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1. 'Estw (X,M, µ) q¸roc mètrou kai (Ej) mia akoloujÐa sthn M me thn idiìthta
∑∞

j=1 µ(Ej) < ∞.

DeÐxte ìti µ
(
lim supj Ej

)
= 0.

2. 'Estw µ∗ to exwterikì mètro pou ep�getai sto X apì èna peperasmèno promètro µ0. Gia k�je
E ⊆ X orÐzoume to eswterikì mètro µ∗(E) tou E apì th sqèsh

µ∗(E) = µ0(X)− µ∗(Ec).

DeÐxte ìti to E eÐnai µ∗-metr simo an kai mìno an µ∗(E) = µ∗(E).

3. 'Estw µ èna peperasmèno mètro sto metr simo q¸ro (X,M) kai èstw µ∗ to exwterikì mètro pou
ep�getai apì to µ sto P(X). Upojètoume ìti µ∗(E) = µ∗(X) gia k�poio E ⊆ X (autì den shmaÐnei
anagkastik� ìti E ∈M).

(a) DeÐxte ìti an A,B ∈M kai A ∩ E = B ∩ E, tìte µ(A) = µ(B).
(b) Jètoume ME = {A ∩ E : A ∈ M}, kai orÐzoume ν : ME → [0,∞] me ν(A ∩ E) = µ(A). DeÐxte ìti h
ME eÐnai σ-�lgebra sto E kai ìti to ν eÐnai (kal� orismèno) mètro sthn ME .

4. 'Estw F : R → R aÔxousa kai dexi� suneq c sun�rthsh. An µF eÐnai to antÐstoiqo mètro Borel, deÐxte
ìti: gia k�je a, b ∈ R, µF ({a}) = F (a)−F (a−), µF ([a, b)) = F (b−)−F (a−), µF ([a, b]) = F (b)−F (a−),
kai µF ((a, b)) = F (b−)− F (a).

5. 'Estw E ⊆ R Lebesgue metr simo sÔnolo me m(E) > 0. DeÐxte ìti gia k�je α ∈ (0, 1) up�rqei anoiqtì
di�sthma I tètoio ¸ste m(E ∩ I) > αm(I).

6. 'Estw E ⊆ R Lebesgue metr simo sÔnolo me m(E) > 0. DeÐxte ìti to sÔnolo E−E := {x− y : x, y ∈
E} perièqei èna di�sthma me kèntro to 0. [Proairetik  upìdeixh: Apì thn prohgoÔmenh �skhsh, up�rqei
anoiqtì di�sthma I tètoio ¸ste m(E ∩ I) > 3m(I)/4.]

7. An E = {(a,+∞] : a ∈ R}, deÐxte ìti BR = M(E).

8. 'Estw f : X → R kai Y = f−1(R). DeÐxte ìti h f eÐnai metr simh an kai mìno an f−1({−∞}) ∈ M,
f−1({∞}) ∈M, kai h f eÐnai metr simh sto Y .

9. An f, g : X → R eÐnai sunart seic ston metr simo q¸ro (X,M), deÐxte ìti h f + ig : X → C eÐnai
metr simh an kai mìnon an oi f kai g eÐnai metr simec.

10. 'Estw (fn) mia akoloujÐa pragmatik¸n   migadik¸n metr simwn sunart sewn ston (X,M). DeÐxte
ìti to sÔnolo {x ∈ X : up�rqei to limn fn(x)} eÐnai metr simo.

11. 'Estw f : X → R. An f−1((r,∞]) ∈M gia k�je r ∈ Q, deÐxte ìti h f eÐnai metr simh.

12. 'Estw f : R → R aÔxousa sun�rthsh. DeÐxte ìti h f eÐnai Borel metr simh.

Na epilèxete toul�qiston 7 apì tic ask seic


