
Jemèlia twn Majhmatik¸n (2008�09)

Arijm sima kai uperarijm sima sÔnola � UpodeÐxeic

1. 'Estw A �peiro sÔnolo. Epilègoume a1 ∈ A. To A \ {a1} eÐnai mh kenì (alli¸c
to A ja  tan monosÔnolo) opìte mporoÔme na epilèxoume a2 ∈ A \ {a1}. An èqoume
epilèxei a1, . . . , an diaforetik� an� dÔo stoiqeÐa tou A, to A \ {a1, . . . , an} eÐnai
mh kenì (alli¸c to A ja  tan peperasmèno sÔnolo) opìte mporoÔme na epilèxoume
an+1 ∈ A \ {a1, . . . , an}. SuneqÐzontac ètsi, orÐzoume 1-1 sun�rthsh a : N → A me
n 7→ an. To sÔnolo B = {an : n ∈ N} eÐnai �peiro arijm simo uposÔnolo tou A.

2. 'Estw A �peiro sÔnolo. Apì thn 'Askhsh 1, to A èqei �peiro arijm simo up-
osÔnolo B = {xn : n = 1, 2, . . .}. Gr�foume A = B ∪ (A \ B) (to A \ B mporeÐ
na eÐnai kenì). To A eÐnai isoplhjikì me to C := (B \ {x1}) ∪ (A \ B) to opoÐo
eÐnai gn sio uposÔnolì tou: jewr ste thn apeikìnish f : A → C me f(xn) = xn+1,
n = 1, 2, . . . kai f(x) = x an x ∈ A \B. DeÐxte ìti h f eÐnai 1-1 kai epÐ.

3. K�je �rtioc x ∈ N0 gr�fetai sth morf  x = 2n = f(0, n) gia k�poion n ∈ N.
An o x ∈ N0 eÐnai perittìc, tìte o x + 1 eÐnai �rtioc kai gn sia jetikìc. An m eÐnai
o megalÔteroc fusikìc ¸ste 2m | x+1, tìte x = 2m(2n+1) gia k�poion n ∈ N0 (o
x/2m eÐnai perittìc). Tìte, x = f(m,n). 'Eqoume loipìn apodeÐxei ìti h f eÐnai epÐ.

Gia to 1-1: èstw ìti f(m,n) = f(t, s), dhlad  2m(2n + 1) = 2t(2s + 1). An
upojèsoume ìti m > t, tìte 2m−t(2n + 1) = 2s + 1, to opoÐo eÐnai �topo afoÔ
sto aristerì mèloc èqoume �rtio fusikì kai sto dexiì perittì. 'Omoia apokleÐetai h
m < t. 'Ara, m = t kai èpetai ìti n = s. Eqoume loipìn apodeÐxei ìti h f eÐnai 1-1.

4. 'Oqi: an  tan, gr�fontac R = Q ∪ (R \ Q) ja eÐqame ìti to R eÐnai arijm simo
wc ènwsh dÔo arijm simwn sunìlwn. GnwrÐzoume ìti to Q eÐnai arijm simo en¸ to
R ìqi.

5. 'Estw T to sÔnolo ìlwn twn arijmhtik¸n proìdwn me ìrouc fusikoÔc arijmoÔc.
Mia arijmhtik  prìodoc prosdiorÐzetai pl rwc apì ton pr¸to thc ìro t1 kai to
b ma thc d. OrÐzoume f : N × N → T me f(t, d) = (t1, t2, . . . , tn, . . .), ìpou t1 = t,
t2 = t + d, t3 = t + 2d, klp. H f eÐnai epÐ, �ra T ≤c N × N. To N × N eÐnai
arijm simo, sunep¸c to T eÐnai arijm simo.

6. H sun�rthsh f : (−1, 1) → R me f(x) = x
1−|x| eÐnai 1-1 kai epÐ. H sun�rthsh

g : (0, 1) → (−1, 1) me g(t) = 2t− 1 eÐnai 1-1 epÐ. Sunep¸c, h u = f ◦ g : (0, 1) → R
me

u(t) = f(2t− 1) =
2t− 1

1− |2t− 1|
eÐnai 1-1 kai epÐ. Elègxte ìti apeikonÐzei rhtoÔc se rhtoÔc se rhtoÔc kai �rrhtouc
se �rrhtouc.

7. (a) 'Estw {Da : a ∈ A} èna sÔnolo apì kuklikoÔc dÐskouc sto epÐpedo, oi opoÐoi
an� dÔo den tèmnontai. Gia k�je a ∈ A mporoÔme na broÔme xa, ya ∈ Q ¸ste to



shmeÐo (xa, ya) na brÐsketai sto eswterikì tou kuklikoÔ dÐskou Da. An a 6= a1 tìte
(xa, ya) 6= (xa1 , ya1) (alli¸c, oi kuklikoÐ dÐskoi Da kai Da1 ja tèmnontan).

Autì deÐqnei ìti h sun�rthsh f : A → Q × Q me f(a) = (xa, ya) eÐnai 1-1.
Sunep¸c, A ≤c Q×Q. To Q×Q eÐnai arijm simo, �ra to A eÐnai arijm simo.

(b) JewroÔme to sÔnolo T = {Cr : r > 0} ìpou Cr = {(x, y) ∈ R2 : x2 + y2 = r2}.
Oi kÔkloi Cr den tèmnontai an� dÔo kai T =c R+. To R+ eÐnai uperarijm simo, �ra
kai to T .

(g) Se k�je oqt�ri O antistoiqÐzoume mia tetr�da rht¸n (x, y, z, w) wc ex c: to
(x, y) brÐsketai sto eswterikì thc miac {trÔpac} tou O kai to (z, w) sto eswterikì
thc �llhc. An dÔo oqt�ria O1 kai O2 den tèmnontai, tìte oi antÐstoiqec tetr�dec
rht¸n eÐnai diaforetikèc (exhg ste giatÐ me kat�llhla sq mata, diakrÐnontac perip-
t¸seic). 'Ara, an èqoume èna sÔnolo apì oqt�ria pou an� dÔo den tèmnontai, autì
ja èqei plhj�rijmo to polÔ Ðso me ton plhj�rijmo tou Q×Q×Q×Q, dhlad  ja
eÐnai arijm simo.

8. Gia k�je n ∈ N orÐzoume An = {a ∈ A : a ≥ 1/n}. Parathr ste ìti A =⋃∞
n=1 An: pr�gmati, an a ∈ A tìte a > 0, �ra up�rqei n ∈ N ¸ste a ≥ 1/n, to

opoÐo shmaÐnei ìti a ∈ An.
Apì thn upìjesh, an a1, . . . , am ∈ An tìte m/n ≤ a1 + · · ·+ am ≤ M , dhlad 

m ≤ Mn. Sunep¸c, k�je An èqei to polÔ Mn stoiqeÐa, dhlad  eÐnai peperasmèno.
To A eÐnai arijm simh ènwsh peperasmènwn sunìlwn, �ra eÐnai arijm simo.

9. Gia k�je N ∈ N jewroÔme to sÔnolo AN twn algebrik¸n arijm¸n pou ikanopoioÔn
exÐswsh thc morf c

amxm + am−1x
m−1 + · · ·+ a1x + a0 = 0

me ak ∈ Z, am 6= 0 kai m + |a0| + · · · + |am| = N . SÔmfwna me thn upìdeixh,
gia k�je N ∈ N, to pl joc twn exis¸sewn me m + |a0| + · · · + |am| = N eÐnai
peperasmèno. Pr�gmati, èqoume m ≤ N kai k�je |ak| ≤ N , opìte oi epilogèc mac
gia to polu¸numo eÐnai to polÔ (2N +1)N+1 (k�je ak, k = 0, . . . , N paÐrnei tim  apì
−N wc N). EpÐshc, kajèna apì aut� ta polu¸numa èqei to polÔ N rÐzec. Sunep¸c,
to AN èqei plhj�rijmo to polÔ Ðso me N(2N + 1)N+1.

ParathroÔme ìti k�je algebrikìc arijmìc an kei se k�poio AN . Sunep¸c, to
sÔnolo A twn algebrik¸n arijm¸n gr�fetai wc arijm simh ènwsh peperasmènwn
sunìlwn. 'Epetai ìti to A eÐnai arijm simo.

10. Gia k�je h : A × B → C jewroÔme th sun�rthsh U(h) : A → X pou orÐzetai
wc ex c:

[(U(h))(a)](b) = h(a, b).

H U(h) eÐnai sun�rthsh me pedÐo orismoÔ to A kai, gia k�je a ∈ A, h (U(h))(a) eÐnai
sun�rthsh me pedÐo orismoÔ to B kai timèc sto C. BebaiwjeÐte ìti h U : Z → Y
orÐzetai kal� kai deÐxte ìti eÐnai 1-1 kai epÐ.



11. Upojètoume ìti to B eÐnai �peiro arijm simo sÔnolo (an to B eÐnai peperasmèno,
ergazìmaste an�loga: mporeÐte na upojèsete ìti eÐnai monosÔnolo kai met� na
efarmìsete epagwg ). Apì thn 'Askhsh 1, to A gr�fetai sth morf  A = C ∪ D,
ìpou D �peiro arijm simo sÔnolo. Up�rqei 1-1 kai epÐ sun�rthsh f : D∪B → D: an
D = {xn : n ∈ N} kai B = {yn : n ∈ N}, orÐzoume f(xn) = x2n−1 kai f(yn) = x2n.

OrÐzoume t¸ra F : A ∪ B → A wc ex c: an x ∈ C jètoume F (x) = x kai an
x ∈ D ∪B jètoume F (x) = f(x). H F eÐnai 1-1 kai epÐ.

12. GnwrÐzoume ìti N × N =c N. Sunep¸c, up�rqei 1-1 kai epÐ sun�rthsh f :
N × N → N. Gia k�je k ∈ N jewroÔme to sÔnolo Ak = {(k, n) : n ∈ N}. K�je
Ak eÐnai �peiro arijm simo kai ta Ak eÐnai xèna an� dÔo. An jèsoume Bk = f(Ak),
tìte k�je Bk eÐnai �peiro uposÔnolo tou N diìti h f eÐnai 1-1. EpÐshc, ta sÔnola
Bk eÐnai xèna an� dÔo diìti ta Ak eÐnai xèna an� dÔo kai h f eÐnai 1-1.

13. (a) Gia k�je x ∈ R jewroÔme akoloujÐa {qn(x)}n∈N rht¸n, diaforetik¸n an�
dÔo, ¸ste qn(x) → x. OrÐzoume Ax = {qn(x) : n ∈ N}. K�je Ax eÐnai �peiro
uposÔnolo tou Q. Mènei na deÐxoume ìti an x < y sto R tìte to Ax ∩ Ay eÐnai
peperasmèno. JewroÔme t ∈ R me x < t < y. Apì ton orismì tou orÐou, up�rqei
m ∈ N ¸ste: gia k�je n, k > m, qn(x) < t < qk(y). Sunep¸c, an u ∈ Ax ∩ Ay

ja prèpei na eÐnai u = qn(x) = qk(y) me k�poio apì ta n, k mikrìtero   Ðso tou m.
Dhlad ,

Ax ∩Ay ⊆ {q1(x), . . . , qm(x)} ∪ {q1(y), . . . , qm(y)}.

'Epetai ìti to Ax ∩Ay eÐnai peperasmèno.

(b) JewroÔme 1-1 kai epÐ sun�rthsh f : Q → N kai jètoume A′x = f(Ax) gia k�je
x ∈ R, ìpou Ax, x ∈ R ta uposÔnola tou Q pou orÐsame sto er¸thma (a).

14. Gia k�je a ∈ A jewroÔme rhtì qa ∈ Ia. H apeikìnish f : A → Q me f(a) = qa

eÐnai 1-1: an f(a) = f(b) = q, tìte q = qa ∈ Ia kai q = qb ∈ Ib, �ra Ia ∩ Ib 6= ∅.
Tìte, a = b (an a 6= b ta Ia kai Ib eÐnai xèna). 'Epetai ìti A ≤c Q, dhlad  to A
eÐnai arijm simo.

15. 'Estw {xa :∈ A} to sÔnolo twn shmeÐwn asunèqeiac thc f . GnwrÐzoume ìti, gia
k�je a ∈ A, ta pleurik� ìria `a := limx→x−a

f(x) kai ra = limx→x+
a

f(x) up�rqoun
kai `a < ra. OrÐzoume Ia = (`a, ra). ParathroÔme ìti an a, b ∈ A kai xa < xb tìte
ra < `b. Dhlad , ta anoikt� diast mata Ia, a ∈ A eÐnai xèna an� dÔo. Apì thn
'Askhsh 14 sumperaÐnoume ìti to A eÐnai arijm simo.


