) = (
√
y1(t)−

√
y2(t))2.

2.4 Jewr¸ntac to P.A.T.

x′ = 1 + x
2
3 , x(0) = 0

na deiqjeÐ ìti h sunj kh Lipshitz den eÐnai anagkaÐa gia to monos manto twn lÔsewn.

2.5 'Estw to P.A.T.

y′ =
(y2 − 4)(sin2 y3 + cos y − 2)

2
, y(0) =

1

2
.

An y = φ(t) eÐnai h lÔsh tou P.A.T., exhg ste (qwrÐc na lujeÐ h exÐswsh ) giatÐ isqÔei ìti φ(t) < 2,
gia k�je t.

2.6 'Estw to P.A.T.
y′ = 2ty2, y(0) = 1.

13



Endeiktikèc LÔseic Ask sewn KefalaÐou 2

2.1 'Estw to P.A.T.
y′ = y3, y(0) = 1.

Na brejeÐ to mègisto di�sthma [0, δ] sto opoÐo to Je¸rhma Picard−Lindelof eggu�tai up�rxh lÔshc
kai monadikìthta.

LÔsh.

JewroÔme to orjog¸nio
S = { (t, y) : 0 ≤ t ≤ a, |y − 1| ≤ b }.

'Eqoume f(t, y) = y3 �ra,
M = max

1−b≤y≤1+b
|y3| = (1 + b)3.

'Eqoume, δ∗ = min{a, b

(b+ 1)3
} �ra, gia a aujaÐreta meg�lo δ∗ =

b

(b+ 1)3
.Gia na broÔme to mègisto

di�sthma pou eggu�tai Ôparxh lÔshc kai monadikìthta anazhtoÔme δ = max
b>0

b

(1 + b)3
kai parathroÔme

ìti bmax = 1
2 .'Ara, sumperaÐnoume ìti δ =

1/2

(3/2)3
=

4

27
.Dhlad  to mègisto di�sthma pou eggu�tai

monadikìthta kai Ôparxh lÔshc eÐnai to

[
0,

4

27

]
. �

2.2 Gia to akìloujo P.A.T. na proseggistoÔn oi pr¸tec tèssereic proseggÐseic Picard :

dy

dt
= t2 + y2, y(1) = 2.

LÔsh.

JewroÔme thn akoloujÐa Picard:

y0(t) = 2, yn(t) = 2 +

t∫
1

[s2 + y2n−1(s)]ds.

• Gia n = 0 èqoume pwc, y0(t) = 2

• Gia n = 1 èqoume pwc, y1(t) = 2 +

t∫
1

[s2 + y20(s)]ds = 2 +

t∫
1

[s2 + 4]ds =
t3

3
+ 4t− 7

3

OmoÐwc upologÐzontai oi proseggÐseic gia n = 2, 3. �

2.3 'Estw to P.A.T. :
y′ =

√
y + 1 y(0) = 0, t ∈ [0, 1].

(i) DeÐxte ìti h f(t, y) den eÐnai Lipschitz se di�sthma pou perièqei to y = 0.

(ii) DeÐxte ìti to P.A.T. èqei monadik  lÔsh.

Upìdeixh 1: Upojèste ìti to P.A.T. èqei toul�qiston mia lÔsh.

Upìdeixh 2: Jewr ste thn sun�rthsh z(t) = (
√
y1(t)−

√
y2(t))2.

14



LÔsh.

(i) 'Estw ìti h f eÐnai Lipschitz dhlad  up�rqei L > 0 ¸ste gia k�je y1, y2 na isqÔei

|f(t, y1)− f(t, y2)| ≤ L|y1(t)− y2(t)|.

'Ara, gia y1(t) = y(t) kai y2(t) = 0 èqoume,

|f(t, y)− f(t, 0)| ≤ L|y(t)− 0| ⇔ √y ≤ L|y(t)| ⇔ 1 ≤ L
√
y(t)

to opoÐo eÐnai �topo gia t = 0.

(ii) 'Estw y1, y2 oi lÔseic thc diaforik c exÐswshc kai

z(t) = (
√
y1(t)−

√
y2(t))2 = y1(t) + y2(t)− 2

√
y1(t)y2(t) ≥ 0.

'Ara, prokÔptei pwc,

z′(t) = y′1 + y′2 − 2( 1
2y
′
1y
−1/2
1 y

1/2
2 + 1

2y
′
2y
−1/2
2 y

1/2
1 ) = y′1 + y′2 −

y′1
√
y2√
y1
− y′2

√
y1√
y2

< 0

'Ara, z(t) ≤ 0 ìpou prokÔptei pwc,

z(t) = 0⇔ (
√
y1 −

√
y2)2 = 0⇔ y1 = y2.

�

2.4 Jewr¸ntac to P.A.T.

x′ = 1 + x
2
3 , x(0) = 0

na deiqjeÐ ìti h sunj kh Lipshitz den eÐnai anagkaÐa gia to monos manto twn lÔsewn.

LÔsh.

Arqik� ja epilÔsoume thn diaforik  exÐswsh

x′ = x
2
3 + 1⇔

∫
dx

x
2
3 + 1

=

∫
dt+ c1

'Ara, arkeÐ na upologÐsoume to olokl rwma

∫
dx

x
2
3 + 1

ìpou prokÔptei ìti∫
dx

x
2
3 + 1

= 3x1/3 − 3 arctanx1/3 + c2.

An jewr soume c = c1 − c2 tìte,

3x1/3 − 3 arctanx1/3 = t+ c.

Dhlad  gia t = 0 èqoume pwc, to P.A.T. èqei, monadik  lÔsh se peplegmènh morf ,

3x1/3 − 3 arctanx1/3 = t.

'Wstìso h f(t, y) = x2/3 + 1 h opoÐa orÐzetai se perioq  pou perièqei to (0, 0) den eÐnai Lipchitz afoÔ,

|f(t, x)− f(t, 0)| = |x2/3|

me lim
t→0

|x2/3|
|x|

=∞ to opoÐo èqei wc apotèlesma

|f(t, x)− f(t, 0)| > L|x|.

�
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2.5 'Estw to P.A.T.

y′ =
(y2 − 4)(sin2 y3 + cos y − 2)

2
, y(0) =

1

2
.

An y = φ(t) eÐnai h lÔsh tou P.A.T., exhg ste (qwrÐc na lujeÐ h exÐswsh ) giatÐ isqÔei ìti φ(t) < 2,
gia k�je t.

LÔsh.

Apì upìjesh isqÔei φ(0) = 1
2 .

ParathroÔme ìti h arqik  exÐswsh gia y′ = 0 kai y = 2 mhdenÐzetai, dhlad  y(t) = 2 eÐnai lÔsh thc.

'Ara, gia 1
2 < 2⇔ φ(0) < y(t).Apì to monos manto thc lÔshc prokÔptei ìti φ(t) < y(t) = 2 gia k�je

t. �
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Kef�laio 3

Grammikèc exis¸seic me stajeroÔc suntelestèc

Qr sima komm�tia jewrÐac wc proc thn epÐlush ask sewn

1. H genik  lÔsh thc diaforik c exÐswshc y′′ + P (t)y′ + Q(t)y = f(t) (∗) me P,Q, f : I → R suneqeÐc
eÐnai thc morf c :

y(t) = yoµ(t) + yειδ(t)

me yoµ lÔsh thc antÐstoiqhc omogenoÔc thc (∗) kai yειδ mia eidik  lÔsh thc (∗).

2. 'Estw h omogen c diaforik  exÐswsh

y′′ + p(t)y′ + q(t)y = 0 (∗)

me p, q : I → R suneqeÐc.

An φ1(t), φ2(t) lÔseic thc (∗) tìte k�je grammikìc sunduasmìc touc eÐnai lÔsh thc (∗).

3. H orÐzousa Wronski dÔo diaforÐsimwn sunart sewn φ1, φ2 : I ⊂ R→ R orÐzetai wc :

W (t) = W (φ1, φ2)(t) =

∣∣∣∣φ1(t) φ2(t)
φ′1(t) φ′2(t)

∣∣∣∣
4. Je¸rhma : 'Estw φ1, φ2 lÔseic thc L(y) = 0 sto I.Tìte φ1, φ2 eÐnai grammik� anex�rthtec sto I

an kai mìno an W (φ1, φ2)(t) 6= 0 gia k�je t ∈ I.

5. Je¸rhma (TÔpoc tou Liouville) : 'Estw φ1, φ2 lÔseic thc diaforik c exÐswshc

y′′ + p(t)y′ + q(t)y = 0 (∗)

me p, q : I → R suneqeÐc kai W (φ1, φ2)(t) h orÐzousa Wronski. Tìte,

(i) W (t) = ce−
∫
p(t)dt,

(ii) W (t) = W (t0)e
−

t∫
t0

p(s)ds

.

6. 'Estw h omogen c diaforik  exÐswsh

y′′ + ay′ + by = 0 (∗)

me a, b ∈ R.Tìte jewroÔme thn qarakthristik  exÐswsh thc (∗)

λ2 + aλ+ b = 0.

(i) An ∆ > 0 me λ1, λ2 oi dÔo �nisec lÔseic thc q.e. tìte prokÔptei pwc, eλ1t, eλ2t grammik� anex�rthtec
lÔseic thc (∗) kai m�lista

y(t) = c1e
λ1t + c2e

λ2t.

(ii) An ∆ = 0 me λ = −a2 h dipl  rÐza thc q.e., tìte prokÔptei pwc, e−at/2, te−at/2 grammik� anex�rthtec
lÔseic thc (∗) kai m�lista

y(t) = c1e
−at/2 + c2te

−at/2.

(iii) An ∆ < 0 kai λ1,2 = γ± δi oi migadikèc lÔseic thc q.e. tìte prokÔptei pwc, h genik  lÔsh thc (∗) eÐnai

y(t) = eγt(c1 cos δt+ c2 sin δt)
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7. EÔresh eidik c lÔshc thc L(y) = f(t).

• Mèdojoc Lagrange (  Mèjodoc metabol c twn paramètrwn): Apì thn lÔsh thc antÐstoiqhc omoge-
noÔc d.e. L(y) = 0 èqoume :

yoµ(t) = c1φ(t) + c2φ2(t)

ìpou φ1, φ2 dÔo grammik� anex�rthtec lÔshc thc L(y) = 0.JewroÔme c1 = c1(t), c2 = c2(t) me

yε = c1(t)φ(t) + c2(t)φ2(t)

mia eidik  lÔsh thc L(y) = f(t).Qrhsimopoi¸ntac th sqèsh L(yε) = f(t) prokÔptei to ex c algebrikì
sÔsthma :

φ1(t)c′1(t) + φ2(t)c′2(t) = 0
φ′1(t)c′1(t) + φ′2(t)c′2(t) = f(t)

me to opoÐo upologÐzontai ta c1(t) kai c2(t).

• Mèjodoc Aprosdiìristwn Suntelest¸n: 'Estw L(y) = f(t) ⇔ y′′ + ay′ + by = f(t) me
a.b ∈ R, f(t) ∈ C(I).

An f(t) eÐnai ekjetik  sun�rthsh,stajer ,polu¸numou tou t,trigwnometrik  sun�erthsh   sunduasmìc
aut¸n tìte, gÐnetai qr sh thc parak�tw mejìdou.

Perigraf  thc mejìdou :

JewroÔme y′′ + ay′ + by = f(t), a, b ∈ R kai

f(t) = eγt[Pn(t) cos(δt) +Qn(t) sin(δt)]

me γ, δ ∈ R kai Pn(t), Qn(t) ∈ Rn(t).

An γ + δi rÐza thc qarakthristik c exÐswshc λ2 + aλ + b = 0 ,thc antÐstoiqhc omogenoÔc diaforik c
exÐswshc, pollaplìthtac p tìte h mh-omogen c diaforik  exÐswsh èqei eidik  lÔsh thc morf c

yε = tpeγt[pn(t) cos (δt) + qn(t) sin(δt)]

me pn(t), qn(t) polu¸numa n bajmoÔ tou t.

8. H arq  thc upèrjeshc: 'Estw h diaforik  exÐswsh L(y) = f1(t) + f2(t)(∗) , f1(t), f2(t) ∈ C(I).

JewroÔme tic diaforikèc exis¸seic L(y) = f1(t) (1) kai L(y) = f2(t) (2) me y1ε(t), y2ε(t) eidikèc lÔseic
twn (1), (2) antÐstoiqa .Tìte, yε(t) = y1ε(t) + y2ε(t) eidik  lÔsh thc (∗).

9. Se diaforikèc exis¸seic t�xhc n me n ≥ 3 isqÔoun oi Ðdiec teqnikèc kai jewr mata me aut� pou proana-
fèrjhkan parap�nw.

10. ExÐswsh Euler eÐnai h diaforik  exÐswsh thc morf c :

t2y′′ + aty + by = 0, a, b ∈ R, t > 0.

ProkÔptei pwc to qarakthristikì polu¸numo thc parap�nw d.e. eÐnai to r(r − 1) + ar + b = 0.

(i) An ∆ > 0 tìte gia r1, r2 lÔseic thc exis¸shc me r1 6= r2 èqoume ìti h genik  lÔsh thc d.e. eÐnai

y(t) = c1t
r1 + c2t

r2 .

(ii) An ∆ = 0 gia r = 1−a
2 h dipl  lÔsh thc exÐswshc èqoume ìti h genik  lÔsh thc d.e. eÐnai

y(t) = c1t
r + c2 log ttr.

(iii) An ∆ < 0 gia r1,2 = σ ± ωi lÔseic thc exÐswseic èqoume ìti h genik  lÔsh thc d.e. eÐnai

y(t) = tσ[c1 cos (ω log t) + c2 sin (ω log t)].
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Ask seic KefalaÐou 3

3.1 An a, b, c > 0, na deiqjeÐ ìti gia k�je lÔsh y = φ(t) thc diaforik c exÐswshc

ay′′ + by′ + cy = 0,

isqÔei
lim
t→∞

φ(t) = 0.

3.2 Na lujeÐ h diaforik  exÐswsh

y′′ − 3y′ + 2y = − e2t

et + 1
.

3.3 Na lujeÐ h diaforik  exÐswsh
y′′ + y′ − 2y = e3t.

3.4 Na lujeÐ h diaforik  exÐswsh
y′′ + y′ − 2y = 2et.

3.5 Na lujeÐ h diaforik  exÐswsh
y′′ + 4y′ + 4y = e−2t.

3.6 Na lujeÐ h diaforik  exÐswsh
y′′ + y = 3et.

3.7 Na lujeÐ h diaforik  exÐswsh
y′′ + 4y = sin t.

3.8 Na lujeÐ h diaforik  exÐswsh
y′′ + 4y = 3 cos 2t.

3.9 Na lujeÐ h diaforik  exÐswsh
y′′ + y′ + y = t2.

3.10 Na lujeÐ h diaforik  exÐswsh
y′′ − y = tet.

3.11 Na lujeÐ h diaforik  exÐswsh
y′′ + ky = sin bt

me k, b > 0.

3.12 Na lujeÐ h diaforik  exÐswsh
y(4) − 5y(2) + 4y = et − te2t.

Upìdeixh: QrhsimopoÐhste thn arq  thc upèrjeshc.

3.13 Na kataskeuasteÐ h omogen c diaforik  exÐswsh 2hc t�xhc an eÐnai gnwstèc φ1(t), φ2(t), dÔo grammik�
anex�rthtec lÔseic thc.

3.14 Na lujeÐ h diaforik  exÐswsh
t2y′′ − 5ty′ + 25y = 0.

3.15 An φ1, φ2 eÐnai lÔseic thc diaforik c exÐswshc :

(1 + y2)y′′ − 2ty + 2y = 0

me φ1(1) = φ′1(1) = 1, φ2(1) = 0 kai φ′2(1) = 2 na upologisteÐ h W (φ1, φ2)(t).

Upìdeixh : Qrhsimopoi ste ton tÔpo tou Liouville.
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Endeiktikèc LÔseic Ask sewn KefalaÐou 3

3.1 An a, b, c > 0, na deiqjeÐ ìti gia k�je lÔsh y = φ(t) thc diaforik c exÐswshc

ay′′ + by′ + cy = 0 (∗),

isqÔei

lim
t→∞

φ(t) = 0.

LÔsh.

JewroÔme thn qarakthristik  exÐswsh thc (∗)

ar2 + br + c = 0.

(i) An ∆ > 0 èqoume λ1, λ2 tic dÔo �nisec lÔseic thc q.e. me λ1 + λ2 = − b
a < 0 kai λ1 · λ2 = c

a > 0 pou
sumperaÐnoume pwc, λ1, λ2 < 0.'Omwc, h φ(t) eÐnai thc morf c :

φ(t) = c1e
λ1t + c2e

λ2t

pou sumperaÐnoume ìti lim
t→∞

φ(t) = 0.

(ii) An ∆ = 0 tìte, èqoume λ = − b
2a thc dipl  rÐza thc q.e. kai m�lista λ < 0.

Tìte prokÔptei �mesa pwc, lim
t→∞

eλt = 0 kai lim
t→∞

teλt = 0 2 kai afoÔ h φ(t) eÐnai thc morf c :

φ(t) = c1e
λt + c2te

λt

tìte sumperaÐnoume pwc, lim
t→∞

φ(t) = 0.

(iii) An ∆ < 0 tìte λ1,2 = γ ± δi oi migadikèc rÐzec thc q.e. me γ = − b
2a < 0 3Tìte, h φ(t) ja eÐnai thc

morf c :

φ(t) = eγt(c1 cos δt+ c2 sin δt).

'Omwc, |φ(t)| ≤ eγt(|c1|+ |c2|)→ 0 gia t→∞. Dhlad , sumperaÐnoume ìti lim
t→∞

φ(t) = 0. �

3.2 Na lujeÐ h diaforik  exÐswsh 4

y′′ − 3y′ + 2y = − e2t

et + 1
.

LÔsh.

Apì thn sqèsh (1) prokÔptei pwc h qarakthristik  exÐswsh thc d.e. eÐnai

r2 − 3r + 2 = 0

h opoÐa èqei lÔseic r1 = 1 kai r2 = 2.

2O upologismìc tou orÐou gÐnetai �mesa me qr sh tou kanìna De l′ Hospital.
3H parap�nw sqèsh proèkuye me thn qr sh tÔpwn V ietta.
4Gia thn lÔsh thc 'Askhshc 3.4 ja qrhsimopoi soume th mèjodo Lagrange.
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Dhlad , h genikh lÔsh thc antÐstoiqhc omogenoÔc thc (1) eÐnai

yoµ = c1e
t + c2e

2t

'Eqoume pwc,

yε(t) = c1(t)et + c2(t)e2t

ìpou yε eidik  lÔsh thc (1) kai gia thn eÔresh thc prèpei na lÔsoume to algebrikì sÔsthma: 5

etc′1(t) + e2tc′2(t) = 0

etc′1(t) + 2e2tc′2(t) = f(t)

Apì ton kanìna tou Cramer afoÔ, W (et, e2t)(t) = e3t 6= 0 tìte,

c′1(t) =

∣∣∣∣ 0 e2t

− e2t

et+1 2e2t

∣∣∣∣
W (t)

και c′2(t) =

∣∣∣∣et 0

et − e2t

et+1

∣∣∣∣
W (t)

Dhlad , c1(t) =
∫

et

et+1dt+ d1 = log (et + 1) + d1 kai c2(t) = −
∫

1
et+1dt+ d2 = log (e−t + 1) + d2

'Ara, prokÔptei pwc mia eidik  lÔsh thc (1) eÐnai

yε = log(et + 1)et + log(e−t + 1)e2t

Telik� afoÔ gnwrÐzoume pwc y(t) = yoµ(t) + yε(t) h genik  lÔsh thc (1) èqei th morf :

y(t) = [c1 + log(et + 1)]et + [c2 + log(e−t + 1)]e2t

�

3.3 Na lujeÐ h diaforik  exÐswsh

y′′ + y′ − 2y = e3t.

LÔsh.

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + r − 2 = 0 (2)

h opoÐa èqei lÔseic r1 = 1 kai r2 = −2.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai me

yoµ(t) = c1e
t + c2e

−2t

To 3 den eÐnai rÐza thc (2) �ra, mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = Ae3t

kai afoÔ h yε(t) ikanopoieÐ thn (1) èqoume pwc,

y′′ε (t) + y′ε(t)− 2yε(t) = e3t ⇔ 9Ae3t + 3Ae3t − 2Ae3t = e3t ⇔ A = 1
10 .

5To parap�nw algebrikì sÔsthma proèkuye afoÔ h yε ikanopoieÐ thn L[y] = − e2t

et+1 .
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'Ara, mia eidik  lÔsh thc (1) eÐnai

yε =
1

10
e3t.

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1e
t + c2e

−2t +
1

10
et

�

3.4 Na lujeÐ h diaforik  exÐswsh
y′′ + y′ − 2y = 2et.

LÔsh.

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + y − 2 = 0 (2)

h opoÐa èqei lÔseic r1 = 1 kai r2 = −2.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai me

yoµ(t) = c1e
t + c2e

−2t

To 1 eÐnai rÐza thc (2) pollaplìthtac 1 �ra, mÐa eidik  lÔsh thc (1) eÐnai thc morf c:

yε(t) = Atet

kai afoÔ ikanopoièi thn (1) èqoume pwc,

y′′ε (t) + y′ε(t)− 2ε(t) = 2et ⇔ (2Aet +Aet) + (Aet +Atet)− 2Atet = 2et ⇔ A = 2
3 'Ara, mia eidik  lÔsh

thc (1) eÐnai

yε(t) =
2

3
tet.

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1e
t + c2e

−2t +
2

3
tet

�

3.5 Na lujeÐ h diaforik  exÐswsh
y′′ + 4y′ + 4y = e−2t.

LÔsh.

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + 4r + 4 = 0 (2)

h opoÐa èqei lÔsh r = 2 pollaplìthtac 2.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai

yoµ(t) = c1e
−2t + c2te

−2t

To -2 eÐnai rÐza thc (2) pollaplìthtac 2 �ra, mia lÔsh thc (1) eÐnai thc morf c:

yε(t) = At2e−2t

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε (t) + 4yε′(t) + 4yε(t) = e−2t ⇔ A =
1

2
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'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
1

2
t2e−2t

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1e
−2t + c2te

−2t +
1

2
t2e−2t

�

3.6 Na lujeÐ h diaforik  exÐswsh

y′′ + y = 3et.

LÔsh.

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + 1 = 0 (2)

h opoÐa èqei lÔseic r1 = i kai r2 = −i.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai :

yoµ(t) = c1 cos t+ c2 sin t

To 1 den eÐnai lÔsh thc (2) �ra mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = Aet

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε (t) + yε(t) = 3et ⇔ A =
3

2

'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
3

2
et

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1 cos t+ c2 sin t+
3

2
et

�

3.7 Na lujeÐ h diaforik  exÐswsh

y′′ + 4y = sin t.

LÔsh.
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JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + 4 = 0 (2)

h opoÐa èqei lÔseic r1 = 2i kai r2 = −2i.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai :

yoµ(t) = c1 cos 2t+ c2 sin 2t

To i den eÐnai lÔsh thc (2) �ra mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = A sin t+B cos t

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε (t) + 4yε(t) = 3et ⇔ A =
1

3
και B = 0

'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
1

3
sin t

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1 cos 2t+ c2 sin 2t+
1

3
sin t

�

3.8 Na lujeÐ h diaforik  exÐswsh
y′′ + 4y = 3 cos 2t.

LÔsh.

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + 4 = 0 (2)

h opoÐa èqei lÔseic r1 = 2i kai r2 = −2i.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai :

yoµ(t) = c1 cos 2t+ c2 sin 2t

To 2i eÐnai lÔsh thc (2), pollaplìthtac 1 �ra mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = t(A sin 2t+B cos 2t)

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε (t) + 4yε(t) = 3 cos 2t⇔ A = 0 και B =
3

4

'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
3

4
t sin 2t

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1 cos 2t+ (c2 +
3

4
t) sin 2t

�
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3.9 Na lujeÐ h diaforik  exÐswsh
y′′ + y′ + y = t2.

LÔsh.

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + r + 1 = 0

h opoÐa èqei lÔseic r1 = −1+
√
3i

2 kai r2 = −1−
√
3i

2 .'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1)
isoÔtai :

yoµ(t) = e−
t
2 [c1 cos(

√
3

2
t) + c2 sin(

√
3

2
t)]

Mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = At2 +Bt+ C

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε + y′ε + yε = t2 ⇔ A = 1, B = −2 και C = 0

'Ara, mia eidik  lÔsh thc (1) eÐnai
yε(t) = t2 − 2t

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = e−
t
2 [c1 cos(

√
3

2
t) + c2 sin(

√
3

2
t)] + t2 − 2t

�

3.10 Na lujeÐ h diaforik  exÐswsh
y′′ − y = tet.

LÔsh.

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 − 1 = 0 (2)

h opoÐa èqei lÔseic r1 = 1 kai r2 = −1.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai :

yoµ(t) = c1e
t + c2e

−t

AfoÔ h f(t) = tet p�irnei thn morf 

f(t) = et[t cos 0 +Q(t) sin 0]

kai to 1 eÐnai lÔsh thc (2) pollaplìthtac 1, mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = tet(At+B)
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kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε − yε = yet ⇔ A =
1

4
και B = −1

4

'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
1

4
t2et − 1

4
tet

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1e
t + c2e

−t +
1

4
t2et − 1

4
tet

�

3.11 Na lujeÐ h diaforik  exÐswsh
y′′ + ky = sin bt (∗)

me k, b > 0.

LÔsh.

JewroÔme thn qarakthristik  exÐswsh thc (∗)

r2 + k = 0

h opoÐa èqei rÐzec r1,2 = ±
√
ki. Tìte, h antÐstoiqh omogen c d.e. thc (∗) eÐnai h

yoµ(t) = c1 sin
√
kt+ c2 cos

√
kt

DiakrÐnoume tic ex c peript¸seic :

(i) An b 6=
√
k tìte,

yε = A sin bt+B cos bt

ìpou yε mia eidik  lÔshc (∗).DiaforÐzontac thn parap�nw sqèsh prokÔptei pwc,

y′′ε = −Ab2 sin bt−Bb2 cos bt.

AfoÔ yε eidik  lÔsh thc (∗) ikanopoieÐ thn sqèsh

y′′ε + kyε = sin bt⇔ A =
1

k − b2
και B = 0

'Ara, mia eidik  lÔsh thc (∗) eÐnai

yε =
1

k − b2
sin bt

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1 sin
√
kt+ c2 cos

√
kt+

1

k − b2
sin bt.

(ii) An b =
√
k tìte eÐnai mia eidik  lÔsh ja eÐnai thc morf c :

yε = t(A sin bt+B cos bt)
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mia eidik  lÔshc (∗).DiaforÐzontac thn parap�nw sqèsh prokÔptei pwc,

y′′ε = −2Ab sin bt+ 2Bb cos bt− b2(A sin bt+B cos bt).

AfoÔ yε eidik  lÔsh thc (∗) ikanopoieÐ thn sqèsh

y′′ε + kyε = sin bt⇔ A = − 1

2b
και B = 0.

'Ara, mia eidik  lÔsh thc (∗) eÐnai
yε = − t

2b
sin bt.

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1 sin
√
kt+ c2 cos

√
kt− t

2b
sin bt.

�

3.12 Na lujeÐ h diaforik  exÐswsh
y(4) − 5y(2) + 4y = et − te2t (∗).

Upìdeixh: Qrhsimopoi ste thn arq  thc upèrjeshc.

LÔsh.

JewroÔme thn qarakthristik  exÐswsh thc (∗) :

r4 − 5r2 + 4 = 0

h opoÐa èqei rÐzec ta 1, 2,−1,−2.'Ara, h antÐstoiqh omogen c d.e. thc (∗) eÐnai

yoµ = c1e
t + c2e

−t + c3e
2t + c4e

−2t.

Arqik� anazhtoÔme mia eidik  lÔsh gia thn diaforik  exÐswsh :

y(4) − 5y(2) + 4y = et (i)

AfoÔ to 1 eÐnai rÐza tou qarakthristik c exÐswshc tìte mia eidik  lÔsh eÐnai thc morf c :

y1ε = Atet.

kai afoÔ ikanopoieÐ thn (i) èqoume pwc,

y
(4)
1ε − 5y

(2)
1ε + 4y1ε = et ⇔ A = −1

6
.

'Ara, mia eidik  lÔsh thc (i) eÐnai

y1ε = −1

6
tet.

'Epeita anazhtoÔme eidik  lÔsh gia thn diaforik  exÐswsh :

y(4) − 5y(2) + 4y = −te2t (ii).

AfoÔ to 2 eÐnai rÐza tou qarakthristik c exÐswshc tìte mia eidik  lÔsh eÐnai thc morf c :

y2ε = te2t(At+B)
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kai afoÔ ikanopoieÐ thn (ii) èqoume pwc,

y
(4)
2ε − 5y

(2)
2ε + 4y2ε = te2t ⇔ A = − 1

24
και B =

19

144
.

'Ara, mia eidik  lÔsh thc (i) eÐnai

y2ε = − 1

24
t2et +

19

144
tet.

Tìte, èpetai pwc, mia eidik  lÔsh thc (∗) eÐnai

yε = y1ε + y2ε = −1

6
tet − 1

24
t2et +

19

144
tet = − 1

24
t2et − 5

144
tet

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1e
t + c2e

−t + c3e
2t + c4e

−2t − 1

24
t2et − 5

144
tet.

�

3.13 Na kataskeuasteÐ h omogen c diaforik  exÐswsh 2hc t�xhc an eÐnai gnwstèc φ1(t), φ2(t), dÔo grammik�
anex�rthtec lÔseic thc.

LÔsh.

'Estw φ1(t), φ2(t) ∈ C(I) dÔo grammik� anex�rthtec lÔseic thc

y′′ + a(t)y′ + b(t)y = 0 (1)

a(t).b(t) ∈ C(I). GnwrÐzoume pwc h genik  lÔsh thc (1) eÐnai

y(t) = c1φ1(t) + c2φ2(t), c1, c2 ∈ R

kaj¸c kai W (φ1(t), φ2(t))(t) 6= 0.

JewroÔme ta dianÔsmata:

(φ1(t), φ′1(t), φ′′1(t)), (φ2(t), φ′2(t), φ′′2(t)), (y, y′, y′′)

ta opoÐa eÐnai grammik� exarthmèna.

Dhlad  isqÔei ìti,∣∣∣∣∣∣
φ1(t) φ2(t) y
φ′1(t) φ′2(t) y′

φ′′1(t) φ′′2(t) y′′

∣∣∣∣∣∣ = 0⇔
∣∣∣∣φ1(t) φ2(t)
φ′1(t) φ′2(t)

∣∣∣∣ y′′ − ∣∣∣∣φ1(t) φ2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣ y′ + ∣∣∣∣φ′1(t) φ′2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣ y = 0

W (φ1(t), φ2(t))(t)y′′ −
∣∣∣∣φ1(t) φ2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣ y′ + ∣∣∣∣φ′1(t) φ′2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣ y = 0, W (φ1(t), φ2(t))(t) 6= 0

'Ara, h (1) èqei thn morf  :

y′′ −

∣∣∣∣φ1(t) φ2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣
W (φ1(t), φ2(t))(t)

y′ +

∣∣∣∣φ′1(t) φ′2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣
W (φ1(t), φ2(t))(t)

y = 0

�
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3.14 Na lujeÐ h diaforik  exÐswsh
t2y′′ − 5ty′ + 25y = 0. (∗)

LÔsh.

Parathr ste ìti h (∗) eÐnai d.e. thc morf c Euler.JewroÔme to qarakthristikì thc polu¸numo :

r2 − 6r + 25.

h opoÐa èqei rÐzec r1,2 = 3± 4i, ìpou prokÔptei ìti h genik  lÔsh thc (∗) eÐnai

y(t) = t3[c1 cos (4 log t) + c2 sin (4 log t)].

�

3.15 An φ1, φ2 eÐnai lÔseic thc diaforik c exÐswshc :

(1 + y2)y′′ − 2ty + 2y = 0

me φ1(1) = φ′1(1) = 1, φ2(1) = 0 kai φ′2(1) = 2 na upologisteÐ h W (φ1, φ2)(t).

Upìdeixh : Qrhsimopoi ste ton tÔpo tou Liouville.

LÔsh.

'Eqoume, pwc W (φ1, φ2)(1) =

∣∣∣∣φ1(1) φ2(1)
φ′1(1) φ′2(1)

∣∣∣∣ =

∣∣∣∣1 0
1 2

∣∣∣∣ = 2 6= 0 �ra, φ1, φ2 eÐnai grammik� anex�rthtec.

Qrhsimopoi¸ntac ton tÔpo tou Liouville èqoume pwc,

W (t) = ce
−

∫
− 2t

1+t2
dt

= c(t2 + 1)

ìpou gia t = 1 prokÔptei pwc, c = W (φ1,φ2)(1)
2 = 1.'Ara, telik� èqoume pwc,

W (φ1, φ2)(t) = 1 + t2.

�
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Kef�laio 4

Mèjodoc dunamoseir¸n

Qr sima komm�tia jewrÐac wc proc thn epÐlush ask sewn

1. Mia seir� thc morf c :

f(t) =

∞∑
n=0

an(t− t0)n

ìpou an ∈ R (n ∈ N) kai t0 ∈ R eÐnai dunamoseir� me kèntro t0.

2. H dunamoseir� sugklÐnei gia k�je t ∈ (t0 − r, t0 + r) ìpou r h aktÐna sÔgklishc :

r = lim
n→∞

|an+1/an| = lim
n→∞

n
√
|an|.

3. H f(t) eÐnai paragwgÐsimh kai isqÔei

f ′(t) =

∞∑
n=1

nan(t− t0)n−1 και f ′′(t) =

∞∑
n=2

n(n− 1)an(t− t0)n−2.

4. JewroÔme thn exÐswsh :
y′′ + p(t)y′ + q(t)y = 0.

'Ena shmeÐo t0 ∈ R lègetai omalì an oi p, q eÐnai analutikèc sto t0.An mia toul�qiston apì tic p, q
den eÐnai analutikèc sto t0 tìte to t0 eÐnai idi�zwn shmeÐo thc exÐswshc.

5. Jèwrhma : 'Estw, p, q sunart seic analutikèc sto t0 ∈ R,me antÐstoiqèc seirèc :

p(t) =

∞∑
n=0

pn(t− t0)n και q(t) =

∞∑
n=0

qn(t− t0)n

sugklÐnousec gia |t− t0| < R.Tìte h monadik  lÔsh thc exÐswshc y′′+p(t)y′+q(t)y = 0 pou ikanopoieÐ
tic arqikèc sunj kec y(t0) = a0 kai y′(t0) = a1 eÐnai analutik  sto t0 me seir� Taylor pou sugklÐnei
toul�qiston gia |t− t0| < R.
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Ask seic KefalaÐou 4

4.1 Na lujeÐ h diaforik  exÐswsh :
y′′ − y = 0

me thn mèjodo twn dunamoseir¸n.

4.2 Na lujeÐ h diaforik  exÐswsh :
y′′ + y = 0

me thn mèjodo twn dunamoseir¸n.

4.3 Na lujeÐ h diaforik  exÐswsh :
y′ − y = 0

me thn mèjodo twn dunamoseir¸n.

4.4 Na lujeÐ h diaforik  exÐswsh :
y′′ + ty′ + y = 0

me thn mèjodo twn dunamoseir¸n.

4.5 Na lujeÐ h diaforik  exÐswsh :
(t2 − 4)y′′ + 3ty′ + y = 0

me thn mèjodo twn dunamoseir¸n.

4.6 Na lujeÐ to P.A.T. :
y′′ + t2y′ + 2ty = 0, y(0) = 1, y′(0) = 0

me thn mèjodo twn dunamoseir¸n kai na prosdioristoÔn oi 3 pr¸toi ìroi thc lÔshc.
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Endeiktikèc LÔseic Ask sewn KefalaÐou 4

4.1 Na lujeÐ h diaforik  exÐswsh :
y′′ − y = 0 (∗)

me thn mèjodo twn dunamoseir¸n.

LÔsh.

JewroÔme thn lÔsh y =
∞∑
n=0

ant
n.Tìte, afoÔ isqÔei pwc, y′ =

∞∑
n=1

nant
n−1 prokÔptei pwc,

y′′ =

∞∑
n=2

n(n− 1)ant
n−2 =

∞∑
n=0

(n+ 2)(n+ 1)an+2t
n.

Apì thn (∗) èqoume pwc,

y′′ − y =

∞∑
n=0

[(n+ 2)(n+ 1)an+2 − an]tn =⇔ an+2 =
an

(n+ 1)(n+ 2)

ìpou prokÔptei pwc, a2n =
a0
2n!

kai a2n+1 =
a1

(2n+ 1)!
.Telik� èqoume pwc, h lÔsh thc (∗) eÐnai :

y(t) = a0

∞∑
n=0

t2n

2n!
+ a1

∞∑
n=0

t2n+1

(2n+ 1)!
.

�

4.2 Na lujeÐ h diaforik  exÐswsh :
y′′ + y = 0 (∗)

me thn mèjodo twn dunamoseir¸n.

LÔsh.

JewroÔme thn lÔsh y =
∞∑
n=0

ant
n.Tìte, afoÔ isqÔei pwc, y′ =

∞∑
n=1

nant
n−1 prokÔptei pwc,

y′′ =

∞∑
n=2

n(n− 1)ant
n−2 =

∞∑
n=0

(n+ 2)(n+ 1)an+2t
n.

Apì thn (∗) èqoume pwc,

y′′ + y =

∞∑
n=0

[(n+ 2)(n+ 1)an+2 + an]tn =⇔ an+2 = − an
(n+ 1)(n+ 2)

ìpou prokÔptei pwc, a2n =
(−1)na0

2n!
kai a2n+1 =

(−1)na1
(2n+ 1)!

.Telik� èqoume pwc, h lÔsh thc (∗) eÐnai :

y(t) = a0

∞∑
n=0

(−1)nt2n

2n!
+ a1

∞∑
n=0

(−1)nt2n+1

(2n+ 1)!
= a0 cos t+ a1 sin t.

�
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4.3 Na lujeÐ h diaforik  exÐswsh :
y′ − y = 0 (∗)

me thn mèjodo twn dunamoseir¸n.

LÔsh.

JewroÔme thn lÔsh y =
∞∑
n=0

ant
n.Tìte, afoÔ isqÔei pwc,

y′ =

∞∑
n=1

nant
n−1 =

∞∑
n=0

(n+ 1)an+1t
n

apì thn (∗) prokÔptei pwc,

y′ − y = 0⇔
∞∑
n=0

[(n+ 1)an+1 − an]tn = 0⇔ an+1 =
an
n+ 1

.

'Ara, èqoume pwc, an =
a0
n!

dhlad , h lÔsh thc (∗) eÐnai

y = a0

∞∑
n=0

tn

n!
= a0e

t.

�

4.4 Na lujeÐ h diaforik  exÐswsh :
y′′ + ty′ + y = 0 (∗)

me thn mèjodo twn dunamoseir¸n.

LÔsh. JewroÔme thn lÔsh y =
∞∑
n=0

ant
n.Tìte, afoÔ isqÔei pwc, y′ =

∞∑
n=0

nant
n−1 prokÔptei pwc,

y′′ =

∞∑
n=2

n(n− 1)ant
n−2 =

∞∑
n=0

(n+ 2)(n+ 1)an+2t
n.

Apì thn (∗) èqoume pwc,

y′′ + ty′ + y = 0⇔
∞∑
n=0

[(n+ 2)(n+ 1)an+2 + (n+ 1)an]tn = 0⇔ an+1 = − an
n+ 2

.

Apì thn parap�nw anadromik  akoloujÐa prokÔptei pwc, a2n =
(−1)na0

2 · 4 · 6 · · · 2n
=

(−1)na0
2n · n!

kai

a2n+1 =
(−1)na1

1 · 3 · 5 · · · (2n+ 1)
=

2n · n!(−1)na1
(2n+ 1)!

.'Ara, h lÔsh thc (∗) eÐnai :

y = a0

∞∑
n=0

(−1)nt2n

2n · n!
+ a1

∞∑
n=0

(−1)n · 2n · n!

(2n+ 1)!
t2n+1 = a0e

−t2/2 + a1

∞∑
n=0

(−1)n · 2n · n!

(2n+ 1)!
t2n+1.

�
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4.5 Na lujeÐ h diaforik  exÐswsh :
(t2 − 4)y′′ + 3ty′ + y = 0 (∗)

me thn mèjodo twn dunamoseir¸n.

LÔsh.

JewroÔme thn lÔsh y =
∞∑
n=0

ant
n.Tìte, afoÔ isqÔei pwc, y′ =

∞∑
n=0

nant
n−1 prokÔptei pwc,

y′′ =

∞∑
n=2

n(n− 1)ant
n−2 =

∞∑
n=0

(n+ 2)(n+ 1)an+2t
n.

Apì thn (∗) èqoume pwc,

(t2 − 4)y′′ + 3ty′ + y = 0⇔ t2y′′ − 4y′′ + 3ty′ + y = t2y′′

t2
∞∑
n=0

n(n− 1)ant
n−2 − 4

∞∑
n=0

(n+ 2)(n+ 1)an+2t
n + 3t

∞∑
n=0

nant
n−1 +

∞∑
n=0

ant
n

∞∑
n=0

[(n+ 1)2an − (n+ 2)(n+ 1)an+2]tn = 0⇔ an+2 =
n+ 1

4(n+ 2)
an

pou prokÔptei pwc, a2n =
[1 · 3 · 5 · · · (2n− 1)]

4n · [2 · 4 · 6 · · · (2n)]
a0 =

(2n)!

42n · (n!)2
a0 kai a2n+1 =

(k!)2

(2k + 1)!
a1 �ra h lÔsh

thc (∗) eÐnai

y = a0

∞∑
n=0

(2n)!

42n · (n!)2
t2n + a1

∞∑
n=0

(k!)2

(2k + 1)!
t2n+1.

�

4.6 Na lujeÐ to P.A.T. :
y′′ + t2y′ + 2ty = 0, y(0) = 1, y′(0) = 0

me thn mèjodo twn dunamoseir¸n kai na prosdioristoÔn oi 3 pr¸toi ìroi thc lÔshc.

LÔsh.

JewroÔme thn lÔsh y =
∞∑
n=0

ant
n.Tìte, afoÔ isqÔei pwc, y′ =

∞∑
n=0

nant
n−1 prokÔptei pwc,

y′′ =

∞∑
n=2

n(n− 1)ant
n−2 =

∞∑
n=0

(n+ 2)(n+ 3)an+3t
n+1 + 2a2.

Apì thn (∗) èqoume pwc,

y′′ + t2y′ + 2ty = 0⇔ 2a2 +

∞∑
n=0

[(n+ 3)(n+ 2)an+3 + (n+ 2)an]tn+1 = 0

pou sumperaÐnoume ìti a2 = 0 kai an+3 = − an
n+ 3

.Apì P.A.T. èqoume ìti y(0) = a0 = 1 kai

y′(0) = a1 = 0 �ra, oi pr¸toi 3 ìroi thc (∗) eÐnai

y1(t) = a0 = 1 y2(t) = a1t = 0 y3(t) = a2t
2 = 0

�
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Kef�laio 5

Grammik� Sust mata

Qr sima komm�tia jewrÐac wc proc thn epÐlush ask sewn

1. SÔsthma diaforik¸n exis¸sewn pr¸thc t�xhc thc genik c morf c :

y′1 = f1(t, y1, y2, · · · , yn)
y′2 = f2(t, y1, y2, · · · , yn)

...
y′n = fn(t, y1, y2, · · · , yn)

ìpou yi eÐnai oi �gnwstec sunart seic tou t kai oi fi orÐzontai se èna tìpo D ⊂ Rn+1.Jètontac,

y(t) =


y1(t)
y2(t)
...

yn(t)

 , f(t) =


f1(t, y1, y2, · · · , yn)
f2(t, y1, y2, · · · , yn)

...
fn(t, y1, y2, · · · , yn)


to sÔsthma paÐrnei th morf : y′(t) = f(t, y), pou antistoiqeÐ se mia dianusmatik  diaforik  exÐswsh
pr¸thc t�xhc.

2. Je¸rhma : 'Estw o pÐnakac A(t) = [aij(t)], 1 ≤ i, j ≤ n kai h dianusm�tik  sun�rthsh b(t) =[
b1(t), b2(t), · · · , bn(t)]T

]
eÐnai suneqeÐc sto anoiktì di�sthma I = (a, b) kai t0 ∈ I.Tìte, to P.A.T. :

y′(t) = A(t)y(t) + b(t), y(t0) = y0

èqei monadik  lÔsh sto di�sthma I.

3. Omogen  grammik  exÐswsh lème thn diaforik  exÐswsh thc morf c :

y′(t) = A(t)y(t) (∗)

ìpou t ∈ I me I ⊂ R anoiktì di�sthma, A(t) ∈ Rn×n me stoiqeÐa aij(t), i, j = 1, 2, · · · , n sunart seic
tou t suneqeÐc gia t ∈ I.

4. H lÔsh φ(t) ikanopoieÐ thn arqik  sunj kh (t0, y0) ∈ I × Rn an kai mìno an φ(t0) = y0.

5. H di�stash tou dianusmatikoÔ q¸rou L0 twn lÔsewn thc (∗) sto R eÐnai n.

6. Mia b�sh B = {φ1(t), φ2(t), · · · , φn(t)} tou q¸rou lÔsewn L0 thc (∗) lème ìti apoteleÐ èna jemeli¸dec
sÔsthma lÔsewn.

7. O n×n pÐnakac Φ(t) = (φ1(t) φ2(t) · · · φn(t)) pou dhmiourgeÐtai me st lec ta stoiqeÐa φi(t) thc b�shc
B lègetai jemeli¸dhc pÐnakac lÔsewn thc exÐswshc.

8. O Φ(t) eÐnai ènac jemeli¸dhc pÐnakac lÔsewn thc exÐswshc (∗) an kai mìno an Φ′(t) = A(t)Φ(t).

9. 'Estw φ1(t), φ2(t), · · · , φn(t) lÔseic thc d.e. (∗) kai Φ(t) o antÐstoiqoc jemeli¸dhc pÐnakac thc exÐsw-
shc.Tìte, h orÐzousa W (φ1, φ2, · · · , φn)(t) = |Φ(t)| onom�zetai orÐzousa Wronski twn φ1, φ2, · · · , φn.

10. Je¸rhma : Oi lÔseic φ1, φ2, · · · , φn thc (∗) apoteloÔn jemeli¸dec sÔsthma lÔsewn, dhlad  eÐnai
grammik� anex�rthtec an kai mìno an W (φ1, φ2, · · · , φn) 6= 0.
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11. 'Estw {φ1, φ2, · · · , φn} ⊂ L0.Tìte, isqÔei h akìloujh proìtash : W (t) = 0 gia k�je t ∈ I an kai mìno
an W (t0) = 0 gia k�poio t0 ∈ I.

12. An φ1(t), φ2(t), · · · , φn(t) eÐnai èna sÔsthma lÔsewn thc diaforik c exÐswshc (∗) apì to 6. prokÔptei
ìti h tuqoÔsa lÔsh y(t) eÐnai ènac grammikìc sunduasmìc twn φ1(t), φ2(t), · · · , φn(t).Dhlad  up�rqoun
c1, c2, · · · , cn ∈ R ¸ste :

y(t) = c1φ1(t) + c2φ2(t) + · · ·+ cnφn(t) =
[
φ1(t) φ2(t) · · · φn(t)

]

c1
c2
...
cn

 = Φ(t) · C.

13. Je¸rhma : An Φ(t) eÐnai ènac jemeli¸dhc pÐnakac lÔsewn thc diaforik c exÐswshc kai C ènac n×n
stajerìc antistrèyimoc pÐnakac, tìte o Φ(t) · C eÐnai epÐshc jemeli¸dhc pÐnakac.Akìmh an Φ1(t) eÐnai
ènac �lloc jemeli¸dhc pÐnakac gia thn Ðdia diaforik  exÐswsh, tìte up�rqei pÐnakac C ∈ Rn×n me
|C| 6= 0 ¸ste Φ1(t) = Φ(t) · C.

14. O pÐnakac G(t, t0) = Φ(t)Φ−1(t0) lègetai kÔrioc pÐnakac (  pÐnakac metafor�c) gia thn diaforik 
exÐswsh (∗).

15. Prìtash : (i) O G(t, t0) eÐnai anex�rthtoc apì ton jemeli¸dh pÐnaka Φ(t) pou par�gei.

(ii) Gia k�je t, t0 ∈ I èqoume :
∂G(t, t0)

∂t
= A(t)G(t, t0).

(iii) Gia k�je t ∈ I èqoume G(t, t) = In.

(iv) Gia k�je t, t0 ∈ I èqoume G−1(t, t0) = G(t0, t).

(v) Gia k�je t1, t2, t3 ∈ I èqoume G(t0, t2) = G(t2, t1)G(t1, t0).

16. An G(t, t0) eÐnai o kÔrioc pÐnakac thc omogenoÔc diaforik c exÐswshc (∗), tìte h lÔsh pou ikanopoieÐ
thn arqik  sunj kh y(t0) = y0 eÐnai

y(t) = G(t, t0)y0.

17. 'Estw Φ(t) ènac jemeli¸dhc pÐnakac thn y′ = Ay, ìpou A stajerìc pÐnakac.OrÐzoume ton pÐnaka

eAt = Φ(t)Φ−1(0).

18 O kÔrioc pÐnakac eAt èqei tic ex c idiìthtec :

(i) eA(t+s) = eAt · eAs (iii) d(eAt)
dt = A · eAt = eAt ·A

(ii) (eAt)−1 = eA(−t) (iv) eAt =
∞∑
n=0

1
n!A

ntn

19. Mia sullog  x1(t), x2(t), · · · , xn(t), t ∈ I lÔsewn thc

xn(t) + a1x
n−1(t) + · · ·+ anx(t) = 0 (2)

lègetai èna jemeli¸dec sÔsthma lÔsewn an eÐnai grammik� anex�rthtec sto I.

20. Jèwrhma : Gia thn diaforik  exÐswsh (2) p�ntonte up�rqei èna jemeli¸dec sÔsthma lÔsewn.

21. Jèwrhma : An φ1(t), φ2(t), · · · , φn(t) lÔseic thc diaforik c exÐswshc (2), tìte oi antÐstoiqec lÔseic
thc isodÔnamhc exÐswshc y′ = Ay eÐnai epÐshc grammik� anex�rthtec sto I.

22. Je¸rhma : 'Estw x = x(t) mia lÔsh thc diaforik c exÐswshc (2) kai φ1(t), φ2(t), · · · , φn(t) èna
jemeli¸dec sÔsthma lÔsewn aut c.Tìte, up�rqoun c1, c2, · · · , cn ∈ R ¸ste

x(t) =

n∑
j=1

cjφj(t), ∀t ∈ I.
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23. An φ1(t), φ2(t), · · · , φn(t) eÐnai lÔseic thc diaforik c exÐswshc (2) orÐzoume thn orÐzousa Wronski
aut¸n wc ex c :

W (φ1, φ2, · · · , φn)(t) :=

 φ1 · · · φn
...

...
φn−11 · · · φn−1n


StoiqeÐa Grammik c 'Algebrac

24. 'Estw A ∈ Rn×n (  Cn×n) ènac tetragwnikìc pÐnakac.To zeÔgoc (λ, u), ìpou λ ∈ C kai u ∈ Cn me
u 6= 0 lègetai zeÔgoc idiotim c-idiodianÔsmatoc tou pÐnaka A an kai mìno �n Au = λu.

25. To polu¸numo bajmoÔ n φ(λ) := |A−λIn| lègetai qarakthristikì polu¸numo tou A, h exÐswsh φ(λ) =
|A− λIn| = 0 onom�zetai qarakthristik  exÐswsh tou A, en¸ to sÔnolo σ(A) = {λi ∈ C : φ(λi) = 0}
dhlad  to sÔnolo twn idiotim¸n tou A, lègetai f�sma tou A.

26. An λi ∈ σ(A) tìte o dianusmatikìc q¸roc Nλi
pou orÐzetai wc Nλi

= {uj ∈ Cn : (A − λi)uj = 0}
orÐzetai wc idiìqwroc tou A pou antistoiqeÐ sthn idiotim  λi.

27. O megistì arijmìc di twn grammik� anex�rthtwn idiodianusm�twn pou antistoiqoÔn sthn idiotim  λi,
dhlad  di := dimNλi

onom�zetai gewmetrik  pollaplìthta thc idiotim c λi.

28. H pollaplìthta τi thc idiotim c λi wc rÐza tou qarakthristikoÔ poluwnÔmou φ(λ) onom�zetai algebrik 
pollaplìthta thc λi.

29. O pÐnakac A ∈ Rn×n (  Cn×n) lègetai apl  dom c an kai mìno an gia k�je idiotim  λi ∈ σ(A) isqÔei
ìti di = τi.An up�rqei idiotim  λi ∈ σ(A) ¸ste σi < τi tìte o pÐnakac A lègetai mh-apl c dom c.

30. To di�nusma u ∈ Rn (  Cn) onom�zetai genikeumèno idiodi�nusma t�xhc p (p ≥ 1) pou antistoiqeÐ sthn
idiotim  λ tou pÐnaka A an kai mìno an isqÔoun oi sqèseic

(A− λIn)p και (A− λIn)p−1 6= 0.

Mia alusÐda genikeumènwn idiodianusm�twn m kouc k pou par�getai apì to aplo idiodi�nusma u1 eÐnai
èna sÔnolo {u1, u2, · · · , uk} apì k genikeumèna idiodianÔsma ¸ste :

(A− λIn)uk = uk−1
(A− λIn)uk−1 = uk−2

...
(A− λIn)u2 = u1

Epeid , to u1 eÐnai aplì idiodi�nusma kai isqÔei (A − λIn)u1 tìte (A − λIn)juj = 0 gia k�je j =
1, 2, · · · , k.
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Ask seic KefalaÐou 5

5.1 Na lujeÐ to P.A.T. :

y′ =

[
−11 16
−8 13

]
y, y(0) =

[
4
3

]
.

5.2 Na lujeÐ to grammikì sÔsthma :

y′ =

−1 1 1
1 −1 1
1 1 −1

 y.
5.3 Na lujeÐ to grammikì sÔsthma :

y′ =

[
0 1
−4 0

]
y.

5.4 Na deiqjeÐ ìti o pÐnakac

Φ(t) =

[
2 log t
0 1

t

]
, t > 0

eÐnai jemeli¸dhc pÐnakac lÔsewn tou sust matoc :

y′ =

[
0 1
0 − 1

t

]
y

kai sth sunèqeia na upologisteÐ h lÔsh pou antistoiq  sthn arqik  sunj kh y(1) =
[
−2 1

]T
.

5.5 Na lujeÐ to grammikì sÔsthma :

y′ =

 0 1 2
−5 −3 −7
1 0 0

 y.
5.6 Na lujeÐ to P.A.T. :

y′ =

[
1 1
0 1

]
y +

[
1
0

]
, y(0) =

[
0
0

]
.

5.7 Na lujeÐ to P.A.T. :

y′ =

[
1 2
2 4

]
y, y(0) =

[
1
0

]
.

5.8 JewroÔme to sÔsthma :

x′ =

[
1 0
−1 −1

]
x.

(i) Na brejeÐ h genik  tou lÔsh.

(ii) Na prosdioristeÐ to sÔnolo twn arqik¸n sunjhk¸n ètsi ¸ste oi antÐstoiqec lÔseic na teÐnoun sto 0
kaj¸c to t→∞.

5.9 DÐnetai to P.A.T.
y′ = Ay + b(t), y(0) = y0 ,

ìpou

A ∈ R2×2, b(t) =

[
e2t

0

]
, y0 =

[
1
2

]
,

kai o pÐnakac A èqei idiotimèc λ1 = 1 kai λ2 = 2, me antÐstoiqa idiodianÔsmata

u1 =

[
1
1

]
, u2 =

[
1
2

]
.

Na brejoÔn o pÐnakac eAt kai h lÔsh y(t) tou P.A.T.
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Endeiktikèc LÔseic Ask sewn KefalaÐou 5

5.1 Na lujeÐ to P.A.T. :

y′ =

[
−11 16
−8 13

]
y, y(0) =

[
4
3

]
.

LÔsh.

Arqik� anazhtoÔme tic idiotimèc tou pÐnaka A =

[
−11 16
−8 13

]
mèsw thc qarakthristik c exÐswshc

φ(λ) = |A− λI2| = 0⇔ λ2 − 2λ− 15 = 0

ìpou sumperaÐnetai pwc, oi idiotimèc tou A eÐnai oi λ1 = 5 kai λ2 = −3.

O pÐnakac A èqei dÔo diakekrimènec idiotimèc �ra eÐnai apl c dom c kai ta idiodianÔsmata pou antistoi-
qoÔn sthn idiotim  5 prokÔptoun apì th lÔsh tou sust matoc :

(A− 5I2)

[
x1
x2

]
= 0⇔ x1 = x2

�ra, èqoume pwc

N5 =

{[
x1
x2

]
∈ R2×1 : (A− 5I2)

[
x1
x2

]
= 0

}
= 〈
[
1
1

]
〉

dhlad  u1 =

[
1
1

]
èna idiodi�nusma tou A pou antistoiqeÐ sthn idiotim  5.Me an�logo trìpo to u2 =

[
2
1

]
eÐnai èna di�nusma pou antistoiqeÐ sthn idiotim  −3.Tìte, gnwrÐzoume pwc, A = P

[
5 0
0 −3

]
P−1 ìpou

P o pÐnakac P =

[
1 2
1 1

]
pou prokÔptei apì ta u1 kai u2.Akìmh gia ton pÐnaka eAt isqÔei ìti isoÔtai

me

eAt = P

[
e5t 0
0 e−3t

]
P−1.

Telik� h genik  lÔsh tou P.A.T. dÐnetai apì ton tÔpo y(t) = eAty(0) = P

[
e5t 0
0 e−3t

]
P−1y0 ìpou

jètontac C = P−1y(0) èqoume pwc,

y(t) = P

[
e5t 0
0 e−3t

]
C.

me thn antikat�stash t = 0 prokÔptei pwc, C =

[
2
1

]
dhlad  h lÔsh tou sust matoc na isoÔtai me

y(t) =

[
2e5t + 2e−3t

2e5t + e−3t

]
.

�

5.2 Na lujeÐ to grammikì sÔsthma :

y′ =

−1 1 1
1 −1 1
1 1 −1

 y.
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LÔsh.

Arqik� anazhtoÔme tic idiotimèc tou pÐnaka A =

−1 1 1
1 −1 1
1 1 −1

 mèsw thc qarakthristik c exÐswshc

φ(λ) = |A− λI3| = 0⇔ (λ+ 2)2(λ− 1) = 0

ìpou sumperaÐnetai pwc, oi idiotimèc tou A eÐnai oi λ1 = −2 kai λ2 = 1.

Gia na broÔme ta idiodianÔsmata pou antistoiqoÔn sthn idiotim  λ = −2 arkeÐ na lÔsoume to sÔsthma :

(A+ 2I3)

x1x2
x3

 = 0⇔ x1 + x2 + x3 = 0

ìpou mèsw thc 5.1 sumperaÐnetai pwc, u1 =

−1
1
0

 kai u2 =

−1
0
1

 eÐnai dÔo grammik� anex�rthta

idiodianÔsmata pou antistoiqoÔn sthn idiotim  −2.Me an�logo trìpo brÐskoume ìti to u3 =

1
1
1

 eÐnai

èna idiodi�nusma pou antistoiqeÐ sthn idiotim  1.Tìte, sumperaÐnoume pwc, o A eÐnai apl c morf c kai

m�lista A = P

−2 0 0
0 −2 0
0 0 1

P−1 ìpou P =

−1 −1 1
1 0 1
0 1 1

 pou prokÔptei apì ta idiodianÔsmata

u1, u2 kai u3.Akìmh gia ton pÐnaka eAt isqÔei ìti isoÔtai me

eAt = P

e−2t 0 0
0 e−2t 0
0 0 et

P−1.

Telik� h genik  lÔsh tou sust matoc dÐnetai apì th sqèsh y(t) = P

e−2t 0 0
0 e−2t 0
0 0 et

P−1y0 ìpou

jètontac C = P−1y0 prokÔptei pwc, h genik  lÔsh tou sust matoc isoÔtai me

y(t) =

−(c1 + c2)e−2t + c3e
t

c1e
−2t + c3e

t

c2e
−2t + c3e

t

 , c1, c2, c3 ∈ R.

�

5.3 Na lujeÐ to grammikì sÔsthma :

y′ =

[
0 1
−4 0

]
y.

LÔsh.

Arqik� anazhtoÔme tic idiotimèc tou pÐnaka A =

[
0 1
−4 0

]
mèsw thc qarakthristik c exÐswshc

φ(λ) = |A− λI2| = 0⇔ λ2 + 4 = 0
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sumperaÐnoume ìti oi idiotimèc tou pÐnaka eÐnai oi λ1,2 = ±2i.Gia thn eÔresh idiodianÔsmatoc pou anti-
stoiq  sthn idiotim  2i arkeÐ na lÔsoume to sÔsthma :

(A− 2iI2)

[
x1
x2

]
= 0

ìpou prokÔptei pwc èna tètoio eÐnai to u =

[
1
0

]
+ i

[
0
2

]
.'Ara, dÔo grammik� anex�rthtec lÔshc tou

sust matoc eÐnai

φ1(t) = cos 2t

[
1
0

]
− sin 2t

[
0
2

]
και φ2(t) = sin 2t

[
1
0

]
+ cos 2t

[
0
2

]
dhlad  h genik  lÔsh tou sust matoc dÐnetai apì th sqèsh :

φ(t) = c1

[
cos 2t
−2 sin 2t

]
+ c2

[
sin 2t

2 cos 2t

]
, c1, c2 ∈ R.

�

5.4 Na deiqjeÐ ìti o pÐnakac

Φ(t) =

[
2 log t
0 1

t

]
, t > 0

eÐnai jemeli¸dhc pÐnakac lÔsewn tou sust matoc :

y′ =

[
0 1
0 − 1

t

]
y

kai sth sunèqeia na upologisteÐ h lÔsh pou antistoiq  sthn arqik  sunj kh y(1) =
[
−2 1

]T
.

LÔsh.

Gia na deÐxoume ìti o Φ eÐnai jemeli¸dhc pÐnakac lÔsewn tou sust matoc arkeÐ na deÐxoume ìti :

Φ′(t) =

[
0 1
0 − 1

t

]
Φ

ìpou h epal jeush tou af netai wc �skhsh ston anagn¸sth.

Gia thn epÐlush tou sust matoc omoÐwc me thn 5.1 deÐxte ìti o pÐnaka A =

[
0 1
0 − 1

t

]
èqei idiotimèc

λ1 = 0 kai λ2 = − 1
t me u1 =

[
1
0

]
kai u2 =

[
1
− 1
t

]
antÐstoiqa idiodianÔsmat� touc.Tìte, èqoume pwc,

eA(t−1) = P

[
1 0
0 e−1

]
P−1 ìpou P o pÐnakac P =

[
1 1
0 − 1

t

]
.Jètontac C = P−1y(1) èqoume pwc, h

genik  lÔsh tou sust matoc isoÔtai me

y(t) = P

[
1 0
0 e−1

]
C.

Lìgw thc arqik c paramètrou gia t = 1 èqoume telik�,

y(t) =

[
−2
1
t

]
.

�
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5.5 Na lujeÐ to grammikì sÔsthma :

y′ =

 0 1 2
−5 −3 −7
1 0 0

 y.
LÔsh.

Arqik� anazhtoÔme tic idiotimèc tou pÐnaka A =

 0 1 2
−5 −3 −7
1 0 0

 mèsw thc qarakthristik c exÐswshc :

φ(λ) = |A− λI3| = 0⇔ (λ+ 1)3 = 0

ìpou prokÔptei ìti λ = −1 eÐnai h mình diakekrimènh idiotim  tou A.LÔnoume to parak�tw sÔsthma :

(A+ I3)

x1x2
x3

 = 0

ìpou prokÔptei ìti mia b�sh tou dianusmatikoÔ q¸rou N−1 eÐnai to sÔnolo {

 1
1
−1

} me u1 =

 1
1
−1


antÐstoiqo idiodi�nusma thc idiotim c −1 dhlad  dimN−1 = 1 6= 3 pou shmaÐnei pwc o A eÐnai pÐnakac
mh-apl c dom c.Tìte skopìc mac eÐnai na an�xoume ton pÐnaka A se pÐnaka morf c Jordan me th qr sh
genikeumènwn idiodianusm�twn.GnwrÐzoume pwc, gia ta genikeumèna idiodianÔsmata u2, u3 isqÔei :

(A+ I)u3 = u2
(A+ I)u2 = u1

⇔ u2 =

−1
2
0

 και u3 =

 0
−1
0

 .

Tìte, èqoume pwc A = P

−1 1 0
0 −1 1
0 0 −1

P−1 ìpou P =

 1 −1 0
1 2 −1
−1 0 0

.'Ara, prokÔptei pwc,

eAt = P

e−t te−t 1
2 t

2e−t

0 e−t te−t

0 0 e−t

P−1.
Me ìmoio trìpo me thn 5.1 katal goume ìti h genik  lÔsh tou susthmatoc eÐnai :

y(t) =

 c1 + c2t+ 1
2c3t

2 − c2 − c3t
c1 + c2t+ 1

2c3t
2 + 2c2 + 2c3t− c3

−c1 − c2t− 1
2c3t

2 + 2c3

 · e−t
�

5.6 Na lujeÐ to P.A.T. :

y′ =

[
1 1
0 1

]
y +

[
1
0

]
, y(0) =

[
0
0

]
.

LÔsh.
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Arqik� parathroÔme ìti o pÐnakac A =

[
1 1
0 1

]
eÐnai  dh se kanonik  morf  Jordan �ra, �mesa su-

mperaÐnoume pwc, eAt =

[
et tet

0 et

]
.T¸ra gia thn epÐlush tou P.A.T. gnwrÐzoume ìti h genik  lÔsh tou

sust matoc ikanopoieÐ thn sqèsh :

y(t) = eAty(0) +

t∫
0

eA(t−s)b(s)ds.

y(t) = eAty(0)+
t∫
0

eA(t−s)b(s)ds =
t∫
0

eA(t−s)b(s)ds = et
t∫
0

eA(−s)b(s)ds =

et t∫
0

e−sds

0

 =

[
et − 1

0

]
. �

5.7 Na lujeÐ to P.A.T. :

y′ =

[
1 2
2 4

]
y, y(0) =

[
1
0

]
.

LÔsh.

Upìdeixh : LÔste thn �skhsh me trìpo ìmoio me thn 5.1 kai deÐxte ìti :

y(t) =
1

5
e5t
[
1
2

]
+−2

5

[
−2
1

]
.

�

5.8 JewroÔme to sÔsthma :

x′ =

[
1 0
−1 −1

]
x.

(i) Na brejeÐ h genik  tou lÔsh.

(ii) Na prosdioristeÐ to sÔnolo twn arqik¸n sunjhk¸n ètsi ¸ste oi antÐstoiqec lÔseic na teÐnoun sto 0
kaj¸c to t→∞.

LÔsh.

(i) H epÐlush tou sust matoc eÐnai ìmoia me thn 5.1 kai telik� prokÔptei pwc :

x(t) = c1e
t

[
−2
1

]
+ c2e

−t
[
0
1

]
.

(ii) Parathr ste pwc,

lim
t→∞

x(t) =

[
0
0

]
⇔ c1 = 0

�ra, gia to sÔnolo twn arqik¸n sunjhk¸n isqÔei pwc, x(0) =

[
0
c2

]
, c2 ∈ R. �

5.9 DÐnetai to P.A.T.
y′ = Ay + b(t), y(0) = y0 ,

ìpou

A ∈ R2×2, b(t) =

[
e2t

0

]
, y0 =

[
1
2

]
,
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kai o pÐnakac A èqei idiotimèc λ1 = 1 kai λ2 = 2, me antÐstoiqa idiodianÔsmata

u1 =

[
1
1

]
, u2 =

[
1
2

]
.

Na brejoÔn o pÐnakac eAt kai h lÔsh y(t) tou P.A.T.

LÔsh.

Arqik� gia thn eÔresh tou pÐnaka eAt èqoume pwc,

eAt = P

[
et 0
0 e2t

]
P−1 =

[
2et − e2t e2t − et
2et − 2e2t −et + 2e2t

]
.

'Epeita gnwrÐzoume ìti h genik  lÔsh tou P.A.T. dÐnetai apì thn sqèsh :

y(t) = eAty(0) +

t∫
0

eA(t−s)b(s)ds

ìpou o upologismìc thc y(t) af netai gia ton anagn¸sth. �
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Kef�laio 6

Poiotik  JewrÐa

Qr sima komm�tia jewrÐac wc proc thn epÐlush ask sewn

1. H exÐswsh y′ = f(t, y) lègetai autìnomh an h f den exart�tai apì th metablht  t, dhlad  eÐnai thc
morf c f(y).

2. O q¸roc f�shc thc exÐswshc y′ = f(y) eÐnai o �xonac twn y.To ȳ lègetai shmeÐo isorropÐac an
f(ȳ) = 0.To di�gramma f�shc eÐnai o �xonac twn y mazÐ me ta shmeÐa isorropÐac kai ta bèlh pou
katadeiknÔoun to prìshmo thc klÐshc thc lÔshc.

3. SumbolÐzoume th lÔsh y(t) tou P.A.T.: y′ = f(y), y(0) = y0 me φ(t, y0).Ex' orismoÔ isqÔei ìti
φ(0, y0) = y0.

4. 'Estw ìti isqÔei to monos manto twn lÔsewn tou P.A.T.Tìte, an ȳ shmeÐo isorropÐac φ(t, ȳ) ≡ ȳ gia
ìla ta t. (h stajer  lÔsh y(t) = y0 ikanopoieÐ tìso thn d.e. ìso kai thn arqik  sunj kh kai apì
to monos manto twn lÔsewn eÐnai h monadik  lÔsh).An y0 den eÐnai shmeÐo isorropÐac, tìte h φ(t, y0)
den eÐnai potè Ðsh me shmeÐo isorropÐac.Epiplèon, sumperaÐnoume ìti an y0 den eÐnai shmeÐo isorropÐac
tìte, h t → f(φ(t, y0)) den all�zei prìshmo sto qrìno.Epomènwc se aut  th perÐptwsh φ(t, y0) eÐnai
aÔxousa   fjÐnousa.EpÐshc lìgw tou monos mantou thc lÔshc, h φ(t, y0) den mporeÐ na ft�sei to shmeÐo
isorropÐac se peperasmèno qrìno.

5. To shmeÐo isorropÐac ȳ lègetai eustajèc an gia k�je ε > 0 up�rqei δ = δ(ε) > 0 ¸ste an |y − ȳ| < δ
na isqÔei

φ(t, y)− φ(t, ȳ) < ε

gia t ≥ 0.To ȳ lègetai asumptwtik� eustajèc an eÐnai eustajèc kai epiplèon up�rqei η > 0 ¸ste an
|y0 − ȳ| < η na isqÔei

lim
t→∞

φ(t, y0) = ȳ.

Tèloc to shmeÐo isorropÐac ȳ lègetai astajèc an den eÐnai eustajèc.

6. Sthn perÐptwsh pou f ′(ȳ) 6= 0 ,tìte ȳ eÐnai asumptwtik� eustajèc ìtan f ′(ȳ) < 0 kai astajèc ìtan
f ′(ȳ) > 0.

7. Par�deigma : H autìnomh diaforik  exÐswsh: y′ = sin y èqei shmeÐa isorropÐac :

y = nπ, n = 0,±1,±2, · · ·

To di�gramma f�shc eÐnai :

Ta shmeÐa isorropÐac y = 2kπ, k ∈ Z eÐnai astaj  shmeÐa isorropÐac kai ta y = (2k + 1)π, k ∈ Z
asumptwtik� eustaj  shmeÐa isorropÐac.
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8. Mia oikogèneia diaforik¸n exis¸sewn thc morf c

dy

dt
= fµ(y),

ìpou se k�je tim  thc paramètrou µ antistoiqeÐ mia diaforik  exÐswsh, kalèitai monoparametrik  oi-
kogèneia diaforik¸n exis¸sewn.

9. JewroÔme thn diaforik  exÐswsh me par�metro µ

dy

dt
= fµ(y).

H tim  µ̄ thc paramètrou µ gia thn opoÐa èqoume allag  tou arijmoÔ twn shmeÐwn isorropÐac   allag 
thc eust�jeiac twn shmeÐwn isorropÐac lègetai tim  diakl�dwshc.

10. An èqoume ena prìblhma sunoriak¸n tim¸n to opoÐo exart�tai apì mia metablht  λ, oi timèc tou λ
gia tic opoÐec to p.s.t. èqei lush ektìc thc mhdenik c onom�zontai idiotimèc kai oi antÐstoiqec lÔseic,
idiosunart seic   idiolÔseic tou p.s.t. To sÔnolo twn idiotim¸n onom�zetai f�sma tou p.s.t.
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Ask seic KefalaÐou 6

6.1 Na gÐnoun ta diagr�mmata f�shc gia tic k�twji diaforikèc exis¸seic :

(i) y′ = y2 (ii) y′ = (1 + y)2 (iii) y′ = 1 + y2.

6.2 Na gÐnei to di�gramma f�shc kai na qarakthristoÔn ta shmeÐa isorropÐac thc diaforik c exÐswshc :

y′ = y2 − 3y + 2.

6.3 Na sqediasteÐ to di�gramma f�shc thc diaforik c exÐswshc :

y′ = y2 − 6y − 16

kai na brejoÔn to lim
t→∞

y(t) pou antistoiqoÔn stic arqikèc sunj kec :

(i) y(0) = 0 (ii) y(0) = −3 (iii) y(0) = 8.

6.4 Na gÐnei to dÐagramma f�shc gia thn diaforik  exÐswsh :

dy

dt
= (y − 2) sin y, −π ≤ y ≤ π.

6.5 Na gÐnoun ta diagr�mmata diakl�dwshc twn diaforik¸n exÐs¸sewn :

(i) y′ = y2 − 2y + 2µ (ii) y′ = y2 + 4y + µ (iii) y′ = µ− y.

6.6 Na lujoÔn ta probl mata sunoriak¸n tim¸n :

(i)

{x′′ + x = t, t ∈ [0, π]
x(0)− x(π) = 0
x′(0)− x′(π) = 0

(ii)

{x′′ + x = 0, t ∈ [0, π]
x(0) = 0
x(π) = 0

6.7 Na lujeÐ to prìblhma sunoriak¸n tim¸n :{x′′ + λx = 0, t ∈ [0, π]
x(0) = 0
x(π) = 0

.
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Endeiktikèc LÔseic Ask sewn KefalaÐou 6

6.1 Na gÐnoun ta diagr�mmata f�shc gia tic k�twji diaforikèc exis¸seic :

(i) y′ = y2 (ii) y′ = (1 + y)2 (iii) y′ = 1 + y2.

LÔsh.

(i) LÔnoume thn exÐswsh f(y) = y2 = 0 �ra, ȳ = 0 to monadikì shmeÐo isorropÐac.M�lista parathroÔme
ìti f(y) > 0 gia k�je y 6= ȳ �ra, to di�gramma f�shc eÐnai :

(ii) H lÔsh eÐnai ìmoia me to (i).

(iii) LÔsh ìmoia me to (i) me th diaforopoÐhsh ìti h f(y) = 1+y2 den èqei rÐza �ra h diaforik  exÐswsh
den èqei shmeÐa isorropÐac.

�

6.2 Na gÐnei to di�gramma f�shc kai na qarakthristoÔn ta shmeÐa isorropÐac thc diaforik c exÐswshc :

y′ = y2 − 3y + 2.

LÔsh.

LÔnoume thn exÐswsh f(y) = y2 − 3y + 2 = 0 kai parathroÔme ìti ȳ = 1 kai ȳ = 2 ta monadik� shmeÐa
isorropÐac.BrÐskoume to prìshmo thc f(y) gia tic di�forec timèc tou y kai prokÔptei pwc, to di�gramma
f�shc thc diaforik c exÐswshc eÐnai to :

ìpou parathroÔme ìti to ȳ = 1 eÐnai asumptwtik� eustajèc, en¸ to ȳ = 2 eÐnai astajèc. �

6.3 Na sqediasteÐ to di�gramma f�shc thc diaforik c exÐswshc :

y′ = y2 − 6y − 16

kai na brejoÔn to lim
t→∞

y(t) pou antistoiqoÔn stic arqikèc sunj kec :

(i) y(0) = 0 (ii) y(0) = −3 (iii) y(0) = 8.

LÔsh.

'Omoia me 6.2 èqoume pwc, to di�gramma f�shc thc diaforik c exÐswshc eÐnai :
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(i) Gia thn pr¸th perÐptwsh afoÔ −2 < y(0) < 8 apì to monos manto thc lÔshc tou P.A.T. èqoume
pwc, −2 < y < 8 kai m�lista afoÔ to ȳ = −2 èqei shmeÐo eust�jeiac tìte èqoume pwc,

lim
t→∞

y(t) = −2.

(ii) Gia y(0) = −3 èqoume pwc, y(0) < −2 kai apì to monos manto lÔshc tou P.A.T. èqoume pwc,
y < −2 kai afoÔ ȳ = −2 shmeÐo eust�jeiac tìte,

lim
t→∞

y(t) = −2.

(iii) Gia y(0) = 8 apì to monos manto lÔsh tou P.A.T. èqoume pwc, y(t) = 8 kai m�lista

lim
t→∞

y(t) = 8.

�

6.4 Na gÐnei to dÐagramma f�shc gia thn diaforik  exÐswsh :

dy

dt
= (y − 2) sin y, −π ≤ y ≤ π.

LÔsh.

LÔnoume thn exÐswsh f(y) = (y − 2) sin y = 0 ìpou prokÔptei pwc, ȳ = 2 kai ȳ = kπ, k ∈ Z eÐnai
shmeÐa isorropÐac.Elègqoume to prìshmo thc f(y) kai èqoume pwc, to di�gramma f�shc thc diaforik c
exÐswshc eÐnai:

�

6.5 Na gÐnoun ta diagr�mmata diakl�dwshc twn diaforik¸n exÐs¸sewn :

(i) y′ = y2 − 2y + µ (ii) y′ = y2 + 4y + µ (iii) y′ = µ− y.

LÔsh.

(i) 'Eqoume pwc, y′ = fµ(y) me fµ(y) = y2 − 2y + µ = (y − 1)2 + µ − 1.Tìte, elègqoume thn grafik 
par�stash thc fµ(y) = 0 gia thn eÔresh tou diagr�mmatoc diakl�dwshc ìpou µ = 1 eÐnai h tim  thc
diakl�dwshc me (1, 1) h koruf  thc parabol c tìte to di�gramma diakl�dwshc eÐnai :
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(ii) H lÔsh eÐnai ìmoia me to (i).

(iii) 'Eqoume thn diaforik  exÐswsh y′ = fµ(y) ìpou fµ(y) = µ − y ìpou parathroÔme ìti h exÐswsh
èqei �peira shmeÐa isorropÐac ta ȳ = µ kai m�lista fµ(y) > 0 ⇔ µ > y en¸ fµ(y) < 0 ⇔ µ < y.Tìte
èqoume pwc, to di�gramma diakl�dwshc eÐnai :

�

6.6 Na lujoÔn ta probl mata sunoriak¸n tim¸n :

(i)

{x′′ + x = t, t ∈ [0, π]
x(0)− x(π) = 0
x′(0)− x′(π) = 0

(ii)

{x′′ + x = 0, t ∈ [0, π]
x(0) = 0
x(π) = 0

LÔsh.

(i) Arqik� lÔnoume thn diaforik  exÐswsh

x′′ + x = 0
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ìpou mèsa thc qarakthristik c exÐswshc r2 + 1 = 0 sumperaÐnoume ìti h lÔsh thc xoµ eÐnai :

xoµ(t) = c1 cos t+ c2 sin t.

Akìmh upologÐzoume pwc, x′oµ(t) = −c1 sin t + c2 cos t kai parathroÔme ìti mia eidik  lÔsh eÐnai h
xε(t) = t.'Ara, h genik  lÔsh thc diaforik c exÐswshc eÐnai :

x(t) = c1 cos t+ c2 sin t+ t και x′(t) = −c1 sin t+ c2 cos t+ 1.

Apì tic arqikèc sunj kec prokÔptei to parak�tw algebrikì sÔsthma :{
2c1 − π = 0

2c2 = 0

ìpou prokÔptei ìti h monadik  lÔsh eÐnai h (c1, c2) = (π2 , 0) dhlad  h lÔsh tou p.s.t. eÐnai

x(t) =
π

2
cos t+ t, t ∈ [0, π].

(ii) Arqik� lÔnoume thn diaforik  exÐswsh

x′′ + x = 0

ìpou mèsa thc qarakthristik c exÐswshc r2 + 1 = 0 sumperaÐnoume ìti h genik  lÔsh thc d.e. eÐnai :

x(t) = c1 cos t+ c2 sin t.

Apì tic arqikèc sunj kec prokÔptei pwc, c1 = 0 �ra, h lÔsh tou p.s.t. eÐnai

x(t) = c sin t, t ∈ [0, π].

�

6.7 Na lujeÐ to prìblhma sunoriak¸n tim¸n :{x′′ + λx = 0, t ∈ [0, π]
x(0) = 0
x(π) = 0

.

LÔsh.

DiakrÐnoume peript¸seic sqetik� me tic timèc tou λ :

(i) An λ = 0,

'Eqoume pwc, x′′ = 0 ìpou apì tic arqikèc sunj kec prokÔptei pwc, h lÔsh tou p.s.t. èinai h tetrimmènh

x(t) = 0.

(ii) An λ < 0,

'Eqoume pwc, h genik  lÔsh thc diaforik c exÐswshc eÐnai :

x(t) = c1e
√
−λt + c2e

−
√
−λt

ìpou apì tic arqikèc sunj kec prokÔptei pwc, h lÔsh tou p.s.t. eÐnai h tetrimmènh x(t) = 0.

(iii) An λ > 0,
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'Eqoume pwc, h genik  lÔsh thc diaforik c exÐswshc eÐnai :

x(t) = c1 cos
√
λt+ c2 sin

√
λt

ìpou apì tic arqikèc sunj kec prokÔptei pwc,

c1 = 0 και c2 sin
√
λt = 0.

Gia na èqei to p.s.t. mh-tetrimmènec lÔseic prèpei na isqÔei pwc, sin
√
λπ ⇔

√
λπ = nπ ⇔ λ = n2.

Oi timèc tou λ kata tic opoÐo isqÔei ìti λ(n) = n2 eÐnai idiotimèc tou p.s.t. en¸ oi antÐstoiqec lÔseic
xn(t) = c sinnt eÐnai oi idiosunart seic tou p.s.t. . �
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