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'Eqete eleÔjerh epilog  jem�twn. O bajmìc sac upologÐzetai wc min(B,10) ìpou
B (0 ≤ B ≤ 12) to �jroisma bajm¸n pou ja sugkentr¸sete kai apì ta 5 jèmata.

Jèma 1: DÐnetai h diaforik  exÐswsh: (1− t)2y′′(t)− 2y(t) = 0, t ∈ I = (−∞, 1).

(a) DeÐxte ìti y1(t) = (1− t)2 eÐnai lÔsh thc exÐswshc. Me thn mèjodo upobibasmoÔ t�xhc na brejeÐ
deÔterh lÔsh, grammik� anex�rthth apì thn y1(t) sto I, kai na lujeÐ to antÐstoiqo P.A.T. me
arqikèc timèc: y(0) = 1 kai y′(0) = −2. [1 bajmìc]

(b) Na epalhjeÔsete thn lÔsh tou P.A.T. sto (a) epilÔontac thn exÐswsh me thn mèjodo Dunamoseir¸n
(me kèntro to shmeÐo t = 0). [1 bajmìc]

(g) Diatup¸ste thn exÐswsh wc sÔsthma pr¸thc t�xhc: x′(t) = A(t)x(t) ìpou x(t) = [y(t) y′(t)]T kai
upologÐste ènan jemeli¸dh pÐnaka lÔsewn kai ton kÔrio pÐnaka (pÐnaka metafor�c) toÔ sust matoc.
Epomènwc epalhjeÔste p�li thn lÔsh tou P.A.T. sto (a). [1 bajmìc]

Jèma 2: DÐnetai h diaforik  exÐswsh: L(y) := y′′(t)−(ρ1+ρ2)y
′(t)+ρ1ρ2y(t) = b(t), ìpou ρ1, ρ2 ∈ R,

ρ1 ̸= ρ2 kai b ∈ C1(R).

(a) DeÐxte ìti ϕ1(t) = eρ1t kai ϕ2(t) = eρ2t eÐnai grammik� anex�rthtec lÔseic thc L(y) = 0 kai ìti h
ϕ(t) = u1(t)ϕ1(t) + u2(t)ϕ2(t) eÐnai mÐa (eidik ) lÔsh thc L(y) = b(t), ìpou:

u1(t) = −
∫ t

t0

ϕ2(s)b(s)

W [ϕ1, ϕ2](s)
ds, u2(t) =

∫ t

t0

ϕ1(s)b(s)

W [ϕ1, ϕ2](s)
ds

kai ìpou t, t0 ∈ R kai W [ϕ1, ϕ2](t) h orÐzousa Wronski twn ϕ1 kai ϕ2. [1 bajmìc]

(b) DeÐxte ìti an b(t) = eρ3t kai ρ1 < 0, ρ2 < 0, ρ3 < 0, tìte limt→∞ y(t) = 0 gi� k�je lÔsh y(t) thc
exÐswshc. [1 bajmìc]

Jèma 3: Na brejeÐ h lÔsh y(t) tou P.A.T.: y′(t) + (1/t)y(t) = t ln(t)y2(t) (t > 0), y(1) = −1.
Epiplèon deÐxte ìti: (i) y(t) < 0 gia k�je t > 0, kai (ii) limt→∞ y(t) = 0. [2 bajmoÐ]

Jèma 4:

(a) DÐnetai to P.A.T.: y′(t) = βy(t) − y2(t) − α, y(0) = y0 ∈ R, ìpou α > 0, β > 0 kai 4α < β2.
Na sqediasteÐ to di�gramma f�shc, na brejoÔn ta shmeÐa isorropÐac (kai oi idiìthtec touc) kai na
melethjeÐ h asumptwtik  sumperifor� thc lÔshc san sun�rthsh thc y0. [1 bajmìc]

(b) Na brejoÔn oi genikèc lÔseic twn exis¸sewn: (i) y′(t) = t−y+1
t+y−3 , (ii) y

′′(t) + 3y′(t) + 2y(t) = e−t,

(iii) t2y′′(t)− 5ty′(t) + 25y(t) = 0 (t > 0), (iv) y′(t) = Ay(t) ìpou A =

(
0 1
−2 3

)
.

[4× 0,5 = 2 bajmoÐ]

Jèma 5: Diatup¸ste to Je¸rhma Picard-Lindelof. DeÐxte ìti h efarmog  tou jewr matoc sto P.A.T.:
y′(t) = 1+y2(t) (t ≥ 0), y(0) = 0, eggu�tai thn Ôparxh monadik c lÔshc se di�sthma Iϵ = [0, ϵ). EpilÔste
thn exÐswsh kai orÐste to mègisto di�sthma Iϵ, sto opoÐo orÐzetai (monadik ) lÔsh. [2 bajmoÐ]

Kal  EpituqÐa!
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