
Metaptuqiak  An�lush IPrìqeire Perilhptikè Shmei¸seiA. K.1 σ-'AlgebreOrismì 1.1 'Estw X mh kenì sÔnolo1.'Algebra A uposunìlwn tou X e�nai mia mh ken  oikogèneia A ⊆ P(X) kleist  w prosumplhr¸mata kai peperasmène tomè.M�a σ-�lgebra e�nai mia �lgebra pou e�nai kleist  w pro arijm sime tomè.Parathr sei 1.1 An A e�nai �lgebra, tìte {∅, X} ⊆ A.Ep�sh h A e�nai kleist  w pro peperasmène en¸sei.An mia S e�nai σ-�lgebra, e�nai kleist  w pro arijm sime en¸sei.'Askhsh 1.2 An mia �lgebra A e�nai kleist  w pro xène arijm sime en¸sei, tìtee�nai σ-�lgebra. To �dio sumpèrasma èpetai an e�nai kleist  w pro aÔxouse arijm simeen¸sei.Parade�gmata 1.3 (a) Oi oikogèneie {∅, X} kai P(X) e�nai σ-�lgebre.(b) An to X e�nai �peiro tìte
A = {E ⊆ X : E peperasmèno   Ec peperasmèno}e�nai �lgebra, all� ìqi σ-�lgebra.(g) An to X e�nai uperarijm simo tìte
A = {E ⊆ X : E arijm simo   Ec arijm simo}e�nai σ-�lgebra.(d) H tom  mi� opoiasd pote oikogèneia σ-algebr¸n e�nai σ-�lgebra.K�je ∅ 6= E ⊆ P(X) perièqetai se mia σ-�lgebra, thn P(X). Epomènw h tom  M(E)ìlwn twn σ-algebr¸n pou perièqoun thn E e�nai h mikrìterh σ-�lgebra pou thn perièqei.Orismì 1.2 H M(E) onom�zetai h σ-�lgebra pou par�getai apì thn E .1μετρο, 16/11/08 1



Parathr sei 1.4 An E ⊆ F tìte M(E) ⊆ M(F).An E ⊆ M kai M e�nai σ-�lgebra tìte M(E) ⊆ M.Orismì 1.3 An (X, T ) e�nai topologikì q¸ro, h σ-algebra M(T ) pou par�getai apìta anoikt� sÔnola onom�zetai h σ-�lgebra Borel tou X kai sumbol�zetai BX .Perièqei:ìla ta anoikt� sÔnolaìla ta kleist� sÔnolaìle ti arijm sime tomè anoikt¸n sunìlwn (ta sÔnola Gδ)ìle ti arijm sime en¸sei kleist¸n sunìlwn (ta sÔnola Fσ)ìle ti arijm sime tomè Fσ sunìlwn: ta sÔnola Fσδìle ti arijm sime en¸sei Gδ sunìlwn: ta sÔnola Gδσk.lp. k.lp.Prìtash 1.5 H σ-�lgebra Borel BR par�getai apì opoiand pote apì ti parak�tw oiko-gèneie:
E1 = {(a, b) : a < b} E5 = {[a, b) : a < b}

E2 = {[a, b] : a < b} E6 = {(a, b] : a < b}

E3 = {(a,+∞) : a ∈ R} E7 = {[a,+∞) : a ∈ R}

E4 = {(−∞, b) : b ∈ R} E8 = {(−∞, b] : b ∈ R}.Orismì 1.4 Mia oikogèneia E ⊆ P(X) lègetai stoiqei¸dh oikogèneia an
• ∅ ∈ E

• E,F ∈ E ⇒ E ∩ F ∈ E

• E ∈ E ⇒ Ec e�nai peperasmènh xènh ènwsh stoiqe�wn th E .Par�deigma 1.6 E = {(a, b] : a ≤ b}∪ {(−∞, b] : b ∈ R}∪ {(a,+∞) : a ∈ R}∪ {∅,R}.E�nai mia stoiqei¸dh oikogèneia.Prìtash 1.7 An E ⊆ P(X) e�nai stoiqei¸dh oikogèneia tìte h oikogèneia A ìlwn twnpeperasmènwn en¸sewn E1∪E2 ∪· · ·∪En xènwn sunìlwn {E1, . . . , En} ⊆ E e�nai �lgebra.Apìdeixh (per�lhyh) 1. An E,F ∈ E tìte E \ F ∈ A.2. An E,F ∈ E tìte E ∪ F ∈ A.3. An E1, . . . , En ∈ E tìte E1 ∪ · · · ∪ En ∈ A.4. An A1, . . . , An ∈ A tìte A1 ∪ · · · ∪An ∈ A.5. An A ∈ A tìte Ac ∈ A. 2



2 MètraOrismì 2.1 (a) An X e�nai mh kenì sÔnolo kai M e�nai σ-�lgebra uposunìlwn tou,to zeÔgo (X,M) lègetai metr simo q¸ro.(b) Mètro ston metr simo q¸ro (X,M) lègetai mia apeikìnish
µ : M → [0,+∞]me ti idiìthte

µ(∅) = 0

µ

(

∞
⋃

n=1

En

)

=

∞
∑

n=1

µ(En) ìtan En ∈ M e�nai xèna an� dÔo (σ-prosjetikìthta).Parat rhsh 2.1 Mia apeikìnish µ : M → [0,+∞] pou ikanopoie� µ(∅) = 0 kai
µ (E ∪ F ) = µ(E) ∪ µ(F )ìtan E,F ∈ M e�nai xèna lègetai peperasmèna prosjetikìmètro.Orismì 2.2 'Ena mètro µ ston metr simo q¸ro (X,M) lègetai

• peperasmèno an µ(X) <∞

• σ-peperasmèno an X =
⋃

∞

n=1Xn ìpou Xn ∈ M kai µ(Xn) <∞ gia k�je n ∈ N.
• hmipeperasmèno (semifinite) an k�je E ∈ M me µ(E) = +∞ perièqei F ∈ Mme 0 < µ(E) <∞.Parathr sei 2.2 (a) Apì thn epìmenh Prìtash 2.3 (a) èpetai ìti an to µ e�nai pepe-rasmèno tìte gia k�je E ∈ M isqÔei µ(E) <∞.(b) Ep�sh èpetai ìti an to µ e�nai σ-peperasmèno tìte ìla ta E ∈ M èqoun {σ-peperasmènomètro}.Prìtash 2.3 (Basikè idiìthte tou mètrou)(a) (Monoton�a) An E,F ∈ M kai E ⊆ F tìte µ(E) ≤ µ(F ).(b) (σ-Upoprosjetikìthta)An {En : n ∈ N} ⊆ M tìte µ (

⋃∞

n=1En) ≤
∑∞

n=1 µ(En).(g) An {En : n ∈ N} ⊆ M kai En ⊆ En+1 gia k�je n tìte µ (
⋃

∞

n=1En) = limn µ(En).(d) An {En : n ∈ N} ⊆ M, an En ⊇ En+1 gia k�je n kai an µ(E1) < ∞ tìte
µ (
⋂∞

n=1En) = limn µ(En).UpenjÔmish An {ai : i ∈ I} ⊆ [0,+∞], or�zoume
∑

i∈I

ai = sup

{

∑

i∈F

ai : F ⊆ I peperasmèno } ∈ [0,+∞].'Otan I = N kai ai ∈ R, o orismì sump�ptei me ton sunhjismèno orismì tou ajro�smatomia seir� mh arnhtik¸n ìrwn. 3



Par�deigma 2.4 'Estw X mh kenì sÔnolo kai f : X → [0,+∞] mia sun�rthsh.Or�zoume µf : P(X) → [0,+∞] apì th sqèsh
µf(E) =

∑

x∈E

f(x).Eidikè peript¸sei: (a) An f(x) = 1 gia k�je x ∈ X, tìte µf(E) = #E (o plhj�rijmotou E): to µf e�nai to mètro apar�jmhsh (counting measure).(b) 'Estw xo ∈ X kai f : X → [0,+∞] h sun�rthsh ìpou f(x) =

{

1, x = xo

0, x 6= xo
. Tìte

µf(E) =

{

1, xo ∈ E
0, xo /∈ E

. To µf e�nai to mètro Dirac δxo
sto xo.Parathr sei 2.5 (a) To µf e�nai hmipeperasmèno an kai mìnon an f(X) ⊆ [0,+∞).(b) To µf e�nai σ-peperasmèno an kai mìnon an e�nai hmipeperasmèno kai to sÔnolo

{x ∈ X : f(x) > 0} e�nai arijm simo.2.1 Mhdenik� sÔnola, pl rwsh'Estw (X,M, µ) q¸ro mètrou. An N ∈ M kai µ(N) = 0 tìte to N lègetai µ-mhdenikìsÔnolo.Orismì 2.3 Mia idiìthta P (x) pou anafèretai se stoiqe�a x ∈ X lègetai ìti isqÔei
µ-sqedìn pantoÔ an isqÔei ektì apì èna mhdenikì sÔnolo, dhl. an up�rqei èna mhdenikìsÔnolo N ∈ M ¸ste h P (x) na isqÔei gia k�je x /∈ N ,   isodÔnama, an to sÔnolo twn
x ∈ X gia ta opo�a h P (x) den isqÔei perièqetai se èna mhdenikì sÔnolo N ∈ M.Parathr sei 2.6 An Nn, n ∈ N e�nai mhdenik� sÔnola tìte to ∪nNn e�nai mhdenikìsÔnolo. Ep�sh an N e�nai mhdenikì sÔnolo kai F ∈ M, E ⊆ N , tìte to F e�nai mhdenikìsÔnolo.'Omw, an N e�nai mhdenikì sÔnolo kai E ⊆ N den èpetai ìti E ∈ M.Gia par�deigma an X = [0, 1] kai M h σ-�lgebra tou Parade�gmato 1.3(g), èstw E =
[0, 1/2] kai xo = 3/4. JewroÔme ton (X,M, δxo

). An N ≡ {xo}c tìte N ∈ M, δxo
(N) = 0kai E ⊆ N all� E /∈ M.Orismì 2.4 'Ena mètro (  èna q¸ro mètrou) lègetai pl re (ant. pl rh) an k�jeuposÔnolo mhdenikoÔ sunìlou e�nai metr simo.Je¸rhma 2.7 (Pl rwsh) 'Estw (X,M, µ) q¸ro mètrou kai

N = {N ∈ M : µ(N) = 0}

N = {F ⊆ X : ∃N ∈ N ¸ste F ⊆ N}

M = {E ∪ F : E ∈ M, F ∈ N}.Tìte h M e�nai σ-�lgebra, kai an jèsoume
µ̄(E ∪ F ) = µ(E), E ∈ M, F ∈ N4



tìte to µ̄ e�nai kal� orismèno mètro sthn M ¸ste µ̄|M = µ.O q¸ro mètrou (X,M, µ̄) e�nai pl rh kai to µ̄ e�nai monadikì, me thn ènnoia ìti an νe�nai pl re mètro sthn M ¸ste µ̄|M = µ tìte ν = µ̄.Apìdeixh Parale�petai.2.2 Exwterik� mètra kai mètraOrismì 2.5 'Estw Ω 6= ∅. Mia sun�rthsh µ∗ : P(Ω) → [0,+∞] lègetai exwterikìmètro an(a) µ∗(∅) = 0(b) (σ-upoprosjetikìthta) an An ⊆ Ω tìte µ∗(
⋃

n∈N
An) ≤

∑

n∈N
µ∗(An)(g) (monoton�a) an A ⊆ B tìte µ∗(A) ≤ µ∗(B).Parat rhsh 2.8 SÔgkrish me thn ènnoia tou mètrou:(i) 'Ena exwterikì mètro or�zetai s�olìklhro to dunamosÔnolo(ii) den e�nai ìmw kat�an�gkh (oÔte peperasmèna) prosjetikì, all� mìno σ-upoprosjetikì.Prìtash 2.9 'Estw B ⊆ P(Ω) mia oikogèneia ¸ste ∅,Ω ∈ B kai èstw ψ : B → [0,+∞]mia sun�rthsh me ψ(∅) = 0. An A ⊆ Ω, or�zoume

µ∗(A) = inf

{

∞
∑

n=1

ψ(En) : En ∈ B, A ⊆
⋃

n

En

}

.Tìte to µ∗ e�nai exwterikì mètro.Par�deigma 2.10 Ston Ω = R
d, or�zw

(a, b) = {x = (x1, . . . , xd) ∈ R
d : ai < xi < bi, i = 1, . . . , d} (anoiktì parallhlep�pedo).Jètw B = {(a, b) : a, b ∈ R

d, ai < bi} ∪ {∅,R3}kai ψ((a, b)) = (b1 − a1)(b2 − a2) . . . (bd − ad), ψ(∅) = 0, ψ(Rd) = +∞.To exwterikì mètro pou prokÔptei sto P(Rd) e�nai to exwterikì mètro Lebesgue.Parat rhsh 2.11 'Estw φ : P(Ω) → [0,+∞] èna exwterikì mètro kai B ⊆ Ω. Apìthn upoprosjetikìthta èqoume φ(Ω) = φ(B ∪ Bc) ≤ φ(B) + φ(Bc), �ra {sthn kalÔterhper�ptwsh} ja isqÔei h isìthta φ(B ∪ Bc) = φ(B) + φ(Bc): to B tìte {kìbei kal�} to
Ω. M�lista gia opoiod pote A ⊆ Ω èqoume φ(A) ≤ φ(A ∩B) + φ(A ∩Bc). Ta metr simasÔnola e�nai eke�na ta B pou {kìboun kal�} k�je sÔnolo A:Orismì 2.6 'Estw φ : P(Ω) → [0,+∞] èna exwterikì mètro. 'Ena B ⊆ Ω lègetai
φ-metr simo an gia k�je A ⊆ Ω, φ(A) = φ(A ∩ B) + φ(A ∩Bc).Jètoume Mφ = {B ⊆ Ω : B φ-metr simo}.5



Parat rhsh 2.12 'Estw B ⊆ Ω.
• An φ(B) = 0, tìte B ∈ Mφ.
• Gia na de�xw ìti B ∈ Mφ, arke� na de�xw ìtigia k�je A ⊆ Ω, φ(A) ≥ φ(A ∩ B) + φ(A ∩Bc).

• M�lista arke� na de�xw thn anisìthta aut  gia k�je A me φ(A) <∞.Je¸rhma 2.13 (Karajeodwr ) An φ e�nai exwterikì mètro sto Ω, tìte
• H Mφ e�nai σ-�lgebra kai
• To φ|Mφ

e�nai pl re mètro.B mata apìdeixh:1. H Mφ e�nai �lgebra.2. An B1, B2 ∈ Mφ e�nai xèna, tìte gia k�je A ⊆ Ω isqÔei
φ(A ∩ (B1 ∪B2)) = φ(A ∩B1) + φ(A ∩B2)�ra φ(B1 ∪ B2) = φ(B1) + φ(B2)opìte to φ|Mφ

e�nai peperasmèna prosjetikì.3. An {Bn : n ∈ N} ⊆ Mφ e�nai xèna an� dÔo, tìte
•
⋃

n∈N
Bn ∈ Mφ kai

• φ
(
⋃

n∈N
Bn

)

=
∑

∞

n=1 φ(Bn)opìte h Mφ e�nai σ-�lgebra kai to φ|Mφ
e�nai σ-prosjetikì.Epomènw o q¸ro (Ω,Mφ, φ|Mφ

) e�nai q¸ro mètrou. 'Oti e�nai pl rh èpetai t¸ra apìthn Parat rhsh 2.12.B ma 1. (a) Ω ∈ Mφ: profanè.(b) An B ∈ Mφ, tìte gia k�je A ⊆ Ω isqÔei
φ(A) = φ(A ∩ B) + φ(A ∩Bc)

= φ(A ∩ Cc) + φ(A ∩ C) (ìpou C = Bc)�ra Bc ∈ Mφ.(g) An B1, B2 ∈ Mφ, na de�xw ìti B1 ∪ B2 ∈ Mφ: 'Estw A ⊆ Ω. Epeid  B1 ∈ Mφèqoume
φ(A) = φ(A ∩B1) + φ(A ∩ Bc

1). (1)Epeid  B2 ∈ Mφ èqoume
φ(A ∩Bc

1) = φ((A ∩ Bc
1) ∩B2) + φ((A ∩Bc

1) ∩ B
c
2) (2)6



opìte h (1) g�netai
φ(A) = φ(A ∩ B1) + φ((A ∩ Bc

1) ∩B2) + φ(A ∩Bc
1 ∩ B

c
2)

= φ(A ∩ B1) + φ((A ∩ Bc
1) ∩B2) + φ(A ∩ (B1 ∪ B2)

c). (3)All� A ∩ (B1 ∪ B2) = (A ∩ B1) ∪ (A ∩ (B2 ∩ Bc
1)) �ra, afoÔ to φ e�nai upoprosjetikì,

φ(A ∩ (B1 ∪ B2)) ≤ φ(A ∩B1) + φ(A ∩ (B2 ∩ Bc
1)), opìte apì thn (3) èqoume

φ(A) ≥ φ(A ∩ (B1 ∪ B2)) + φ(A ∩ (B1 ∪B2)
c) (4)�ra (B1 ∪B2) ∈ Mφ.B ma 2. An B1, B2 ∈ Mφ, kai B1∩B2 = ∅, tìte (B1∪B2)∩B1 = B1 kai (B1∪B2)∩Bc

1 =
B2, opìte gia k�je A ⊆ Ω, jètonta C = A ∩ (B1 ∪ B2) èqoume, afoÔ B1 ∈ Mφ,

φ(A ∩ (B1 ∪ B2)) = φ(C) = φ(C ∩B1) + φ(C ∩Bc
1)

= φ(A ∩ (B1 ∪ B2) ∩B1) + φ(A ∩ (B1 ∪B2) ∩ B
c
1)

= φ(A ∩ B1) + φ(A ∩ B2).B ma 3. An {Bn : n ∈ N} ⊆ Mφ e�nai xèna an� dÔo kai B = ∪nBn, ja de�xw ìti giak�je A ⊆ Ω,
φ(A) = φ(A ∩B) + φ(A ∩Bc) =

∞
∑

n=1

φ(A ∩Bn) + φ(A ∩ Bc) (5)opìte
φ(A) = φ(A ∩B) + φ(A ∩ Bc)�ra B ∈ Mφ kai (jètonta A = B)

φ(B) =

∞
∑

n=1

φ(Bn)�ra to φ|Mφ
e�nai σ-prosjetikì.Pr�gmati, gia k�je N ∈ N, epeid  ⋃N

n=1Bn ∈ Mφ,
φ(A) = φ

(

A ∩

(

N
⋃

n=1

Bn

))

+ φ

(

A ∩

(

N
⋃

n=1

Bn

)c)

=

N
∑

n=1

φ(A ∩ Bn) + φ

(

A ∩

(

N
⋃

n=1

Bn

)c) (B ma 2)
≥

N
∑

n=1

φ(A ∩Bn) + φ (A ∩Bc)diìti A ∩Bc ⊆ A ∩
(

⋃N
n=1Bn

)c. AfoÔ h anisìthta isqÔei gia k�je N ∈ N, èqoume
φ(A) ≥

∞
∑

n=1

φ(A ∩ Bn) + φ (A ∩ Bc) ≥ φ

(

∞
⋃

n=1

(A ∩Bn)

)

+ φ (A ∩ Bc)7



lìgw th σ-upoprosjetikìthta tou φ. All� ⋃n(A ∩ Bn) = A ∩ (
⋃

nBn) = A ∩B, �ra
φ

(

∞
⋃

n=1

(A ∩ Bn)

)

+ φ (A ∩Bc) = φ(A ∩ B) + φ (A ∩ Bc) ≥ φ(A)p�li apì thn upoprosjetikìthta. Dhlad 
φ(A) ≥

∞
∑

n=1

φ(A ∩Bn) + φ (A ∩ Bc) ≥ φ(A ∩ B) + φ (A ∩Bc) ≥ φ(A)sunep¸ isqÔei isìthta, kai h (5) apode�qjhke. 2Orismì 2.7 Mia apeikìnish µ : A → [0,+∞] lègetai promètro an(a) To ped�o orismoÔ A tou µ e�nai �lgebra uposunìlwn tou X(b) µ(∅) = 0(g) An {An : n ∈ N} ⊆ A e�nai xèna ana dÔo kai isqÔei ⋃∞

n=1An ∈ A, tìte
µ(
⋃

∞

n=1An) =
∑

∞

n=1 µ(An).Dhl. to µ e�nai peperasmèna prosjetikì, kai {ìtan mpore�} e�nai σ-prosjetikì.Je¸rhma 2.14 (Epèktash Karajeodwr ) 'Estw µo : A → [0,+∞] èna promè-tro kai µ∗ to ant�stoiqo exwterikì mètro. An E ∈ M(A), jètoume µ(E) = µ∗(E).Tìte to µ : M(A) → [0,+∞] e�nai mètro sthn σ−�lgebra M(A) pou par�gei h A kaiepekte�nei to µo.H epèktash aut  e�nai monadik  ìtan to µo e�nai peperasmèno (µo(X) <∞)   σ-peperasmèno
(X = ∪nAn ìpou An ∈ A kai µo(An) <∞ gia k�je n ∈ N).Genik�, k�je epèktash ν : M(A) → [0,+∞] tou µ ikanopoie� ν(E) ≤ µ(E) gia k�je
E ∈ M(A) kai, an µ(E) <∞, tìte ν(E) = µ(E).B mata apìdeixh B ma 1 De�qnoume ìti µ∗|A = µo.B ma 2 De�qnoume ìti k�je A ∈ A e�nai µ∗-metr simo.Kat� sunèpeia, an M(A) e�nai h σ-�lgebra pou par�getai apì thn A, tìte M(A) ⊆ Mµ∗kai an µ = µ∗|M(A), tìte o (X,M(A), µ) e�nai q¸ro mètrou kai µ|A = µ0.B ma 3 EÔkola prokÔptei ìti an ν : M(A) → [0,+∞] e�nai mètro pou epekte�nei to µtìte ν(E) ≤ µ(E) gia k�je E ∈ M(A)B ma 4 De�qnoume ìti, an ν e�nai ìpw sto B ma 3 kai E ∈ M(A) me µ(E) < ∞, tìte
µ(E) = ν(E).B ma 5 EÔkola prokÔptei ìti an ν e�nai ìpw sto B ma 3 kai to µ0 e�nai σ-peperasmènotìte ν = µ.2.3 Mètra Borel sto RJe¸rhma 2.15 An F : R → R e�nai aÔxousa kai dexi� suneq  tìte up�rqei monadikìmètro Borel µF sto R pou ikanopoie� µF ((a, b]) = F (b) − F (a) ìtan a, b ∈ R kai a ≤ b.8



An G : R → R e�nai aÔxousa kai dexi� suneq  kai µF = µG tìte h diafor� F − G e�naistajer .Tèlo an µ e�nai mètro Borel sto R pou ikanopoie� µ((a, b]) < ∞ ìtan a, b ∈ R kai a ≤ btìte h sun�rthsh F : R → R me
F (x) =







µ((0, x]), x > 0
0, x = 0

−µ((x, 0]), x < 0e�nai aÔxousa kai dexi� suneq  kai µF = µ.[Gia thn apìdeixh tou pr¸tou mèrou, de to arqe�o metraborel.pdf.℄Orismì 2.8 'Estw X topologikì (  metrikì) q¸ro, S mia σ-�lgebra pou perièqeita anoikt� (�ra kai ta Borel). 'Ena mètro µ ston (X,S) lègetai kanonikì an(i) Gia k�je K ⊆ X sumpagè isqÔei µ(K) <∞.(ii) Exwterik  kanonikìthta:Gia k�je A ∈ S isqÔei µ(A) = inf{µ(V ) : V anoiktì, A ⊆ V }(iii) Eswterik  kanonikìthta:Gia k�je V ⊆ X anoiktì isqÔei µ(V ) = sup{µ(K) : K sumpagè, K ⊆ V }.Prìtash 2.16 K�je mètro Borel µ sto R pou ikanopoie� µ((a, b]) <∞ ìtan a, b ∈ R kai
a ≤ b e�nai kanonikì. M�lista h isìthta

µ(E) = sup{µ(K) : K sumpagè, K ⊆ E}isqÔei gia k�je µ-metr simo sÔnolo E ⊆ R (kai ìqi mìno gia ta anoikt�).Parat rhsh 2.17 K�je tètoio mètro ikanopoie�, gia k�je µ-metr simo sÔnolo E ⊆ R,
µ(E) = inf

{

∞
∑

n=1

µ((an, bn]) : E ⊆
⋃

n

(an, bn]

}

L mma 2.18 K�je tètoio mètro ikanopoie�, gia k�je µ-metr simo sÔnolo E ⊆ R,
µ(E) = inf

{

∞
∑

n=1

µ((an, bn)) : E ⊆
⋃

n

(an, bn)

}

Prìtash 2.19 An µ e�nai kanonikì mètro Borel sto R kai E ⊆ R, ta ex  e�nai isodÔnama:(a) to E e�nai µ-metr simo(b) Up�rqei Gδ-sÔnolo V kai µ-mhdenikì sÔnolo N ¸ste E = V \N .(g) Up�rqei Fσ-sÔnolo H kai µ-mhdenikì sÔnolo M ¸ste E = H ∪M .Prìtash 2.20 An µ e�nai kanonikì mètro Borel sto R kai E ⊆ R e�nai µ-metr simo me
µ(E) < ∞, tìte gia k�je ǫ > 0 up�rqei A ⊆ R pou e�nai peperasmènh ènwsh anoikt¸ndiasthm�twn ¸ste µ(E △ A) < ǫ. 9



Parat rhsh 2.21 To mètro Lebesgue ston R (bl. Par�deigma 2.10) e�nai to mètro
λ = µF ìpou F (t) = t, t ∈ R.Prìtash 2.22 To mètro Lebesgue e�nai anallo�wto sti metajèsei fc : t→ t+c, c ∈ R.Je¸rhma 2.23 An µ e�nai èna mètro Borel sto R pou e�nai anallo�wto sti metajèseikai peperasmèno sta sumpag  sÔnola tìte e�nai pollapl�sio tou mètrou Lebesgue, dhlad up�rqei a ≥ 0 ¸ste µ = aλ.Apìdeixh 'Estw a = µ([0, 1)). To a e�nai peperasmèno efìson µ([0, 1)) ≤ µ([0, 1]) kaito [0, 1] e�nai sumpagè.An a = 0 tìte µ = 0 giat� µ(R) =

∑

n∈Z
µ(In) ìpou In = [n, n+ 1) �ra µ(In) = a = 0.An a > 0, jètoume ν(A) = 1

a
µ(A) kai ja de�xoume ìti ν = λ. Arke� (giat�?) na de�xoumeìti ν((a, b)) = λ((a, b)) gia k�je fragmèno anoiktì di�sthma (a, b).Gia k�je n, jètoume Dn,k = [k−1

2n ,
k
2n ). Ja de�xoume ìti ν(Dn,k) = 1

2n . Pr�gmati, epeid 
Dn,k = Dn,1 + (k − 1) èqoume ν(Dn,k) = ν(Dn,1) ≡ νn kai epeid  Dn,k ∩ Dn,j = ∅ ìtan
k 6= j èqoume

[0, 1) =
2n
⋃

k=1

Dn,k =⇒ ν([0, 1)) =
2n
∑

k=1

ν(Dn,k) = 2nνn�ra νn = 1
2n = λ(Dn,k), dhlad  ta mètra ν kai λ taut�zontai sta diast mata th morf 

Dn,k. 'Omw k�je fragmèno anoiktì di�sthma (a, b) e�nai arijm simh ènwsh tètoiwn diasth-m�twn2, �ra ta mètra ν kai λ taut�zontai sta fragmèna anoikt� diast mata, �ra pantoÔ.
22.4 To sÔnolo Cantor'Estw

C0 = [0, 1]

C1 =

[

0,
1

3

]

⋃

[

2

3
, 1

]

C2 =

[

0,
1

9

]

∪

[

2

9
,
3

9

]

⋃

[

6

9
,
7

9

]

∪

[

8

9
, 1

]

. . . . . . . . . . . .

C =

∞
⋂

n=1

Cn.Dhlad  sto n-ostì st�dio èqoume èna sÔnolo Cn pou e�nai ènwsh 2n kleist¸n diasthm�twnkai afairoÔme apì k�je kleistì di�sthma I tou Cn to anoiktì di�sthma me kèntro to mèsotou I kai m ko �so me 1/3 tou m ko tou I.2Υπάρχουν γνησίως μονότονες ακολουθίες δυαδικών ρητών (pn) και (qn) ώστε pn ց a και qn ր b,

οπότε (a, b) = ∪n[pn, qn) και κάθε διάστημα [pn, qn) είναι της μορφής [ p

2n
, q

2m
) = [ 2

m

p

2n+m
, 2

n

q

2n+m
), είναι δηλαδή

πεπερασμένη ένωση διαστημάτων της μορφής D(n + m, k).10



Parat rhsh 2.24 To sÔnolo Cantor e�nai {metrojewrhtik� kai topologik� amelhtè-o}, dhlad  èqei mètro Lebesgue mhdèn kai e�nai kleistì kai poujen� puknì. E�nai ìmwuperarijm simo.Apìdeixh (a) K�je Cn e�nai ènwsh 2n xènwn kleist¸n diasthm�twn me m ko (1
3
)n tokajèna, �ra λ(Cn) = 2n(1

3
)n. 'Epetai ìti λ(C) = limn λ(Cn) = 0.(b) To C e�nai kleistì (tom  twn kleist¸n sunìlwn Cn) kai poujen� puknì: An I e�naianoiktì di�sthma pou perièqetai sto C, tìte λ(I) ≤ λ(C) = 0, kai sunep¸ I = ∅.(g) Ja de�xoume tèlo ìti to C e�nai uperarijm simo. Ja kataskeu�soume mia 1-1 sun�r-thsh pou ja apeikon�zei to sÔnolo

Ω = {(σn) : σn ∈ {0, 1}}ep� tou C. Autì arke�, afoÔ to Ω e�nai uperarijm simo.D�noume diadoqik� de�kte sta kleist� diast mata tou k�je Cn w ex :
C1 : [0, 1

3
] = K(0), [2

3
, 1] = K(1)

C2 : [0, 1
9
] = K(00), [2

9
, 3

9
] = K(01), [6

9
, 7

9
] = K(10), [8

9
, 1] = K(11)

. . . . . . . . . . . .

0 1

00 01 10

000   100 101  110  111 011 010 001

 11

Dhlad , an ta diast mata tou Cn èqoun onomasje� K(σ1, σ2, . . . , σn) ìpou σk ∈ {0, 1}, sto
(n+1)-ostì st�dio prokÔptoun apì to K(σ1, σ2, . . . , σn) ta diast mataK(σ1, σ2, . . . , σn, 0)kai K(σ1, σ2, . . . , σn, 1) tou Cn+1. Epomènw, k�je �peirh akolouj�a σ = (σ1, σ2, . . . ) ∈ Ωkajor�zei mia monadik  fj�nousa akolouj�aK(σ1), K(σ1, σ2), . . . , K(σ1, σ2, . . . , σn), . . . apì11



sumpag  diast mata. 'Epetai (lìgw sump�geia) ìti h tom  Kσ ≡
∞
⋂

n=1

K(σ1, σ2, . . . , σn)den e�nai ken , kai efìson diamK(σ1, σ2, . . . , σn) = 3−n → 0, to Kσ e�nai monosÔnolo.Onom�zoume f(σ) to monadikì stoiqe�o tou Kσ, dhlad  Kσ = {f(c)}.Den e�nai dÔskolo na bebaiwje� kane� ìti h σ → f(σ) e�nai 1-1 kai ep�:An σ = (σ1, σ2, . . .) 6= τ = (τ1, τ2, . . .), tìte up�rqei n ∈ N ¸ste σn 6= τn opìte tasÔnola K(σ1, σ2, . . . , σn) kai K(τ1, τ2, . . . , τn) e�nai xèna. All� f(σ) ∈ K(σ1, σ2, . . . , σn)kai f(τ) ∈ K(τ1, τ2, . . . , τn) �ra f(σ) 6= f(τ).Ep�sh an x ∈ C = ∩nCn tìte gia k�je n to x an kei se èna kai monadikì K(σ1, σ2, . . . , σn).'Ara to x an kei sthn tom ⋂nK(σ1, σ2, . . . , σn) = Kσ = {f(σ)} opìte up�rqei σ ∈ Ω ¸ste
x = f(σ).Parat rhsh 2.25 To sÔnolo Cantor e�nai tèleio, dhlad  e�nai kleistì kai den èqeimemonwmèna shme�a.Apìdeixh Ja de�xoume ìti k�je x ∈ C e�nai ìrio mia akolouj�a (xn) shme�wn tou Cdaforetik¸n apì to x.Gia k�je n, to shme�o x perièqetai se èna monadikì K(σ1, σ2, . . . , σn). An to x e�nai toaristerì �kro tou K(σ1, σ2, . . . , σn0

), onom�zoume xn to dexiì �kro; an ìqi, onom�zoume xnto aristerì �kro. Kai sti dÔo peript¸sei, èqoume 0 < |x− xn| ≤ (1
3
)n. 2Parat rhsh 2.26 Gia k�je a ∈ (0, 1), mporoÔme na kataskeu�soume èna sÔnolo {tÔpou

Cantor} Ca me mètro a.Kataskeu  Xekin�me apì to C0 = [0, 1], all� ant� na afairèsoume èna anoiktì di�sthmam kou 1
3
me kèntro to mèson tou, afairoÔme èna anoiktì di�sthma (1

2
− b

4
, 1

2
+ b

4
) m kou

b
2
(ìpou b = 1− a). ProkÔptoun dÔo kleist� diast mata m kou 1

2
(1− b

2
). Apì to kajènaafairoÔme èna anoiktì di�sthma m kou b

8
me kèntro to mèson tou, kai prokÔptoun tèsseradiast mata m kou 1

4
(1 − b

2
− b

4
) to kajèna, kai oÔtw kajex . 'Etsi sto n-ostì st�dioafairoÔme, me kèntro to mèson k�je diast mato tou Ca

n−1, èna anoiktì di�sthma m kou
b

22n−1 . 'Epetai ìti
λ([0, 1] \ Ca) =

b

2
+ 2

b

8
+ 22 b

24
+ . . . = b, �ra λ(Ca) = a.To Ca e�nai kleistì kai poujen� puknì. Pr�gmati, an I e�nai èna anoiktì di�sthma pouperièqetai sto Ca, tìte gia k�je n ja perièqetai sto Ca

n. All�, epeid  λ(Ca
n) < 1, kajènaapì ta 2n kleist� xèna diast mata pou apoteloÔn to Ca

n èqei m ko mikrìtero apì 1
2n .Kat� sunèpeia λ(I) < 1

2n gia k�je n, opìte λ(I) = 0 �ra I = ∅. 'Ara to Ca den mpore� naperièqei mh ken� anoikt� diast mata.Ep�sh to Ca e�nai tèleio. H apìdeixh e�nai h �dia me thn per�ptwsh tou C.H idi�zousa sun�rthsh tou Lebesgue Ja or�soume mia sun�rthsh φ : [0, 1] →
[0, 1] aÔxousa, suneq  kai ep�, pou e�nai topik� stajer  sto sumpl rwma Cc = [0, 1] \ Ctou sunìlou Cantor C. 12



H sun�rthsh aut  lègetai kai {kl�maka sou diabìlou} giat� aneba�nei {klimakwt�} apì to
0 (φ(0) = 0) sto 1 (φ(1) = 1) kai e�nai topik� stajer  se k�je anoiktì di�sthma tou Cc,epomènw e�nai paragwg�simh se k�je tètoio di�sthma me par�gwgo �sh me 0! Dhlad , h
φ e�nai sqedìn pantou paragwg�simh me φ′(t) = 0 gia k�je t sto (puknì) sÔnolo Cc, en¸
φ(0) = 0 kai φ(1) = 1.Kataskeu  H φ ja orisje� pr¸ta sto Cc. Sto pr¸to st�dio apì to C0 = [0, 1]afairoÔme to {mesa�o tr�to} anoiktì di�sthma: C0 \ C1 = (1

3
, 2

3
). Sto di�sthma autìor�zoume thn φ na e�nai stajer� �sh me 1

2
.

φ(t) =
1

2
, t ∈ I1

1 =

(

1

3
,
2

3

)

.Sto deÔtero st�dio afairoÔme apì kajèna apì ta dÔo diast mata tou C1 to {mesa�o tr�to}di�sthma: to sÔnolo C1 \ C2 = I2
1 ∪ I2

2 , e�nai ènwsh dÔo xènwn anoikt¸n diasthm�twnpl�tou 1
9
to kajèna: I2

1 = (1
9
, 2

9
), I2

2 = (7
9
, 8

9
). Jètoume

φ(t) =

{

1
4
, t ∈ I2

1
3
4
, t ∈ I2

2Sto n-ostì st�dio, afairoÔme apì kajèna apì ta diast mata tou Cn−1 to {mesa�o tr�to}di�sthma: to sÔnolo Cn−1\Cn e�nai ènwsh 2n−1 xènwn anoikt¸n diasthm�twn. Ta arijmoÔme
In
1 , I

n
2 , . . . , I

n
2n−1 apì ta arister� pro ta dexi�, dhlad  an t ∈ In

k−1 kai s ∈ In
k tìte t < s.Jètoume

φ(t) =
2i− 1

2n
ìtan t ∈ In

i ,dhlad 
φ(t) =



















2−n, t ∈ In
1

3 · 2−n, t ∈ In
2...

1 − 2−n, t ∈ In
2n−1'Etsi or�zetai h φ sto anoiktì sÔnolo Cc.3 Gia na or�soume thn φ sto C, jètoume φ(0) = 0kai gia k�je t ∈ C \ {0},

φ(t) = sup{φ(s) : s ∈ Cc, s < t}.Isqurismì 1: H φ e�nai aÔxousa:
(a) s1, s2 ∈ Cc, s1 < s2 ⇒ φ(s1) ≤ φ(s2).Autì e�nai fanerì apì ton orismì th φ sto Cc: diìti up�rqoun n ∈ N kai j, k = 1, . . . , 2n−1¸ste s1 ∈ In

j kai s2 ∈ In
k , �ra φ(s1) = 2j−1

2n kai φ(s2) = 2k−1
2n . All� j ≤ k afoÔ s1 < s2,�ra φ(s1) ≤ φ(s2).

(b) t1, t2 ∈ C, t1 < t2 ⇒ φ(t1) ≤ φ(t2)diìti {φ(s) : s ∈ Cc, s < t1} ⊆ {φ(s) : s ∈ Cc, s < t2}, �ra sup{φ(s) : s ∈ Cc, s < t1} ≤
sup{φ(s) : s ∈ Cc, s < t2}.

(c) t1 ∈ C, s2 ∈ Cc, t1 < s2 ⇒ φ(t1) ≤ φ(s2)3΄Ηδη βλέπουμε ότι η φ είναι παραγωγίσιμη στο Cc με παράγωγο ίση με 0.13



diìti gia k�je s ∈ Cc me s < t1 èqoume s < s2 �ra φ(s) ≤ φ(s2) apì to (a), �ra φ(t1) =
sup{φ(s) : s ∈ Cc, s < t1} ≤ φ(s2).

(d) s1 ∈ Cc, t2 ∈ C, s1 < t2 ⇒ φ(s1) ≤ φ(t2)diìti s1 ∈ {s ∈ Cc : s < t2} �ra φ(s1) ≤ sup{φ(s) : s ∈ Cc, s < t2} = φ(t2).Parat rhsh To sÔnolo φ(Cc) = {2i−1
2n : i = 1, . . . 2n, n ∈ N} perièqei ìlou touduadikoÔ rhtoÔ, �ra e�nai puknì sto [0, 1].Isqurismì 2: H φ e�nai suneq :'Estw ìti h φ e�nai asuneq  se k�poio x ∈ (0, 1). Epeid  h φ e�nai aÔxousa, ta pleurik�ìria up�rqoun, kai afoÔ e�nai asuneq , e�nai diaforetik�. Dhlad  to anoiktì di�sthma

(φ(x−), φ(x+)) den e�nai kenì, kai den mpore� na perièqei kammi� tim  th φ, ektì pijan¸apì thn tim  φ(x). Dhlad  up�rqei k�poio anoiktì mh kenì sÔnolo4 pou den tèmnei to
φ([0, 1]), pr�gma pou èrqetai se ant�jesh me thn Parat rhsh. Me ton �dio trìpo apodei-knÔetai ìti h φ e�nai suneq  sta shme�a 0 kai 1.Isqurismì 3: H φ e�nai ep�:Autì e�nai t¸ra �meso apì to Je¸rhma Endi�mesh Tim , afoÔ h φ e�nai suneq  sto [0, 1]kai pa�rnei th timè 0 (ex orismoÔ) kai 1 (diìti φ(1) = sup{2i−1

2n : i = 1, . . . 2n, n ∈ N} = 1).H dexi� ant�strofh th φ: Or�zoume thn sun�rthsh
ψ : [0, 1] → [0, 1]

ψ(s) = inf{t ∈ [0, 1] : φ(t) = s} = inf φ−1({s}).ParathroÔme ìti afoÔ h φ e�nai ep�, gia k�je s ∈ [0, 1] to sÔnolo φ−1({s}) ⊆ [0, 1] dene�nai kenì, �ra ψ(s) ∈ [0, 1]. Ep�sh afoÔ h φ e�nai suneq , to φ−1({s}) e�nai kleistìuposÔnolo tou [0, 1], �ra sumpagè, kai sunep¸ to infimum tou e�nai minimum. AfoÔloipìn ψ(s) ∈ {t ∈ [0, 1] : φ(t) = s}, èpetai ìti
φ(ψ(s)) = s gia k�je s ∈ [0, 1].Isqurismì 4: H ψ e�nai gnhs�w aÔxousa, �ra 1-1:Ja de�xw ìti
s1 < s2 =⇒ ψ(s1) < ψ(s2).Pr�gmati an ψ(s1) ≥ ψ(s2), tìte, afoÔ h φ e�nai aÔxousa, èqoume φ(ψ((s1)) ≥ φ(ψ(s2))dhlad  s1 ≥ s2.Isqurismì 5: ψ([0, 1]) ⊆ C.Pr�gmati, an upojèsoume ìti up�rqei s ∈ [0, 1] ¸ste ψ(s) ∈ Cc, tìte to ψ(s) ja perièqetaise k�poio anoiktì di�sthma In

i . Epeid  to In
i e�nai anoiktì, perièqei k�poio t < ψ(s). Omw,h φ e�nai stajer  sto In

i , opìte φ(t) = φ(ψ(s)) = s. All� apì ton orismì tou, to ψ(s)e�nai to mikrìtero apì ìla ta t pou ikanopoioÔn φ(t) = s, �topo.4συγκεκριμένα το (φ(x
−

), φ(x+)) \ {φ(x)} 14


