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1. 'Estw X1, X2, . . . , Xn tuqaÐec metablhtèc se koinì q¸ro pijanìthtac me timèc sto R. Jètoume
Sk = X1 +X2 + · · ·+Xk gia k�je 1 ≤ k ≤ n. Na deiqjeÐ ìti

σ(X1, X2, . . . , Xn) = σ(S1, S2, . . . , Sn).

2. 'Estw X ∈ L1(Ω,F ,P) me X(ω) 6= 0 gia k�je ω ∈ Ω. IsqÔei aparaÐthta E(X | G) 6= 0 me
pijanìthta 1?

3. 'Estw X, Y anex�rthtec tuqaÐec metablhtèc ¸ste E|X|,E|Y | <∞ kai E(X) = 0. Na deiqjeÐ
ìti E|X + Y | ≥ E|Y |.

4. 'Estw (Xn)n≥1 martingale wc proc th di jhsh (Fn)n≥1 me tic Xn na paÐrnoun timèc1 sto
[0,M ] gia k�je n ≥ 1 ìpou M > 0 eÐnai mia stajer�. Na deiqjeÐ ìti

E(XnXn−1 · · ·X2X1) ≥ E(Xn
1 ).

5. 'Estw (Xn)n≥1 akoloujÐa tuqaÐwn metablht¸n se koinì q¸ro pijanìthtac kai me timèc sto
[0,∞). Jètoume

S0 := 0, F0 := {∅,Ω},
Sn := X1 +X2 + · · ·+Xn, Fn := σ(X1, X2, . . . , Xn)

gia n ≥ 1. Gia a > 0 stajerì jètoume V := sup{n : Sn ≤ a}. Na deiqjeÐ ìti o qrìnoc T := V +1
eÐnai qrìnoc st�shc wc proc th di jhsh (Fn)n≥0.

6. 'Estw (Sn)n≥0 o aplìc tuqaÐoc perÐpatoc sto Z kai (Fn)n≥0 h di jhsh ìpwc sto Par�deigma
3.2 twn shmei¸sewn. Jètoume

J0 = 0,

Jn :=
n−1∑
k=0

1Sk=0 gia k�je n ≥ 1.

Dhlad  h Jn metr�ei ton arijmì twn episkèyewn tou perip�tou sto 0 wc to qrìno n − 1 (xeki-
n¸ntac apì to qrono 0). Jètoume epÐshc Mn = |Sn| − Jn gia k�je n ≥ 0.

(a) Na deiqjeÐ ìti h (Mn)n≥0 eÐnai martingale wc proc th di jhsh (Fn)n≥0.

(b) 'Estw a jetikìc akèraioc, kai Ta := min{k ≥ 0 : |Sk| = a}. Na deiqjeÐ ìti E(JTa) = a.

1
Δηλαδή Xn : Ω→ [0,M ].



UpodeÐxeic

1. QrhsimopoioÔme ton qarakthrismì thc s-�lgebrac paragìmenhc apo sunart seic (wc h el�qi-
sth pou k�nei kajemÐa apì autèc metr simec) kai gnwstèc idiìthtec gia pr�xeic metaxÔ metr simwn
sunart sewn.

3. To skeptikì eÐnai na stajeropoi soume to Y kai na p�roume mèsh tim  pr¸ta wc proc X gia
na ekmetaleutoÔme to E(X) = 0.

E|X + Y | = E{E(|X + Y | |σ(Y ))} ≥ E{|E(X + Y |σ(Y ))|}
Qrhsimopoi same thn anisìthta Jensen. T¸ra h desmeumènh mèsh tim  E(X+Y |σ(Y )) sto dexÐ
mèloc isoÔtai me

E(X |σ(Y )) + E(Y |σ(Y )) = E(X) + Y = Y

giatÐ h X eÐnai anex�rthth apì thn σ(Y ) en¸ h Y eÐnai σ(Y )-metr simh. To zhtoÔmeno èpetai.

4. DeÐqnoume me epagwg  ìti

E(Xn−k+1
k Xk−1 · · ·X2X1) ≥ E(Xn

1 )

gia k = 1, 2, . . . , n. Gia k = 1 isqÔei. An isqÔei gia k�poio k < n, tìte thn deÐqnoume gia to
k + 1. 'Eqoume

E(Xn−k
k+1Xk · · ·X2X1) = E{E(Xn−k

k+1Xk · · ·X2X1 | Fk)} = E{Xk · · ·X1E(Xn−k
k+1 | Fk)}

≥ E{Xk · · ·X1X
n−k
k } = E{Xn−k+1

k Xk−1 · · ·X1} ≥ E(Xn
1 ).

H pr¸th anisìthta èpetai apì thn anisìthta Jensen (h x 7→ xn−k eÐnai kurt  sto [0,∞)) kai to
ìti oi Xi paÐrnoun mh arnhtikèc timèc.
'Olec oi desmeumènec mèsec timèc pio p�nw orÐzontai giatÐ oi |Xi| eÐnai fragmènec apì to M .

5. 'Eqoume {T ≤ 0} = {V ≤ −1} = ∅ ∈ F0, kai gia n ≥ 1 èqoume

{V + 1 ≤ n} = {V ≤ n− 1} = {Sn > a} ∈ Fn.

H deÔterh isìthta jèlei dikaiolìghsh. To ⊂ isqÔei apì ton orismì tou V . To ⊃ isqÔei giatÐ
epeid  oi Xi paÐrnoun mìno mh arnhtikèc timèc, an h Sn > a tìte kai gia ìlouc touc deÐktec k > n
ja isqÔei Sk > a, opìte o megalÔteroc dèikthc me tim  ≤ a prèpei na eÐnai ≤ n− 1 (An S1 > a,
tìte V = 0 ≤ a).

6. ParathroÔme ìti M1 −M0 = |X1| − 1 = 0, en¸ gia n ≥ 1 èqoume

Mn+1 −Mn = |Sn+1| − |Sn| − 1Sn=0 =


0 an Sn = 0,

Xn+1 an Sn > 0,

−Xn+1 an Sn < 0,

= sign(Sn)Xn+1,

ìpou sign(z) isoÔtai me 1 an z > 0, me −1 an z < 0, kai me 0 an z = 0. 'Etsi,

E(Mn+1 −Mn | Fn) = sign(Sn)E(Xn+1 | Fn) = sign(Sn)E(Xn+1) = 0.

Qrhsimopoi same to ìti h sign(Sn) eÐnai Fn-metr simh en¸ h Xn+1 eÐnai anex�rthth apì thn Fn.


