
JewrÐa KindÔnou MAP

Exet�seic 8 IounÐou 2012

1. [BajmoÐ 1] Apo tic parak�tw sunart seic, poièc eÐnai sunart seic wfelimìthtac kai poièc
antistoiqoÔn se kindunìfobo �tomo? Wc pedÐo orismoÔ gia kajemÐa jewroÔme to (0,∞).

x3, 1/x, −e−x, log x, cos(x), x+
√
x, x−

√
x+ 1

2. [BajmoÐ 2] DÔo �toma A,B èqoun arqikèc periousÐec wA = 1 kai wB = 10 antÐstoiqa, kai
sunart seic wfelimìthtac uA(x) = log x, uB(x) = −1/x (orÐzontai mìno sto (0,∞)). O A
èqei dikaÐwma se tuqaÐo kèrdoc X pou akoloujeÐ thn omoiìmorfh katanom  sto di�sthma (0, 1).
SuzhtoÔn to endeqìmeno o A na paraqwr sei to dikaÐwma ston B kai na p�rei apo ton B posì
K. Poièc eÐnai oi timèc K tou gia tic opoÐec sumfwnoÔn kai oi dÔo gia thn sunallag ?

3. [BajmoÐ 3] JewroÔme �tomo me arqik  periousÐa w = 10 kai sun�rthsh wfelimìthtac

u(x) =

{
− 1

1+x
an x ≥ 0

x− 1 an x < 0.

To �tomo antimetwpÐzei kÐnduno pou paÐrnei tic timèc 10 kai 6, me pijanìthta 1/2 thn kajemÐa.

(a) Gia poi� asf�lish uperb�llontoc zhmÐac Ix1(X) = (X − x1)+ èqoume E(Ix1(X)) = 4?

(b) Na upologisteÐ to mègisto tÐmhma Gx1 pou protÐjetai na plhr¸sei to �tomo gia na ago-
r�sei thn asf�lish Ix1(X) tou erwt matoc (a).

4. [BajmoÐ 3] DÐnetai qartoful�kio n = 106 anex�rthtwn isìnomwn kindÔnwn ¸ste o kajènac
èqei mèsh tim  µ = 4, diaspor� σ2 = 9, kai pragmatopoieÐtai (anex�rthta apì touc upìloipouc)
me pijanìthta q = 1/26. 'Estw S to sÔnolo twn zhmi¸n. Plhr¸noume gia thn pl rh asf�lish
tou qartofulakÐou to posì (1 + r)E(S).

(a) Gia poièc timèc tou r h pijanìthta to asf�listro na mhn eparkèsei gia thn k�luyh twn
kindÔnwn pou ja pragmatopoihjoÔn eÐnai mikrìterh apì 0.01?

(b) 'Estw m to pl joc twn kindÔnwn pou pragmatopoioÔntai. Poi� eÐnai h mèsh tim  tou m?

Gia th sun�rthsh katanom c thc tupik c kanonik c dÐnetai ìti Φ(−2.33) = 0.01, Φ(2.33) = 0.99.
EpÐshc, na qrhsimopoihjeÐ h prosèggish q(1− q) ≈ q.

5. [BajmoÐ 2] 'Estw tuqaÐa metablht  A pou akoloujeÐ thn omoiìmorfh katanom  sto (0, 1) kai
X tuqaÐa metablht  h opoÐa dedomènou ìti h A èqei p�rei thn tim  a, akoloujeÐ thn ekjetik 
katanom  me par�metro a. Dhlad  fX|A(x|A = a) = ae−ax1x>0. Na upologisteÐ h puknìthta
thc X.

6. [BajmoÐ 2] JewroÔme th diadikasÐa pleon�smatoc (U(s))s≥0 me perij¸rio asf�leiac θ = 1/3
kai zhmièc {Xi : i ≥ 1} anex�rthtec isìnomec tuqaÐec metablhtèc, kajemÐa me puknìthta

f(x) =

{
1
2
(2e−2x + e−x) gia x > 0,

0 gia x ≤ 0

oi opoÐec sumbaÐnoun me b�sh mia omogen  diadikasÐa Poisson me par�metro m = 3.

(a) Poi� eÐnai h ropogenn tria thc X1?

(b) Na upologisteÐ o suntelest c prosarmog c gia thn diadikasÐa.

H di�rkeia thc exètashc eÐnai 2.5 ¸rec. KALH EPITUQIA!



LÔseic

JEMA 1. Sth lÐsta pio k�tw, h pr¸th ap�nthsh lèei an h dedomènh sun�rthsh eÐnai sun�rthsh
wfelimìthtac, kai h deÔterh an epiplèon antistoiqeÐ se kindunìfobo �tomo.

x3 Nai, Oqi. Den eÐnai koÐlh
1/x 'Oqi. EÐnai fjÐnousa
−e−x Nai, Nai.
log x Nai, Nai.
cos(x) 'Oqi. EÐnai fjÐnousa sto[0, π/2], kai se poll� diast mata akìma.
x+
√
x Nai, Nai.

x−
√
x+ 1 Nai, 'Oqi. Den eÐnai koÐlh

Sthn exètash prèpei kaneÐc na dikaiolog sei qwrist� k�je gramm . Gia par�deigma h u(x) = x−
√

1 + x
eÐnai sun�rthsh wfelimìthtac afoÔ eÐnai aÔxousa (sto (0,∞)). Kai autì isqÔei giatÐ h par�gwgoc thc

f ′(x) = 1− 1

2
√

1 + x
≥ 1

2

eÐnai jetik . 'Omwc den antistoiqeÐ se kindunìfobo �tomo afoÔ den eÐnai koÐlh, giatÐ h deÔterh par�gwgoc

f ′′(x) =
1

4
(1 + x)−3/2 > 0

eÐnai jetik  (�ra h f eÐnai gn sia kurt ).

JEMA 2. Me b�sh thn arq  thc wfelimìthtac, to �tomo A sumfwneÐ sthn sunallag  an kai mìno �n
isqÔei

E{uA(1 +X)} ≤ uA(1 +K).

To aristerì mèloc isoÔtai me∫ 1

0
log(1 + x)dx =

∫ 2

1
log ydy = y log y − y|21 = 2 log 2− 2− (1 log 1− 1) = 2 log 2− 1 = log(4/e).

'Ara h pio p�nw anisìthta dÐnei 4/e ≤ 1 +K, dhlad 

K ≥ 4

e
− 1 ≈ 0.471

'Omoia, to �tomo B sumfwneÐ me thn sunallag  an kai mìno an

E{uB(10−K +X)} ≥ uB(10). (1)

SÐgoura prèpei na isqÔei K ≤ 1 giatÐ to kèrdoc X eÐnai to polÔ 1. 'Ara 10−K+X > 0, kai to aristerì
mèloc thc pio p�nw anisìthtac isoÔtai me

−
∫ 1

0

1

10−K + x
dx = − log(10−K + x)|10 = −{log(11−K)− log(10−K)} = − log

(
1 +

1

10−K

)
.

'Ara h (1) isodunameÐ me

log

(
1 +

1

10−K

)
≤ 1

10
⇐⇒ ...⇐⇒ K ≤ 10− 1

e1/10 − 1
≈ 0.491

Epomènwc, oi timèc tou K gia tic opoÐec sumfwnoÔn kai ta dÔo �toma sthn sunallag  eÐnai oi K ∈
[0.471, 0.491].

JEMA 3. (a) Jèloume èna x1 pou na ikanopoieÐ thn

E(X − x1)+ =
1

2
{(10− x1)+ + (6− x1)+} = 4.

An upojèsoume ìti x1 > 6, h mèsh tim  mporeÐ na gÐnei to polÔ (10− 6)/2 = 2 pou eÐnai mikrìtero tou
4. 'Ara anagkastik� prèpei x1 < 6, kai h exÐswsh gÐnetai 10− x1 + 6− x1 = 8. Dhlad  x1 = 4.



(b) Kat' arq�c, upologÐzoume th mèsh wfelimìthta tou atìmou an den asfalisteÐ.

E{u(w −X)} =
1

2
{u(0) + u(4)} = −1

2

(
1

1
+

1

5

)
= −3

5
. (2)

'Epeita, h mèsh wfelimìthta an agor�sei thn asf�lish tou (a) se tim  G eÐnai

E {u (w −G−X ∧ x1)} = E {u (10−G−X ∧ 4)} = u(10−G− 4) = u(6−G). (3)

To mègisto G gia to opoÐo to �tomo dèqetai na asfalisteÐ eÐnai ekeÐno gia to opoÐo h teleutaÐa posìthta
isoÔtai me −3/5. Epeid  u(0) = −1 kai h u eÐnai aÔxousa, prèpei 6 − G > 0, opìte gia to u(6 − G)
paÐrnoume ton pr¸to kl�do thc u. H exÐswsh −1/(1 + 6−G) = −5/3 èqei lÔsh G = 16/3 ≈ 5.33 pou
eÐnai mikrìterh tou 6. 'Ara Gx1 = 16/3.

JEMA 4. (a) Zht�me na isqÔei

0.01 ≥ P(S > (1 + r)E(S)) = P

(
S −E(S)√

Var(S)
> r

E(S)√
Var(S)

)
≈ 1− Φ

(
r

E(S)√
Var(S)

)
.

H teleutaÐa prosèggish prokÔptei apo to kentrikì oriakì je¸rhma. 'Ara

Φ

(
r

E(S)√
Var(S)

)
≥ 0.99 = Φ(2.33).

Epeid  h Φ eÐnai gnhsÐwc aÔxousa, autì isodunameÐ me

r
E(S)√
Var(S)

≥ 2.33

Dhlad 

r ≥ 2.33

√
Var(S)

E(S)
.

T¸ra, kat� ta gnwst�

Var(S) = nqσ2 + nq(1− q)µ2 ≈ nq(σ2 + µ2) = 25nq,

kai E(S) = nqµ = 4nq. 'Ara √
Var(S)

E(S)
=

5

4
√
nq

=
5

4
√

56
=

1

100
,

kai h sunj kh gia to r eÐnai r ≥ 0.0233.

(b) Gia k�je i = 1, 2, . . . , n, jewroÔme thn tuqaÐa metablht 

Ii :=

{
1 an o kÐndunoc i pragmatopoieÐtai,

0 an o kÐndunoc i den pragmatopoieÐtai.

Tìte m =
∑n

i=1 Ii, kai E(m) =
∑n

i=1E(Ii) = nE(I1) = nq = 56.

JEMA 5. 'Estw fA h puknìthta thc A. H fA isoÔtai me 1 sto (0, 1) kai me mhdèn alloÔ. Kat� ta
gnwst�

fX(x) =

∫
R
fX|A(x|A = a)fA(a)da =

∫ 1

0
fX|A(x|A = a)da.

'Otan x ≤ 0, h sun�rthsh sto olokl rwma isoÔtai me 0, opìte kai to olokl rwma isoÔtai me 0. Gia
x > 0, to olokl rwma isoÔtai me∫ 1

0
ae−axda = . . . =

1− (1 + x)e−x

x2
.

O upologismìc gÐnetai me qr sh olokl rwshc kat� par�gontec. 'Ara h puknìthta thc X eÐnai

fX(x) =

{
1−(1+x)e−x

x2 an x > 0,

0 an x ≤ 0.



JEMA 6. (a) Gia k�je t ∈ R, èqoume

MX(t) = E(etX) =
1

2

(∫ ∞
0

etx2e−2xdx+

∫ ∞
0

etxe−xdx

)
To pr¸to olokl rwma eÐnai h ropogen tria thc ekjetik c katanom c me par�metro 2, kai to deÔtero thc
ekjetik c me par�metro 1. Apì to tupolìgio, h ropogenn tria thc ekjetik c me par�metro a > 0 eÐnai

h(t) =

{
a

a−t an t < a

∞ an t ≥ a.

'Ara

MX(t) =

{
1
2

(
2

2−t + 1
1−t

)
an t < 1

∞ an t ≥ 1.

(b) H mèsh tim  thc X upologÐzetai me an�logo skeptikì ìpwc h ropogenn tria sto prohgoÔmeno
er¸thma, kai prokÔptei wc

p1 =
1

2

(
1

2
+ 1

)
=

3

4
.

H exÐswsh gia to suntelest  prosarmog c eÐnai

1 + (1 + θ)p1r = MX(r).

Opoiad pote lÔsh ja prèpei na ikanopoieÐ r < 1 (¸ste h ropogen tria na eÐnai peperasmènh), kai gia
aut� ta r h exÐswsh gÐnetai

1 +
4

3

3

4
r =

1

2− r
+

1

2(1− r)
⇔ r =

1

2− r
+

1

2(1− r)
− 1 =

−r(2r − 3)

2(2− r)(1− r)
.

Epeid  h r = 0 den eÐnai apodekt  lÔsh, h teleutaÐa isìthta gÐnetai

1 =
3− 2r

2(2− r)(1− r)
⇔ 2(r2 − 3r + 2) = 3− 2r ⇔ 2r2 − 4r + 1 = 0.

Apì tic dÔo lÔseic

r =
4±
√

8

4
= 1±

√
2

2
,

dekt  gÐnetai h

r = 1−
√

2

2
giatÐ prèpei r < 1.


