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Mh-omogen c kai sÔnjeth diadikasÐa Poisson

(1) 'Estw {N(t)} mh-omogen c diadikasÐa Poisson me sun�rthsh rujmoÔ λ(t), t ≥ 0. Na
upologisteÐ h desmeumènh sun�rthsh katanom c tou qrìnou S1 tou pr¸tou gegonìtoc
dedomènou ìti N(t) = 1, dhlad  h sun�rthsh P (S1 ≤ x|N(t) = 1), x ≥ 0.

(2) 'Estw {N(t)} mh-omogen c diadikasÐa Poisson me sun�rthsh rujmoÔ λ(t) = λt, t ≥ 0
(grammik  sun�rthsh rujmoÔ). 'Estw S1 o qrìnoc tou pr¸tou gegonìtoc. Na upologisteÐ
h E[N(t)] kai h E[S1].

(3) 'Estw {N(t)} mh-omogen c diadikasÐa Poisson me rujmì λ(t) = λ gia t ∈ [0, 1] ∪ [2, 3] ∪
[4, 5]∪ . . . kai λ(t) = 0 gia t ∈ (1, 2)∪ (3, 4)∪ (5, 6)∪ . . .. 'Estw S1 o qrìnoc tou pr¸tou
gegonìtoc.
(aþ) Na upologisteÐ h katanom  tou S1, P (S1 ≤ x), x ≥ 0.
(bþ) Na upologisteÐ h katanom  thc N(t), t ≥ 0.
(gþ) Na upologisteÐ h desmeumènh mèsh tim  E[S1|N(t) = n] gia 0 ≤ t ≤ 2.

(4) 'Estw {N(t)} diadikasÐa Poisson rujmoÔ λ kai Z1, Z2, . . . anex�rthtec isìnomec akè-
raiec mh-arnhtikèc tuqaÐec metablhtèc me sun�rthsh pijanìthtac pj = P (Zn = j),
j = 0, 1, 2, . . ., pijanogenn tria PZ(z) =

∑∞
j=0 pjz

j, mèsh tim  E[Zn] = µZ kai dia-

spor� V ar[Zn] = σ2
Z , n = 1, 2, . . .. Jètoume {Z(t)} me Z(t) =

∑N(t)
n=1 Zn, t ≥ 0 na eÐnai h

antÐstoiqh sÔnjeth diadikasÐa Poisson.
(aþ) Na upologistoÔn h E[Z(t)] kai h V ar[Z(t)] (sunart sei twn λ, µZ kai σZ).
(bþ) Na upologisteÐ h pijanogenn tria PZ(t)(z) thc Z(t).
(gþ) Na apodeÐxete ìti oi pijanìthtec rk(t) = P (Z(t) = k), k = 0, 1, 2, . . . dÐnontai apì

to anadromikì sq ma

r0 = e−λt(1−p0),

rk =
λt

k

k−1∑
j=0

(k − j)pk−jrj, k ≥ 1.

(5) 'Estw {N(t)} diadikasÐa Poisson rujmoÔ λ kai Z1, Z2, . . . anex�rthtec isìnomec akèraiec
mh-arnhtikèc tuqaÐec metablhtèc me sun�rthsh pijanìthtac P (Zn = j) = (1 − a)j−1a,

j = 1, 2, . . . (gewmetrik  katanom ). Jètoume {Z(t)} me Z(t) =
∑N(t)

n=1 Zn, t ≥ 0 na eÐnai
h antÐstoiqh sÔnjeth diadikasÐa Poisson. Na apodeÐxete ìti

P (Z(t) = k) =
k∑
r=1

(
k − 1

r − 1

)
ar(1− a)k−re−λt (λt)

r

r!
.


