
Ask seic sta kef�laia 1-5

1. Gia ènan kÐnduno me gewmetrik  katanom  me par�metro q ∈ (0, 1) (dhlad  P (X = k) = (1− q)kq gia
k = 0, 1, 2, . . .) na brejeÐ to asf�listro basismèno sthn arq  thc mègisthc ap¸leiac gia dedomèna p kai
ε.

2. Gia ènan kÐnduno me omoiìmorfh katanom  sto (0, 4) na brejoÔn ta asf�listra basismèna stic arqèc
thc diaspor�c kai thc hmidiaspor�c.

3. Sto paiqnÐdi thc AgÐac PetroÔpolhc ('Askhsh 1, sel. 37), poi� eÐnai h mèsh tim  tou kèrdouc tou
paÐqth?

4. TropopoioÔme to paiqnÐdi thc AgÐac PetroÔpolhc wc ex c. Epilègoume ènan fusikì arijmì N > 1.
An emfanisteÐ gia pr¸th for� kor¸na sthn rÐyh n, o paÐkthc kerdÐzei 2n an n ≤ N en¸ diaforetik� den
kerdÐzei tÐpota. 'Estw K to kèrdoc tou paÐqth.

(a) Poi� eÐnai h mèsh tim  tou K?
(b) An sthn perÐptwsh pou pio p�nw sumbeÐ n > N o paÐkthc kerdÐzei èna stajerì posì A, poi�

eÐnai h mèsh tim  tou K?

5. An gia thn tuqaÐa metablht  X isqÔei P (X = 2n) = (1/2)n gia k�je n ≥ 1, na brejeÐ h wfelimìthta
thc gia èna �tomo pou èqei sun�rthsh wfelimìthtac u(x) = log x (dhl. h E(u(X))).

6. 'Askhsh 9, selÐda 39.

7. Poièc apo tic parak�tw sunart seic mporoÔn na èqoun to rìlo thc sunarthshc wfelimìthtac gia èna
logikì kindunìfobo �tomo? Wc pedÐo orismoÔ kajemÐac jewroÔme to (0,∞).

log x, ex, e−x, sinx,−1/x, x2, x1/3.

8. 'Askhsh 16, selÐda 53.

9. 'Ena �tomo èqei periousÐa w kai antimetwpÐzei ènan kÐnduno pou katanèmmetai omoiìmorfa sto (0, a)
(upojètoume ìti a < w, dhl. den kinduneÔei me qreokopÐa). H sun�rthsh wfelimìthtac to atìmou eÐnai

u(x) =

{
x(2w − x) x ∈ (0, w),
w2 x ≥ w.

(a) EÐnai to �tomo kindunìfobo   kindunìfilo?
(b) Poi� eÐnai mèsh tim  tou kindÔnou?
(g) Poiì eÐnai to mègisto posì pou to �tomo protÐjetai na plhr¸sei gia na asfalisteÐ apènanti ston

kÐnduno?

10. 'Ena �tomo me periousÐa w1 = 5 antimetwpÐzei tuqaÐo kÐnduno X pou paÐrnei tic timèc 1, 4. To �tomo
èqei sun�rthsh wfèleiac u1(x) = log x kai jewreÐ ìti P (X = 1) = P (X = 4) = 1/2. O asfalist c èqei
periousÐa w2 = 20, sun�rthsh wfèleiac u2(x) =

√
x, kai jewreÐ ìti P (X = 1) = 1/3, P (X = 4) = 2/3.

(a) Pìso eÐnai to mègisto posì pou to �tomo protÐjetai na katab�lei gia na asfalisteÐ. Pìso eÐnai
to elaqisto posì pou dèqetai o asfalist c gia na par�xei k�luyh. Telik� proqwroÔn ta dÔo
merh se sumfwnÐa?

(b) An kai o asfalist c jewreÐ ìti P (X = 1) = P (X = 4) = 1/2, tìte poiì eÐnai to el�qisto posì
pou zht�ei?

11. 'Askhsh 5 (i), selÐda 71.
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Sqìlia

1. Sqèsh (4), sel. 19. To ξε prèpei na eÐnai sto N giatÐ mìno stouc m  arnhtikoÔc akeraÐouc all�zei
tim  h P (X > x). UpologÐzoume thn P (X > x) = P (X ≥ x+ 1) gia x ∈ N kai brÐskoume

ξε = d log ε
log(1− q)

− 1e.

Me dze := min{k ∈ Z : z ≤ k} ton akèraio amèswc megalÔtero apo to z.

2. Sqèsh (5), sel. 20. H diaspor� thc U(0, 4) eÐnai 4/3 kai h hmidiaspor� 2/3, gia lìgouc summetrÐac
tuqaÐnei na eÐnai to misì thc diaspor�c.

3. ∞

4. (a) N . (b) N + 2−NA.

5. 2 log 2. Qrhsimopoi ste thn sqèsh

∞∑
n=1

nxn−1 =
1

(1− x)2

gia |x| < 1.

6. Zht�me u(π) = E(u(X)) ìpou X eÐnai to tuqìn kèrdoc tou paiqnidioÔ. Ja qreiasteÐte th sqèsh
∞∑
n=1

xn =
x

1− x
.

ShmeÐwsh: Parag¸gish aut c dÐnei to �jroisma thc 'Askhshc 5.

7. Oi deÔterh, trÐth, tètarth, kai èkth den eÐnai. Zht�me aÔxousa kai koÐlh.

8. Gia ton upologismì tou Gmin odhgeÐtai kaneÐc sthn exÐswsh 3G2 + 3wG − 2w2 = 0, mìno mÐa rÐza
thc eÐnai jetik . Gia ton upologismì tou Kmax, h exÐswsh eÐnai 3K2 − 9wK + 4w2 = 0. Mìno mia lÔsh
thc eÐnai mikrìterh tou w.

ShmeÐwsh: To Kmax mporeÐ na upologisteÐ kai me èna trik. Dhlad  isqÔei Kmax = w −Gmin. Autì to
blèpoume wc ex c. H exÐswsh gia to Gmin eÐnai

u(w) = E(u(w +Gmin −X)) (1)

en¸ gia to Kmax eÐnai u(w) = E(u(w−Kmax +X)). Epeid  ìmwc X ∼ U(0, w), èpetai ìti h X èqei thn
Ðdia katanom  me thn w −X. 'Ara

u(w) = E(u(w −Kmax + w −X)).

SugkrÐnontac me thn (1) èpetai Gmin = −Kmax + w.

9. (g) Me qr sh thc (1) sel. 43 brÐskoume G = a/
√

3.

10. (a) Me qr sh thc (1), sel. 43, brÐskoume Gmax = 3, kai me qr sh thc (2), sel. 44, kai Mathematica
brÐskoume Gmin = 85 − 8

√
105 ≈ 3.02439 (h mình lÔsh thc 97 = 5x + 4

√
(19 + x)(16 + x)) . Den

gÐnetai sumfwnÐa. O asfalist c dÐnei sto endeqìmeno zhmi�c megèjouc 4 megalÔterh pijanìthta apo oti
o asfalizìmenoc.

(b) T¸ra Gmin = 809/320 = 2.528125. GÐnetai sumfwnÐa.

11. BrÐskoume ìti λ = 1/2 kai x1 = 3/4. Gia tic diasporèc qrhsimopoioÔme ton tÔpo Var(Y ) =
E(Y 2)− (EY )2.


