
ASUMPTWTIKH KURTH GEWMETRIA (2006�07)
Sunarthsiakèc Anisìthtec II

1. 'Estw f kai g metr simec sunart seic orismènec ston Rn. Me f2g sumbolÐzoume thn elaqi-
stik  sunèlixh twn f kai g,

(f2g)(x) = inf {f(x− y) + g(y) : y ∈ Rn} .

'Estw µ èna mètro pijanìthtac ston Rn kai èstw w jetik  metr simh sun�rthsh ston Rn. Lème
ìti to zeug�ri (µ,w) èqei thn idiìthta (τ) an gia k�je fragmènh metr simh sun�rthsh φ ston
Rn isqÔei (∫

eφ2wdµ

) (∫
e−φdµ

)
≤ 1.

(a) DeÐxte ìti: an to (µi, wi) èqei thn idiìthta (τ) ston Rni gia i = 1, 2, tìte to (µ1⊗µ2, w) èqei
thn (τ) ston Rn1 × Rn2 , ìpou w(x1, x2) = w1(x1) + w2(x2).

(b) DeÐxte ìti: an to (µi, wi) èqei thn idiìthta (τ) ston Rn gia i = 1, 2, tìte to zeug�ri (µ1 ∗
µ2, w12w2) èqei thn idiìthta (τ) ston Rn, ìpou h sunèlixh µ1 ∗ µ2 twn µ1, µ2 orÐzetai mèsw thc

∫

Rn

h d(µ1 ∗ µ2) =
∫

Rn

∫

Rn

h(x + y)dµ1(x)dµ2(y).

(g) 'Estw ìti to (µ1, w1) èqei thn idiìthta (τ) ston Rn1 . 'Estw w : Rn2 → R jetik  metr simh
sun�rthsh kai f : Rn1 → Rn2 sun�rthsh me thn idiìthta

w2(f(x)− f(y)) ≤ w1(x− y)

gia k�je x, y ∈ Rn1 . 'Estw µ2 to mètro pijanìthtac f(µ1) ston Rn2 , dhlad  µ2(A) = µ1(f−1(A)).
DeÐxte ìti to zug�ri (µ2, w2) èqei thn idiìthta (τ) ston Rn2 .

2. Upojètoume ìti to zeug�ri (µ,w) èqei thn idiìthta (τ) ston Rn. DeÐxte ìti: gia k�je metr simo
A ⊆ Rn kai k�je jetikì arijmì t,

µ (x /∈ A + {w < t}) ≤ (µ(A))−1e−t.

3. (a) DeÐxte ìti to zeug�ri (γn, ‖x‖22/4) èqei thn idiìthta (τ).

(b) 'Estw f : Rn → R Lipschitz suneq c sun�rthsh me stajer� 1. DeÐxte ìti: gia k�je t > 0,
∫

Rn

∫

Rn

(
exp

(
t(f(x)− f(y))√

2

))
dγn(x) dγn(y) ≤ et2/2.

(g) 'Estw f : Rn → R Lipschitz suneq c sun�rthsh me stajer� 1. DeÐxte ìti

γ

(
x :

∣∣∣∣f(x)−
∫

Rn

fdγ

∣∣∣∣ > s

)
≤ 2e−s2/4

gia k�je s > 0.

4. (a) JewroÔme th sun�rthsh W : R→ R me W (t) = t2/18 an |t| ≤ 2 kai W (t) = 2(|t| − 1)/9 an
|t| > 2 (parathr ste ìti h W eÐnai �rtia, kurt , suneq¸c paragwgÐsimh sun�rthsh). JewroÔme
epÐshc to mètro pijanìthtac µe sto R, me puknìthta thn χ(0,+∞)(x)e−x.

DeÐxte ìti to zeug�ri (µe, w) èqei thn idiìthta (τ).

(b) 'Estw ξ to ekjetikì mètro pijanìthtac sto R, me puknìthta thn 1
2e−|x|. Jewr ste th summe-

trik  eikìna µ′e tou µe sto (−∞, 0), me puknìthta thn χ(−∞,0)(x)ex kai elègxte ìti

ξ = µe ∗ µ′e.



(g) DeÐxte ìti to zeug�ri (ξ, W2W ) èqei thn idiìthta (τ).

(d) DeÐxte oti h U := W2W dÐnetai apì thn U(t) = t2/36 an |t| ≤ 4 kai U(t) = 2(|t| − 2)/9 an
|t| > 4.

(e) DeÐxte ìti to zeug�ri (ξn, Un) èqei thn idiìthta (τ) ston Rn, ìpou ξn = ξ ⊗ · · · ⊗ ξ (n forèc)
kai Un(x) = Un(x1, . . . , xn) =

∑n
i=1 U(xi).

(st) DeÐxte ìti, gia k�je metr simo A ⊆ Rn kai k�je t > 0,

ξn(x /∈ A + 6
√

tBn
2 + 9tBn

1 ) ≤ 1
ξn(A)

e−t.


