
ASUMPTWTIKH KURTH GEWMETRIA (2006�07)
ASKHSEIS � FULLADIO 1

(HmeromhnÐa Par�doshc: 19 AprilÐou 2007)

1. 'Estw K èna summetrikì kurtì s¸ma ston Rn kai èstw ‖ · ‖ h nìrma pou ep�getai ston Rn

apì to K. DeÐxte ìti ∫

Rn

e−‖x‖dx = |K| ·
∫ ∞

0

tne−tdt.

Genikìtera, deÐxte ìti gia k�je p > 0,
∫

Rn

e−‖x‖
p

dx = |K| ·
∫ ∞

0

ptn+p−1e−tp

dt.

Upìdeixh: MporeÐte na gr�yete

∫

Rn

e−‖x‖
p

dx =
∫

Rn

(∫ ∞

‖x‖
ptp−1e−tp

dt

)
dx.

2. H sun�rthsh Γ : (0,+∞) → (0, +∞) orÐzetai mèsw thc

Γ(x) =
∫ ∞

0

tx−1e−tdt.

DeÐxte ìti:

(a) Γ(1) = 1.

(b) Γ(x + 1) = xΓ(x) gia k�je x > 0.

(g) Γ(n + 1) = n! gia k�je n = 0, 1, 2, . . .

(d) Γ
(

1
2

)
=
√

π.

DeÐxte epÐshc ìti h sun�rthsh Γ eÐnai logarijmik� kurt : h log Γ eÐnai kurt  sun�rthsh.

3. Gia k�je p ≥ 1, h sun�rthsh

‖x‖p = (|x1|p + · · ·+ |xn|p)1/p

eÐnai nìrma ston Rn. OrÐzoume

Bn
p = {x ∈ Rn : ‖x‖p ≤ 1}.

DeÐxte ìti o ìgkoc thc Bn
p eÐnai Ðsoc me

|Bn
p | =

[
2Γ

(
1
p + 1

)]n

Γ
(

n
p + 1

) .

4. (to L mma tou Borell) 'Estw B kurtì s¸ma ston Rn. Gia k�je Lebesgue metr simo uposÔnolo
A tou Rn, orÐzoume

µB(A) =
|A ∩B|
|B| .

(a) 'Estw M ⊆ Rn kurtì kai summetrikì wc proc to 0. DeÐxte ìti gia k�je t > 1 isqÔei o
egkleismìc

Rn \M ⊇ 2
t + 1

(Rn \ tM) +
t− 1
t + 1

M.



(b) Upojètoume epiplèon ìti µB(M) = a > 0. Qrhsimopoi¸ntac to (a) kai thn anisìthta Brunn-
Minkowski deÐxte ìti, gia k�je t > 1,

1− µB(tM) ≤ a

(
1− a

a

)(t+1)/2

.

Sumpèrasma: An µB(M) = a > 1/2, dhlad  an to M tèmnei {parap�nw apì to misì} B, tìte to
posostì tou B pou mènei èxw apì to tM fjÐnei ekjetik� sto 0 kaj¸c to t →∞.

5. 'Estw A ⊆ Rn kleistì, kurtì kai summetrikì wc proc thn arq  twn axìnwn. DeÐxte ìti gia
k�je x ∈ Rn isqÔoun oi anisìthtec

e−‖x‖
2
2/2γn(A) ≤ γn(A + x) ≤ γn(A).

6. 'Estw x ∈ Sn−1. Gia k�je 0 ≤ r ≤ 2 orÐzoume B(x, r) = {y ∈ Sn−1 : ‖y − x‖2 ≤ r}. DeÐxte
ìti:

(a) An 0 ≤ r < 1 tìte σ(B(x, r)) ≤ exp(−ε2n/2).

(b) Gia k�je 0 ≤ r ≤ 2 tìte σ(B(x, r)) ≥ 1
2

(
r
2

)n−1.

7. 'Estw f kai g dÔo fragmènec mh arnhtikèc Borel metr simec sunart seic me sumpag  forèa.
OrÐzoume

h(r, s) = f(r) + g(s) an f(r)g(s) > 0

kai h(r, s) = 0 alli¸c. Katìpin, jètoume

m(t) = sup{h(r, s) | r + s = t}.
An γ = supr f(r) kai δ = sups g(s), deÐxte ìti

∫

R
mp(t)dt ≥ (γ + δ)p

[
1
γp

∫

R
fp(t)dt +

1
δp

∫

R
gp(t)dt

]

gia k�je p > 0.
Qrhsimopoi¸ntac to parap�nw, deÐxte to ex c: 'Estw K kai T dÔo kurt� s¸mata ston Rn.

StajeropoioÔme θ ∈ Sn−1 kai jètoume

γ = sup
r
|K ∩ (θ⊥ + rθ)| 1

n−1 , δ = sup
s
|T ∩ (θ⊥ + sθ)| 1

n−1 .

Tìte,

|K + T | ≥ (γ + δ)n−1

( |K|
γn−1

+
|T |

δn−1

)
.

SugkrÐnete aut n thn anisìthta me thn anisìthta Brunn-Minkowski, sthn perÐptwsh pou supr |K∩
(θ⊥ + rθ)| = sups |T ∩ (θ⊥ + sθ)| gia k�poio θ ∈ Sn−1.

8. (h apeikìnish tou Knöthe) StajeropoioÔme mia orjokanonik  b�sh {e1, . . . , en} tou Rn, kai
jewroÔme dÔo anoikt� kai fragmèna kurt� sÔnola K kai T . DeÐxte ìti up�rqei sun�rthsh φ :
K → T me tic ex c idiìthtec:

(a) H φ eÐnai trigwnik : h i-ost  suntetagmènh thc φ exart�tai mìno apì tic suntetagmènec
x1, . . . , xi tou x. Dhlad ,

φ(x1, . . . , xn) = (φ1(x1), φ2(x1, x2), . . . , φn(x1, . . . , xn)).

(b) Oi merikèc par�gwgoi ∂φi

∂xi
eÐnai jetikèc sto K, kai h orÐzousa thc Iakwbian c thc φ eÐnai

stajer . Pio sugkekrimèna, gia k�je x ∈ K,

det(J(φ)(x)) =
n∏

i=1

∂φi

∂xi
(x) =

|T |
|K| .



Upìdeixh: Gia k�je i = 1, . . . , n kai s = (s1, . . . , si) ∈ Ri jètoume

Ks = {y ∈ Rn−i : (s, y) ∈ K}

(ìmoia gia to T ). 'Estw x = (x1, . . . , xn) ∈ K. OrÐzoume φ1(x) = φ1(x1) mèsw thc

1
|K|

∫ x1

−∞
|Ks1 |n−1ds1 =

1
|T |

∫ φ1(x1)

−∞
|Tt1 |n−1dt1.

Epagwgik�, orÐzoume thn φj(x) = φj(x1, . . . , xj) mèsw thc

1
|K(x1,...,xj−1)|

∫ xj

−∞
|K(x1,...,xj−1,sj)|n−jdsj

=
1

|T(φ1(x1),...,φj−1(x1,...,xj−1)|
∫ φj(x1,...,xj)

−∞
|T(φ1(x1),...,φj−1(x1,...,xj−1),tj))|n−jdtj .

9. Qrhsimopoi¸ntac thn apeikìnish (tou Knöthe) φ : K → T , apodeÐxte thn anisìthta Brunn-
Minkowski gia kurt� s¸mata K kai T ston Rn.
Upìdeixh: Lìgw thc (I + φ)(K) ⊆ K + φ(K) = K + T , mporeÐte na gr�yete

|K + T | ≥
∫

(I+φ)(K)

dx =
∫

K

|det(J(I + φ)(x))| dx.


