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1. 'Estw X q¸roc Banach kai (xn) b�sh Schauder tou X. DeÐxte ìti to sÔnolo {xn : n ∈ N}
apoteleÐtai apì memonwmèna shmeÐa. Akìma isqurìtera, deÐxte ìti gia k�je n ∈ N,

xn /∈ span{xm : m 6= n}.

2. 'Estw (xn) kai (yn) b�seic Schauder twn q¸rwn Banach X kai Y . DeÐxte ìti ta ex c eÐnai
isodÔnama:
(a) H seir�

∑∞
n=1 anxn sugklÐnei ston X an kai mìno an h seir�

∑∞
n=1 anyn sugklÐnei ston Y .

(b) Up�rqei C > 0 me thn idiìthta: gia k�je m ∈ N kai gia k�je a1, . . . , am ∈ K,

1
C
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m∑

n=1

anxn

∥∥∥∥∥ ≤
∥∥∥∥∥

m∑
n=1

anyn

∥∥∥∥∥ ≤ C

∥∥∥∥∥
m∑

n=1

anxn

∥∥∥∥∥ .

3. (a) 'Estw X ènac q¸roc Banach me b�sh Schauder kai èstw D èna puknì uposÔnolo tou X.
DeÐxte ìti o X èqei b�sh Schauder pou apoteleÐtai apì stoiqeÐa tou D.
(b) DeÐxte ìti o C[0, 1] èqei b�sh Schauder pou apoteleÐtai apì polu¸numa.

4. 'Estw (X, ‖ · ‖) ènac q¸roc Banach me b�sh Schauder thn (xn). 'Estw (x∗n) h diorjog¸nia
akoloujÐa thc (xn).
(a) DeÐxte ìti h (x∗n) eÐnai basik  akoloujÐa ston X∗.
(b) DeÐxte ìti h (x∗n) eÐnai b�sh Schauder tou X∗ an kai mìno an, gia k�je x∗ ∈ X∗ isqÔei

lim
n→∞

sup
x∈SXn

|x∗(x)| = 0,

ìpou Xn = span{xm : m ≥ n}.

5. OrÐzoume xn = e1 + · · · + en ston c0. Exet�ste an h (xn) eÐnai b�sh Schauder gia ton c0.
ProsdiorÐste thn diorjog¸nia akoloujÐa (x∗n) kai exet�ste an eÐnai b�sh Schauder tou `1.

6. 'Estw X ènac q¸roc Banach kai èstw (xn) b�sh Schauder gia ton X me ‖xn‖ = 1 gia k�je
n ∈ N. Upojètoume ìti up�rqei x∗ ∈ X∗ ¸ste x∗(xn) = 1 gia k�je n ∈ N. DeÐxte ìti h akoloujÐa
(xn − xn−1) (ìpou x0 = 0) eÐnai epÐshc b�sh Schauder tou X.

7. 'Estw X ènac topik� kurtìc q¸roc kai èstw (xn) akoloujÐa ston X me xn → 0. DeÐxte ìti

yn :=
x1 + · · ·+ xn

n
→ 0.

8. 'Estw X o q¸roc twn Lebesgue metr simwn sunart sewn f : [0, 1] → R (dÔo sunart seic
tautÐzontai an eÐnai sqedìn pantoÔ Ðsec). OrÐzoume mia topologÐa T ston X paÐrnontac san b�sh
perioq¸n tou 0 thn akoloujÐa twn sunìlwn

Bn =
{

f ∈ X : λ({x : |f(x)| > 1/n}) <
1
n

}

kai thn {f + Bn : n ∈ N} san b�sh perioq¸n thc f ∈ X. DeÐxte ìti:
(a) O X eÐnai topologikìc grammikìc q¸roc.
(b) O X den eÐnai topik� kurtìc (upìdeixh: gia k�je n ∈ N, conv(Bn) = X).
(g) X∗ = {0}.


