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An�lush II: Full�dio 3

(Par�dosh: 10 IounÐou 2009)

1. 'Estw X topik� kurtìc q¸roc kai (xn) akoloujÐa ston X me xn → 0. DeÐxte ìti

yn :=
x1 + · · ·+ xn

n
→ 0.

2. 'Estw X apeirodi�statoc q¸roc Banach. DeÐxte ìti h SX eÐnai puknì Gδ uposÔnolo thc
(BX , w). DeÐxte epÐshc ìti h sun�rthsh ‖ · ‖ : (X, w) → R me x 7→ ‖x‖ den eÐnai suneq c se
kanèna shmeÐo tou X.

3. (a) Ston `1 jewroÔme th sun jh basik  akoloujÐa {en}. DeÐxte ìti en
w∗−→ 0 all� den up�rqei

akoloujÐa (yk) kurt¸n sunduasm¸n twn en me ‖yk‖1 → 0.
(b) 'Estw (en) h sun jhc b�sh tou `2. JewroÔme to sÔnolo

A = {em + men : 1 ≤ m < n, m, n ∈ N}.

DeÐxte ìti to 0 an kei sthn w�kleist  j kh tou A all� den up�rqei akoloujÐa (ak) sto A me

ak
w−→ 0.

4. 'Estw X q¸roc me nìrma kai (xn) mia ‖ · ‖-basik  akoloujÐa ston X me xn
w−→ 0. DeÐxte ìti

‖xn‖ → 0.

5. (a) 'Estw H q¸roc Hilbert kai xn ∈ H me xn
w−→ 0. DeÐxte ìti up�rqei upakoloujÐa (xkn

)
thc (xn) ¸ste ∥∥∥∥xk1 + · · ·+ xkn

n

∥∥∥∥ → 0 ìtan n →∞.

(b) 'Estw xn ∈ c0 me xn
w−→ 0. DeÐxte ìti up�rqei upakoloujÐa (xkn

) thc (xn) ¸ste∥∥∥∥xk1 + · · ·+ xkn

n

∥∥∥∥ → 0 ìtan n →∞.

6. (a) 'Estw X diaqwrÐsimoc q¸roc Banach. DeÐxte ìti o (X∗, w∗) eÐnai diaqwrÐsimoc.
(b) 'Estw X q¸roc Banach. An o (X, w) eÐnai diaqwrÐsimoc deÐxte ìti o X eÐnai diaqwrÐsimoc.

7. 'Estw X, Y q¸roi Banach kai S : Y ∗ → X∗ grammikìc telest c. DeÐxte ìti: an o S :
(Y ∗, w∗) → (X∗, w∗) eÐnai suneq c, tìte up�rqei fragmènoc grammikìc telest c T : X → Y ¸ste
S = T ∗.

8. 'Estw X, Y q¸roi Banach kai T : X → Y fragmènoc grammikìc telest c. An o X eÐnai
autopaj c, deÐxte ìti h T (BX) eÐnai kleistì uposÔnolo tou Y .

9. (a) 'Estw X autopaj c q¸roc Banach kai Y gn sioc kleistìc upìqwroc tou X. DeÐxte ìti o
X/Y eÐnai autopaj c.

(b) 'Estw X q¸roc Banach. DeÐxte ìti o X eÐnai autopaj c an kai mìno an o X∗ eÐnai autopaj c.

10. 'Estw X autopaj c q¸roc Banach, (xn) mia fragmènh akoloujÐa ston X kai x0 ∈ X.
OrÐzoume

Kn = conv{xm : m ≥ n}
‖·‖

.

DeÐxte ìti xn
w−→ x0 an kai mìno an

⋂∞
n=1 Kn = {x0}.
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11. 'Estw K, C xèna kleist� kurt� uposÔnola enìc q¸rou Banach. An to K eÐnai w-sumpagèc
deÐxte ìti up�rqei x∗ ∈ X∗ me thn idiìthta

sup
x∈K

x∗(x) < inf
y∈C

x∗(y).

12. 'Estw X q¸roc me nìrma, f1, . . . , fn ∈ X∗ kai c1, . . . , cn ∈ R. Ta ex c eÐnai isodÔnama:

(a) Up�rqei x0 ∈ X ¸ste fj(x0) = cj gia j = 1, 2, . . . , n.

(b) Up�rqei M ≥ 0 ¸ste ∣∣∣∣∣
n∑

i=1

αici

∣∣∣∣∣ ≤ M ·

∥∥∥∥∥
n∑

i=1

αifi

∥∥∥∥∥
gia k�je α1, . . . , αn ∈ R.

13. DeÐxte ìti B`∞ = co(ex(B`∞))
‖·‖

.

14. 'Estw X ènac pragmatikìc topik� kurtìc q¸roc kai èstw K sumpagèc kai kurtì uposÔnolo
tou X. An E ⊆ K, deÐxte ìti ta ex c eÐnai isodÔnama:

(a) K = co(E).
(b) Gia k�je suneqèc grammikì sunarthsoeidèc f : X → R,

sup
x∈K

f(x) = sup
x∈E

f(x).

15. 'Estw X diaqwrÐsimoc q¸roc Banach kai èstw (xn) fragmènh akoloujÐa ston X. DeÐxte ìti
ta ex c eÐnai isodÔnama:

(a) xn
w−→ x.

(b) x∗(xn) → x∗(x) gia k�je x∗ ∈ ex(BX∗)
w∗

.

16. 'Estw X q¸roc Banach kai èstw Y kleistìc upìqwroc tou X. DeÐxte ìti:

(a) Gia k�je y∗ ∈ Y ∗, to sÔnolo

{x∗ ∈ X∗ : ‖x∗‖ = ‖y∗‖ kai x∗|Y = y∗}

eÐnai w∗-sumpagèc kai kurtì.

(b) Gia k�je y∗ ∈ ex(BY ∗) up�rqei x∗ ∈ ex(BX∗) ¸ste x∗|Y = y∗.

17. 'Estw (fn) akoloujÐa ston (C[0, 1], ‖ · ‖∞) me ‖fn‖∞ ≤ 1, n ∈ N. DeÐxte ìti fn
w−→ 0 an kai

mìno an fn(x) → 0 gia k�je x ∈ [0, 1].

18. 'Estw 1 ≤ p < ∞ kai X kleistìc upìqwroc tou Lp[0, 1] me thn idiìthta: X ⊆ L∞[0, 1] (k�je
f ∈ X eÐnai fragmènh). DeÐxte ìti o X èqei peperasmènh di�stash.

ParadÐdete ènteka apì tic Ask seic.
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