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An�lush II: Full�dio 1

(Par�dosh: 20 MartÐou 2008)

1. An f ∈ L1(Rn), f 6= 0, deÐxte ìti up�rqoun C, R > 0 tètoiec ¸ste Hf(x) ≥
C|x|−n gia k�je x ∈ Rn me |x| > R.

Qrhsimopoi¸ntac to parap�nw, deÐxte ìti up�rqoun C ′ > 0 kai α0 > 0 tètoia
¸ste m({x : Hf(x) > α}) ≥ C ′/α gia k�je 0 < α < α0.

2. 'Estw φ : Rn → R fragmènh metr simh sun�rthsh ¸ste φ(x) = 0 an |x| ≥ 1 kai∫
φ = 1. Gia k�je ε > 0 orÐzoume φε(x) = ε−nφ(x/ε). DeÐxte ìti: an f ∈ L1(Rn)

tìte
lim
ε→0

(f ∗ φε)(x) = f(x)

gia k�je x sto sÔnolo Lebesgue thc f .

3. 'Estw F : [a, b] → R sun�rthsh fragmènhc kÔmanshc. DeÐxte ìti
∫ b

a

|F ′(t)| dt ≤ V (f).

4. An oi F kai G eÐnai apolÔtwc suneqeÐc sto [a, b], tìte h FG eÐnai apolÔtwc
suneq c sto [a, b] kai

∫ b

a

(FG′ + GF ′)(x)dx = F (b)G(b)− F (a)G(a).

5. 'Estw F : R → R. DeÐxte ìti up�rqei stajer� M > 0 tètoia ¸ste |F (x) −
F (y)| ≤ M |x− y| gia k�je x, y ∈ R an kai mìno an h F eÐnai apolÔtwc suneq c kai
|F ′| ≤ M sqedìn pantoÔ.

6. 'Estw {Fj} mia akoloujÐa mh arnhtik¸n auxous¸n sunart sewn sto [a, b], me thn
idiìthta F (x) =

∑∞
1 Fj(x) < ∞ gia k�je x ∈ [a, b]. DeÐxte ìti F ′(x) =

∑∞
1 F ′j(x)

sqedìn pantoÔ sto [a, b].

7. EpekteÐnoume th sun�rthsh Cantor-Lebesgue sto R, jètontac F (x) = 0 an
x < 0 kai F (x) = 1 an x > 1. JewroÔme mia arÐjmhsh {[an, bn]} twn kleist¸n
upodiasthm�twn tou [0, 1] pou èqoun rht� �kra, kai orÐzoume

Fn(x) = F

(
x− an

bn − an

)
.

DeÐxte ìti h G =
∑∞

1 2−nFn eÐnai suneq c kai gnhsÐwc aÔxousa sto [0, 1], kai ìti
G′ = 0 sqedìn pantoÔ.

8. JewroÔme èna Borel uposÔnolo A tou [0, 1] pou ikanopoieÐ thn 0 < m(A ∩ I) <
m(I) gia k�je upodi�sthma I tou [0, 1]. DeÐxte ìti:



1. H F (x) = m([0, x] ∩ A) eÐnai apolÔtwc suneq c kai gnhsÐwc aÔxousa sto
[0, 1], all� F ′ = 0 se èna sÔnolo jetikoÔ mètrou.

2. H sun�rthsh G(x) = m([0, x]∩A)−m([0, x]\A) eÐnai apolÔtwc suneq c sto
[0, 1], all� den eÐnai monìtonh se kanèna upodi�sthma tou [0, 1].

9. 'Estw A ⊂ R me m(A) > 0. DeÐxte ìti

m
(
R \ (A +Q)

)
= 0.

Upìdeixh: An ìqi, ta sÔnola A kai R\ (A+Q) èqoun kai ta dÔo shmeÐa puknìthtac.

ParadÐdete pènte apì tic Ask seic.


