
Jemèlia twn Majhmatik¸n (2008�09)

Sunart seic � Ask seic

1. Oi parak�tw sunart seic èqoun pedÐo tim¸n to R kai pedÐo orismoÔ k�poio
uposÔnolo tou R. BreÐte se k�je perÐptwsh poiì eÐnai to megalÔtero dunatì pedÐo
orismoÔ:

h(x) = lnx, α(v) = −v, j(β) =
1

β2 − 1
, g(u) = ln(ln(cos u)).

2. Oi parak�tw sunart seic èqoun pedÐo tim¸n to R kai pedÐo orismoÔ k�poio
uposÔnolo tou R. BreÐte se k�je perÐptwsh poiì eÐnai to megalÔtero dunatì pedÐo
orismoÔ:

V (t) = ln(1− t2), y = ln(sin2 x), ρ =
√

(u− 1)(u− 2)(u− 3)(u− 4).

3. ProsdiorÐste thn eikìna gia tic akìloujec sunart seic f : R → R:
(a) f(x) = x3.

(b) f(x) = x− 4.
(g) f(x) = ex + 3.

(d) f(x) =
{

1/x an x 6= 0
0 an x = 0

4. Gia kajemi� apì tic sunart seic thc 'Askhshc 3 exet�ste an (san sun�rthsh apì
to R sto R) eÐnai: (a) 1− 1, (b) epÐ, (g) 1− 1 kai epÐ.

5. ProsdiorÐste thn eikìna gia tic akìloujec sunart seic f, g : R → R:
(a) f(x) = x2 + 2x + 2, g(x) = x2 + cos x.

(b) f(x) = |x|, g(x) = 1/x an x 6= 0 kai g(0) = 0.
(g) f(x) = x2 + x− |x|2, g(x) = x16 + x.

6. Gia kajemi� apì tic sunart seic thc 'Askhshc 5 exet�ste an (san sun�rthsh apì
to R sto R) eÐnai: (a) 1− 1, (b) epÐ, (g) 1− 1 kai epÐ.

7. D¸ste par�deigma sun�rthshc f : Z → Z pou na eÐnai:

(a) 1− 1 all� ìqi epÐ.

(b) epÐ all� ìqi 1− 1.
(g) 1− 1 kai epÐ.

(d) oÔte 1− 1 oÔte epÐ.

8. 'Estw S to sÔnolo twn dÐskwn sto epÐpedo kai èstw f : S → R h sun�rthsh pou
orÐzetai wc ex c: f(x) =to embadìn tou x. Exet�ste an (a) h f eÐnai èna proc èna,
(b) h f eÐnai epÐ.



9. 'Estw T to sÔnolo twn kÔklwn me kèntro thn arq  twn axìnwn sto epÐpedo kai
èstw g : T → R+ h sun�rthsh pou orÐzetai wc ex c: g(x) =to m koc thc perifèreiac
tou x. Exet�ste an (a) h g eÐnai èna proc èna, (b) h g eÐnai epÐ.

10. An A = {1, 2} kai B = {a, b, c}, pìsec diaforetikèc sunart seic up�rqoun apì
to A sto B? Pìsec apì to B sto A? Se k�je perÐptwsh, pìsec apì autèc eÐnai
1− 1 kai pìsec apì autèc eÐnai epÐ? Pìsec eÐnai 1− 1 kai epÐ?

11. 'Estw A èna sÔnolo me m stoiqeÐa kai B èna sÔnolo me n stoiqeÐa (m,n ∈ N).
Na brejeÐ to pl joc twn sunart sewn apì to A sto B.

12. An A = ∅ kai B 6= ∅, deÐxte ìti up�rqei akrib¸c mÐa sun�rthsh apì to A sto B
kai ìti den up�rqei sun�rthsh apì to B sto A. Up�rqei sun�rthsh apì to ∅ sto ∅?

13. DÐnontai oi sunart seic f, g kai h : N → N pou orÐzontai wc ex c:

(a) f(n) = n + 1.
(b) g(n) = 2n.

(g) h(n) =
{

0 an o n eÐnai �rtioc
1 an o n eÐnai perittìc

ProsdiorÐste tic sunart seic f ◦ f , f ◦ g, g ◦ f , g ◦ h, h ◦ g kai (f ◦ g) ◦ h.

14. DÐnontai sunart seic f kai g tètoiec ¸ste na orÐzetai h sÔnjesh g ◦ f . DeÐxte
ìti:

(a) An h g ◦ f eÐnai epÐ, tìte h g eÐnai epÐ.

(b) An h g ◦ f eÐnai 1− 1, tìte h f eÐnai 1− 1.
D¸ste paradeÐgmata sunart sewn f kai g pou na deÐqnoun ìti den isqÔoun oi an-
tÐstrofec sunepagwgèc: mporeÐ h g na eÐnai epÐ en¸ h g ◦ f ìqi, mporeÐ h f na eÐnai
1− 1 all� h g ◦ f ìqi.

15. An oi f : A → B kai g : B → C eÐnai 1 − 1 kai epÐ, deÐxte ìti h g ◦ f : A → C
eÐnai 1− 1 kai epÐ.

16. An f : A → B eÐnai sun�rthsh, U, V ⊆ A kai X, Y ⊆ B, deÐxte ìti:

(a) f(∅) = ∅, f−1(∅) = ∅, f−1(B) = A.

(b) f(U ∩ V ) ⊆ f(U) ∩ f(V ).
(g) An h f eÐnai 1− 1, tìte f(U ∩ V ) = f(U) ∩ f(V ).
(d) f−1(X ∪ Y ) = f−1(X) ∪ f−1(Y ).
(e) f−1(X ∩ Y ) = f−1(X) ∩ f−1(Y ).
(st) f−1(B \X) = A \ f−1(X).

17. Gia tic parak�tw sunart seic elègxte an up�rqei dexiì antÐstrofo  /kai aris-
terì antÐstrofo. An up�rqei, breÐte to.

(a) f : R → R, f(x) = 4x + 2.
(b) g : R → R+, g(x) = x2.



18. Gia tic sunart seic f kai g thc 'Askhshc 17 breÐte ta sÔnola f([−1, 1]),
f−1([0, 2]), g([−3,−2]) kai g−1([2, 4]).

19. BreÐte to megalÔtero uposÔnolo tou R×R sto opoÐo orÐzetai h sun�rthsh dÔo
metablht¸n

f(x, y) =
x2 + 3xy

(x− 1)y
.

20. BreÐte thn ènwsh kai thn tom  twn parak�tw oikogenei¸n sunìlwn me sÔnolo
deikt¸n A.

(a) A = {1, 2, 3, . . . , n}, Sa = [0, a + 1].
(b) A = N, Sa =

(
0, 1

n

)
= {x ∈ R | 0 < x < 1/n}.

21. DÐnetai h sun�rthsh f : R → R me f(x) = (x + 1)2.
(a) Sqedi�ste to gr�fhma thc f .

(b) ProsdiorÐste ta sÔnola B = f(R), f−1([−1, 4]), f−1({−2}), f−1([−2, 0)).
(g) BreÐte dÔo diaforetik� dexi� antÐstrofa thc f : R → f(R).
(d) BreÐte dÔo uposÔnola A1 kai A2 tou R tètoia ¸ste A1 ∪ A2 = R kai oi
sunart seic f |A1 , f |A2 na eÐnai èna proc èna. BreÐte èna aristerì antÐstrofo thc
f |Ai

: Ai → R, i = 1, 2.

22. OrÐzoume tic parak�tw dimeleÐc pr�xeic sto Z:
(a) x ◦ y = x− y.

(b) x ◦ y = |x− y|.
(g) x ◦ y = x + y + xy.

(d) x ◦ y = 1
2

(
x + y + 1

2 ((−1)x+y + 1) + 1
)
.

EpalhjeÔste ìti eÐnai dimeleÐc pr�xeic sto Z, dhlad  sunart seic apì to Z×Z sto
Z. Se k�je perÐptwsh, elègxte an h pr�xh eÐnai metajetik  kai prosetairistik .

23. Mia akoloujÐa sunìlwn (An)n∈N lègetai fjÐnousa an gia k�je n ∈ N isqÔei

An+1 ⊆ An.

(a) ApodeÐxte ìti an h (An)n∈N eÐnai fjÐnousa, tìte gia k�je k ∈ N isqÔei

∞⋂
n=0

An =
∞⋂

n=k

An.

(b) ApodeÐxte ìti an oi (An)n∈N, (Bn)n∈N eÐnai fjÐnousec, tìte

∞⋂
n=0

(An ∪Bn) =

( ∞⋂
n=k

An

)
∪

( ∞⋂
n=0

Bn

)
.



24. 'Estw f : X → Y kai èstw (At)t∈T oikogèneia uposunìlwn tou X. ApodeÐxte
ìti:

f

(⋃
t∈T

At

)
=
⋃
t∈T

f(At) kai f

(⋂
t∈T

At

)
⊆
⋂
t∈T

f(At).

An h f eÐnai èna proc èna, deÐxte ìti

f

(⋂
t∈T

At

)
=
⋂
t∈T

f(At).


