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Endi�mesh Exètash � 14 IanouarÐou 2012

1. JewroÔme to R me thn sun jh metrik . Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc
  yeudeÐc (aitiolog ste thn ap�nths  sac):

(a) An Q ⊆ A, tìte to A eÐnai puknì uposÔnolo tou R.

(b) An A ⊆ [0, 1] kai A′ = [0, 1], tìte to A eÐnai uperarijm simo. Me A′ sumbolÐzoume
to sÔnolo twn shmeÐwn susss¸reushc tou A.

(g) An A,B ⊆ R tìte (A ∩B)◦ = A◦ ∩B◦.

(d) An A ⊆ B ⊆ R kai to x0 eÐnai memonwmèno shmeÐo tou A, tìte to x0 eÐnai memonwmèno
shmeÐo tou B.

(3m)

2. (a) 'Estw (X, d) metrikìc q¸roc kai A ⊆ X. ApodeÐxte ìti A′ = (A)′. Dhlad , ta A
kai A èqoun ta Ðdia shmeÐa suss¸reushc.

(b) JewroÔme ton Rm me thn EukleÐdeia metrik . ApodeÐxte ìti: an A eÐnai fragmèno
uposÔnolo tou Rm kai an x, y ∈ A◦ tìte ‖x− y‖2 < diam(A).

IsqÔei to antÐstoiqo apotèlesma se k�je metrikì q¸ro?
(3m)

3. (a) 'Estw f : (X, d) → (Y, σ) suneq c sun�rthsh. ApodeÐxte ìti: gia k�je mh kenì
A ⊆ X,

f(A) ⊆ f(A) kai diam(f(A)) = diam(f(A)).

(b) 'Estw f : R→ R. To gr�fhma thc f eÐnai to sÔnolo

G(f) = {(x, f(x)) : x ∈ R} ⊆ R2.

ApodeÐxte ìti: an h f eÐnai fragmènh kai an to gr�fhma G(f) thc f eÐnai kleistì, tìte h
f eÐnai suneq c.

(3m)

4. (a) 'Estw f : (X, d) → (Y, σ) omoiìmorfa suneq c sun�rthsh. ApodeÐxte ìti: an h
(xn) eÐnai basik  akoloujÐa ston (X, d) tìte h (f(xn)) eÐnai basik  akoloujÐa ston (Y, σ).

(b) 'Estw (X, d) metrikìc q¸roc kai èstw D puknì uposÔnolo tou X, G anoiktì kai
puknì uposÔnolo tou X. ApodeÐxte ìti to G ∩D eÐnai puknì uposÔnolo tou X.

(3m)

Kal  epituqÐa!


