
3 Olokl rwsh3.1 Metr sime Sunart seiParathr sei 3.1 (a) Mia sun�rthsh f : X → Y metaxÔ mh ken¸n sunìlwn ep�gei1mia apeikìnish
f−1 : P(Y ) → P(X) : B → f−1(B) ≡ {x ∈ X : f(x) ∈ B}.H apeikìnish aut  diathre� sumplhr¸mata, auja�rete en¸sei kai auja�rete tomè.(b) An B ⊆ P(Y ) e�nai σ-�lgebra, h oikogèneia

f−1(B) ≡ {f−1(B) : B ∈ B}e�nai σ-�lgebra uposunìlwn tou X.Orismì 3.1 An (X,A) kai (Y,B) e�nai metr simoi q¸roi, mia sun�rthsh f : X → Ylègetai (A,B)-metr simh an gia k�je B ∈ B isqÔei f−1(B) ∈ A.Parathr sei 3.2 (a) H sÔnjesh metrhs�mwn sunart sewn e�nai metr simh: An
(X,A)

f→ (Y,B)
g→ (Z, C)ìpou h f e�nai (A,B)-metr simh kai h g e�nai (B, C)-metr simh, tìte h g ◦ f e�nai (A, C)-metr simh.(b) 'Estw E ⊆ B mia oikogèneia pou par�gei thn B, dhlad  tètoia ¸ste M(E) = B. Gia naelègxw an mia sun�rthsh f : X → Y e�nai (A,B)-metr simh, arke� na elègxw an h sqèsh

f−1(E) ∈ A isqÔei gia k�je E ∈ E .(g) 'Epetai apì to (b) ìti an oi X kai Y e�nai topologiko� (  metriko�) q¸roi, k�je suneq sun�rthsh f : X → Y e�nai (BX ,BY )-metr simh.Orismì 3.2 An (X,M) e�nai metr simo q¸ro kai Y e�nai topologikì   metrikìq¸ro, mia f : X → Y lègetai M-metr simh an e�nai (M,BY )-metr simh.Idia�tera endiafèroun oi peript¸sei Y = R   Y = C (me th sunhjismènh topolog�a).Eidikìtera mia f : R → R lègetai Borel metr simh an e�nai (BR,BR)-metr simh, kai
Lebesgue metr simh an e�nai (Mλ,BR)-metr simh (ìpou Mλ h σ-�lgebra twn Lebesguemetr simwn sunìlwn).'Askhsh 3.3 H sun�rthsh χA e�nai M-metr simh an kai mìnon an A ∈ M.Prìtash 3.4 An f : (X,M) → R, ta ex  e�nai isodÔnama:
(i) H f e�nai M-metr simh.
(ii) Gia k�je U ⊆ R anoiktì, f−1(U) ∈ M.
(iii) Gia k�je a ∈ R, f−1([a,∞)) ∈ M.
(iv) Gia k�je a ∈ R, f−1((−∞, a]) ∈ M.1oloklhr, 25/11/08 1



Parat rhsh 3.5 An E ⊆ X kai f : E → R, h f lègetai metr simh sto E an e�nai
(ME,BR)-metr simh, ìpou ME = {A ∩ E : A ∈ M}. Sthn per�ptwsh pou h f or�zetaisto X kai E ∈ M, h f |E e�nai metr simh sto E an kai mìnon an gia k�je B ∈ BR isqÔei
(f−1(B) ∩ E) ∈ M.Orismì 3.3 An (X,M) e�nai metr simo q¸ro, mia f : X → [−∞,∞] lègetai M-metr simh an e�nai (M,BR̄)-metr simh ìpou BR̄ = {E ⊆ [−∞,∞] : E ∩ R ∈ BR}. IsodÔ-nama, h f e�nai M-metr simh an kai mìnon an f−1([−∞, b]) ∈ M gia k�je b ∈ R.Prìtash 3.6 An (X,M) e�nai metr simo q¸ro, f : X → R metr simh kai g : R → Rsuneq , tìte h g ◦ f : X → R e�nai metr simh.Parathr sei 3.7 (a) An mia f : R → R e�nai Borel (dhlad  (BR,BR)-metr simh),tìte e�nai Lebesgue metr simh, dhlad  (Mλ,BR)-metr simh. To ant�strofo den isqÔeip�nta.(b) An oi f, g : R → R e�nai Lebesgue metr sime, den alhjeÔei p�nta ìti h sÔnjesh
g ◦ f : R → R e�nai Lebesgue metr simh.Prìtash 3.8 An (X,M) e�nai metr simo q¸ro, f, g : X → R metr sime kai p > 0,
(i) oi sunart sei |f | kai |f |p e�nai metr sime
(ii) oi sunart sei f + g kai fg e�nai metr sime.Prìtash 3.9 'Estw (X,M) metr simo q¸ro kai fn : X → [−∞, +∞] metr sime(n ∈ N). Tìte1. h sun�rthsh supn fn e�nai metr simh,2. h sun�rthsh infn fn e�nai metr simh,3. h sun�rthsh lim supn fn ≡ infk supn≥k fn e�nai metr simh,4. h sun�rthsh lim infn fn ≡ supk infn≥k fn e�nai metr simh,5. eidikìtera, an to kat� shme�o ìrio f ≡ limn fn : X → [−∞, +∞] up�rqei, tìte e�naimetr simh sun�rthsh.Prìtash 3.10 'Estw (X,M) metr simo q¸ro.(a) An f : X → [−∞, +∞] metr simh, tìte oi f+ = max{f, 0}, f− = −min{f, 0} kai
|f | = f+ + f− e�nai metr sime (kai ikanopoioÔn f = f+ − f− kai f+f− = 0).(b) An g : X → C kai u = 1

2
(g + ḡ), v = 1

2i
(g − ḡ), tìte h g e�nai metr simh an kai mìnonan oi u kai v e�nai metr sime.(g) An h g : X → C e�nai metr simh, tìte oi |g| =

√
u2 + v2 kai sgn g e�nai metr sime,ìpou sgn z =

{
z
|z|

, z 6= 0

0, z = 0
(z ∈ C).
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Aplè sunart seiOrismì 3.4 Mia sun�rthsh s : X → R   C lègetai apl  an to sÔnolo s(X) e�naipeperasmèno. An s(X) = {a1, a2, . . . , an} kai Ai = s−1({ai}) tìte h {A1, . . .An} e�naidiamèrish2 tou X kai h s gr�fetai se kanonik  morf : s =
n∑

k=1

akχAk
.Parathr sei 3.11 'Estw (X,M) metr simo q¸ro.(a) Mia apl  sun�rthsh s : X → R se kanonik  morf  s =

∑
k ckχEk

e�nai metr simhan kai mìnon an Ek ∈ M gia k�je k = 1, . . . , n.(b) Epomènw an oi s, t : X → R e�nai aplè metr sime, to �dio isqÔei kai gia ti
s + t, s · t, max{s, t}, min{s, t}, s+, s−, |s| = s+ + s−.Je¸rhma 3.12 'Estw f : X → [0, +∞] mia sun�rthsh. Tìte up�rqei aÔxousa akolou-j�a (sn) apl¸n me sn(X) ⊆ [0, +∞) gia k�je n tètoia ¸ste

sn(x) ր f(x) gia k�je x ∈ X.An h f e�nai fragmènh, mporoÔme na dialèxoume ti sn ¸ste sn → f omoiìmorfa sto X.H idèa th apìdeixh: Gia k�je n ∈ N jètw
Fn = {x ∈ X : f(x) ≥ n}Qwr�zw to [0, n) se n · 2n diast mata [0, 1

2n ), [ 1
2n , 2

2n ), . . . , [n2n−1
2n , n2n

2n ) kai jewr¸ ti ant�-strofe eikìne mèsw th f :

En,i =

{
x ∈ X :

i − 1

2n
≤ f(x) <

i

2n

}
, i = 1, 2, . . . , n2n.Or�zw

sn =

n2n∑

i=1

i − 1

2n
χEn,i

+ nχFn
.dhlad  jètw

sn(x) =





n, an f(x) ≥ n

i−1
2n , an i = 1, 2, . . . , n2n tètoio ¸ste i−1

2n ≤ f(x) < i
2nPrìtash 3.13 Gia k�je M-metr simh sun�rthsh f : X → [0, +∞] up�rqei akolouj�a

(sn) apl¸n M-metrhs�mwn sunart sewn ¸ste 0 ≤ sn(x) ≤ sn+1(x) ≤ f(x) kai sn(x) →
f(x) gia k�je x ∈ X. An h f e�nai fragmènh, mporoÔme na dialèxoume ti sn ¸ste sn → fomoiìmorfa sto X.Je¸rhma 3.14 Mia sun�rthsh f : X → R   f : X → C e�nai M-metr simh an kaimìnon an e�nai to (kat� shme�o) ìrio mia akolouj�a3 {sn} (pragmatik¸n   migadik¸n)
M-metr simwn apl¸n sunart sewn.2δηλαδή τα Ak είναι ξένα ανά δύο και ∪Ak = X3η {sn} δεν είναι κατ’ανάγκην μονότονη, μπορούμε όμως να την επιλέξουμε ώστε η {|sn|} να είναι αύξουσα3



Sumpèrasma H kl�sh twn M-metrhs�mwn sunart sewn perièqei ti qarakthristikèsunart sei χA, A ∈ M kai e�nai kleist  w pro ti algebrikè pr�xei:
f, g metr sime ⇒ f + g, f · g, max{f, g}, min{f, g}, |f |, f+, f− metr simekaj¸ kai ta kat� shme�o ìria akolouji¸n:

fn (n ∈ N) metr sime ⇒ sup
n

fn, inf
n

fn, lim
n

fn metr sime(an to teleuta�o ìrio up�rqei).Prìtash 3.15 'Estw (X,S, µ) q¸ro mètrou kai (X,S, µ̄) h pl rws  tou.An f : X → [−∞, +∞]   f : X → C tìte(a) an h f e�nai S-metr simh tìte e�nai S-metr simh(b) an h f e�nai S-metr simh tìte up�rqei S-metr simh sun�rthsh g pou e�nai µ-sqedìnpantoÔ �sh me thn f .Pìrisma 3.16 K�je Lebesgue metr simh sun�rthsh f : R → [−∞, +∞] e�nai λ-sqedìnpantoÔ �sh me mia Borel metr simh sun�rthsh.3.2 To olokl rwma LebesgueSe ìlh thn par�grafo, stajeropoioÔme ènan q¸ro mètrou (X,S, µ).3.2.1 Mh arnhtikè sunart seiJa melet soume pr¸ta ti idiìthte tou oloklhr¸mato mh arnhtik¸n sunart sewn.Orismì 3.5 Sumbol�zoume L+(X,S)   apl� L+ to sÔnolo twn mh arnhtik¸n metr si-mwn sunart sewn f : X → [0, +∞].
(i) An s : X → R+ e�nai apl  metr simh se kanonik  morf  s =

n∑

k=1

ckχAk
or�zoume

∫
sdµ =

n∑

k=1

ckµ(Ak) ∈ [0, +∞](jètoume 0 · (+∞) = 0).
(ii) An f : X → [0, +∞] e�nai metr simh, or�zoume

∫
fdµ = sup

{∫
sdµ : s apl  metr simh, 0 ≤ s ≤ f

}
.An A ∈ S or�zoume ∫

A

fdµ =

∫
fχAdµ.L mma 3.17 An s : X → R+ apl  metr simh kai s =

∑m
k=1 bkχBk

ìpou Bk ∈ S kai
Bk ∩ Bj = ∅ gia k 6= j, tìte ∫

sdµ =

m∑

k=1

bkµ(Bk).4



Prìtash 3.18 An s, t : X → [0, +∞) aplè metr sime kai a ≥ 0, tìte
(i)

∫
asdµ = a

∫
sdµ

(ii)

∫
(s + t)dµ =

∫
sdµ +

∫
tdµ

(iii) An s ≤ t tìte ∫
sdµ ≤

∫
tdµ.Prìtash 3.19 An f, g : X → [0, +∞] metr sime kai a ≥ 0, tìte

(i)

∫
afdµ = a

∫
fdµ

(ii) An f ≤ g tìte ∫
fdµ ≤

∫
gdµ.

(iii) An A ⊆ B (A, B ∈ S) tìte ∫

A

fdµ ≤
∫

B

fdµ

(iv) An A ∈ S kai µ(A) = 0   f |A = 0 tìte ∫

A

fdµ = 0.Par�deigma 3.20 An µ e�nai to mètro Dirac δ0 sto 0 ∈ R, tìte gia k�je sun�rthsh
Borel f : R → [−∞, +∞] isqÔei ∫

R

fdµ = f(0)diìti an A ⊆ R e�nai Borel kai 0 /∈ A, tìte µ(A) = 0, opìte ∫ fdµ =
∫
{0}

fdµ = f(0).Prìtash 3.21 'Estw s : X → [0, +∞) apl  metr simh. Or�zoume
ν : S → [0, +∞] : ν(A) =

∫

A

sdµ.Tìte to ν e�nai mètro.Je¸rhma 3.22 (Monìtonh sÔgklish tou Lebesgue) An (fn) e�nai aÔxousaakolouj�a metrhs�mwn mh arnhtik¸n sunart sewn fn : X → [0, +∞], tìte
∫

(lim
n

fn)dµ = lim
n

∫
fndµ.Apìdeixh Gia k�je x ∈ X h akolouj�a (fn(x)) e�nai aÔxousa kai sunep¸ èqei ìrio

f(x) ∈ [0, +∞]. 'Eqoume de�xei ìti to kat� shme�o ìrio metrhs�mwn sunart sewn e�naimetr simh. 'Ara h f e�nai metr simh, kai sunep¸ to ∫ fdµ up�rqei (mpore� na e�nai +∞).Epeid  fn ≤ fn+1 ≤ f , èqoume ∫ fndµ ≤
∫

fn+1dµ ≤
∫

fdµ. Epomènw to ìrio
limn

∫
fndµ ≡ a up�rqei (mpore� na e�nai +∞) kai

a ≤
∫

fdµ.
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Mènei na deiqje� h ant�strofh anisìthta. Apì ton orismì tou ∫ fdµ arke� na de�xoume ìtian s e�nai apl  metr simh sun�rthsh me 0 ≤ s ≤ f isqÔei
∫

sdµ ≤ a.StajeropoioÔme èna c ∈ (0, 1) kai ja de�xoume ìti
c

∫
sdµ ≤ a.Jètoume

En = {x ∈ X : fn(x) ≥ cs(x)} (n = 1, 2, . . .).ParathroÔme ìti En ∈ S afoÔ h fn − cs e�nai metr simh kai ìti E1 ⊆ E2 ⊆ . . . afoÔ
f1 ≤ f2 ≤ . . . .Isqurismì:

∞⋃

n=1

En = X.Pr�gmati, èstw x ∈ X. An f(x) = 0 tìte s(x) = 0 �ra x ∈ En gia k�je n. An p�li
f(x) > 0 tìte f(x) ≥ s(x) > cs(x) (jum�sou ìti s(x) < ∞), opìte efìson fn(x) ր f(x)up�rqei n ∈ N ¸ste fn(x) ≥ cs(x), �ra x ∈ En. O isqurismì apode�qjhke.JewroÔme to mètro ν pou or�zetai apì th sqèsh

ν(E) =

∫

E

sdµ, E ∈ S'Eqoume
cν(En) = c

∫

En

sdµ =

∫

En

csdµ ≤
∫

En

fndµ (giat� cs(x) ≤ fn(x) ìtan x ∈ En)

≤
∫

fndµ.'Otan n → ∞, èqoume ν(En) → ν(X) =
∫

sdµ apì thn σ-prosjetikìthta tou ν (Prìtash3.21). Ep�sh ∫ fndµ → a. Sunep¸ apì th sqèsh cν(En) ≤
∫

fndµ èpetai ìti c ∫ sdµ ≤ a.AfoÔ h anisìthta aut  isqÔei gia k�je c ∈ (0, 1), jewr¸nta c ր 1 prokÔptei
∫

sdµ ≤ a.H anisìthta apode�qjhke gia k�je apl  metr simh sun�rthsh s me 0 ≤ s ≤ f , kai sunep¸
∫

fdµ = sup

{∫
sdµ : s apl  metr simh, 0 ≤ s ≤ f

}
≤ a�ra telik¸ ∫ fdµ = a. 2Pìrisma 3.23 (Prosjetikìthta) An f, g : X → [0, +∞] metr sime, tìte

∫
(f + g)dµ =

∫
fdµ +

∫
gdµ.6



Je¸rhma 3.24 (Beppo Levi) An (fn) e�nai akolouj�a metrhs�mwn mh arnhtik¸n su-nart sewn fn : X → [0, +∞], tìte
∫ (∑

n

fn

)
dµ =

∑

n

(∫
fndµ

)
.L mma 3.25 (Anisìthta Chebyshev - Markov) An f ∈ L+ kai c > 0 tìte

∫
fdµ ≥ cµ({x ∈ X : f(x) ≥ c}).Prìtash 3.26 An f, g : X → [0, +∞] e�nai metr sime tìte(i) f = g sqedìn pantoÔ =⇒
∫

fdµ =
∫

gdµ(ii) f = 0 sqedìn pantoÔ ⇐⇒
∫

fdµ = 0.Prìtash 3.27 An fn, f ∈ L+ kai fn ր f sv.p. tìte
∫

fdµ = lim
n

∫
fndµ.Parade�gmata 3.28 (a) Ston (R,BR, λ), an fn = χ[n,n+1] tìte fn → 0 kat� shme�oall� limn

∫
fndλ = 1 >

∫
limn fndλ.(b) Ston ([0, 1],B[0,1], λ), an gn = nχ(0, 1

n
) tìte gn → g = 0 kat� shme�o all�

limn

∫
gndλ = 1 >

∫
limn gndλ.Je¸rhma 3.29 (L mma Fatou) An fn : X → [0, +∞] e�nai metr sime 4

∫
(lim inf

n
fn)dµ ≤ lim inf

n

∫
fndµ.Pìrisma 3.30 An fn, f ∈ L+ kai fn → f sv.p. tìte

∫
fdµ ≤ lim inf

n

∫
fndµ.Prìtash 3.31 An f : X → [0, +∞] e�nai metr simh kai ∫ fdµ < ∞ tìte(i) H f e�nai sv.p. peperasmènh: µ({x ∈ X : f(x) = +∞}) = 0.(ii) To sÔnolo {x ∈ X : f(x) > 0} e�nai σ-peperasmèno.3.2.2 Olokl rwsh metrhs�mwn sunart sewnOrismì 3.6 (i) 'Estw f : X → R metr simh kai f+ = max{f, 0} kai f− = −min{f, 0}.Tìte oi f+ kai f− e�nai mh arnhtikè kai metr sime, �ra or�zontai ta ∫ f+dµ kai ∫ f−dµ(sto R). An toul�qiston èna apì ta dÔo oloklhr¸mata e�nai peperasmèno, or�zoume

∫
fdµ =

∫
f+dµ −

∫
f−dµ ∈ R.4Υπενθύμιση: lim inf

n
xn = lim

n
(inf{xk : k ≥ n}) = sup

n

(inf{xk : k ≥ n}).7



(ii) Mia f : X → R lègetai (apolÔtw) oloklhr¸simh an e�nai metr simh kai
∫

|f |dµ < +∞.Sumbolismì:
L1

R
(X,S, µ) = L1

R
(µ) = {f : X → R : oloklhr¸simh}.Parat rhsh 3.32 (i) O periorismì f : X → R ston orismì tou L1(µ) e�nai anagka�ogia na exasfalisje� ìti o L1(µ) e�nai grammikì q¸ro (de to Je¸rhma 3.33). M�a olo-klhr¸simh f : X → R e�nai dunatìn na mhn an kei ston L1, kaj¸ endèqetai na pa�rnei titimè ±∞. 'Omw, efìson ∫ |f |dµ < +∞, apì thn Prìtash 3.31 h |f | pa�rnei µ-sqedìnpantoÔ peperasmène timè, �ra to �dio isqÔei gia ti f, f+ kai f−. Epomènw up�rqei5

g ∈ L1 ¸ste g = f µ-sqedìn pantoÔ.(ii) An f ∈ L1
R
(µ) kai f = f+ − f−, tìte epeid  0 ≤ f± ≤ |f | èqoume f± ∈ L1

R
(µ). Anant�strofa oi f+ kai f− e�nai oloklhr¸sime kai den apeir�zontai, tìte afoÔ |f | = f+ + f−èqoume ∫ |f |dµ < +∞ �ra f ∈ L1

R
(µ). Dhlad , an h f : X → R e�nai metr simh,

f ∈ L1
R
(µ) ⇔ |f | ∈ L1

R
(µ) ⇔ f+ kai f− ∈ L1

R
(µ) ⇒

∫
fdµ =

∫
f+dµ−

∫
f−dµ ∈ R.Je¸rhma 3.33 O L1

R
(µ) e�nai grammikì q¸ro kai to olokl rwma e�nai grammik  apei-kìnish L1

R
(µ) → R. Dhlad an f, g ∈ L1

R(µ)kai λ ∈ R, tìte f + λg ∈ L1
R(µ)kai ∫ (f + λg)dµ =

∫
fdµ + λ

∫
gdµ.Apìdeixh (i) Epeid  |f + λg| ≤ |f | + |λ||g|, èqoume

∫
|f + λg|dµ ≤

∫
(|f | + |λ||g|)dµ

(3.19,3.23)
=

∫
|f |dµ + |λ|

∫
|g|dµ < +∞.(iia) An h = f + g tìte oi f±, g± kai h± pa�rnoun pragmatikè mìno timè opìte

h+ − h− = f+ − f− + g+ − g−

⇒ h+ + f− + g− = f+ + g+ + h−

⇒
∫

(h+ + f− + g−)dµ =

∫
(f+ + g+ + h−)dµ (ìle mh arnhtikè)

⇒
∫

h+dµ +

∫
f−dµ +

∫
g−dµ =

∫
f+dµ +

∫
g+dµ +

∫
h−dµ (Pìrisma 3.23)

⇒
∫

hdµ =

∫
fdµ +

∫
gdµ.(iib) An λ ≥ 0 tìte (λf)+ = λf+ kai (λf)− = λf− �ra

∫
λfdµ =

∫
(λf)+dµ −

∫
(λf−)dµ =

∫
λf+dµ −

∫
λf−dµ

(3.19)
= λ

∫
f+dµ − λ

∫
f−dµ = λ

∫
fdµ.5πάρε g = fχE , όπου E = {x ∈ X : |f(x)| < ∞}8



(iig) (−f)+ = f− kai (−f)− = f+ �ra
∫

(−f)dµ =

∫
(−f)+dµ −

∫
(−f−)dµ =

∫
f−dµ −

∫
f+dµ

= −
(∫

f+dµ −
∫

f−dµ

)
= −

∫
fdµ.Prìtash 3.34 An f, g ∈ L1

R
(µ) tìte

(i) f ≤ g =⇒
∫

fdµ ≤
∫

gdµ.

(ii)

∣∣∣∣
∫

fdµ

∣∣∣∣ ≤
∫

|f |dµApìdeixh (i) Ex orismoÔ an h ≥ 0 metr simh tìte ∫ hdµ ≥ 0. Epomènw ∫ (g−f)dµ ≥ 0.All� ∫ (g − f)dµ =
∫

gdµ−
∫

fdµ.(ii) 'Eqoume
−|f | ≤ f ≤ |f | =⇒

∫
(−|f |)dµ ≤

∫
fdµ ≤

∫
|f |dµ

=⇒ −
∫

|f |dµ ≤
∫

fdµ ≤
∫

|f |dµ

=⇒
∣∣∣∣
∫

fdµ

∣∣∣∣ ≤
∫

|f |dµ.Prìtash 3.35 'Estw f, g ∈ L1
R
(µ).(i) An f = g µ-sv.p. tìte ∫ fdµ =
∫

gdµ.(ii) f = g µ-sv.p. an kai mìnon an ∫
A

fdµ =
∫

A
gdµ gia k�je A ∈ S.Apìdeixh (i) An f = g µ-sv.p. tìte |f − g| = 0 µ-sv.p. opìte ∫ |f − g|dµ = 0, �ra

0 ≤
∣∣∣∣
∫

fdµ −
∫

gdµ

∣∣∣∣ =
∣∣∣∣
∫

(f − g)dµ

∣∣∣∣ ≤
∫

|f − g|dµ = 0.(ii) An ∫
A

fdµ =
∫

A
gdµ gia k�je A ∈ S, tìte jètonta A+ = {x ∈ X : f(x) ≥ g(x)} kai

A− = {x ∈ X : f(x) < g(x)}, opìte A± ∈ S, èqoume
∫

|f − g|dµ =

∫

A+

(f − g)dµ +

∫

A−

(g − f)dµ = 0�ra, afoÔ |f − g| ≥ 0, èqoume |f − g| = 0 µ-sv.p. (Prìtash 3.26) epomènw f = g µ-sv.p.Pìrisma 3.36 An f, g ∈ L1
R
(µ) kai f ≤ g µ-sv.p. tìte ∫ fdµ ≤

∫
gdµ.Apìdeixh An B = {x ∈ X : f(x) > g(x)} tìte B ∈ S kai µ(B) = 0. An f1 = fχBckai g1 = gχBc tìte |f1| ≤ |f | kai |g1| ≤ |g| �ra f1, g1 ∈ L1

R
(µ) kai f1 ≤ g1 pantoÔ �ra∫

f1dµ ≤
∫

g1dµ. All� f = f1 kai g = g1 µ-sv.p. �ra ∫ fdµ =
∫

f1dµ kai ∫ gdµ =
∫

g1dµ.Parat rhsh 3.37 Ta sumper�smata tou Jewr mato Monìtonh SÔgklish kai touL mmato Fatou exakoloujoÔn na isqÔoun an oi upojèsei tou ikanopoioÔntai µ-sqedìn seìla ta shme�a tou X. 9



Sunart sei me migadikè timè An f : X → C e�nai S-metr simh (isodÔnama, oi
u = Re f kai v = Im f e�nai S-metr sime pragmatikè sunart sei), opìte h |f | : X →
[0, +∞) e�nai metr simh, lème ìti h f e�nai oloklhr¸simh an ∫ |f |dµ < ∞ kai gr�foume

L1(X,S, µ) = L1(µ) = {f : X → C : oloklhr¸simh}
=

{
f : X → C metr simh: ∫

|f |dµ < ∞
}

.ParathroÔme ìti, epeid  |Re f | ≤ |f | kai | Im f | ≤ |f |, en¸ |f | ≤ |Re f |+ | Im f |, h f e�naioloklhr¸simh an kai mìnon an oi Re f kai Im f e�nai oloklhr¸sime. Or�zoume
∫

fdµ =

∫
Re fdµ + i

∫
Im fdµ.E�nai �meso ìti o L1(µ) e�nai (migadikì) grammikì q¸ro kai to olokl rwma e�nai grammik apeikìnish L1(µ) → C.Prìtash 3.38 An f ∈ L1(X,S, µ) tìte

∣∣∣∣
∫

fdµ

∣∣∣∣ ≤
∫

|f |dµ.Apìdeixh O migadikì arijmì z =
∫

fdµ gr�fetai z = eiθ|z| = λ|z| ìpou |λ| = 1.'Eqoume loipìn |z| = λ̄z dhlad 
∣∣∣∣
∫

fdµ

∣∣∣∣ = λ̄

∫
fdµ =

∫
λ̄fdµ.opìte ∫ λ̄fdµ ∈ R. An loipìn g = Re λ̄f kai h = Im λ̄f èqoume λ̄f = g + ih opìte

∫
λ̄fdµ =

∫
gdµ + i

∫
hdµ =

∫
gdµ ≤

∫
|g|dµapì thn Prìtash 3.34 (ii). 'Omw |g| ≤ |λ̄f | = |f | (afoÔ |λ| = 1) kai sunep¸ ∫ |g|dµ ≤∫

|f |dµ apì thn 3.34 (i), �ra telik�
∣∣∣∣
∫

fdµ

∣∣∣∣ =
∫

λ̄fdµ ≤
∫

|g|dµ ≤
∫

|f |dµ. 2Je¸rhma 3.39 (Kuriarqhmènh SÔgklish) 'Estw (fn) akolouj�a metr simwnsunart sewn me migadikè timè pou sugkl�nei µ-sqedìn gia k�je x ∈ X. Upojètoume ìtiup�rqei g ∈ L1
R
(µ) ¸ste |fn| ≤ g µ-sqedìn pantoÔ. An or�soume f(x) = limn fn(x) stashme�a x ∈ X ìpou to ìrio up�rqei (sto C) kai f(x) = 0 sta upìloipa shme�a tou q¸rou,tìte h f e�nai metr simh, an kei ston L1(µ) kai isqÔei

lim
n→∞

∫
|fn − f |dµ = 0 kai lim

n→∞

∫
fndµ =

∫
fdµ.

10



Apìdeixh H f e�nai metr simh diìti k�je fn e�nai metr simh. Efìson |fn| ≤ g sqedìnpantoÔ kai g ∈ L1
R
(µ), èqoume ∫ |fn|dµ ≤

∫
gdµ < +∞ �ra h fn e�nai oloklhr¸simh. Giaton �dio lìgo (efìson |f | = limn |fn| ≤ g) h f e�nai oloklhr¸simh, dhlad  fn, f ∈ L1(µ).Epomènw ∣∣∣∣

∫
fndµ −

∫
fdµ

∣∣∣∣ =
∣∣∣∣
∫

(fn − f)dµ

∣∣∣∣ ≤
∫

|fn − f | dµìpou h pr¸th isìthta prokÔptei apì th grammikìthta tou oloklhr¸mato kai h deÔterhanisìthta apì thn Prìtash 3.38.Arke� loipìn na de�xoume ìti ∫
|fn − f | dµ → 0.All�zonta, an qreiasje�, ti timè twn fn se èna sÔnolo6 mètrou 0, mporoÔme na upojè-soume ìti gia k�je x ∈ X isqÔei |fn(x)| ≤ g(x) kai f(x) = limn fn(x).Jètoume hn = |fn − f | kai parathroÔme ìti 0 ≤ hn ≤ 2g kai ìti hn(x) → 0 gia k�je x.'Ara 2g − hn ≥ 0 kai 2g − hn → 2g kat� shme�o. Apì to L mma Fatou èqoume

∫
lim inf

n
(2g − hn)dµ ≤ lim inf

n

∫
(2g − hn)dµdhlad 

∫
2gdµ =

∫
lim inf

n
(2g − hn)dµ ≤ lim inf

n

∫
(2g − hn)dµ

=

∫
2gdµ + lim inf

n

∫
(−hn)dµ =

∫
2gdµ− lim sup

n

∫
hndµ�ra lim sup

n

∫
hndµ ≤ 0. All� ∫ hndµ ≥ 0 �ra lim inf

n

∫
hndµ ≥ 0 epomènw

0 ≤ lim inf
n

∫
hndµ ≤ lim sup

n

∫
hndµ ≤ 0dhlad  to ìrio lim

n

∫
hndµ up�rqei kai e�nai 0. 23.3 SÔgklish w pro thn ‖·‖1 � O q¸ro L1(X,S, µ)Sumbolismì An f : X → R   f : X → C e�nai metr simh, gr�foume

‖f‖1 =

∫

X

|f |dµ ∈ [0, +∞](opìte L1(µ) = {f : X → C metr simh: ‖f‖1 < ∞}.)Parat rhsh 3.40 An f, g ∈ L1(X,S, µ) kai λ ∈ C tìte f + λg ∈ L1(X,S, µ) kai1. ‖λg‖1 = |λ|‖g‖16Αν Nn = {x ∈ X : |fn(x)| > g(x)} και N = {x ∈ X : το limn fn(x) δεν υπάρχει}, τα Nn, N είναι
μετρήσιμα και μηδενικά, άρα θέτοντας M = (∪nNn) ∪ N έχουμε M ∈ S και µ(M) = 0.11



2. ‖f + g‖1 ≤ ‖f‖1 + ‖g‖13. ‖f‖1 = 0 an kai mìnon an f = 0 µ-σ.π.Orismì 3.7 Mia akolouj�a (fn) sunart sewn ston L1(X,S, µ) lègetai ìti sugkl�neisthn f ∈ L1(X,S, µ) w pro thn ‖·‖1 (  ston L1) an ‖fn − f‖1 → 0. Genikìtera, h
(fn) lègetai basik  akolouj�a w pro thn ‖·‖1 an gia k�je ε > 0 up�rqei no ∈ N¸ste ‖fn − fm‖1 < ε gia k�je m, n ≥ no.Parat rhsh 3.41 An h (fn) sugkl�nei µ-sv.p., den èpetai kat�an�gkhn ìti sugkl�nei wpro thn ‖·‖1.Gia par�deigma èstw fn : [0, 1] → R h sun�rthsh

fn(x) =

{
n2(1 − nx), 0 ≤ x ≤ 1

n

0, 1
n

< x ≤ 1Tìte fn ∈ L1([0, 1], λ) kai fn(x) → 0 gia k�je x 6= 0, �ra fn → 0 λ-σ.π., all�
‖fn‖1 = n

2
→ ∞.Parat rhsh 3.42 An h (fn) sugkl�nei w pro thn ‖·‖1, den èpetai kat�an�gkhn ìtisugkl�nei µ-sv.p. Mpore� m�lista na apokl�nei se k�je shme�o. 'Opw ja doÔme ìmw sthnapìdeixh tou Jewr mato 3.44, h (fn) èqei p�nta mia upakolouj�a pou sugkl�nei µ-sv.p.Par�deigma 3.43 Gia k�je n, èstw Kn to ex  peperasmèno k�lumma tou [0, 1] apìdiast mata m kou 2−n: K1 = {[0, 1

2
], ][1

2
, 1]}, K2 = {[0, 1

4
], [1

4
, 1

2
], [1

2
, 3

4
], [3

4
, 1]} kai oÔtwkajex . To sÔnolo ∪mKm e�nai arijm simo. 'Estw I1, I2, . . . mia ar�jmhs  tou, kai èstw

fn h qarakthristik  sun�rthsh tou In. 'Estw x ∈ [0, 1] tuqa�o. Efìson to x an kei se�peiro pl jo In kai se �peiro pl jo Ic
n, h akolouj�a (fn(x)) den mpore� na sugkl�nei.Apì thn �llh ìmw,

‖fn‖1 =

∫ 1

0

|fn|dλ = λ(In) → 0efìson gia k�je m ∈ N, mìnon peperasmèno pl jo apì ta In èqei m ko megalÔtero apì
2−m. Epomènw fn → 0 w pro thn ‖·‖1.Je¸rhma 3.44 (Riesz-Fischer) 'Estw (fn) mia akolouj�a ston L1(X,S, µ) pou e�naibasik  w pro thn ‖·‖1. Tìte up�rqei f ∈ L1(X,S, µ) ¸ste fn → f w pro thn ‖·‖1.Epilpèon, up�rqei mia upakolouj�a th (fn) pou sugkl�nei sthn f µ-sv.p.Apìdeixh (i) Efìson oi diaforè ‖fn − fm‖1 {te�noun sto 0}, up�rqei upakolouj�a
(fnk

) ¸ste ∑k ‖fnk+1
− fn‖1 < +∞. Ja de�xoume ìti mia tètoia upakolouj�a sugkl�nei

µ-σ.π. se mia f ∈ L1(X,S, µ).Sugkekrimèna, epilègoume epagwgik� gnhs�w aÔxousa akolouj�a (nk) ¸ste
‖fm − fn‖1 <

1

2k
(m, n ≥ nk) (†)Gia eukol�a jètoume hk = fnk

,
gk = |h1| + |h2 − h1| + . . . + |hk+1 − hk|12



kai
g = sup

k

gk = lim
k

gk = |h1| +
∞∑

k=1

|hk+1 − hk|.Tìte apì to Je¸rhma B. Levi,
∫

gdµ =

∫
|h1|dµ +

∫ ∞∑

k=1

|hk+1 − hk|dµ

=

∫
|h1|dµ +

∞∑

k=1

∫
|hk+1 − hk|dµ ≤

∫
|h1|dµ +

∞∑

k=1

1

2k
< ∞�ra g(x) < +∞ sqedìn gia k�je x. Me �lla lìgia, up�rqei A ∈ S me µ(Ac) = 0 ¸ste giak�je x ∈ A h akolouj�a (gk(x)) na sugkl�nei se peperasmèno ìrio. Autì shma�nei ìti giak�je x ∈ A, h seir�

h1(x) +
∞∑

k=1

(hk+1(x) − hk(x))sugkl�nei apìluta, �ra sugkl�nei, se pragmatikì   migadikì arijmì. All�
hk+1(x) = h1(x) + (h2(x) − h1(x)) + . . . + (hk+1(x) − hk(x)) ,opìte jètonta f(x) = limk hk(x) = limk fnk

(x) gia x ∈ A kai f(x) = 0 gia x ∈ Ac èqoumemia metr simh sun�rthsh f sto X.(ii) Isqurismì: f ∈ L1(X,S, µ) kai lim
k

‖fnk
− f‖1 = ‖hk − f‖1 = 0.Pr�gmati, èqoume f = lim hk sqedìn pantoÔ, kai gia k�je k,

|hk+1| =

∣∣∣∣∣h1 +

k∑

m=1

(hm+1 − hm)

∣∣∣∣∣ ≤ |h1| +
k∑

m=1

|hm+1 − hm| = gk ≤ g.Dhlad  h akolouj�a (hk) {kuriarqe�tai} apì thn g ∈ L1. 'Epetai loipìn apì to Je¸rhmaKuriarqhmènh SÔgklish ìti f ∈ L1(X,S, µ) kai ìti ∫ |hk − f |dµ → 0.(iii) De�qnoume t¸ra ìti h f e�nai to ìrio w pro thn ‖·‖1 olìklhrh th akolouj�a (fn).Dojènto ε > 0, afoÔ h (fn) e�nai basik  up�rqei no ¸ste
m, n ≥ no ⇒ ‖fm − fn‖1 < ε.Omw apì to (ii) up�rqei ko ∈ N ¸ste

k ≥ ko ⇒ ‖fnk
− f‖1 < ε.Epilègonta èna k ≥ ko ¸ste nk ≥ no èqoume, gia k�je m ≥ no

‖fm − f‖1 ≤ ‖fm − fnk
‖1 + ‖fnk

− f‖1 < 2ε.De�xame ìti ‖fm − f‖1 → 0. 13



O q¸ro L1(X,S, µ)An f, g e�nai µ-sqedìn pantoÔ sto X orismène sunart sei7 me timè sto R   sto C,gr�foume f
µ∼ g an oi f, g e�nai �se µ-sqedìn pantoÔ.8 E�nai �meso ìti h sqèsh aut  e�naisqèsh isodunam�a sto sÔnolo twn sqedìn pantoÔ orismènwn sunart sewn me timè sto R(ant�stoiqa, sqedìn pantoÔ orismènwn sunart sewn me timè sto C).Apì thn Prìtash 3.35(ii) èpetai ìti an oi f, g e�nai metr sime µ-isodÔname kai m�a apì tidÔo e�nai oloklhr¸simh, tìte (epeid  ∫ |f |dµ =

∫
|g|dµ) e�nai kai oi dÔo oloklhe¸sime kai∫

E
fdµ =

∫
E

gdµ gia k�je E ∈ S. Dhlad  h Ôparxh kai oi timè tou oloklhr¸mato mi�metr simh sun�rthsh exart�tai mìnon apì thn kl�sh isodunam�a th.MporoÔme loipìn na epekte�noume ton orismì tou oloklhr¸mato sti sunart sei poue�nai orismène kai metr sime µ-sqedìn pantoÔ:9 Ja lème ìti mia tètoia sun�rthsh e�nai(apolÔtw) oloklhr¸simh an e�nai µ-isodÔnamh me mia f ∈ L1(X,S, µ).A sumbol�zoume (proswrin�) thn kl�sh isodunam�a
f̃ = {g : Eg → [−∞, +∞] metr simh me g

µ∼ f}kai ant�stoiqa
f̃ = {g : Eg → C metr simh me g

µ∼ f}(ìpou Eg ∈ S kai µ(Ec
g) = 0.) MporoÔme t¸ra na or�soumeOrismì 3.8

L1
R
(X,S, µ) = {f̃ : f ∈ L1

R
(X,S, µ)} L1(X,S, µ) = {f̃ : f ∈ L1

C
(X,S, µ)}.Me ti pr�xei f̃ + g̃ = f̃ + g kai λf̃ = λ̃f , o L1(X,S, µ) g�netai grammikì q¸ro: Giak�je f̃ , g̃ ∈ L1 kai λ ∈ C, an f1, f2 ∈ f̃ kai g1, g2 ∈ g̃, oi fi + λgi (i = 1, 2) or�zontai

µ-sqedìn pantoÔ, f1 + λg1
µ∼ f2 + λg2 kai ∫ |f1 + λg1|dµ ≤

∫
|f1|dµ + |λ|

∫
|g1|dµ < +∞.Ep�sh, h ‖·‖1 or�zei mia nìrma ston q¸ro L1(X,S, µ), diìti ‖f‖1 = 0 ⇔ f̃ = 0.Me aut n thn orolog�a, to Je¸rhmaRiesz-Fischer lèei akrib¸ ìti o q¸ro (L1(X,S, µ), ‖·‖1)e�nai pl rh q¸ro me nìrma, dhlad  q¸ro Banach.Apì thn Prìtash 3.15 èpetai ìti an (X,S, µ̄) e�nai h pl rwsh tou (X,S, µ), tìte up�rqei mia1-1 antistoiq�a metaxÔ tou L1(X,S, µ) kai tou L1(X,S, µ̄) h opo�a diathre� to olokl rwma.Sunep¸ ja taut�zoume tou q¸rou autoÔ:

L1(X,S, µ) = L1(X,S, µ̄).Eidikìtera L1(R,BR, λ) = L1(R,Mλ, λ).An f̃ ∈ L1 mpor¸ na epilègw g : X → C metr simh ¸ste g ∈ f̃ . M�lista sthn per�-ptwsh (X,S, µ) = (R,Mλ, λ) mpor¸ na upojètw ìti h g e�nai Borel metr simh (Pìrisma3.16). Sun jw sthn pr�xh den k�noume di�krish metaxÔ th sun�rthsh f kai th kl�shisodunam�a f̃ .7Δηλαδή f : Ef → R ή C όπου το X \ Ef είναι µ-μηδενικό σύνολο.8Δηλαδή αν το σύνολο Ef,g ≡ {x ∈ Ef ∩ Eg : f(x) = g(x)} έχει µ-μηδενικό συμπλήρωμα.9Δεν είναι δύσκολο να δείξει κανείς ότι μια µ-σχεδόν παντού ορισμένη συνάρτηση είναι μετρήσιμη (βλ.
Παρατήρηση 3.5) στο πεδίο ορισμού της, έστω Ef (το οποίο μπορούμε να υποθέτουμε μετρήσιμο, περιορί-
ζοντας κι άλλο την f εν ανάγκη), αν και μόνον αν έχει μια παντού ορισμένη μετρήσιμη επέκταση.14



Parat rhsh 3.45 Ston L1(X,S, µ) oi aplè oloklhr¸sime sunart sei e�nai puknìuposÔnolo: gia k�je f ∈ L1(X,S, µ) up�rqei akolouj�a (fn) apì aplè oloklhr¸simesunart sei ¸ste ‖f − fn‖1 → 0.Apìdeixh Jewr¸nta qwrist� pragmatikì kai fantastikì mèro, mporoÔme na upojèsou-me ìti h f pa�rnei pragmatikè timè.Up�rqoun tìte aÔxouse akolouj�e apl¸n metr simwn sunart sewn (sn) kai (tn) ¸ste
sn ր f+ kai tn ր f−. An fn = sn − tn èqoume
fn → f+ − f− = f kat� shme�o kai

|fn| = |sn − tn| ≤ |sn| + |tn| ≤ f+ + f− = |f |.AfoÔ h |f | an kei ston L1, èqoume fn ∈ L1 kai apì to Je¸rhma Kuriarqhmènh SÔgklishèpetai ìti ‖fn − f‖1 =
∫
|fn − f |dµ → 0.Prìtash 3.46 An µ e�nai kanonikì mètro Borel (mètro Borel - Stieltjes) sto R, oi su-neqe� sunart sei me sumpag  forèa e�nai puknì uposÔnolo10 tou L1(R,BR, µ): gia k�-je f ∈ L1(R,BR, µ) kai ǫ > 0 up�rqei suneq  sun�rthsh g me sumpag  forèa ¸ste

‖f − g‖1 < ǫ.Apìdeixh Apì thn teleuta�a Parat rhsh (kai th grammikìthta tou oloklhr¸mato),arke� na upojèsoume ìti f = χE, ìpou E ∈ BR. ParathroÔme ìti µ(E) =
∫
|f |dµ < ∞.Xèroume (Prìtash 2.19) ìti gia k�je ǫ > 0 up�rqei peperasmènh ènwsh A = ∪n
k=1Ik xènwnkai fragmènwn diasthm�twn11 ¸ste µ(E △ A) < ǫ, opìte ‖χE − χA‖1 < ǫ. Gia k�je ènaapì ta Ik mporoÔme na broÔme mia suneq  sun�rthsh gk : R → [0, 1] me sumpag  forèa¸ste ‖gk − χIk

‖1 < ǫ
n
. Pr�gmati, an Ik = (a, b) kai Cj = [a + 1

j
, b − 1

j
] tìte Cj ⊆ Cj+1kai ∪jCj = Ik, opìte mpor¸ na dialèxw Cj ⊆ (a, b) ¸ste 0 < µ(Ik \ Cj) < ǫ

n
kai na p�rw

gk(t) = 1 ìtan t ∈ Cj , gk(s) = 0 ìtan s /∈ Ik kai gk {grammik } sta upìloipa. Tìte ja èqw
0 ≤ χIk

− gk ≤ 1 opìte
‖χIk

− gk‖1 =

∫
|χIk

− gk|dµ =

∫

Ik\Cj

(χIk
− gk)dµ ≤ µ(Ik \ Cj) <

ǫ

n
.Epeid  ta Ik e�nai xèna èqw χA =

∑
k χIk

kai sunep¸
∥∥∥∥∥χE −

∑

k

gk

∥∥∥∥∥
1

≤
∥∥∥∥∥χE −

∑

k

χIk

∥∥∥∥∥
1

+

∥∥∥∥∥
∑

k

(χIk
− gk)

∥∥∥∥∥
1

< ‖χE − χA‖1 +
∑

k

ǫ

n
< 2ǫ.Prìtash 3.47 An fn ∈ L1(X,S, µ) kai ∑

n

∫
|fn|dµ < +∞ tìte h seir� ∑

fn sug-kl�nei µ-sv.p. kai w pro thn ‖·‖1 se mia f ∈ L1(X,S, µ) kai ∫ ∑
n

fndµ =
∑

n

∫
fndµ.Me �lla lìgia, an fn ∈ L1 kai ∑n ‖fn‖1 < +∞ tìte h seir� ∑n fn sugkl�nei ston

(L1, ‖·‖1).10Το αποτέλεσμα αυτό ισχύει για κανονικά μέτρα Borel σε τοπικά συμπαγείς χώρους Hausdorff.11Από την Πρόταση 2.19 μπορούμε να γράψουμε A = ∪m
j=1

Ij · αντικαθιστώντας ορισμένα από τα διαστή-
ματα με την ένωσή τους, μπορούμε να υποθέσουμε ότι είναι ξένα, διότι αν I1 ∩ I2 6= ∅ τότε η ένωση I1 ∪ I2

είναι ανοικτό και φραγμένο διάστημα. 15



3.4 SÔgkrish me to olokl rwma Riemann3.4.1 UpenjÔmish: To olokl rwma Riemann'Estw f : [a, b] → R fragmènh. Gia k�je diamèrish P tou [a, b]

P = {a = t0 < t1 < · · · < tn = b}se xèna an� dÔo diast mata Ik = [tk−1, tk), (k = 1, 2, . . . , n− 1) kai In = [tn−1, tn] jètoume
Mi = Mi(f) = sup{f(s) : s ∈ Ii}
mi = mi(f) = inf{f(s) : s ∈ Ii} (i = 1, . . . , n).kai

L(f,P) =
n∑

i=1

mi(f)(ti − ti−1) U(f,P) =
n∑

i=1

Mi(f)(ti − ti−1).Ta L(f,P) kai U(f,P) onom�zontai to k�tw kai �nw �jroisma Riemann th f wpro th diamèrish P.E�nai safè ìti L(f,P) ≤ U(f,P). Jewr¸nta diadoqik� diamer�sei me ìlo kai perissì-tera shme�a, ja parathr soume ìti ta k�tw ajro�smata megal¸noun, paramènonta ìmwìla mikrìtera (  �sa) apì k�je �nw �jroisma, en¸ ta �nw ajro�smata mikra�noun, para-mènonta ìmw ìla megalÔtera (  �sa) apì k�je k�tw �jroisma. An up�rqei èna kaimonadikì arijmì I an�mesa sta k�tw kai ta �nw ajro�smata, dhlad  tètoio ¸ste naisqÔei L(f,P) ≤ I ≤ U(f,Q) gia opoiesd pote dÔo diamer�sei P kai Q tou [a, b], tìteautì o arijmì onom�zetai to olokl rwma Riemann th f sto [a, b]. Alli¸, to olokl -rwma Riemann th f sto [a, b] den up�rqei. Ta ajro�smata Riemann loipìn apoteloÔnk�tw kai �nw prosegg�sei12 tou oloklhr¸mato Riemann, ìtan autì up�rqei.Prìtash 3.48 (Krit rio Riemann) 'Estw f : [a, b] → R fragmènh. H f e�nai
Riemann-oloklhr¸simh an kai mìnon an gia k�je ε > 0 up�rqei diamèrish Pε tou [a, b]¸ste

U(f,Pǫ) − L(f,Pǫ) < ε.IsodÔnama:Gia k�je diamèrish P tou [a, b] or�zoume klimakwtè sunart sei hP , gP sto [a, b] wex : k�je t ∈ [a, b] an kei akrib¸ se èna apì ta Ii kai jètoume
hP(t) = mi(f), gP(t) = Mi(f), t ∈ Ii (i = 1, . . . , n)dhlad 

hP =

n∑

i=1

mi(f)χIi
, gP =

n∑

i=1

Mi(f)χIiDiapist¸netai eÔkola ìti
hP(t) ≤ f(t) ≤ gp(t) gia k�je t ∈ [a, b]kai ∫ b

a

hP(t)dt = L(f,P),

∫ b

a

gP(t)dt = U(f,P).Epomènw to krit rio Riemann anadiatup¸netai w ex :12Μπορεί να διαπιστώσει κανείς ότι, είτε υπολογίσει τα άνω και κάτω αθροίσματα χρησιμοποιώντας ημι-
άνοιχτα διαστήματα (όπως εδώ) είτε τα υπολογίσει χρησιμοποιώντας κλειστά διαστήματα, η ύπαρξη και η
τιμή του ολοκληρώματος της f δεν επηρεάζονται. 16



Prìtash 3.49 'Estw f : [a, b] → R fragmènh. H f e�nai Riemann-oloklhr¸simh ankai mìnon an gia k�je ε > 0 up�rqoun klimakwtè sunart sei gǫ, hǫ : [a, b] → R ¸ste
gǫ ≤ f ≤ hǫ kai ∫ b

a
(hǫ − gǫ) < ǫ.3.4.2 Olokl rwma Riemann kai olokl rwma LebesgueExet�zoume t¸ra th sqèsh an�mesa sto olokl rwma Riemann kai to olokl rwma Lebe-

sgue.Ja de�xoume ìti an h f e�nai Riemann-oloklhr¸simh tìte e�nai Lebesgue-oloklhr¸simh kai∫ b

a
f(x)dx =

∫
[a,b]

fdλ.Epeid  oi sunart sei hP kai gP e�nai klimakwtè (�ra aplè metr sime), to olokl rwma
Riemann kai to olokl rwma Lebesgue twn sunart sewn aut¸n sump�ptoun.Epilègoume epagwgik� diamer�sei P1 ⊆ P2 ⊆ . . . ⊆ Pn ⊆ . . . ¸ste h {leptìthta} (dhlad h apìstash dÔo diadoqik¸n shme�wn) th Pn na e�nai mikrìterh apì 1

n
kai

lim
n→∞

∫ b

a

hPn
= sup

P
L(f,P) ≡

∫ b

a

f, lim
n→∞

∫ b

a

gPn
= inf

P
U(f,P) ≡

∫ b

a

f.ParathroÔme ìti h akolouj�a (hPn
) = (hn) e�nai aÔxousa kai h (gPn

) = (gn) e�nai fj�nousakai ìti hn ≤ f ≤ gn gia k�je n. Jètoume h = supn hn kai g = infn gn. Oi h, g e�naimetr sime, fragmène (�ra Lebesgue-oloklhr¸sime) kai
h ≤ f ≤ g.Qwr� kammi� upìjesh gia thn f (ektì tou ìti e�nai fragmènh) apì to Je¸rhma Kuriar-qhmènh SÔgklish (afoÔ hn ≤ gn ≤ g1 kai g1 ∈ L1) sumpera�noume ìti

∫
hdλ = lim

n

∫
hndλ =

∫ b

a

f kai ∫
gdλ = lim

n

∫
gndλ =

∫ b

a

f.Epomènw h f e�nai Riemann oloklhr¸simh an kai mìnon an isqÔei h isìthta
∫

hdλ =

∫
gdλ.Efìson h ≤ g, h isìthta aut  isqÔei an kai mìnon an h(x) = g(x) sqedìn gia k�je x ∈ [a, b].EpomènwParat rhsh Dhlad  h f e�nai Riemann oloklhr¸simh an kai mìnon an h(x) = g(x)sqedìn pantoÔ.Tìte èqoume kai h(x) = f(x) = g(x) sqedìn gia k�je x ∈ [a, b] opìte h f e�nai metr simh13,m�lista Lebesgue-oloklhr¸simh kai

∫
fdλ =

∫
hdλ =

∫ b

a

f13για κάθε c ∈ R, το σύνολο {x ∈ [a, b] : f(x) < c} διαφέρει από το σύνολο {x ∈ [a, b] : h(x) < c} κατά
ένα σύνολο μέτρου μηδέν, άρα είναι μετρήσιμο, γιατί τα σύνολα μέτρου μηδέν είναι Lebesgue μετρήσιμα.17



dhlad  to olokl rwma Lebesgue th f sump�ptei me to olokl rwma Riemann.Ja de�xoume t¸ra ìti h f e�nai Riemann oloklhr¸simh an kai mìnon an e�nai sqedìn pantoÔsuneq .Isqurismì 'Estw x ∈ [a, b] pou den an kei se kanèna apì ta diaqwristik� shme�a kammi�apì ti diamer�sei Pn. Tìte h f e�nai suneq  sto x an kai mìnon an h(x) = g(x).Apìdeixh An h f e�nai suneq  sto x, tìte gia k�je ǫ > 0 up�rqei δ > 0 ¸ste an
t ∈ [a, b] kai |t − x| < δ na isqÔei |f(t) − f(x)| < ǫ. Epilègoume n ∈ N ¸ste 1

n
< δ, opìteh leptìthta th diamèrish Pn e�nai mikrìterh apì δ. 'Epetai ìti an Ik e�nai to di�sthma14th Pn ìpou an kei to x, tìte k�je t ∈ Ik ja ikanopoie� |t − x| < δ, �ra |f(t) − f(x)| < ǫkai sunep¸ |Mk(f) − f(x)| ≤ ǫ kai |mk(f) − f(x)| ≤ ǫ �ra |Mk(f) − mk(f)| ≤ 2ǫ. AfoÔ

x ∈ Ik, èqoume gn(x) = Mk(f) kai hn(x) = mk(f) opìte gn(x) − hn(x) ≤ 2ǫ. All�
0 ≤ g(x)−h(x) ≤ gn(x)−hn(x) ≤ 2ǫ, pr�gma pou shma�nei (afoÔ to ǫ > 0 e�nai auja�reto)ìti g(x) − h(x) = 0.An ant�strofa g(x)−h(x) = 0 tìte gia k�je ǫ > 0 up�rqei n ∈ N ¸ste 0 ≤ gn(x)−hn(x) <
ǫ opìte, an Ik = [tk−1, tk) e�nai to di�sthma th Pn ìpou an kei to x, tìte gia k�je t ∈ Ikèqoume mk(f) ≤ f(t) ≤ Mk(f) kai mk(f) ≤ f(x) ≤ Mk(f) �ra

|f(t) − f(x)| ≤ Mk(f) − mk(f) = gn(x) − hn(x) < ǫ.Dhlad  gia k�je ǫ > 0 up�rqei anoiktì di�sthma (tk−1, tk) ¸ste gia k�je t ∈ (tk−1, tk) naisqÔei |f(t) − f(x)| < ǫ, pou shma�nei ìti h f e�nai suneq  sto x. 2'Estw loipìn ìti h f e�nai Riemann oloklhr¸simh. Apì thn Parat rhsh, up�rqei ènasÔnolo N1 ⊆ [a, b] mètrou mhdèn ¸ste h(x) = g(x) gia k�je x ∈ [a, b]\N1. An onom�soume
N thn ènwsh tou N1 me to (arijm simo, �ra λ-mhdenikì) sÔnolo ∪nPn ìlwn twn shme�wnìlwn twn diamer�sewn Pn, n ∈ N, tìte to N èqei mètro mhdèn kai h f e�nai suneq  sek�je x ∈ [a, b] \ N , dhlad  sqedìn pantoÔ. Pr�gmati, an x /∈ N tìte to x den e�nai shme�okammi� diamèrish opìte, afoÔ x ∈ N1 opìte h(x) = f(x) = g(x), h f e�nai suneq  sto
x apì ton Isqurismì.'Estw ant�strofa ìti h f e�nai suneq  sqedìn pantoÔ, dhlad  up�rqei èna sÔnolo N2 ⊆
[a, b] mètrou mhdèn ¸ste h f na e�nai suneq  se k�je x ∈ [a, b] \ N2. Jètoume M =
N2 ∪ (∪nPn). Gia k�je x ∈ M c, h f e�nai suneq  sto x, opìte apì ton IsqurismìprokÔptei h isìthta h(x) = g(x). AfoÔ λ(M) = 0 , èqoume h = g sqedìn pantoÔ. Apìthn Parat rhsh prokÔptei ìti to olokl rwma Riemann th f sto [a, b] up�rqei.Sunoy�zoume:Je¸rhma 3.50 Mia fragmènh sun�rthsh f : [a, b] → R e�nai Riemann oloklhr¸simhan kai mìnon an e�nai sqedìn pantoÔ suneq , an dhlad  to sÔnolo twn asuneqei¸n th èqeimètro mhdèn. Tìte h f e�nai Lebesgue oloklhr¸simh kai ta dÔo oloklhr¸mata sump�ptoun.Parat rhsh 3.51 A ton�soume th diafor� an�mesa sthn ènnoia {sqedìn pantoÔ sune-q } kai thn ènnoia {sqedìn pantoÔ �sh me mia suneq  sun�rthsh}:Gia par�deigma h sun�rthsh Dirichlet, dhlad  h qarakthristik  sun�rthsh twn rht¸n, dene�nai poujen� suneq , all� e�nai sqedìn pantoÔ �sh me th suneq  sun�rthsh f(t) = 0.14μοναδικό, αφού τα In είναι ξένα 18



Ant�jeta h qarakthristik  sun�rthsh tou [1
3
, 2

3
] e�nai sqedìn pantoÔ suneq  (afoÔ e�naiasuneq  mìno sta shme�a 1

3
kai 2

3
), all� den mpore� na e�nai sqedìn pantoÔ �sh me miasuneq  sun�rthsh, giat� èqei �lma sta dÔo aut� shme�a.3.5 SÔgklish akolouji¸n metrhs�mwn sunart sewnParat rhsh 3.52 'Estw (X,S, µ) q¸ro mètrou, fn, f : X → R metr sime. Gnwr�-zoume  dh ti ex  ènnoie sÔgklish:1. fn → f omoiìmorfa sto X2. fn → f kat� shme�o sto X.3. fn → f kat� shme�o µ-sqedìn pantoÔ.4. fn → f ston L1, dhlad  ∫ |fn − f |dµ → 0.E�nai profanè ìti (1) ⇒ (2) ⇒ (3) kai ìti oi ant�strofe sunepagwgè den isqÔoun.Ep�sh h (1) ⇒ (4) den isqÔei en gènei (par�deigma: fn = 1

n
χ[0,n], f = 0 ston (R,BR, λ)),isqÔei ìmw se q¸rou peperasmènou mètrou (apì to Je¸rhma Kuriarqhmènh SÔgklish).H sunepagwg  (2) ⇒ (4) den isqÔei qwr� epiplèon upojèsei (ìpw p.q. sta Jewr ma-ta Monìtonh   Kuriarqhmènh SÔgklish) oÔte se q¸rou peperasmènou mètrou. 'Enapar�deigma ston ([0, 1],B[0,1], λ)) e�nai h fn = nχ(0, 1

n
], f = 0.OÔte ìmw h sunepagwg  (4) ⇒ (3) isqÔei. 'Ena par�deigma e�nai to 3.43. To mìno poumpore� kane� na sumper�nei en gènei apì thn ‖fn − f‖1 → 0 e�nai ìti up�rqei upakolouj�a

(fkn
) ¸ste fkn

→ f sqedìn pantoÔ (Je¸rhma 3.44).Orismì 3.9 'Estw (X,S, µ) q¸ro mètrou, fn, f : X → R metr sime. Lème ìti
fn → f kat� mètro ìtangia k�je ε > 0, an N(n, ε) = {x ∈ X : |fn(x)−f(x)| ≥ ε} tìte lim

n
µ(N(n, ε)) = 0.Prìtash 3.53 (Lebesgue) 'Estw µ(X) < ∞. An fn → f sqedìn pantoÔ , tìte fn → fkat� mètro.Parade�gmata 3.54 (a) To ant�strofo den isqÔei en gènei. De to par�deigma 3.43.(b) To sumpèrasma den isqÔei p�nta se q¸rou �peirou mètrou. Gia par�deigma h akolouj�a

(χ[n,∞)) te�nei sto 0 kat� shme�o, en¸ den sugkl�nei kat� mètro ston (R,Mλ∗, λ).Je¸rhma 3.55 (Egorov) 'Estw µ(X) < ∞. An fn → f µ-sqedìn pantoÔ, tìte giak�je δ > 0 up�rqei Aδ ∈ S me µ(Aδ) < δ ¸ste fn → f omoiìmorfa sto X\Aδ.H sÔgklish sto sumpèrasma tou Jewr mato onom�zetai pollè forè {sqedìn omoiìmorfhsÔgklish}.Apìdeixh Gia k�je k kai m ∈ N, èstw
Em(k) =

⋃

n≥m

N(n,
1

k
) = {x : ∃n ≥ m : |fn(x) − f(x)| ≥ 1

k
}.19



'Eqoume Em(k) ⊃ Em+1(k) gia k�je m kai
⋂

m≥1

Em(k) = {x : ∀m ∃n ≥ m : |fn(x) − f(x)| ≥ 1

k
} ⊆ {x : |fn(x) − f(x)| 9 0}diìti an x ∈ ⋂

m Em(k) tìte up�rqoun �peiroi n ∈ N ¸ste |fn(x) − f(x)| ≥ 1
k
, kaisunep¸ h akolouj�a (fn(x)) den sugkl�nei sto f(x). 'Omw fn → f sqedìn pantoÔ, �ra

µ (∩mEm(k)) = 0. Epeid  µ(E1(k)) < +∞, èpetai ìti lim
m

µ(Em(k)) = 0.Epomènw gia k�je δ > 0 kai k�je k ∈ N up�rqei mk ∈ N ¸ste µ(Emk
(k)) <

δ

2k
.'Estw

Aδ =
∞⋃

k=1

Emk
(k)Tìte

µ(Aδ) ≤
∞∑

k=1

µ(Emk
(k)) <

∞∑

k=1

δ

2k
= δ.Isqurismì: fn → f omoiìmorfa sto Ac

δ.Apìdeixh : 'Estw ǫ > 0 kai k ∈ N me 1
k

< ǫ. Epeid  Aδ ⊇ Emk
(k), an x ∈ Ac

δ èqoume
x /∈ Emk

(k) �ra gia k�je n ≥ mk isqÔei |fn(x)−f(x)| < 1
k

< ǫ. AfoÔ to mk den exart�taiapì to x èqoume fn → f omoiìmorfa sto Ac
δ. 2To Je¸rhma Egorov den isqÔei p�nta se q¸rou �peirou mètrou. 'Ena par�deigma e�nai to3.54 (b): H akolouj�a (χ[n,∞)) te�nei sto mhdèn pantoÔ, all� den up�rkei Aδ peperasmènou(pìso m�llon mikroÔ) mètrou ¸ste h (χ[n,∞)) na te�nei sto mhdèn omoiìmorfa sto Ac

δ (giat�?).To ant�strofo ìmw tou Jewr mato Egorov isqÔei. M�lista isqÔei k�ti isqurìtero:Prìtash 3.56 An fn → f sqedìn omoiìmorfa tìte fn → f sqedìn pantoÔ kai kat�mètro.Apìdeixh Parale�petai.To ant�strofo th 3.56 den isqÔei en gènei. 'Ena par�deigma e�nai h akolouj�a (gn) ìpou
gn(t) =

{
1, an n ≤ t ≤ n + 1

n

0, alli¸ ston (R,Mλ∗ , λ). (Apìdeixh: 'Askhsh.)Ep�sh, h upìjesh {fn → f kat� mètro} den arke� apì mình th gia na exasfal�sei thnsqedìn omoiìmorfh sÔgklish (oÔte se q¸rou peperasmènou mètrou): h akolouj�a (fn)sto Par�deigma 3.43 sugkl�nei sto 0 kat� mètro, den sugkl�nei ìmw se kanèna shme�o,opìte den e�nai dunatìn na sugkl�nei sqedìn omoiìmorfa.Parat rhsh 3.57 Apo to Je¸rhma 3.55 kai thn Prìtash 3.56 èpetai ìti se q¸roupeperasmènou mètrou,
fn → f sv.p. ⇐⇒ fn → f sqedìn omoiìmorfa.Prìtash 3.58 An fn → f ston L1 tìte fn → f kat� mètro.Apìdeixh Apì thn anisìthta Chebyshev - Markov 3.25 èqoume gia k�je ǫ > 0,

µ(N(n, ǫ)) ≤ 1

ǫ

∫
|fn − f |dµ =

1

ǫ
‖fn − f‖1 → 0. 2To ant�strofo den isqÔei en gènei. 'Ena par�deigma e�nai h akolouj�a fn = n2χ[0, 1

n
] ston

([0, 1],B[0,1], λ). 20


