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Eisagwg 

Sun�rthsh Z thshc Se Sunj kec MonopwlÐou

p h tim  mon�dac enìc proðìntoc
D(p) h z thsh tou proðìntoc k�tw apì thn tim  p.
D(p) fjÐnousa sun�rthsh tou p.

'Ena UpokeÐmeno Stoqastikì Montèlo

N arijmìc katanalwt¸n (mègejoc agor�c)
Θ h mègisth tim  pou eÐnai diatejeimènoc na plhr¸sei
ènac katanalwt c gia mia mon�da proðìntoc.
Θ1,Θ2, . . . ,ΘN anex�rthtec kai isìnomec tuqaÐec
metablhtèc.
F (x) = P (Θ ≤ x)

Gia dosmènh tim  p o katanalwt c i ja agor�sei to proðìn
me pijanìthta P (Θi > p) = 1− F (p). Epomènwc

D(p) = N(1− F (p))

pou eÐnai fjÐnousa wc proc p.

dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

Eisagwg 

Sun�rthsh Z thshc Se Sunj kec MonopwlÐou

p h tim  mon�dac enìc proðìntoc
D(p) h z thsh tou proðìntoc k�tw apì thn tim  p.
D(p) fjÐnousa sun�rthsh tou p.

'Ena UpokeÐmeno Stoqastikì Montèlo

N arijmìc katanalwt¸n (mègejoc agor�c)
Θ h mègisth tim  pou eÐnai diatejeimènoc na plhr¸sei
ènac katanalwt c gia mia mon�da proðìntoc.
Θ1,Θ2, . . . ,ΘN anex�rthtec kai isìnomec tuqaÐec
metablhtèc.
F (x) = P (Θ ≤ x)

Gia dosmènh tim  p o katanalwt c i ja agor�sei to proðìn
me pijanìthta P (Θi > p) = 1− F (p). Epomènwc

D(p) = N(1− F (p))

pou eÐnai fjÐnousa wc proc p.

dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

Eisagwg 

Sun�rthsh Z thshc Se Sunj kec MonopwlÐou

p h tim  mon�dac enìc proðìntoc
D(p) h z thsh tou proðìntoc k�tw apì thn tim  p.
D(p) fjÐnousa sun�rthsh tou p.

'Ena UpokeÐmeno Stoqastikì Montèlo

N arijmìc katanalwt¸n (mègejoc agor�c)

Θ h mègisth tim  pou eÐnai diatejeimènoc na plhr¸sei
ènac katanalwt c gia mia mon�da proðìntoc.
Θ1,Θ2, . . . ,ΘN anex�rthtec kai isìnomec tuqaÐec
metablhtèc.
F (x) = P (Θ ≤ x)

Gia dosmènh tim  p o katanalwt c i ja agor�sei to proðìn
me pijanìthta P (Θi > p) = 1− F (p). Epomènwc

D(p) = N(1− F (p))

pou eÐnai fjÐnousa wc proc p.

dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

Eisagwg 

Sun�rthsh Z thshc Se Sunj kec MonopwlÐou

p h tim  mon�dac enìc proðìntoc
D(p) h z thsh tou proðìntoc k�tw apì thn tim  p.
D(p) fjÐnousa sun�rthsh tou p.

'Ena UpokeÐmeno Stoqastikì Montèlo

N arijmìc katanalwt¸n (mègejoc agor�c)
Θ h mègisth tim  pou eÐnai diatejeimènoc na plhr¸sei
ènac katanalwt c gia mia mon�da proðìntoc.

Θ1,Θ2, . . . ,ΘN anex�rthtec kai isìnomec tuqaÐec
metablhtèc.
F (x) = P (Θ ≤ x)

Gia dosmènh tim  p o katanalwt c i ja agor�sei to proðìn
me pijanìthta P (Θi > p) = 1− F (p). Epomènwc

D(p) = N(1− F (p))

pou eÐnai fjÐnousa wc proc p.

dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

Eisagwg 

Sun�rthsh Z thshc Se Sunj kec MonopwlÐou

p h tim  mon�dac enìc proðìntoc
D(p) h z thsh tou proðìntoc k�tw apì thn tim  p.
D(p) fjÐnousa sun�rthsh tou p.

'Ena UpokeÐmeno Stoqastikì Montèlo

N arijmìc katanalwt¸n (mègejoc agor�c)
Θ h mègisth tim  pou eÐnai diatejeimènoc na plhr¸sei
ènac katanalwt c gia mia mon�da proðìntoc.
Θ1,Θ2, . . . ,ΘN anex�rthtec kai isìnomec tuqaÐec
metablhtèc.

F (x) = P (Θ ≤ x)

Gia dosmènh tim  p o katanalwt c i ja agor�sei to proðìn
me pijanìthta P (Θi > p) = 1− F (p). Epomènwc

D(p) = N(1− F (p))

pou eÐnai fjÐnousa wc proc p.

dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

Eisagwg 

Sun�rthsh Z thshc Se Sunj kec MonopwlÐou

p h tim  mon�dac enìc proðìntoc
D(p) h z thsh tou proðìntoc k�tw apì thn tim  p.
D(p) fjÐnousa sun�rthsh tou p.

'Ena UpokeÐmeno Stoqastikì Montèlo

N arijmìc katanalwt¸n (mègejoc agor�c)
Θ h mègisth tim  pou eÐnai diatejeimènoc na plhr¸sei
ènac katanalwt c gia mia mon�da proðìntoc.
Θ1,Θ2, . . . ,ΘN anex�rthtec kai isìnomec tuqaÐec
metablhtèc.
F (x) = P (Θ ≤ x)

Gia dosmènh tim  p o katanalwt c i ja agor�sei to proðìn
me pijanìthta P (Θi > p) = 1− F (p). Epomènwc

D(p) = N(1− F (p))

pou eÐnai fjÐnousa wc proc p.

dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

Eisagwg 

Sun�rthsh Z thshc Se Sunj kec MonopwlÐou

p h tim  mon�dac enìc proðìntoc
D(p) h z thsh tou proðìntoc k�tw apì thn tim  p.
D(p) fjÐnousa sun�rthsh tou p.

'Ena UpokeÐmeno Stoqastikì Montèlo

N arijmìc katanalwt¸n (mègejoc agor�c)
Θ h mègisth tim  pou eÐnai diatejeimènoc na plhr¸sei
ènac katanalwt c gia mia mon�da proðìntoc.
Θ1,Θ2, . . . ,ΘN anex�rthtec kai isìnomec tuqaÐec
metablhtèc.
F (x) = P (Θ ≤ x)

Gia dosmènh tim  p o katanalwt c i ja agor�sei to proðìn
me pijanìthta P (Θi > p) = 1− F (p). Epomènwc

D(p) = N(1− F (p))

pou eÐnai fjÐnousa wc proc p.
dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

Eisagwg 

Logikì Montèlo

'Oso aux�nei to p mei¸netai h pijanìthta na to
agor�sei opoiosd pote katanalwt c

Autì IsqÔei P�nta?

Up�rqoun peript¸seic ìpou an aux�nei h tim , k�poioi ( 
ìloi) oi katanalwtèc jèloun perissìtero to proðìn? MporeÐ
se akraÐec peript¸seic h z thsh D(p) na eÐnai aÔxousa wc
proc p?

EntÔpwsh kalÔterhc poiìthtac.

Externality: �An auxhjeÐ h tim  ja agor�soun to
proðìn ligìteroi, kai epomènwc ja eÐmai apì touc lÐgouc
pou ja to èqoun� (prestige effect).
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Sqetik� Fainìmena

Paris Metro Pricing

Metrì ParisioÔ: 2 eid¸n eisit ria

Fjhn�: Bagìni A, Akrib�: Bagìni B

A, B, panomoiìtupa bagìnia

GiatÐ na agor�sei k�poioc akribì eisit rio?

Call Center - Customer Support

2 thlefwnikoÐ arijmoÐ gia upost rixh pelat¸n

O pr¸toc arijmìc me dwre�n kl sh, o deÔteroc me
qrèwsh

'Idia exuphrèthsh

GiatÐ na kalèsei k�poioc pel�thc me qrèwsh?
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Sqetik� Fainìmena

Kat�sthma parèqei uphresÐa se pel�tec me th seir�.

Sun jwc up�rqei meg�lh our� anamon c.

Ti ja gÐnei an auxhjeÐ h tim  eisìdou?

'Enac pel�thc pou skèftetai an ja mpei   ìqi.
'Eqei mikrìtero kÐnhtro epeid  aux jhke h tim .
Apì thn �llh pleur� èqei megalÔtero kÐnhtro epeid 
(upojètei ìti) ja mpoun ligìteroi pel�tec kai epomènwc
ja èqei mikrìterh anamon .

To Ðdio skèftontai ìloi oi pel�tec. Ti ja gÐnei telik�?
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Oikonomik� Montèla sth JewrÐa Anamon c

Autì to prìblhma jèloume na melet soume me majhmatik�
ergaleÐa apì

Pijanìthtec kai Stoqastikèc AnelÐxeic
JewrÐa Anamon c
JewrÐa PaignÐwn

PaÐgnia se Ourèc Anamon c (queueing games)

SÔsthma Exuphrèthshc.
Strathgikèc Ontìthtec se autì. (sun jwc oi pel�tec,
all� kai oi uphrètec   o diaqeirist c).
Oi ontìthtec paÐrnoun apof�seic gia beltistopoÐhsh
thc wfèlei�c touc, lamb�nontac upìyh ìti kai oi �lloi
sumperifèrontai ìmoia.
Strathgik  sumperifor� ⇒ Summetrikì mh-sunergatikì
PaiqnÐdi �peirwn paikt¸n.
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PaÐgnia se Ourèc Anamon c: Probl mata

Probl mata

EÔresh summetrik¸n strathgik¸n isorropÐac (Nash
equilibrium strategies).

EÔresh koinwnik� bèltistwn strathgik¸n (socially
optimal strategies).

EÔresh thc bèltisthc strathgik c tou monopwlÐou
(diaqeirist ) sth perÐptwsh timolìghshc thc eisìdou.

PosotikopoÐhsh thc apìklishc strathgik¸n isorropÐac
kai koinwnik� bèltistwn strathgik¸n - tim  anarqÐac
(price of anarchy).

MhqanismoÐ rÔjmishc ¸ste oi pel�tec na uiojetoÔn tic
koinwnik� bèltistec strathgikèc wc strathgikèc
isorropÐac (mèsw timolìghshc, proteraiot twn,
peijarqÐa our�c, èlegqoc plhroforÐac).
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IstorÐa

Leeman, W.A. (1964) Kritik  sth 'Klassik ' jewrÐa
our¸n kat�llhlh gia kentrik� sqediasmènh oikonomÐa.
Eisagwg  timolìghshc gia beltistopoÐhsh pìrwn,
apokèntrwsh dioikhtik¸n apof�sewn, kajod ghsh
makroprìjesmwn ependutik¸n apof�sewn.

Naor, P. (1969) Pr¸th ergasÐa ìpou oi pel�tec
sumperifèrontai strathgik� se parathr simh M/M/1
our�. Timolìghsh gia koinwnik  beltistopoÐhsh kai
beltistopoÐhsh tou kèrdouc monopwlÐou. H timolìghsh
leitourgeÐ wc rujmistikìc par�gontac thc z thshc.

Edelson and Hildebrand (1975) Anèlusan to montèlo
tou Naor me th mình diafor� ìti oi pel�tec de mporoÔn
na parathr soun th kat�stash tou sust matoc prin
eisèrjoun se autì. (mh parathr simh M/M/1 our�)
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Basik� StoiqeÐa JewrÐac Anamon c

'Ena SÔsthma Exuphrèthshc apoteleÐtai apì èna stajmì pou
parèqei mia uphresÐa kai èna q¸ro anamon c (our�).

Άφιξη Αναμονή Εξυπηρέτηση Αναχώρηση

SumbolismoÐ
Λ=(dunhtikìc) rujmìc afÐxewn
µ=rujmìc exuphrèthshc
1/µ=mèsoc qrìnoc exuphrèthshc
ρ = Λ

µ
= rujmìc sunwstismoÔ

GiatÐ dhmiourgeÐtai our�?
Akanìnistec afÐxeic
Akanìnistoi (tuqaÐoi)
qrìnoi exuphrèthshc
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An�lush Apìdoshc

DÔo basikèc posìthtec pou qarakthrÐzoun thn apìdosh
enìc sust matoc exuphrèthshc eÐnai

1 L =Mèsoc Arijmìc Pelat¸n sto SÔsthma se St�simh
Kat�stash (Sumfìrhsh) kai

2 W =Mèsoc Qrìnoc Paramon c enìc Pel�th sto
SÔsthma (Kajustèrhsh).

3 L = λW Nìmoc tou Little, λ = o pragmatikìc rujmìc
afÐxewn.

4 AploÔc tÔpouc gia ta L,W èqoume k�tw apì
sugkekrimènec upojèseic katanom c afÐxewn kai
exuphret sewn, p.q. ekjetikèc.

5 Up�rqoun kai poll� �lla mètra apìdoshc pou èqoun
oristeÐ kai melethjeÐ (mèsoc qrìnoc anamon c, mèsoc
kÔkloc apasqìlhshc, k.a.).

6 Genik� dÔskolo prìblhma pou apaiteÐ kal  gn¸sh
Pijanot twn
Stoqastik¸n AnelÐxewn
�lgebrac Pin�kwn
Diaforik¸n Exis¸sewn kai Exis¸sewn Diafor¸n
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Apl  PerÐptwsh: SÔsthma M/M/1(FCFS)

Basikèc upojèseic

1 Oi afÐxeic akoloujoÔn stoqastik  anèlixh Poisson,
Λ=mèsoc arijmìc afÐxewn an� mon�da qrìnou

2 Oi qrìnoi exuphrèthshc akoloujoÔn ekjetik 
katanom , µ=rujmìc exuphrèthshc, 1/µ=mèsoc qrìnoc
exuphrèthshc.

3 H peijarqÐa our�c eÐnai FCFS.
4 ρ = Λ

µ
< 1.

Tìte
1 N = # pelat¸n sto sÔsthma se stasimìthta.
2 P (N = n) = (1− ρ)ρn, n ≥ 0. (st�simh katanom )
3 L = ρ

1−ρ = Λ
µ−Λ

4 W = 1
µ−Λ

K�tw apì genikìterec upojèseic k�poiec forèc prokÔptoun
pio polÔplokoi tÔpoi all� pollèc forèc den up�rqei kleist 
morf  gia ta mètra apìdoshc.
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Na mpei kaneÐc   na mh mpei?

StrathgikoÐ Pel�tec: To dÐlhmma eisìdou
(join)/apoq¸rhshc (balk)

1 Oi pel�tec eÐnai �peiroi kai ìmoioi.
2 R=amoib  pel�th ìtan (an) oloklhrwjeÐ h

exuphrèthsh.
3 C=kìstoc pel�th an� mon�da qrìnou pou paramènei

sto sÔsthma.
4 O pel�thc kat� thn �fix  tou apofasÐzei an ja mpei

sthn our�   ìqi (kajarèc strathgikèc).
5 Up�rqei h dunatìthta tuqaiopoÐhshc : O pel�thc

mpaÐnei me pijanìthta p (afoÔ ektelèsei èna tuqaÐo
peÐrama). H tim  tou p apofasÐzetai apì ton pel�th
(meiktèc strathgikèc).
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Wfèleia enìc pel�th

Sun�rthsh wfèleiac enìc tuqaÐou pel�th

1 Oi pel�tec eÐnai �peiroi kai ìmoioi.

2 'Oloi oi pel�tec èqoun Ðdia R,C kai tic Ðdiec dunatèc
strathgikèc (summetrik  perÐptwsh), dhlad  èqoun thn
Ðdia sun�rthsh plhrwm c   wfèleiac (utility).

3 An U(p; q) = plhrwm  sugkekrimènou pel�th pou
qrhsimopoieÐ th strathgik  p ìtan ìloi oi �lloi
qrhsimopoioÔn thn q, tìte.

U(p; q) = p · (R− C ·W (q)) + (1− p) · 0.
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'Ennoia ShmeÐou Strathgik c IsorropÐac (Nash
equilibrium)

ShmeÐa Strathgik c IsorropÐac Nash

Mia strathgik  pe eÐnai Summetrikì ShmeÐo Strathgik c
IsorropÐac an èqei thn parak�tw idiìthta:

U(pe; pe) ≥ U(p; pe), gia k�je p

An ìloi oi pel�tec akoloujoÔn thn pe, tìte kaneÐc den
mporeÐ na petÔqei kalÔterh apìdosh me to na all�xei th
strathgik  tou
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Basikèc 'Ennoiec JewrÐac PaignÐwn

Sto plaÐsio twn summetrik¸n mh-sunergatik¸n paiqidi¸n,
èstw p h strathgik  enìc sugkekrimènou paÐkth kai q h
strathgik  ìlwn twn upìloipwn paikt¸n, tìte

KuriarqoÔsa strathgik :

Asjen c: h p1 kuriarqeÐ asjen¸c thc p2 ann gia k�je
q : U(p1; q) ≥ U(p2; q), kai gia k�poio q h anisìthta
eÐnai gn sia.

Isqur : h p1 kuriarqeÐ isqur� thc p2 ann gia k�je
b : U(p1; q) > U(p2; q).

Orismìc: H p asjen¸c kuriarqoÔsa strathgik 
enìc paÐkth ann h p kuriarqeÐ asjen¸c k�je �llhc
strathgik c tou.
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strathgik  ìlwn twn upìloipwn paikt¸n, tìte

Bèltisth Ap�nthsh:
H p∗ bèltisth ap�nthsh ènanti thc q ann U(p∗; q) ≥ U(p; q),
gia k�je p, dhlad  p∗ ∈ arg maxp∈S U(p; q).

Sunèpeia: H pe shmeÐo strathgik c isorropÐac ann h pe
eÐnai bèltisth ap�nthsh ènanti thc pe.

dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

Basikèc 'Ennoiec JewrÐac PaignÐwn

Sto plaÐsio twn summetrik¸n mh-sunergatik¸n paiqidi¸n,
èstw p h strathgik  enìc sugkekrimènou paÐkth kai q h
strathgik  ìlwn twn upìloipwn paikt¸n, tìte

Bèltisth Ap�nthsh:
H p∗ bèltisth ap�nthsh ènanti thc q ann U(p∗; q) ≥ U(p; q),
gia k�je p, dhlad  p∗ ∈ arg maxp∈S U(p; q).

Sunèpeia: H pe shmeÐo strathgik c isorropÐac ann h pe
eÐnai bèltisth ap�nthsh ènanti thc pe.

dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

Basikèc 'Ennoiec JewrÐac PaignÐwn

Sto plaÐsio twn summetrik¸n mh-sunergatik¸n paiqidi¸n,
èstw p h strathgik  enìc sugkekrimènou paÐkth kai q h
strathgik  ìlwn twn upìloipwn paikt¸n, tìte

Bèltisth Ap�nthsh:
H p∗ bèltisth ap�nthsh ènanti thc q ann U(p∗; q) ≥ U(p; q),
gia k�je p, dhlad  p∗ ∈ arg maxp∈S U(p; q).

Sunèpeia: H pe shmeÐo strathgik c isorropÐac ann h pe
eÐnai bèltisth ap�nthsh ènanti thc pe.

dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

EÔresh ShmeÐwn Strathgik c IsorropÐac

1 Melèth thc sumperifor�c sust matoc se kat�stash
stasimìthtac upì mÐa strathgik  p twn pelat¸n.
H strathgik  exart�tai apo to epÐpedo thc plhroforÐac
gia th kat�stash tou sust matoc.

2 Upologismìc thc plhrwm c sugkekrimènou (tagged)
pel�th pou akoloujeÐ thn p′ ìtan oi �lloi akoloujoÔn
thn p : U(p′; p).

3 EÔresh thc bèltisthc ap�nthshc sugkekrimènou pel�th
ènanti opoiasd pote strathgik c twn upoloÐpwn:

BR(p) = arg max
p′∈S

U(p′; p).

4 EÔresh SSI pe me thn idiìthta pe ∈ BR(pe)
(pe stajerì shmeÐo thc BR(p)).
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Mh parathr simh M/M/1 our� (E & H (1975))

Oi pel�tec pou ft�noun sto sÔsthma de gnwrÐzoun to
mègejoc thc our�c prin p�roun thn apìfash eisìdou.

'Estw ìti ìloi oi pel�tec ektìc apì ènan akoloujoÔn
thn Ðdia strathgik  pe, dhlad  mpaÐnoun sto sÔsthma me
pijanìthta pe.

Tìte o pragmatikìc rujmìc eisìdou eÐnai λe = Λpe kai

h mèsh kajustèrhsh enìc pel�th We = 1
µ−Λpe
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Mh parathr simh M/M/1 our�

'Estw ènac pel�thc pou akoloujeÐ strathgik  p ìtan ìloi oi
�lloi akoloujoÔn pe.

Tì anamenìmeno kèrdoc tou eÐnai Ðso me

U(p; pe) = p[R−CWe]+(1−p) ·0 = p

(
R− C

µ− Λpe

)
.

O pel�thc autìc ja akolouj sei th strathgik  p∗ pou
megistopoieÐ to kèrdoc tou:
U(p∗; pe) = max0≤p≤1 U(p; pe).

H p∗ eÐnai h bèltisth ap�nthsh sthn pe.

H pe eÐnai shmeÐo strathgik c isorropÐac an apoteleÐ
bèltisth ap�nthsh ston eautì thc, dhlad  an p∗ = pe.
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Mh parathr simh M/M/1 our�: An�lush
IsorropÐac

U(p; pe) = p

(
R− C

µ− Λpe

)
(grammik  wc proc p).

'Estw pe = 0. Tìte

U(p; 0) = p
(
R− C

µ

)
.

An R ≤ C
µ
, h U(p; 0) megistopoieÐtai gia p = 0.

Epomènwc an R ≤ C
µ
, h BR(0) = 0 kai h pe = 0 eÐnai

SSI.
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IsorropÐac

U(p; pe) = p

(
R− C

µ− Λpe

)
(grammik  wc proc p).

'Estw 0 < pe < 1. Tìte

H U(p; pe) megistopoieÐtai gia p = pe mìno an
R = C

µ−Λpe
.

Ed¸ BR(p) ∈ [0, 1] dhl. o pel�thc eÐnai adi�foroc.

Epomènwc an C
µ
< R < C

µ−Λ
, h BR(pe) = pe kai h

pe = µ−C/R
Λ

eÐnai SSI.
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Mh parathr simh M/M/1 our�: ShmeÐa
IsorropÐac

ShmeÐa Strathgik c IsorropÐac

Sunoptik�

pe λe = Λpe

µ− C
R
≤ 0 0 0

0 < µ− C
R
< Λ µ−C/R

Λ
µ− C/R

0 < Λ ≤ µ− C
R

1 Λ
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Parathr seic

An h dunamikìthta exuphrèthshc eÐnai mikr 
(
µ < C

R

)
,

de mpaÐnei kaneÐc.

An to mègejoc thc agor�c eÐnai mikrì
(
Λ ≤ µ− C

R

)
,

mpaÐnoun ìloi (market capture).

Sthn endi�mesh perÐptwsh mpaÐneÐ èna posostì pe.

P�nta isqÔei ìti λe ≤ µ− C
R
, dhlad  h �anekmet�lleuth

dunamikìthta� eÐnai toul�qiston C
R
.

GiatÐ sumbaÐnei autì?

H bèltisth ap�nthsh ènanti mÐac strathgik c q eÐnai
fjÐnousa. Lème ìti oi pel�tec apofeÔgoun-to-pl joc
(Avoid-The-Crowd).
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Sumperifor� Avoid or Follow-the-Crowd

'Estw ìti o q¸roc twn strathgik¸n eÐnai olik�
diatetagmènoc.

An s h strathgik  twn �llwn kai BR(s) h bèltisth
ap�nthsh sugkekrimènou pel�th ènanti thc s, tìte:

An BR(s) ↗s (aÔxousa): Sumperifor�
Follow-the-Crowd (FTC).

An BR(s) ↘s (fjÐnousa): Sumperifor�
Avoid-the-Crowd (ATC).

Ta shmeÐa tom c thc BR(s) me th diqotìmo twn 45o

eÐnai oi jèseic twn SSI.

Sth perÐptwsh kajar c FTC sumperifor�c èqoume
pollapl� shmeÐa isorropÐac.

Sth perÐptwsh kajar c ATC sumperifor�c èqoume
monadikì shmeÐo isorropÐac.
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Prìblhma Koinwnik c BeltistopoÐhshc

Oi pel�tec den apofasÐzoun anex�rthta an ja mpoun me
b�sh to atomikì touc kèrdoc.

Up�rqei ènac kentrikìc elegkt c pou apofasÐzei thn
koin  gia ìlouc pijanìthta eisìdou p.

Krit rio tou elegkt  eÐnai h megistopoÐhsh tou
sunolikoÔ kèrdouc ìlwn twn pelat¸n an� mon�da
qrìnou.

Sunolikì kèrdoc

S(p) = Λp (R− CW (p)) = Λp

(
R− C

µ− Λp

)
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Koinwnik� Bèltistec Strathgikèc

Mia strathgik  po eÐnai koinwnik� bèltisth (  olik�
bèltisth,   apotelesmatik ) an

S(po) = max
0≤p≤1

S(p) = max
0≤p≤1

Λp (R− CW (p))

S ′(p) = Λ (R− CW (p)− pCW ′(p)) =

Λ
(
R− Cµ

(µ−Λp)2

)
.

S ′′(p) = − 2CµΛ2

(µ−Λp)3
, �ra h S(p) koÐlh.

H S(p) megistopoieÐtai ìtan to oriakì kèrdoc (marginal
profit) S ′(p) = 0.
Epomènwc h koinwnik� bèltisth strathgik  po
ikanopoieÐ thn exÐswsh

R−CW (p)− pCW ′(p) = 0⇔ Λ

(
R− Cµ

(µ− Λp)2

)
= 0
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Sqèsh AtomikoÔ kai KoinwnikoÔ Bèltistou

Je¸rhma

P�nta isqÔei po ≤ pe, kai λo ≤ λe.

O kentrikìc elegkt c af nei ligìterouc pel�tec na
qrhsimopoi soun to sÔsthma sugkritik� me thn
perÐptwsh pou k�je pel�thc apofasÐzei mìnoc tou an
ja mpei   ìqi.

GiatÐ sumbaÐnei autì?

To blèpoume sthn pr�xh?
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Sqèsh AtomikoÔ kai KoinwnikoÔ Bèltistou

Sthn perÐptwsh twn anex�rthtwn strathgik¸n pelat¸n:

H strathgik  SSI pe dÐnetai apì:

R− CW (pe) = 0

R− CW (pe)= kèrdoc tou Ðdiou tou pel�th an mpei sto
sÔsthma
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Sqèsh AtomikoÔ kai KoinwnikoÔ Bèltistou

Sthn perÐptwsh tou sunolikoÔ kèrdouc:

H koinwnik� bèltisth strathgik  po dÐnetai apì:

R− CW (po)− CW ′(po) = 0

R− CW (po) = kèrdoc tou oriakoÔ pel�th an mpei sto
sÔsthma

CW ′(p) = aÔxhsh thc mèshc kajustèrhshc ìlou tou
sust matoc an mpei o oriakìc pel�thc

dimgiannhs@math.uoa.gr PaÐgnia se Ourèc Anamon c



Di�rjrwsh Eisagwg  JewrÐa Anamon c Apl� PaÐgnia Mh parathr simh M/M/1 our� Apotelesmatikìthta Timolìghsh H parathr simh M/M/1 our� Epekt�seic Real Options BibliografÐa

Sqèsh AtomikoÔ kai KoinwnikoÔ Bèltistou

Epomènwc ìtan o pel�thc apofasÐzei mìnoc tou upologÐzei
mìno to dikì tou ìfeloc, en¸ o kentrikìc elegkt c
upologÐzei to ìfeloc tou pel�th apì thn eÐsodì tou all�
kai thn epÐdrash pou èqei aut  stouc upìloipouc pel�tec.

Aut  h epÐdrash onom�zetai exwterikìthta (externality) kai
eÐnai Ðsh me −CW ′(po) < 0 (negative externalities).
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Externalities

1 Negative Externality

H eÐsodoc enìc pel�th aux�nei thn kajustèrhsh
(dhlad  mei¸nei to kèrdoc) twn �llwn pelat¸n
λo < λe
Diaisjhtik� anamenìmenh perÐptwsh

2 Positive Externality

H eÐsodoc enìc pel�th mei¸nei thn kajustèrhsh
(dhlad  aux�nei to kèrdoc) twn �llwn pelat¸n
λo > λe
ParadeÐgmata: Server Vacations, Metablht  TaqÔthta
Exuphrèthshc

3 No Externality

H eÐsodoc enìc pel�th den èqei kami� epÐdrash sthn
kajustèrhsh twn �llwn pelat¸n
λo = λe
Par�deigma: LCFS with Reneging Decision
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To Prìblhma tou MonopwlÐou - Bèltisth
Timolìghsh

JewroÔme p�li th mh parathr simh our�.

Oi pel�tec apofasÐzoun anex�rthta an ja mpoun me
b�sh to atomikì touc kèrdoc.
O diaqeirist c tou sust matoc b�zei tim  eisìdou
(entrance fee) f , ¸ste na megistopoi sei to kèrdoc tou
an� qronÐkh mon�da.
Kèrdoc MonopwlÐou an� qronik  mon�da

Π(f) = Λpf

Zht�me th bèltisth tim  eisìdou fm pou megistopoieÐ to
kèrdoc tou monopwlÐou gia dedomènh strathgik  p twn
pelat¸n.
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'Ena IsodÔnamo Prìblhma

K�tw apì th tim  eisìdou f , oi pel�tec ja uiojet soun
thn antÐstoiqh strathgik  isorropÐac

pe =


0, R− f ≤ C

µ
µ− C

R−f
Λ

, C
µ
< R− f < C

µ−Λ

1, R− f ≥ C
µ−Λ

Sthn isorropÐa isqÔei

R− f − C

µ− Λpe
= 0⇔ f = R− C

µ− Λpe

Sthn isorropÐa, to kèrdoc tou diaqeirist  gÐnetai

Π(p) = Λp

(
R− C

µ− Λp

)
.

Zht�me th bèltisth strathgik  pm pou megistopoieÐ to
kèrdoc tou monopwlÐou

Π(pm) = max
0≤p≤1

Π(p)
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Sqèsh Koinwnik c BeltistopoÐhshc kai
Bèltistou Kèrdouc MonopwlÐou

Oi antikeimenikèc sunart seic tou monopwlÐou Π(p) kai thc
koinwnÐac S(p) sumpÐptoun. 'Ara

oi koinwnik� bèltistec strathgikèc po eÐnai kai
bèltistec gia to monop¸lio, dhl. pm = po kai
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Parathr seic

1 Autì sumbaÐnei diìti oi pel�tec eÐnai omoiogeneÐc, kai
�ra o diaqeirist c me thn eisagwg  mÐac tim c,
karp¸netai ìlo to koinwnikì ìfeloc, dhlad  den af nei
jetikì perij¸rio kèrdouc stouc pel�tec.

2 Ed¸ aÔxhsh sth z thsh (Λ) ep�gei meÐwsh sth tim 
(fm). An kai den eÐnai diaisjhtikì, dikaiologeÐtai apì th
meÐwsh sth poiìthta tou agajoÔ (aÔxhsh thc mèshc
anamon c) lìgw thc aÔxhshc sth z thsh kai �ra
ligìterh pragmatik  z thsh (Λp).

3 To parap�nw mac dÐnei kai èna trìpo rÔjmishc thc
sumperifor�c twn pelat¸n mèsw timolìghshc thc
eisìdou sto sÔsthma, ¸ste autoÐ na uiojetoÔn
koinwnik� bèltistec strathgikèc, ìtan sumperifèrontai
atomikistik�.
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Strathgik  Sumperifor� se parathr simh
M/M/1 our� (Naor (1969))

Oi pel�tec pou ft�noun sto sÔsthma gnwrÐzoun to
mègejoc thc our�c prin p�roun thn apìfash eisìdou.

Oi apof�seic twn pelat¸n pou ft�noun exart¸ntai apì
ton arijmì pelat¸n pou brÐskontai sto sÔsthma kat�
th stigm  �fixhc (dunamikèc strathgikèc).
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Strathgik  Sumperifor� se parathr simh
M/M/1 our� (Naor (1969))

To Montèlo

DiadikasÐa afÐxewn Poisson rujmoÔ Λ.

EkjetikoÐ i.i.d. Qronoi Exuphrèthshc me µ = rujmìc
exuphrèthshc.

1 uphrèthc, ∞ qwrhtikìthta, FCFS peijarqÐa.

R = axÐa exuphrèthshc met� thn olokl rws  thc.

C = kìstoc an� qronik  mon�da paramon c sto
sÔsthma.

f = tim  eisìdou sto sÔsthma pou jètei o diaqeirist c.

K�je pel�thc pou fj�nei sto sÔsthma apofasÐzei an
ja mpeÐ (join)   ìqi (balk), gnwrÐzontac ton arijmì twn
parìntwn pelat¸n sto sÔsthma.
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Strathgik  Sumperifor� Pelat¸n

Oi pel�tec lamb�noun apof�seic eisìdou/anaq¸rhshc
afoÔ parathr soun th katastash tou sust matoc kat�
th stigm  thc �fix c touc.
n = #pelat¸n sto sÔsthma. Dedomènou tou n:

oi kajarèc strathgikèc enìc pel�th eÐnai eÐte na mpeÐ
(1)   na mh mpeÐ (0)
oi meiktèc strathgikèc dÐnontai apì to di�nusma
pijanot twn p = (p0, p1, . . . , pn, . . .), ìpou pn ∈ [0, 1]
pij. eisìdou ìtan up�rqoun n pel�tec sto sÔsthma.

An o pel�thc mpei
H kajustèrhs  tou den exart�tai apì th strathgik 
twn paikt¸n kai eÐnai Ðsh me Wn = n+1

µ .
To kèrdoc tou ja eÐnai Ðso me

Un(p; q) = (1− pn) · 0 + pn

(
R− f − Cn+ 1

µ

)
.
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Strathgikèc katwflÐou

O pel�thc ja mpeÐ an kai mìno an Un ≥ 0.

Epomènwc h strathgik  �mpec an n ≤ b (R−f)µ
C
c − 1,

alli¸c fÔge� eÐnai SSI, wc kuriarqoÔsa strathgik .

Strathgik  �katwflÐou� (threshold strategy):

ne = b (R−f)µ
C
c kat¸fli eisìdou.

Parathr seic:

1 H bèltisth ap�nthsh ènanti mÐac strathgik c
katwflÐou twn upìloipwn pelat¸n eÐnai epÐshc
strathgik  katwflÐou.

2 H bèltisth ap�nthsh eÐnai fjinousa wc proc tic
strathgikèc katwflÐou.

3 H sumperifor� pelat¸n eÐnai Avoid-The-Crowd.
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Prìblhma Koinwnik c BeltistopoÐhshc

O koinwnikìc diaqeirist c epijumeÐ na megistopoi sei to
sunolikì ìfeloc ìlwn epib�lontac stajer  tim 
eisìdou f gia ìlouc touc pel�tec.

Dedomènhc thc f , oi pel�tec leitourg¸ntac
atomikistik� ja uiojet soun to kat¸fli isorropÐac

ne = b (R−f)µ
C
c kai tìte to sÔsthma sth st�simh

kat�stash ja sumperifèretai wc M/M/1/ne.
Ara, o sunolikìc ploÔtoc ja exart�tai apì to kat¸fli
n kai dÐnetai apo:

S(n) = λ∗R− CE[N ], me

λ∗ =
∑n−1

k=0 λpk = Λ(1− pn)
E[N ] =

∑n
k=0 kpk

pk = (1−ρ)ρk

1−ρn+1 , 0 ≤ k ≤ n (st�simh katanom ).
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atomikistik� ja uiojet soun to kat¸fli isorropÐac

ne = b (R−f)µ
C
c kai tìte to sÔsthma sth st�simh

kat�stash ja sumperifèretai wc M/M/1/ne.
Ara, o sunolikìc ploÔtoc ja exart�tai apì to kat¸fli
n kai dÐnetai apo:

S(n) = λ∗R− CE[N ], me

λ∗ =
∑n−1

k=0 λpk = Λ(1− pn)
E[N ] =

∑n
k=0 kpk

pk = (1−ρ)ρk

1−ρn+1 , 0 ≤ k ≤ n (st�simh katanom ).
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Koinwnik  BeltistopoÐhsh

Ara, o sunolikìc ploÔtoc dÐnetai apo:

S(n) = ΛR
1− ρn

1− ρn+1
− C

[
ρ

1− ρ
− (n+ 1)ρn+1

1− ρn+1

]

ApodeiknÔetai ìti h S(n) eÐnai monokìrufh me mègisto
sto no.

no = max
{
n : n+ρn+1−(n+1)ρ

(1−ρ)2
≤ Rµ

C

}
.

To aristerì mèloc thc anisìthtac eÐnai aÔxousa
sun�rthsh tou n.
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Koinwnik� Bèltistec Strathgikèc KatwflÐou

H koinwnik� bèltisth strathgik  katwflÐou eÐnai h no.

Ep�getai èmmesa apì ton diaqeirist , jètontac tim  fo
tètoia ¸ste:

no = b(R− fo)µ
C

c.

dhlad , gia opoiad pote tim  fo me

R− C(no − 1)

µ
≤ fo ≤ R− Cno

µ

IsqÔei ìti no ≤ ne(0) me ne(0) = bRµ
C
c, dld an oi

pel�tec mpaÐnoun qwrÐc na plhr¸soun thn eÐsodo
(f = 0).
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BeltistopoÐhsh Kèrdouc MonopwlÐou

Monop¸lio epilègei tim  fm ¸ste na megistopoi sei to
kèrdoc tou an� qronik  mon�da.
Gia dedomènh tim  eÐsìdou f , oi pel�tec k�tw apì thn
atomik  touc beltistopoÐhsh epilègoun to kat¸fli
ne(f) kai to kèrdoc tou diaqeirist  an� qronik  mon�da
eÐnai

Π = Λ
1− ρne(f)

1− ρne(f)+1
· f

Diatup¸noume to isodÔnamo prìblhma, ekfr�zontac thn
Π sunart sei tou katwflÐou n, wc ex c:

Gia na epiteuqjeÐ kat¸fli n ja prèpei na tejeÐ tim  f

tètoia ¸ste n = b (R−f)µ
C c kai h f na eÐnai h mègisth

dunat .
f = R− Cn

µ

Π(n) = Λ 1−ρn(f)
1−ρn(f)+1 ·

(
R− Cn

µ

)
.
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Beltistec Strathgikèc KatwflÐou gia to
Monop¸lio

1 ApodeiknÔetai ìti h Π(n) eÐnai monokìrufh.
2 Parousi�zei mègisto sto nm me

nm = max

{
n : n+

(1− ρn−1)(1− ρn+1)

ρn−1(1− ρ)2
≤ Rµ

C

}
.

3 To aristerì mèloc thc anisìthtac eÐnai aÔxousa
sun�rthsh tou n �ra up�rqei monadikì nm.

4 ApodeiknÔetai ìti nm ≤ no ≤ ne(0).
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Merikèc Epekt�seic

1 Diaforetikèc KathgorÐec (Kl�seic) Pelat¸n
Sust mata Exuphrèthshc me Proteraiìthtec.
Timolìghsh an� kathgorÐa.
Sust mata DhmoprasÐac gia Agor� Proteraiìthtac.
Pricing Internet and Broadband Services.

2 Server Vacations

'Otan to sÔsthma adei�sei o stajmìc stamat� kai
asqoleÐtai me k�ti �llo
Epistrèfei ìtan sugkentrwjoÔn N pel�tec sthn our�

3 Dunamikìc Rujmìc Exuphrèthshc
O stajmìc exuphreteÐ me taqÔthta pou exart�tai apì
to sunwstismì tou sust matoc
Par�deigma: µ = µl ìtan n ≤ T , µ = µh ìtan n > T ,
ìpou µh > µl.

4 EpÐdrash thc PlhroforÐac
Kat� thn �fix  tou o pel�thc mporeÐ na paÐrnei
ligìterh   perissìterh plhroforÐa sqetik� me thn
kat�stash tou sust matoc.
P¸c epidr� aut  h diab�jmish thc plhrofìrhshc sth
diamìrfwsh SSI?
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