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An�lush II: Full�dio 1

(Par�dosh: 30 MartÐou 2009)

1. 'Estw B(xn, rn) mia fjÐnousa akoloujÐa apì kleistèc mp�lec se èna q¸ro Banach X. DeÐxte

ìti
∞⋂

n=1
B(xn, rn) 6= ∅.

2. 'Estw x1, . . . , xn monadiaÐa dianÔsmata se èna q¸ro me nìrma. Ac upojèsoume ìti gia k�poio
0 < ε < 1 isqÔei ∥∥∥∥∥

n∑
i=1

λixi

∥∥∥∥∥ ≤ (1 + ε) max
i≤n

|λi|,

gia k�je λ1, . . . , λn ∈ R. DeÐxte ìti∥∥∥∥∥
n∑

i=1

λixi

∥∥∥∥∥ ≥ (1− ε) max
i≤n

|λi|,

gia k�je λ1, . . . , λn ∈ R.

3. 'Estw c0 o grammikìc q¸roc twn akolouji¸n x = (ξk) pou sugklÐnoun sto 0. An x = (ξk) ∈ c0,
up�rqei met�jesh twn fusik¸n π : N → N ¸ste h (|ξπ(n)|) na eÐnai fjÐnousa, kai h akoloujÐa
(ξ′n) me ξ′n = |ξπ(n)| orÐzetai monos manta apì thn (ξn).

Gia k�je x ∈ c0, orÐzoume

‖x‖ = sup

{
1√
m

m∑
n=1

ξ′n : m ∈ N

}
,

kai jètoume d0 = {x ∈ c0 : ‖x‖ < +∞}. DeÐxte ìti o (d0, ‖ · ‖) eÐnai q¸roc me nìrma. EÐnai q¸roc
Banach?

4. Xèroume ìti o c0 eÐnai kleistìc upìqwroc tou `∞. DeÐxte ìti an x = (ξk) ∈ `∞, tìte
d(x, c0) = lim supk |ξk|. EÐnai p�nta swstì ìti up�rqei yx ∈ c0 ¸ste d(x, c0) = ‖x− yx‖?

5. 'Estw X apeirodi�statoc q¸roc Banach kai èstw
∑∞

n=1 xn mia seir� sto q¸ro X.

(a) 'Estw x ∈ X. DeÐxte ìti ta ex c eÐnai isodÔnama:

1. Gia k�je ε > 0 up�rqei peperasmèno sÔnolo F ⊂ N ¸ste∥∥∥∥∥x−
∑
i∈G

xi

∥∥∥∥∥ < ε

gia k�je peperasmèno sÔnolo G ⊂ N me G ⊇ F .

2. Gia k�je met�jesh σ : N → N isqÔei
∑∞

n=1 xσ(n) = x.

Tìte, lème ìti h seir�
∑∞

n=1 xn sugklÐnei qwrÐc periorismì sto x.

(b) DeÐxte ìti an h seir�
∑∞

n=1 xn sugklÐnei apolÔtwc tìte sugklÐnei qwrÐc periorismì. IsqÔei
to antÐstrofo?

(g) DeÐxte ìti h seir�
∑∞

n=1 xn sugklÐnei qwrÐc periorismì an kai mìno an eÐnai Cauchy qwrÐc
periorismì. Dhlad , an gia k�je ε > 0 up�rqei peperasmèno sÔnolo F ⊂ N ¸ste∥∥∥∥∥∑

i∈G

xi

∥∥∥∥∥ < ε

gia k�je peperasmèno sÔnolo G ⊂ N me G ∩ F = ∅.
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(d) DeÐxte ìti h seir�
∑∞

n=1 xn sugklÐnei qwrÐc periorismì an kai mìno an gia k�je epilog 
pros mwn εi = ±1 h seir�

∑∞
n=1 εnxn sugklÐnei.

6. 'Estw X q¸roc Banach kai èstw Y upìqwroc tou X. DeÐxte ìti: an o Y eÐnai Gδ uposÔnolo
tou X tìte o Y eÐnai kleistìc upìqwroc tou X.

[Upìdeixh. Parathr ste pr¸ta ìti o Y eÐnai Gδ uposÔnolo tou Y . DeÐxte ìti to A = Y \ Y eÐnai
sÔnolo pr¸thc kathgorÐac ston Y . Me thn upìjesh ìti A 6= ∅ jewr ste to sÔnolo B = x0 + Y
ìpou x0 tuqìn shmeÐo tou A kai deÐxte ìti B ⊆ A. Katìpin, efarmìste to je¸rhma Baire ston
Y .]

7. 'Estw 1 ≤ p < +∞ kai K kleistì kai fragmèno uposÔnolo tou `p. DeÐxte ìti to K eÐnai
sumpagèc an kai mìno an gia k�je ε > 0 up�rqei n0(ε) ∈ N ¸ste gia k�je n ≥ n0 kai k�je
x = (ξk) ∈ K,

∞∑
k=n

|ξk|p < ε.

8. 'Estw 0 < α ≤ 1. SumbolÐzoume me Λα([0, 1]) ton q¸ro twn Hölder suneq¸n sunart sewn me
ekjèth α: dhlad , f ∈ Λα([0, 1]) an kai mìno an

‖f‖Λα
:= |f(0)|+ sup

{
|f(x)− f(y)|
|x− y|α

: x, y ∈ [0, 1], x 6= y

}
< +∞.

(a) DeÐxte ìti o (Λα([0, 1]), ‖ · ‖Λα) eÐnai q¸roc Banach.
(b) 'Estw λα([0, 1]) to sÔnolo twn f ∈ Λα([0, 1]) pou ikanopoioÔn thn

lim
x→y

|f(x)− f(y)|
|x− y|α

= 0 gia k�je y ∈ [0, 1].

DeÐxte ìti: an 0 < α < 1 tìte o λα([0, 1]) eÐnai apeirodi�statoc kleistìc upìqwroc tou Λα([0, 1])
en¸ an α = 1 tìte o λα([0, 1]) perièqei mìno tic stajerèc sunart seic.

9. 'Estw X, Y q¸roi me nìrma kai T : X → Y grammikìc telest c me thn idiìthta: an (xn)
akoloujÐa ston X me ‖xn‖ → 0, tìte h (T (xn)) eÐnai fragmènh akoloujÐa ston Y . DeÐxte ìti o
T eÐnai fragmènoc.

10. (a) 'Estw X q¸roc me nìrma kai èstw Y grammikìc upìqwroc tou X. DeÐxte ìti an int(Y ) 6= ∅,
tìte Y = X.

(b) 'Estw X q¸roc Banach kai èstw (fn) mia akoloujÐa mh mhdenik¸n suneq¸n grammik¸n
sunarthsoeid¸n fn : X → K. DeÐxte ìti up�rqei x ∈ X ¸ste fn(x) 6= 0 gia k�je n ∈ N.

11. (a) 'Estw X q¸roc Banach kai èstw T ∈ B(X, X) me thn idiìthta
∑∞

n=1 ‖Tn‖ < +∞. An
y ∈ X orÐzoume ton metasqhmatismì Sy : X → X me

Sy(x) = y + T (x).

DeÐxte ìti o Sy èqei monadikì stajerì shmeÐo (Sy(x0) = x0), to x0 = y +
∑∞

n=1 Tn(y).

(b) DÐnontai g : [0, 1] → R kai K : [0, 1] × [0, 1] → R suneqeÐc. DeÐxte ìti up�rqei suneq c
sun�rthsh f : [0, 1] → R pou ikanopoieÐ thn exÐswsh tou Volterra

f(t) = g(t) +
∫ t

0

K(s, t)f(s)ds

gia k�je t ∈ [0, 1].

12. 'Estw X q¸roc me nìrma kai èstw 0 < θ < 1. 'Ena A ⊆ BX lègetai θ-dÐktuo gia thn BX an
gia k�je x ∈ BX up�rqei a ∈ A me ‖x − a‖ < θ. An to A eÐnai θ-dÐktuo gia thn BX , deÐxte ìti
gia k�je x ∈ BX up�rqoun an ∈ A, n ∈ N, ¸ste

x =
∞∑

n=0

θnan.
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13. 'Estw X = (Rn, ‖ · ‖) kai èstw ε > 0.
(a) 'Estw x1, . . . , xk ∈ BX me thn idiìthta: ‖xi − xj‖ ≥ ε an i 6= j. DeÐxte ìti k ≤ (1 + 2/ε)n.

(b) DeÐxte ìti up�rqei ε-dÐktuo gia thn BX me plhj�rijmo N ≤ (1 + 2/ε)n.

[Upìdeixh gia to (a): Oi mp�lec B(xi, ε/2) perièqontai sthn B(0, 1+ε/2) kai èqoun xèna eswterik�.]

14. 'Estw X apeirodi�statoc q¸roc me nìrma.

(a) DeÐxte ìti up�rqoun x1, x2, . . . , xn, . . . ∈ BX ¸ste xn + 1
4BX ⊆ BX kai ta xn + 1

4BX na eÐnai
xèna.

(b) DeÐxte ìti den up�rqei mètro Borel µ ston X pou na ikanopoieÐ ta ex c:
1. To µ eÐnai analloÐwto wc proc tic metaforèc, dhlad  µ(x + A) = µ(A) gia k�je Borel A

kai k�je x ∈ X.
2. µ(A) > 0 gia k�je mh kenì anoiqtì A ⊆ X.
3. Up�rqei mh kenì anoiqtì A0 ⊂ X me µ(A0) < +∞.

15. 'Estw X grammikìc q¸roc kai èstw Y upìqwroc tou X. 'Enac grammikìc telest c P : X → Y
lègetai probol  epÐ tou Y an, gia k�je y ∈ Y , P (y) = y.

Upojètoume ìti o X eÐnai q¸roc me nìrma, o Y eÐnai kleistìc upìqwroc tou X kai ìti up�rqei
suneq c probol  P : X → Y . Jètoume Z = Ker(P ) kai jewroÔme ton Y ⊕ Z = (Y × Z, ‖ · ‖1)
ìpou ‖(y, z)‖1 = ‖y‖+ ‖z‖, gia k�je (y, z) ∈ Y × Z.

(a) DeÐxte ìti o Y ⊕ Z eÐnai isìmorfoc me ton X.
(b) DeÐxte ìti o X/Y eÐnai isìmorfoc me ton Z kai o X/Z eÐnai isìmorfoc me ton Y .

16. 'Estw X, Y q¸roi Banach kai èstw T : X → Y fragmènoc grammikìc telest c. DeÐxte ìti
ta ex c eÐnai isodÔnama:

(a) O X/Ker(T ) eÐnai isìmorfoc me ton Im(T ).
(b) O Im(T ) eÐnai kleistìc upìqwroc tou Y .

(g) Up�rqei stajer� 0 < C < ∞ ¸ste: gia k�je x ∈ X,

inf{‖x− y‖ : y ∈ Ker(T )} ≤ C‖T (x)‖.

ParadÐdete dèka apì tic Ask seic.
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