
Probl mata An�lushc � Olokl rwma

1. (a) 'Estw f : [0, 1]→ R sun�rthsh me suneq  par�gwgo. DeÐxte ìti

lim
n→∞

n

(
1

n

n∑
i=1

f

(
i

n

)
−
∫ 1

0
f(x) dx

)
=
f(1)− f(0)

2
.

(b) 'Estw k ≥ 0. UpologÐste to

lim
n→∞

n

(
1k + 2k + · · ·+ nk

nk+1
− 1

k + 1

)
.

2. (a) 'Estw f : [a, b]→ R suneq c, me∫ b

a
f(x) dx = 0.

DeÐxte ìti up�rqei θ ∈ (a, b) ¸ste ∫ θ

a
f(x) dx = f(θ).

(b) 'Estw 0 < a < b kai f : [a, b]→ R suneq c, me∫ b

a
f(x) dx = 0.

DeÐxte ìti up�rqei θ ∈ (a, b) ¸ste ∫ θ

a
f(x) dx = θf(θ).

3. 'Estw f : [0, 1] → (0,∞) suneq c sun�rthsh. DeÐxte ìti, gia k�je n ∈ N up�rqei
θ(n) ∈ (0, 1) ¸ste

1

n

∫ 1

0
f(x) dx =

∫ θ(n)

0
f(x) dx+

∫ 1

1−θ(n)
f(x) dx.

UpologÐste to limn→∞ nθ(n).

4. 'Estw a > 0 kai f : [−a, a]→ R suneq c sun�rthsh.
(a) An ∫ a

−a
x2nf(x) dx = 0

gia k�je n = 0, 1, 2, . . ., deÐxte ìti h f eÐnai peritt .
(b) An ∫ a

−a
x2n+1f(x) dx = 0

gia k�je n = 0, 1, 2, . . ., deÐxte ìti h f eÐnai �rtia.



5. 'Estw p èna polu¸numo bajmoÔ n me thn idiìthta∫ 1

0
xkp(x) dx = 0, k = 1, . . . , n.

DeÐxte ìti ∫ 1

0
(p(x))2dx = (n+ 1)2

(∫ 1

0
p(x) dx

)2

.

6. 'Estw A h oikogèneia ìlwn twn suneq¸n sunart sewn f : [0, 1] → R pou ikanopoioÔn
tic ∫ 1

0
f(x) dx = 3 kai

∫ 1

0
xf(x) dx = 2.

Na brejeÐ to

min
f∈A

∫ 1

0
f2(x) dx.

7. 'Estw g : [a, b]→ R oloklhr¸simh sun�rthsh me 0 ≤ g(x) ≤ 1 gia k�je x ∈ [a, b], kai
èstw f : [a, b]→ R fjÐnousa sun�rthsh. DeÐxte ìti∫ b

b−s
f(x) dx ≤

∫ b

a
f(x)g(x) dx ≤

∫ a+s

a
f(x) dx,

ìpou

s =

∫ b

a
g(x) dx.

8. 'Estw g : [a, b]→ R oloklhr¸simh sun�rthsh me 0 ≤ g(x) ≤ 1 gia k�je x ∈ [a, b], kai
èstw f : [a, b]→ R mh arnhtik  kai fjÐnousa sun�rthsh. DeÐxte ìti, gia k�je p ≥ 1,(∫ 1

0
f(x)g(x) dx

)p
≤
∫ s

0
(f(x))pdx,

ìpou

s =

(∫ b

a
g(x) dx

)p
.

9. 'Estw f : [0, a]→ R sun�rthsh me suneq  par�gwgo kai f(0) = 0. DeÐxte ìti∫ a

0
|f(x)f ′(x)| dx ≤ a

2

∫ a

0
(f ′(x))2dx.

10. 'Estw f : [0, a] → R sun�rthsh me suneq  par�gwgo kai f(0) = 0. DeÐxte ìti, gia
k�je p ≥ 0, q ≥ 1, ∫ a

0
|f(x)|p|f ′(x)|q dx ≤ qap

p+ q

∫ a

0
|f ′(x)|p+qdx.


