
ANALUSH II (2006-07)

Endeiktik� jèmata gia parousÐash

1. To je¸rhma parembol c tou Marcinkiewicz

'Estw T mia apeikìnish apì k�poion grammikì upìqwro D tou q¸rou twn metr simwn su-
nart sewn ston (X,M, µ) sto q¸ro twn metr simwn sunart sewn ston (Y,N , ν). H T lègetai
upogrammik  an |T (f + g)| ≤ |T (f)|+ |T (g)| kai |T (af)| = a · |T (f)| gia k�je f, g ∈ D kai a > 0.
Upojètoume ìti h T eÐnai upogrammik .

(a) Lème ìti eÐnai isqur� tÔpou (p, q), ìpou 1 ≤ p, q ≤ ∞, an Lp(µ) ⊆ D, h T apeikonÐzei ton
Lp(µ) mèsa ston Lq(ν), kai up�rqei C > 0 ¸ste ‖T (f)‖q ≤ C‖f‖p gia k�je f ∈ Lp(µ).

(b) Lème ìti eÐnai asjen¸c tÔpou (p, q), ìpou 1 ≤ p ≤ ∞, 1 ≤ q < ∞, an Lp(µ) ⊆ D kai
up�rqei C > 0 ¸ste sup

t>0
tq ν({|T (f)| > t}) ≤ C‖f‖q

p gia k�je f ∈ Lp(µ). Sthn perÐptwsh q = ∞
sumfwnoÔme ìti h T eÐnai asjen¸c tÔpou (p,∞) an eÐnai isqur� tÔpou (p,∞).

Je¸rhma (Marcinkiewicz). 'Estw p0, q0, p1, q1 ∈ [1,∞] ¸ste p0 ≤ q0, p1 ≤ q1, q0 6= q1.
'Estw t ∈ (0, 1) kai èstw ìti oi p, q orÐzontai apì tic
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An T eÐnai mia upogrammik  apeikìnish apì ton Lp1(µ) + Lp2(µ) sto q¸ro twn metr simwn sunar-
t sewn ston (Y,N , ν), h opoÐa eÐnai asjen¸c tÔpou (p0, q0) kai asjen¸c tÔpou (p1, q1), tìte h T
eÐnai isqur� tÔpou (p, q).

Mia klasik  efarmog  pou ja mporoÔsate na deÐte: h megistik  sun�rthsh H(f) miac sun�rthshc
f ∈ Lp(Rn), 1 < p < ∞, ikanopoieÐ thn ‖H(f)‖p ≤ C p

p−1 ‖f‖p.
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2. To je¸rhma kurtìthtac tou Riesz

'Estw T = (aij) ènac m× n pÐnakac kai èstw

T (x, y) =
m∑

i=1

n∑

j=1

aijxiyj

h digrammik  morf  pou orÐzetai apì autìn. Gia k�je 1 ≤ p, q ≤ ∞, jètoume α = 1
p kai β = 1

q

(sumfwnoÔme ìti 1/∞ = 0). OrÐzoume

M(α, β) = max{|T (x, y)| : ‖x‖p ≤ 1, ‖y‖q′ ≤ 1},

ìpou q′ o suzug c ekjèthc tou q. Parathr ste ìti M(α, β) eÐnai h mikrìterh stajer� gia thn
opoÐa

|T (x, y)| ≤ M(α, β)‖x‖p‖y‖q′

gia k�je x ∈ Rm, y ∈ Rn.

Me autì to sumbolismì, to Je¸rhma Kurtìthtac tou M. Riesz diatup¸netai wc ex c:

Je¸rhma 1 (M. Riesz). H sun�rthsh M(α, β) eÐnai logarijmik� kurt  sto trÐgwno ∆ =
{(α, β) : 0 ≤ β ≤ α ≤ 1}.

Lègontac {logarijmik� kurt } ennooÔme ìti: an (α1, β1) kai (α2, β2) eÐnai dÔo shmeÐa tou ∆,
kai an θ ∈ (0, 1), tìte

M(θα1 + (1− θ)α2, θβ1 + (1− θ)β2) ≤ [M(α1, β1)]θ[M(α2, β2)]1−θ.



Dhlad , h sun�rthsh log M eÐnai kurt  sto ∆.

AntÐstoiqo apotèlesma isqÔei an jewr soume ènan m × n pÐnaka T = (aij) me migadikèc
suntetagmènec. Jètoume

M(α, β) = max{|T (z, w)| : ‖z‖p ≤ 1, ‖w‖q′ ≤ 1},

ìpou ta z, w jewroÔntai t¸ra stouc Cm kai Cn antÐstoiqa.

Je¸rhma 2 (G. Thorin). H sun�rthsh M(α, β) eÐnai logarijmik� kurt  sto tetr�gwno
Q = {(α, β) : 0 ≤ α, β ≤ 1}.

H apìdeixh tou Jewr matoc 1 eÐnai teqnik  all� stoiqei¸dhc. Gia thn apìdeixh tou Jewr ma-
toc 2 ja qreiasteÐ to {L mma twn Tri¸n Eujei¸n} tou Hadamard (apì thn Migadik  An�lush).

Efarmog . H anisìthta Hausdorff–Young: an 1 ≤ p ≤ 2 kai f ∈ Lp(T), tìte T (f) :=
(f̂(n))n∈Z ∈ `p′ kai ‖T (f)‖p′ ≤ ‖f‖p.
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3. Anisìthtec Kahane–Khintchine

Oi sunart seic Rademacher (rk)∞k=1 orÐzontai sto [0, 1] apì tic

rk(t) = sign (sin 2kπt).

An doÔme tic rk san tuqaÐec metablhtèc sto [0, 1], oi basikèc touc idiìthtec eÐnai dÔo: (a) P(rk =
1) = P(rk = −1) = 1

2 , (b) oi rk eÐnai anex�rthtec. 'Epetai ìti: an k1 < k2 < · · · < kn tìte

∫ 1

0

rk1(t)rk2(t) · · · rkn(t) dt = 0.

Je¸rhma (anisìthta Khintchine) Up�rqoun stajerèc Ap, Bp, 1 ≤ p < ∞, ¸ste: gia k�je
n ∈ N kai gia k�je epilog  pragmatik¸n arijm¸n a1, . . . , an,
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.

H anisìthta deÐqnei ìti h akoloujÐa (rk)∞k=1 eÐnai basik  akoloujÐa isodÔnamh me thn sun jh
b�sh tou `2, se k�je Lp, 1 ≤ p < ∞.

Je¸rhma (anisìthta Kahane–Khintchine) Up�rqoun stajerèc Kp, 1 ≤ p < ∞, ¸ste:
gia k�je q¸ro X me nìrma, gia k�je n ∈ N kai gia k�je epilog  dianusm�twn x1, . . . , xn ∈ X,
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n∑

k=1

rk(t)xk

∥∥∥∥∥ dt ≤
(∫ 1

0

∥∥∥∥∥
n∑

k=1

rk(t)xk

∥∥∥∥∥

p

dt

)1/p

≤ Kp

∫ 1

0

∥∥∥∥∥
n∑

k=1

rk(t)xk

∥∥∥∥∥ dt.
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4. H anisìthta tou Grothendieck

Je¸rhma (anisìthta tou Grothendieck) Up�rqei apìluth stajer� KG > 0 me thn
ex c idiìthta: an (ajk)m,n

j,k=1 eÐnai ènac pÐnakac pragmatik¸n arijm¸n ¸ste
∣∣∣∣∣∣
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gia k�je sj , tk ∈ R, tìte
∣∣∣∣∣∣
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ajk〈uj , vk〉
∣∣∣∣∣∣
≤ KG max

j
‖uj‖ ·max

k
‖vk‖

gia k�je q¸ro Hilbert H kai k�je epilog  dianusm�twn uj , vk ∈ H.

Skopìc aut c thc ergasÐac eÐnai na deÐte di�forec apodeÐxeic thc anisìthtac. 'Ena prìblhma
pou mènei akìma anoiktì eÐnai poi� eÐnai h bèltisth tim  thc stajer�c KG. H arqik  apìdeixh
tou Grothendieck èdine KG ≤ sinh(π/2). H kalÔterh gnwst  ektÐmhsh eÐnai tou Krivine: KG ≤

2
sinh−1(1)

< 2.
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5. To je¸rhma prosèggishc tou Müntz

SÔmfwna me to je¸rhma prosèggishc tou Weierstrass, k�je suneq c sun�rthsh f : [0, 1] → R
proseggÐzetai omoiìmorfa apì polu¸numa. Mia apl  parat rhsh eÐnai h ex c: an h f(t) eÐnai
suneq c sto [0, 1], tìte h g(s) = f( n

√
s) eÐnai epÐshc suneq c, �ra h g proseggÐzetai omoiìmorfa

apì polu¸numa p(s). Me thn allag  metablht c s = tn sumperaÐnoume ìti h f(t) proseggÐzetai
omoiìmorfa apì grammikoÔc sunduasmoÔc twn poluwnÔmwn tjn, j ≥ 0.

O Bernstein melèthse to akìloujo prìblhma: an {λj}j∈N eÐnai mia akoloujÐa fusik¸n arijm¸n
me lim

j→∞
λj = +∞, na brejoÔn sunj kec pou na exasfalÐzoun ìti h kleist  grammik  j kh twn

poluwnÔmwn 1, tλ1 , . . . , tλj , . . . me thn ‖ · ‖∞ eÐnai olìklhroc o C[0, 1]. H ap�nthsh dìjhke apì
ton Müntz:

Je¸rhma. 'Estw {λj}j∈N mia akoloujÐa fusik¸n arijm¸n me lim
j→∞

λj = +∞. Oi sunart seic

1, tλ1 , . . . , tλj , . . . par�goun ton C[0, 1] an kai mìno an

∞∑

j=1

1
λj

= +∞.
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6. To je¸rhma Bishop–Phelps

'Estw X ènac autopaj c q¸roc Banach. Apì thn asjen  sump�geia thc BX èpetai ìti an
x∗ ∈ X∗ tìte up�rqei x0 ∈ SX ¸ste x∗(x0) = ‖x∗‖. 'Ena je¸rhma tou James deÐqnei ìti aut 



h idiìthta qarakthrÐzei touc autopajeÐc q¸rouc. O X eÐnai autopaj c an kai mìno an, gia k�je
x∗ ∈ X∗ up�rqei x0 ∈ SX ¸ste x∗(x0) = ‖x∗‖.

To je¸rhma Bishop–Phelps (1961) isqurÐzetai ìti k�je q¸roc Banach (plhsi�zei} sto na èqei
aut  th qarakthristik  idiìthta twn autopaj¸n q¸rwn:

Je¸rhma (Bishop–Phelps). 'Estw X q¸roc Banach. To sÔnolo D twn x∗ ∈ SX∗ gia ta
opoÐa up�rqei x0 ∈ SX ¸ste x∗(x0) = ‖x∗‖ eÐnai ‖ · ‖�puknì sthn SX∗ .
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7. To je¸rhma tou Choquet

'Estw K èna mh kenì sumpagèc uposÔnolo enìc topik� kurtoÔ q¸rou X kai èstw µ èna mètro
pijanìthtac sto K. Lème ìti k�poio x ∈ X anaparÐstatai apì to µ an

∫
K

f dµ = f(x) gia k�je
suneqèc grammikì sunarthsoeidèc f ston X. H upìjesh ìti o X eÐnai topik� kurtìc exasfalÐzei
ìti k�je mètro pijanìthtac µ anaparist� to polÔ èna x ∈ X (to x eÐnai to {kèntro b�rouc} tou
µ).

Me aut n thn orologÐa, to je¸rhma Krein–Milman mporeÐ na diatupwjeÐ isodÔnama wc ex c:
an K eÐnai èna mh kenì sumpagèc uposÔnolo enìc topik� kurtoÔ q¸rou X, tìte k�je x ∈ K
anaparÐstatai apì èna mètro pijanìthtac µ sto K, pou èqei forèa thn kleist  j kh tou sunìlou
twn akraÐwn shmeÐwn tou K (dhlad , µ(K \ ex(K)) = 0).

Je¸rhma (Choquet, metrikopoi simh perÐptwsh). 'Estw K èna mh kenì metrikopoi si-
mo sumpagèc uposÔnolo enìc topik� kurtoÔ q¸rou X kai èstw x ∈ K. Up�rqei mètro pijanìthtac
µ sto K to opoÐo anaparist� to x kai èqei forèa to sÔnolo twn akraÐwn shmeÐwn tou K (dhlad ,
µ(K \ ex(K)) = 0).
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8. Pl rwc monìtonec sunart seic: to je¸rhma tou Bernstein

Mia sun�rthsh f : (0,∞) → R lègetai pl rwc monìtonh an èqei parag¸gouc k�je t�xhc kai
(−1)nf (n) ≥ 0 gia k�je n ≥ 0. Me �lla lìgia, an h f eÐnai mh arnhtik  kai fjÐnousa, kai to Ðdio
isqÔei gia kajemÐa apì tic sunart seic (−1)nf (n). ParadeÐgmata pl rwc monìtonwn sunart sewn
eÐnai oi x−α, e−αx, ìpou α > 0.

Je¸rhma (S. Bernstein) An f : (0,∞) → R eÐnai mia pl rwc monìtonh sun�rthsh, tìte
up�rqei monadikì mètro Borel µ sto [0,∞] ¸ste: gia k�je x > 0,

f(x) =
∫ ∞

0

e−tx dµ(t).

To antÐstrofo isqÔei epÐshc: k�je sun�rthsh pou anaparÐstatai kat� autìn ton trìpo eÐnai
pl rwc monìtonh.

Mia apìdeixh tou jewr matoc mporeÐ na dojeÐ me th bo jeia tou jewr matoc Krein–Milman.
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2. D. V. Widder, The Laplace Transform.
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9. Jewr mata stajeroÔ shmeÐou

Skopìc autoÔ tou jèmatoc eÐnai: (a) Na deÐte di�forec apodeÐxeic tou jewr matoc stajeroÔ
shmeÐou tou Brouwer: k�je suneq c sun�rthsh φ : Bn

2 → Bn
2 èqei stajerì shmeÐo (Bn

2 eÐnai h
EukleÐdeia monadiaÐa mp�la ston Rn, n ≥ 1). (b) Na deÐte di�forec efarmogèc tou jewr matoc
stajeroÔ shmeÐou tou Brouwer sthn apìdeixh jewrhm�twn stajeroÔ shmeÐou (Schauder, Markov–
Kakutani klp).
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10. O q¸roc tou James

JewroÔme ton q¸ro J ìlwn twn mhdenik¸n akolouji¸n x = (x(n))n∈N pou èqoun fragmènh
tetragwnik  kÔmansh. Dhlad , x ∈ J an x(n) → 0 kai up�rqei stajer� M > 0 me thn ex c
idiìthta: gia k�je epilog  fusik¸n 1 ≤ k0 < k1 < · · · < kn isqÔei

n∑

j=1

(x(kj)− x(kj−1))2 ≤ M2.

O q¸roc tou James eÐnai o J efodiasmènoc me th nìrma

‖x‖0 = sup
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(x(kj)− x(kj−1))2
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,

ìpou to supremum paÐrnetai p�nw apì ìlouc touc fusikoÔc n kai ìlec tic epilogèc fusik¸n
1 ≤ k0 < k1 < · · · < kn. Mia parallag  thc ‖ · ‖0 eÐnai h

‖x‖J =
1√
2

sup
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.

O q¸roc tou James (1950) èdwse ap�nthsh se arket� anoikt� probl mata.

(a) O (J, ‖ · ‖J) eÐnai upìqwroc sundi�stashc 1 ston J∗∗ kai eÐnai isometrik� isìmorfoc me
ton J∗∗. Eidikìtera, den eÐnai autopaj c en¸ èqei diaqwrÐsimo deÔtero duðkì.

(b) O J den èqei unconditional b�sh.
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11. To sÔsthma Haar ston Lp, 1 < p < ∞
To sÔsthma Haar eÐnai h akoloujÐa sunart sewn hn : [0, 1] → R pou orÐzetai wc ex c: h1 ≡ 1

kai an n = 2k + s ìpou n = 0, 1, 2, . . . kai s = 1, 2, . . . , 2k, tìte hn(t) = χ[ 2s−2
2k+1 , 2s−1

2k+1 )(t) −
χ[ 2s−1

2k+1 , 2s

2k+1 )(t). Dhlad , h hn èqei forèa to duadikì di�sthma
[

s−1
2k , s

2k

)
kai paÐrnei tic timèc 1

kai −1 sto pr¸to kai deÔtero misì tou antÐstoiqa.



An 1 ≤ p < ∞, kanonikopoioÔme tic hn ston Lp jewr¸ntac tic hn/‖hn‖p = hn/|In|1/p, ìpou
In o forèac thc hn. To sÔsthma Haar eÐnai monìtonh b�sh ston Lp gia k�je 1 ≤ p < ∞.

Je¸rhma. 'Estw 1 < p < ∞ kai èstw q o suzug c ekjèthc tou p. Jètoume p∗ = max{p, q}.
To sÔsthma Haar eÐnai unconditional b�sh ston Lp[0, 1] me stajer� mikrìterh   Ðsh apì p∗ − 1.
Dhlad , gia k�je n ∈ N, gia k�je epilog  pragmatik¸n arijm¸n a1, . . . , an kai gia k�je epilog 
pros mwn ε1, . . . , εn isqÔei

∥∥∥∥∥∥

n∑

j=1

εjajhj

∥∥∥∥∥∥
p

≤ (p∗ − 1)

∥∥∥∥∥∥

n∑

j=1

ajhj

∥∥∥∥∥∥
p

.

Autì apodeÐqjhke gia pr¸th for� apì ton Paley (1932). O Burkholder br ke thn bèltisth
stajer� sthn anisìthta.
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12. To `1�je¸rhma tou Rosenthal

AfethrÐa tou jewr matoc eÐnai to ex c prìblhma: na dojoÔn proôpojèseic k�tw apì tic
opoÐec mia fragmènh akoloujÐa èqei asjen¸c Cauchy upakoloujÐa. An o X eÐnai autopaj c, autì
prokÔptei apì to je¸rhma Eberlein-Smulian. An o X∗ eÐnai diaqwrÐsimoc, tìte k�je fragmènh
akoloujÐa ston X èqei asjen¸c Cauchy upakoloujÐa.

Apì thn �llh pleur�, h kanonik  b�sh tou `1 den èqei asjen¸c Cauchy upakoloujÐa. To
`1�je¸rhma tou Rosenthal lèei ìti autì akrib¸c eÐnai to ousiastikì empìdio.

Je¸rhma (Rosenthal) 'Estw {xn}∞n=1 fragmènh akoloujÐa se ènan apeirodi�stato q¸ro Ba-
nach X. Tìte, isqÔei èna apì ta ex c:
(a) H {xn}∞n=1 èqei asjen¸c Cauchy upakoloujÐa.
(b) H {xn}∞n=1 èqei upakoloujÐa pou eÐnai basik  kai eÐnai isodÔnamh me thn kanonik  b�sh tou `1.

H apìdeixh qrhsimopoieÐ jewrÐa Ramsey.
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13. O q¸roc tou Tsirelson

O q¸roc tou Tsirelson apant� arnhtik� sto er¸thma an k�je apeirodi�statoc q¸roc Banach
perièqei isomorfik� k�poion apì touc q¸rouc `p, 1 ≤ p < ∞   ton c0.

H nìrma tou Tsirelson orÐzetai ston c00. Gia thn perigraf  thc qreiazìmaste k�poia orologÐa.
An (I1, . . . , Im) eÐnai mia akoloujÐa xènwn diasthm�twn fusik¸n arijm¸n, lème ìti h (I1, . . . , Im)
eÐnai apodekt  an m < min Ik gia k�je k = 1, . . . , m. An I eÐnai èna di�sthma fusik¸n kai an
x ∈ c00 gr�foume Ix gia ton periorismì tou x sto I (dhlad , (Ix)n = xn an n ∈ I kai (Ix)n = 0
an n /∈ I). OrÐzoume ‖ · ‖T ston c00 jètontac

‖x‖T = max



‖x‖∞,

1
2

sup
m∑

j=1

‖Ijx‖T







ìpou to sup paÐrnetai p�nw apì ìlec tic apodektèc oikogèneiec diasthm�twn. O orismìc thc ‖ · ‖T

eÐnai {peplegmènoc}, ìmwc èna epagwgikì epiqeÐrhma deÐqnei ìti up�rqei mia tètoia nìrma. O q¸roc
tou Tsirelson eÐnai h pl rwsh T tou (c00, ‖ · ‖T ).

Je¸rhma (Tsirelson) O q¸roc T eÐnai autopaj c kai den perièqei isomorfik� kanènan apì
touc q¸rouc `p, 1 ≤ p < ∞ oÔte ton c0.

Kataskeuèc pou èqoun thn arq  touc sthn kataskeu  tou Tsirelson od ghsan sth lÔsh tou
probl matoc thc Ôparxhc unconditional basik c akoloujÐac (apì touc Gowers–Maurey) kai tou
probl matoc thc paramìrfwshc (apì touc Odell-Schlumprecht).
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