
Jemèlia twn Majhmatik¸n (2008�09)

SÔnola � UpodeÐxeic

1. (a) 1 ∈ {1, 2}, alhj c.
(b) 3 ∈ {1, 5, 2, 3}, alhj c.
(g) 3 ∈ {1, 5, 2}, yeud c.
(d) {1, 3} ∈ {1, 3, 5, 2}, yeud c.
(e) {5} ∈ {1, 3, 5, 2}, yeud c.
(st) 2 ∈ {x ∈ R | x2 − 3x + 2 = 0}, alhj c.
(z) {1, 4, 2, 3} = {2, 3, 1, 4, 3, 2}, alhj c.
(h) {a, d, b, d} = {a, b, d}, alhj c.
(j) {a, b, d, d} = {a, b, a, d}, alhj c.
(i) {x ∈ Q | x2 − 2x = 0} = {x ∈ R | x2 − 2x = 0}, alhj c.

2. (a) 1 ⊆ {1, 2}, yeud c.
(b) {3, 1} ⊆ {1, 5, 2, 3}, alhj c.
(g) {3} ⊆ {1, 5, 2}, yeud c.
(d) {1, 3} ∈ {1, 3, 5, 2}, yeud c.
(e) {5} ∈ {1, 3, 5, 2}, yeud c.
(st) 2 ⊆ {x ∈ R | x2 − 3x + 2 = 0}, yeud c.
(z) {1, 4, 2, 3} ⊆ {2, 3, 1, 4, 3, 2}, alhj c.
(h) {a, d, b, d} ⊆ {a, b, a, d}, alhj c.
(j) {b ∈ N | b > 2} = {a ∈ N | a > 2}, alhj c.
(i) {b ∈ N | b > 2} ⊆ {a ∈ N | a > 2}, alhj c.
(ia) {2} ⊆ {1, {2}}, yeud c.
(ib) {2} ∈ {1, {2}}, alhj c.
(ig) {b ∈ N | b ≥ 2} ⊆ {a ∈ N | a > 2}, yeud c.
(id) {x ∈ Q | x2 − 2 = 0} = ∅, alhj c.

3. (a) 1 ⊆ {1, 3, 5, 2}, yeud c.
(b) {1, 2} ⊆ {1, 3, 5, 2}, alhj c.
(g) {x ∈ R | x2 − 3x + 2 = 0} ⊆ {1, 3, 5}, yeud c.
(d) {x ∈ R | x2 − 3x + 2 = 0} ∈ N, yeud c.
(e)

√
2 ∈ {x ∈ Q | x2 − 2 = 0}, yeud c.

(st) −3 ∈ {a ∈ N | a > 2}, yeud c.
(z) {1} ∈ {1, 2, 3}, yeud c.
(h) {1} ⊆ {1, 2, 3}, alhj c.
(j) 1 ⊆ {1, 2, 3}, yeud c.
(i) {1, 2} ⊆ {1, {2}}, yeud c.
(ia) {{2}} ∈ {1, {2}}, yeud c.
(ib) {{2}} ⊆ {1, {2}}, alhj c.
(ig) ∅ ⊆ ∅, alhj c.
(id) ∅ ∈ ∅, yeud c.
(ie) ∅ ∈ {∅}, alhj c.
(ist) ∅ ⊆ {∅}, alhj c.



4. (a) {1, 2, 4} ∪ {2, 3, 6} = {1, 2, 3, 4, 6}.
(b) {1, 2, 4} ∩ {2, 3, 6} = {2}.
(g) A ∪B = {x ∈ Z : |x| ≥ 3}.
(d) C ∩D = {x ∈ Z | |x| ≤ 3}.

5. (a) {1, 2, {4}} ∪ {2, 3, 6} = {1, 2, 3, 6, {4}}.
(b) {1, {2}, 4} ∩ {2, 3, 6} = ∅.
(g) A ∪B = A.
(d) C ∩D = {x ∈ Z | x ≤ −3} ∪ {3}.
(e) A ∪ {A} = {1, 2, 3, {1, 2, 3}}.
(st) ∅ ∪ {∅} = {∅}.
(z) ∅ ∩ {∅} = ∅.

6. A = B, C = D.

9. A ∪ B = {1, 2, 3, 5, 6, 7}, A ∩ B = {1}, A \ B = {2, 3}, B \ A = {5, 6, 7} kai
(A ∪B) \ (A ∩B) = {2, 3, 5, 6, 7}.

10. V \W = {a,X} kai W \ V = {1, ∅, {α}}.

11. A \ {a} = {b, {a, c}, ∅}, A \ ∅ = A, A \ {a, c} = {b, {a, c}, ∅}, A \ {{a, c}} =
{a, b, ∅}, A4{a, c} = {b, {a, c}, c, ∅}, {a} \A = ∅.

12. (a) (Dc ∪ F )c ∪ (D ∩ F ) = (D ∩ F c) ∪ (D ∩ F ) = D ∩ (F c ∪ F ) = D.
(b) ((Xc ∪ Y )∩ (Xc ∪ Y c))c = (Xc ∪ Y )c ∪ (Xc ∪ Y c)c = (X ∩ Y c)∪ (X ∩ Y ) =

X ∩ (Y c ∪ Y ) = X.

13. (a) (A\B)\C = (A\B)∩Cc = (A∩Bc)∩Cc = A∩(Bc∩Cc) = A∩(B∪C)c =
A \ (B ∪ C).

(b) (A \ C) \ (B \ C) = A \ (C ∪ (B \ C)) = A \ (B ∪ C) = (A \ B) \ C. H
teleutaÐa isìthta apì to (a) en¸ qrhsimopoi same kai thn C ∪ (B \ C) = B ∪ C.

14. (a) (A∪B)\ (A∩B) = [A\ (A∩B)]∪ [B \ (A∩B)] = (A\B)∪ (B \A) = A4B.
(b) A4B = B4A: �meso, A4A = ∅ kai A4∅ = A.

15. DeÐxte ìti kai ta dÔo mèlh eÐnai Ðsa me

(A ∩Bc ∩ Cc) ∪ (B ∩Ac ∩ Cc) ∪ (C ∩Ac ∩Bc) ∪ (A ∩B ∩ C).

16. (a) (A4B)4A = (B4A)4A = B4(A4A) = B4∅ = B.
(b) (A∩C)4(B ∩C) = [(A∩C)∪ (B ∩C)] \ [(A∩C)∩ (B ∩C)] = [(A∪B)∩

C] \ [(A ∩B) ∩ C] = [(A ∪B) \ (A ∩B)] ∩ C = (A4B) ∩ C.

17. (a) An ta sÔnola A, B kai C ikanopoioÔn thn A4B = A4C, tìte (A4B)4A =
(A4C)4A, dhlad  (apì thn prohgoÔmenh �skhsh), B = C.

(b) An A kai B eÐnai dÔo sÔnola, A4(A4B) = (A4B)4A = B, dhlad  up�rqei
sÔnolo X, to X = A4B, ¸ste A4X = B. Gia th monadikìthta, an A4X = B
tìte X = (A4X)4A = B4A, dhlad  X = B4A = A4B.

18. An X = {α, γ, ω} tìte P(X) = {∅, {α}, {γ}, {ω}, {α, γ}, {α, ω}, {γ, ω}, X}.



An A = {a, {a, b}} tìte P(A) = {∅, {a}, {{a, b}}, A}.

19.
⋃

S = Z kai
⋂

S = {0}.

20. An a ∈
⋃

X tìte up�rqei x ∈ X ¸ste a ∈ X. AfoÔ X = X1 ∪ X2, èqoume
eÐte x ∈ X1   x ∈ X2. Sthn pr¸th perÐptwsh èqoume x ∈ X1 kai a ∈ x, �ra
a ∈

⋃
X1. Sthn deÔterh perÐptwsh èqoume x ∈ X2 kai a ∈ x, �ra a ∈

⋃
X2. Se

k�je perÐptwsh, a ∈ (
⋃

X1) ∪ (
⋃

X2). Sunep¸c,⋃
X ⊆

(⋃
X1

)
∪

(⋃
X2

)
.

O �lloc egkleismìc apodeiknÔetai an�loga.

21. (a) ∅ ∈ P(A), alhj c.
(b) ∅ ⊆ P(A), alhj c.
(g) {∅} ∈ P(A), alhj c.
(d) {{a}} ∈ P(B), alhj c.
(e) {{a}} ⊆ P(B), alhj c.
(st) {{a}, b} ⊆ P(B), yeud c.
(z) {{a}, {{a}}} ⊆ P(B), alhj c.

22. P(∅) = {∅}, P(P(∅)) = {∅, {∅}}, P(P(P(∅))) = {∅, {∅}, {{∅}}, {∅, {∅}}}.

23. (a) P(A)∪P(B) ⊆ P(A∪B): An X ∈ P(A) tìte X ⊆ A, �ra X ⊆ A∪B, �ra
X ∈ P(A∪B). Autì apodeiknÔei ìti P(A) ⊆ P(A∪B). 'Omoia, P(B) ⊆ P(A∪B).
Sunep¸c, P(A) ∪ P(B) ⊆ P(A ∪B)
(b) P(A ∪ B) = P(A) ∪ P(B) an kai mìno an A ⊆ B   B ⊆ A: An A ⊆ B tìte
P(A) ⊆ P(B), �ra

P(A) ∪ P(B) = P(B) = P(A ∪B),

me thn teleutaÐa isìthta diìti A ∪ B = B. 'Omoia, an B ⊆ A tìte P(B) ⊆ P(A),
�ra

P(A) ∪ P(B) = P(A) = P(A ∪B),

me thn teleutaÐa isìthta diìti A ∪B = A.
AntÐstrofa, upojètoume ìti A\B 6= ∅ kai B\A 6= ∅ kai deÐqnoume ìti P(A∪B) 6=

P(A) ∪ P(B). Up�rqoun x ∈ A \ B kai y ∈ B \ A. Tìte, {x, y} ⊆ A ∪ B, �ra
{x, y} ∈ P(A ∪ B). 'Omwc, to {x, y} den eÐnai uposÔnolo tou A oÔte tou B, �ra
{x, y} /∈ P(A) ∪ P(B).
(g) P(A \B) ⊆ (P(A) \P(B))∪{∅}: 'Estw X ∈ P(A \B). Tìte, X ⊆ A \B. 'Ara,
X ⊆ A kai to X den perièqei stoiqeÐa tou B.

An to X eÐnai mh kenì, tìte den mporeÐ na eÐnai uposÔnolo tou B, kai afoÔ
X ⊆ A ja èqoume X ∈ P(A) \ P(B).

Se k�je perÐptwsh, X ∈ (P(A) \ P(B)) ∪ {∅}.

24. AfoÔ A ⊆ X, èqoume A ∈ P(X) ⊆ X ∪ P(X) = Z �ra A ∈ Z. EpÐshc, X ⊆ Z
kai A ⊆ X, �ra A ⊆ Z.

25. DeÐqnoume me epagwg  thn prìtash



Π(n): An to S èqei n stoiqeÐa tìte to S èqei akrib¸c 2n uposÔnola.

An n = 1 tìte to S eÐnai monosÔnolo kai èqei akrib¸c dÔo uposÔnola, to ∅ kai to
S. Sunep¸c, h Π(1) alhjeÔei.

Upojètoume ìti h Π(k) alhjeÔei. 'Estw S = {x1, . . . , xk, xk+1} èna sÔnolo me
(k + 1) stoiqeÐa. JewroÔme to sÔnolo

T = S \ {xk+1} = {x1, . . . , xk}.

To T èqei k stoiqeÐa, opìte èqei 2k uposÔnola. T¸ra, k�je uposÔnolo tou S
ja perièqei   den ja perièqei to xk+1. Ta uposÔnola tou S pou den perièqoun to
xk+1 eÐnai akrib¸c ta uposÔnola tou T , dhlad  to pl joc touc eÐnai 2k. Apì thn
�llh pleur�, k�je uposÔnolo tou S pou perièqei to xk+1 prokÔptei apì k�poio
uposÔnolo tou T me thn prosj kh tou xk+1 (antÐstrofa, k�je uposÔnolo tou T
prokÔptei apì k�poio uposÔnolo tou S pou perièqei to xk+1 me thn afaÐresh tou
xk+1). Dhlad , to pl joc twn uposunìlwn tou S pou perièqoun to xk+1 eÐnai 2k

(ìsa eÐnai ta uposÔnola tou T ). 'Epetai ìti to sunolikì pl joc twn uposunìlwn
tou S eÐnai

2k + 2k = 2 · 2k = 2k+1.

Dhlad , h Π(k + 1) alhjeÔei.
Sunep¸c, h Π(n) alhjeÔei gia k�je n ∈ N.

26. Upojètoume ìti P(X) ⊆ X gia k�poio sÔnolo X kai ktal goume se antÐfash:
OrÐzoume A = {Y ∈ P(X) | Y /∈ Y }. Tìte, A ⊆ P(X), �ra A ⊆ X, �ra A ∈ P(X).

1. An A ∈ A tìte A /∈ A apì ton orismì tou A, �topo.

2. An A /∈ A tìte den isqÔei A /∈ A, p�li apì ton orismì tou A, �topo.


