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Test ex�skhshc

Stic parak�tw ask seic, (Bt)t≥0 eÐnai mia tupik  (monodi�stath) kÐnhsh Brown orismènh se
ènan q¸ro pijanìthtac (Ω,F ,P).

1. 'Estw (Xn)n≥0 martingale wc proc thn di jhsh (Fn)n≥0. Gia 0 ≤ i < j < k jetikoÔc
akeraÐouc, na deiqjoÔn ta ex c.

(a) E((Xk −Xj)Xi) = 0.

(b) E{(Xk −Xj)
2 | Fi) = E(X2

k | Fi)− E(X2
j | Fi).

2. Na deiqjeÐ ìti me pijanìthta 1, up�rqei tuqaÐoc fusikìc n0(ω) ètsi ¸ste |Bn4| ≥ 1 gia k�je
n ≥ n0(ω).

3. Na upologistoÔn oi sundiakum�nseic

(a) Cov(tB2
t+1, Bt) me t > 0.

(b)

Cov

(∫ 1

0

tBt dBt,

∫ 1

0

B7
t dBt

)
.

4. 'Estw h : R → R suneq c kai fragmènh sun�rthsh. JewroÔme tic anelÐxeic (Xt)t≥0, (Yt)t≥0
me

Xt :=

∫ t

0

h(s) dBs,

Yt := X3
t − 3

∫ t

0

Xsh
2(s) ds,

gia k�je t ≥ 0. Na deiqjeÐ ìti h (Yt)t≥0 eÐnai martingale wc proc thn di jhsh pou par�gei h B.

5. JewroÔme thn anèlixh Itô (Xt)t≥0 pou ikanopoieÐ thn stoqastik  diaforik  exÐswsh

dXt =

(√
1 +X2

t +
1

2
Xt

)
dt+

√
1 +X2

t dBt,

X0 = 0.

(a) 'Estw f : R → R duì forèc diaforÐsimh sun�rthsh me f ′′ suneq . Na grafeÐ h f(Xt)
sthn morf 

f(Xt) = f(X0) +

∫ t

0

Ys ds+

∫ t

0

Zs dBs

gia kat�llhlec anelÐxeic (Ys)s≥0, (Zs)s≥0.

(b) Na brejeÐ kat�llhlh sun�rthsh f ¸ste Zs = 1 gia k�je s ≥ 0. 'Epeita, na lujeÐ h SDE
pio p�nw.



Sqìlia

2. QrhsimopoioÔme to pr¸to l mma Borel-Cantelli, kai thn idiìthta allag c klÐmakac gia thn
kÐnhsh Brown. Parathr ste ìti h puknìthta thc N(0, 1) eÐnai fragmènh apì to 1/

√
2π.

3. (a) Gr�foume B2
t+1 = (Bt+1 −Bt +Bt)

2 = (Bt+1 −Bt)
2 +B2

t + 2Bt(Bt+1 −Bt).
(b) ProkÔptei me qr sh thc 'Askhshc 10.4 twn shmei¸sewn. H 'Askhsh 10.4 mporeÐ na qrhsimo-
poieÐtai wc jewrÐa.

4. Efarmìzoume ton tÔpo tou Itô gia na upologÐsoume to d(X3
t ). BrÐskoume ìti to dYt èqei thn

kat�llhlh morf . EÐnai ousi¸dec to ìti h h eÐnai fragmènh.

5. Gia thn kat�llhlh f , brÐskoume ìti h Yt := f(Xt) ikanopoieÐ thn dYt = dt + dBt me Y0 = 0.
'Ara Xt = f−1(t+Bt).


