
Ask seic stic Sun jeic Diaforikèc Exis¸seic

'Askhsh 1. Na lujeÐ h diaforik  exÐswsh

(3t+ 2y + y2) + (t+ 4yt+ 5y2)
dy

dt
= 0 (1)

an dèqetai oloklhrwtikì par�gonta thc morf c µ = µ(t+ y2).

LÔsh

H sqèsh (1) gr�fetai isodÔnama

M(t, y) +N(t, y)
dy

dt
= 0

ìpou, M(t, y) = 3t+ 2y + y2 kai N(t, y) = t+ 4yt+ 5y2.

ParathroÔme ìti,
∂M

∂y
(t, y) = 2y + 2 6= 1 + 4y =

∂N

∂t
(t, y)

�ra h (1) den eÐnai akrib c.

GnwrÐzoume ìti h (1) dèqetai oloklhrwtikì par�gonta thc morf c µ = µ(t+ y2).

'Estw u(t, y) = t+ y2.Tìte apì ton Kanìna thc AlusÐdac èqoume,

• ∂µ
∂y (t, y) = dµ

du (t, y) · ∂u∂y (t, y) = 2y dµdu (t, y)

• ∂µ
∂t (t, y) = dµ

du (t, y) · ∂u∂t (t, y) = dµ
du (t, y)

AfoÔ h (1) dèqetai oloklhrwtikì par�gonta tìte,

∂(Mµ)

∂y
=
∂(Nµ)

∂t

µ∂M∂y +M ∂µ
∂y = N ∂µ

∂t + µ∂N∂t ⇔M ∂µ
∂y −N

∂µ
∂t = (∂N∂t −

∂M
∂y )µ

dµ
du (2yM −N) = (∂N∂t −

∂M
∂y )µ⇔ dµ

du (2yt− t+ 2y3 − y2) = (2y − 1)µ

∂µ
∂u (t+ y2) = µ⇔ dµ

µ = du
u ⇔

∫
1
µdµ =

∫
1
udu+ c1 ⇔ log |µ| = log (|u| · ec1)

µ = ±uec1 = ±ec1(t+ y2)⇔ µ = c3(t+ y2)

'Ara, ènac oloklhrwtikìc par�gontac eÐnai

µ(t, y) = t+ y2

Pollaplasi�zoume me ton oloklhrwtikì par�gonta th sqèsh (1).

(t+ y2)(3t+ 2y + y2) + (t+ y2)(t+ 4yt+ 5y2)dydt = 0

(y4 + 2y3 + 4y2t+ 2ty + 3t2) + (t2 + 4yt2 + 6y2t+ 4y3t+ 5y4)dydt = 0 (2)

ìpou, M̄(t, y) = y4 + 2y3 + 4y2t+ 2ty + 3t2 kai N̄(t, y) = t2 + 4yt2 + 6y2t+ 4y3t+ 5y4.

'Eqoume pwc,
∂M̄

∂y
(t, y) = 4y3 + 6y2 + 8yt+ 2t =

∂N̄

∂t

�ra, h (2) eÐnai akrib c.
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'Ara, gnwrÐzoume pwc up�rqei F (t, y) = c ¸ste,

∂F

∂t
(t, y) = M̄(t, y) και

∂F

∂y
(t, y) = N̄(t, y)

• ∂F
∂y (t, y) = N̄(t, y)⇔ F (t, y) =

∫
t2 + 4yt2 + 6y2t+ 4y3t+ 5y4dy + h(t)

F (t, y) = t2y + 2y2t2 + 2y3t+ y4t+ y5 + h(t)

• ∂F
∂t (t, y) = M̄(t, y)⇔ 2ty + 4y2t+ 2y3 + y4 + h′(t) = y4 + 2y3 + 4y2t+ 2yt+ 3t2

h′(t) = 3t2 ⇔ h(t) = t3 + c4 ìpou gia c4 = 0 èqoume,

h(t) = t3

'Etsi telik� prokÔptei pwc,

F (t, y) = y5 + ty4 + 2ty3 + 2t2y2 + t2y + t3 = c

h opoÐa eÐnai lÔsh se peplegmènh morf .

'Askhsh 2.

Na lujeÐ h diaforik  exÐswsh 1

y′′ − 3y′ + 2y = − e2t

et + 1
(1)

LÔsh

Apì thn sqèsh (1) prokÔptei pwc h qarakthristik  exÐswsh thc d.e. eÐnai

r2 − 3r + 2 = 0

h opoÐa èqei lÔseic r1 = 1 kai r2 = 2.

Dhlad , h genikh lÔsh thc antÐstoiqhc omogenoÔc thc (1) eÐnai

yoµ = c1e
t + c2e

2t

'Eqoume pwc,
yε(t) = c1(t)et + c2(t)e2t

ìpou yε eidik  lÔsh thc (1) kai gia thn eÔresh thc prèpei na lÔsoume to algebrikì sÔsthma: 2

etc′1(t) + e2tc′2(t) = 0

etc′1(t) + 2e2tc′2(t) = f(t)

Apì ton kanìna tou Cramer afoÔ, W (et, e2t)(t) = e3t 6= 0 tìte,

c′1(t) =

∣∣∣∣ 0 e2t

− e2t

et+1 2e2t

∣∣∣∣
W (t)

και c′2(t) =

∣∣∣∣et 0

et − e2t

et+1

∣∣∣∣
W (t)

1Gia thn lÔsh thc 'Askhshc 2. ja qrhsimopoi soume th mèjodo Lagrange.
2To parap�nw algebrikì sÔsthma proèkuye afoÔ h yε ikanopoieÐ thn L[y] = − e2t

et+1 .
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Dhlad , c1(t) =
∫

et

et+1dt+ d1 = log (et + 1) + d1 kai c2(t) = −
∫

1
et+1dt+ d2 = log (e−t + 1) + d2

'Ara, prokÔptei pwc mia eidik  lÔsh thc (1) eÐnai

yε = log(et + 1)et + log(e−t + 1)e2t

Telik� afoÔ gnwrÐzoume pwc y(t) = yoµ(t) + yε(t) h genik  lÔsh thc (1) èqei th morf :

y(t) = [c1 + log(et + 1)]et + [c2 + log(e−t + 1)]e2t

'Askhsh 3.

Na lujeÐ h diaforik  exÐswsh
y′′ + y′ − 2y = e3t (1)

LÔsh

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + y − 2 = 0 (2)

h opoÐa èqei lÔseic r1 = 1 kai r2 = −2.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai me

yoµ(t) = c1e
t + c2e

−2t

To 3 den eÐnai rÐza thc (2) �ra, mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = Ae3t

kai afoÔ h yε(t) ikanopoieÐ thn (1) èqoume pwc,

y′′ε (t) + y′ε(t)− 2yε(t) = e3t ⇔ 9Ae3t + 3Ae3t − 2Ae3t = e3t ⇔ A = 1
10 .

'Ara, mia eidik  lÔsh thc (1) eÐnai

yε =
1

10
e3t.

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1e
t + c2e

−2t +
1

10
et

'Askhsh 4.

Na lujeÐ h diaforik  exÐswsh
y′′ + y′ − 2y = 2et (1)

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + y − 2 = 0 (2)

h opoÐa èqei lÔseic r1 = 1 kai r2 = −2.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai me

yoµ(t) = c1e
t + c2e

−2t

To 1 eÐnai rÐza thc (2) pollaplìthtac 1 �ra, mÐa eidik  lÔsh thc (1) eÐnai thc morf c:

yε(t) = Atet

kai afoÔ ikanopoièi thn (1) èqoume pwc,

y′′ε (t) + y′ε(t)− 2ε(t) = 2et ⇔ (2Aet +Aet) + (Aet +Atet)− 2Atet = 2et ⇔ A = 2
3
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'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
2

3
tet.

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1e
t + c2e

−2t +
2

3
tet

'Askhsh 5.

Na lujeÐ h diaforik  exÐswsh
y′′ + 4y′ + 4y = e−2t (1)

LÔsh

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + 4r + 4 = 0 (2)

h opoÐa èqei lÔsh r = 2 pollaplìthtac 2.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai

yoµ(t) = c1e
−2t + c2te

−2t

To -2 eÐnai rÐza thc (2) pollaplìthtac 2 �ra, mia lÔsh thc (1) eÐnai thc morf c:

yε(t) = At2e−2t

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε (t) + 4yε′(t) + 4yε(t) = e−2t ⇔ A =
1

2

'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
1

2
t2e−2t

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1e
−2t + c2te

−2t +
1

2
t2e−2t

'Askhsh 6.

Na lujeÐ h diaforik  exÐswsh
y′′ + y = 3et (1)

LÔsh

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + 1 = 0 (2)

h opoÐa èqei lÔseic r1 = i kai r2 = −i.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai :

yoµ(t) = c1 cos t+ c2 sin t
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To 1 den eÐnai lÔsh thc (2) �ra mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = Aet

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε (t) + yε(t) = 3et ⇔ A =
3

2

'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
3

2
et

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1 cos t+ c2 sin t+
3

2
et

'Askhsh 7.

Na lujeÐ h diaforik  exÐswsh
y′′ + 4y = sin t (1)

LÔsh

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + 4 = 0 (2)

h opoÐa èqei lÔseic r1 = 2i kai r2 = −2i.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai :

yoµ(t) = c1 cos 2t+ c2 sin 2t

To 1 den eÐnai lÔsh thc (2) �ra mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = A sin t+B cos t

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε (t) + 4yε(t) = 3et ⇔ A =
1

3
και B = 0

'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
1

3
sin t

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1 cos 2t+ c2 sin 2t+
1

3
sin t
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'Askhsh 8.

Na lujeÐ h diaforik  exÐswsh
y′′ + 4y = 3 cos 2t (1)

LÔsh

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + 4 = 0 (2)

h opoÐa èqei lÔseic r1 = 2i kai r2 = −2i.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai :

yoµ(t) = c1 cos 2t+ c2 sin 2t

To 2i eÐnai lÔsh thc (2), pollaplìthtac 1 �ra mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = t(A sin t+B cos t)

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε (t) + 4yε(t) = 3 cos 2t⇔ A = 0 και B =
3

4

'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
3

4
t sin 2t

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1 cos 2t+ (c2 +
3

4
t) sin 2t

'Askhsh 9.

Na lujeÐ h diaforik  exÐswsh
y′′ + y′ + y = t2 (1)

LÔsh

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 + r + 1 = 0

h opoÐa èqei lÔseic r1 = −1+
√
3i

2 kai r2 = −1−
√
3i

2 .'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1)
isoÔtai :

yoµ(t) = e−
t
2 [c1 cos(

√
3

2
t) + c2 sin(

√
3

2
t)]

Mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = At2 +Bt+ C

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε + y′ε + yε = t2 ⇔ A = 1, B = −2 και C = 0

'Ara, mia eidik  lÔsh thc (1) eÐnai
yε(t) = t2 − 2t
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AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = e−
t
2 [c1 cos(

√
3

2
t) + c2 sin(

√
3

2
t)] + t2 − 2t

'Askhsh 10.

Na lujeÐ h diaforik  exÐswsh
y′′ − y = tet (1)

LÔsh

JewroÔme thn qarakthristik  exÐswsh thc (1) :

r2 − 1 = 0 (2)

h opoÐa èqei lÔseic r1 = 1 kai r2 = −1.'Ara, gnwrÐzoume pwc h antÐstoiqh omogen c thc (1) isoÔtai :

yoµ(t) = c1e
t + c2e

−t

AfoÔ h f(t) = tet p�irnei thn morf 

f(t) = et[t cos 0 +Q(t) sin 0]

kai to 1 eÐnai lÔsh thc (2) pollaplìthtac 1, mia eidik  lÔsh thc (1) eÐnai thc morf c :

yε(t) = tet(At+B)

kai afoÔ ikanopoieÐ thn (1) èqoume pwc,

y′′ε − yε = yet ⇔ A =
1

4
και B = −1

4

'Ara, mia eidik  lÔsh thc (1) eÐnai

yε(t) =
1

4
t2et − 1

4
tet

AfoÔ gnwrÐzoume pwc, y(t) = yoµ(t) + yε(t) isqÔei :

y(t) = c1e
t + c2e

−t +
1

4
t2et − 1

4
tet

3

'Askhsh 11.

Na kataskeuasteÐ h omogen c diaforik  exÐswsh 2hc t�xhc an eÐnai gnwstèc φ1(t), φ2(t), dÔo grammik�
anex�rthtec lÔseic thc.

LÔsh

'Estw φ1(t), φ2(t) ∈ C(I) dÔo grammik� anex�rthtec lÔseic thc

y′′ + a(t)y′ + b(t)y = 0 (1)

a(t).b(t) ∈ C(I).

3Stic Ask seic 3-10 gia thn eÔresh mia eidik c lÔshc thc (1) gÐnetai qr sh thc Mejìdou Apros-
diorÐstwn Suntelest¸n.
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GnwrÐzoume pwc h genik  lÔsh thc (1) eÐnai

y(t) = c1φ1(t) + c2φ2(t), c1, c2 ∈ R

kaj¸c kai W (φ1(t), φ2(t))(t) 6= 0.

JewroÔme ta dianÔsmata:

(φ1(t), φ′1(t), φ′′1(t)), (φ2(t), φ′2(t), φ′′2(t)), (y, y′, y′′)

ta opoÐa eÐnai grammik� exarthmèna.

Dhlad  isqÔei ìti,∣∣∣∣∣∣
φ1(t) φ2(t) y
φ′1(t) φ′2(t) y′

φ′′1(t) φ′′2(t) y′′

∣∣∣∣∣∣ = 0⇔
∣∣∣∣φ1(t) φ2(t)
φ′1(t) φ′2(t)

∣∣∣∣ y′′ − ∣∣∣∣φ1(t) φ2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣ y′ + ∣∣∣∣φ′1(t) φ′2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣ y = 0

W (φ1(t), φ2(t))(t)y′′ −
∣∣∣∣φ1(t) φ2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣ y′ + ∣∣∣∣φ′1(t) φ′2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣ y = 0, W (φ1(t), φ2(t))(t) 6= 0

'Ara, h (1) èqei thn morf  :

y′′ −

∣∣∣∣φ1(t) φ2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣
W (φ1(t), φ2(t))(t)

y′ +

∣∣∣∣φ′1(t) φ′2(t)
φ′′1(t) φ′′2(t)

∣∣∣∣
W (φ1(t), φ2(t))(t)

y = 0

8


