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1. 'Estw 1 ≤ p < ∞ kai fn, f ∈ Lp[0, 1] me fn → f sqedìn pantoÔ. DeÐxte ìti ‖fn‖p → ‖f‖p an
kai mìno an ‖fn − f‖p → 0.

2. 'Estw 1 ≤ p < ∞ kai fn ∈ Lp[0, 1] me fn → f sqedìn pantoÔ. DeÐxte ìti ta ex c eÐnai
isodÔnama:

(a) f ∈ Lp[0, 1] kai ‖fn − f‖p → 0.
(b) Gia k�je ε > 0 up�rqei δ > 0 ¸ste, gia k�je metr simo A ⊆ [0, 1] me λ(A) < δ kai k�je

n ∈ N, na isqÔei ∫

A

|fn|pdλ < ε.

3. 'Estw X, Y q¸roi me nìrma kai T : X → Y grammikìc telest c me thn idiìthta: an (xn)
akoloujÐa ston X me ‖xn‖ → 0, tìte h (T (xn)) eÐnai fragmènh akoloujÐa ston Y . DeÐxte ìti o
T eÐnai fragmènoc.

4. 'Estw X q¸roc Banach kai T ∈ B(X, X) me thn idiìthta
∑∞

n=1 ‖Tn‖ < +∞. An y ∈ X
orÐzoume ton metasqhmatismì Sy : X → X me

Sy(x) = y + T (x).

DeÐxte ìti o Sy èqei monadikì stajerì shmeÐo (Sy(x0) = x0), to x0 = y +
∑∞

n=1 Tn(y).

5. DÐnontai g : [0, 1] → R kai K : [0, 1] × [0, 1] → R suneqeÐc. DeÐxte ìti up�rqei suneq c
sun�rthsh f : [0, 1] → R pou ikanopoieÐ thn exÐswsh tou Volterra

f(t) = g(t) +
∫ t

0

K(s, t)f(s)ds

gia k�je t ∈ [0, 1]. [Upìdeixh: An M = max{|K(s, t)| : 0 ≤ s, t ≤ 1} kai T : C[0, 1] → C[0, 1] o
telest c pou orÐzetai apì thn

(Tf)(t) =
∫ t

0

K(s, t)f(s)ds,

deÐxte ìti ‖Tn‖ ≤ Mn/n! gia k�je n ∈ N.]

6. DeÐxte ìti: gia k�je 1 ≤ p < ∞, o `p eÐnai isometrik� isìmorfoc me ènan upìqwro tou Lp[0, 1].
[Upìdeixh: Jewr ste ton upìqwro tou Lp[0, 1] pou par�getai apì tic fn = (n(n+1))1/pχ[ 1

n+1 , 1
n ].]

7. Ston c00 orÐste nìrma ‖ · ‖ me thn ex c idiìthta: h ‖ · ‖ den eÐnai isodÔnamh me thn ‖ · ‖∞, all�
oi q¸roi (c00, ‖ · ‖) kai (c00, ‖ · ‖∞) eÐnai isometrik� isìmorfoi. [Upìdeixh: An T : c00 → c00 eÐnai
grammikìc isomorfismìc, h ‖x‖ = ‖Tx‖∞ eÐnai nìrma ston c00.]

8. 'Estw (aij)∞i,j=1 ènac �peiroc pÐnakac me aij ≥ 0 gia k�je i, j. Upojètoume akìma ìti up�rqoun
b, c > 0 kai pi > 0 ¸ste, gia k�je i, j,

∞∑

i=1

aijpi ≤ bpj kai
∞∑

j=1

aijpj ≤ cpi.

DeÐxte ìti o telest c T : `2 → `2 pou orÐzetai apì thn

T ((ξi)i) =
( ∞∑

j=1

ξjaij

)
i

eÐnai fragmènoc, kai ‖T‖ ≤
√

bc.


