Proceedings of the National Academy of Sciences of the United States of America WWW.pNas.org

Absolute and Unconditional Convergence in Normed Linear
Spaces

A. Dvoretzky, and C. A. Rogers

PNAS 1950;36;192-197
doi:10.1073/pnas.36.3.192

Thisinformation iscurrent asof April 2007.

This article has been cited by other
articles:
www.pnas.org#otherarticles

E-mail Alerts Receive free email aerts when new
articles cite this article- sign up in the
box at the top right corner of the
article or click here.

Rights & Permissions To reproduce this article in part
(figures, tables) or in entirety, see:
WWW. phas.org/misc/rightperm.shtml

Reprints To order reprints, see:
WwWw.pnas.org/misc/reprints.shtml

Notes:


http://www.pnas.org#otherarticles
http://www.pnas.org/cgi/alerts/ctalert?alertType=citedby&addAlert=cited_by&saveAlert=no&cited_by_criteria_resid=pnas;36/3/192&return_type=article&return_url=http%3A%2F%2Fwww.pnas.org%2Fcgi%2Freprint%2F36%2F3%2F192.pdf
http://www.pnas.org/misc/rightperm.shtml
http://www.pnas.org/misc/reprints.shtml

192 MATHEMATICS: DVORETZKY AND ROGERS Proc. N. A. S.

ABSOLUTE AND UNCONDITIONAL CONVERGENCE IN
NORMED LINEAR SPACES

By A. DvorETZKY AND C. A. ROGERS
INSTITUTE FOR ADVANCED STUDY, PRINCETON, N. J.
Communicated by Marston Morse, January 30, 1950

1. Let B be a real Banach space and denote by ||*|| the norm of an ele-
mentx of B. The series

®

le;, (x,eB,v=1,2,...) 1)
is called absolutely convergent if > ] x,“ < «; itis called unconditionally
convergent if the series ), y, converges whenever the sequence (y,)7 is a
rearrangement of the sequence (x,)7. An equivalent definition of un-
conditional convergence of (1) is obtained by requiring Y, = x, to be con-
vergent for every choice of the signs. There are several other equivalent
definitions; most of these have been discussed by T. H. Hildebrandt.!

It is clear that if B is of finite (linear) dimension then (1) is uncondi-
tionally convergent if and only if it is absolutely convergent. The problem
of finding the spaces for which these two types of convergence are equiva-
lent is mentioned by S. Banach.? The primary aim of this note is to settle
this problem by proving the following result.

THEOREM 1. The unconditionally convergent series coincide with the ab-
solutely convergent series if and only if the space B is of finite dimension.

Here the only non-trivial assertion is that, if B is of infinite dimension,
there is a series (1), which is unconditionally but not absolutely convergent.
It is easy to give examples of such series in Hilbert space and similar ex-
amples have been given?® for all the usually encountered infinitely dimen-
sional Banach spaces. Interesting partial results on the problem solved by
Theorem 1 have been established by M. E. Munroe* and S. Karlin.® The
two last mentioned papers treat also some related problems and give vari-
ous consequences of Theorem 1.

Our method of proof yields not only Theorem 1 but also the following re-
sult.

THEOREM 2. If B is of infinite dimension and Y _c, is any convergent series
of positive terms, then there exists am umconditionally convergent series (I)
satisfying ||x,||2 = ¢, forv = 1,2,....

Applying this result with ¢, = »~![log (1 4 »)] ~2 we obtain:

COROLLARY: If B is of infinite dimension then there exists an uncondi-
tionally convergent series (1) having the property that Z“x,.[|2 T ¢ = o for every
e>0.

Theorem 1 is obviously an immediate consequence of this Corollary.
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If B is a Hilbert space then }||x,||2< « for every unconditionally con-
vergent series (1). Thus Theorem 2 and its Corollary are in a certain sense
best possible results.

A result (Lemma 1) concerning convex bodies in Euclidean space is
proved in section 2. In section 3 this lemma is used to prove Theorem 2,
and remarks are made concerning its extension. In section 4 some geomet-
rical properties of convex bodies are obtained from Lemma 1 and from
the construction used to prove this lemma.

2. We consider the n-dimensional Euclidean space of points U =
(w1, . . ., us) and use the usual vector notation. -We first prove our main
lemma.

Lemma 1. Let C be a body® which is convex and has the origin O as center,
and let r be an integer with 1 < r < n. Then there are n points Ay, ..., A,
on the boundary of C such that, if Ny, . . . , \, are any r real numbers with
1< r< n,then the point MA, + N As + ... + M A, isin the body NC where

r(r — 1)
n

A2 = [2 + ] A2+ M2+ ...+ N2 2

Proof: We inscribe in C an ellipsoid with O as center having the largest
possible n-dimensional volume. Since it is enough to establish the lemma
for any affine transform of C, we may assume that this ellipsoid is the
sphere S of unit radius.

We first show that after a suitable orthogonal transformation has been
applied there will be 7 points 4, . . ., 4, of contact of C with S, satisfying for
p=1,2,...,7

AP = (a,,l, Qpoy - - - y Qppy 0, “ e ,O),
p—1 3)
” .

a,12+...+a,(,_1)2= 1 —a,,,’S

For r = 1 this is clear; assuming it forr = m — 1 < n we prove it forr =
m. The ellipsoid

A+ ™+ ...+ una? +
A+et+ ) ™H(u2+ ... +u)<1, (¢>0) (4)

has a volume larger than that of S. Hence there is a point A = A(e) =
(@1, . . . . a,) on the boundary of C in the ellipsoid (4). But, since 4 being
on the boundary of C is not inside the unit sphere, we have a,2 + ... +
a,2 > 1. Itfollowsthat A4 satisfies

[A+ et — 1@+ ...+ ana?) +

[+ e+ ™ —1] (@n®+ ... +a,) 0. (5)
If e — 0 through a suitable sequence of positive numbers the corresponding
sequence A (e) will converge to a point A,. Itis clear from (4) that 4, is
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a point of contact of .S and the boundary of C, while from (5) we have in
the limit
(n.— m + 1) @m®+ ...+ ¢nm-n? +

(=m+1) @mm®>+ ...+ am?®) < 0. (6)

By a suitable orthogonal transformation of the variables %y, . . . , #,, leav-
ing the points 4y, . . . , A, invariant we may make the last n — m coor-
dinates of A, vanish. Then, using (6) and the equation ¢m® + . . . +
Gmy? = 1 weobtain (3) withp = m. Thus (3) is provedforp =1,2,...,n

Let Ay, . . ., A\, be any real numbers. By (3) the square of the distance
from O to the point M\ 4y + ... + N\ A4, is

>_:l(z x,a,.,>25 > [2x=a,,2+2( P> lx.a,.,)z]

£ o[ 5, >< 2 )]
2 z;:I[ r mn

»

But by (3), the last expression is less than or equal to

2 E (0 5= B

p=1

Thus the point \\4; + . . . + XA, is contained in the sphere AS and so is
contained in the body AC. This proves the lemma.

3. Before we prove Theorem 2 it is convenient to obtain the following
consequence of Lemma 1.

LeEmMA 2. Let B be a Banack space of infinite dimension and let ¢y, . . . ,

¢, be any given positive numbers. Then there exist points xy, . . . , X, in B
with ||x,||2 = ¢, for p = 1, ..., r and such that, if 3’ denotes the sum over
any subset of the numbers 1, . . . ,r, then
[12%,]]2 < 82, ™
Proof: Write n = r(r — 1). As B is of infinite dimension we can
choose 7 linearly independent elements 2y, . . . , 2,. Then the points U =
(uy . - ., uy) with ”u;zl +...+ u,.z,.” <1 form a convex body C with the
origin as center in n-dxmens:onal Euclidean space. Let 4,,..., 4, be the
points given by Lemma 1. Writing 4, = (a,1, . . . , @,y), We put
x,,=c/’(a,,lzl+...+a,,,,z,,), p=1,...,r
Then, as A4y, . . . , 4, are on the boundary of C, we have ||x,||? =¢,, for
p=1,...,r Further, as the point Y’c,”’4,, is in A\C where A\? = 3} 'c,,

it follows that (7) is satisfied. This proves the lemma.
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Proof of Theorem 2: Choose a strictly increasing sequence 7, = 0, 1, #s,
.. of integers such that the series

© Nr+l Y2
(% .
r=1\r=n +1

is convergent. By Lemma 2 we can choose x, for n, < v < n,4 so that
llx,]|2 = ¢, and ||27x,||2 < 33 @c,, the sum 3, © being taken over any sub-
set of the integers » with n, < » < n,... Let >y, be any rearrangement of
the series Y x,. Lete>0begiven. Choose 7 so large that

”ﬂ+| €
E ( c, < e

=np+ 1

Choose p so large that the sum Y, y, includes all the terms x, with» < n,.
r<p

Then for any ¢ > p we have

had %p41 /2
1L s Efzonfs £(6E o) <
v = p=r p =7

Py = Np41

Since B is complete it follows that )y, is convergent. As this is true for
every rearrangement of Y x,,the series Y _x, is uncondxtlonally convergentand
Theorem 2 is proved.

We note that the completeness of B was used only to deduce the con-
vergence of .y, from its Cauchy convergence. Hence we have (with ob-
vious meaning of unconditional Cauchy convergence)

THEOREM 3. Let N be an infinitely dimensional normed linear space
over the reals and Y c, be any convergent series of positive numbers. Then
there exists an unconditionally Cauchy convergent series Y x, of elements of
N satisfying ||x,||2 = c,(v = 1, 2, ...). In particular there exist such series
with Ll || = .

Since a complex Banach space contains a real one, it is clear that Theo-
rems 1 and 2 hold for complex Banach spaces. A similar remark applies
to Theorem 3.

4. In this section we prove some geometrical results. The first result
shows that Lemma 1 can be considerably improved in the special case where
r=nand\ = =1,...,\, = = 1.

THEOREM 4. Let C be a convex body with the origin O as center. Then
there are points Py, . . ., P, on the boundary of C such that all the 2" points +
P, = ... = P,areinthe body 2n"*C.

Proof: Forn > 1letg,r, s be the non-negative integers defined by

rr—1D)<2n<r(r+ 1), n=gqr+s, s<r. (8

Let Ay, ..., A4, bethe points thus denoted in Lemma 1 and for¢t = 1, 2, . .
nput P, = A, where»(t) =t (modr) and 1 < »(#) < 7.
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Then all 2" points = P; = ... = P, are of the form M4, + ... + M4,
where the integers A, satisfy the inequalities
lk,|5q+1for1$v$s, M gfors< v L 1.
Hence, by Lemma 1 all the 2" points considered are in the body uC where
rr — 1)
n

r
=240 $ s at@+ 0+ 6 - 9a)
Taking account of (8) it is easily checked that s(g + 1) + (» — s)g* < n'*
forn > 1. The theorem being obvious for » = 1, is thus completely proved.

Remark: 1t is of some interest to find the exact dependence of x on .
Our method, though capable of improving the constant 2 in this theorem,
cannot improve the power in the estimate u < 21n”*. When C is a sphere
then an enlargement by the factor #"* is sufficient. Perhaps this is gener-
ally true, but we cannot prove it forn > 3.

We give a proof for n = 2 in the hope that it may be generalized to other
values of n. Let B be the two-dimensional Banach space whose unit sphere
is C. Given any point P, in this space with ||P,]| = 1 there exists, by con-
tinuity, a point P, satisfying [|P.|| = 1and [|P, + Py| = ||P, — Py||. Let
a denote this common norm, then also ||+ P, = Pf| = a. Now put
Q1 = (Pr+ Py)/a, Qs = (Py — P;)/a, then ||Qy| = ||Qs]| = 1and[|= @, =
Q|| = 2/«. Since min.(e, 2/a) < 27 the proof is completed.
~ The following results are simple consequences of the construction used
in proving Lemma 1. We include them since they seem to be of some
_geometrical interest.
~ THEOREM 5A. Let C be a convex body with the origin as center. Then
there is an ellipsoid & contained in C and a parallelopiped ® containing C
with volumes V(8) and V(®) satisfying

V(@) _ 2t (n®\"
%5 T (n'> ’ ®)

where J, is the volume of the unit n-dimensional sphere.

Proof: Take & to be an ellipsoid with O as center having the largest
possible volume. As in the proof of Lemma 1, we may suppose without
loss of generality that & is the unit sphere .S and denote by 4,, . .., 4,
points-of contact of C and S satisfying (3). As C contains S the only tac-
plane to C at 4, is the plane ¢yu; + . .. + a@,4, = 1. Thus Cis contained
in the parallelopiped @ defined by |, %1 + ... + | < 1,7 = 1,2,.. ., n.
By (3) the volume of ® satisfies

n\ /2 n\ V2
14 ((P) = 27 Iauan . ... a,.,.l_l s pid <1> = 27 (11'> ”K@.
n! n! T
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THEOREM 5B. Under the conditions of Theorem 5A there is an ellipsoid &
containing C and an “octahedron’ O contained in C, with

) <
V(o) =
Proof: The result follows immediately by application of Lemma 3 to
the body K which is the polar reciprocal of C.

THEOREM 6. Let C and K be convex bodies with the origin as center, which
are polar reciprocal. Then their volumes satisfy

n /2
(:'—{).,,_ V() - V(K) <L 2", ( ) . 11)

V)" T (nin) "2, (10)

Proof: By Lemma 3 we may suppose without loss of generality that C
contains the unit sphere S and is contained in a parallelopiped @ with vol-
ume V(®) satisfying

V(@) < 2° (f;)/ (12)

Then K is contained in S and contains an “octahedron’ © with

V() > @'—57 13)

The inequalities (11) now follow trivially from (12), (13) and the 1nclusxon
relations S € K € ®ando € K € S.

The bounds on the right of (9) and (10) can be written in the form
(7am)™* where v, tends to a positive limit as  tends to infinity. It is easy
to see that it is impossible to obtain such bounds with v, tending to zero as
n tends to infinity. The bounds in (11) are considerably closer than those
obtained by K. Mahler” but they are probably very far from the best pos-
sible.
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