
Probl mata An�lushc: apant seic � upodeÐxeic

1. K�je pragmatikìc arijmìc eÐnai to ìrio akoloujÐac arijm¸n thc morf c 3
√

n − 3
√

m, m,n =
0, 1, 2, . . . (�ra kai o

√
2).

Upìdeixh. jètoume A = { 3
√

n− 3
√

m : n ≥ m ≥ 0}. ArkeÐ na deÐxoume ìti to A tèmnei k�je anoiktì
di�sthma (a, b) ìpou 0 ≤ a < b. Parathr ste ìti: (a) an x ∈ A tìte kx ∈ A gia k�je k ∈ N, (b)
to A perièqei osod pote mikroÔc jetikoÔc arijmoÔc, diìti 3

√
m + 1− 3

√
m → 0.

2. Swstì: arkeÐ na deÐxoume ìti to sÔnolo A = {m ln 2 + n ln 3 : m,n ∈ Z} eÐnai puknì sto R.
DeÐxte diadoqik� ta ex c:

• An 0 = m ln 2 + n ln 3 gia k�poiouc m,n ∈ Z, tìte m = n = 0.

• To A den èqei el�qisto jetikì stoiqeÐo: èstw ìti èqei, ton x > 0. Tìte x ≤ ln 2, �ra
ln 2 = q1x + r1 me q1 ∈ N kai 0 ≤ r1 < x. 'Omwc r1 = ln 2− q1x ∈ A, opìte r1 = 0. 'Omoia
deÐqnoume ìti o ln 3 eÐnai pollapl�sio tou x: ln 3 = q2x. 'Omwc tìte, 0 = q2 ln 2 − q1 ln 3
kai q1, q2 6= 0 (�topo).

• Sto (0, ln 2) up�rqoun �peira stoiqeÐa x1 > x2 > · · · > xn > · · · tou A.

• Gia k�je ε > 0 up�rqei y ∈ A ¸ste 0 < y < ε (upìdeixh: k�je xn − xn+1 ∈ A).

• An y ∈ A, y > 0 kai k ∈ N, tìte ky ∈ A.

• Se k�je di�sthma (a, b), a ≥ 0, up�rqei stoiqeÐo tou A.

Apì ta parap�nw prokÔptei ìti to A eÐnai puknì sto R+ kai, lìgw summetrÐac, sto R.

3. 'Estw m ∈ N kai èstw m < r ≤ m + 1. JewroÔme ton megalÔtero n ∈ N ∪ {0} gia ton opoÐo
m2 + 2n2 < r2. Tìte, m2 + 2(n + 1)2 ≥ r2. Dhlad ,

√
m2 + 2n2 < r ≤

√
m2 + 2(n + 1)2.

'Epetai ìti

G(r) ≤ r −
√

m2 + 2n2 ≤
√

m2 + 2(n + 1)2 −
√

m2 + 2n2 <
4n + 2√
m2 + 2n2

<
4n + 2

m
.

'Omwc, m2 + 2n2 < r2 ≤ (m + 1)2. 'Ara, 2n2 < 2m + 1. 'Epetai ìti

G(r) <
4
√

m + 1/2 + 2
m

.

AfoÔ lim
m→∞

4
√

m+1/2+2

m = 0, èpetai ìti lim
r→∞

G(r) = 0.

4. 'Estw {x} = x−bxc to klasmatikì mèroc tou x. Gia k�je i = 0, . . . , n jètoume si = x1+· · ·+xi

(sumfwnoÔme ìti s0 = 0). 'Estw t0, . . . , tn h aÔxousa anadi�taxh twn {s0}, . . . , {sn}. Tìte,

(t1 − t0) + · · ·+ (tn − tn−1) + (1− tn) = 1

kai ìlec oi diaforèc eÐnai mh arnhtikèc. 'Ara up�rqei 1 ≤ k ≤ n ¸ste tk − tk−1 ≤ 1
n+1  

1 − tn ≤ 1. Sthn pr¸th perÐptwsh up�rqoun 0 ≤ i < j ≤ n ¸ste |{si} − {sj}| ≤ 1
n+1 opìte

jètoume S = {xi+1, . . . , xj} kai m = bsjc − bsic. Sthn perÐptwsh pou 1 − tn ≤ 1
n+1 , jètoume

S = {x1, . . . , xn} kai m = 1 + bsnc.

5. An n = 2k tìte f(n) ≥ k2 (dokim�ste x1 = · · · = xk = 0 kai xk+1 = · · · = x2k = 1). An
n = 2k + 1 tìte f(n) ≥ k(k + 1) (dokim�ste x1 = · · · = xk = 0 kai xk+1 = · · · = x2k+1 = 1).

DeÐxte ìti isqÔoun isìthtec (f(2k) = k2 kai f(2k+1) = k(k+1)) me epagwg . Gia par�deigma,
upojètoume ìti f(2k) = k2 kai jewroÔme y ≤ x1 ≤ · · · ≤ x2k ≤ z sto [0, 1]. Jèloume na fr�xoume
to

∑

1≤i<j≤2k

|xi − xj |+ (z − y) +
2k∑

i=1

(xi − y) +
2k∑

i=1

(z − xi) ≤ f(2k) + (z − y) +
2k∑

i=1

(z − y).
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AfoÔ z − y ≤ 1, h epagwgik  upìjesh mac dÐnei to �nw fr�gma

k2 + 2k + 1 = (k + 1)2.

6. ArkeÐ na deÐxoume ìti
(

a1

a1 + b1

a2

a2 + b2
· · · an

an + bn

)1/n

+
(

b1

a1 + b1

b2

a2 + b2
· · · bn

an + bn

)1/n

≤ 1.

Efarmìste thn anisìthta arijmhtikoÔ�gewmetrikoÔ mèsou.

7. ArkeÐ na deÐxete ìti h sun�rthsh g : (0, π) → R me g(x) = ln(sin x) − ln x eÐnai koÐlh (sth
sunèqeia efarmìzetai h anisìthta Jensen). Parathr ste ìti

f ′(x) = cot x− 1
x

kai f ′′(x) =
1
x2
− 1

sin2 x
.

8. Gr�foume pr¸ta
∑

1≤j<k≤n

1
xk − xj

=
n−1∑
s=1

n−s∑

j=1

1
xj+s − xj

.

Apì thn anisìthta armonikoÔ�arijmhtikoÔ mèsou,

n−s∑

j=1

1
xj+s − xj

≥ (n− s)2∑n−s
j=1 (xj+s − xj)

≥ (n− s)2

2s
,

diìti
n−s∑

j=1

(xj+s − xj) =
n∑

t=s+1

xt −
n−s∑
t=1

xt

=

(
n∑

t=1

xt −
s∑

t=1

xt

)
−

(
n∑

t=1

xt −
n∑

t=n−s+1

xt

)

=
n∑

t=n−s+1

xt −
s∑

t=1

xt =
s∑

t=1

(xn+1−t − xt) ≤ 2s.

'Ara,
∑

1≤j<k≤n

1
xk − xj

≥
n−1∑
s=1

(n− s)2

2s
≥ cn2 log n.

9. Me epagwg  wc proc ton bajmì 2k tou p(x). DeÐxte kai qrhsimopoi ste ta ex c:

• K�je mh arnhtikì polu¸numo p(x) bajmoÔ 2 eÐnai to �jroisma twn tetrag¸nwn dÔo poluw-
nÔmwn.

• K�je mh arnhtikì polu¸numo p(x) bajmoÔ 2k > 2 gr�fetai sth morf  p(x) = q(x) · r(x),
ìpou q(x), r(x) mh stajer� kai mh arnhtik� polu¸numa (me bajmì mikrìtero apì 2k).

• An kajèna apì ta polu¸numa q(x), r(x) eÐnai to �jroisma twn tetrag¸nwn dÔo poluwnÔmwn,
tìte to Ðdio isqÔei kai gia to polu¸numo q(x) · r(x) (upìdeixh: tautìthta Lagrange).

10. Exet�ste pr¸ta to pl joc twn lÔsewn thc f(n) + f(m) = x, ìpou x > 0. 'Estw A(x) =
{(n,m) : f(n) + f(m) = x, f(n) ≤ f(m)}. An (n,m) ∈ A(x) tìte f(m) ≥ x/2. 'Omwc, up�rqei
M ∈ N ¸ste f(m) < x/2 gia k�je m > M . 'Ara, an (n, m) ∈ A(x) tìte m ≤ M . Gia k�je
m ≤ M to sÔnolo twn n pou ikanopoioÔn thn f(n) + f(m) = x eÐnai epÐshc peperasmèno diìti:
(a) an f(m) ≥ x den up�rqoun tètoia n kai (b) an f(m) < x tìte up�rqei N(m) ∈ N ¸ste
f(n) < x − f(m) gia n ≥ N(m). 'Epetai ìti to A(x) eÐnai peperasmèno. Lìgw summetrÐac,
sumperaÐnoume ìti h f(n) + f(m) = x èqei peperasmènec to pl joc lÔseic.
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To prìblhma zht�ei na deÐxoume ìti h exÐswsh f(n) + f(m) + f(s) = 1 èqei peperasmènec to
pl joc lÔseic. BrÐskoume K ∈ N ¸ste f(k) < 1/3 gia k�je k > K. An (n,m, s) eÐnai mia lÔsh
thc exÐswshc, k�poioc apì touc n,m, s eÐnai to polÔ Ðsoc me K. Dhlad , arkeÐ na exet�soume to
pl joc twn lÔsewn (n,m, s) gia tic opoÐec n ≤ K   m ≤ K   s ≤ K.

'Omwc, gia k�je n (omoÐwc, gia k�je m   s) eÐdame ìti h exÐswsh f(m) + f(s) = 1− f(n) èqei
peperasmènec to pl joc lÔseic (an f(n) ≥ 1 den èqei kamÐa). 'Epetai to zhtoÔmeno.

11. Me epagwg  wc proc to k: Upojètoume pr¸ta ìti k = 1. JewroÔme anoiktì di�sthma (a, b)
me a > 0 (an b ≤ 0 mporoÔme na p�roume (c, d) = (a, b) kai an a ≤ 0 < b jewroÔme (a1, b) ⊂ (a, b)
me a1 > 0 kai douleÔoume me autì). AfoÔ an → 0, to (a, b) perièqei peperasmènouc to pl joc
ìrouc thc (an). Sunep¸c, mporoÔme na broÔme upodi�sthma (c, d) to opoÐo na mhn perièqei kanènan
apì autoÔc.

Upojètoume ìti to apotèlesma isqÔei gia ton k. 'Estw (a, b) èna di�sthma kai èstw (c, d)
upodi�sthma pou eÐnai xèno proc to Sk. JewroÔme to mèso m tou (c, d). MporoÔme na broÔme N
¸ste an < m− c gia k�je n > N . 'Estw x = an1 + · · ·+ ank

+ ank+1 ∈ Sk+1. An x ∈ (m, d) tìte
nk+1 ≤ N (alli¸c ja eÐqame an1 + · · · + ank

∈ (c, d)). MporoÔme ìmwc na broÔme (t, s) ⊂ (c,m)
¸ste

(∪N
n=1{y + an : y ∈ Sk}

)∩(t, s) = ∅: up�rqei (c1,m1) ⊂ (c−a1,m−a1) ¸ste Sk∩(c1, m1) =
∅, �ra (t1, s1) ∩ {y + a1 : y ∈ Sk} = ∅, ìpou t1 = c1 + a1, s1 = m + a1, kai (t1, s1) ⊂ (c,m).
Me ton Ðdio trìpo brÐskoume (t2, s2) ⊂ (t1, s1) ¸ste (t1, s1) ∩ {y + a2 : y ∈ Sk} = ∅, kai met�
apì N b mata brÐskoume (t, s) = (tN , sN ) ⊂ (c,m) ¸ste (t, s) ∩ {y + an : y ∈ Sk} = ∅ gia k�je
n = 1, . . . , N .

Me b�sh aut n thn diadikasÐa, gia to (t, s) isqÔoun oi (t, s) ⊂ (a, b) kai (t, s) ∩ Sk+1 = ∅.

12. ParathroÔme pr¸ta ìti

an ≤ a1an−1 ≤ a2
1an−2 ≤ · · · ≤ an

1 ,

�ra h bn := n
√

an eÐnai �nw fragmènh apì ton a1.
DeÐqnoume ìti lim sup bn ≤ bk gia k�je k: èstw n > k. MporoÔme na gr�youme n = qk + r me

0 ≤ r < k. Apì thn upìjesh èqoume an ≤ (ak)qar, ap� ìpou èpetai ìti

bn ≤ ( k
√

ak)1−
r
n (ar)

1
n = b

1− r
n

k b
r
n
r ≤ b

1− r
n

k b
r
n
1 .

To dexiì mèloc teÐnei ston bk ìtan to n →∞. 'Ara, lim sup bn ≤ bk.
'Epetai ìti bn → b := inf{bk : k ∈ N} (exhg ste giatÐ).

13. JewroÔme thn kurt  j kh S twn shmeÐwn (n, an) sto epÐpedo. Dhlad , S eÐnai to sÔnolo
ìlwn twn shmeÐwn (x, y) pou gr�fontai sth morf  c1(n1, an1) + · · · + ck(nk, ank

) gia k�poiouc
n1, . . . , nk ∈ N kai mh arnhtikoÔc c1, . . . , ck ∈ R pou èqoun �jroisma 1.

DeÐqnoume epagwgik� ìti up�rqoun �peiroi deÐktec n gia touc opoÐouc to (n, an) eÐnai koruf 
tou S, me thn ex c ènnoia: up�rqei ` me thn idiìthta

ak < an + `(k − n)

gia k�je k ≥ 1.
(a) O n = 1 antistoiqeÐ se koruf : afoÔ ak/k → 0, èqoume (ak − a1)/(k − 1) → 0. 'Ara, h
akoloujÐa {(ak− a1)/(k− 1)}k≥2 eÐnai �nw fragmènh apì k�poion `. Tìte, ak ≤ a1 + `(k− 1) gia
k�je k ≥ 1 kai megal¸nontac lÐgo ton ` mporoÔme na petÔqoume gn sia anisìthta an k 6= 1.
(b) Gia to epagwgikì b ma, èstw ìti èqoume brei mia koruf  (n, an) tou S. GnwrÐzoume ìti
(ak − an)/(k − n) → 0 ìtan k → ∞. 'Ara, to sÔnolo {(ak − an)/(k − n) : k > n} èqei mègisto
stoiqeÐo `. 'Estw r o mègistoc fusikìc gia ton opoÐo ` = (ar − an)/(r − n). Tìte,

ak < ar + `(k − r)

gia k�je k > r. EpÐshc, an n < k ≤ r èqoume

ak ≤ ar + `(k − r).

Exhg ste giatÐ h teleutaÐa anisìthta isqÔei kai ìtan 1 ≤ k ≤ n. MikraÐnontac lÐgo ton ` mporoÔme
na petÔqoume gn sia anisìthta gia k�je k 6= r.
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DeÐqnoume t¸ra ìti k�je n pou antistoiqeÐ se koruf  tou S ikanopoieÐ to zhtoÔmeno. Gia
k�je tètoio n up�rqei ` me thn ex c idiìthta: gia k�je i = 1, . . . , n − 1, isqÔoun oi anisìthtec
an+i < an + `i kai an−i < an − `i, �ra an−i + an+i < 2an.

14. 'Estw s ∈ N. Parathr ste ìti

∞∑

k=s+1

1
ak

≥ 1
n

card({k > s : ak ≤ n}) ≥ bn − s

n
.

Dhlad ,
bn

n
≤ s

n
+

∞∑

k=s+1

1
ak

.

Af nontac to n →∞ sumperaÐnoume ìti

lim sup
n→∞

bn

n
≤

∞∑

k=s+1

1
ak

,

kai, af nontac to s →∞,

lim sup
n→∞

bn

n
≤ lim

s→∞

∞∑

k=s+1

1
ak

.

AfoÔ h seir�
∑∞

k=1
1

ak
sugklÐnei, èpetai ìti lim sup

n→∞
bn

n = 0, �ra bn/n → 0.

15. Up�rqei y0 ∈ (0, π/2) me sin y0 = 0.6 kai cos y0 = 0.8. Tìte, x2 = cos y0 cos y1−sin y0 sin y1 =
cos(y0 + y1) kai y2 = cos y0 sin y1 + sin y0 cos y1 = sin(y0 + y1). Epagwgik� blèpoume ìti xn+1 =
cos(y0 + y1 + · · ·+ yn) kai yn+1 = sin(y0 + y1 + · · ·+ yn).

DeÐqnoume me epagwg  ìti 0 < tn := y0 + y1 + · · · + yn < π gia k�je n (an 0 < tn < π tìte
0 < yn+1 = sin(tn) = sin(π − tn) < π − tn, �ra 0 < tn+1 = tn + yn+1 < π). Autì deÐqnei ìti
ìloi oi yn eÐnai jetikoÐ kai ìti h tn =

∑n
k=1 yk eÐnai gnhsÐwc aÔxousa kai �nw fragmènh apì ton

π. Exhg ste t¸ra diadoqik� ta ex c: (a) yn → 0, (b) tn → π, (g) xn → −1.

16. ParathroÔme ìti

(1) an+1 − an =
(an − 1)2 + (y2 − 1)

2
.

An loipìn |y| > 1, tìte an+1 − an > (y2 − 1)/2 > 0 gia k�je n ∈ N, �ra an → +∞.
'Estw ìti |y| < 1. An |x| > 1 +

√
1− y2, tìte up�rqei ε > 0 ¸ste |x| > 1 + (1 − y2) + ε,

opìte
(x− 1)2 ≥ (|x| − 1)2 > 1− y2 + ε2,

kai se sunduasmì me thn (1) blèpoume ìti a2− a1 > ε2/2. Eidikìtera, a2 > a1 > 1 + (1− y2) + ε,
kai epagwgik�, an+1 − an > ε2/2 gia k�je n ∈ N. 'Epetai ìti an → +∞.

Tèloc, èstw ìti |y| < 1 kai |x| < 1 +
√

1− y2. An x > 0 èqoume (x − 1)2 < 1 − y2, �ra
0 < a2 < a1. Me epagwg  blèpoume ìti h (an) eÐnai fjÐnousa kai k�tw fragmènh apì to 0, �ra
sugklÐnei. An x < 0, tìte apì ton deÔtero ìro kai pèra h (an) eÐnai h Ðdia me aut n pou ja paÐrname
an eÐqame a1 = −x, dhlad  sugklÐnei.

Apì ta parap�nw sumperaÐnoume ìti to D èqei to Ðdio embadìn me to D1 = {(x, y) : |y| <

1, |x| < 1 +
√

1− y2} (endeqomènwc diafèroun sto sÔnoro). 'Ena aplì sq ma deÐqnei ìti to
embadìn tou D eÐnai Ðso me 4 + π.

17. Apì to L mma tou Kronecker h akoloujÐa an = n
2π − b n

2π c eÐnai pukn  sto (0, 1). 'Ara,
up�rqei upakoloujÐa (ank

) me

0 < ank
=

nk

2π
− bnk

2π
c <

1
12

.
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Autì shmaÐnei ìti
0 < nk − 2πbnk

2π
c <

π

6
,

�ra 0 < sin nk < 1
2 . Dhlad , nk(1− sin nk) > nk/2. 'Epetai ìti

lim sup
n→∞

n(1− sin n) = +∞.

Ja deÐxoume ìti lim inf
n→∞

n(1 − sin n) = 0. O π/2 eÐnai �rrhtoc, opìte jewr¸ntac ta suneq  tou
kl�smata paÐrnoume rhtoÔc pn/qn me (qn) gnhsÐwc aÔxousa, pn, qn ∈ N, (qn, qn+1) = 1 kai

∣∣∣∣
π

2
− pn

qn

∣∣∣∣ <
1
q2
n

.

AfoÔ (qn, qn+1) = 1, den mporoÔme na èqoume dÔo diadoqikoÔc �rtiouc qn. Up�rqoun loipìn
gnhsÐwc aÔxousa akoloujÐa (qn) peritt¸n fusik¸n kai akoloujÐa (pn) sto N ¸ste

∣∣∣∣
π

2
− pn

qn

∣∣∣∣ <
1
q2
n

.

ParathroÔme ìti an qn ≡ 3 (mod 4) tìte 3qn ≡ 1 (mod 4) kai
∣∣∣∣
π

2
− 3pn

3qn

∣∣∣∣ <
9

(3qn)2
.

Se sunduasmì me to prohgoÔmeno b ma, mporoÔme t¸ra na poÔme ìti up�rqoun gnhsÐwc aÔxousa
akoloujÐa (qn) fusik¸n me qn ≡ 1 (mod 4) kai akoloujÐa (pn) sto N ¸ste

∣∣∣∣
π

2
− pn

qn

∣∣∣∣ <
9
q2
n

.

Tìte, gia k�je n èqoume

sin pn = cos
(qnπ

2
− pn

)
≥ 1− c

q2
n

≥ 1− c1

p2
n

(exhg ste tic anisìthtec), dhlad  pn(1− sin pn) ≤ C/pn. AfoÔ pn → +∞,sumperaÐnoume ìti

lim inf
n→∞

n(1− sin n) = 0.

18. Jètoume ` = lim
n→∞

f(n)
n . 'Estw ìti ` < 1. JewroÔme ` < s < 1. Tìte, up�rqei n0 ∈ N

¸ste f(n) ≤ sn gia k�je n ≥ n0. 'Estw n ≥ n0. To sÔnolo An := {f(m) : n0 ≤ m ≤ n}
èqei plhj�rijmo n − n0 + 1, �ra max An > n − n0. Apì thn �llh pleur�, f(m) ≤ sm ≤ sn gia
k�je n0 ≤ m ≤ n, �ra maxAn ≤ sn. Autì deÐqnei ìti n − n0 < sn gia k�je n ≥ n0, dhlad 
n < n0/(1− s) gia k�je n ≥ n0 � 'Atopo, �ra ` ≥ 1.

'Estw t¸ra ìti ` > 1. JewroÔme 1 < b < `. Tìte, up�rqei n0 ∈ N ¸ste f(n) > bn gia k�je
n ≥ n0. 'Estw n ≥ n0. JewroÔme to sÔnolo Bn = {m ∈ N : f(m) ≤ bn}. AfoÔ h f eÐnai
epÐ, o plhj�rijmoc tou Bn eÐnai megalÔteroc   Ðsoc tou bbnc > bn − 1. 'Omwc, an m ≥ n tìte
f(m) > bm ≥ bn, sunep¸c m /∈ Bn. 'Ara, to Bn èqei to polÔ n − 1 stoiqeÐa. Dhlad , n > bn.
'Atopo, �ra ` ≤ 1.

19. 'Estw f : N → N mia 1-1 sun�rthsh. OrÐzoume sn = f(1) + · · · + f(n), s0 = 0. Ja
qrhsimopoi soume thn tautìthta

n∑

k=1

f(k) · 1
k2

=
n−1∑

k=1

sk

(
1
k2
− 1

(k + 1)2

)
+ sn · 1

n2
.

Apì to gegonìc ìti h f eÐnai 1-1 blèpoume ìti sk = f(1) + · · ·+ f(k) ≥ 1 + · · ·+ k = k(k + 1)/2,
�ra

sk

(
1
k2
− 1

(k + 1)2

)
≥ k(k + 1)

2
2k + 1

k2(k + 1)2
=

2k + 1
2k(k + 1)

>
1

k + 1
.
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'Ara,
n∑

k=1

f(k) >

n−1∑

k=1

1
k + 1

+
1
2
→ +∞

Sunep¸c,
∑∞

n=1
f(n)
n2 = +∞.

20. DeÐxte pr¸ta ìti an → ∞ (aplì: apì thn anadromik  sqèsh, h (an) eÐnai gnhsÐwc aÔxousa
kai an sunèkline se k�poion x > 0 ja èprepe na isqÔei x = x + 1

k
√

x
, �topo).

JumhjeÐte to L mma tou Stolz: 'Estw (an) akoloujÐa pragmatik¸n arijm¸n kai èstw (bn)
gnhsÐwc aÔxousa akoloujÐa pragmatik¸n arijm¸n me lim

n→∞
bn = +∞. An limn→∞

an+1−an

bn+1−bn
= λ,

ìpou λ ∈ R   λ = +∞, tìte limn→∞ an

bn
= λ.

Sthn perÐptws  mac,

a
(k+1)/k
n − a

(k+1)/k
n

(n + 1)− n
=

(
an +

1
k
√

ak

)(k+1)/k

− a(k+1)/k
n .

An jèsoume tn = 1/a
(k+1)/k
n h teleutaÐa posìthta gr�fetai sth morf 

(1 + tn)(k+1)/k − 1
tn

→ k + 1
k

diìti tn → 0. 'Epetai ìti

lim
n→∞

a
(k+1)/k
n

n
=

k + 1
k

, �ra lim
n→∞

ak+1
n

nk
=

(
k + 1

k

) k
k+1

.

21. Jètoume sn =
∑n

k=1 a2
k. DeÐqnoume pr¸ta ìti sn → +∞: an ìqi, tìte sn → s > 0, opìte

an → 0 kai ansn → 0 · s = 0 6= 1 (�topo). 'Ara, sn → +∞ kai an = (ansn) · 1
sn
→ 1 · 0 = 0.

Ja deÐxoume ìti 3n
s3

n
→ 1, opìte 3na3

n → 1 kai autì apodeiknÔei ìti 3
√

3n · an → 1. Qrhsimo-
poioÔme to L mma tou Stolz: arkeÐ na upologÐsoume to ìrio thc

3(n + 1)− 3n

s3
n+1 − s3

n

=
3

an+1(s2
n+1 + snsn+1 + s2

n)
=

3
an+1s2

n+1

· 1
1 + bn + b2

n

,

ìpou
bn =

sn

sn+1
= 1− an+1

sn+1
→ 1.

AfoÔ an+1s
2
n+1 → 1, blèpoume ìti

3
an+1s2

n+1

· 1
1 + bn + b2

n

→ 3
1
· 1
3

= 1.

22. DeÐxte ìti, gia k�je k ∈ N,
a2k + a2k+1 + a2k+2 + · · ·+ a2k+1−1 ≥ a1.

23. Jètoume bn = a
n/(n+1)
n . 'Eqoume bn > 2an an kai mìno an an

n > 2n+1an+1
n dhlad  an <

1/2n+1. 'Ara,

bn ≤ 2an +
1

2n+1

gia k�je n ∈ N. 'Epetai ìti

∞∑
n=1

bn ≤
∞∑

n=1

1
2n+1

+ 2
∞∑

n=1

an < +∞.

24. QwrÐzoume touc fusikoÔc an�loga me to pl joc twn yhfÐwn sthn 3-adik  touc anapar�stash.
H anapar�stash tou n èqei m yhfÐa an kai mìno an 3m−1 ≤ n ≤ 3m − 1. Se aut n thn om�da,
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to pl joc r twn mhdenik¸n paÐrnei timèc apì 0 wc m− 1. To pl joc twn n pou èqoun r mhdenik�
yhfÐa eÐnai 2m−r

(
m−1

r

)
(to pr¸to yhfÐo den mporeÐ na eÐnai mhdenikì kai kajèna apì ta mh mhdenik�

yhfÐa mporeÐ na eÐnai Ðso me 1   2).
MporoÔme t¸ra na d¸soume �nw kai k�tw fr�gma gia to �jroisma thc m-ost c om�dac:

3m−1∑

n=3m−1

xa(n)

n3
=

m−1∑
r=0

2m−r

(
m− 1

r

)
xr

n3
≤ 2

27m−1

m−1∑
r=0

(
m− 1

r

)
xr2m−1−r =

2(x + 2)m−1

27m−1

kai, an�loga,

3m−1∑

n=3m−1

xa(n)

n3
≥ 2

27 · 27m−1

m−1∑
r=0

(
m− 1

r

)
xr2m−1−r =

2(x + 2)m−1

27 · 27m−1

'Epetai ìti h
∞∑

n=1

xa(n)

n3
sumperifèretai san thn

∞∑
m=1

(
x + 2
27

)m−1

.

Sunep¸c, sugklÐnei an kai mìno an x + 2 < 27, dhlad , x < 25.

25. Upojètoume ìti h
∑∞

n=1
1

an
sugklÐnei. 'Eqoume an = nas an kai mìno an ks−1 ≤ n ≤ ks − 1,

�ra
∞∑

n=1

1
an

=
∞∑

s=1

1
as

ks−1∑

n=ks−1

1
n

.

'Omwc,
ks−1∑

n=ks−1

1
n

>

∫ ks

ks−1

dx

x
= ln(ks)− ln(ks−1) = ln k,

�ra
∞∑

n=1

1
an

≥ (ln k)
∞∑

n=1

1
an

.

'Epetai ìti ln k ≤ 1, �ra k < 3.
Mènei na exet�soume thn perÐptwsh k = 2. Gr�foume

2i−1∑
n=1

1
an

= 1 +
1
2

+
1
6

+
i∑

s=3

1
as

2s−1∑

n=2s−1

1
n

.

'Opwc prin, gia k�je s ≥ 3 èqoume

2s−1∑

n=2s−1

1
n

<
1

2s−1
− 1

2s
+

∫ 2s

2s−1

dx

x
=

1
2s

+ log 2 ≤ 1
8

+ log 2 < 1.

Jètoume c = 1
8 + log 2 kai λ = 1 + 1

2 + 1
6(1−c) . Tìte,

∑2i−1
n=1

1
an

< λ gia k�je i ≥ 2. DeÐxte to me
epagwg : gia to epagwgikì b ma parathr ste ìti

2i−1∑
n=1

1
an

< 1 +
1
2

+
1
6

+ c

i∑
s=3

1
as

< 1 +
1
2

+
1
6

+ c
1

6(1− c)
= 1 +

1
2

+
1

6(1− c)
= λ

apì ton orismì twn c kai λ.
'Epetai ìti h

∑∞
n=1

1
an

sugklÐnei an kai mìno an k = 2.

26. AfoÔ h
∑∞

k=1
ak

k sugklÐnei, h akoloujÐa (rn)∞n=0 me

rn =
∞∑

k=n+1

ak

k
→ 0.
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Parathr ste ìti, prosjètontac tic isìthtec

r0 =
n∑

j=1

aj

j
+ rn

r1 =
n∑

j=2

aj

j
+ rn

· · · · · · · · ·
rn−1 =

n∑

j=n

aj

j
+ rn

paÐrnoume

r0 + r1 + · · ·+ rn−1 = nrn +
n∑

k=0

n∑

j=k+1

aj

j
= nrn +

n∑

j=1

aj

j

j−1∑

k=0

1 = nrn + (a1 + · · ·+ an).

'Ara,
a1 + · · ·+ an

n
= −rn +

r0 + r1 + · · ·+ rn−1

n
→ 0.

27. Upojètoume gia aplìthta ìti h f : [a, b] → R eÐnai fjÐnousa kai paragwgÐsimh kai ìti h
g : [a, b] → R eÐnai suneq c. An G(x) =

∫ x

a
g(t) dt, tìte

∫ b

a

f(x)g(x) dx =
∫ b

a

f(x)G′(x) dx = f(b)G(b)−
∫ b

a

f ′(x)G(x) dx.

'Eqoume h(x) = −f ′(x) ≥ 0 sto [a, b], �ra up�rqei ξ ∈ [a, b] ¸ste

−
∫ b

a

f ′(x)G(x) dx =
∫ b

a

h(x)G(x) dx = G(ξ)
∫ b

a

h(x) dx = G(ξ)(f(a)− f(b)).

Sundu�zontac tic dÔo sqèseic paÐrnoume
∫ b

a

f(x)g(x) = f(b)G(b) + G(ξ)(f(a)− f(b)) = f(a)[(1− t)G(ξ) + tG(b)],

ìpou t = f(b)/f(a) ∈ [0, 1] (an f(a) den èqoume tÐpota na deÐxoume, afoÔ tìte f ≡ 0). Apì to
je¸rhma endi�meshc tim c gia thn G blèpoume ìti up�rqei u ∈ [a, b] ¸ste

∫ b

a

f(x)g(x) dx = f(a)G(u) = f(a)
∫ u

a

g(x) dx.

'Epetai to zhtoÔmeno.

28. JewroÔme th sun�rthsh f : (0, +∞) → R me f(x) = sin(
√

x)
x . IsqÔei h isìthta

(∗) f(n) =
∫ n+1

n

f(x) dx−
∫ n+1

n

(n + 1− x)f ′(x) dx.

'Estw n < m. Tìte,
∣∣∣∣∣

m∑

k=n+1

f(k)

∣∣∣∣∣ ≤
∣∣∣∣
∫ m+1

n+1

f(x) dx

∣∣∣∣ +
m∑

k=n+1

∫ k+1

k

(k + 1− x)|f ′(x)| dx.

EktimoÔme ta oloklhr¸mata sto dexiì mèloc wc ex c: afoÔ |f ′(x)| ≤ 3
2x3/2 gia x ≥ 1, èqoume

m∑

k=n+1

∫ k+1

k

(k + 1− x)|f ′(x)| dx ≤
m∑

k=n+1

∫ k+1

k

3
2x3/2

dx ≤ 3
2

∫ ∞

n+1

1
x3/2

dx.
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Gia to pr¸to olokl rwma dexi�, qrhsimopoioÔme thn 'Askhsh 27:
∣∣∣∣
∫ m+1

n+1

f(x) dx

∣∣∣∣ = 2

∣∣∣∣∣
∫ √

m+1

√
n+1

sin y

y
dy

∣∣∣∣∣ ≤
2√

n + 1
sup

∣∣∣∣
∫ u

√
n+1

sin y dy

∣∣∣∣ ≤
4√

n + 1
.

'Epetai ìti: gia k�je ε > 0 up�rqei N ∈ N ¸ste, gia k�je m > n ≥ N ,
∣∣∣∣∣

m∑

k=n+1

f(k)

∣∣∣∣∣ < ε.

Apì to krit rio Cauchy, h
∑∞

n=1
sin(

√
n)

n sugklÐnei.

29. JewroÔme th sun�rthsh f : (0, +∞) → R me f(x) = cos(ln x)
x . MporeÐte na xekin sete apì

thn (∗) tou prohgoÔmenou Probl matoc: 'Estw n < m. Tìte,
∣∣∣∣∣

m∑

k=n+1

f(k)

∣∣∣∣∣ ≥
∣∣∣∣
∫ m+1

n+1

f(x) dx

∣∣∣∣−
m∑

k=n+1

∫ k+1

k

(k + 1− x)|f ′(x)| dx.

EktimoÔme ta oloklhr¸mata sto dexiì mèloc wc ex c: afoÔ |f ′(x)| ≤ 2
x2 gia x ≥ 1, èqoume

m∑

k=n+1

∫ k+1

k

(k + 1− x)|f ′(x)| dx ≤
m∑

k=n+1

∫ k+1

k

2
x2

dx ≤ 2
∫ ∞

n+1

1
x2

dx =
2

n + 1
.

JewroÔme t¸ra s ∈ N (arket� meg�lo) kai tic diadoqikèc rÐzec rs = esπ+π/2 kai ts = esπ+3π/2

thc f . An jèsoume n = brsc kai m = btsc − 1, tìte
∣∣∣∣
∫ m+1

n+1

f(x) dx

∣∣∣∣ ≥
∣∣∣∣
∫ ts

rs

f(x) dx

∣∣∣∣− 2e−sπ = 2− 2e−sπ.

'Epetai ìti
btsc−1∑

k=brsc+1

f(k) > 2− 3e−sπ > 1.

Apì to krit rio Cauchy, h
∑∞

n=1
cos(ln x)

x apoklÐnei.

30. H sun�rthsh f(x) = 1
m+x

√
m
x eÐnai gnhsÐwc fjÐnousa sto (0, +∞). 'Ara,

∞∑
n=1

1
m + n

√
m

n
=

∞∑
n=1

f(n) <

∫ ∞

0

f(x) dx.

To teleutaÐo olokl rwma isoÔtai (an jèsoume t =
√

x/m) me

2
∫ ∞

0

dt

1 + t2
= π.

31. Epilègoume a1 ton mikrìtero fusikì me thn idiìthta 1/a1 > ξ. Parathr ste ìti

1
a1
− 1

a1(a1 + 1)
=

1
a1 + 1

< ξ.

Epilègoume a2 ton megalÔtero fusikì me thn idiìthta

1
a1
− 1

a1a2
< ξ.

Exhg ste giatÐ up�rqei tètoioc fusikìc. Genik�, an èqoun oristeÐ oi a1, . . . , a2n paÐrnoume san

a2n+1 ton megalÔtero fusikì me thn idiìthta
2n+1∑
k=1

(−1)k+1

a1a2···ak
> ξ kai an èqoun oristeÐ oi a1, . . . , a2n−1
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paÐrnoume san a2n ton megalÔtero fusikì me thn idiìthta
2n∑

k=1

(−1)k+1

a1a2···ak
< ξ. DeÐxte ìti mporoÔme

na suneqÐzoume ep� �peiron kai ìti to �jroisma thc seir�c isoÔtai me ξ (poÔ qrhsimopoieÐtai h
upìjesh ìti o ξ eÐnai �rrhtoc?). DeÐxte epÐshc th monadikìthta thc akoloujÐac (an).
Par�deigma: an ξ = 1/

√
2 tìte a1 = 1, a2 = 3, a3 = 8.

32. Upojètoume ìti
∑∞

k=1
1

nk
= a

b me a, b ∈ N. Apì thn upìjesh èqoume ìti up�rqei k ∈ N ¸ste
nk+1

n1n2···nk
> 3b kai ni+1

ni
> 3 gia k�je i ≥ k. Tìte èqoume

an1n2 · · ·nk =
k∑

i=1

bn1n2 · · ·nk

ni
+

∞∑

i=k+1

bn1n2 · · ·nk

ni
.

Apì ton orismì tou k èqoume ìti

∞∑

i=k+1

bn1n2 · · ·nk

ni
≤

∞∑

k=1

1
3k

=
1
2
.

Autì ìmwc eÐnai �topo diìti oi arijmoÐ an1n2 · · ·nk kai
∑k

i=1
bn1n2···nk

ni
eÐnai fusikoÐ.

33. (a) DeÐqnoume pr¸ta ìti

lim sup
k→∞

√
nk+1

n1n2 · · ·nk
= +∞.

An ìqi, ja up rqan C > 0 kai m ∈ N ¸ste nk+1 ≤ (Cn1 · · ·nk)2 gia k�je k ≥ m. Jètontac
A = Cn1 · · ·nk, ja paÐrname nm+t ≤ A2t

gia k�je t ∈ N  , isodÔnama, nk ≤ A2k−m

gia k�je
k > m. 'Omwc tìte, 2k√nk ≤ A1/2m

gia k�je k > m, to opoÐo eÐnai �topo apì thn upìjesh.
(b) DeÐqnoume epÐshc ìti up�rqoun B > 0 kai N ∈ N ¸ste

∞∑

k=m+1

1
nk

≤ B√
nm+1

gia k�je m ≥ N . Gia thn apìdeixh autoÔ tou isqurismoÔ, parathr ste pr¸ta ìti up�rqei N ∈ N
¸ste nk > ek gia k�je k > N . Tìte, gia k�je m ≥ N gr�foume

∞∑

k=m+1

1
nk

<

log nm+1∑

k=m+1

1
nk

+
∑

k>log nm+1

1
nk

kai parathroÔme ìti to pr¸to �jroisma fr�ssetai apì log nm+1
nm+1

≤ B1√
nm+1

(diìti h 1/nk eÐnai
fjÐnousa kai mporoÔme na upojèsoume ìti to nm+1 eÐnai arket� meg�lo ¸ste log nm+1 <

√
nm+1)

en¸ to deÔtero �jroisma fr�ssetai apì

∑

k>log nm+1

1
ek

<
1√

nm+1

∑

k>log nm+1

1
ek/2

<
B√

nm+1

diìti nm+1 < ek < nk an k > log nm+1.
Upojètoume ìti o x =

∑∞
k=1

1
nk

eÐnai rhtìc kai, gia k�je m ∈ N gr�foume to merikì �jroisma∑m
k=1

1
nk

se an�gwgh morf  pm

qm
. Tìte, qm ≤ n1n2 · · ·nm kai apì ton deÔtero isqurismì paÐrnoume

0 < |qmx− pm| = qm

∞∑

k=m+1

1
nk

≤ Bn1 · · ·nm√
nm+1

gia ìlouc telik� touc deÐktec m. Apì ton pr¸to isqurismì blèpoume ìti lim inf
m→∞

|qmx − pm| = 0.
Autì deÐqnei ìti o x eÐnai �rrhtoc. An  tan rhtìc, ja up rqe c > 0 me thn idiìthta: gia k�je
p ∈ Z, q ∈ N me x 6= p/q,

∣∣∣x− p
q

∣∣∣ ≥ c
q (exhg ste giatÐ).
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34. QrhsimopoioÔme thn teleutaÐa parat rhsh thc 'Askhshc 33. An x ∈ Q, up�rqei c > 0 me thn
idiìthta: gia k�je p ∈ Z, q ∈ N me x 6= p/q,

∣∣∣x− p
q

∣∣∣ ≥ c
q .

Gia k�je m ∈ N jètoume pm =
∑m

n=1
1

kn2−m2 kai qm = km2
. Tìte,

0 < x− pm

qm
=

∞∑
n=m+1

1
kn2 =

1
k(m+1)2

∞∑
n=1

1
k(n−1)(2m+n+1)

≤ 1
k(m+1)2

∞∑
n=1

1
2n−1

=
2

k2m+1qm
.

An upojèsoume ìti o x eÐnai rhtìc, èpetai ìti up�rqei c > 0 ¸ste c ≤ 1
k2m+1 gia k�je m ∈ N.

Autì eÐnai �topo afoÔ k ≥ 2.

35. 'Estw x ∈ S. Gr�foume ton x san an�gwgo kl�sma x = p
q , ìpou p ∈ Z, q ∈ N. Tìte,

f(x) =
p

q
− q

p
=

p2 − q2

pq
.

Parathr ste ìti to p2−q2

pq eÐnai an�gwgo: an ènac pr¸toc r diaireÐ touc p2− q2 kai pq, tìte diaireÐ
touc p3 kai q3, �ra diaireÐ touc p kai q (�topo).

Gia k�je an�gwgo kl�sma x = p/q orÐzoume H(x) = |p| + |q|. An x ∈ S tìte H(x) > 2.
Elègxte ìti an y = f(x) ìpou x = p/q, tìte

H(y) = |p2 − q2|+ |pq| ≥ |p|+ |q|+ 2 = H(x) + 2.

Epagwgik� blèpoume ìti: an x ∈ f (n)(S) tìte H(x) > 2n + 2. An loipìn x ∈
∞⋂

n=1
f (n)(S), tìte

H(x) > 2n + 2 gia k�je n ∈ N, to opoÐo eÐnai �topo afoÔ H(x) < ∞.

36. 'Estw ε > 0. OrÐzoume Am = {x ≥ 1 : gia k�je n ≥ m, |f(nx)| ≤ ε}. K�je Am

eÐnai kleistì: an xk ∈ Am kai xk → x, tìte gia k�je n ≥ m, apì thn sunèqeia thc f sto nx,
|f(nx)| = limk→∞ |f(nxk)| ≤ ε. 'Ara, x ∈ Am.

ParathroÔme ìti [1,∞) =
⋃∞

m=1 Am: 'Estw x ≥ 1. Apì thn upìjesh, f(nx) → 0. 'Ara,
up�rqei m0 ∈ N ¸ste, gia k�je n ≥ m0, |f(nx)| ≤ ε. Dhlad , x ∈ Am0 . O [1,∞) eÐnai pl rhc
metrikìc q¸roc (kleistì uposÔnolo thc pragmatik c eujeÐac). Apì to Je¸rhma tou Baire, k�poio
Am èqei mh kenì eswterikì. Dhlad , up�rqoun m ∈ N kai [γ, δ] ⊆ Am. Tìte:
1. An x ∈ [γ, δ] èqoume |f(nx)| ≤ ε gia k�je n ≥ m. Dhlad , |f(y)| ≤ ε gia k�je

(∗) y ∈ [mγ, mδ] ∪ [(m + 1)γ, (m + 1)δ] ∪ . . .

2. Up�rqei k ≥ m ¸ste, gia k�je s ≥ k, sδ > (s+1)γ (arkeÐ na dialèxoume k > γ/(δ−γ).) Tìte,

[kγ, kδ] ∪ [(k + 1)γ, (k + 1)δ] ∪ . . . = [kγ,∞).

Apì thn (∗) èpetai ìti, gia k�je y ≥ kγ, |f(y)| ≤ ε.
Gia tuqìn ε > 0 br kame M(= kγ) > 0 ¸ste |f(y)| ≤ ε gia k�je y ≥ M . 'Ara, limy→∞ f(y) =

0.

37. MporoÔme na upojèsoume ìti kajemÐa apì tic f, f ′, f ′′, f ′′′ eÐnai pantoÔ jetik    pantoÔ ar-
nhtik . Antikajist¸ntac thn f me thn −f an qreiasteÐ, upojètoume ìti f ′′ > 0. Antikajist¸ntac
thn f me thn g(x) = f(−x) an qreiasteÐ, upojètoume ìti f ′′′ > 0. KajemÐa apì autèc tic allagèc
den metab�llei to prìshmo tou ginomènou pou exet�zoume. DeÐxte ìti f ′ > 0 (h f ′ eÐnai gnhsÐwc
aÔxousa kai kurt ) kai met� ìti f > 0 (me ton Ðdio trìpo).

38. 'Estw t < 1. JewroÔme thn g(x) = e−xf(x). Tìte, g′(x) = e−x(f ′(x)− f(x)) > 0 gia k�je
x ∈ R. Autì deÐqnei ìti h g eÐnai gnhsÐwc aÔxousa. Eidikìtera, g(x) > g(0) gia k�je x > 0, �ra
up�rqei M > 0 ¸ste g(x) > e−(1−t)x gia k�je x > M . Apì ton orismì thc g blèpoume t¸ra ìti

f(x) = exg(x) > exe−(1−t)x = etx

gia k�je x > M .
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An t ≥ 1, h sun�rthsh f(x) = ex − e−x ikanopoieÐ thn f ′(x) = ex + e−x > ex − e−x = f(x)
gia k�je x, ìmwc f(x) < ex ≤ etx gia k�je x ≥ 0.

39. Mia sun�rthsh pou ikanopoieÐ tic upojèseic eÐnai h g(x) = 1
1+x2 . EÔkola elègqoume ìti

g(2k+1)(0) = 0 kai g(2k)(0) = (−1)k(2k)! gia k = 0, 1, 2, . . ..
'Estw f mia �llh tètoia sun�rthsh. Tìte, h h − f eÐnai �peirec forèc paragwgÐsimh kai

mhdenÐzetai sta shmeÐa x = 1, 1/2, . . . , 1/n, . . .. 'Estw ìti up�rqei el�qistoc fusikìc k ¸ste
h(k)(0) 6= 0. Tìte, up�rqei ε > 0 ¸ste h(k)(x) 6= 0 sto (0, ε). JewroÔme n ∈ N arket� meg�lo
¸ste 1/n < ε kai efarmìzoume to je¸rhma Taylor: up�rqei 0 < ξ < 1/n < ε ¸ste

0 = h(1/n) =
k−1∑
s=0

h(s)(0)
s!

1
ns

+
h(k)(ξ)

k!
1
nk

=
h(k)(ξ)

k!
1
nk

.

Autì eÐnai �topo, afoÔ h(k)(ξ) 6= 0. Sunep¸c, h(k)(0) = 0 gia k�je k, to opoÐo shmaÐnei ìti
f (k)(0) = g(k)(0).

40. 'Estw f(0) = a kai g(0) = b. Jètontac x = y = 0 stic dÔo isìthtec paÐrnoume a = a2 − b2

kai b = 2ab. Apì thn deÔterh isìthta èqoume: eÐte b = 0   a = 1/2. An ìmwc a = 1/2 tìte h
pr¸th isìthta dÐnei 1/4 = −b2 to opoÐo eÐnai �topo. 'Ara b = 0 kai h pr¸th isìthta dÐnei a = 0  
a = 1. T¸ra, jètontac x = 0 sthn deÔterh isìthta paÐrnoume g(y) = ag(y) gia k�je y kai afoÔ
h g den eÐnai stajer  prèpei na isqÔei h a = 1 (alli¸c ja eÐqame g ≡ 0).

Qrhsimopoi¸ntac thn paragwgisimìthta twn f kai g, tic f(0) = 1, g(0) = 0 kai tic dÔo
isìthtec, deÐxte ìti

f ′(x) = −g′(0)g(x) kai g′(x) = g′(0)f(x).

'Epetai ìti (f2 + g2)′ = 2(ff ′ + gg′) = 0 gia k�je x, sunep¸c

(f(x))2 + (g(x))2 = (f(0))2 + (g(0))2 = 1

gia k�je x ∈ R.

41. Jètoume a0 = −1 kai a1 = 1. Ac upojèsoume ìti èqoume orÐsei touc a0, a1, . . . , an ètsi ¸ste oi
perittoÐ an na eÐnai jetikoÐ, oi �rtioi arnhtikoÐ, kai to polu¸numo pn(x) = a0+a1x+· · ·+anxn èqei
rÐzec sta x1 < x2 < · · · < xn. Epilègoume y0 < x1 < y1 < x2 < · · · < xn−1 < yn−1 < xn < yn.
Tìte,

pn(y0) < 0, pn(y1) > 0, pn(y2) < 0, . . . .

Epilègoume an+1 me |an+1| arket� mikrì ¸ste oi pn+1(yi) na èqoun to Ðdio prìshmo me touc pn(yi).
An p�roume yn+1 arket� meg�lo, ja èqoume pn+1(yn+1)pn+1(yn) < 0 (exhg ste giatÐ). 'Ara, to
pn+1 èqei n + 1 diakekrimènec rÐzec, mÐa se k�je di�sthma (yi, yi+1), i = 0, 1, . . . , n.

42. Gr�yte to olokl rwma sth morf 
∫ a

0

∫ bx/a

0

eb2x2
dy dx +

∫ b

0

∫ ay/b

0

ea2y2
dx dy.

Ap�nthsh: (ea2b2 − 1)/(ab).

43. Parathr ste pr¸ta ìti f(y) > 0 gia k�je 0 < y ≤ 1. JewroÔme thn sun�rthsh

G(y) =
(∫ y

0

f(x) dx

)2

−
∫ y

0

[f(x)]3dx.

'Eqoume G(0) = 0 kai

G′(y) = 2f(y)
∫ y

0

f(x) dx− [f(y)]3.

AfoÔ f(y) > 0, arkeÐ na deÐxoume ìti

H(y) = 2
∫ y

0

f(x) dx− [f(y)]2 ≥ 0.
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Apì thn upìjesh (f(0) = 0) blèpoume ìti H(0) = 0 kai

H ′(y) = 2f(y)[1− f ′(y)] ≥ 0.

'Epetai to zhtoÔmeno. Isìthta isqÔei gia thn f(x) = x.

44. Parathr ste ìti: gia k�je 1 ≤ a < b èqoume

(b− a)2 =

(∫ b

a

dx

)2

≤
(∫ b

a

f(x) dx

)(∫ b

a

1
f(x)

dx

)
.

Apì thn upìjesh èqoume ∫ b

a

f(x) dx ≤
∫ b

1

f(x) dx ≤ cb2.

'Ara,

(b− a)2 ≤ cb2

∫ b

a

1
f(x)

dx.

Efarmìzontac to parap�nw gia a = 2j , b = 2j+1, j = 0, 1, . . . , k − 1, paÐrnoume

∫ ∞

1

1
f(x)

dx ≥
k−1∑

j=0

∫ 2j+1

2j

1
f(x)

dx ≥ 1
c

k−1∑

j=0

(2j+1 − 2j)2

22(j+1)
=

k

4c

gia k�je k ∈ N. 'Epetai to zhtoÔmeno.

45. Upojètoume pr¸ta ìti gg′ ≥ 0. Tìte,
∫ a

0

g(t)g′(t) dt =
g2(a)− g2(0)

2
=

g2(a)
2

kai

g2(a) =
(∫ a

0

g′(t) · 1
)2

≤
(∫ a

0

[g′(t)]2dt

)(∫ a

0

1 dt

)
= a

∫ a

0

[g′(t)]2dt.

Sundu�zontac tic dÔo anisìthtec paÐrnoume

(∗)
∫ a

0

g(t)g′(t) dt ≤ a

2

∫ a

0

[g′(t)]2dt.

Gia thn genik  perÐptwsh, jewroÔme thn g(t) =
∫ t

0
|f ′(s)| ds. Parathr ste ìti h g èqei suneq 

par�gwgo kai g′ = |f ′|. EpÐshc,

|f(t)| = |f(t)− f(0)| =
∣∣∣∣
∫ t

0

f ′(s) ds

∣∣∣∣ ≤
∫ t

0

|f ′(s)| ds = g(t)

gia k�je t ∈ [0, a]. 'Ara, |ff ′| ≤ gg′. Apì thn (∗),

(∗)
∫ a

0

|f(t)f ′(t)| dt ≤
∫ a

0

g(t)g′(t) dt ≤ a

2

∫ a

0

|g′(t)|2dt =
a

2

∫ a

0

|f ′(t)|2dt.

46. H sun�rthsh g(x) =
∫ x

0
f(y) dy ikanopoieÐ tic g(0) = g(1) = 0, sunep¸c h mègisth tim  thc

|g| pi�netai se k�poio shmeÐo z ∈ (0, 1) gia to opoÐo g′(z) = f(z) = 0. MporoÔme na upojèsoume
ìti z ≤ 1/2 kai g(z) ≥ 0 (alli¸c, antikajistoÔme thn f me thn f1(x) = f(1 − x)   thn f me thn
−f antÐstoiqa).

Jètoume M = max
0≤x≤1

|f ′(x)|. Tìte f ′(x) ≥ −M , �ra f(x) ≤ M(z − x) sto [0, z]. Sunep¸c,

∫ z

0

f(x) dx ≤
∫ z

0

M(z − x) dx =
Mz2

2
≤ M

8
.
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ShmeÐwsh: IsqÔei isìthta an jewr soume thn f(x) = x− 1/2.

47. 'Estw f : [0, 1] → R me thn f ′ suneq  kai f(0) = 0, f(1) = 1. Xekin¸ntac apì thn
f ′(x)− f(x) = ex(f(x)e−x)′, gr�foume

∫ 1

0

|f ′(x)− f(x)| dx =
∫ 1

0

ex |(f(x)e−x)′| dx ≥
∫ 1

0

|(f(x)e−x)′| dx

≥
∫ 1

0

(f(x)e−x)′ dx =
f(1)

e
− f(0)

1
=

1
e
.

Aut  eÐnai h tim  tou infimum: gia na to doÔme, stajeropoioÔme 0 < t < 1/2 kai orÐzoume
sun�rthsh f : [0, 1] → R wc ex c: f(x) = ex−1 sto [t, 1] kai f(x) = g(x) sto [0, t], ìpou g
gnhsÐwc aÔxousa suneq¸c paragwgÐsimh sun�rthsh me g(0) = 0, g(t) = et−1 kai g′(t) = et−1.
Mia tètoia sun�rthsh eÐnai h g(x) = et−1(t−1)

t2 x2 + et−1(2−t)
t x. Tìte,

∫ 1

0

|f ′(x)− f(x)| dx =
∫ t

0

|g′(x)− g(x)| dx +
∫ 1

t

|f ′(x)− f(x)| dx =
∫ t

0

|g′(x)− g(x)| dx.

'Omwc,
∫ t

0

|g′(x)− g(x)| dx ≤
∫ t

0

(g′(x) + g(x)) dx = g(t) +
∫ t

0

g(x) dx ≤ g(t) + tg(t) = et−1(1 + t).

AfoÔ lim
t→0

et−1(1 + t) = 1/e, sumperaÐnoume ìti

inf
{∫ 1

0

|f ′(x)− f(x)| dx : f ∈ C

}
=

1
e
.

48. Me olokl rwsh kat� mèrh blèpoume ìti an f(x) =
∑∞

k=0(−1)k+1p(2k)(x) (to �jroisma èqei
peperasmènouc to pl joc ìrouc) tìte

∫ a

0

p(x) sin x dx = −f(a) cos a + f ′(a) sin a + f(0)

kai ∫ a

0

p(x) cos x dx = f(a) sin a + f ′(a) cos a− f ′(0).

An loipìn to a mhdenÐzei tautìqrona ta dÔo oloklhr¸mata, ja prèpei na isqÔei h

f(a) = f(0) cos a + f ′(0) sin a.

Eidikìtera, |f(a)| ≤ |f(0)|+ |f ′(0)|. AfoÔ h f eÐnai polu¸numo, èpetai ìti a ∈ [0,M ] gia k�poia
stajer� M > 0. 'Omwc oi sunart seic p(x) sin x kai p(x) cos x èqoun peperasmènec to pl joc
rÐzec sto [0,M ], �ra oi

G(a) =
∫ a

0

p(x) sin x dx, H(a) =
∫ a

0

p(x) cos x dx

èqoun epÐshc peperasmènec to pl joc rÐzec sto [0,M ], apì to je¸rhma Rolle. Autì apodeiknÔei
to zhtoÔmeno.
ShmeÐwsh: KajemÐa apì tic G, H èqei �peirec to pl joc rÐzec sto [0,+∞).

49. 'Estw m = min(f/g) kai s = min(g/f). Lìgw summetrÐac, mporoÔme na upojèsoume ìti
m ≤ s. Up�rqei 0 ≤ x1 ≤ 1 ¸ste f(x1) = mg(x1). Tìte, g(y) ≥ sf(y) ≥ mf(y) gia k�je
x ∈ [0, 1] kai

0 = f(x1)−mg(x1) =
∫ 1

0

(g(y)−mf(y))T (x1, y) dy ≥ 0
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afoÔ g −mf ≥ 0 kai T ≥ 0. DeÐxame ìti
∫ 1

0

(g(y)−mf(y))T (x1, y) dy = 0.

'Omwc h y 7→ T (x1, y) eÐnai gnhsÐwc jetik  kai h g −mf eÐnai suneq c. Anagkastik�, g = mf .
Eidikìtera, g(x1) = mf(x1) = m2g(x1), to opoÐo deÐqnei ìti m = 1. T¸ra, h g = mf mac dÐnei to
zhtoÔmeno.

50. DeÐqnoume pr¸ta ìti an x1, . . . , xn ∈ R tìte

(∗) A(x1, . . . , xn) :=
1
n2

n∑

i,j=1

|xi + xj | − 1
n

n∑

i=1

|xi| ≥ 0.

H apìdeixh gÐnetai me epagwg  wc proc to pl joc d twn diaforetik¸n mh mhdenik¸n tim¸n pou
paÐrnoun oi |xi|. Profan¸c, an d = 0 den èqoume na deÐxoume tÐpota.

An d = 1 mporoÔme na upojèsoume ìti x1 = · · · = xk = s > 0, xk+1 = · · · = xk+m = −s, kai
xk+m+1 = · · · = xn = 0 gia k�poiouc k, m ≥ 0 me k + m > 0. Tìte,

A(x1, . . . , xn) =
s

n2
(2k2 + 2m2 + (k + m)(n− k −m))− s

n
(k + m) =

s

n2
(k2 − 2km + m2) ≥ 0.

'Estw t¸ra ìti d ≥ 2. MporoÔme na upojèsoume ìti, gia k�poion s > 0 kai gia k�poiouc k, m ≥ 0
me k + m > 0, x1 = · · · = xk = s, xk+1 = · · · = xk+m = −s, kai an i > k + m, eÐte xi = 0  
|xi| > s.

JewroÔme thn V (t) := A(t, · · · , t,−t, · · · ,−t, xk+m+1, · · · , xn) (k suntetagmènec Ðsec me t kai
m suntetagmènec Ðsec me −t). H V eÐnai grammik  an�mesa sto 0 kai ton mikrìtero mh mhdenikì
t ∈ {|xk+m+1|, . . . , |xn|}, paÐrnei loipìn el�qisth tim  se èna apì aut� ta dÔo shmeÐa. MporoÔme
loipìn na petÔqoume mikrìtero pl joc mh mhdenik¸n tim¸n twn |xi| qwrÐc na auxhjeÐ h A. Apì
thn epagwgik  upìjesh èpetai ìti V (s) ≥ 0.

'Estw t¸ra f : [0, 1] → R. Apì thn (∗) gia k�je x1, . . . , xn ∈ [0, 1] èqoume

2
n2

∑

1≤i<j≤n

|f(xi) + f(xj)|+ 2
n2

n∑

i=1

|f(xi)| ≥ 1
n

n∑

i=1

|f(xi)|.

Oloklhr¸nontac aut n thn anisìthta sto [0, 1]n paÐrnoume

n(n− 1)
n2

∫ 1

0

∫ 1

0

|f(x) + f(y)| dy dx +
2
n

∫ 1

0

|f(x)| dx ≥
∫ 1

0

|f(x)| dx,

dhlad  ∫ 1

0

∫ 1

0

|f(x) + f(y)| dy dx ≥ n− 2
n− 1

∫ 1

0

|f(x)| dx.

H anisìthta prokÔptei an af soume to n →∞.

51. MporoÔme na upojèsoume ìti p(0) 6= 0. 'Estw z1, . . . , zn oi rÐzec tou p sto C \ {0} (an mia
rÐza èqei pollaplìthta s thn paÐrnoume s forèc). Epilègoume ε = 1

4n kai jewroÔme touc dÐskouc
D(zi, ε). Kajènac apì autoÔc touc dÐskouc, an tèmnei to [−1, 1] to tèmnei se di�sthma m kouc to
polÔ Ðsou me 1

2n . Up�rqei loipìn toul�qiston èna di�sthma I ⊂ [−1/2, 1/2] to opoÐo èqei m koc
toul�qiston Ðso me 1/(n+1) kai eÐnai xèno proc ìlouc touc dÐskouc D(zi, ε). Eidikìtera, an x ∈ I
tìte |x− zi| ≥ ε gia k�je i. AfoÔ p(0) =

∏n
i=1 zi, mporoÔme na gr�youme

∫ 1

−1

|p(x)|
|p(0)| dx ≥

∫

I

|p(x)|
|p(0)| dx =

∫

I

n∏

i=1

|x− zi|
|zi| dx.

ParathroÔme ìti, gia k�je x ∈ I, an |zi| ≤ 1 tìte |x−zi|
|zi| ≥ ε en¸ an |zi| > 1 tìte

|x− zi|
|zi| =

∣∣∣∣1−
x

zi

∣∣∣∣ ≥ 1−
∣∣∣∣
x

zi

∣∣∣∣ ≥ 1/2 > ε.
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'Epetai ìti ∫

I

|p(x)|
|p(0)| dx ≥ εn

n + 1
=

1
(4n)n(n + 1)

.

52. Gr�foume
∫ 1

0

f(x)g(nx) dx =
n∑

i=1

∫ i/n

(i−1)/n

f(x)g(nx) dx

=
n∑

i=1

∫ i/n

(i−1)/n

(f(x)− f(xi))g(nx) dx +
n∑

i=1

∫ i/n

(i−1)/n

f(xi)g(nx) dx

ìpou xi = (i− 1)/n. ParathroÔme ìti: gia tuqìn ε > 0 mporoÔme (apì thn omoiìmorfh sunèqeia
thc f) na broÔme n0(ε) ∈ N ¸ste gia k�je i = 1, . . . , n,

∣∣∣∣∣
∫ i/n

(i−1)/n

(f(x)− f(xi))g(nx) dx

∣∣∣∣∣ ≤ max(|g|)
∫ i/n

(i−1)/n

|f(x)− f(xi)| dx ≤ max(|g|) · ε
n

,

dhlad  ∣∣∣∣
∫ 1

0

(f(x)− f(xi))g(nx) dx

∣∣∣∣ ≤ max(|g|) · ε.
Apì thn �llh pleur�, me thn allag  metablht c y = nx paÐrnoume

n∑

i=1

∫ i/n

(i−1)/n

f(xi)g(nx) dx =
n∑

i=1

f(xi)
n

∫ i

i−1

g(y) dy =
n∑

i=1

f(xi)
n

(∫ 1

0

g(y) dy

)
.

AfoÔ
n∑

i=1

f(xi)
n

→
∫ 1

0

f(x) dx,

èpetai ìti
n∑

i=1

∫ i/n

(i−1)/n

f(xi)g(nx) dx →
(∫ 1

0

f(x) dx

)(∫ 1

0

g(x) dx

)
.

Sundu�zontac ta parap�nw apodeÐxte to zhtoÔmeno.

53. OrÐzoume G(x) =
∫ x

0
g(t) dt. AfoÔ h g eÐnai suneq c kai paÐrnei gnhsÐwc jetikèc timèc,

h G eÐnai paragwgÐsimh, gnhsÐwc aÔxousa me G(0) = 0 kai G(1) = 1. Sunep¸c, orÐzetai h
G−1 : [0, 1] → [0, 1] kai eÐnai suneq c.

JewroÔme to monadikì a ∈ (0, 1) gia to opoÐo G(a) = 1/2 kai orÐzoume L : [0, a] → R me
L(x) = G−1

(
G(x) + 1

2

)
. H L eÐnai suneq c kai

∫ L(x)

x
g(t) dt = 1/2 gia k�je x ∈ [0, a]. EpÐshc,

L(0) = a kai L(a) = 1.
OrÐzoume H(x) =

∫ L(x)

x
f(t) dt gia x ∈ [0, a]. Apì thn sunèqeia thc H, thn H(0) + H(a) =∫ a

0
f +

∫ 1

a
f =

∫ 1

0
f = 1 kai to je¸rhma endi�meshc tim c, èpetai ìti up�rqei x0 ∈ [0, a] ¸ste

H(x0) = 1/2. An jèsoume c = x0 kai d = L(x0) blèpoume ìti
∫ d

c

g(t) dt =
∫ d

c

f(t) dt =
1
2
.

57. Gr�foume zj = |zj |eiφj , 0 ≤ φj < 2π kai, gia k�je θ ∈ [0, 2π] orÐzoume

A(θ) = {j : cos(θ − φj) ≥ 0}.
'Eqoume

∣∣∣∣∣∣
∑

j∈A(θ)

zj

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑

j∈A(θ)

zje
−iθ

∣∣∣∣∣∣
≥

∣∣∣∣∣∣
∑

j∈A(θ)

Re(zje
−iθ)

∣∣∣∣∣∣

=

∣∣∣∣∣∣
∑

j∈A(θ)

|zj | cos(θ − φj)

∣∣∣∣∣∣
=

∑

j∈A(θ)

|zj | cos(θ − φj).
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Tìte,

1
2π

∫ 2π

0

∣∣∣∣∣∣
∑

j∈A(θ)

zj

∣∣∣∣∣∣
dθ ≥ 1

2π

∫ 2π

0

∑

j∈A(θ)

|zj | cos(θ − φj) dθ

=
n∑

j=1

|zj |
2π

∫ φj+π/2

φj−π/2

cos(θ − φj) dθ =
n∑

j=1

|zj |
2π

∫ π/2

−π/2

cos t dt

=
1
π

n∑

j=1

|zj |.

Sunep¸c, up�rqei θ0 ∈ [0, 2π] ¸ste
∣∣∣∣∣∣

∑

j∈A(θ0)

zj

∣∣∣∣∣∣
≥ 1

π

n∑

j=1

|zj |.

Jètontac I = A(θ0) paÐrnoume thn anisìthta (h stajer� 1/π eÐnai bèltisth: dokim�ste touc
zj = ei2πj/n, j = 1, . . . , n gia n meg�lo).

58. Jètoume ω = e2inθ. Oi a1, . . . , an eÐnai diaforetikoÐ an� dÔo kai ikanopoioÔn thn

Q(x) = (1 + ix)n − ω(1− ix)n = 0

diìti 1 + i tan φ = e2iφ(1 − i tanφ). To polu¸numo Q(x) èqei bajmì n kai èqei rÐzec touc ai.
Sunep¸c, an to gr�youme sth morf  Q(x) = bnxn + · · ·+ b1x + b0, ja èqoume

a1 + · · ·+ an = −bn−1/bn kai a1 · · · an = −b0/bn.

'Epetai ìti
a1 + · · ·+ an

a1 · · · an
=

bn−1

b0
= nin−1 = ±n

(to prìshmo eÐnai + an n = 4s + 1 kai − an n = 4s + 3).
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