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DÔo lìgia
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Kef�laio 1

Eisagwgik�

1.1 Diat�xeic
Orismìc 1.1 'Estw A èna mh-kenì sÔnolo kai ≺ ⊆ A×A. Lème ìti to sÔnolo
≺ eÐnai sqèsh di�taxhc   di�taxh sto A, an gia k�je a, a1, a2, a3 ∈ A,
(i) (a, a) ∈ ≺,
(ii) an (a1, a2) ∈ ≺ kai (a2, a1) ∈ ≺, tìte a1 = a2,
(iii) an (a1, a2) ∈ ≺ kai (a2, a3) ∈ ≺, tìte (a1, a3) ∈ ≺ .
Tìte to sÔnolo A onom�zetai diatetagmèno apì thn ≺ .

An to ≺ eÐnai di�taxh sto A, gr�foume a ≺ a′ antÐ (a, a′) ∈ ≺ .

Epomènwc, oi sqèseic tou prohgoÔmenou orismoÔ gr�fontai
(i) a ≺ a,
(ii) an a1 ≺ a2 kai a2 ≺ a1, tìte a1 = a2,
(iii) an a1 ≺ a2 kai a2 ≺ a3, tìte a1 ≺ a3 .
Par�deigma To sÔnolo R me th sunhjismènh di�taxh ≤ .
Par�deigma To sÔnolo N me th di�taxh thc diairetìthtac / . Dhlad , a/ban to a diaireÐ to b.
Par�deigma An Q eÐnai opoiod pote mh-kenì sÔnolo, jewroÔme A = P(Q),to sÔnolo tou opoÐou stoiqeÐa eÐnai ìla ta uposÔnola tou Q, kai wc di�taxhjewroÔme ton egkleismì ⊆ .

Sto pr¸to par�deigma, gia k�je x, y ∈ R isqÔei ìti eÐte x ≤ y eÐte y ≤ x.'Omwc, sto deÔtero par�deigma den isqÔei oÔte 2/3 oÔte 3/2. OmoÐwc, stotrÐto par�deigma, an to Q perièqei toul�qiston dÔo stoiqeÐa q1, q2, tìte gia tastoiqeÐa {q1}, {q2} tou P(Q) den isqÔei oÔte {q1} ⊆ {q2} oÔte {q2} ⊆ {q1}.
Orismìc 1.2 'Estw A sÔnolo me di�taxh ≺. 'Ena B ⊆ A onom�zetai olik�
diatetagmèno an gia k�je b1, b2 ∈ B isqÔei ìti eÐte b1 ≺ b2 eÐte b2 ≺ b1.
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8 KEF�ALAIO 1. EISAGWGIK�A

Orismìc 1.3 'Estw A sÔnolo me di�taxh≺ , B ⊆ A kai a ∈ A. To a onom�zetai
�nw-fr�gma tou B, an b ≺ a gia k�je b ∈ B.

Orismìc 1.4 'Estw A sÔnolo me di�taxh ≺ kai a ∈ A. To a onom�zetai ma-
ximal stoiqeÐo tou A, an den up�rqei a′ ∈ A me a ≺ a′ kai a′ 6= a.

Sth JewrÐa Sunìlwn deqìmaste wc AxÐwma to
L mma tou Zorn : 'Estw A diatetagmèno sÔnolo. An k�je olik� dia-

tetagmèno uposÔnolo tou A èqei �nw-fr�gma sto A, tìte to A èqei

toul�qiston èna maximal stoiqeÐo

  k�poia apì tic isodÔnamec me autì prot�seic, ìpwc to AxÐwma Epilog c pouja sunant soume parak�tw.
1.2 TopologikoÐ q¸roi
1.2.1 Anoikt� kai kleist� sÔnola

Orismìc 1.5 'Estw A èna mh-kenì sÔnolo kai T mÐa sullog  uposunìlwn tou
A me tic idiìthtec
(i) ∅, A ∈ T
(ii)

⋃
C ∈ T gia k�je sullog  C ⊆ T

(iii)
⋂
C ∈ T gia k�je peperasmènh sullog  C ⊆ T .

H T onom�zetai topologÐa sto A kai ta stoiqeÐa thc T onom�zontai anoikt�
(wc proc thn T ) sÔnola tou A. To A efodiasmèno me mÐa topologÐa onom�zetai
topologikìc q¸roc.

To (ii) lèei, me apl� lìgia, ìti h ènwsh opoiasd pote sullog c sunìlwn pouan koun sthn T eÐnai sÔnolo pou an kei sthn T . To (iii) lèei ìti h tom opoiasd pote peperasmènhc sullog c sunìlwn pou an koun sthn T eÐnai sÔnolopou an kei sthn T .
Orismìc 1.6 An to A eÐnai topologikìc q¸roc, tìte k�je uposÔnolo tou A tou
opoÐou to sumpl rwma eÐnai anoiktì onom�zetai kleistì.

Prìtash 1.1 'Estw A topologikìc q¸roc.
(i) Ta ∅, A eÐnai kleist� sÔnola.
(ii) To

⋂
C eÐnai kleistì gia k�je sullog  C kleist¸n sunìlwn.

(iii) To
⋃
C ∈ T eÐnai kleistì gia k�je peperasmènh sullog  C kleist¸n sunì-

lwn.

Apìdeixh: H apìdeixh basÐzetai stouc orismoÔc kai stouc nìmouc tou de Morgangia ta sumplhr¸mata kai tic en¸seic/tomèc.
Orismìc 1.7 'Estw A topologikìc q¸roc kai U ⊆ A.
(i) To sÔnolo int(U) =

⋃
{O|O eÐnai anoiktì ⊆ U} onom�zetai eswterikì tou

U .
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(ii) To sÔnolo cl(U) =

⋂
{C|C eÐnai kleistì ⊇ U} onom�zetai kleist  j kh

tou U .

Prìtash 1.2 'Estw A topologikìc q¸roc kai U ⊆ A.
(1) To int(U) eÐnai to megalÔtero anoiktì uposÔnolo tou U .
(2) To U eÐnai anoiktì an kai mìnon an int(U) = U .
(3) To cl(U) eÐnai to mikrìtero kleistì upersÔnolo tou U .
(4) To U eÐnai kleistì an kai mìnon an cl(U) = U .

Apìdeixh: (1) Profanèc, b�sei twn orism¸n.(2) An to U eÐnai anoiktì, tìte autì eÐnai to megalÔtero anoiktì uposÔnolo tou
U . Antistrìfwc, an int(U) = U , epeid  to int(U) eÐnai anoiktì, sunep�getaiìti to U eÐnai anoiktì.(3),(4) 'Askhsh.
Orismìc 1.8 'Estw A topologikìc q¸roc kai x ∈ A. K�je anoiktì sÔnolo to
opoÐo perièqei to x onom�zetai anoikt  perioq  tou x.

Orismìc 1.9 'Estw A topologikìc q¸roc kai U ⊆ A.
(i) To x ∈ U onom�zetai eswterikì shmeÐo tou U an up�rqei anoiktì sÔnolo
O ¸ste x ∈ O ⊆ U .
(ii) To x onom�zetai shmeÐo suss¸reushc tou U an k�je anoikt  perioq  tou
x perièqei èna toul�qiston stoiqeÐo tou U diaforetikì apì to x.

Prìtash 1.3 'Estw A topologikìc q¸roc kai U ⊆ A.
(1) int(U) = {x|x eÐnai eswterikì shmeÐo tou U}.
(2) cl(U) = {x|x ∈ U   x eÐnai shmeÐo suss¸reushc tou U}.

Apìdeixh: (1) Profanèc.(2) 'Estw x ∈ cl(U) kai x /∈ U . Tìte to x an kei se k�je kleistì sÔnolo toopoÐo perièqei to U . 'Ara, an jewr soume opoiad pote anoikt  perioq  O tou x,epeid  to x den an kei sto kleistì X \ O, sunep�getai ìti to sÔnolo autì denperièqei to U kai, epomènwc, h O èqei toul�qiston èna shmeÐo koinì me to U .To shmeÐo autì den eÐnai to x, afoÔ x /∈ U . 'Ara to x eÐnai shmeÐo suss¸reushctou U .Antistrìfwc, an x ∈ U , tìte x ∈ cl(U). An to x eÐnai shmeÐo suss¸reushctou U kai jewr soume opoiod pote kleistì C to opoÐo perièqei to U , tìte
x ∈ C. Diaforetik�, to X \ C ja  tan anoikt  perioq  tou x qwrÐc na èqeikanèna shmeÐo koinì me to U . 'Ara to x an kei se k�je kleistì sÔnolo to opoÐoperièqei to U kai, epomènwc, x ∈ cl(U).
1.2.2 MetrikoÐ q¸roi

Orismìc 1.10 'Estw A èna mh-kenì sÔnolo kai d : A×A→ R+
0 me tic idiìthtec

(i) d(x1, x2) = 0 an kai mìnon an x1 = x2.
(ii) d(x1, x2) = d(x1, x2) gia k�je x1, x2 ∈ A.
(iii) d(x1, x3) ≤ d(x1, x2) + d(x2, x3) gia k�je x1, x2, x3 ∈ A.
H sun�rthsh d onom�zetai metrik  sto A kai to A efodiasmèno me mÐa metrik 
onom�zetai metrikìc q¸roc.
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Orismìc 1.11 'Estw A metrikìc q¸roc me metrik  d.
(i) An x ∈ A kai r ∈ R+, to sÔnolo B(x; r) = {y ∈ A|d(y, x) < r} onom�zetai
anoikt  mp�la me kèntro x kai aktÐna r.
(ii) 'Ena uposÔnolo O tou A onom�zetai anoiktì (wc proc th metrik  d) an
gia k�je x ∈ O up�rqei r ∈ R+ ¸ste B(x; r) ⊆ O.

L mma 1.1 'Estw A metrikìc q¸roc me metrik  d, x ∈ A kai r ∈ R+. H
mp�la B(x; r) eÐnai anoiktì sÔnolo.

Apìdeixh: An p�roume tuqìn y ∈ B(x; r), tìte, me s = r − d(y, x) > 0, isqÔeiìti B(y; s) ⊆ B(x; r).
Prìtash 1.4 'Estw A ènac metrikìc q¸roc me metrik  d. Tìte h sullog 
T = {O|to O eÐnai anoiktì wc proc th d} apoteleÐ topologÐa sto A. Epomènwc,
k�je metrikìc q¸roc eÐnai topologikìc q¸roc.

Apìdeixh: 'Askhsh.
Orismìc 1.12 (i) 'Estw A metrikìc q¸roc me metrik  d. H topologÐa T thc
prohgoÔmenhc prìtashc lème ìti ep�getai apì thn d.
(ii) 'Enac topologikìc q¸roc A me topologÐa T onom�zetai metrikopoi simoc
an up�rqei metrik  d sto A ¸ste h topologÐa h opoÐa ep�getai apì thn d na
tautÐzetai me thn T . Tìte h T onom�zetai topologÐa metrikoÔ q¸rou.

Prìtash 1.5 'Estw A ènac metrikìc q¸roc me metrik  d, èstw x ∈ A kai
U ⊆ A.
(1) To x eÐnai eswterikì shmeÐo tou U an kai mìnon an up�rqei r ∈ R+ ¸ste
B(x; r) ⊆ U .
(2) To x eÐnai shmeÐo suss¸reushc tou U an kai mìnon an gia k�je r ∈ R+ h
B(x; r) perièqei toul�qiston èna stoiqeÐo tou U diaforetikì apì to x.

Apìdeixh: (1) An to x eÐnai eswterikì shmeÐo tou U , tìte up�rqei anoiktì O¸ste x ∈ O ⊆ U . 'Ara up�rqei r ∈ R+ ¸ste B(x; r) ⊆ O ⊆ U . Antistrìfwc,an up�rqei r ∈ R+ ¸ste B(x; r) ⊆ U , tìte, b�sei tou L mmatoc 1.1, h B(x; r)eÐnai anoiktì sÔnolo kai, epomènwc, to x eÐnai eswterikì shmeÐo tou U .(2) An to x eÐnai shmeÐo suss¸reushc tou U , tìte, epeid  k�je B(x; r) eÐnaianoiktì sÔnolo, sunep�getai ìti k�je B(x; r) perièqei toul�qiston èna stoiqeÐotou U diaforetikì apì to x. Antistrìfwc, an p�roume tuqoÔsa anoikt  perioq 
O tou x, up�rqei B(x; r) ⊆ O, opìte h O perièqei toul�qiston èna stoiqeÐo tou
U diaforetikì apì to x. 'Ara to x eÐnai shmeÐo suss¸reushc tou U .
1.2.3 AkoloujÐec

Orismìc 1.13 'Estw A ènac topologikìc q¸roc me topologÐa T kai {xn} mÐa
akoloujÐa sto A. Lème ìti h {xn} sugklÐnei (wc proc thn T ) an up�rqei
x ∈ A ¸ste k�je perioq  tou x na perièqei ìlouc touc ìrouc thc {xn} apì ènan
deÐkth kai pèra. Tìte lème ìti to x eÐnai ìrio thc akoloujÐac kai gr�foume
xn → x.
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Prìtash 1.6 'Estw A ènac metrikìc q¸roc me metrik  d.
(1) xn → x sto A an kai mìnon an gia k�je r ∈ R+ h B(x; r) perièqei ìlouc
touc ìrouc thc {xn} apì ènan deÐkth kai pèra.
(2) K�je akoloujÐa sto A èqei to polÔ èna ìrio.

Apìdeixh: (1) 'Askhsh.(2) An upojèsoume ìti h {xn} èqei dÔo toul�qiston ìria z1 kai z2, tìte r =
1
2 d(z1, z2) > 0 kai oi mp�lec B(z1; r) kai B(z2; r) eÐnai xènec metaxÔ touc. Autìantif�skei me ton orismì tou orÐou.
Prìtash 1.7 'Estw A ènac metrikìc q¸roc me metrik  d kai U ⊆ A.
(1) 'Ena x ∈ A eÐnai shmeÐo suss¸reushc tou U an kai mìnon an up�rqei ako-
loujÐa sto U thc opoÐac ìloi oi ìroi eÐnai diaforetikoÐ apì to x kai èqei ìrio x.
(2) To U eÐnai kleistì an kai mìnon an gia k�je akoloujÐa sto U h opoÐa su-
gklÐnei isqÔei ìti to ìriì thc perièqetai sto U .

Apìdeixh: (1) An to x eÐnai shmeÐo suss¸reushc tou U , paÐrnoume èna shmeÐo
xn ∈ B(x; 1

n )∩U diaforetikì apo to x kai tìte h {xn} eÐnai sto U kai èqei ìrio
x. Antistrìfwc, èstw ìti k�poia {xn} me ìlouc touc ìrouc thc diaforetikoÔcapo to x eÐnai sto U kai èqei ìrio x. Tìte k�je anoikt  perioq  tou x perièqeiìrouc thc akoloujÐac kai, epomènwc, to x eÐnai shmeÐo suss¸reushc tou U .(2) 'Askhsh.

H prohgoÔmenh prìtash dÐnei, gia metrikì q¸ro, ènan qarakthrismì twnshmeÐwn suss¸reushc kai twn kleist¸n sunìlwn (kai, kat' epèktash, twn anoi-kt¸n sunìlwn) b�sei thc sÔgklishc akolouji¸n. EpishmaÐnetai ìti k�ti tètoioden eÐnai dunatì gia tuqìnta topologikì q¸ro.
Par�deigma: O q¸roc Rn.Me ton tÔpo d(x, y) =

√
(x1 − y1)2 + · · ·+ (xn − yn)2 gia k�je dÔo stoiqeÐa

x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn orÐzetai h gnwst  eukleÐdia metrik ston Rn.
1.2.4 SuneqeÐc sunart seic

Orismìc 1.14 'Estw A,B dÔo topologikoÐ q¸roi me topologÐec T kai S anti-
stoÐqwc kai M ⊆ A.
(i) MÐa sun�rthsh f : M → B lème ìti eÐnai suneq c sto x ∈M an gia k�je
N ∈ S me f(x) ∈ N up�rqei O ∈ T ¸ste x ∈ O ∩M ⊆ f−1(N).
(ii) H f : M → B lème ìti eÐnai suneq c sto M an eÐnai suneq c se k�je
x ∈M .

Prìtash 1.8 'Estw A,B dÔo topologikoÐ q¸roi me topologÐec T kai S anti-
stoÐqwc, M ⊆ A kai sun�rthsh f : M → B. H f eÐnai suneq c sto M an kai
mìnon an gia k�je N ∈ S up�rqei O ∈ T ¸ste f−1(N) = O ∩M .

Apìdeixh: 'Estw ìti h f eÐnai suneq c sto M kai èstw N ∈ S. Gia k�je
x ∈ f−1(N) up�rqei Ox ∈ T ¸ste x ∈ Ox ∩M ⊆ f−1(N). Tìte to sÔnolo
O =

⋃
{Ox|x ∈ f−1(N)} an kei sthn T kai f−1(N) = O ∩M .
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Antistrìfwc, jewroÔme tuqìn x ∈ M kai tuqìn N ∈ S me f(x) ∈ N . Tìteup�rqei O ∈ T ¸ste f−1(N) = O ∩ M , opìte x ∈ O ∩ M ⊆ f−1(N) kai,epomènwc, h f eÐnai suneq c sto x.
Prìtash 1.9 'Estw A,B dÔo metrikoÐ q¸roi, M ⊆ A kai f : M → B. H
f eÐnai suneq c sto x ∈ M an kai mìnon an f(xn) → f(x) sto B gia k�je
akoloujÐa {xn} sto M me xn → x sto A.

Apìdeixh: 'Askhsh.
O qarakthrismìc thc sunèqeiac b�sei thc sÔgklishc akolouji¸n pou pe-rigr�fetai sthn prohgoÔmenh prìtash den isqÔei gia tuqìntec topologikoÔcq¸-rouc.

Prìtash 1.10 (1) 'Estw A,B,C topologikoÐ q¸roi,M ⊆ A, N ⊆ B, f : M →
N kai g : N → C. An h f eÐnai suneq c sto x ∈ M kai h g eÐnai suneq c sto
f(x), tìte h g ◦ f eÐnai suneq c sto x.
(2) 'Estw topologikìc q¸roc A, M ⊆ A, f, g : M → Rn kai κ ∈ R. An o
Rn èqei thn topologÐa pou ep�getai apì thn eukleÐdia metrik  kai oi f, g eÐnai
suneqeÐc sto x ∈M , tìte oi f + g, κf eÐnai suneqeÐc sto x.

Apìdeixh: (1) 'Estw L anoiktì ston C ¸ste g ◦ f(x) = g(f(x)) ∈ L. Tìteup�rqei V anoiktì ston B ¸ste f(x) ∈ V ∩ N ⊆ g−1(L). EpÐshc up�rqei
O anoiktì ston A ¸ste x ∈ O ∩ M ⊆ f−1(V ). Epomènwc, x ∈ O ∩ M ⊆
f−1(V ∩N) ⊆ f−1

(
g−1(L)

)
= (g ◦ f)−1(L).(2) 'Estw N anoikt  perioq  tou f(x)+g(x) ston Rn, opìte up�rqei r > 0 ¸ste

B(f(x) + g(x); r) ⊆ N . Epeid  oi f, g eÐnai suneqeÐc sto x, up�rqoun anoikt�uposÔnola O1, O2 tou A ¸ste x ∈ O1 ∩ O2 kai f(O1 ∩ M) ⊆ B(f(x); 1
2 r),

g(O2 ∩M) ⊆ B(g(x); 1
2 r). Tìte to O = O1 ∩ O2 eÐnai anoiktì uposÔnolo tou

A kai (f + g)(O ∩M) ⊆ B(f(x); 1
2 r) + B(g(x); 1

2 r) = B(f(x) + g(x); r) ⊆ N .'Ara h f + g eÐnai suneq c sto x.H apìdeixh gia thn κf eÐnai parìmoia.
1.2.5 OmoiomorfismoÐ

Orismìc 1.15 'Estw A,B dÔo topologikoÐ q¸roi. MÐa sun�rthsh f : A →
B onom�zetai omoiomorfismìc tou A me ton B an eÐnai 1-1 kai epÐ, h f
eÐnai suneq c sto A kai h f−1 eÐnai suneq c sto B. Tìte lème ìti o A eÐnai
omoiomorfikìc me ton B kai gr�foume A ∼= B.

Prìtash 1.11 'Estw topologikoÐ q¸roi A,B,C. Tìte,
(1) A ∼= A,
(2) an A ∼= B, tìte B ∼= A,
(3) an A ∼= B kai B ∼= C, tìte A ∼= C.

Apìdeixh: 'Askhsh.
An A,B eÐnai dÔo omoiomorfikoÐ q¸roi kai f : A → B eÐnai o omoiomorfi-smìc touc, mporoÔme na tautÐsoume touc dÔo q¸rouc. Dhlad , tautÐzoume k�je
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shmeÐo a ∈ A me to antÐstoiqo b = f(a) ∈ B kai, antistrìfwc, k�je b ∈ B totautÐzoume me to antÐstoiqo a = f−1(b) ∈ A. Tìte k�je anoiktì uposÔnolo
U tou A tautÐzetai me to anoiktì uposÔnolo V = f(U) tou B kai, antistrì-fwc, k�je anoiktì uposÔnolo V tou B tautÐzetai me to anoiktì uposÔnolo
U = f−1(V ) tou B.
Orismìc 1.16 'Estw mh-kenì sÔnolo A kai dÔo metrikèc d1, d2 sto A. Lème
ìti oi d1, d2 eÐnai isodÔnamec an h tautotik  apeikìnish IA : A → A eÐnai
omoiomorfismìc an�mesa ston A me thn topologÐa pou ep�getai apì thn d1 kai
ston A me thn topologÐa pou ep�getai apì thn d2  , isodÔnama, an oi metrikèc
d1, d2 orÐzoun ta Ðdia anoikt� uposÔnola ston A.

Par�deigma: Ston Rn orÐzoume metrik  me tÔpo d1(x, y) = |x1 − y1| + · · · +
|xn − yn| gia k�je x = (x1, . . . , xn), y = (y1, . . . , yn). To ìti h d1 eÐnai metrik eÐnai aplì na apodeiqjeÐ, ìpwc, epÐshc, eÐnai aplì na apodeiqjeÐ ìti, an d2 eÐnaih eukleÐdia metrik  ston Rn, tìte isqÔei d2(x, y) ≤ d1(x, y) ≤

√
nd2(x, y) giak�je x, y ∈ Rn. Me b�sh autèc tic anisìthtec, eÔkola apodeiknÔetai ìti taanoikt� sÔnola pou orÐzontai apì thn d1 eÐnai ta Ðdia me ta anoikt� sÔnola pouorÐzontai apì thn d2. Dhlad , oi d1, d2 ston Rn eÐnai isodÔnamec.

Orismìc 1.17 'Estw metrikoÐ q¸roi A,B me metrikèc d,D antistoÐqwc. MÐa
sun�rthsh f : A → B onom�zetai isometrÐa tou A me ton B an eÐnai 1-
1 kai epÐ kai D(f(x), f(y)) = d(x, y) gia k�je x, y ∈ A. Tìte lème ìti o A
eÐnai isometrik� omoiomorfikìc   isometrikìc me ton B kai sumbolÐzoume

A
iso= B.

1.2.6 Pl reic metrikoÐ q¸roi

Orismìc 1.18 'Estw A ènac metrikìc q¸roc me metrik  d. MÐa akoloujÐa
{xn} sto A onom�zetai akoloujÐa Cauchy an d(xn, xm) → 0 ìtan n,m→ +∞.

Prìtash 1.12 K�je sugklÐnousa akoloujÐa se metrikì q¸ro eÐnai akoloujÐa
Cauchy .

Apìdeixh: 'Askhsh.
Orismìc 1.19 'Ena uposÔnolo B metrikoÔ q¸rou A onom�zetai pl rec an k�je
akoloujÐa Cauchy sto B sugklÐnei se stoiqeÐo tou B.

Prìtash 1.13 O Rn me thn eukleÐdia metrik  eÐnai pl rhc.

Apìdeixh: 'Estw {xk} akoloujÐa Cauchy ston Rn me xk = (xk,1, . . . , xk,n).Tìte gia k�je j = 1, . . . , n èqoume |xk,j −xl,j | ≤ d(xk, xl) → 0 ìtan k, l→ +∞.Epeid  o R eÐnai pl rhc, sunep�getai ìti up�rqei x(j) ∈ R ¸ste xk,j → x(j)

ìtan k → +∞. An jèsoume x = (x(1), . . . , x(n)), tìte d(xk, x)2 = |xk,1−x(1)|2+
· · ·+ |xk,n − x(n)|2 → 0. 'Ara h {xk} sugklÐnei sto x.
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Prìtash 1.14 'Estw metrikìc q¸roc A.
(1) An to B ⊆ A eÐnai pl rec tìte eÐnai kleistì.
(2) An B ⊆ C ⊆ A, to C eÐnai pl rec kai to B eÐnai kleistì, tìte to B eÐnai
pl rec.

Apìdeixh: 'Askhsh.
Orismìc 1.20 'Estw A ènac topologikìc q¸roc. 'Ena B ⊆ A onom�zetai pu-
knì an cl(B) = A.

Orismìc 1.21 'Estw metrikìc q¸roc A me metrik  d. Onom�zoume di�metro
enìc mh-kenoÔ B ⊆ A to diam(B) = sup{d(b1, b2)|b1, b2 ∈ B}.

L mma 1.2 'Estw A ènac pl rhc metrikìc q¸roc me metrik  d. An gia k�je
i ∈ N to Ci eÐnai mh-kenì kleistì uposÔnolo tou A, Ci+1 ⊆ Ci gia k�je i ∈ N
kai diam(Ci) → 0, tìte to sÔnolo ∩+∞

i=1Ci perièqei akrib¸c èna stoiqeÐo.

Apìdeixh: Epilègoume èna opoiod pote stoiqeÐo xi ∈ Ci. An k ≤ l, tìte xk, xl ∈
Ck, opìte d(xk, xl) ≤ diam(Ck) → 0 ìtan k, l → +∞. Epomènwc, up�rqei
x ∈ A ¸ste xk → x. Epeid , gia k�je i, h {xk} perièqetai, apì ènan deÐkthkai pèra, sto kleistì Ci, sunep�getai apì thn Prìtash 1.7(2) ìti x ∈ Ci. 'Ara
x ∈ ∩+∞

i=1Ci.An to ∩+∞
i=1Ci perièqei kai èna y, tìte d(x, y) ≤ diam(Ci) gia k�je i kai,epomènwc, d(x, y) = 0. 'Ara x = y.

Je¸rhma 1.1 (Baire ) An o A eÐnai pl rhc metrikìc q¸roc kai gia

k�je i ∈ N to Oi eÐnai anoiktì kai puknì uposÔnolo tou A, tìte to

∩+∞
i=1Oi eÐnai puknì.

Apìdeixh: Jètoume U = ∩+∞
i=1Oi kai upojètoume ìti to U den eÐnai puknì.Dhlad , up�rqei x ∈ A to opoÐo den an kei sto cl(U). 'Ara up�rqei r > 0 ¸ste

B(x; r) ∩ U = ∅.'Omwc to O1 eÐnai puknì kai, epomènwc, up�rqei x1 ∈ B(x; r)∩O1. Epeid  to
O1 eÐnai anoiktì, up�rqei r1 > 0 ¸ste r1 ≤ 1

2 r kai cl(B(x1; r1)) ⊆ B(x; r)∩O1.To O2 eÐnai puknì kai, epomènwc, up�rqei x2 ∈ B(x1; r1) ∩ O2. Epeid  to
O2 eÐnai anoiktì, up�rqei r2 > 0 ¸ste r2 ≤ 1

2 r1 ≤
1
22 r kai cl(B(x2; r2)) ⊆

B(x1; r1) ∩O2.SuneqÐzontac epagwgik�, brÐskoume gia k�je i ∈ N mp�la B(xi; ri) ¸ste
ri ≤ 1

2i r kai cl(B(xi+1; ri+1)) ⊆ B(xi; ri) ∩Oi+1 gia k�je i ∈ N.Efarmìzoume, t¸ra, to prohgoÔmeno l mma me ta sÔnola Ci = cl(B(xi; ri))kai blèpoume ìti up�rqei y ∈ ∩+∞
i=1Ci. Autì sunep�getai ìti y ∈ B(x; r)∩U kaikatal goume se �topo.

1.2.7 Sump�geia

Orismìc 1.22 'Estw A topologikìc q¸roc me topologÐa T . O A onom�zetai
q¸roc Hausdorff an gia k�je x1, x2 ∈ A me x1 6= x2 up�rqoun xèna metaxÔ
touc O1, O2 ∈ T ¸ste x1 ∈ O1 kai x2 ∈ O2.
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Prìtash 1.15 K�je metrikìc q¸roc eÐnai q¸roc Hausdorff .

Apìdeixh: An o A èqei metrik  d kai x1, x2 ∈ A me x1 6= x2, paÐrnoume r =
1
2 d(x1, x2) > 0 kai O1 = B(x1; r), O2 = B(x2; r).
Orismìc 1.23 'Estw A topologikìc q¸roc me topologÐa T kai K ⊆ A. Lème
ìti mÐa sullog  anoikt¸n sunìlwn C apoteleÐ anoikt  k�luyh tou K an isqÔei
K ⊆

⋃
C.

Orismìc 1.24 'Estw A topologikìc q¸roc me topologÐa T kai K ⊆ A. To K
onom�zetai sumpagèc (wc proc thn T ) an gia k�je anoikt  k�luyh C tou K
up�rqei peperasmènh anoikt  k�luyh C′ ⊆ C tou K.

Prìtash 1.16 'Estw A topologikìc q¸roc.
(1) An to K ⊆ A eÐnai sumpagèc kai o A eÐnai q¸roc Hausdorff , tìte to K eÐnai
kleistì.
(2) An to K ⊆ A eÐnai sumpagèc kai to K ′ ⊆ K eÐnai kleistì, tìte to K ′ eÐnai
sumpagèc.

Apìdeixh: (1) 'Estw x /∈ K. Gia k�je z ∈ K jewroÔme anoikt� sÔnola Oz, Vzxèna metaxÔ touc ¸ste z ∈ Oz kai x ∈ Vz. Tìte h sullog  C = {Oz|z ∈ K}apoteleÐ anoikt  k�luyh tou K, opìte up�rqoun n ∈ N kai z1, . . . , zn ∈ K ¸ste
K ⊆ Oz1∪· · ·∪Ozn

. Blèpoume amèswc ìti to anoiktì sÔnolo V = Vz1∩· · ·∩VzneÐnai xèno me to K kai perièqei to x. 'Ara to A \K eÐnai anoiktì, opìte to KeÐnai kleistì.(2) 'Estw anoikt  k�luyh C tou K ′. Tìte h C ∪ {A \ K ′} apoteleÐ anoikt k�luyh tou K. Epomènwc up�rqoun n ∈ N kai O1, . . . , On ∈ C ¸ste K ⊆
O1 ∪ · · · ∪On ∪ (A \K ′). 'Ara K ′ ⊆ O1 ∪ · · · ∪On.
Prìtash 1.17 'Estw topologikoÐ q¸roi A,B,M ⊆ A kai suneq c f : M → B.
An to K ⊆ M eÐnai sumpagèc (wc proc thn topologÐa tou A), to f(K) eÐnai
sumpagèc uposÔnolo tou B.

Apìdeixh: 'Askhsh.
Orismìc 1.25 'Estw A metrikìc q¸roc. 'Ena K ⊆ A onom�zetai olik� frag-
mèno an gia k�je ε > 0 up�rqoun n ∈ N kai x1, . . . , xn ∈ K ¸ste K ⊆
∪n

i=1B(xi; ε).

Je¸rhma 1.2 'Estw A metrikìc q¸roc kai K ⊆ A. Ta epìmena eÐnai

isodÔnama

(1) To K eÐnai sumpagèc.

(2) K�je akoloujÐa sto K èqei toul�qiston mÐa upo-akoloujÐa pou

sugklÐnei kai to ìriì thc an kei sto K.

(3) To K eÐnai pl rec kai olik� fragmèno.

Apìdeixh: 'Estw ìti isqÔei to (1) kai ìqi to (2). 'Ara up�rqei {xn} sto K¸ste kammÐa upo-akoloujÐa thc de sugklÐnei se shmeÐo tou K. Tìte gia k�je
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x ∈ K up�rqei B(x; rx) h opoÐa perièqei to polÔ peperasmènou pl jouc ìroucthc {xn}. H sullog  {B(x; rx)|x ∈ K} apoteleÐ anoikt  k�luyh tou K kai,epomènwc, up�rqoun x1, . . . , xn ∈ K ¸ste K ⊆ B(x1; rx1) ∪ · · · ∪ B(xn; rxn
).Tìte, ìmwc, to K perièqei to polÔ peperasmènou pl jouc ìrouc thc {xn} toopoÐo eÐnai, profan¸c, �topo.'Estw ìti isqÔei to (2). JewroÔme akoloujÐa Cauchy {xn} sto K kai èstw

{xnk
} upo-akoloujÐa thc h opoÐa sugklÐnei se k�poio x ∈ K. Epeid  nk ≥ k giak�je k, sunep�getai ìti d(xk, x) ≤ d(xk, xnk

) + d(xnk
, x) → 0 ìtan k → +∞.'Ara to K eÐnai pl rec. 'Estw, t¸ra, tuqìn ε > 0 kai èstw tuqìn x1 ∈ K.An to K den perièqetai sthn B(x1; ε), èstw tuqìn x2 ∈ K \ B(x1; ε). An to

K den perièqetai sthn B(x1; ε) ∪ B(x2; ε), èstw tuqìn x3 ∈ K \
(
B(x1; ε) ∪

B(x2; ε)
). H diadikasÐa aut  prèpei na stamat sei, diìti, se antÐjeth perÐptwsh,ja sqhmatisjeÐ h akoloujÐa {xn} h opoÐa den ja èqei kammÐa sugklÐnousa upo-akoloujÐa afoÔ, ek kataskeu c, d(xk, xl) ≥ ε gia k�je k, l me k 6= l.'Estw ìti isqÔei to (3) kai èstw anoikt  k�luyh C tou K h opoÐa den è-qei kammÐa anoikt  upo-k�luyh tou K. Me ε = 1 jewroÔme x1, . . . , xn ∈ K¸ste K ⊆ ∪n

i=1B(xi; 1). Tìte gia toul�qiston èna apì ta x1, . . . , xn, to o-poÐo onom�zoume y1, h K ∩ B(y1; 1), den kalÔptetai apì kammÐa peperasmè-nhupo-sullog  thc C. Me ε = 1
2 jewroÔme (nèa) x1, . . . , xn ∈ K ¸ste K ⊆

∪n
i=1B(xi; 1

2 ). Tìte gia toul�qiston èna apì ta x1, . . . , xn, to opoÐo onom�-zoume y2, h K ∩ B(y1; 1) ∩ B(y2; 1
2 ), den kalÔptetai apì kammÐa peperasmènhupo-sullog  thc C. SuneqÐzontac epagwgik�, kataskeu�zoume akoloujÐa {yn}sto K ¸ste, gia k�je n h K ∩ B(y1; 1) ∩ · · · ∩ B(yn; 1

2n−1 ) den kalÔptetai a-pì kammÐa peperasmènh upo-sullog  thc C. Autì, eidik¸tera, sunep�getai ìti
B(yn; 1

2n−1 )∩B(yn+1; 1
2n ) 6= ∅, opìte d(yn, yn+1) < 3

2n gia k�je n. Tìte gia k�-je k, l me k ≤ l isqÔei d(yk, yl) ≤ d(yk, yk+1)+· · ·+d(yl−1, yl) < 3
2k +· · ·+ 3

2l−1 <
3

2k−1 → 0 ìtan k, l → +∞. Dhlad , h {yn} eÐnai akoloujÐa Cauchy sto K kai,epomènwc, sugklÐnei se k�poio y ∈ K.Tìte to y an kei se k�poio O ∈ C, opìte up�rqei r > 0 ¸ste B(y; r) ⊆
O. Apì thn anisìthta d(yk, yl) < 3

2k−1 paÐrnoume d(yk, y) ≤ 3
2k−1 , opìte

B(yk; 1
2k−1 ) ⊆ B(y; 1

2k−3 ). An, t¸ra, epilèxoume k tìso meg�lo ¸ste 1
2k−3 ≤ r,tìte K ∩ B(y1; 1) ∩ · · · ∩ B(yk; 1

2k−1 ) ⊆ B(yk; 1
2k−1 ) ⊆ B(y; r) ⊆ O. Autìantif�skei me thn kataskeu  thc {yn}.

Prìtash 1.18 Ston q¸ro Rn me thn eukleÐdia metrik  èna K ⊆ Rn eÐnai
sumpagèc an kai mìnon an eÐnai kleistì kai fragmèno.

Apìdeixh: An to K eÐnai sumpagèc, b�sei twn Prot�sewn 1.16(1) kai 1.15, to
K eÐnai kleistì. Jewr¸ntac thn anoikt  k�luyh {B(x0;n)|n ∈ N} tou K,blèpoume ìti up�rqei n ¸ste K ⊆ B(x0;n) kai, epomènwc, to K eÐnai fragmèno.'Estw, t¸ra, ìti to K eÐnai kleistì kai fragmèno. Wc kleistì uposÔnolotou pl rouc q¸rou Rn to K eÐnai pl rec. PaÐrnoume ènan kÔbo arket� meg�lo¸ste na perièqei to K, kai ton qwrÐzoume se peperasmènou pl jouc kÔboucdiamètrou mikrìterhc tou ε. Autì, profan¸c, apodeiknÔei ìti to K eÐnai olik�fragmèno opìte, b�sei thc teleutaÐac prìtashc, eÐnai sumpagèc.
Prìtash 1.19 'Estw A topologikìc q¸roc Hausdorff . Gia k�je dÔo sumpag 
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uposÔnola K,L tou A xèna metaxÔ touc up�rqoun anoikt� sÔnola O,Q epÐshc
xèna metaxÔ touc ¸ste K ⊆ O kai L ⊆ Q.

Apìdeixh: Sthn apìdeixh thc Prìtashc 1.16(1) apodeÐxame ìti gia k�je x /∈ Kup�rqei èna anoiktì sÔnolo Ox (to Oz1 ∪ · · · ∪ Ozn
pou emfanÐzetai ekeÐ) kaièna anoiktì sÔnolo Vx (to Vz1 ∩ · · · ∩ Vzn

) ta opoÐa eÐnai xèna metaxÔ touc kaiperièqoun to K kai to x antistoÐqwc. Tìte h sullog  {Vx|x ∈ L} eÐnai anoikt k�luyh tou L, opìte up�rqoun x1, . . . , xm ∈ L ¸ste L ⊆ Vx1 ∪ · · · ∪ Vxm . Tìte,ta O = Ox1 ∩ · · · ∩Oxm
kai Q = Vx1 ∪ · · · ∪Vxm

eÐnai anoikt�, xèna metaxÔ touckai perièqoun ta K,L antistoÐqwc.
1.2.8 TopologÐa-upìqwrou

Prìtash 1.20 'Estw topologikìc q¸roc A me topologÐa T kai uposÔnolo B
tou A. H sullog  S = {O ∩B|O ∈ T } apoteleÐ topologÐa tou B.

Apìdeixh: ∅ = ∅ ∩B kai B = X ∩B, opìte ta ∅, B an koun sthn S.An k�je stoiqeÐo Q mi�c sullog c C an kei sthn S, dhlad  gr�fetai Q =
OQ∩B gia k�poio OQ ∈ T , tìte sqhmatÐzoume thn D = {OQ|Q ∈ C} kai èqoumeìti ⋃

C = (
⋃
D) ∩B. 'Ara ⋃

C ∈ S.An ta Q1, . . . , Qn an koun sthn S, dhlad  Qi = Oi ∩B gia k�poia Oi ∈ T ,tìte Q1 ∩ · · · ∩Qn = (O1 ∩ · · · ∩On) ∩B. 'Ara Q1 ∩ · · · ∩Qn ∈ S.
Orismìc 1.26 'Estw topologikìc q¸roc A me topologÐa T kai uposÔnolo B
tou A. H topologÐa S tou B pou perigr�fetai sthn prohgoÔmenh prìtash onom�-
zetai topologÐa-upìqwrou gia to B (wc proc to A)   sqetik  topologÐa
tou B (wc proc to A).

'Otan to B ⊆ A èqei thn topologÐa-upìqwrou wc proc to A, ta stoiqeÐa thctopologÐac tou A ja ta onom�zoume, apl¸c, anoikt� sto A en¸ ta stoiqeÐa thcsqetik c topologÐac tou B ja ta onom�zoume anoikt� sto B.
Prìtash 1.21 'Estw topologikìc q¸roc A kai B ⊆ A me thn topologÐa- upì-
qwrou.
(1) To Q ⊆ B eÐnai anoiktì sto B an kai mìnon an up�rqei O ⊆ A anoiktì sto
A ¸ste Q = O ∩B.
(2) To D ⊆ B eÐnai kleistì sto B an kai mìnon an up�rqei C ⊆ A kleistì sto
A ¸ste D = C ∩B.
(3) An x ∈ B kai D ⊆ B, tìte to x eÐnai shmeÐo suss¸reushc tou D wc proc
thn topologÐa-upìqwrou tou B an kai mìnon an eÐnai shmeÐo suss¸reushc tou
D wc proc thn topologÐa tou A.
(4) An U ⊆ B, tìte intA(U) ⊆ intB(U) kai clB(U) = clA(U) ∩B.

Apìdeixh: (1) EÐnai o orismìc.(2) 'Estw C ⊆ B kleistì sto B. Tìte to B \ C eÐnai anoiktì sto B kai,epomènwc, B \ C = O ∩ B gia k�poio O anoiktì sto A. 'Ara C = (A \ O) ∩ Bkai to A \O eÐnai kleistì sto A. H apìdeixh tou antistrìfou eÐnai parìmoia.
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(3) 'Estw ìti to x eÐnai shmeÐo suss¸reushc tou D wc proc thn topologÐa-upìqwrou tou B. An O eÐnai anoikt  perioq  tou x sthn topologÐa tou A,tìte to O ∩B eÐnai anoikt  perioq  tou x sthn topologÐa-upìqwrou tou B kai,epomènwc, aut  perièqei èna toul�qiston shmeÐo tou D diaforetikì apì to x.'Ara kai h O perièqei èna toul�qiston shmeÐo (to Ðdio) tou D diaforetikì apìto x kai to x eÐnai shmeÐo suss¸reushc tou D wc proc thn topologÐa tou A. Hapìdeixh tou antÐstrofou eÐnai parìmoia.(4) To intA(U) eÐnai anoiktì sto A me intA(U) ⊆ U . Tìte to intA(U) =
intA(U) ∩B eÐnai anoiktì sto B, opìte intA(U) ⊆ intB(U).To clA(U) eÐnai kleistì sto A me U ⊆ clA(U). Tìte to clA(U) ∩ B eÐnaikleistì sto B kai U ⊆ clA(U) ∩ B. 'Ara clB(U) ⊆ clA(U) ∩ B. Antistrìfwc,to clB(U) eÐnai kleistì sto B opìte clB(U) = C ∩B gia k�poio C kleistì sto
A. 'Ara clA(U) ∩B ⊆ C ∩B = clB(U).
Prìtash 1.22 'Estw metrikìc q¸roc A me metrik  d : A × A → R+

0 kai
B ⊆ A.
(1) An x ∈ B kai r ∈ R+, h anoikt  mp�la ston B me kèntro x kai aktÐna r
isoÔtai me B(x; r) ∩B.
(2) An to A èqei thn topologÐa pou ep�getai apì th d, tìte h topologÐa-upìqwrou
tou B ep�getai apì ton periorismì thc d sto B ×B ⊆ A×A.

Apìdeixh: 'Askhsh.
Prìtash 1.23 'Estw topologikoÐ q¸roi A,B,C ìpou B ⊆ A kai o B èqei thn
topologÐa-upìqwrou (wc proc ton A). 'Estw f : M → C ìpou M ⊆ B.
(1) An x ∈M , tìte h f eÐnai suneq c sto x wc proc thn topologÐa tou A an kai
mìnon an eÐnai suneq c sto x wc proc thn topologÐa-upìqwrou tou B.
(2) H f eÐnai suneq c sto M wc proc thn topologÐa tou A an kai mìnon an eÐnai
suneq c sto M wc proc thn topologÐa-upìqwrou tou B.

Apìdeixh: (1) 'Estw ìti h f eÐnai suneq c sto x wc proc thn topologÐa tou A.An N eÐnai anoiktì sto C kai perièqei to f(x), tìte up�rqei O anoiktì sto
A ¸ste x ∈ O ∩M ⊆ f−1(N). Tìte to Q = O ∩ B eÐnai anoiktì sto B kai
x ∈ Q ∩M ⊆ f−1(N). 'Ara h f eÐnai suneq c sto x wc proc thn topologÐa-upìqwrou tou B.Antistrìfwc, èstw ìti h f eÐnai suneq c sto x wc proc thn topologÐa-upìqwrou tou B. An N eÐnai anoiktì sto C kai perièqei to f(x), tìte up�rqei
Q anoiktì sto B ¸ste x ∈ Q ∩M ⊆ f−1(N). Epeid  Q = O ∩B gia k�poio Oanoiktì sto A, sunep�getai ìti x ∈ O ∩M ⊆ f−1(N). 'Ara h f eÐnai suneq csto x wc proc thn topologÐa tou A.(2) 'Askhsh.
Prìtash 1.24 'Estw A metrikìc q¸roc kai B ⊆ A me thn topologÐa-upìqw-
rou. An M ⊆ B, tìte to M eÐnai pl rec wc uposÔnolo tou B an kai mìnon an
eÐnai pl rec wc uposÔnolo tou A.

Apìdeixh: Epeid  h metrik  tou B eÐnai, apl¸c, o periorismìc thc metrik ctou A sto B, sunep�getai ìti mÐa akoloujÐa tou B eÐnai akoloujÐa Cauchy wc
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proc thn topologÐa tou A an kai mìnon an eÐnai akoloujÐa Cauchy wc proc thntopologÐa-upìqwrou tou B. EpÐshc, mÐa akoloujÐa tou B sugklÐnei se stoiqeÐotou B wc proc thn topologÐa-upìqwrou an kai mìnon an sugklÐnei sto ÐdiostoiqeÐo wc proc thn topologÐa tou A.
Prìtash 1.25 'Estw topologikoÐ q¸roi A,B ìpou B ⊆ A kai o B èqei thn
topologÐa-upìqwrou. An M ⊆ B, tìte to M eÐnai sumpagèc wc uposÔnolo tou
B an kai mìnon an eÐnai sumpagèc wc uposÔnolo tou A.

Apìdeixh: 'Estw ìti to M eÐnai sumpagèc wc uposÔnolo tou B. PaÐrnoumetuqoÔsa anoikt  k�luyh C tou M wc proc thn topologÐa tou A. H sullog 
D = {O ∩ B|O ∈ C} eÐnai anoikt  k�luyh tou M ¸c proc thn topologÐa-upìqwrou, opìte up�rqoun n ∈ N kai O1, . . . , On ∈ C ¸ste M ⊆ (O1 ∩ B) ∪
· · · ∪ (On ∩ B) = (O1 ∪ · · · ∪ On) ∩ B. 'Ara M ⊆ O1 ∪ · · · ∪ On. 'Epomènwc, to
M eÐnai sumpagèc wc uposÔnolo tou A.To antÐstrofo apodeiknÔetai me parìmoio trìpo.
1.2.9 Pl rwsh metrikoÔ q¸rou

Je¸rhma 1.3 An A,B metrikoÐ q¸roi me metrikèc d,D antistoÐqwc,

B eÐnai pl rhc, K puknì uposÔnolo tou A, f : K → B kai C > 0
me D(f(x), f(y)) ≤ Cd(x, y) gia k�je x, y ∈ K, tìte up�rqei monadik 

epèktash F : A → B thc f, suneq c sto A. EpÐshc, D(F (x), F (y)) ≤
Cd(x, y) gia k�je x, y ∈ A kai, an h arqik  anisìthta gia thn f eÐ-

nai isìthta, tìte kai gia thn F isqÔei isìthta.

Apìdeixh: 'Estw tuqìn x ∈ A. Epeid  to K eÐnai puknì ston A, up�rqei {xn}sto K ¸ste xn → x ston A. 'Ara D(f(xk), f(xl)) ≤ Cd(xk, kl) → 0 kai,epomènwc, h {f(xn)} sugklÐnei ston B. An up�rqei kai �llh {x′n} sto K ¸ste
x′n → x, tìte D(f(x′n), f(xn)) ≤ Cd(x′n, xn) → 0, opìte lim f(x′n) = lim f(xn).'Ara orÐzetai kal¸c sun�rthsh F : A → B me tÔpo F (x) = lim f(xn) ∈ B giak�je x ∈ A, ìpou {xn} eÐnai opoiad pote akoloujÐa sto K me xn → x.An gia opoiod pote x ∈ K jewr soume th stajer  akoloujÐa {x} sto K,tìte aut  sugklÐnei sto x kai, epomènwc, F (x) = lim f(x) = f(x). 'Ara h FeÐnai epèktash thc f .Gia opoiad pote x, y ∈ A paÐrnoume {xn} kai {yn} sto K ¸ste xn → x kai
yn → y. Tìte gia k�je n, D(F (x), F (y)) ≤ D(F (x), f(xn))+D(f(xn), f(yn))+
D(f(yn), F (y)) ≤ D(F (x), f(xn)) + Cd(xn, yn) +D(f(yn), F (y)) ≤
D(F (x), f(xn))+Cd(xn, x)+Cd(x, y)+Cd(y, yn)+D(f(yn), F (y)). Opìte, me
n→ +∞, paÐrnoume D(F (x), F (y)) ≤ Cd(x, y).An h F1 : A→ B eÐnai epèktash thc f suneq c sto A, tìte gia k�je x ∈ ApaÐrnoume {xn} sto K me xn → x kai èqoume F1(x) = limF1(xn) = lim f(xn) =
limF (xn) = F (x).
Je¸rhma 1.4 'Estw A metrikìc q¸roc me metrik  d. Up�rqei pl rhc

metrikìc q¸roc Ã me metrik  d̃, ¸ste A ⊆ Ã, h d eÐnai o periori-

smìc thc d̃ sto A kai A eÐnai puknì ston Ã.
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An Â eÐnai pl rhc metrikìc q¸roc me metrik  d̂, ¸ste A ⊆ Â, h d

eÐnai o periorismìc thc d̂ sto A kai A eÐnai puknì ston Â, tìte

up�rqei isometrÐa φ : Ã→ Â ¸ste φ(x) = x gia k�je x ∈ A.
Apìdeixh: JewroÔme to sÔnolo X me stoiqeÐa ìlec tic akoloujÐec Cauchy tou
A. Sto X orÐzoume mÐa sqèsh ≡ wc ex c: gr�foume {xn} ≡ {yn} gia dÔoakoloujÐec Cauchy tou A an d(xn, yn) → 0. EÐnai profanèc ìti h ≡ eÐnai sqèshisodunamÐac sto X kai, epomènwc, orÐzetai to sÔnolo X̃ me stoiqeÐa ìlec tickl�seic isodunamÐac [{xn}] twn stoiqeÐwn tou X.ApodeiknÔetai polÔ eÔkola ìti, |d(x, y) − d(z, w)| ≤ d(x, z) + d(y, w) giak�je x, y, z, w ∈ A kai, me b�sh autì, ìti h {d(xn, yn)} eÐnai akoloujÐa Cauchysto [0,+∞) gia k�je dÔo akoloujÐec Cauchy {xn}, {yn} sto A. 'Ara to ìrio
lim d(xn, yn) up�rqei kai eÐnai mh-arnhtikìc pragmatikìc arijmìc gia k�je dÔoakoloujÐec Cauchy {xn}, {yn} sto A. An {xn} ≡ {x′n} kai {yn} ≡ {y′n}, tìte,me b�sh thn Ðdia anisìthta, apodeiknÔetai ìti lim d(xn, yn) = lim d(x′n, y

′
n). Epo-mènwc, orÐzetai kal¸c h sun�rthsh D̃ : X̃ × X̃ → R+

0 me tÔpo D̃([{xn}], [{yn}])
= lim d(xn, yn). Kai p�li eÐnai profanèc ìti h D̃ eÐnai metrik  ston X̃.An me {x} sumbolÐsoume th stajer  akoloujÐa me ìlouc touc ìrouc Ðsoucme x, tìte orÐzoume i : A→ X̃ me tÔpo i(x) = [{x}] gia k�je x ∈ A.Gia k�je x, y ∈ A èqoume D̃(i(x), i(y)) = lim d(x, y) = d(x, y) kai ja a-podeÐxoume ìti to i(A) eÐnai puknì ston Q̃. PaÐrnoume tuqìn [{xn}] ston Q̃kai tuqìn r > 0. Epeid  h {xn} eÐnai akoloujÐa Cauchy , up�rqei N ¸-ste |xk − xl| < 1

2 r gia k�je k, l ≥ N . 'Ara, |xk − xN | < 1
2 r gia k�je

k ≥ N . JewroÔme th stajer  akoloujÐa {xN} kai thn kl�sh isodunamÐacthc, i(xN ) = [{xN}] ∈ i(A). Tìte, D̃([{xN}], [{xn}]) = lim d(xN , xn) ≤ 1
2 r < rkai, epomènwc, [{xN}] ∈ B([{xn}]; r). Autì apodeiknÔei ìti to i(A) eÐnai puknìston X̃.Tèloc, o X̃ eÐnai pl rhc. Gia na to apodeÐxoume paÐrnoume mÐa akoloujÐa

Cauchy {qm} sto X̃. Epeid  to i(A) eÐnai puknì ston X̃, gia k�je m up�rqei
i(xm) ∈ i(A) ¸ste D̃(qm, i(xm)) < 1

m → 0 ìtan m→ +∞. AfoÔ D̃(qk, ql) → 0,
sunep�getai eÔkola ìti d(xk, xl) = D̃(i(xk), i(xl)) → 0, opìte h {xn} eÐnaiakoloujÐa Cauchy sto A kai, epomènwc to q = [{xn}] eÐnai stoiqeÐo tou X̃. Tìte
D̃(qm, q) ≤ D̃(qm, i(xm)) + D̃(i(xm), q) = D̃(qm, i(xm)) + D̃([{xm}], [{xn}]) =
D̃(qm, i(xm)) + lim d(xm, xn) → 0 ìtan m → +∞. (To lim d(xm, xn) shmaÐneiìrio wc proc n.)Mèqri t¸ra èqoume apodeÐxei ìti up�rqei pl rhc metrikìc q¸roc X̃ me me-trik  D̃ kai i : A → X̃ ¸ste D̃(i(x), i(y)) = d(x, y) gia k�je x, y ∈ A kai to
i(A) eÐnai puknì ston X̃.OrÐzoume Ã = A∪(X̃\i(A)) (dhlad , antikajistoÔme to i(A) me to A) kai thsun�rthsh π : Ã→ X̃ me tÔpo π(x) = i(x) gia k�je x ∈ A kai π(x) = x gia k�je
x ∈ X̃ \ i(A). EpÐshc, orÐzoume d̃ : Ã×Ã→ R+

0 me tÔpo d̃(x, y) = D̃(π(x), π(y))
gia k�je x, y ∈ Ã. Epeid  h π eÐnai 1-1 kai epÐ, eÐnai profanèc ìti h d̃ eÐnai metrik ston Ã kai ìti o Ã me th metrik  d̃ eÐnai isometrikìc me ton X̃ me th metrik 
D̃. Epomènwc, eÐnai profanèc ìti o Ã eÐnai pl rhc kai, afoÔ to π(A) = i(A)
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eÐnai puknì ston X̃, eÐnai kai to A puknì ston Ã. Tèloc, an x, y ∈ A, tìte
d̃(x, y) = D̃(i(x), i(y)) = d(x, y) kai, epomènwc, h d eÐnai o periorismìc thc d̃sto A.'Estw, t¸ra, pl rhc metrikìc q¸roc Â me metrik  d̂ ¸ste A ⊆ Â, h d eÐnaio periorismìc thc d̂ sto A kai to A eÐnai puknì ston Â.

JewroÔme thn tautotik  sun�rthsh IA : A → A, opìte d̂(IA(x), IA(y)) =
d̂(x, y) = d(x, y) = d̃(x, y) gia k�je x, y ∈ A. SÔmfwna me to prohgoÔmenoje¸rhma, up�rqei monadik  epèktash φ : Ã → Â thc IA suneq c sto Ã kai,m�lista, d̂(φ(z), φ(w)) = d̃(z, w) gia k�je z, w ∈ Ã. Autì, profan¸c, sunep�-getai ìti h φ eÐnai 1-1. 'Estw {zn} ∈ Ã me φ(zn) → q gia k�poio q ∈ Â. Tìte,
d̃(zk, zl) = d̂(φ(zk), φ(zl)) → 0, opìte zk → z gia k�poio z ∈ Ã. Epomènwc,
q = limφ(zn) = φ(z). Autì apodeiknÔei ìti to sÔnolo tim¸n thc φ eÐnai kleistìston Â. Epeid  to sÔnolo tim¸n thc φ perièqei to A kai autì eÐnai puknì ston
Â, sunep�getai ìti to sÔnolo tim¸n thc φ isoÔtai me ton Â. 'Ara h φ eÐnai epÐkai, epomènwc, isometrÐa tou Ã me ton Â.
Orismìc 1.27 'Estw metrikìc q¸roc A me metrik  d. Opoiosd pote pl rhc

metrikìc q¸roc Â me metrik  d̂ o opoÐoc perièqei ton A ¸ste h d na èinai o pe-

riorismìc thc d̂ sto A kai ¸ste to A na eÐnai puknì ston Â onom�zetai pl rwsh
tou A.

To teleutaÐo je¸rhma apèdeixe ìti up�rqei pl rwsh opoioud pote metrikoÔq¸rou A kai ìti opoiesd pote dÔo plhr¸seic tou Ðdiou metrikoÔ q¸rou A eÐnaiisometrikoÐ metrikoÐ q¸roi (kai h isometrÐa, periorismènh ston A, eÐnai h tauto-tik  apeikìnish tou A). Lìgw thc fusiologik c taÔtishc isometrik¸n metrik¸nq¸rwn, anaferìmaste sun jwc sthn pl rwsh enìc metrikoÔ q¸rou.
1.2.10 TopologÐa-ginìmeno

Orismìc 1.28 'Estw I èna sÔnolo to opoÐo ja onom�zetai sÔnolo deikt¸n kai
mÐa sullog  sunìlwn {Ai|i ∈ I}. OrÐzoume to sÔnolo

∏
i∈I Ai = {x|x : I →⋃

i∈I Ai me x(i) ∈ Ai gia k�je i ∈ I}. To sÔnolo autì onom�zetai kartesianì
ginìmeno thc {Ai|i ∈ I}.

Je¸rhma 1.5 (AxÐwma Epilog c) An to I eÐnai mh-kenì kai gia k�je

i ∈ I to Ai eÐnai mh-kenì, tìte to kartesianì ginìmeno thc {Ai|i ∈
I} eÐnai mh-kenì.

Apìdeixh: JewroÔme to sÔnolo C stoiqeÐa tou opoÐou eÐnai ìlec oi sunart seic
x : J →

⋃
i∈I Ai, ìpou J eÐnai tuqìn mh-kenì uposÔnolo tou I kai x(i) ∈ Ai giak�je i ∈ J .Epilègontac tuqìn i0 ∈ I kai tuqìn a0 ∈ Ai0 ìrÐzoume th sun�rthsh x0 :

{i0} →
⋃

i∈I Ai me tÔpo x(i0) = a0. Profan¸c, x0 ∈ C.JewroÔme di�taxh sto C wc ex c. An x1, x2 ∈ C, gr�foume x1 ≺ x2 an h
x2 eÐnai epèktash thc x1. Dhlad , an to pedÐo orismoÔ thc x2 perièqei to pedÐo
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orismoÔ thc x1 kai oi dÔo sunart seic tautÐzontai sto pedÐo orismoÔ thc x1.EÐnai profanèc ìti h ≺ eÐnai sqèsh di�taxhc sto C.'Estw D èna olik� diatetagmèno uposÔnolo thc C. Dhlad , an x1, x2 ∈ D,tìte eÐte h x2 eÐnai epèktash thc x1 eÐte h x1 eÐnai epèktash thc x2. JewroÔmeto J0 =
⋃
{J |to J eÐnai pedÐo orismoÔ k�poiac x ∈ D} ⊆ I. An i ∈ J0, tìteup�rqei x ∈ D me to i na perièqetai sto pedÐo orismoÔ thc. An x′ ∈ D eÐnaiopoiad pote �llh sun�rthsh me to i na perièqetai sto pedÐo orismoÔ thc, tìte,epeid  k�poia apì tic x, x′ eÐnai epèktash thc �llhc, sunep�getai ìti x(i) = x′(i).'Ara mporoÔme na orÐsoume sun�rthsh x0 : J0 →

⋃
i∈I Ai me tÔpo x0(i) = x(i) ∈

Ai ìpou x ∈ D èqei to i sto pedÐo orismoÔ thc. EÐnai profanèc ìti h x0 eÐnaiepèktash ìlwn twn x ∈ D kai ìti eÐnai stoiqeÐo thc C. 'Ara h x0 eÐnai �nw-fr�gmathc D sto C.Sunep�getai apì to L mma tou Zorn ìti up�rqei toul�qiston èna maximalstoiqeÐo x thc C. H x eÐnai stoiqeÐo tou kartesianoÔ ginomènou ∏
i∈I Ai, arkeÐ naapodeiqjeÐ ìti to pedÐo orismoÔ thc eÐnai to I. 'Estw, loipìn, ìti x : J →

⋃
i∈I Aikai J 6= I. PaÐrnoume i0 ∈ I\J kai a0 ∈ Ai0 kai orÐzoume x0 : J∪{i0} →

⋃
i∈I Ai¸ste na tautÐzetai me thn x sto J kai x(i0) = a0. Profan¸c, h x0 eÐnai gn siaepèktash thc x kai an kei sthn C. 'Atopo.

'Opwc me tic akoloujÐec, mÐa bolik  graf  twn stoiqeÐwn x tou kartesianoÔginomènou ∏
i∈I Ai eÐnai h x = (xi)i∈I , ìpou thn tim  x(i) ∈ Ai th gr�foume

xi kai thn onom�zoume i-suntetagmènh tou x. An to sÔnolo deikt¸n eÐnai topeperasmèno I = {1, 2, . . . , n}, tìte to kartesianì ginìmeno gr�fetai ∏n
i=1Ai  A1 × · · · × An kai ta stoiqeÐa tou x = (xi)n

i=1   x = (x1, . . . , xn). OmoÐwc,an to sÔnolo deikt¸n eÐnai to arijm simo N = {1, 2, . . .}, tìte to kartesianìginìmeno gr�fetai ∏+∞
i=1 Ai   A1 × A2 × · · · kai ta stoiqeÐa tou x = (xi)+∞i=1  

x = (x1, x2, . . .).
Orismìc 1.29 Gia k�je j ∈ I orÐzoume th sun�rthsh πj :

∏
i∈I Ai → Aj me

tÔpo π(x) = xj gia k�je x = (xi)i∈I . H sun�rthsh aut  onom�zetai j-probol .

Prìtash 1.26 'Estw A èna mh-kenì sÔnolo kai D mÐa sullog  topologi¸n
tou A. Tìte h

⋂
D apoteleÐ topologÐa tou A.

Apìdeixh: 'Askhsh.
Prìtash 1.27 'Estw A èna mh-kenì sÔnolo kai C mÐa mh-ken  sullog  upo-
sunìlwn tou A. H sullog  T =

⋂
{S|h S eÐnai topologÐa tou A kai C ⊆ S}

apoteleÐ th mikrìterh topologÐa tou A h opoÐa perièqei thn C.

Apìdeixh: 'Amesh apì thn prohgoÔmenh prìtash.
Orismìc 1.30 'Estw A èna mh-kenì sÔnolo kai C mÐa mh-ken  sullog  uposu-
nìlwn tou A. H mikrìterh topologÐa tou A h opoÐa perièqei thn C (kai perigr�-
fthke sthn prohgoÔmenh prìtash) lème ìti eÐnai h topologÐa pou par�getai
apì thn C.
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Prìtash 1.28 'Estw A èna mh-kenì sÔnolo kai C mÐa mh-ken  sullog  upo-
sunìlwn tou A.
(1) To O ⊆ A eÐnai anoiktì wc proc thn topologÐa pou par�getai apì thn C an
kai mìnon an to O gr�fetai wc ènwsh (aujaÐretou pl jouc) sunìlwn to kajèna
ek twn opoÐwn eÐnai tom  peperasmènou pl jouc stoiqeÐwn thc C.
(2) To x ∈ A eÐnai eswterikì shmeÐo tou U ⊆ A an kai mìnon an up�rqoun n ∈ N
kai C1, . . . , Cn ∈ C ¸ste x ∈ C1 ∩ · · · ∩ Cn ⊆ U .

Apìdeixh: (1) JewroÔme th sullog  T stoiqeÐa thc opoÐac eÐnai ìla ta sÔnola
O ta opoÐa perigr�fontai sth diatÔpwsh thc prìtashc. EÔkola apodeiknÔoumeìti h T eÐnai topologÐa tou A kai ìti perièqei ìla ta stoiqeÐa thc C. 'Ara htopologÐa pou par�getai apì thn C eÐnai uposÔnolo thc T .Antistrìfwc, an S eÐnai opoiad pote topologÐa tou A h opoÐa perièqei thn C,eÐnai profanèc ìti k�je stoiqeÐo thc T an kei s' aut n. 'Ara h T eÐnai uposÔnolothc S kai, epomènwc, h T eÐnai uposÔnolo thc topologÐac pou par�getai apì thn
C.(2) An up�rqoun n ∈ N kai C1, . . . , Cn ∈ C ¸ste x ∈ C1 ∩ · · · ∩ Cn ⊆ U , tìte,sÔmfwna me to (1), to sÔnolo autì eÐnai anoiktì sthn paragìmenh apì thn CtopologÐa kai to x eÐnai eswterikì shmeÐo tou U . Antistrìfwc, an to x eÐnaieswterikì shmeÐo tou U , tìte up�rqei sÔnolo O ìpwc sth diatÔpwsh tou (1)¸ste x ∈ O ⊆ U . 'Ara to x perièqetai se k�poio apì ta sÔnola h ènwsh twnopoÐwn eÐnai to O.
Orismìc 1.31 'Estw I èna mh-kenì sÔnolo deikt¸n kai gia k�je i ∈ I ènac
topologikìc q¸roc Ai me topologÐa Ti. JewroÔme ìla ta uposÔnola C tou∏

i∈I Ai ta opoÐa eÐnai thc morf c C =
∏

i∈I Oi, ìpou Oi ∈ Ti gia k�je i ∈ I
kai Oi = Ai gia ìlouc ektìc apì to polÔ peperasmènou pl jouc deÐktec i ∈ I.
An C eÐnai h sullog  ìlwn aut¸n twn uposunìlwn, tìte thn topologÐa h opoÐa
par�getai apì thn C thn onom�zoume topologÐa-ginìmeno twn Ti, i ∈ I, gia to
kartesianì ginìmeno.

Prìtash 1.29 'Estw I èna mh-kenì sÔnolo deikt¸n kai gia k�je i ∈ I ènac
topologikìc q¸roc Ai me topologÐa Ti.
(1) 'Ena O ⊆

∏
i∈I Ai eÐnai anoiktì wc proc thn topologÐa-ginìmeno an kai mìnon

an to O eÐnai ènwsh (aujaÐretou pl jouc) sunìlwn C apì aut� pou perigr�fontai
ston prohgoÔmeno orismì.
(2) 'Ena x = (xi)i∈I eÐnai eswterikì shmeÐo tou U ⊆

∏
i∈I Ai an kai mìnon an

up�rqei sÔnolo C apì aut� pou perigr�fontai ston prohgoÔmeno orismì ¸ste
x ∈ C ∈ U .

Apìdeixh: Profan c b�sei thc Prìtashc 1.28.
Orismìc 1.32 'Estw topologikoÐ q¸roi A,B kai f : A → B. H f onom�zetai
anoikt  an to f(O) eÐnai anoiktì ston B gia k�je O anoiktì ston A.

Prìtash 1.30 'Estw I èna mh-kenì sÔnolo deikt¸n kai gia k�je i ∈ I ènac to-
pologikìc q¸roc Ai me topologÐa Ti. 'Estw ìti to kartesianì ginìmeno

∏
i∈I Ai

èqei thn topologÐa-ginìmeno. Tìte k�je sun�rthsh-probol  πj :
∏

i∈I Ai → Aj

eÐnai suneq c kai anoikt  sto
∏

i∈I Ai.
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Apìdeixh: PaÐrnoume opoiod pote Oj anoiktì uposÔnolo tou Aj kai parathroÔ-me ìti π−1
j (Oj) =

∏
i∈I Qi, ìpou Qi = Ai gia k�je i 6= j kai Qj = Oj . 'Ara to

π−1
j (Oj) eÐnai anoiktì wc proc thn topologÐa-ginìmeno.'Estw, t¸ra, opoiod pote sÔnolo C =

∏
i∈I Oi, ìpou k�je Oi eÐnai anoiktìston Ai kai Oi = Ai gia ìla ektìc apì to polÔ peperasmènou pl jouc i ∈ I.Tìte, gia k�je j ∈ I, to πj(C) eÐte eÐnai Ðso me ∅, an C = ∅, eÐte eÐnai Ðso meto Oj , an C 6= ∅. Se k�je perÐptwsh to πj(C) eÐnai anoiktì sto Aj . To tuqìnanoiktì sÔnolo O sto ∏

i∈I Ai eÐnai ènwsh tètoiwn sunìlwn C kai, epeid  heikìna (mèsw opoiasd pote sun�rthshc) mi�c ènwshc isoÔtai me thn ènwsh twneikìnwn, sunep�getai ìti to πj(O) eÐnai anoiktì sto Aj .
Orismìc 1.33 'Estw mh-kenì sÔnolo A kai sullog  C uposunìlwn tou A.
Lème ìti h C èqei thn idiìthta peperasmènhc tom c an gia k�je peperasmènh
C′ ⊆ C h tom 

⋂
C′ eÐnai mh-ken .

Prìtash 1.31 'Estw topologikìc q¸roc A. O A eÐnai sumpag c an kai mìnon
an gia k�je sullog  F uposunìlwn tou A pou èqei thn idiìthta peperasmènhc
tom c isqÔei ìti h

⋂
{cl(F )|F ∈ F} eÐnai mh-ken .

Apìdeixh: 'Askhsh.
Je¸rhma 1.6 (Tychonov) 'Estw I èna mh-kenì sÔnolo kai gia k�je

i ∈ I ènac topologikìc q¸roc Ai me topologÐa Ti. An k�je Ai eÐnai

sumpagèc wc proc thn topologÐa Ti, tìte to
∏

i∈I Ai eÐnai sumpagèc

wc proc thn topologÐa-ginìmeno.

Apìdeixh: Ja jewr soume tuqoÔsa sullog  F uposunìlwn tou ∏
i∈I Ai me thnidiìthta peperasmènhc tom c kai ja apodeÐxoume ìti h ⋂

{cl(F )|F ∈ F} eÐnaimh-ken .OrÐzoume th sullog  P thc opoÐac stoiqeÐa eÐnai ìlec oi sullogèc G ⊇ Fuposunìlwn tou ∏
i∈I Ai me thn idiìthta peperasmènhc tom c. Sthn P qrhsi-mopoioÔme th sqèsh di�taxhc tou egkleismoÔ kai paÐrnoume opoiad pote olik�diatetagmènh P0 ⊆ P. Katìpin, orÐzoume thn F0 =

⋃
P0. Aut  eÐnai sullog uposunìlwn tou ∏

i∈I Ai me thn idiìthta peperasmènhc tom c. Pr�gmati, anp�roume opoiad pote C1, . . . , Cn ∈ F0, tìte C1 ∈ G1, . . . , Cn ∈ Gn gia k�poia
G1, . . . ,Gn ∈ P0. Epeid  h P0 eÐnai olik� diatetagmènh, up�rqei k�poia apì tic
G1, . . . ,Gn h opoÐa perièqei ìlec tic �llec. 'Ara ta C1, . . . , Cn an koun ìla semÐa apì tic G ∈ P0 kai, epomènwc, èqoun mh-ken  tom . ApodeÐxame, loipìn, ìtih F0 eÐnai �nw-fr�gma thc P0 sthn P.SÔmfwna me to L mma tou Zorn , h P èqei toul�qiston èna maximal stoi-qeÐo. Dhlad  up�rqei sullog  G ⊇ F uposunìlwn tou ∏

i∈I Ai me thn idiìthtapeperasmènhc tom c kai den up�rqei kammÐa gnhsÐwc megalÔterh sullog  methn Ðdia idiìthta.Autì sunep�getai, eidik¸tera, ìti k�je tom  peperasmènou pl jouc sunìlwnthc G an kei sthn G. Pr�gmati, an to G eÐnai tom  peperasmènou pl joucsunìlwn thc G kai den an kei sthn G, tìte h G ∪ {G} eÐnai gnhsÐwc megalÔterhapì thn G kai èqei thn idiìthta peperasmènhc tom c.
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ArkeÐ na apodeÐxoume ìti h ⋂

{cl(G)|G ∈ G} eÐnai mh-ken , afoÔ G ⊇ F .JewroÔme gia k�je j ∈ I th sullog  Gj = {πj(G)|G ∈ G} uposunìlwn tou
Aj . EÐnai eÔkolo na doÔme ìti h Gj èqei thn idiìthta thc peperasmènhc tom c.Pr�gmati, an p�roume tuqìnta G1, . . . , Gn ∈ G, tìte up�rqei x ∈ G1 ∩ · · · ∩Gn,opìte xj = πj(x) ∈ πj(G1) ∩ · · · ∩ πj(Gn) ⊆ cl(πj(G1)) ∩ · · · ∩ cl(πj(Gn)).T¸ra, epeid  o Aj eÐnai sumpag c, sunep�getai ìti ⋂

{cl(πj(G))|G ∈ G} 6= ∅.PaÐrnoume èna xj ∈
⋂
{cl(πj(G))|G ∈ G} gia k�je j ∈ I kai sqhmatÐzoume to

x = (xi)i∈I ∈
∏

i∈I Ai.Ja apodeÐxoume ìti x ∈ ⋂
{cl(G)|G ∈ G}.Epeid  xj ∈

⋂
{cl(πj(G))|G ∈ G}, k�je anoikt  perioq  Oj tou xj ston

Aj èqei mh-ken  tom  me to πj(G) gia k�je G ∈ G. Epomènwc, to anoiktìuposÔnolo tou ∏
i∈I Ai, O(j) =

∏
i∈I Qi, ìpou Qi = Ai gia k�je i 6= j kai

Qj = Oj , èqei mh-ken  tom  me to G gia k�je G ∈ G. Epomènwc, h sullog 
G ∪ {O(j)} èqei thn idiìthta peperasmènhc tom c, opìte O(j) ∈ G. MporoÔme,t¸ra, na deÐxoume epagwgik� ìti gia k�je n ∈ N, k�je ji, . . . , jn ∈ I kaik�je Oj1 , . . . , Ojn

anoiktèc perioqèc twn xj1 , . . . , xjn
stouc Aj1 , . . . , Ajn

h tom 
O(j1)∩· · ·∩O(jn) èqei mh-ken  tom  me toG gia k�jeG ∈ G. 'Omwc, k�je anoikt perioq  tou x ston ∏

i∈I Ai perièqei èna sÔnolo thc morf c O(j1) ∩ · · · ∩ O(jn)

kai, epomènwc, k�je anoikt  perioq  tou x èqei mh-ken  tom  me to G gia k�je
G ∈ G. 'Ara x ∈ cl(G) gia k�je G ∈ G kai, epomènwc, x ∈ ⋂

{cl(G)|G ∈ G}.
1.2.11 Asjen c topologÐa

Orismìc 1.34 'Estw èna mh-kenì sÔnoloA kai mÐa mh-ken  sullog T topolo-
gik¸n q¸rwn. Dhlad , k�je stoiqeÐo B thc T eÐnai topologikìc q¸roc me
topologÐa TB . 'Estw gia k�je B ∈ T mÐa sun�rthsh fB : A→ B.

JewroÔme th sullog  ìlwn twn topologi¸n S tou A me thn idiìthta: an to
A èqei thn topologÐa S, tìte gia k�je B ∈ T h fB : A → B eÐnai suneq c sto
A .

An T eÐnai h tom  thc sullog c aut c, tìte, b�sei thc Prìtashc 1.26, h
T eÐnai h mikrìterh topologÐa tou A me thn (Ðdia) idiìthta: an to A èqei thn
topologÐa T , tìte gia k�je B ∈ T h fB : A→ B eÐnai suneq c sto A .

H T onom�zetai h asjen c topologÐa tou A h opoÐa ep�getai apì th
sullog  twn sunart sewn {fB |B ∈ T}. Ta stoiqeÐa thc T onom�zontai
asjen¸c anoikt�.

Prìtash 1.32 'Estw èna mh-kenì sÔnolo A kai mÐa mh-ken  sullog  T topo-
logik¸n q¸rwn. 'Estw gia k�je B ∈ T mÐa sun�rthsh fB : A→ B.

JewroÔme th sullog  uposunìlwn tou A: C = {f−1
B (OB)|B ∈ T kai OB

anoiktì sto B}.
(1) Tìte h asjen c topologÐa T tou A h opoÐa ep�getai apì th sullog  twn
sunart sewn {fB |B ∈ T} tautÐzetai me thn topologÐa tou A h opoÐa par�getai
apì thn C.
(2) 'Ena O ⊆ A eÐnai asjen¸c anoiktì an kai mìnon an gr�fetai wc ènwsh
(aujaÐretou pl jouc) sunìlwn to kajèna ek twn opoÐwn eÐnai tom  peperasmènou
pl jouc stoiqeÐwn thc C.
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(3) To x ∈ A eÐnai eswterikì shmeÐo tou U ⊆ A an kai mìnon an up�rqoun
n ∈ N, B1, . . . , Bn ∈ T kai O1, . . . , On anoikt� stouc B1, . . . , Bn, antistoÐqwc,
¸ste x ∈ f−1

B1
(O1) ∩ · · · ∩ f−1

Bn
(On) ⊆ U .

Apìdeixh:(1) Gia na eÐnai ìlec oi sunart seic fB : A → B, B ∈ T , suneqeÐcsto A gia k�poia topologÐa tou A, prèpei kai arkeÐ h topologÐa aut  tou A naperièqei ìla ta sÔnola f−1
B (OB) ìpou B ∈ T kai OB anoiktì sto B, dhlad  tastoiqeÐa thc C. Epomènwc, h el�qisth topologÐa T tou A me aut n thn idiìthtatautÐzetai me thn el�qisth topologÐa h opoÐa perièqei ìla aut� ta uposÔnolatou A. 'Ara h T tautÐzetai me thn topologÐa pou par�getai apì thn C.(2),(3) 'Amesh apì to (1) kai thn Prìtash 1.28.

Prìtash 1.33 'Estw èna mh-kenì sÔnolo A, mÐa mh-ken  sullog  T topolo-
gik¸n q¸rwn kai gia k�je B ∈ T mÐa sun�rthsh fB : A → B. 'Estw T h
asjen c topologÐa tou A h opoÐa ep�getai apì th sullog  twn sunart sewn
{fB |B ∈ T}.

Gia k�je topologikì q¸ro C me topologÐa R kai k�je sun�rthsh f : C → A
isqÔei ìti: h f eÐnai suneq c ston C an kai mìnon an gia k�je B ∈ T h fB ◦ f :
C → B eÐnai suneq c ston C.

Apìdeixh: An h f eÐnai suneq c ston C, tìte, profan¸c, h fB ◦ f : C → B eÐnaisuneq c ston C gia k�je B ∈ T.Antistrìfwc, èstw ìti h fB ◦ f : C → B eÐnai suneq c sto C gia k�je
B ∈ T. PaÐrnoume tuqìn x ∈ C kai tuqìn asjen¸c anoiktì sÔnolo O sto A me
f(x) ∈ O. SÔmfwna me thn Prìtash 1.32(3), up�rqoun n ∈ N, B1, . . . , Bn ∈ Tkai O1, . . . , On anoikt� stouc B1, . . . , Bn, antistoÐqwc, ¸ste f(x) ∈ f−1

B1
(O1) ∩

· · · ∩ f−1
Bn

(On) ⊆ O. Epomènwc, x ∈ f−1
(
f−1

B1
(O1) ∩ · · · ∩ f−1

Bn
(On)

)
⊆ f−1(O)kai autì gr�fetai x ∈ (fB1 ◦ f)−1(O1) ∩ · · · ∩ (fBn ◦ f)−1(On) ⊆ f−1(O). TosÔnolo (fB1 ◦ f)−1(O1) ∩ · · · ∩ (fBn

◦ f)−1(On) eÐnai anoiktì uposÔnolo tou Ckai, epomènwc h f eÐnai suneq c.
Oi epìmenec dÔo prot�seic apodeiknÔoun ìti h topologÐa-upìqwrou kai htopologÐa-ginìmeno eÐnai eidikèc peript¸seic topologi¸n pou ep�gontai se ènasÔnolo apì sullog  sunart sewn.

Prìtash 1.34 'Estw A topologikìc q¸roc me topologÐa T kai B ⊆ A. Jew-
roÔme th sun�rthsh-emfÔteush i : B → A me tÔpo i(x) = x gia k�je x ∈ B.
H topologÐa-upìqwrou sto B tautÐzetai me thn asjen  topologÐa tou B pou
ep�getai apì th (mÐa) sun�rthsh i.

Apìdeixh: SÔmfwna me thn Prìtash 1.32(1), h asjen c topologÐa tou B pouep�getai apì th sun�rthsh i tautÐzetai me thn topologÐa pou par�getai apì thsullog  C = {i−1(O)|to O eÐnai anoiktì sto A} = {O ∩ B|to O eÐnai anoiktìsto A}. 'Omwc, h sullog  aut  eÐnai h topologÐa-upìqwrou tou B.
Prìtash 1.35 'Estw I mh-kenì sÔnolo deikt¸n kai gia k�je i ∈ I ènac topolo-
gikìc q¸roc Ai me topologÐa Ti. JewroÔme to kartesianì ginìmeno A =

∏
i∈I Ai
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kai tic sunart seic-probolèc πi : A→ Ai. H topologÐa-ginìmeno tou A tautÐze-
tai me thn asjen  topologÐa tou A pou ep�getai apì th sullog  sunart sewn
{πi|i ∈ I}.

Apìdeixh: SÔmfwna me thn Prìtash 1.32(1), h topologÐa tou ∏
i∈I Ai pou e-p�getai apì th sullog  {πi|i ∈ I} tautÐzetai me thn topologÐa pou par�getaiapì th sullog  C = {π−1

j (Oj)|j ∈ I kai Oj eÐnai anoiktì sto Aj}. ArkeÐ na
parathr soume ìti k�je sÔnolo π−1

j (Oj) gr�fetai wc ∏
i∈I Qi, ìpou Qi = Aigia k�je i 6= j kai Qj = Oj , gia na sumper�noume ìti tomèc peperasmènoupl jouc tètoiwn sunìlwn gr�fontai wc ∏

i∈I Qi, ìpou Qi = Ai gia ìlouc ektìcapì to polÔ peperasmènou pl jouc deÐktec i ∈ I. Aut� eÐnai ta sÔnola pouemfanÐzontai sth diatÔpwsh tou OrismoÔ 1.27.

1.3 GrammikoÐ Q¸roi
1.3.1 Pr�xeic

JewroÔme F = R   F = C.
Orismìc 1.35 To mh-kenì sÔnoloX onom�zetai grammikìc q¸roc epÐ tou F
an sto X eÐnai orismènh mÐa (eswterik ) pr�xh + h opoÐa se k�je (x, y) ∈ X×X
antistoiqÐzei to �jroisma x+ y ∈ X ¸ste
(i) x+ y = y + x gia k�je x, y ∈ X
(ii) (x+ y) + z = x+ (y + z) gia k�je x, y, z ∈ X
(iii) up�rqei stoiqeÐo 0 ∈ X ¸ste x+ 0 = x gia k�je x ∈ X
(iv) gia k�je x ∈ X up�rqei stoiqeÐo −x ∈ X ¸ste x+ (−x) = 0
kai mÐa (exwterik ) pr�xh · h opoÐa se k�je (κ, x) ∈ F × X antistoiqÐzei to
ginìmeno κx ∈ X ¸ste
(v) κ(x+ y) = κx+ κy gia k�je κ ∈ F kai k�je x, y ∈ X
(vi) (κ+ λ)x = κx+ λx gia k�je κ, λ ∈ F kai k�je x ∈ X
(vii) (κλ)x = κ(λx) gia k�je κ, λ ∈ F kai k�je x ∈ X
(viii) 1x = x gia k�je x ∈ X, ìpou 1 eÐnai to monadiaÐo stoiqeÐo tou F .

EÐnai profanèc ìti, an o X eÐnai grammikìc q¸roc epÐ tou C, tìte eÐnaigrammikìc q¸roc kai epÐ tou R.'Otan gr�foume x− y ennooÔme to x+ (−y).
Prìtash 1.36 'Estw grammikìc q¸roc X epÐ tou F .
(1) To 0 ∈ X me thn idiìthta (iii) tou orismoÔ eÐnai monadikì.
(2) Gia k�je x ∈ X to −x ∈ X me thn idiìthta (iv) tou orismoÔ eÐnai monadikì.
(3) (−1)x = −x gia k�je x ∈ X.
(4) 0x = 0 gia k�je x ∈ X.
(5) κ0 = 0 gia k�je κ ∈ F .
(6) An κ ∈ F , x ∈ X kai κx = 0, tìte eÐte κ = 0 eÐte x = 0.

Apìdeixh: 'Askhsh.
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Orismìc 1.36 'Estw grammikìc q¸roc X epÐ tou F .
(i) An b ∈ X, h 1-1 kai epÐ apeikìnish x 7→ x+ b onom�zetai metafor� ston X
kat� b.
(ii) An κ ∈ F \ {0}, h 1-1 kai epÐ apeikìnish x 7→ κx onom�zetai omoiojesÐa
ston X me lìgo κ.

Orismìc 1.37 'Estw grammikìc q¸roc X epÐ tou F .
(i) An κ ∈ F kai A ⊆ X, orÐzoume κA = {κa|a ∈ A}.
(ii) An A,B ⊆ X, orÐzoume A+B = {a+ b|a ∈ A, b ∈ B}.
(iii) An A ⊆ X, orÐzoume −A = {−a|a ∈ A}.
(iv) An x ∈ X kai A ⊆ X, orÐzoume x+A = {x+ a|a ∈ A}.

1.3.2 GrammikoÐ upìqwroi

Orismìc 1.38 'Estw grammikìc q¸roc X epÐ tou F kai mh-kenì Y ⊆ X. To
Y onom�zetai grammikìc upìqwroc tou X an
(i) x+ y ∈ Y gia k�je x, y ∈ Y kai
(ii) κx ∈ Y gia k�je κ ∈ F kai k�je x ∈ Y .

To {0} kai to X apoteloÔn, profan¸c, grammikoÔc upìqwrouc tou X.
Prìtash 1.37 'Estw grammikìc q¸roc X epÐ tou F . An o Y eÐnai grammikìc
upìqwroc tou X, tìte to Y me tic pr�xeic + kai · tou X periorismènec sto Y
apoteleÐ grammikì q¸ro epÐ tou F .

Apìdeixh: An deÐxoume ìti 0 ∈ Y kai ìti −y ∈ Y gia k�je y ∈ Y , tìte ìlec oi�llec idiìthtec grammikoÔ q¸rou isqÔoun gia ta stoiqeÐa tou Y afoÔ isqÔoungia ìla ta stoiqeÐa tou X.'Omwc, to Y den eÐnai kenì kai, an y0 ∈ Y , tìte 0 = 0y0 ∈ Y . OmoÐwc, an
y ∈ Y , tìte −y = (−1)y ∈ Y .
Prìtash 1.38 'Estw grammikìc q¸roc X epÐ tou F .
(1) An oi Y,Z eÐnai grammikoÐ upìqwroi tou X, tìte to Y + Z eÐnai grammikìc
upìqwroc tou X.
(2) An ta stoiqeÐa tou mh-kenoÔ Y eÐnai grammikoÐ upìqwroi tou X, tìte to

⋂
Y

eÐnai grammikìc upìqwroc tou X.

Apìdeixh: (1) 'Askhsh.(2) 'Estw x, y ∈
⋂
Y. Tìte x, y ∈ Y gia k�je Y ∈ Y kai, epeid  k�je tètoio

Y eÐnai grammikìc upìqwroc, x + y ∈ Y gia k�je Y ∈ Y. 'Ara x + y ∈
⋂
Y.OmoÐwc deÐqnoume ìti, an x ∈ ⋂

Y kai κ ∈ F tìte κx ∈ ⋂
Y.

Orismìc 1.39 'Estw grammikìc q¸roc X epÐ tou F kai A ⊆ X. OrÐzoume th
grammik  j kh tou A
< A >=

⋂
{Y |Y eÐnai grammikìc upìqwroc tou X kai A ⊆ Y }.

Prìtash 1.39 'Estw grammikìc q¸roc X epÐ tou F kai A ⊆ X.
(1) To < A > eÐnai o mikrìteroc grammikìc upìqwroc tou X o opoÐoc perièqei
to A.
(2) < A >= {κ1a1 + · · ·+ κnan|n ∈ N, κ1, . . . , κn ∈ F, a1, . . . , an ∈ A}.
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Apìdeixh: (1) Profanèc logw thc Prìtashc 1.38(2).(2) Onom�zoume B to sÔnolo sth dexi� meri� thc isìthtac. K�je stoiqeÐo
κ1a1 + · · ·+κnan perièqetai se k�je grammikì upìqwro o opoÐoc perièqei to A.'Ara k�je tètoio stoiqeÐo perièqetai sto < A > kai, epomènwc, B ⊆< A >.EÐnai polÔ eÔkolo na deÐxoume ìti to sÔnolo B eÐnai grammikìc upìqwrockai ìti perièqei to A. 'Ara < A >⊆ B.
Orismìc 1.40 'Estw grammikìc q¸roc X epÐ tou F kai x, a1, . . . , an ∈ X. To
x onom�zetai grammikìc sunduasmìc twn a1, . . . , an an up�rqoun κ1, . . . , κn ∈
F ¸ste x = κ1a1 + · · ·+ κnan.

H Prìtash 1.39(2) lèei ìti to < A > apoteleÐtai akrib¸c apì ìlouc toucgrammikoÔc sunduasmoÔc twn (opoioud pote peperasmènou pl jouc) stoiqeÐwntou A.
1.3.3 B�seic kai di�stash

Orismìc 1.41 'Estw grammikìc q¸roc X epÐ tou F kai A ⊆ X.
(i) To A onom�zetai grammik� anex�rthto, an gia k�je n ∈ N, k�je κ1, . . . , κn

∈ F kai k�je a1, . . . , an ∈ A h isìthta κ1a1 + · · · + κnan = 0 sunep�getai ìti
κ1 = . . . = κn = 0.
(ii) Lème ìti to A par�gei ton X, an < A >= X  , isodÔnama, k�je stoiqeÐo
tou X eÐnai grammikìc sunduasmìc stoiqeÐwn tou A.
(iii) To A onom�zetai b�sh   b�sh Hamel tou X, an eÐnai grammik� anex�r-
thto kai par�gei ton X.

Je¸rhma 1.7 K�je grammikìc q¸roc X 6= {0} èqei b�sh.

Apìdeixh: JewroÔme to sÔnolo B stoiqeÐa tou opoÐou eÐnai ìla ta grammik�anex�rthta uposÔnola tou X. To B den eÐnai kenì, afoÔ gia k�je a 6= 0 to
{a} eÐnai grammik� anex�rthto. 'Estw C opoiod pote olik� diatetagmèno upo-sÔnolo tou B me th di�taxh tou egkleismoÔ. Dhlad , an B1, B2 ∈ C, tìte eÐte
B1 ⊆ B2 eÐte B2 ⊆ B1. OrÐzoume to sÔnolo B =

⋃
C. 'Estw b1, . . . , bn ∈ B,

κ1, . . . , κn ∈ F kai κ1b1 + · · · + κnbn = 0. Tìte b1 ∈ B1, . . . , bn ∈ Bn giak�poia B1, . . . , Bn ∈ C. Epeid  k�poio apì ta B1, . . . , Bn perièqei ta upìloipa,sunep�getai ìti b1, . . . , bn ∈ Bj gia k�poio Bj ∈ C. To Bj eÐnai grammik�anex�rthto, opìte κ1 = . . . = κn = 0. 'Ara to B eÐnai grammik� anex�rthto kai,epomènwc, an kei sto B. EpÐshc, eÐnai profanèc ìti to B eÐnai �nw-fr�gma tou
C. ApodeÐxame ìti k�je olik� diatetagmèno uposÔnolo tou B me th di�taxhtou egkleismoÔ èqei �nw-fr�gma sto B. Apì to l mma tou Zorn sunep�getaiìti to B èqei toul�qiston èna maximal stoiqeÐo. Dhlad , up�rqei grammik�anex�rthto B to opoÐo den perièqetai se kanèna gnhsÐwc megalÔtero grammik�anex�rthto sÔnolo. Ja apodeÐxoume ìti to B par�gei ton X.'Estw ìti to B den par�gei ton X, opìte up�rqei x ∈ X to opoÐo den eÐnaigrammikìc sunduasmìc stoiqeÐwn tou B. Profan¸c, x /∈ B, opìte to B ∪ {x}den eÐnai grammik� anex�rthto. 'Ara up�rqoun b1, . . . , bn ∈ B, κ, κ1, . . . , κn ∈ F ,
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ìqi ìla mhdèn, ¸ste κx + κ1b1 + · · · + κnbn = 0. An κ 6= 0, tìte to x eÐnaigrammikìc sunduasmìc twn b1, . . . , bn, en¸, an κ = 0, tìte ta b1, . . . , bn eÐnaigrammik� exhrthmèna. Kai stic dÔo peript¸seic katal goume se �topo.
L mma 1.3 'Estw grammikìc q¸roc X epÐ tou F , A grammik� anex�rthto upo-
sÔnolo tou X, B to opoÐo par�gei ton X kai C = A ∩ B. An C 6= A, up�rqei
a0 ∈ A \ C kai b0 ∈ B \ C ¸ste to sÔnolo (A \ {a0}) ∪ {b0} na eÐnai grammik�
anex�rthto.

Apìdeixh: JewroÔme ìlouc touc grammikoÔc sunduasmoÔc v stoiqeÐwn tou A oiopoÐoi perièqoun toul�qiston èna stoiqeÐo tou A\C me mh-mhdenikì suntelest .Epeid  to B par�gei ton X, k�je tètoioc v èqei mÐa deÔterh graf  wc grammikìcsunduasmìc (me mh-mhdenikoÔc suntelestèc) stoiqeÐwn tou B. S' aut  th graf ,an ta stoiqeÐa tou B eÐnai ìla sto C, tìte, exis¸nontac touc dÔo sunduasmoÔc,prokÔptei grammikìc sunduasmìc stoiqeÐwn tou A Ðsoc me 0 qwrÐc na eÐnai ìloioi suntelestèc Ðsoi me 0. Autì eÐnai �topo diìti to A eÐnai grammik� anex�rthto.'Ara sth deÔterh graf  tou v up�rqei toul�qiston èna stoiqeÐo tou B \ C.Epilègoume grammikì sunduasmì v0 stoiqeÐwn tou A \ C o opoÐoc perièqeitoul�qiston èna stoiqeÐo tou A \C me mh-mhdenikì suntelest  ¸ste h deÔterhgraf  tou wc grammikìc sunduasmìc stoiqeÐwn tou B na perièqei ton el�qistoarijmì n ∈ N stoiqeÐwn tou B \C (me mh-mhdenikoÔc suntelestèc). PaÐrnoumeèna a0 ∈ A\C sthn pr¸th graf  tou v0 kai èna stoiqeÐo b0 ∈ B \C sth deÔterhgraf  tou v0.An to (A\{a0})∪{b0} den eÐnai grammik� anex�rthto, tìte up�rqei grammikìcsunduasmìc stoiqeÐwn tou Ðsoc me 0 qwrÐc na eÐnai ìloi oi suntelestèc 0. Epeid to A \ {a0} eÐnai grammik� anex�rthto, o suntelest c tou b0 ston sunduasmìautì den eÐnai 0. 'Ara to b0 gr�fetai wc grammikìc sunduasmìc stoiqeÐwn tou
A \ {a0}. Antikajist¸ntac to b0 sth deÔterh graf  tou v0 kai exis¸nontac ticdÔo grafèc prokÔptei grammikìc sunduasmìc v stoiqeÐwn tou A, èqontac to a0me ton Ðdio suntelest  ìpwc kai o v0, Ðsoc me grammikì sunduasmì stoiqeÐwntou B all� me to polÔ n−1 stoiqeÐa tou B\C. Autì antif�skei me thn epilog tou v0.'Ara to (A \ {a0}) ∪ {b0} eÐnai grammik� anex�rthto.
Je¸rhma 1.8 'Estw grammikìc q¸roc X epÐ tou F kai A,B ⊆ X.

(1) An to A eÐnai grammik� anex�rthto kai to B par�gei ton X,

tìte card(A) ≤ card(B).
(2) An A,A′ eÐnai b�seic tou X, tìte card(A) = card(A′).

Apìdeixh: (1) ArkeÐ na apodeÐxoume ìti up�rqei f : A → B h opoÐa eÐnai 1-1.An C = A ∩ B kai C = A, tìte arkeÐ na jewr soume thn tautotik  sun�rthsh
i : C → C me tÔpo i(c) = c gia k�je c ∈ C. 'Ara, èstw A 6= C.JewroÔme to sÔnolo F tou opoÐou stoiqeÐa eÐnai ìlec oi 1-1 sunart seic foi opoÐec eÐnai epekt�seic thc i me pedÐo orismoÔ D(f) ¸ste C ⊆ D(f) ⊆ A,sÔnolo tim¸n R(f) ¸ste C ⊆ R(f) ⊆ B kai to sÔnolo (A\D(f))∪R(f) na eÐnaigrammik� anex�rthto. Sto sÔnolo F orÐzoume th di�taxh f1 ≺ f2 na shmaÐneiìti h f2 eÐnai epèktash thc f1. Dhlad , D(f1) ⊆ D(f2) kai f1(x) = f2(x) giak�je x ∈ D(f1).
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SÔmfwna me to L mma 1.3, up�rqei a0 ∈ A \ C kai b0 ∈ B \ C ¸ste to

(A\{a0})∪{b0} na eÐnai grammik� anex�rthto. OrÐzoume f : C∪{a0} → C∪{b0}¸ste na eÐnai epèktash thc i me f(a0) = b0. Profan¸c, f ∈ F , opìte to F deneÐnai kenì.'Estw tuqìn olik� diatetagmèno G ⊆ F . An x ∈
⋃
{D(f)|f ∈ G}, tìte

x ∈ D(f) gia k�poia f ∈ G. An x ∈ D(f ′) gia k�poia akìmh f ′ ∈ G, tìtemÐa apì tic f, f ′ eÐnai epèktash thc �llhc kai, epomènwc, f(x) = f ′(x). 'AraorÐzetai kal¸c sun�rthsh F :
⋃
{D(f)|f ∈ G} → B me tÔpo F (x) = f(x) giaopoiad pote f ∈ G me x ∈ D(f).Profan¸c, C ⊆ D(F ) =

⋃
{D(f)|f ∈ G} ⊆ A kai C ⊆ R(F ) =

⋃
{R(f)|f ∈

G} ⊆ B kai h F eÐnai epèktash ìlwn twn f ∈ G.An F (x1) = F (x2) gia k�poia x1, x2 ∈
⋃
{D(f)|f ∈ G}, tìte x1 ∈ D(f1),

x2 ∈ D(f2) gia k�poiec f1, f2 ∈ G kai, epeid  mÐa apì tic f1, f2, èstw h f2, eÐnaiepèktash thc �llhc, sunep�getai f2(x1) = f2(x2), opìte x1 = x2. 'Ara h F eÐnai1-1.'Estw ìti to (A \D(F )) ∪R(F ) den eÐnai grammik� anex�rthto. Tìte up�r-qoun a1, . . . , an ∈ A \ D(F ), b1, . . . , bm ∈ R(F ) kai κ1, . . . , κn, λ1, . . . , λm, ìqiìla mhdèn, ¸ste κ1a1+· · ·+κnan+λ1b1+· · ·+λmbm = 0. Up�rqoun f1, . . . , fm ∈
G ¸ste b1 ∈ R(f1), . . . , bm ∈ R(fm) kai, epeid  k�poia apì tic f1, . . . , fm, èstwh fm, eÐnai epèktash ìlwn twn �llwn, sunep�getai ìti b1, . . . , bm ∈ R(fm). Tì-te, profan¸c, a1, . . . , an ∈ A \D(fm), b1, . . . , bm ∈ R(fm) kai katal goume se�topo.'Ara F ∈ F kai eÐnai �nw-fr�gma tou G. Apì to L mma tou Zorn sunep�getaiìti up�rqei maximal sun�rthsh f ∈ F . Dhlad  h f eÐnai 1-1 me C ⊆ D(f) ⊆ A,
C ⊆ R(f) ⊆ B, to (A\D(f))∪R(f) eÐnai grammik� anex�rthto kai den up�rqeikammÐa gn sia epèktas  thc me tic Ðdiec idiìthtec. ArkeÐ na apodeÐxoume ìti
D(f) = A.An D(f) 6= A, jètoume A1 = (A\D(f))∪R(f) kai parathroÔme ìti A1∩B =
R(f). Efarmìzoume to L mma 1.3 sta A1, B kai sumperaÐnoume ìti up�rqei
a0 ∈ A \D(f) kai b0 ∈ B \ R(f) ¸ste to (

A \ (D(f) ∪ {a0})
)
∪ (R(f) ∪ {b0})na eÐnai grammik� anex�rthto. Katìpin orÐzoume sun�rthsh F : D(f)∪ {a0} →

R(f) ∪ {b0} me tÔpo F (a) = f(a) gia k�je a ∈ D(f) kai F (a0) = b0. EÐnaiprofanèc ìti h F eÐnai gn sia epèktash thc f kai stoiqeÐo tou F . Autì eÐnai�topo.(2) An ta A,A′ eÐnai b�seic tou X, tìte, sÔmfwna me to (1) isqÔei card(A) ≤
card(A′) kai card(A′) ≤ card(A) kai, apì to Je¸rhma Schröder-Bernstein ,sumperaÐnoume ìti card(A) = card(A′).
B�sei twn dÔo teleutaÐwn prot�sewn dikaiologeÐtai o epìmenoc orismìc.
Orismìc 1.42 'Estw grammikìc q¸roc X epÐ tou F kai A opoiad pote b�sh
tou X. An X 6= {0}, orÐzoume th di�stash tou X wc ton plhj�rijmo thc
A: dim(X) = card(A). An X = {0} orÐzoume dim(X) = 0.

Prìtash 1.40 'Estw grammikìc q¸roc X epÐ tou F .
(1) An to A eÐnai grammik� anex�rthto uposÔnolo tou X, up�rqei b�sh B tou
X ¸ste A ⊆ B, opìte card(A) ≤ dim(X).
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(2) An to B par�gei ton X, up�rqei b�sh A tou X ¸ste A ⊆ B, opìte dim(X) ≤
card(B).
(3) An o Y eÐnai grammikìc upìqwroc tou X, tìte dim(Y ) ≤ dim(X).
(4) An dim(X) < +∞, to A eÐnai grammik� anex�rthto uposÔnolo tou X kai
card(A) = dim(X), to A eÐnai b�sh tou X.
(5) An dim(X) < +∞, to A par�gei ton X kai card(A) = dim(X), to A eÐnai
b�sh tou X.

Apìdeixh: (1) Epanalamb�noume thn apìdeixh Ôparxhc b�shc tou X jewr¸ntac,t¸ra, to sÔnolo B me stoiqeÐa ìla ta grammik� anex�rthta uposÔnola tou Xta opoÐa perièqoun to A.(2) Epanalamb�noume thn apìdeixh Ôparxhc b�shc touX jewr¸ntac to sÔnolo Bme stoiqeÐa ìla ta grammik� anex�rthta uposÔnola tou X ta opoÐa perièqontaisto B.(3) PaÐrnoume mÐa b�sh A tou Y kai, b�sei tou (1), thn epekteÐnoume se b�sh
B tou X.(4) kai (5) Profan , b�sei twn (1) kai (2) antistoÐqwc.
Prìtash 1.41 'Estw grammikìc q¸roc X epÐ tou C. An oi diast�seic tou
X wc grammikoÔ q¸rou epÐ tou C kai epÐ tou R eÐnai dimC(X) kai dimR(X),
antistoÐqwc, tìte dimR(X) = 2 dimC(X).

Apìdeixh: An B eÐnai b�sh tou X jewroÔmenou wc grammikoÔ q¸rou epÐ tou C,tìte eÐnai eÔkolo na apodeÐxoume ìti to sÔnolo {b, ib|b ∈ B} eÐnai b�sh tou XjewroÔmenou wc grammikoÔ q¸rou epÐ tou R.
1.3.4 Q¸roc-phlÐko

Orismìc 1.43 'Estw grammikìc q¸roc X epÐ tou F , Y grammikìc upìqwroc
tou X kai x1, x2 ∈ X. Lème ìti to x1 eÐnai isodÔnamo mod Y me to x2 kai
gr�foume x1 ≡ x2 modY , an x1 − x2 ∈ Y .

Prìtash 1.42 'Estw grammikìc q¸rocX epÐ tou F kai Y grammikìc upìqwroc
tou X.
(1) x ≡ x modY gia k�je x ∈ X.
(2) An x1 ≡ x2 modY , tìte x2 ≡ x1 modY .
(3) An x1 ≡ x2 modY kai x2 ≡ x3 modY , tìte x1 ≡ x3 modY .
(4) An x1 ≡ x2 modY kai z1 ≡ z2 modY , tìte x1 + z1 ≡ x2 + z2 modY .
(5) An x1 ≡ x2 modY kai κ ∈ F , tìte κx1 ≡ κx2 modY .

Apìdeixh: 'Askhsh.
Orismìc 1.44 'Estw grammikìc q¸roc X epÐ tou F , Y grammikìc upìqwroc
tou X kai x ∈ X. To sÔnolo [x]Y = {z ∈ X|z ≡ x modY } onom�zetai kl�sh
isodunamÐac mod Y me antiprìswpo x.

Prìtash 1.43 'Estw grammikìc q¸rocX epÐ tou F kai Y grammikìc upìqwroc
tou X. Gia k�je x ∈ X isqÔei [x]Y = x+ Y .
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Apìdeixh: An z ∈ [x]Y , tìte z ≡ x modY , opìte z−x ∈ Y . 'Ara z = x+(z−x) ∈
x + Y . Antistrìfwc, an z ∈ x + Y , tìte z − x ∈ Y , opìte z ≡ x modY . 'Ara
z ∈ [x]Y .
L mma 1.4 'Estw grammikìc q¸roc X epÐ tou F , Y grammikìc upìqwroc tou
X kai x, z ∈ X.
(1) x ∈ [x]Y .
(2) An z ∈ [x]Y , tìte [z]Y = [x]Y .
(3) [x]Y = [z]Y an kai mìnon an x ≡ z modY .
(4) An [x]Y ∩ [z]Y 6= ∅, tìte [x]Y = [z]Y .

Apìdeixh: (1) Diìti x ≡ x modY .(2) z ∈ [x]Y sunep�getai ìti z ≡ x modY . B�sei thc Prìtashc 1.42, w ∈ [z]Yan kai mìnon an w ≡ z modY an kai mìnon an w ≡ x modY an kai mìnon an
w ∈ [x]Y .(3) An [x]Y = [z]Y , tìte, epeid  x ∈ [x]Y , sunep�getai ìti x ∈ [z]Y , opìte
x ≡ z modY . Antistrìfwc, an x ≡ z modY , tìte w ∈ [x]Y an kai mìnon an
w ≡ x modY an kai mìnon an w ≡ z modY an kai mìnon an w ∈ [z]Y .(4) An w ∈ [x]Y ∩ [z]Y , tìte, b�sei tou (2), [x]Y = [w]Y = [z]Y .
Orismìc 1.45 'Estw grammikìc q¸roc X epÐ tou F , Y grammikìc upìqwroc
tou X. OrÐzoume to q¸ro-phlÐko tou X modY wc to sÔnolo
X/Y = {ξ|up�rqei x ∈ X ¸ste ξ = [x]Y }.

Prìtash 1.44 'Estw grammikìc q¸rocX epÐ tou F kai Y grammikìc upìqwroc
tou X. Ta stoiqeÐa tou X/Y eÐnai xèna an� dÔo uposÔnola tou X kai h ènws 
touc isoÔtai me to X. Dhlad  to X/Y apoteleÐ diamèrish tou X.

Apìdeixh: Apì to L mma 1.4.
Prìtash 1.45 'Estw grammikìc q¸rocX epÐ tou F kai Y grammikìc upìqwroc
tou X.
(1) An ξ, η ∈ X/Y , tìte ξ + η ∈ X/Y . Pio sugkekrimèna, an ξ = [x]Y kai
η = [z]Y , tìte ξ + η = [x+ z]Y .
(2) An ξ ∈ X/Y kai κ ∈ F , tìte κξ ∈ X/Y . Pio sugkekrimèna, an ξ = [x]Y ,
tìte κξ = [κx]Y .

Apìdeixh: (1) 'Estw ξ = [x]Y kai η = [z]Y . An w ∈ ξ + η = [x]Y + [z]Y ,tìte up�rqoun x′ ∈ [x]Y kai z′ ∈ [z]Y ¸ste w = x′ + z′ ≡ x + z modY . 'Ara
w ∈ [x + z]Y . Antistrìfwc, an w ∈ [x + z]Y , tìte w − (x + z) ∈ Y , opìte
w = x+ {z +

(
w − (x+ z)

)
} ∈ [x]Y + [z]Y = ξ + η.(2) 'Askhsh.

B�sei thc Prìtashc 1.43 oi isìthtec thc teleutaÐac prìtashc gr�fontai
(x+ Y ) + (z + Y ) = (x+ z) + Y kai κ(x+ Y ) = (κx) + Y.

Prìtash 1.46 'Estw grammikìc q¸rocX epÐ tou F kai Y grammikìc upìqwroc
tou X. Tìte to sÔnolo X/Y me tic pr�xeic (ξ, η) 7→ ξ+η kai (κ, ξ) 7→ κξ apoteleÐ
grammikì q¸ro epÐ tou F .
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Apìdeixh: To mhdenikì stoiqeÐo tou X/Y eÐnai to [0]Y = 0 + Y = Y . ToantÐjeto tou [x]Y eÐnai to [−x]Y . O èlegqoc twn idiot twn eÐnai aplìc.
Orismìc 1.46 'Estw grammikìc q¸roc X epÐ tou F , Y grammikìc upìqwroc
tou X. H di�stash tou grammikoÔ q¸rou X/Y onom�zetai sundi�stash tou
Y (wc proc ton X) kai sumbolÐzetai codim(Y ) = dim(X/Y ).

Prìtash 1.47 'Estw grammikìc q¸rocX epÐ tou F kai Y grammikìc upìqwroc
tou X. Tìte dim(Y ) + codim(Y ) = dim(X).

Apìdeixh: JewroÔme mÐa b�sh A tou Y kai thn epekteÐnoume, qrhsimopoi¸ntacthn Prìtash 1.40(1), se b�sh B tou X. OrÐzoume to sÔnolo C = {[b]Y |b ∈
B \A}, opìte arkeÐ na apodeÐxoume ìti to C eÐnai b�sh tou X/Y .'Estw b1, . . . , bn ∈ B\A kai κ1, . . . , κn ∈ F me κ1[b1]Y +· · ·+κn[bn]Y = [0]Y .Sunep�getai [κ1b1 + · · · + κnbn]Y = [0]Y , opìte κ1b1 + · · · + κnbn ∈ Y . 'Ara,up�rqoun a1, . . . , am ∈ A kai λ1, . . . , λm ∈ F ¸ste κ1b1 + · · ·+ κnbn = λ1a1 +
· · · + λmam. 'Ara κ1 = . . . = κn(= λ1 = . . . = λm) = 0. Epomènwc, to C eÐnaigrammik� anex�rthto.'Estw [x]Y ∈ X/Y . Tìte x = λ1a1+· · ·+λmam+κ1b1+· · ·+κnbn gia k�poia
a1, . . . , am ∈ A, b1, . . . , bn ∈ B \ A kai λ1, . . . , λm, κ1, . . . , κn ∈ F . Epomènwc,
[x]Y = λ1[a1]Y +· · ·+λm[am]Y +κ1[b1]Y +· · ·+κn[bn]Y = κ1[b1]Y +· · ·+κn[bn]Y .'Ara to C par�gei ton X/Y .
1.3.5 GrammikoÐ Telestèc

Orismìc 1.47 'Estw X,Y grammikoÐ q¸roi epi tou F . MÐa sun�rthsh T :
X → Y onom�zetai grammikìc telest c   grammikìc metasqhmatismìc  
grammik  apeikìnish (apì ton X ston Y ) an
(i) T (x1 + x2) = T (x1) + T (x2) gia k�je x1, x2 ∈ X
(ii) T (κx) = κT (x) gia k�je κ ∈ F kai k�je x ∈ X.

Pollèc forèc ja gr�foume Tx antÐ gia T (x).Gia par�deigma, o mhdenikìc telest c O me tÔpo O(x) = 0 gia k�je x ∈ XeÐnai grammikìc telest c. EpÐshc, o tautotikìc telest c IX : X → X me tÔpo
IX(x) = x gia k�je x ∈ X eÐnai grammikìc telest c.
Orismìc 1.48 SumbolÐzoume me R(T ) to sÔnolo tim¸n T (X) = {Tx|x ∈ X}
tou grammikoÔ telest  T : X → Y . EpÐshc, sumbolÐzoume me N(T ) to sÔnolo
T−1({0}) = {x ∈ X|Tx = 0}. To N(T ) onom�zetai mhdenìqwroc   pur nac
tou T .

Prìtash 1.48 'Estw grammikìc telest c T : X → Y .
(1) An X1 eÐnai grammikìc upìqwroc tou X, tìte h eikìna tou mèsw tou T ,
T (X1), eÐnai grammikìc upìqwroc tou Y .
(2) An Y1 eÐnai grammikìc upìqwroc tou Y , tìte h antÐstrofh eikìna tou mèsw
tou T , T−1(Y1), eÐnai grammikìc upìqwroc tou X.

Apìdeixh: 'Askhsh.
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Prìtash 1.49 'Estw grammikìc telest c T : X → Y . O R(T ) eÐnai grammikìc
upìqwroc tou Y kai o N(T ) eÐnai grammikìc upìqwroc tou X.

Apìdeixh: 'Askhsh.
Prìtash 1.50 'Estw grammikìc telest c T : X → Y .
(1) O T eÐnai 1-1 an kai mìnon an N(T ) = {0}.
(2) O T eÐnai epÐ an kai mìnon an R(T ) = Y .

Apìdeixh:(1) An o T eÐnai 1-1 kai x ∈ N(T ), tìte Tx = 0 = T0, opìte x = 0.'Ara N(T ) ⊆ {0}, opìte N(T ) = {0}. Antistrìfwc, èstw N(T ) = {0}. An
Tx1 = Tx2, tìte T (x1 − x2) = 0, opìte x1 − x2 = 0.(2) Profanèc.
Orismìc 1.49 An X,Y eÐnai grammikoÐ q¸roi epÐ tou F , sumbolÐzoume
(i) L(X,Y ) = {T |T eÐnai grammikìc telest c apì ton X ston Y }
(ii) L(X) = L(X,X)
(iii) X ′ = L(X,F )
Ta stoiqeÐa tou L(X) onom�zontai grammikoÐ telestèc tou X. Ta stoiqeÐa
tou X ′ onom�zontai grammik� sunarthsoeid  tou X.

An jèloume na tonÐsoume to sugkekrimèno F pou qrhsimopoioÔme, gr�foume
R-grammikìc telest c   C-grammikìc telest c kai R-grammikì sunarthsoeidèc  C-grammikì sunarthsoeidèc.
Orismìc 1.50 'Estw X,Y grammikoÐ q¸roi epÐ tou F .
(i) An T, S ∈ L(X,Y ), orÐzoume T + S : X → Y me tÔpo: (T + S)x = Tx+ Sx
gia k�je x ∈ X.
(ii) An T ∈ L(X,Y ) kai κ ∈ F , orÐzoume κT : X → Y me tÔpo: (κT )x = κTx
gia k�je x ∈ X.

Prìtash 1.51 An T, S ∈ L(X,Y ) kai κ ∈ F , tìte T + S, κT ∈ L(X,Y ).

Apìdeixh: 'Askhsh.
Prìtash 1.52 O L(X,Y ) me tic pr�xeic pou orÐsjhkan ston Orismì 1.45 apote-
leÐ grammikì q¸ro epÐ tou F .

Apìdeixh: To mhdenikì stoiqeÐo tou L(X,Y ) eÐnai o mhdenikìc telest c O :
X → Y me tÔpo O(x) = 0 gia k�je x ∈ X. To antÐjeto stoiqeÐo tou T ∈
L(X,Y ) eÐnai o −T : X → Y me tÔpo (−T )(x) = −Tx gia k�je x ∈ X. Oèlegqoc twn idiot twn grammikoÔ q¸rou eÐnai eÔkoloc.

Suqn� qrhsimopoioÔme to sÔmbolo ST gia th sÔnjesh S ◦ T .
Prìtash 1.53 An T ∈ L(X,Y ) kai S ∈ L(Y, Z), tìte ST ∈ L(X,Z).

Apìdeixh: 'Askhsh.
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Prìtash 1.54 (1) An T ∈ L(X,Y ), S ∈ L(Y, Z) kai R ∈ L(Z,W ), tìte
(RS)T = R(ST ).
(2) An T, S ∈ L(X,Y ) kai R ∈ L(Y, Z), tìte R(T + S) = RT +RS.
(3) An T ∈ L(X,Y ) kai R,S ∈ L(Y,Z), tìte (R+ S)T = RT + ST .
(4) An o T ∈ L(X,Y ) eÐnai 1-1 kai epÐ, tìte T−1 ∈ L(Y,X).
(5) An oi T ∈ L(X,Y ), S ∈ L(Y, Z) eÐnai 1-1 kai epÐ, tìte (ST )−1 = T−1S−1.

Apìdeixh: (1)-(3) kai (5) 'Askhsh.(4) An y1, y2 ∈ Y , paÐrnoume ta (monadik�) x1, x2 ∈ X ¸ste Tx1 = y1 kai
Tx2 = y2. Tìte T (x1 + x2) = Tx1 + Tx2 = y1 + y2, opìte T−1(y1 + y2) =
x1 + x2 = T−1y1 + T−1y2. OmoÐwc apodeiknÔoume ìti T−1(κy) = κT−1y.
Prìtash 1.55 'Estw T ∈ L(X,Y ) kai A b�sh tou X.
(1) O T eÐnai 1-1 an kai mìnon an o T periorismènoc sto A eÐnai 1-1 kai to T (A)
eÐnai grammik� anex�rthto uposÔnolo tou Y .
(2) O T eÐnai epÐ an kai mìnon an to T (A) par�gei ton Y .
(3) O T eÐnai antistrèyimoc an kai mìnon an o T periorismènoc sto A eÐnai 1-1
kai to T (A) eÐnai b�sh tou Y .

Apìdeixh: (1) 'Estw ìti o T eÐnai 1-1. An Ta1, . . . , Tan ∈ T (A), κ1, . . . , κn ∈ Fkai κ1Ta1 + · · · + κnTan = 0, tìte T (κ1a1 + · · · + κnan) = 0 = T0, opìte
κ1a1 + · · ·+κnan = 0. 'Ara κ1 = · · · = κn = 0. Antistrìfwc, èstw ìti to T (A)eÐnai grammik� anex�rthto uposÔnolo tou Y kai èstw Tx1 = Tx2. Gr�foume
x1−x2 = κ1a1+ · · ·+κnan gia k�poia (diaforetik� metaxÔ touc) a1, . . . , an ∈ Akai k�poia κ1, . . . , κn ∈ F , opìte 0 = T (x1−x2) = κ1Ta1 + · · ·+κnTan. Epeid ta Ta1, . . . , Tan eÐnai diaforetik� metaxÔ touc, sunep�getai κ1 = · · · = κn = 0.'Ara x1 − x2 = 0.(2) 'Askhsh.(3) Sunduasmìc twn (1),(2).

H epìmenh prìtash lèei ìti ènac grammikìc telest c kajorÐzetai monadik�apì th dr�sh tou se mÐa b�sh.
Prìtash 1.56 'Estw X,Y grammikoÐ q¸roi epÐ tou F kai A b�sh tou X. Gia
k�je sun�rthsh f : A → Y up�rqei monadikìc T ∈ L(X,Y ) ¸ste T (a) = f(a)
gia k�je a ∈ A.

Apìdeixh: 'Estw x ∈ X. Gr�foume x = κ1a1 + · · ·+κnan gia k�poia (monadik�)
a1, . . . , an ∈ A, κ1, . . . , κn ∈ F . OrÐzoume Tx = κ1f(a1) + · · ·+ κnf(an) ∈ Y .

Tìte, gia k�je a ∈ A, epeid  a = 1a, sunep�getai Ta = 1f(a) = f(a).
EpÐshc, eÐnai eÔkolo na apodeiqjeÐ ìti o T eÐnai grammikìc telest c.
An o T : X → Y eÐnai grammikìc telest c me T (a) = f(a) gia k�je a ∈ A,tìte gia k�je x = κ1a1 + · · · + κnan èqoume Tx = κ1Ta1 + · · · + κnTan =

κ1f(a1)+ · · ·+κnf(an). Epomènwc, oi eikìnec tou T eÐnai monadik� kajorismè-nec.
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1.3.6 IsomorfismoÐ

Orismìc 1.51 (i) 'Estw X,Y grammikoÐ q¸roi epÐ tou F kai T ∈ L(X,Y ). An
o T eÐnai antistrèyimoc, onom�zetai isomorfismìc tou X me ton Y .
(ii) An up�rqei isomorfismìc tou X me ton Y , lème ìti o X eÐnai isomorfikìc
me ton Y kai gr�foume X ∼= Y .

Prìtash 1.57 Gia k�je grammikoÔc q¸rouc X,Y, Z isqÔei ìti:
(1) X ∼= X
(2) An X ∼= Y , tìte Y ∼= X
(3) An X ∼= Y kai Y ∼= Z, tìte X ∼= Z.

Apìdeixh: 'Askhsh.
Prìtash 1.58 Gia k�je grammikoÔc q¸rouc X,Y isqÔei ìti: o X eÐnai isomor-
fikìc me ton Y an kai mìnon an dim(X) = dim(Y ).

Apìdeixh: 'Estw isomorfismìc T : X → Y . An A eÐnai b�sh tou X, apì thnPrìtash 1.55(3) sunep�getai ìti to T (A) eÐnai b�sh tou Y . Epeid  o T eÐnai1-1, dim(X) = card(A) = card(T (A)) = dim(Y ).Antistrìfwc, èstw dim(X) = dim(Y ). JewroÔme b�sh A tou X kai b�sh
B tou Y , opìte card(A) = card(B). 'Ara up�rqei f : A→ B 1-1 kai epÐ. B�seithc Prìtashc 1.56 up�rqei T ∈ L(X,Y ) ¸ste Ta = f(a) gia k�je a ∈ A. Apìthn Prìtash 1.55(3) sunep�getai ìti o T eÐnai antistrèyimoc.
Prìtash 1.59 'Estw grammikìc q¸roc X epÐ tou F me dim(X) < +∞ kai
T ∈ L(X). O T eÐnai 1-1 an kai mìnon an eÐnai epÐ.

Apìdeixh: PaÐrnoume mÐa b�sh A tou X kai qrhsimopoioÔme tic Prot�seic 1.55kai 1.40(4)(5).
L mma 1.5 'Estw T ∈ L(X,Y ) kai x, z ∈ X. Tx = Tz an kai mìnon an
x ≡ z modN(T ).

Apìdeixh: Tx = Tz an kai mìnon an T (x− z) = 0 an kai mìnon an x− z ∈ N(T )an kai mìnon an x ≡ z modN(T ).
B�sei tou L mmatoc o epìmenoc orismìc eÐnai kalìc.

Orismìc 1.52 An T ∈ L(X,Y ), orÐzoume sun�rthsh T̃ : X/N(T ) → Y me
tÔpo T̃ ξ = Tx gia opoiod pote x ∈ X me ξ = [x]N(T ).

Prìtash 1.60 'Estw T ∈ L(X,Y ) kai T̃ : X/N(T ) → Y h sun�rthsh pou
mìlic orÐsjhke.
(1) T̃ ∈ L(X/N(T ), Y ).
(2) R(T̃ ) = R(T ).
(3) O T̃ eÐnai 1-1.
(4) X/N(T ) ∼= R(T ).
(5) dim(X) = dim(N(T )) + dim(R(T )).
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Apìdeixh: (1) An ξ = [x]N(T ) kai η = [z]N(T ), tìte T̃ (ξ + η) = T̃ ([x]N(T ) +
[z]N(T )) = T̃ ([x+ z]N(T )) = T (x+ z) = Tx+ Tz = T̃ ξ + T̃ η. OmoÐwc, T̃ (κξ) =
κT̃ ξ.(2) Profanèc.(3) An ξ = [x]N(T ) kai η = [z]N(T ), tìte: T̃ ξ = T̃ η an kai mìnon an Tx = Tzan kai mìnon an T (x − z) = 0 an kai mìnon an x − z ∈ N(T ) an kai mìnon an
[x]N(T ) = [z]N(T ) an kai mìnon an ξ = η.(4) Apì ta (1)-(3).(5) Apì tic Prot�seic 1.47 kai 1.58.
1.3.7 UperepÐpeda kai hmiq¸roi

Orismìc 1.53 'Estw grammikìc q¸roc X epÐ tou F kai grammikìc upìqwroc
Y . An codim(Y ) = 1, tìte gia k�je x ∈ X to sÔnolo x+ Y onom�zetai upere-
pÐpedo ston X.

DÔo uperepÐpeda L kai M ston X onom�zontai par�llhla an up�rqei gram-
mikìc upìqwroc Y me codim(Y ) = 1 ¸ste L = x+ Y kai M = z+ Y gia k�poia
x, z ∈ X.

EÐnai eÔkolo na apodeiqjeÐ ìti an èna uperepÐpedo L ston X gr�fetai L =
x+Y kai L = x′+Y ′ gia k�poia x, x′ ∈ X kai k�poiouc grammikoÔc upìqwrouc
Y, Y ′ tou X sundi�stashc 1, tìte Y = Y ′ kai x− x′ ∈ Y .H epìmenh prìtash antistoiqÐzei (mh-mhdenik�) grammik� sunarthsoeid  megrammikoÔc upìqwrouc sundi�stashc 1.
Prìtash 1.61 'Estw grammikìc q¸roc X epÐ tou F .
(1) An x′ ∈ X ′ \ {0}, o N(x′) eÐnai grammikìc upìqwroc tou X sundi�stashc 1.
(2) An o Y eÐnai grammikìc upìqwroc tou X sundi�stashc 1, up�rqei x′ ∈
X ′ \ {0} ¸ste Y = N(x′).

Apìdeixh: (1) EÐnai gnwstì ìti o N(x′) eÐnai grammikìc upìqwroc tou X. 'Estw
x0 ∈ X me x′(x0) 6= 0. PaÐrnoume tuqìn x ∈ X kai èqoume x′(x − x′(x)

x′(x0)
x0

)
=

x′(x) − x′(x)
x′(x0)

x′(x0) = 0. 'Ara x − x′(x)
x′(x0)

x0 ∈ N(x′). Autì sunep�getai ìti
[x]N(x′) = x′(x)

x′(x0)
[x0]N(x′). Epomènwc, k�je stoiqeÐo tou X/N(x′) eÐnai pol-

lapl�sio tou [x0]N(x′) kai, epeid  to [x0]N(x′) den eÐnai to mhdenikì stoiqeÐotou X/N(x′), sunep�getai ìti to {[x0]N(x′)} apoteleÐ b�sh tou X/N(x′). 'Ara
codim(N(x′)) = 1.(2) 'Estw x0 ∈ X ¸ste to {[x0]Y } na apoteleÐ b�sh tou X/Y . JewroÔme tu-qìn x ∈ X, opìte up�rqei (monadikì) κ ∈ F ¸ste [x]Y = κ[x0]Y . OrÐzoume
x′ : X → F me tÔpo x′(x) = κ.An [x1]Y = κ1[x0]Y , [x2]Y = κ2[x0]Y kai κ ∈ F , tìte [x1 + x2]Y = (κ1 +
κ2)[x0]Y kai [κx1]Y = κκ1[x0]Y . Epomènwc, x′(x1 + x2) = κ1 + κ2 = x′(x1) +
x′(x2) kai x′(κx1) = κκ1 = κx′(x1). 'Ara x′ ∈ X ′.T¸ra, x′(x) = 0 an kai mìnon an κ = 0 an kai mìnon an [x]Y eÐnai to mhdenikìstoiqeÐo tou X/Y an kai mìnon an x ∈ Y . 'Ara N(x′) = Y .
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Prìtash 1.62 'Estw grammikìc q¸roc X epÐ tou F .
(1) Gia k�je x′ ∈ X ′ \ {0} ta sÔnola {x ∈ X|x′(x) = 0} = N(x′) kai {x ∈
X|x′(x) = 1} eÐnai uperepÐpeda ston X. To pr¸to eÐnai grammikìc upìqwroc,
en¸ to deÔtero den eÐnai grammikìc upìqwroc.
(2) Gia k�je uperepÐpedo L ston X up�rqei x′ ∈ X ′ \ {0} ¸ste eÐte L = {x ∈
X|x′(x) = 0} = N(x′), an to L eÐnai grammikìc upìqwroc, eÐte L = {x ∈
X|x′(x) = 1}, an to L den eÐnai grammikìc upìqwroc. Sth deÔterh perÐptwsh
to x′ eÐnai monadikì en¸ sthn pr¸th perÐptwsh, an L = N(x′1) = N(x′2) tìte ta
x′1, x

′
2 eÐnai to èna pollapl�sio tou �llou.

Apìdeixh: (1) To N(x′) eÐnai grammikìc upìqwroc sundi�stashc 1 opìte kaiuperepÐpedo. To deÔtero sÔnolo den eÐnai grammikìc upìqwroc diìti den perièqeito 0. An x′(x0) = 1, tìte apodeiknÔoume eÔkola ìti {x ∈ X|x′(x) = 1} =
x0 +N(x′).(2) An L = Y eÐnai grammikìc upìqwroc sundi�stashc 1, b�sei thc Prìtashc1.61(2), up�rqei x′ ∈ X ′ \ {0} ¸ste L = N(x′).An L = a + Y , ìpou o Y eÐnai grammikìc upìqwroc sundi�stashc 1 kai
a /∈ Y , up�rqei x′0 ∈ X ′ \ {0} ¸ste Y = N(x′0). ApodeiknÔoume eÔkola ìti
L = {x ∈ X|x′0(x) = x′0(a)}. An jèsoume x′ = 1

x′0(a) x
′
0, tìte x′ ∈ X ′ \ {0} kai

L = {x ∈ X|x′(x) = 1}.'Estw x′1, x
′
2 ∈ X ′ \ {0} me {x ∈ X|x′1(x) = 1} = {x ∈ X|x′2(x) = 1}. Tìtegia k�je κ ∈ F \ {0} isqÔei ìti x′1(x) = κ an kai mìnon an x′1( 1

κ x) = 1 an kaimìnon an x′2( 1
κ x) = 1 an kai mìnon an x′2(x) = κ. 'Ara x′1 = x′2.An N(x′1) = N(x′2) kai p�roume x0 ¸ste x′1(x0) = 1, tìte eÔkola blèpoumeìti x′2 = x′2(x0)x′1.

Orismìc 1.54 'Estw grammikìc q¸roc X epÐ tou R kai L èna uperepÐpedo
ston X. An x′ ∈ X ′ \ {0} ¸ste L = {x|x′(x) = λ}, ìpou λ = 0   1, tìte ta
sÔnola {x|x′(x) < λ} kai {x|x′(x) > λ} onom�zontai oi anoiktoÐ hmiq¸roi
pou kajorÐzontai apì to L kai ta sÔnola {x|x′(x) ≤ λ} kai {x|x′(x) ≥ λ}
onom�zontai oi kleistoÐ hmiq¸roi pou kajorÐzontai apì to L.

1.3.8 Kurt� sÔnola

Orismìc 1.55 'Estw grammikìc q¸roc X epÐ tou F . An x, y ∈ X, to sÔnolo
[x, y] = {tx+ (1− t)y|0 ≤ t ≤ 1} onom�zetai eujÔgrammo tm ma me �kra ta
x, y.

Orismìc 1.56 'Estw grammikìc q¸roc X epÐ tou F . 'Ena A ⊆ X onom�zetai
kurtì an [x, y] ⊆ A gia k�je x, y ∈ A.

ParadeÐgmata To ∅, o X, k�je monosÔnolo, k�je eujÔgrammo tm ma, k�jegrammikìc upìqwroc kai k�je uperepÐpedo eÐnai kurt� sÔnola.
Prìtash 1.63 'Estw grammikoÐ q¸roi X,Y epÐ tou F kai T ∈ L(X,Y ).
(1) An ta A,B eÐnai kurt� uposÔnola tou X, κ ∈ F kai a ∈ X, tìte ta A+ B,
κA kai a+A eÐnai kurt�.
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(2) An k�je stoiqeÐo thc sullog c C eÐnai kurtì uposÔnolo tou X, tìte to
⋂
C

eÐnai kurtì.
(3) An to A eÐnai kurtì uposÔnolo tou X, tìte to T (A) eÐnai kurtì uposÔnolo
tou Y .
(4) An to B eÐnai kurtì uposÔnolo tou Y , tìte to T−1(B) eÐnai kurtì uposÔnolo
tou X.

Apìdeixh: 'Askhsh.
L mma 1.6 'Estw grammikìc q¸roc X epÐ tou F . An to A eÐnai kurtì uposÔ-
nolo tou X, tìte gia k�je n ∈ N, k�je a1, . . . , an ∈ A kai k�je t1, . . . , tn ≥ 0
me t1 + · · ·+ tn = 1 isqÔei t1a1 + · · ·+ tnan ∈ A.

Apìdeixh: Me epagwg  wc prìc to n. 'Estw ìti to apotèlesma isqÔei gia n−1.An tn = 1, to apotèlesma eÐnai profanèc. An 0 ≤ tn < 1, tìte t1a1+· · ·+tnan =
(1− tn)

(
t1

1−tn
a1 + · · ·+ tn−1

1−tn
an−1

)
+ tnan ∈ A diìti t1

1−tn
+ · · ·+ tn−1

1−tn
= 1.

Orismìc 1.57 'Estw grammikìc q¸roc X epÐ tou F . An A ⊆ X, to sÔnolo
co(A) =

⋂
{B|to B ⊆ X eÐnai kurtì ⊇ A} onom�zetai kurt  j kh tou A.

Prìtash 1.64 'Estw grammikìc q¸roc X epÐ tou F kai A ⊆ X.
(1) To co(A) eÐnai to mikrìtero kurtì uposÔnolo tou X to opoÐo perièqei to A.
(2) co(A) = {t1a1 + · · ·+ tnan|n ∈ N, a1, . . . , an ∈ A, t1 ≥ 0, . . . , tn ≥ 0 kai t1 +
· · ·+ tn = 1}.

Apìdeixh: (1) Profanèc, b�sei thc Prìtashc 1.63(2).(2) ApodeiknÔoume ìti to sÔnolo B = {t1a1 + · · · + tnan|n ∈ N, a1, . . . , an ∈
A, t1 ≥ 0, . . . , tn ≥ 0 kai t1 + · · · + tn = 1} eÐnai kurtì kai perièqei to A kai,epomènwc co(A) ⊆ B. B�sei tou L mmatoc 1.6, k�je stoiqeÐo tou B an kei sek�je kurtì sÔnolo to opoÐo perièqei to A. 'Ara to B perièqetai se k�je kurtìsÔnolo to opoÐo perièqei to A kai, epomènwc, B ⊆ co(A).
1.3.9 EujÔ �jroisma

Orismìc 1.58 'Estw grammikoÐ q¸roi Y, Z epÐ tou F . OrÐzoume pr�xeic sto
Y × Z

(y1, z1) + (y2, z2) = (y1 + y2, z1 + z2) κ(y, z) = (κy, κz)

gia k�je (y1, z1), (y2, z2), (y, z) ∈ Y ×Z kai k�je κ ∈ F . To Y ×Z me tic pr�xeic
autèc sumbolÐzetai Y ⊕ Z kai onom�zetai eujÔ �jroisma twn Y, Z.

Prìtash 1.65 'Estw grammikoÐ q¸roi Y, Z epÐ tou F .
(1) O Y ⊕ Z eÐnai grammikìc q¸roc epÐ tou F .
(2) Up�rqoun grammikoÐ upìqwroi Y ′, Z ′ tou Y ⊕ Z isomorfikoÐ me touc Y, Z,
antistoÐqwc, ¸ste Y ′ + Z ′ = Y ⊕ Z kai Y ′ ∩ Z ′ = {(0, 0)}.

Apìdeixh: (1) 'Askhsh.(2) An Y ′ = {(y, 0)| y ∈ Y } kai Z ′ = {(0, z)| z ∈ Z}, tìte oi apeikonÐseic
y 7→ (y, 0) kai z 7→ (0, z) eÐnai isomorfismoÐ apì to Y sto Y ′ kai apì to Z sto
Z ′, antistoÐqwc.
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Prìtash 1.66 'Estw grammikoÐ q¸roi Y, Z epÐ tou F . Tìte dim(Y ⊕ Z) =
dim(Y ) + dim(Z).

Apìdeixh: An B eÐnai b�sh tou Y kai C eÐnai b�sh tou Z, tìte to sÔnolo
{(b, 0)|b ∈ B} ∪ {(0, c)|c ∈ C} apoteleÐ b�sh tou Y ⊕ Z. 'Ara dim(Y ⊕ Z) =
card(B) + card(C) = dim(Y ) + dim(Z).
Prìtash 1.67 'Estw grammikìc q¸roc X epÐ tou F kai grammikoÐ upìqwroi
Y, Z tou X ¸ste Y + Z = X kai Y ∩ Z = {0}. Tìte X ∼= Y ⊕ Z.

Apìdeixh: H apeikìnish T : Y ⊕ Z → X me tÔpo T (y, z) = y + z eÐnai isomor-fismìc tou Y ⊕ Z me ton X.
Prìtash 1.68 'Estw T ∈ L(X,Y ). Tìte X ∼= X/N(T )⊕N(T ).

Apìdeixh: dim(X) = dim(N(T ))+codim(N(T )) = dim(N(T ))+dim(X/N(T ))
= dim(X/N(T )⊕N(T )). 'Ara X ∼= X/N(T )⊕N(T ).
1.4 ParadeÐgmata grammik¸n q¸rwn
1.4.1 O q¸roc F n.

An x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Fn kai κ ∈ F , orÐzoume
x+ y = (x1 + y1, . . . , xn + yn) κx = (κx1, . . . , κxn).

EÐnai eÔkolo na doÔme ìti, me epilog  0 = (0, . . . , 0) kai −x = (−x1, . . . ,−xn)gia k�je x = (x1, . . . , xn), o Fn eÐnai grammikìc q¸roc epÐ tou F .An orÐsoume gia k�je j = 1, . . . , n to ej = (0, . . . , 0, 1, 0, . . . , 0) me ìlectic suntetagmènec Ðsec me 0 ektìc apì th suntetagmènh sth jèsh j h opoÐaeÐnai Ðsh me 1, tìte to sÔnolo {e1, . . . , en} apoteleÐ b�sh tou Fn. Epomènwc,
dim(Fn) = n.An pollaplasi�zoume ta stoiqeÐa tou Cn me pragmatikoÔc arijmoÔc, antÐgia migadikoÔc, dhlad  jewr soume san F to R, antÐ gia to C, tìte o Cn eÐnaigrammikìc q¸roc epÐ tou R kai h di�stas  tou eÐnai Ðsh me 2n. B�sh, t¸ra,apoteleÐ to sÔnolo {e1, . . . , en, f1, . . . , fn}, ìpou ta ej eÐnai ìpwc prohgoumènwckai fj = (0, . . . , 0, i, 0, . . . , 0) me ìlec tic suntetagmènec Ðsec me 0 ektìc apì thsuntetagmènh sth jèsh j h opoÐa eÐnai Ðsh me i, th fantastik  mon�da.
1.4.2 Q¸roi akolouji¸n.

OrÐzoume touc ex c q¸rouc akolouji¸n:
s = {(x1, x2, . . .)|xj ∈ F, j ∈ N}
c = {(x1, x2, . . .)|xj ∈ F, j ∈ N, kai h {xj} sugklÐnei}
c0 = {(x1, x2, . . .)|xj ∈ F, j ∈ N, kai xj → 0}
l∞ = {(x1, x2, . . .)|xj ∈ F, j ∈ N, kai {xj} eÐnai fragmènh akoloujÐa}
lp = {(x1, x2, . . .)|xj ∈ F, j ∈ N, kai ∞∑

j=1

|xj |p < +∞}, 1 ≤ p < +∞ .
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Oi pr�xeic stouc q¸rouc autoÔc orÐzontai kat� suntetagmènec, ìpwc ston
Fn. Dhlad , gia k�je x = (x1, x2, . . .), y = (y1, y2, . . .) kai k�je κ ∈ F orÐzoume

x+ y = (x1 + y1, x2 + y2, . . .) κx = (κx1, κx2, . . .).

EÔkola blèpoume ìti oi pr�xeic autèc orÐzontai stouc parap�nw q¸rouc,an skeftoÔme ìti, an oi akoloujÐec x, y sugklÐnoun   sugklÐnoun sto 0   eÐnaifragmènec, tìte kai oi akoloujÐec x+ y kai κx sugklÐnoun   sugklÐnoun sto 0  eÐnai fragmènec, antistoÐqwc. 'Oson afor� ston teleutaÐo q¸ro, kat' arq nparathroÔme ìti, an ∑∞
j=1 |xj |p < +∞, tìte kai
∞∑

j=1

|κxj |p = |κ|p
∞∑

j=1

|xj |p < +∞.

EpÐshc, an ∑∞
j=1 |xj |p < +∞ kai ∑∞

j=1 |yj |p < +∞, tìte
∞∑

j=1

|xj + yj |p ≤ 2p−1
∞∑

j=1

|xj |p + 2p−1
∞∑

j=1

|xj |p < +∞.

Aut� apodeiknÔoun ìti, an x, y ∈ lp kai κ ∈ F , tìte x+ y, κx ∈ lp.Gia thn teleutaÐa anisìthta qrhsimopoi same th stoiqei¸dh anisìthta
(a+ b)p ≤ 2p−1(ap + bp) gia k�je a, b ≥ 0 kai 1 ≤ p < +∞.

H anisìthta aut  apodeiknÔetai jewr¸ntac th sun�rthsh f : R+
0 → R me tÔpo

f(t) = 2p−1tp−(t+1)p +2p−1. Melet¸ntac thn par�gwgì thc blèpoume eÔkolaìti h f eÐnai fjÐnousa sto di�sthma [0, 1] kai aÔxousa sto [1,+∞). 'Ara f(t) ≥
f(1) = 0 gia k�je t ≥ 0. An a > 0, jètoume t = b

a kai, pollaplasi�zontackatìpin me ap, paÐrnoume thn epidiwkìmenh anisìthta. An a = 0, h arqik anisìthta eÐnai profan c.SumperaÐnoume, loipìn, ìti oi q¸roi autoÐ eÐnai grammikoÐ q¸roi epÐ tou F .To mhdenikì stoiqeÐo se ìlouc eÐnai to 0 = (0, 0, . . .) kai −x = (−x1,−x2, . . .)gia k�je x = (x1, x2, . . .).GnwrÐzontac ìti, an mÐa seir� sugklÐnei, tìte o genikìc ìroc thc sugklÐneisto 0 kai ìti k�je sugklÐnousa akoloujÐa eÐnai fragmènh, blèpoume ìti oi q¸roiautoÐ èqoun th di�taxh egkleismoÔ
lp ⊆ c0 ⊆ c ⊆ l∞ ⊆ s.

EpÐshc, mporoÔme na apodeÐxoume ìti
lp ⊆ lq , an 1 ≤ p < q < +∞ .

Autì apodeiknÔetai wc ex c. 'Estw x = (x1, x2, . . .) ∈ lp. Tìte ∑+∞
j=1 |xj |p <

+∞, opìte |xj | → 0. Epomènwc, up�rqei j0 ¸ste |xj | ≤ 1 gia k�je j ≥ j0.Tìte,
+∞∑
j=1

|xj |q =
j0−1∑
j=1

|xj |q +
+∞∑
j=j0

|xj |q ≤
j0−1∑
j=1

|xj |q +
+∞∑
j=j0

|xj |p < +∞.
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'Ara x ∈ lq.An gia k�je j ∈ N orÐsoume ej = (0, . . . , 0, 1, 0, . . .) me ìlec tic suntetagmè-nec Ðsec me 0 ektìc thc suntetagmènhc sth jèsh j pou eÐnai Ðsh me 1, tìte tosÔnolo {ej |j ∈ N} eÐnai grammik� anex�rthto uposÔnolo ìlwn twn q¸rwn all�
den par�gei kanènan apì autoÔc.
1.4.3 Q¸roi sunart sewn.

1. JewroÔme to q¸ro
FA = {f |f : A→ F}

gia tuqìn sÔnolo A. An f, g : A → F kai κ ∈ F orÐzoume f + g : A → Fme tÔpo (f + g)(a) = f(a) + g(a) gia k�je a ∈ A kai κf : A → F me tÔpo
(κf)(a) = κf(a) gia k�je a ∈ A.EÐnai profanèc ìti o q¸roc FA me autèc tic pr�xeic apoteleÐ grammikì q¸roepÐ tou F . To mhdenikì stoiqeÐo eÐnai h sun�rthsh 0 : A→ F me tÔpo 0(a) = 0gia k�je a ∈ A kai to antÐjeto stoiqeÐo tou f ∈ FA eÐnai h −f : A → F metÔpo (−f)(a) = −f(a) gia k�je a ∈ A.2. JewroÔme to q¸ro

B(A) = {f |f : A→ F kai h f eÐnai fragmènh sto A}
twn fragmènwn sunart sewn apì to A sto F . An oi f, g eÐnai fragmènec sto Akai κ ∈ F , tìte oi f+g, κf eÐnai fragmènec sto A. 'Ara o B(A) eÐnai grammikìcupìqwroc tou FA kai, epomènwc, eÐnai grammikìc q¸roc epÐ tou F .3. An upojèsoume ìti to sÔnolo A eÐnai topologikìc q¸roc kai jewr soume to
F efodiasmèno me th sunhjismènh eukleÐdia metrik  tou, orÐzoume to q¸ro

C(A) = {f |f : A→ F kai h f eÐnai suneq c sto A}
twn suneq¸n sunart sewn apì to A sto F . O C(A) eÐnai uposÔnolo tou FA

kai, epeid  to �jroisma suneq¸n sunart sewn eÐnai suneq c sun�rthsh kai toginìmeno arijmoÔ kai suneqoÔc sun�rthshc eÐnai suneq c sun�rthsh, sunep�-getai ìti o C(A) eÐnai grammikìc upìqwroc tou FA kai, epomènwc, grammikìcq¸roc epÐ tou F .4. An, p�li, to A eÐnai topologikìc q¸roc, orÐzoume
BC(A) = B(A) ∩ C(A)

to q¸ro twn fragmènwn suneq¸n sunart sewn apì to A sto F . Profan¸c, o
BC(A) eÐnai grammikìc upìqwroc twn B(A) kai C(A).5. 'Estw (Ω,Σ) ènac metr simoc q¸roc. Dhlad , èna mh kenì sÔnolo Ω kai mÐas-�lgebra Σ uposunìlwn tou Ω. OrÐzoume to
M(Ω) = M(Ω,Σ) = {f |f : Ω → F kai f eÐnai metr simh wc proc thn Σ}.

Epeid  to �jroisma metr simwn sunart sewn eÐnai metr simh sun�rthsh kaito ginìmeno arijmoÔ kai metr simhc sun�rthshc eÐnai metr simh sun�rthsh,
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sune-p�getai ìti o M(Ω) eÐnai grammikìc upìqwroc tou FΩ.6. 'Estw (Ω,Σ, µ) ènac q¸roc mètrou. Gia k�je p me 1 ≤ p < +∞ orÐzoume
Lp(Ω) = Lp(Ω,Σ, µ) = {f ∈M(Ω)|

∫
Ω

|f |pdµ < +∞}.

EpÐshc, orÐzoume
L∞(Ω) = L∞(Ω,Σ, µ) = {f ∈M(Ω)| |f(a)| ≤Mf gia µ-sqedìn k�je a ∈ Ω}.

An h f ∈M(Ω) èqei ìlec tic timèc thc sto R, tìte orÐzoume
ess.supΩf = inf{M ∈ R|f(a) ≤M gia µ-sqedìn k�je a ∈ Ω}

kai
ess.infΩf = sup{m ∈ R|m ≤ f(a) gia µ-sqedìn k�je a ∈ Ω},

opìte isqÔei ìti
ess.infΩf ≤ f(a) ≤ ess.supΩf

gia µ-sqedìn k�je a ∈ Ω.Oloklhr¸nontac thn anisìthta |f(a) + g(a)|p ≤ 2p−1|f(a)|p + 2p−1|g(a)|pblèpoume amèswc ìti, an f, g ∈ Lp(Ω), tìte∫
Ω

|f + g|p dµ ≤ 2p−1

∫
Ω

|f |p dµ+ 2p−1

∫
Ω

|g|p dµ < +∞

kai, epomènwc, f + g ∈ Lp(Ω). EpÐshc, an |f(a)| ≤Mf gia m-sqedìn k�je a kai
|g(a)| ≤ Mg gia m-sqedìn k�je a, tìte |f(a) + g(a)| ≤ Mf +Mg gia m-sqedìnk�je a. 'Ara, an f, g ∈ L∞(Ω), tìte f + g ∈ L∞(Ω).OmoÐwc, an f ∈ Lp(Ω) kai κ ∈ F , tìte∫

Ω

|κf |p dµ = |κ|p
∫

Ω

|f |p dµ < +∞,

opìte κf ∈ Lp(Ω). EpÐshc, an |f(a)| ≤Mf gia m-sqedìn k�je a, tìte |κf(a)| ≤
|κ|Mf gia m-sqedìn k�je a, opìte, an f ∈ L∞(Ω), tìte κf ∈ L∞(Ω).'Ara oi q¸roi Lp(Ω), me 1 ≤ p ≤ +∞, eÐnai grammikoÐ upìqwroi tou M(Ω).7. 'Estw U èna anoiktì uposÔnolo tou Rn kai f : U → F . K�je α =
(α1, . . . , αn) ∈ Nn

0 onom�zetai poludeÐkthc kai orÐzoume |α| = α1 + · · · + αnto m koc tou poludeÐkth α. Tìte, me Dαf(x) = ∂|α|f
∂xα (x) = ∂|α|f

∂x
α1
1 ···∂xαn

n
(x) sum-

bolÐzoume th (mikt ) par�gwgo thc f t�xhc |α| sto x, α1 forèc wc proc to
x1, . . . , αn forèc wc proc to xn.Gia k�je k ∈ N ∪ {+∞} orÐzoume
Ck(U) = {f |f : U → F, h f èqei k�je par�gwgo t�xhc ≤ k se k�je x ∈ U}.
EpÐshc, orÐzoume C0(U) = C(U).
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EÐnai profanèc ìti oi q¸roi Ck(U) eÐnai grammikoÐ q¸roi epÐ tou F kai
C∞(U) ⊆ Ck(U) ⊆ Cl(U) ⊆ C(U), gia k�je k, l ∈ N0 me k ≥ l.

8. 'Estw U anoiktì uposÔnolo tou C. OrÐzoume
H(U) = {f |f : U → C, h f eÐnai olìmorfh sto U}.

Epeid  to �jroisma olìmorfwn sunart sewn eÐnai olìmorfh sun�rthsh kaito ginìmeno arijmoÔ me olìmorfh sun�rthsh eÐnai olìmorfh sun�rthsh, sune-p�getai ìti o H(U) eÐnai grammikìc q¸roc epÐ tou C.
1.4.4 Q¸roi pragmatik¸n   migadik¸n mètrwn

1. 'Estw èna mh-kenì sÔnolo Ω kai Σ mÐa s-�lgebra uposunìlwn tou Ω. MÐasun�rthsh µ : Σ → F onom�zetai pragmatikì, an F = R,   migadikì, an
F = C, mètro wc proc thn Σ an µ(∅) = 0 kai µ(∪+∞

j=1Aj) =
∑+∞

j=1 µ(Aj) giak�je epilog  Aj ∈ Σ, j ∈ N, xènwn an� dÔo sunìlwn. (Sunep�getai, eidik¸tera,ìti h seir� sthn teleutaÐa isìthta sugklÐnei.)OrÐzoume
A(Ω) = A(Ω,Σ) = {µ|µ eÐnai pragmatikì   migadikì mètro wc proc thn Σ}.

EÐnai eÔkolo na apodeiqjeÐ ìti, an µ, ν ∈ A(Ω) kai κ ∈ F , tìte µ+ν ∈ A(Ω)kai κµ ∈ A(Ω). 'Ara o q¸roc A(Ω) eÐnai grammikìc upìqwroc tou FΣ kai,epomènwc, eÐnai grammikìc q¸roc epÐ tou F .An èna pragmatikì   migadikì mètro µ èqei thn idiìthta µ(A) ≥ 0 gia k�je
A ∈ Σ, tìte to µ onom�zetai mh-arnhtikì pragmatikì mètro kai eÐnaieidik  perÐptwsh mètrou, ìpwc majaÐnoume thn ènnoia aut  sta pr¸ta maj matajewrÐac mètrou (èna mètro mporeÐ na èqei wc tim  to +∞): èna mètro µ eÐnaimh-arnhtikì pragmatikì mètro an kai mìnon an µ(Ω) < +∞.2. Eidik  perÐptwsh eÐnai ìtan to Ω eÐnai topologikìc q¸roc kai h s-�lgebrapou jewroÔme eÐnai h s-�lgebra h opoÐa par�getai apì th sullog  twn anoikt¸nuposunìlwn tou Ω. Aut  h s-�lgebra sumbolÐzetai B = B(Ω) kai onom�zetai
s-�lgebra twn Borel-sunìlwn tou Ω. Dhlad 
B(Ω) =

⋂
{Σ|h Σ eÐnai s-�lgebra kai perièqei k�je anoiktì uposÔnolo tou Ω}.

To ìti h B(Ω) eÐnai s-�lgebra faÐnetai amèswc an jumhjoÔme ìti h tom  opoias-d pote sullog c s-algebr¸n eÐnai s-�lgebra. EpÐshc, eÐnai amèswc fanerì ìtih B(Ω) eÐnai h mikrìterh s-�lgebra sto Ω h opoÐa perièqei ìla ta anoikt� upo-sÔnola tou Ω. Epeid  eÐnai s-�lgebra, perièqei epÐshc ìla ta kleist� sÔnolakaj¸c kai ìlec tic arijm simec en¸seic kleist¸n kai tic arijm simec tomèc anoi-kt¸n sunìlwn. Ta stoiqeÐa thc B(Ω) onom�zontai Borel-sÔnola tou Ω. K�jepragmatikì   migadikì mètro sto Ω ¸c proc thn B(Ω) onom�zetai pragmatikì  migadikì Borel-mètro sto Ω.'Ena mètro µ sto Ω ¸c proc thn B(Ω) onom�zetai Borel-mètro sto Ω an
µ(K) < +∞ gia k�je sumpagèc K ⊆ Ω.
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1.5 Ask seic
1. 'Estw X grammikìc q¸roc epÐ tou F kai grammikoÐ upìqwroi Y, Z tou X.ApodeÐxte ìti Y + Z =< Y ∪ Z >.
2. 'Estw X grammikìc q¸roc epÐ tou F kai grammikoÐ upìqwroi Y,Z tou X.(1) ApodeÐxte ìti h apeikìnish Y +Z → Z/Y ∩Z me tÔpo x→ [z]Y ∩Z gia k�je
x = y + z ∈ Y + Z eÐnai kal¸c orismènh kai ìti eÐnai grammikìc telest c.(2) ApodeÐxte ìti Y + Z/Y ∼= Z/Y ∩ Z.
3. 'Estw X,Z grammikoÐ q¸roi epÐ tou F , grammikìc upìqwroc Y tou X kai
T ∈ L(Y, Z). ApodeÐxte ìti up�rqei S ∈ L(X,Z) o opoÐoc eÐnai epèktash tou T .
4. 'Estw X grammikìc q¸roc epÐ tou F kai x ∈ X. An x′(x) = 0 gia k�je
x′ ∈ X ′, apodeÐxte ìti x = 0.
5. 'Estw X grammikìc q¸roc epÐ tou F kai grammikìc upìqwroc Y tou X me
Y 6= X. ApodeÐxte ìti up�rqei grammikìc upìqwroc Z tou X ¸ste Y + Z = Xkai Y ∩ Z = ∅.
6. 'Estw X grammikìc q¸roc epÐ tou F me dim(X) = n ∈ N kai b�sh
B = {e1, . . . , en} tou X.(1) ApodeÐxte ìti k�je x ∈ X gr�fetai me monadikì trìpo wc x = κ1e1 + · · ·+
κnen me κ1, . . . , κn ∈ F .(2) Gia k�je j = 1, . . . , n orÐzoume e′j : X → F me tÔpo e′j(x) = κj gia k�je
x ∈ X, ìpou ta κj kajorÐzontai apì to (1). ApodeÐxte ìti e′j ∈ X ′ kai ìti to
B′ = {e′1, . . . , e′n} eÐnai b�sh tou X ′.
Orismìc:'Estw X grammikìc q¸roc epÐ tou F me dim(X) = n ∈ N kai
B = {e1, . . . , en} b�sh tou X. H b�sh B′ tou X ′ pou orÐzetai sthn proh-
goÔmenh �skhsh onom�zetai b�sh duik  thc B.

7. 'Estw X grammikìc q¸roc epÐ tou F . Gia k�je x ∈ X orÐzoume Jx : X ′ → Fme tÔpo Jx(x′) = x′(x) gia k�je x′ ∈ X ′.(1) ApodeÐxte ìti Jx ∈ X ′′.(2) ApodeÐxte ìti h J : X → X ′′ eÐnai 1-1 grammikìc telest c apì ton X ston
X ′′.
Orismìc: 'Estw X grammikìc q¸roc epÐ tou F . O X onom�zetai algebrik�
autopaj c an h apeikìnish J thc prohgoÔmenhc �skhshc eÐnai epÐ, opìte, eidi-
k¸tera, X ∼= X ′′.

8. 'Estw X grammikìc q¸roc epÐ tou F me dim(X) = n ∈ N kai b�sh
B = {e1, . . . , en} tou X.(1) An B′ eÐnai h b�sh tou X ′ h duik  thc B kai B′′ eÐnai h b�sh tou X ′′ h duik thc B′, apodeÐxte ìti B′′ = {Je1, . . . , Jen}.(2) ApodeÐxte ìti o X eÐnai algebrik� autopaj c.
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9. 'Estw X grammikìc q¸roc epÐ tou F me �peirh di�stash. ApodeÐxte ìti o Xden eÐnai algebrik� autopaj c.
Orismìc: 'Estw X grammikìc q¸roc epÐ tou F .
(i). An A ⊆ X, orÐzoume A⊥ = {x′ ∈ X ′|x′(a) = 0 gia k�je a ∈ A}.
(ii). An B ⊆ X ′, orÐzoume ⊥B = {x ∈ X|b′(x) = 0 gia k�je b′ ∈ B}.

10. 'Estw X grammikìc q¸roc epÐ tou F kai x′, x′1, . . . , x′n ∈ X ′. ApodeÐxte ìti
N(x′1) ∩ · · · ∩ N(x′n) ⊆ N(x′) an kai mìnon an up�rqoun κ1, . . . , κn ∈ F ¸ste
x′ = κ1x

′
1 + · · ·+ κnx

′
n.

11. 'Estw X grammikìc q¸roc epÐ tou F .(1) ApodeÐxte ìti X⊥ = {0}, ⊥(X ′) = {0}, {0}⊥ = X ′, ⊥{0} = X.(2) Gia k�je A ⊆ X kai gia k�je B ⊆ X ′, apodeÐxte ìti to A⊥ eÐnai grammikìcupìqwroc tou X ′ kai to ⊥B eÐnai grammikìc upìqwroc tou X.(3) ApodeÐxte ìti, an A1 ⊆ A2 ⊆ X, tìte A⊥2 ⊆ A⊥1 kai ìti, an B1 ⊆ B2 ⊆ X ′,tìte ⊥B2 ⊆ ⊥B1.(4) Gia k�je A ⊆ X kai gia k�je B ⊆ X ′, apodeÐxte ìti < A >= ⊥(A⊥) kai
< B >⊆ (⊥B)⊥.
12. 'Estw X grammikìc q¸roc epÐ tou F kai grammikìc upìqwroc Y tou X.(1) Gia k�je x′ ∈ Y ⊥ apodeÐxte ìti h sun�rthsh Px′ : X/Y → F me tÔpo
Px′([x]Y ) = x′(x) eÐnai kal¸c orismènh kai ìti Px′ ∈ (X/Y )′.(2) ApodeÐxte ìti (X/Y )′ ∼= Y ⊥,(3) Gia k�je x′ ∈ X ′ jewreÐste thn Qx′ : Y → F na eÐnai o periorismìc tou x′ston Y , opìte Qx′ ∈ Y ′.(4) ApodeÐxte ìti X ′/Y ⊥ ∼= Y ′.
13. 'Estw X,Y grammikoÐ q¸roi epÐ tou F kai T ∈ L(X,Y ). JewreÐste giak�je y′ ∈ Y ′ sun�rthsh T ty′ : X → F me tÔpo T ty′(x) = y′(Tx) gia k�je
x ∈ X.(1) ApodeÐxte ìti T ty′ ∈ X ′.(2) ApodeÐxte ìti h sun�rthsh T t : Y ′ → X ′ eÐnai grammikìc telest c apì ton
Y ′ ston X ′.(3) ApodeÐxte ìti R(T )⊥ = N(T t), R(T ) = ⊥N(T t) kai ìti o T eÐnai epÐ an kaimìnon an o T t eÐnai 1-1.(4) ApodeÐxte ìti N(T ) = ⊥R(T t), N(T )⊥ = R(T t) kai ìti o T eÐnai 1-1 an kaimìnon an o T t eÐnai epÐ.
14. 'Estw X grammikìc q¸roc epÐ tou F kai grammikìc upìqwroc Y tou Xsundi�stashc 1.(1) An L,M eÐnai opoiad pote uperepÐpeda par�llhla me ton Y , apodeÐxte ìtiup�rqei metafor� h opoÐa apeikonÐzei to L epÐ tou M .(2) An L,M eÐnai opoiad pote uperepÐpeda par�llhla me ton Y kai diaforetik�apì ton Y , apodeÐxte ìti up�rqei omoiojesÐa h opoÐa apeikonÐzei to L epÐ tou
M .
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Kef�laio 2

To Je¸rhma Hahn-Banach

2.1 H analutik  morf 
Orismìc 2.1 'Estw grammikìc q¸roc X epÐ tou F . MÐa sun�rthsh p : X → R
onom�zetai jetik�-omogenèc kai upoprosjetikì sunarthsoeidèc an
(i) p(tx) = tp(x) gia k�je x ∈ X kai t ≥ 0,
(ii) p(x+ y) ≤ p(x) + p(y) gia k�je x, y ∈ X.

Orismìc 2.2 'Estw grammikìc q¸roc X epÐ tou F . MÐa sun�rthsh p : X → R
onom�zetai hminìrma an
(i) p(κx) = |κ|p(x) gia k�je x ∈ X kai κ ∈ F ,
(ii) p(x+ y) ≤ p(x) + p(y) gia k�je x, y ∈ X.

K�je hminìrma eÐnai jetik�-omogenèc kai upoprosjetikì sunarthsoeidèc.
L mma 2.1 (1) An to p eÐnai jetik�-omogenèc kai upoprosjetikì sunarthsoei-
dèc ston X, tìte p(0) = 0, −p(−x) ≤ p(x) gia k�je x ∈ X kai p(x) − p(y) ≤
p(x− y) ≤ p(x) + p(−y) gia k�je x, y ∈ X.
(2) An to p eÐnai hminìrma ston X, tìte p(0) = 0, p(−x) = p(x) gia k�je x ∈ X
kai |p(x) − p(y)| ≤ p(x − y) gia k�je x, y ∈ X. Eidik¸tera, p(x) ≥ 0 gia k�je
x ∈ X.

Apìdeixh: 'Askhsh.
Je¸rhma 2.1 (Hahn-Banach) 'Estw grammikìc q¸roc X epÐ tou R kai

jetik�-omogenèc kai upoprosjetikì sunarthsoeidèc p ston X, gram-

mikìc upìqwroc Y tou X kai grammikì sunarthsoeidèc f ∈ Y ′. An

upojèsoume ìti f(y) ≤ p(y) gia k�je y ∈ Y , tìte up�rqei grammikì

sunarthsoeidèc F ∈ X ′ ¸ste

(1) F (y) = f(y) gia k�je y ∈ Y ,
(2) F (x) ≤ p(x) gia k�je x ∈ X.

49
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Me �llh diatÔpwsh: An èna f , R-grammikì sunarthsoeidèc se grammikì upì-
qwro, kuriarqeÐtai ston upìqwro autìn apì èna jetik�-omogenèc kai upopro-
sjetikì sunarthsoeidèc p, tìte up�rqei epèktash F tou f se R-grammikì sunar-
thsoeidèc se olìklhro to q¸ro to opoÐo kuriarqeÐtai se olìklhro to q¸ro apì
to p.

Apìdeixh: JewroÔme to sÔnolo F tou opoÐou stoiqeÐa eÐnai k�je g me tic idiìth-tec:
(i) to g : D(g) → R eÐnai grammikì sunarthsoeidèc se tuqìnta grammikì upì-qwro D(g) tou X,
(ii) to g eÐnai epèktash tou f , dhlad  Y = D(f) ⊆ D(g) kai g(y) = f(y) giak�je y ∈ Y ,
(iii) g(z) ≤ p(z) gia k�je z ∈ D(g).To F den eÐnai kenì diìti to f eÐnai stoiqeÐo tou kai sto F eis�goume thdi�taxh ≺ h opoÐa orÐzetai wc ex c: g1 ≺ g2 shmaÐnei ìti to g2 eÐnai epèktashtou g1.'Estw tuqìn olik� diatetagmèno G ⊆ F . JewroÔme to Z =

⋃
{D(g) |g ∈ G},uposÔnolo tou X pou perièqei to Y = D(f). An z1, z2 ∈ Z, tìte up�rqoun

g1, g2 ∈ G ¸ste z1 ∈ D(g1) kai z2 ∈ D(g2). Epeid  k�poia apì tic g1, g2, èstw h
g2, eÐnai epèktash thc �llhc, sunep�getai ìti z1, z2 ∈ D(g2) kai epeid  o D(g2)eÐnai grammikìc upìqwroc, z1 + z2 ∈ D(g2), opìte z1 + z2 ∈ Z. EpÐshc, an
z ∈ Z, tìte up�rqei g ∈ G ¸ste z ∈ D(g), opìte, gia k�je κ ∈ R, κz ∈ D(g)kai, epomènwc, κz ∈ Z. 'Ara o Z eÐnai grammikìc upìqwroc tou X. Katìpin,paÐrnoume tuqìn z ∈ Z, opìte z ∈ D(g) gia k�poia g ∈ G. An up�rqei k�poiaakìmh g′ ∈ G me z ∈ D(g′), epeid  mÐa apì tic g, g′ eÐnai epèktash thc �llhc,sunep�getai ìti g(z) = g′(z). 'Ara mporoÔme na orÐsoume sun�rthsh g0 : Z → Rme tÔpo g0(z) = g(z), ìpou g eÐnai opoiod pote stoiqeÐo tou G me z ∈ D(g).EÐdame lÐgo prin ìti, an z1, z2 ∈ Z, tìte up�rqei g ∈ G ¸ste z1, z2 ∈ D(g) kai,epomènwc, g0(z1 + z2) = g(z1 + z2) = g(z1) + g(z2) = g0(z1) + g0(z2). OmoÐwc,apodeiknÔoume ìti g0(κz) = κg0(z) gia k�je z ∈ Z kai k�je κ ∈ R. 'Ara to g0eÐnai grammikì sunarthsoeidèc tou Z. EÐnai profanèc ìti to g0 eÐnai epèktashtou f kai ìti g0(z) ≤ p(z) gia k�je z ∈ Z. 'Ara g0 ∈ G. EpÐshc, eÐnai profanècìti to g0 eÐnai epèktash ìlwn twn g ∈ G kai, epomènwc, eÐnai �nw-fr�gma tou G.Apì to L mma tou Zorn sunep�getai ìti to F èqei toul�qiston èna maximalstoiqeÐo. Dhlad , up�rqei F me tic idiìthtec (i), (ii) kai (iii) kai den up�rqeikanèna �llo g to opoÐo na èqei tic Ðdiec idiìthtec kai na eÐnai gn sia epèktashtou F .ArkeÐ na apodeÐxoume ìti D(F ) = X.'Estw D(F ) 6= X kai tuqìn x0 ∈ X \D(F ). JewroÔme to grammikì upìqwro
Z = {a+ κx0|a ∈ D(F ), κ ∈ R} tou opoÐou o D(F ) eÐnai gn sioc upìqwroc kaija orÐsoume grammikì sunarthsoeidèc g : Z → R ¸ste g(a) = F (a) gia k�je
a ∈ D(F ) kai g(z) ≤ p(z) gia k�je z ∈ Z. Tìte to g ja eÐnai gn sia epèktashtou F me tic idiìthtec (i), (ii) kai (iii) kai ja prokÔyei antÐfash.An to g eÐnai grammikì sunarthsoeidèc ston Z me g(x0) = κ0 kai g(a) = F (a)gia k�je a ∈ D(F ), tìte g(a+κx0) = g(a)+κg(x0) = F (a)+κκ0. Antistrìfwc,an p�roume tuqìn κ0 ∈ R kai orÐsoume g : Z → R me tÔpo g(a + κx0) =
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F (a) + κκ0, tìte eÐnai eÔkolo na doÔme ìti to g eÐnai grammikì sunarthsoeidècston Z kai g(a) = F (a) gia k�je a ∈ D(F ). Apomènei na epilèxoume to κ0 ¸stena isqÔei g(a+ κx0) ≤ p(a+ κx0) gia k�je a ∈ D(F ), κ ∈ R. Autì isodunameÐme F (a) + κκ0 ≤ p(a+ κx0) gia k�je a ∈ D(F ), κ ∈ R.An κ = 0, paÐrnoume F (a) ≤ p(a) gia k�je a ∈ D(F ) to opoÐo isqÔei.An κ > 0, prèpei na isqÔei κ0 ≤ 1

κp(a + κx0) − 1
κF (a) = p( a

κ + x0) − F ( a
κ )gia k�je a ∈ D(F ), κ > 0. Autì isodunameÐ me κ0 ≤ p(b+ x0)− F (b) gia k�je

b ∈ D(F ).An κ < 0, prèpei na isqÔei κ0 ≥ 1
κp(a+κx0)− 1

κF (a) = −p( a
|κ|−x0)+F ( a

|κ| )gia k�je a ∈ D(F ), κ < 0. Autì isodunameÐ me κ0 ≥ −p(b−x0)+F (b) gia k�je
b ∈ D(F ).'Ara prèpei to κ0 na epilegeÐ ¸ste −p(b−x0)+F (b) ≤ κ0 ≤ p(b+x0)−F (b)gia k�je b ∈ D(F ).An apodeÐxoume ìti −p(b1 − x0) + F (b1) ≤ p(b2 + x0) − F (b2) gia k�je
b1, b2 ∈ D(F ), tìte sup{−p(b1 − x0) + F (b1)|b1 ∈ D(F )} ≤ inf{p(b2 + x0) −
F (b2)|b2 ∈ D(F )}, opìte mporoÔme na epilèxoume to κ0 wc opoiond pote arijmìan�mesa se aut� ta sup kai inf.'Omwc, to ìti −p(b1−x0)+F (b1) ≤ p(b2+x0)−F (b2) gia k�je b1, b2 ∈ D(F )isodunameÐ me F (b1) + F (b2) ≤ p(b1 − x0) + p(b2 + x0) gia k�je b1, b2 ∈ D(F ).All� to teleutaÐo isqÔei diìti F (b1) + F (b2) = F (b1 + b2) ≤ p(b1 + b2) =
p(b1 − x0 + b2 + x0) ≤ p(b1 − x0) + p(b2 + x0).
L mma 2.2 'Estw grammikìc q¸roc X epÐ tou C.
(1) Gia k�je C-grammikì sunarthsoeidèc f : X → C to pragmatikì tou mèroc
<(f) : X → R eÐnai R-grammikì sunarthsoeidèc kai f(x) = <(f)(x)−i<(f)(ix)
gia k�je x ∈ X.
(2) Gia k�je R-grammikì sunarthsoeidèc hR : X → C, up�rqei monadikì C-
grammikì sunarthsoeidèc f : X → C ¸ste na isqÔei <(f) = hR ston X.

Apìdeixh: (1) Exis¸nontac pragmatik� mèrh stic f(x1 + x2) = f(x1) + f(x2)kai f(κx) = κf(x) me κ ∈ R, sumperaÐnoume ìti to <(f) eÐnai R-grammikìsunarthsoeidèc.Apì thn f(x) = <(f)(x)+i=(f)(x) paÐrnoume i<(f)(x)−=(f)(x) = if(x) =
f(ix) = <(f)(ix) + i=(f)(ix), opìte =(f)(x) = −<(f)(ix). 'Ara f(x) =
<(f)(x)− i<(f)(ix) gia k�je x ∈ X.(2) OrÐzoume f : X → C me tÔpo f(x) = hR(x) − ihR(ix) gia k�je x ∈ X.Gia k�je x, y ∈ X èqoume f(x + y) = hR(x + y) − ihR(ix + iy) = hR(x) +
hR(y) − ihR(ix) − ihR(iy) = f(x) + f(y). EpÐshc, an κ = µ + iν ∈ C, tì-te f(κx) = f(µx + iνx) = f(µx) + f(iνx) = hR(µx) − ihR(iµx) + hR(iνx) −
ihR(−νx) = µhR(x)−iµhR(ix)+νhR(ix)+iνhR(x) = µf(x)+iνf(x) = κf(x).'Ara to f eÐnai C-grammikì sunarthsoeidèc kai, profan¸c, <(f) = hR.An <(f1) = <(f2) gia dÔo C-grammik� sunarthsoeid  f1, f2, tìte f1(x) =
<(f1)(x) − i<(f1)(ix) = <(f2)(x) − i<(f2)(ix) = f2(x) gia k�je x ∈ X, opìte
f1 = f2.
Je¸rhma 2.2 (Bohnenblust-Sobczyk) 'Estw grammikìc q¸roc X epÐ

tou C, hminìrma p ston X, grammikìc upìqwroc Y tou X kai gram-
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mikì sunarthsoeidèc f ∈ Y ′. An upojèsoume ìti |f(y)| ≤ p(y) gia k�-

je y ∈ Y , tìte up�rqei grammikì sunarthsoeidèc F ∈ X ′ ¸ste

(1) F (y) = f(y) gia k�je y ∈ Y ,
(2) |F (x)| ≤ p(x) gia k�je x ∈ X.

'Askhsh: O X mporeÐ na jewrhjeÐ grammikìc q¸roc kai epÐ tou R. SÔmfwname to L mma 2.2, to <(f) : Y → R eÐnai R-grammikì sunarthsoeidèc tou Y kai
f(y) = <(f)(y)− i<(f)(iy) gia k�je y ∈ Y .EpÐshc, blèpoume ìti <(f)(y) ≤ p(y) gia k�je y ∈ Y .Efarmìzontac to prohgoÔmeno je¸rhma, blèpoume ìti up�rqei R-grammikìsunarthsoeidèc g : X → R ¸ste g(y) = <(f)(y) gia k�je y ∈ Y kai g(x) ≤ p(x)gia k�je x ∈ X.SÔmfwna, p�li, me to L mma 2.2, up�rqei C-grammikì sunarthsoeidèc F :
X → C ¸ste <(F ) = g kai gia k�je y ∈ Y isqÔei ìti F (y) = g(y) − ig(iy) =
<(f)(y)− i<(f)(iy) = f(y), opìte to F eÐnai epèktash tou f .Tèloc, gia k�je x ∈ X jewroÔme κ ∈ C me |κ| = 1 ¸ste |F (x)| = κF (x).Opìte èqoume |F (x)| = F (κx) = <(F )(κx) = g(κx) ≤ p(κx) = |κ|p(x) = p(x)gia k�je x ∈ X.

2.2 H gewmetrik  morf 
Orismìc 2.3 'Estw grammikìc q¸roc X epÐ tou F kai A kurtì uposÔnolo tou
X me 0 ∈ A.
(1) Lème ìti to A aporrof� ton X an gia k�je x ∈ X up�rqei r > 0 ¸ste
x ∈ rA (, opìte [0, x] ⊆ rA, afoÔ to A eÐnai kurtì).
(2) Lème ìti to A eÐnai isorrophmèno an κa ∈ A gia k�je a ∈ A kai κ ∈ F me
|κ| ≤ 1.

An to kurtì A pou perièqei to 0 aporrof� ton X kai x ∈ X kai p�roumeopoiod pote r > 0 ¸ste na isqÔei x ∈ rA, tìte x ∈ sA gia k�je s > r.Pr�gmati, epeid  [0, x] ⊆ rA, to shmeÐo r
s x an kei sto rA, opìte x ∈ s

r rA = sA.ParathroÔme, loipìn, ìti to sÔnolo {r > 0|x ∈ rA} eÐnai hmieujeÐa tou R+.
Orismìc 2.4 'Estw grammikìc q¸roc X epÐ tou F kai A kurtì uposÔnolo tou
X me 0 ∈ A to opoÐo aporrof� tonX. OrÐzoume to sunarthsoeidèc-Minkowski
tou A, pA : X → R+

0 , me tÔpo

pA(x) = inf{r > 0|x ∈ rA}

gia k�je x ∈ X.

SÔmfwna me thn parat rhsh prin apì ton orismì, x ∈ rA gia k�je r > pA(x).EpÐshc, eÐnai profanèc ìti, an 0 < r < pA(x), tìte x /∈ rA.
Prìtash 2.1 'Estw grammikìc q¸roc X epÐ tou F kai A kurtì uposÔnolo tou
X me 0 ∈ A to opoÐo aporrof� ton X. An pA eÐnai to sunarthsoeidèc-Minkowski
tou A, tìte
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(1) to pA eÐnai jetik�-omogenèc kai upoprosjetikì,
(2) an to A eÐnai kai isorrophmèno, to pA eÐnai hminìrma,
(3) {x ∈ X|pA(x) < 1} ⊆ A ⊆ {x ∈ X|pA(x) ≤ 1}.

Apìdeixh: (1) An t > 0, pA(tx) = inf{r > 0|tx ∈ rA} = inf{r > 0|x ∈ r
t A} =

inf{ts > 0|x ∈ sA} = t inf{s > 0|x ∈ sA} = tpA(x).An x ∈ rA kai y ∈ sA gia opoiad pote r, s > 0, tìte, epeid  to A eÐnaikurtì, 1
r+s (x+y) = r

r+s
1
r x+ s

r+s
1
s y ∈ A. 'Ara x+y ∈ (r+s)A kai, epomènwc,

pA(x + y) ≤ r + s. Autì isqÔei gia k�je r > pA(x) kai k�je s > pA(y), opìte
pA(x+ y) ≤ pA(x) + pA(y).
(2) An κ 6= 0, pA(κx) = inf{r > 0|κx ∈ rA} = inf{r > 0| κ

|κ|
|κ|
r x ∈ A} =

inf{r > 0| |κ|r x ∈ A} = inf{r > 0|x ∈ r
|κ| A} = |κ| inf{s > 0|x ∈ sA} = |κ|pA(x).

(3) An pA(x) < 1, tìte x ∈ 1A = A. An x ∈ A = 1A, tìte pA(x) ≤ 1.
H epìmenh prìtash eÐnai sthn antÐstrofh kateÔjunsh.

Prìtash 2.2 'Estw grammikìc q¸roc X epÐ tou F kai p : X → R èna jetik�-
omogenèc kai upoprosjetikì sunarthsoeidèc.
(1) Ta sÔnola B = {x ∈ X|p(x) < 1} kai C = {x ∈ X|p(x) ≤ 1} eÐnai kurt�,
perièqoun to 0, kai aporrofoÔn ton X.
(2) An to p eÐnai hminìrma, ta B,C eÐnai kai isorrophmèna.
(3) Gia k�je kurtì sÔnolo A me B ⊆ A ⊆ C, isqÔei ìti pA = max(p, 0).
Eidik¸tera, an to p eÐnai hminìrma, tìte pA = p.

Apìdeixh: (1) An x, y ∈ B kai 0 ≤ t ≤ 1, p(tx+(1− t)y) ≤ p(tx)+p((1− t)y) =
tp(x) + (1 − t)p(y) < t + (1 − t) = 1, opìte tx + (1 − t)y ∈ B kai to B eÐnaikurtì. OmoÐwc apodeiknÔetai ìti to C eÐnai kurtì. 0 ∈ B diìti p(0) = 0.'Estw x ∈ X. PaÐrnontac opoiod pote r > max(p(x), 0), èqoume p( 1

r x) =
1
r p(x) < 1. Epomènwc, 1

r x ∈ B   x ∈ rB. 'Ara to B kai, epomènwc, to CaporrofoÔn ton X.(2) 'Askhsh.(3) To A aporrof� ton X, afoÔ to B aporrof� ton X. Apì thn prohgoÔmenhprìtash èqoume {x ∈ X|pA(x) < 1} ⊆ A ⊆ {x ∈ X|pA(x) ≤ 1} kai, epomènwc,
p(x) ≤ 1 gia k�je x me pA(x) < 1 kai pA(x) ≤ 1 gia k�je x me p(x) < 1.Gia k�je λ > max(p(x), 0), p( 1

λ x) < 1, opìte pA( 1
λ x) ≤ 1 kai, epomènwc,

pA(x) ≤ λ. 'Ara pA(x) ≤ max(p(x), 0). OmoÐwc, gia k�je λ > pA(x)(≥ 0),
pA( 1

λ x) < 1, opìte p( 1
λ x) ≤ 1 kai, epomènwc, p(x) ≤ λ. 'Ara p(x) ≤ pA(x).Apì aut� sunep�getai ìti pA(x) = max(p(x), 0) gia k�je x ∈ X.

Orismìc 2.5 'Estw grammikìc q¸roc X epÐ tou F , kurtì A ⊆ X kai a ∈ A.
Lème ìti to A aporrof� ton X me kèntro to a an to (kurtì) A− a aporrof�
ton X.

H idiìthta aut  mènei amet�blhth apì metaforèc kai omoiojesÐec. Dhlad ,an to A aporrof� ton X me kèntro to a ∈ A, tìte gia k�je b ∈ X kai k�je
κ ∈ F to A+ b aporrof� ton X me kèntro to a+ b kai to κA aporrof� ton Xme kèntro to κa.
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Je¸rhma 2.3 'Estw grammikìc q¸roc X epÐ tou R kai kurtì A ⊆ X
to opoÐo aporrof� ton X me kèntro k�je shmeÐo tou. An b /∈ A, tì-

te up�rqei uperepÐpedo tou X to opoÐo perièqei to b ¸ste to A na

perièqetai se ènan apì touc dÔo anoiktoÔc hmiq¸rouc pou orÐzontai

apì to uperepÐpedo autì. IsodÔnama, to A eÐnai Ðso me thn tom 

ìlwn twn anoikt¸n hmiq¸rwn pou to perièqoun.

Apìdeixh: Upojètoume, kat' arq n, ìti to A perièqei to 0 opìte orÐzetai tosunarthsoeidèc-Minkowski , pA, tou A. Apì thn Prìtash 2.1, pA(a) ≤ 1 giak�je a ∈ A. An p�roume tuqìn a ∈ A, epeid  to A−a aporrof� ton X, up�rqei
r > 0 ¸ste a ∈ r(A− a), opìte 1+r

r a ∈ A. Tìte pA( 1+r
r a) ≤ 1 kai, epomènwc,

pA(a) ≤ r
1+r < 1. ApodeÐxame, loipìn, ìti pA(a) < 1 gia k�je a ∈ A.JewroÔme to grammikì upìqwro Y = {κb|κ ∈ R} tou X kai orÐzoume togrammikì sunarthsoeidèc f : Y → R me tÔpo f(κb) = κ gia k�je κ ∈ R.An κ ≤ 0, tìte f(κb) = κ ≤ 0 ≤ pA(κb). An κ > 0, tìte f(κb) = κ ≤

κpA(b) = pA(κb), afoÔ b /∈ A. 'Ara f(y) ≤ pA(y) gia k�je y ∈ Y .SÔmfwna me to Je¸rhma 2.1, up�rqei grammikì sunarthsoeidèc F : X → Rto opoÐo eÐnai epèktash tou f ¸ste F (x) ≤ pA(x) gia k�je x ∈ X. Tìte,
F (b) = f(b) = 1 kai F (a) ≤ pA(a) < 1 gia k�je a ∈ A. To uperepÐpedo
L = {x ∈ X|F (x) = 1} perièqei to b kai to A perièqetai ston anoiktì hmiq¸ro
{x ∈ X|F (x) < 1}.An to A den perièqei to 0, jewroÔme tuqìn a0 ∈ A kai to kurtì A0 = A−a0to opoÐo perièqei to 0. Profan¸c, to A0 aporrof� ton X me kèntro k�je shmeÐotou kai to b0 = b − a0 den an kei sto A0. Me b�sh ìsa apodeÐxame, up�rqeiuperepÐpedo L0 to opoÐo perièqei to b0 ¸ste to A0 na perièqetai se ènan apìtouc dÔo anoiktoÔc hmiq¸rouc tou L0. Tìte to b perièqetai sto uperepÐpedo
L = L+ a0 kai to A perièqetai se ènan apì touc dÔo hmiq¸rouc tou L.
Je¸rhma 2.4 'Estw grammikìc q¸roc X epÐ tou R kai kurtì A ⊆ X
to opoÐo aporrof� ton X me kèntro k�poio shmeÐo tou. Gia k�je

b /∈ A up�rqei uperepÐpedo tou X to opoÐo perièqei to b ¸ste to A
na perièqetai se ènan apì touc dÔo kleistoÔc hmiq¸rouc pou orÐzo-

ntai apì to uperepÐpedo autì. IsodÔnama, to A isoÔtai me thn to-

m  ìlwn twn kleist¸n hmiq¸rwn pou to perièqoun.

Apìdeixh: Epanalamb�noume thn apìdeixh tou prohgoÔmenou jewr matoc, qwrÐcna qreiasteÐ na apodeÐxoume ìti pA(a) < 1 gia k�je a ∈ A. ArkeÐ to ìti
pA(a) ≤ 1 gia k�je a ∈ A. Kat' arq n ja upojèsoume ìti to A aporrof� ton Xme kentro to 0 kai, katìpin, an den isqÔei autì, ja jewr soume to A0 = A− a0an to A aporrof� ton X me kèntro to a0 ∈ A.
Je¸rhma 2.5 'Estw grammikìc q¸roc X epÐ tou R, kurt� A,B ⊆ X
xèna metaxÔ touc kai èstw ìti to A aporrof� ton X me kèntro k�-

poio (  k�je) shmeÐo tou. Tìte up�rqei uperepÐpedo tou X ¸ste to

A na perièqetai se ènan apì touc dÔo kleistoÔc (antistoÐqwc, a-

noiktoÔc) hmiq¸rouc pou orÐzontai apì to uperepÐpedo autì kai to

B na perièqetai ston �llo kleistì hmiq¸ro.
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Apìdeixh: JewroÔme to C = A − B. To C eÐnai kurtì kai den perièqei to 0.EpÐshc, eÐnai eÔkolo na apodeÐxoume ìti to C aporrof� ton X me kèntro k�poio(  k�je) shmeÐo tou. Pr�gmati, an to A aporrof� ton X me kèntro to a0 ∈ Akai an b0 ∈ B, tìte, profan¸c, to A− b0 aporrof� ton X me kèntro to a0− b0.Epomènwc kai to A−B, pou perièqei to A− b0, aporrof� ton X me kèntro to
a0 − b0.B�sei twn dÔo prohgoumènwn jewrhm�twn, up�rqei uperepÐpedo to opoÐoperièqei to 0 (dhlad  grammikìc upìqwroc sundi�stashc 1) ¸ste to C na pe-rièqetai se ènan apì touc dÔo kleistoÔc (antistoÐqwc, anoiktoÔc) hmiq¸rouctou uperepipèdou. Dhlad , up�rqei (mh-mhdenikì) grammikì sunarthsoeidèc
f : X → R ¸ste f(c) ≤ 0 (antistoÐqwc, f(c) < 0) gia k�je c ∈ C. IsodÔ-nama, f(a − b) ≤ 0, dhlad  f(a) ≤ f(b), (antistoÐqwc, f(a) < f(b)) gia k�je
a ∈ A kai b ∈ B. Tìte sup{f(a)|a ∈ A} ≤ inf{f(b)|b ∈ B}, opìte, an p�roumeopoiod pote κ ∈ R an�mesa sto sup kai sto inf, tìte A ⊆ {x ∈ X|f(x) ≤ κ}kai B ⊆ {x ∈ X|f(x) ≥ κ}.EÐnai eÔkolo na doÔme ìti an to A aporrof� ton X me kèntro to a, tìte
f(a) < κ. Pr�gmati, upojètoume ìti f(a) = κ kai paÐrnoume èna c ∈ X me
f(c) > κ. Tìte, gia k�je t > 0 èqoume ìti f(a+t(c−a)) > κ, opìte a+t(c−a) /∈
A kai, epomènwc, to A− a den aporrof� ton X.'Ara, an to A aporrof� ton X me kèntro k�je shmeÐo tou, tìte A ⊆ {x ∈
X|f(x) < κ}To zhtoÔmeno uperepÐpedo eÐnai to L = {x ∈ X|f(x) = 0}, an κ = 0,   to
L = {x ∈ X|( 1

κf)(x) = 1}, an κ 6= 0.

2.3 Ask seic
1. 'Estw X grammikìc q¸roc epÐ tou F , A kurtì uposÔnolo tou X kai upe-repÐpedo L tou X. ApodeÐxte ìti to A perièqetai se ènan apì touc dÔo anoiktoÔchmiq¸rouc tou L an kai mìnon an A ∩ L = ∅.
2. 'Estw X grammikìc q¸roc epÐ tou F , grammikìc upìqwroc Y 6= {0} tou
X, Z grammikìc upìqwroc tou X sundi�stashc 1 kai L = a + Z opoiod poteuperepÐpedo par�llhlo tou Z. ApodeÐxte ìti o Y perièqetai ston ènan apì toucdÔo kleistoÔc upìqwrouc tou L an kai mìnon an Y ⊆ Z.
3. 'Estw X grammikìc q¸roc epÐ tou F , grammikìc upìqwroc Y tou X kai Akurtì uposÔnolo tou X to opoÐo aporrof� ton X me kèntro k�poio shmeÐo tou.ApodeÐxte ìti up�rqei uperepÐpedo L tou X ¸ste Y ⊆ L kai to A na perièqetaise ènan apì touc dÔo kleistoÔc upìqwrouc tou L.
4. 'Estw X grammikìc q¸roc epÐ tou F , kurt� A,B ⊆ X xèna metaxÔ toucìpou to A aporrof� ton X me kèntro k�je shmeÐo tou. ApodeÐxte ìti up�rqeiuperepÐpedo L tou X ¸ste to A na perièqetai ston ènan apì touc dÔo anoiktoÔchmiq¸rouc tou L kai to B na perièqetai ston �llo kleistì hmiq¸ro tou L.
5. 'Estw X grammikìc q¸roc epÐ tou F , kurtì A ⊆ X to opoÐo aporrof� ton
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X kai pA to sunarthsoeidèc-Minkowski tou A.(1) ApodeÐxte ìti pA(x) < 1 an kai mìnon an to A aporrof� ton X me kèntroto x.(2) ApodeÐxte ìti pA(x) = 1 an kai mìnon an tx ∈ A gia k�je t ∈ [0, 1) kai
tx /∈ A gia k�je t ∈ (1,+∞).
6. 'Estw X grammikìc q¸roc epÐ tou F .(1) ApodeÐxte ìti h apeikìnish p 7→ B = {x ∈ X|p(x) < 1} eÐnai 1-1 kai epÐapì to sÔnolo ìlwn twn mh-arnhtik¸n jetik�-omogen¸n kai upoprosjetik¸nsunarthsoeid¸n p sto sÔnolo ìlwn twn kurt¸n sunìlwn B pou aporrofoÔn ton
X me kèntro k�je shmeÐo touc.(2) ApodeÐxte ìti h apeikìnish p 7→ B = {x ∈ X|p(x) < 1} eÐnai 1-1 kaiepÐ apì to sÔnolo ìlwn twn hminorm¸n p sto sÔnolo ìlwn twn kurt¸n kaiisorrophmènwn sunìlwn B pou aporrofoÔn ton X me kèntro k�je shmeÐo touc.



Kef�laio 3

TopologikoÐ grammikoÐ q¸roi

3.1 Q¸roi me nìrma
3.1.1 Nìrmec

Orismìc 3.1 'Estw grammikìc q¸roc X epÐ tou F . MÐa sun�rthsh ‖·‖ : X →
R+

0 onom�zetai nìrma ston X an
(i) ‖x‖ = 0 an kai mìnon an x = 0
(ii) ‖κx‖ = |κ| ‖x‖ gia k�je x ∈ X kai k�je κ ∈ F
(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ gia k�je x, y ∈ X.

Parathr ste ìti mÐa hminìrma eÐnai nìrma an kai mìnon an mhdenÐzetai mìnonsto 0 ∈ X.
Orismìc 3.2 MÐa nìrma ston X orÐzei metrik  ston X me ton tÔpo d(x, y) =
‖x− y‖ gia k�je x, y ∈ X. Lème ìti h sugkekrimènh metrik  ep�getai apì th
nìrma.

Pr�gmati, d(x, y) = 0 an kai mìnon an ‖x− y‖ = 0 an kai mìnon an x−y = 0an kai mìnon an x = y. EpÐshc, d(y, x) = ‖y − x‖ = ‖x− y‖ = d(x, y) kai
d(x, z) = ‖x− z‖ = ‖(x− y) + (y − z)‖ ≤ ‖x− y‖+ ‖y − z‖ = d(x, y) + d(y, z)gia k�je x, y, z ∈ X.H metrik  h opoÐa ep�getai apì mÐa nìrma ep�gei, me th seir� thc, mÐatopologÐa ston grammikì q¸ro X kai, epomènwc, orÐzontai anoikt�, kleist�,pl rh kai sumpag  uposÔnola tou X, sugklÐnousec akoloujÐec ston X kaisuneqeÐc sunart seic. Eidik¸tera, oi mp�lec èqoun th morf 

B(x; r) = {y ∈ X| ‖y − x‖ < r}.

Prìtash 3.1 Se k�je q¸ro X me nìrma isqÔei
(1) B(a+ x; r) = a+B(x; r) gia k�je a, x ∈ X kai k�je r ∈ R+,
(2) B(κx; |κ|r) = κB(x; r) gia k�je x ∈ X, k�je r ∈ R+ kai k�je κ ∈ F \ {0}.

Apìdeixh: 'Askhsh.
57
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Prìtash 3.2 'Estw X q¸roc me nìrma. Tìte oi pr�xeic

X ×X 3 (x, y) 7→ x+ y ∈ X kai F ×X 3 (κ, x) 7→ κx ∈ X

eÐnai suneqeÐc (ìtan ta kartesian� ginìmena efodiastoÔn me tic antÐstoiqec topo-
logÐec-ginìmeno).

Apìdeixh: (1) 'Estw anoiktì O ⊆ X me x + y ∈ O. Autì shmaÐnei ìti up�rqei
r ∈ R+ ¸ste B(x+ y; r) ⊆ O. Tìte to anoiktì B(x; 1

2 r)×B(y; 1
2 r) ⊆ X ×Xperièqei to (x, y) kai h prìsjesh to apeikonÐzei mèsa sto B(x+y; r) kai, epomè-nwc, mèsa sto O. 'Ara h prìsjesh eÐnai suneq c sto tuqìn (x, y) ∈ X ×X.(2) 'Estw anoiktì O ⊆ X me κx ∈ O. Dhlad  up�rqei r ∈ R+ ¸ste B(κx; r) ⊆

O. PaÐrnoume t = min(1, r
3‖x‖ ) kai s = min(1, r

3|κ| ) kai apodeiknÔoume eÔkola
ìti to anoiktì {λ ∈ F | |λ− κ| < t} ×B(x; s) perièqei to (κ, x) kai o pollapla-siasmìc to apeikonÐzei mèsa sto B(κx; r) kai, epomènwc, mèsa sto O. 'Ara opollaplasiasmìc eÐnai suneq c sto tuqìn (κ, x) ∈ F ×X.
Prìtash 3.3 'Estw X q¸roc me nìrma. K�je metafor� kai k�je omoiojesÐa
ston X eÐnai omoiomorfismìc tou X me ton eautì tou.

Apìdeixh: (1) 'Estw b ∈ X kai Tb : X → X h metafor� me tÔpo Tb(x) = b+ xgia k�je x ∈ X. 'Estw anoiktì O ⊆ X me b + x ∈ O. 'Ara up�rqei r ∈ R+

¸ste B(b + x; r) ⊆ O. Tìte Tb(B(x; r)) = b + B(x; r) = B(b + x; r) ⊆ O kai,epomènwc, h Tb eÐnai suneq c sto x. 'Ara h Tb eÐnai suneq c ston X kai, epeid 
T−1

b = T−b, h T−1
b eÐnai kai aut  suneq c ston X.(2) 'Estw κ ∈ F \ {0} kai Hκ : X → X h omoiojesÐa me tÔpo Hκ(x) = κxgia k�je x ∈ X. An O eÐnai tuqìn anoiktì uposÔnolo tou X me κx ∈ O,up�rqei r ∈ R+ ¸ste B(κx; r) ⊆ O. Tìte Hκ(B(x; 1

|κ| r)) = B(κx; r) ⊆ Okai, epomènwc, h Hκ eÐnai suneq c sto x. 'Ara h Hκ eÐnai suneq c ston X kai,epomènwc h H−1
κ = Hκ−1 eÐnai suneq c ston X.

Epomènwc, gia k�je O anoiktì ston X to b+O kai to κO eÐnai anoikt� ston
X gia k�je b ∈ X kai κ ∈ F \ {0}.
Prìtash 3.4 'Estw X q¸roc me nìrma ‖·‖. Tìte h ‖·‖ : X → R+

0 eÐnai
suneq c.

Apìdeixh: H apìdeixh eÐnai apl  sunèpeia thc anisìthtac ∣∣‖x‖−‖y‖∣∣ ≤ ‖x− y‖gia k�je x, y ∈ X.
Orismìc 3.3 DÔo nìrmec sto grammikì q¸ro X onom�zontai isodÔnamec an
orÐzoun thn Ðdia topologÐa ston X.

Prìtash 3.5 'Estw grammikìc q¸roc X. Oi nìrmec ‖·‖1 kai ‖·‖2 ston X eÐnai
isodÔnamec an kai mìnon an up�rqoun c, C ∈ R+ ¸ste c ‖x‖1 ≤ ‖x‖2 ≤ C ‖x‖1
gia k�je x ∈ X.

Apìdeixh: 'Estw ìti c, C ∈ R+ ¸ste c ‖x‖1 ≤ ‖x‖2 ≤ C ‖x‖1 gia k�je x ∈ X.PaÐrnoume tuqìn O ⊆ X anoiktì wc proc th nìrma ‖·‖1. 'Ara up�rqei r ∈ R+
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¸ste {y ∈ X| ‖y − x‖1 < r} ⊆ O. Tìte {y ∈ X| ‖y − x‖2 < cr} ⊆ {y ∈
X| ‖y − x‖1 < r} ⊆ O kai, epomènwc, to O eÐnai anoiktì wc proc th nìrma ‖·‖2.OmoÐwc apodeiknÔetai ìti k�je O anoiktì wc proc th nìrma ‖·‖2 eÐnai anoiktìwc proc th nìrma ‖·‖1.Antistrìfwc, èstw ìti oi nìrmec ‖·‖1 kai ‖·‖2 eÐnai isodÔnamec. To {x ∈
X| ‖x‖1 < 1} eÐnai anoikt  perioq  tou 0 wc proc thn ‖·‖1, opìte eÐnai anoikt perioq  tou 0 kai wc proc thn ‖·‖2. 'Ara up�rqei r ∈ R+ ¸ste {x ∈ X| ‖x‖2 <
r} ⊆ {x ∈ X| ‖x‖1 < 1}. PaÐrnoume tuqìnta x ∈ X \ {0} kai t > 1 kaiparathroÔme ìti ∥∥ r

t‖x‖2
x
∥∥

2
= r

t < r. 'Ara ∥∥ r
t‖x‖2

x
∥∥

1
< 1, opìte ‖x‖1 < t

r ‖x‖2.Epomènwc, ‖x‖1 ≤ 1
r ‖x‖2 gia k�je x ∈ X \ {0}. H anisìthta aut  isqÔei,profan¸c, kai gia x = 0. 'Ara apodeÐqjhke h c ‖x‖1 ≤ ‖x‖2 gia k�je x ∈ X me

c = r. OmoÐwc apodeiknÔetai kai h deÔterh anisìthta ‖x‖2 ≤ C ‖x‖1 gia k�je
x ∈ X.
Prìtash 3.6 'Estw X q¸roc me nìrma.
(1) An o Y eÐnai grammikìc upìqwroc tou X, tìte to cl(Y ) eÐnai grammikìc
upìqwroc tou X.
(2) An to A eÐnai kurtì uposÔnolo tou X, tìte to cl(A) eÐnai kurtì kaj¸c kai
to int(A) sthn perÐptwsh pou int(A) 6= ∅.

Apìdeixh: (1) 'Estw x, y ∈ cl(Y ). PaÐrnoume tuqìn r ∈ R+, opìte up�rqoun
x1 ∈ Y ∩ B(x; r

2 ) kai y1 ∈ Y ∩ B(y; r
2 ). Epeid  o Y eÐnai grammikìc upìqwroc,sunep�getai ìti x1 + y1 ∈ Y ∩ B(x + y; r). 'Ara x + y ∈ cl(Y ). Me parìmoiotrìpo apodeiknÔetai ìti, an x ∈ cl(Y ) kai κ ∈ F , tìte κx ∈ Y .(2) 'Estw x, y ∈ cl(A) kai 0 < t < 1. PaÐrnoume tuqìn r ∈ R+, opìte up�rqoun

x1 ∈ A∩B(x; r) kai y1 ∈ A∩B(y; r). Epeid  to A eÐnai kurtì, sunep�getai ìti
tx1 + (1− t)y1 ∈ A∩B(tx+ (1− t)y; r). 'Ara tx+ (1− t)y ∈ cl(A) kai to cl(A)eÐnai kurtì.'Estw int(A) 6= ∅. PaÐrnoume x, y ∈ int(A) kai 0 < t < 1. Tìte up�rqei
r ∈ R+ ¸ste B(x; r) ⊆ A kai B(y; r) ⊆ A. Epeid  to A eÐnai kurtì, B(tx +
(1− t)y; r) = tB(x; r) + (1− t)B(y; r) ⊆ A, opìte tx+ (1− t)y ∈ int(A) kai to
int(A) eÐnai kurtì.
3.1.2 IsomorfismoÐ

Orismìc 3.4 'Estw X,Y dÔo q¸roi me nìrmec ‖·‖X kai ‖·‖Y antistoÐqwc. Lè-
me ìti o X eÐnai topologik� isomorfikìc me ton Y kai gr�foume X ∼= Y ,
an up�rqei 1-1 kai epÐ grammikìc telest c T : X → Y o opoÐoc eÐnai suneq c
¸ste kai o T−1 : Y → X na eÐnai suneq c. Tìte o T onom�zetai topologikìc
isomorfismìc tou X me ton Y .

An gia autìn ton T isqÔei ìti ‖Tx‖Y = ‖x‖X gia k�je x ∈ X, tìte lème ìti
o X eÐnai isometrik� isomorfikìc   isometrikìc me ton Y , o T onom�zetai

isometrÐa tou X me ton Y kai gr�foume X
iso= Y .

Prìtash 3.7 Gia k�je q¸rouc me nìrma X,Y, Z isqÔei ìti X ∼= X, ìti an
X ∼= Y tìte Y ∼= X kai ìti an X ∼= Y kai Y ∼= Z tìte X ∼= Z. Ta Ðdia isqÔoun

kai gia th sqèsh
iso= .
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Apìdeixh: 'Askhsh.
Prìtash 3.8 'Estw X,Y dÔo q¸roi me nìrmec ‖·‖X kai ‖·‖Y antistoÐqwc. O
grammikìc telest c T : X → Y eÐnai topologikìc isomorfismìc tou X me ton
Y an kai mìnon an eÐnai epÐ kai up�rqoun c, C ∈ R+ ¸ste c ‖x‖X ≤ ‖Tx‖Y ≤
C ‖x‖X gia k�je x ∈ X.

Apìdeixh: 'Estw ìti o T : X → Y eÐnai topologikìc isomorfismìc. Epeid  o TeÐnai suneq c, to {x ∈ X| ‖Tx‖Y < 1} = T−1(BY (0; 1)) eÐnai anoikt  perioq tou 0 ston X. 'Ara up�rqei r ∈ R+ ¸ste BX(0; r) ⊆ {x ∈ X| ‖Tx‖Y < 1}.
An x ∈ X kai x 6= 0, tìte gia k�je t > 1 èqoume ∥∥∥ r

t‖x‖X
x
∥∥∥

X
< r. 'Ara∥∥∥T ( r

t‖x‖X
x)

∥∥∥
Y
< 1, opìte ‖Tx‖Y < t

r ‖x‖X kai, epomènwc, ‖Tx‖Y ≤ 1
r ‖x‖X .

Autì, profan¸c, isqÔei kai gia x = 0. 'Ara isqÔei h dexi� anisìthta me C = 1
r .Qrhsimopoi¸ntac ìti o T−1 eÐnai suneq c, apodeiknÔoume me parìmoio trìpokai thn arister  anisìthta.Antistrìfwc, èstw ìti o T eÐnai epÐ kai up�rqoun c, C ∈ R+ ¸ste c ‖x‖X ≤

‖Tx‖Y ≤ C ‖x‖X gia k�je x ∈ X. Apì th dexi� anisìthta sunep�getai ìtio T eÐnai 1-1. An xm → x ston X, tìte ‖Txm − Tx‖Y = ‖T (xm − x)‖Y ≤
C ‖xm − x‖X → 0, opìte Txm → Tx ston Y . 'Ara o T eÐnai suneq c ston Xkai apì thn arister  anisìthta sunep�getai me parìmoio trìpo ìti kai o T−1

eÐnai suneq c ston Y .
An oi q¸roi me nìrma X,Y eÐnai isometrikoÐ mèsw miac isometrÐac T : X →

Y , tìte jewroÔme touc dÔo autoÔc q¸rouc Ðdiouc tautÐzontac k�je x ∈ X me toantÐstoiqo y = Tx ∈ Y kai k�je y ∈ Y me to antÐstoiqo x = T−1y ∈ X.An oi dÔo q¸roi eÐnai topologik� isomorfikoÐ mèsw tou topologikoÔ isomor-fismoÔ T : X → Y , p�li jewroÔme touc dÔo autoÔc q¸rouc Ðdiouc tautÐzontack�je x ∈ X me to antÐstoiqo y = Tx ∈ Y kai k�je y ∈ Y me to antÐstoiqo
x = T−1y ∈ X.'Iswc h fÔsh thc taÔtishc aut c faneÐ pio kajar� an parathr soume ìti o Tep�gei mÐa nèa nìrma ston X me tÔpo ‖x‖T = ‖Tx‖Y gia k�je x ∈ X. Dhlad ,h nèa nìrma tou x ∈ X eÐnai, apl¸c, h nìrma tou shmeÐou ston Y me to opoÐo to
x tautÐzetai. (Epeid  o T eÐnai 1-1, eÐnai polÔ eÔkolo na doÔme ìti h ‖·‖T eÐnainìrma ston X.) An o T eÐnai isometrÐa, tìte oi dÔo nìrmec ston X, h ‖·‖X kaih nèa ‖·‖T , eÐnai Ðdiec kai oi mp�lec pou orÐzontai apì th mÐa eÐnai Ðdiec me ticmp�lec pou orÐzontai apì thn �llh.An o T eÐnai topologikìc isomorfismìc, tìte up�rqoun c, C ∈ R+ ¸ste
c ‖x‖X ≤ ‖Tx‖Y ≤ C ‖x‖X kai, epomènwc, c ‖x‖X ≤ ‖x‖T ≤ C ‖x‖X gia k�je
x ∈ X. 'Ara èqoume

BT (x; cr) ⊆ BX(x; r) ⊆ BT (x;Cr)

an�mesa stic mp�lec BX , BT pou orÐzontai ston X apì tic nìrmec ‖·‖X , ‖·‖TantistoÐqwc. Dhlad , o T dhmiourgeÐ, kat� k�poion trìpo, mÐa paramìrfwshstic mp�lec tou X.
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3.1.3 Q¸roi peperasmènhc di�stashc

H anisìthta Hölder. 'Estw p, q > 1 me 1
p + 1

q = 1. Gia k�je n ∈ N
kai k�je x1, y1, . . . , xn, yn ∈ F isqÔei

|x1y1 + · · ·+ xnyn| ≤ (|x1|p + · · ·+ |xn|p)
1
p (|y1|q + · · ·+ |yn|q)

1
q

kai

|x1y1 + · · ·+ xnyn| ≤ (|x1|+ · · ·+ |xn|) max(|y1|, . . . , |yn|).
Apìdeixh: H deÔterh anisìthta eÐnai profan c. Gia na apodeÐxoume thn pr¸thanisìthta parathroÔme (me melèth thc parag¸gou) ìti h sun�rthsh f : R+ → Rme tÔpo f(t) = 1

p t
p+ 1

q−t gia k�je t ∈ R+ èqei el�qisth tim  f(1) = 0. Dhlad 
t ≤ 1

p t
p + 1

q gia k�je t ∈ R+. Jètoume t = α

β
q
p
kai brÐskoume αβ ≤ 1

p α
p + 1

q β
q

gia k�je α, β ∈ R+, opìte kai gia k�je α, β ∈ R+
0 .An |x1|p + · · · + |xn|p = |y1|q + · · · + |yn|q = 1, tìte |x1y1 + · · · + xnyn| ≤

|x1||y1|+ · · ·+ |xn||yn| ≤ 1
p (|x1|p + · · ·+ |xn|p) + 1

q (|y1|q + · · ·+ |yn|q) = 1.
An |x1|p+· · ·+|xn|p, |y1|q +· · ·+|yn|q 6= 0, jètoume A = (|x1|p+· · ·+|xn|p)

1
p

kai B = (|y1|q+· · ·+|yn|q)
1
q kai parathroÔme ìti |x1

A |
p+· · ·+|xn

A |
p = |y1

B |
q+· · ·+

|yn

B |
q = 1. Epomènwc, |x1y1 + · · ·+ xnyn| = AB|x1

A
y1
B + · · ·+ xn

A
yn

B | ≤ AB. 'AraapodeÐqthke kai h pr¸th anisìthta sthn perÐptwsh pou |x1|p + · · ·+ |xn|p, |y1|q +
· · ·+ |yn|q 6= 0. 'Omwc, an èna apì ta |x1|p + · · ·+ |xn|p,|y1|q + · · ·+ |yn|q eÐnaiÐso me 0, h pr¸th anisìthta eÐnai profan c.
H anisìthta Minkowski. 'Estw p ≥ 1. Gia k�je n ∈ N kai k�je

x1, y1, . . . , xn, yn ∈ F isqÔei

(|x1 + y1|p + · · ·+ |xn + yn|p)
1
p ≤ (|x1|p + · · ·+ |xn|p)

1
p + (|y1|p + · · ·+ |yn|p)

1
p

kai

max(|x1 + y1|, . . . , |xn + yn|) ≤ max(|x1|, . . . , |xn|) + max(|y1|, . . . , |yn|).

Apìdeixh: H deÔterh anisìthta eÐnai profan c kaj¸c kai h pr¸th ìtan p = 1.JewroÔme, epomènwc, p > 1 kai orÐzoume q = p
p−1 , opìte 1

p + 1
q = 1. Tìte

gr�foume |x1 +y1|p + · · ·+ |xn +yn|p ≤ |x1||x1 +y1|p−1 + · · ·+ |xn||xn +yn|p−1 +
|y1||x1 + y1|p−1 + · · · + |yn||xn + yn|p−1 kai, qrhsimopoi¸ntac thn anisìthta
Hölder, |x1 + y1|p + · · ·+ |xn + yn|p ≤ (|x1|p + · · ·+ |xn|p)

1
p (|x1 + y1|p + · · ·+

|xn + yn|p)
1
q +(|y1|p + · · ·+ |yn|p)

1
p (|x1 + y1|p + · · ·+ |xn + yn|p)

1
q . AplopoioÔmekai katal goume sthn pr¸th anisìthta.

Epeid  max(|x1|, . . . , |xn|) ≤ (|x1|p + · · ·+ |xn|p)
1
p ≤ n

1
p max(|x1|, . . . , |xn|),sunep�getai ìti limp→+∞(|x1|p + · · · + |xn|p)

1
p = max(|x1|, . . . , |xn|). B�seiaut c thc parat rhshc, h deÔterh anisìthta Minkowski jewreÐtai wc h èkfrashthc pr¸thc anisìthtac sthn perÐptwsh p = +∞.An p, q > 1 kai 1

p + 1
q = 1, o q onom�zetai suzug c tou p. Lìgw summetrÐac,

o p eÐnai o suzug c tou q. An, epiplèon, deqtoÔme 1
+∞ = 0, tìte oi 1,+∞
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jewroÔntai amoibaÐa suzugeÐc. Me aut n thn ènnoia kai b�sei thc prohgoÔmenhcparat rhshc, h deÔterh anisìthta Hölder jewreÐtai wc h èkfrash thc pr¸thcanisìthtac sthn perÐptwsh pou p = 1, q = +∞   p = +∞, q = 1.
Orismìc 3.5 'Estw grammikìc q¸roc X epÐ tou F , {b1, . . . , bn} opoiad pote
b�sh tou X kai 1 ≤ p ≤ +∞. OrÐzoume ‖·‖p : X → R+

0 me tÔpo

‖x‖p =
{

(|x1|p + · · ·+ |xn|p)
1
p , an 1 ≤ p < +∞,

max(|x1|, . . . , |xn|), an p = +∞,

gia k�je x ∈ X, ìpou x = x1b1 + · · · + xnbn eÐnai h (monadik ) èkfrash tou x
wc grammikìc sunduasmìc twn b1, . . . , bn.

B�sei thc anisìthtac Minkowski, h ‖·‖p eÐnai nìrma kai onom�zetai p-nìrma
tou X.

Je¸rhma 3.1 'Estw grammikìc q¸roc X epÐ tou F me dim(X) < +∞.

Tìte opoiesd pote dÔo nìrmec ston X eÐnai isodÔnamec.

Apìdeixh: JewroÔme opoiad pote b�sh {b1, . . . , bn} tou X kai ja apodeÐxoumeìti opoiad pote nìrma ‖·‖ ston X eÐnai isodÔnamh me thn 2-nìrma tou X.'Estw ìti den up�rqei c > 0 ¸ste c ‖x‖2 ≤ ‖x‖ gia k�je x ∈ X. 'Ara up�rqei
akoloujÐa {y(m)} ¸ste ‖y(m)‖

‖y(m)‖2

→ 0. KanonikopoioÔme thn akoloujÐa, dhlad 
orÐzoume x(m) = 1

‖y(m)‖2

y(m), kai èqoume ∥∥x(m)
∥∥

2
= 1 gia k�jem kai ∥∥x(m)

∥∥ →
0. An x(m) = x

(m)
1 b1 + · · ·+x

(m)
n bn, tìte |x(m)

1 |2 + · · ·+ |x(m)
n |2 = 1 gia k�je m.Epeid  k�je kleistì kai fragmèno uposÔnolo tou Fn eÐnai sumpagèc (me thneukleÐdia metrik ), up�rqei upo-akoloujÐa {x(mk)} ¸ste gia k�je j = 1, . . . , n

na isqÔei x(mk)
j → xj gia k�poio xj ∈ F me |x1|2 + · · · + |xn|2 = 1. Tìte,

an orÐsoume x = x1b1 + · · · + xnbn, èqoume ‖x‖ ≤ ∥∥x− x(mk)
∥∥ +

∥∥x(mk)
∥∥ ≤

|x1 − x
(mk)
1 | ‖b1‖ + · · · + |xn − x

(mk)
n | ‖bn‖ +

∥∥xmk)
∥∥ → 0. Epomènwc, ‖x‖ = 0,opìte x1b1 + · · ·+ xnbn = x = 0. Autì eÐnai �topo diìti ta x1, . . . , xn den eÐnaiìla mhdèn.EÐnai pio eÔkolo na deÐxoume ìti up�rqei C > 0 ¸ste ‖x‖ ≤ C ‖x‖2 gia k�je

x ∈ X. Pr�gmati, ‖x‖ = ‖x1b1 + · · ·+ xnbn‖ ≤ |x1| ‖b1‖ + · · · + |xn| ‖bn‖ ≤
(‖b1‖2 + · · · + ‖bn‖2)

1
2 (|x1|2 + · · · + |xn|2)

1
2 = C ‖x‖2 gia k�je x ∈ X me C =

(‖b1‖2 + · · ·+ ‖bn‖2)
1
2 .

Prìtash 3.9 'Estw q¸roc X epÐ tou F me nìrma kai dim(X) < +∞. Tìte
(1) k�je kleistì kai fragmèno uposÔnolo tou X eÐnai sumpagèc kai
(2) o X eÐnai pl rhc.

Apìdeixh: (1) 'Estw ‖·‖ h nìrma tou X, mÐa b�sh {b1, . . . , bn} kai ‖·‖2 h 2-nìrma tou. SÔmfwna me thn prohgoÔmenh prìtash, up�rqoun c, C ∈ R+ ¸ste
c ‖x‖2 ≤ ‖x‖ ≤ C ‖x‖2 gia k�je x ∈ X. JewroÔme A ⊆ X kleistì kai fragmèno(wc proc thn ‖·‖) kai akoloujÐa {x(m)} sto A. Tìte to A eÐnai fragmèno kai
wc proc thn ‖·‖2, opìte, an x(m) = x

(m)
1 b1 + · · · + x

(m)
n bn, up�rqei K ¸ste
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|x(m)

1 |2 + · · · + |x(m)
n |2 ≤ K gia k�je m. 'Ara up�rqei upo-akoloujÐa {x(mk)}

¸ste gia k�je j = 1, . . . , n na isqÔei x(mk)
j → xj gia k�poio xj ∈ F . An

orÐsoume x = x1b1 + · · ·+ xnbn, èqoume ∥∥x− x(mk)
∥∥ ≤ |x1− x(mk)

1 | ‖b1‖+ · · ·+
|xn − x

(mk)
n | ‖bn‖ → 0.'Ara to A eÐnai sumpagèc (wc proc thn ‖·‖).(2) 'Estw {x(m)} me ∥∥x(k) − x(l)

∥∥ → 0. Lìgw thc isodunamÐac twn norm¸n
tou X, sunep�getai ìti ∥∥x(k) − x(l)

∥∥
2
→ 0. An x(m) = x

(m)
1 b1 + · · · + x

(m)
n bn,epeid  o Fn eÐnai pl rhc (me thn eukleÐdia metrik  tou), èqoume ìti up�rqei

x = x1b1 + · · · + xnbn ¸ste ∥∥x(m) − x
∥∥

2
→ 0. P�li lìgw thc isodunamÐac twn

norm¸n tou X, sunep�getai ìti ∥∥x(m) − x
∥∥ → 0.

Prìtash 3.10 'Estw q¸roc X epÐ tou F me nìrma kai grammikìc upìqwroc Y
tou X me dim(Y ) < +∞. Tìte o Y eÐnai kleistìc (wc uposÔnolo tou X).

Apìdeixh: An jewr soume ton periorismì thc nìrmac tou X ston Y , tìte autìcapoteleÐ nìrma ston Y . Apì thn prohgoÔmenh prìtash èqoume ìti o Y eÐnaipl rhc, opìte eÐnai kai kleistì uposÔnolo tou X.
3.1.4 Q¸roi Banach

Orismìc 3.6 'Estw q¸roc X me nìrma. An o X eÐnai pl rhc tìte onom�zetai
q¸roc Banach .

Je¸rhma 3.2 (Pl rwsh q¸rou me nìrma) 'Estw q¸roc X epÐ tou F me

nìrma. Tìte up�rqei q¸roc Banach X̃ ¸ste o X na eÐnai grammikìc

upìqwroc tou X̃, h nìrma tou X na eÐnai o periorismìc thc nìrmac

tou X̃ ston X kai o X na eÐnai puknì uposÔnolo tou X̃.
An X̂ eÐnai deÔteroc q¸roc me tic Ðdiec ìpwc o X̃ idiìthtec,

tìte up�rqei isometrÐa an�mesa stouc X̂, X̃ ¸ste o periorismìc thc

ston X na eÐnai h tautotik  apeikìnish tou X.

Apìdeixh: 'Estw ‖·‖ h nìrma tou X. Tìte o X eÐnai metrikìc q¸roc me metrik 
d me tÔpo d(x, y) = ‖x− y‖ gia k�je x, y ∈ X.GnwrÐzoume, apì to Je¸rhma 1.4, ìti up�rqei pl rhc metrikìc q¸roc X̃ memetrik  d̃ ¸ste X ⊆ X̃, h d eÐnai o periorismìc ston X thc d̃ kai o X eÐnaipuknìc ston X̃.PaÐrnoume tuqìnta x, y ∈ X̃. Tìte up�rqoun {xn}, {yn} ston X ¸ste xn →
x kai yn → y ston X̃. Epeid  oi {xn}, {yn} eÐnai akoloujÐec Cauchy ston X̃,sunep�getai ìti d̃(xk +yk, xl +yl) = d(xk +yk, xl +yl) = ‖(xk + yk)− (xl + yl)‖
≤ ‖xk − xl‖+ ‖yk − yl‖ = d(xk, xl) + d(yk, yl) = d̃(xk, xl) + d̃(yk, yl) → 0. 'Arah {xn + yn} eÐnai akoloujÐa Cauchy ston X̃ kai, epomènwc, sugklÐnei ston
X̃. OrÐzoume x + y = lim(xn + yn) ∈ X̃. An {x′n}, {y′n} eÐnai epÐshc ston
X kai x′n → x, y′n → y, tìte d̃(xn + yn, x

′
n + y′n) = d(xn + yn, x

′
n + y′n) =

‖(xn + yn)− (x′n + y′n)‖ ≤ ‖xn − x′n‖ + ‖yn − y′n‖ = d(xn, x
′
n) + d(yn, y

′
n) =

d̃(xn, x
′
n) + d̃(yn, y

′
n) → 0. 'Ara lim(xn + yn) = lim(x′n + y′n) kai o orismìc tou
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x + y pou d¸same eÐnai kalìc. EpÐshc, an x, y ∈ X, paÐrnoume tic stajerècakoloujÐec {x}, {y} kai èqoume to nèo �jroisma, x + y = lim(x + y) = x +
y, Ðso me to proôp�rqon �jroisma. Me autìn ton trìpo orÐzoume thn pr�xhthc prìsjeshc ston X̃, ¸ste o periorismìc thc ston X na tautÐzetai me thnproôp�rqousa pr�xh thc prìsjeshc ston X.

Me parìmoio trìpo orÐzoume pr�xh pollaplasiasmoÔ ston X̃ me ta stoiqeÐatou F , ¸ste o periorismìc thc ston X na tautÐzetai me thn proôp�rqousa pr�xhtou pollaplasiasmoÔ ston X. Sunoptik�, paÐrnoume tuqìnta x ∈ X̃ kai κ ∈ F ,akoloujÐa {xn} ston X me xn → x ston X̃, apodeiknÔoume ìti h {κxn} eÐnaiakoloujÐa Cauchy ston X̃ kai orÐzoume κx = lim(κxn) ∈ X̃. ApodeiknÔoumeìti, an {x′n} eÐnai epÐshc ston X me x′n → x ston X̃, tìte lim(κxn) = lim(κx′n),opìte o orismìc tou κx eÐnai kalìc kai, tèloc, apodeiknÔoume ìti o nèoc orismìctou κx tautÐzetai ton proôp�rqonta an x ∈ X.EÐnai polÔ eÔkolo, mèsw akolouji¸n apì ton X, na apodeiqjoÔn ìlec oiidiìthtec grammikoÔ q¸rou gia tic pr�xeic pou orÐsjhkan ston X̃, opìte o X̃eÐnai grammikìc q¸roc epÐ tou F kai o X eÐnai grammikìc upìqwroc tou X̃.
OrÐzoume ‖x‖̃ = d̃(x, 0) gia k�je x ∈ X̃. An x ∈ X, tìte ‖x‖̃ = d̃(x, 0) =

d(x, 0) = ‖x‖. An x, y ∈ X̃, paÐrnoume {xn}, {yn} ston X ¸ste xn → x, yn →
y ston X̃ kai èqoume ‖κx‖̃ = d̃(κx, 0) = lim d̃(κxn, 0) = lim d(κxn, 0) =
lim ‖κxn‖ = |κ| lim ‖xn‖ = |κ| lim d(xn, 0) = |κ| lim d̃(xn, 0) = |κ|d̃(x, 0) =
|κ| ‖x‖̃ . EpÐshc, ‖x+ y‖̃ = d̃(x+ y, 0) = lim d̃(xn + yn, 0) = lim d(xn + yn, 0) =
lim ‖xn + yn‖ ≤ lim ‖xn‖+lim ‖yn‖ = lim d(xn, 0)+lim d(yn, 0) = lim d̃(xn, 0)+
d̃(yn, 0) = d̃(x, 0) + d̃(y, 0) = ‖x‖̃ + ‖y‖̃ . Epomènwc, h ‖·‖̃ apoteleÐ nìrma ston
X̃ o periorismìc thc opoÐac ston X tautÐzetai me thn ‖·‖.

Me to sumbolismì thc prohgoÔmenhc paragr�fou, ‖x− y‖̃ = d̃(x− y, 0) =
lim d̃(xn − yn, 0) = lim d(xn − yn, 0) = lim ‖xn − yn‖ = lim d(xn, yn) =
lim d̃(xn, yn) = d̃(x, y) kai, epomènwc h metrik  d̃ ep�getai apì th nìrma ‖·‖̃ston X̃. 'Ara o X̃ me th nìrma ‖·‖̃ eÐnai q¸roc Banach .

'Estw, t¸ra, deÔteroc q¸roc Banach X̂ me nìrma ‖·‖̂ ¸ste o X na eÐnaipuknìc grammikìc upìqwroc tou X̂ kai o periorismìc thc ‖·‖̂ ston X na tautÐ-zetai me thn ‖·‖. An d̂ eÐnai h metrik  pou ep�getai ston X̂ apì thn ‖·‖̂ , tìte operiorismìc thc d̂ ston X tautÐzetai me thn d, opìte, sÔmfwna me to Je¸rhma1.4, up�rqei isometrÐa metrik¸n q¸rwn T : X̃ → X̂ o periorismìc thc opoÐacston X eÐnai h tautotik  apeikìnish tou X. Apomènei na apodeÐxoume ìti o
T eÐnai grammikìc telest c. An x, y ∈ X̃, paÐrnoume {xn}, {yn} ston X ¸ste
xn → x, yn → y ston X̃ kai èqoume xn + yn → x+ y ston X̃, opìte T (x+ y) =
limT (xn +yn) = lim(xn +yn) = limxn +lim yn = limTxn +limTyn = Tx+Ty.OmoÐwc apodeiknÔoume ìti T (κx) = κTx gia k�je x ∈ X kai κ ∈ F .
Orismìc 3.7 'Estw q¸roc me nìrma X. Opoiosd pote q¸roc Banach X̂ o
opoÐoc perièqei wc grammikì upìqwro ton X, ¸ste h nìrma tou X na eÐnai o

periorismìc stonX thc nìrmac tou X̂ kai oX na eÐnai puknìc ston X̂, onom�zetai
pl rwsh tou X se q¸ro Banach.
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Sto teleutaÐo je¸rhma apodeÐqthke ìti k�je q¸rocX me nìrma èqei toul�qi-ston mÐa pl rwsh se q¸ro Banach kai ìti opoiesd pote dÔo tètoiec plhr¸seiceÐnai isometrikoÐ q¸roi Banach (¸ste h isometrÐa, periorismènh ston X, naeÐnai h tautotik  apeikìnish tou X). Lìgw thc taÔtishc isometrik¸n q¸rwnanaferìmaste, sun jwc, sthn pl rwsh tou X se q¸ro Banach .

3.1.5 Q¸roi akolouji¸n

H anisìthta Hölder gia seirèc. 'Estw p, q > 1 me 1
p + 1

q = 1. Gia k�je

x1, y1, x2, y2, . . . ∈ F isqÔei

∣∣+∞∑
j=1

xjyj

∣∣ ≤ (+∞∑
j=1

|xj |p
) 1

p
(+∞∑

j=1

|yj |q
) 1

q

kai ∣∣+∞∑
j=1

xjyj

∣∣ ≤ (+∞∑
j=1

|xj |
)
sup

j
|yj |.

Autì shmaÐnei ìti, an oi dexièc pleurèc eÐnai peperasmènec,

tìte oi seirèc twn arister¸n pleur¸n sugklÐnoun sto F kai isqÔoun

oi anisìthtec.

Apìdeixh: Efarmìzoume thn anisìthta Hölder gia k�je n (me touc arijmoÔc
|x1|, |y1|, . . . , |xn|, |yn|) kai èqoume ∑n

j=1 |xj ||yj | ≤
(∑n

j=1 |xj |p
) 1

p
(∑n

j=1 |yj |q
) 1

q

≤
(∑+∞

j=1 |xj |p
) 1

p
(∑+∞

j=1 |yj |q
) 1

q . PaÐrnontac ìrio ìtan n → +∞ brÐskoume∑+∞
j=1 |xj ||yj | ≤

(∑+∞
j=1 |xj |p

) 1
p
(∑+∞

j=1 |yj |q
) 1

q . An h dexi� pleur� eÐnai pepera-
smènh, tìte h seir� ∑+∞

j=1 xjyj sugklÐnei apolÔtwc. 'Ara h seir� aut  sugklÐ-
nei, opìte paÐrnontac ìrio ìtan n→ +∞ sthn anisìthta Hölder

∣∣∑n
j=1 xjyj

∣∣ ≤(∑n
j=1 |xj |p

) 1
p
(∑n

j=1 |yj |q
) 1

q katal goume sthn pr¸th anisìthta.H deÔterh anisìthta apodeiknÔetai me ton Ðdio trìpo.
H anisìthta Minkowski gia seirèc. 'Estw p ≥ 1. Gia k�je n ∈ N
kai k�je x1, y1, x2, y2, . . . ∈ F isqÔei

(+∞∑
j=1

|xj + yj |p
) 1

p ≤
(+∞∑

j=1

|xj |p
) 1

p +
(+∞∑

j=1

|yj |p
) 1

p

kai

sup
j
|xj + yj | ≤ sup

j
|xj |+ sup

j
|yj |.

Apìdeixh: H deÔterh anisìthta eÐnai profan c kai h pr¸th prokÔptei an p�rou-me ìrio ìtan n→ +∞ sthn anisìthta Minkowski gia peperasmèna ajroÐsmata.
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Orismìc 3.8 An 1 ≤ p ≤ +∞, orÐzoume ‖·‖p : lp → R+
0 me tÔpo

‖x‖p =
{

(
∑+∞

j=1 |xj |p)
1
p , an 1 ≤ p < +∞,

supj |xj |, an p = +∞,

gia k�je x = (x1, x2, . . .) ∈ lp.

EÐnai fanerì apì thn anisìthta Minkowski gia seirèc ìti h ‖·‖p eÐnai nìrmaston lp.
Je¸rhma 3.3 Gia k�je 1 ≤ p ≤ +∞, o lp me nìrma ‖·‖p eÐnai q¸roc

Banach.

Apìdeixh: JewroÔme kat' arq n thn perÐptwsh 1 ≤ p < +∞. 'Estw {x(m)} ston
lp ¸ste ∥∥x(k) − x(l)

∥∥
p
→ 0. Epeid  |x(k)

j − x
(l)
j | ≤

∥∥x(k) − x(l)
∥∥

p
, sunep�getai

ìti gia k�je j h {x(m)
j } eÐnai akoloujÐa Cauchy sto F . 'Ara up�rqoun xj ∈ F

¸ste x(m)
j → xj gia k�je j kai orÐzoume x = (x1, x2, . . .).PaÐrnoume N ¸ste ∥∥x(k) − x(l)

∥∥
p
< 1 gia k�je k, l ≥ N , opìte gia k�-

je M kai k�je k ≥ N èqoume (
∑M

j=1 |x
(k)
j |p)

1
p ≤ (

∑M
j=1 |x

(k)
j − x

(N)
j |p)

1
p +

(
∑M

j=1 |x
(N)
j |p)

1
p ≤ (

∑+∞
j=1 |x

(k)
j −x(N)

j |p)
1
p +(

∑+∞
j=1 |x

(N)
j |p)

1
p < 1+

∥∥xN)
∥∥

p
. Anp�roume to ìrio kaj¸c k → +∞ kai, katìpin, to ìrio kaj¸c M → +∞ katal -

goume sto (
∑+∞

j=1 |xj |p)
1
p ≤ 1 +

∥∥xN)
∥∥

p
< +∞. 'Ara x ∈ lp. PaÐrnoume tuqìn

ε > 0 kai antÐstoiqo N ¸ste na isqÔei ∥∥x(k) − x(l)
∥∥

p
< ε gia k�je k, l ≥ N .

Tìte gia k�jeM kai k�je k, l ≥ N èqoume (
∑M

j=1 |x
(k)
j −x(l)

j |p)
1
p ≤ ε, opìte, an

p�roume to ìrio kaj¸c l → +∞, brÐskoume (
∑M

j=1 |x
(k)
j − xj |p)

1
p ≤ ε gia k�je

M kai k�je k ≥ N . PaÐrnontac to ìrio kaj¸c M → +∞, katal goume sto∥∥x(k) − x
∥∥

p
≤ ε gia k�je k ≥ N . 'Ara x(m) → x ston lp.H perÐptwsh p = +∞ eÐnai parìmoia kai h apìdeix  thc af netai wc �skhsh.

Oi grammikoÐ q¸roi c kai c0 eÐnai grammikoÐ upìqwroi tou l∞ kai, epomènwc,eÐnai q¸roi me nìrma ton periorismì thc ‖·‖∞ stouc q¸rouc autoÔc.
Je¸rhma 3.4 Oi q¸roi c, c0 me nìrma thn ‖·‖∞ eÐnai q¸roi Banach.

Apìdeixh: Epeid  o l∞ eÐnai q¸roc Banach, arkeÐ na apodeÐxoume ìti oi c, c0eÐnai kleist� uposÔnola tou l∞.'Estw {x(m)} ston c kai x(m) → x ston l∞. Gia tuqìn ε > 0 up�rqei N ¸ste
gia k�je k ≥ N kai k�je j na isqÔei |x(k)

j − xj | ≤
∥∥x(k) − x

∥∥
∞ ≤ ε. Epeid 

h {x(N)
j } eÐnai akoloujÐa Cauchy sto F , up�rqei J ¸ste |x(N)

j − x
(N)
i | ≤ ε gia

k�je j, i ≥ J . Tìte |xj − xi| ≤ |xj − x
(N)
j | + |x(N)

j − x
(N)
i | + |x(N)

i − xi| ≤ 3εgia k�je j, i ≥ J . 'Ara h x = (x1, x2, . . .) eÐnai akoloujÐa Cauchy sto F kai,epomènwc, eÐnai stoiqeÐo tou c.'Estw, t¸ra, {x(m)} ston c0 kai x(m) → x ston l∞. Gia tuqìn ε > 0 up�rqei
N ¸ste gia k�je k ≥ N kai k�je j na isqÔei |x(k)

j − xj | ≤
∥∥x(k) − x

∥∥
∞ ≤ ε.
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Epeid  x(N)

j → 0 ìtan j → +∞, up�rqei J ¸ste |x(N)
j | ≤ ε gia k�je j ≥ J .

Opìte |xj | ≤ |xj − x
(N)
j |+ |x(N)

j | ≤ 2ε gia k�je j ≥ J . 'Ara x ∈ c0.
3.1.6 Upìqwroi

Orismìc 3.9 'Estw X q¸roc me nìrma kai Y grammikìc upìqwroc tou X. O
periorismìc ston Y thc nìrmac tou X eÐnai, profan¸c, nìrma ston Y . O Y me
aut n th nìrma onom�zetai upìqwroc tou X.

EÐnai profanèc ìti, an o Y eÐnai upìqwroc tou q¸rou me nìrma X, tìte
BY (x; r) = BX(x; r) ∩ Y , ìpou BY , BX eÐnai oi mp�lec ston Y kai ston XantistoÐqwc. Epomènwc, h topologÐa pou ep�getai ston Y apì th nìrma toutautÐzetai me thn topologÐa-upìqwrou pou ep�getai apì ton X ston Y .
Prìtash 3.11 'Estw q¸roc Banach X kai upìqwroc Y tou X. O Y eÐnai
q¸roc Banach an kai mìnon an to Y eÐnai kleistì uposÔnolo tou X.

Apìdeixh: 'Askhsh.
3.1.7 Q¸roi-phlÐko

Orismìc 3.10 'Estw X q¸roc me nìrma ‖·‖ kai Y kleistìc upìqwroc tou X.
OrÐzoume ‖·‖X/Y : X/Y → R+

0 me tÔpo

‖ξ‖X/Y = inf{ ‖x‖ |x ∈ ξ}

gia k�je ξ ∈ X/Y .

Prìtash 3.12 'Estw X q¸roc me nìrma ‖·‖ kai Y kleistìc upìqwroc tou X.
(1) H ‖·‖X/Y : X/Y → R+

0 tou prohgoÔmenou orismoÔ eÐnai nìrma ston X/Y .

(2) An o X eÐnai q¸roc Banach , tìte o X/Y me th nìrma ‖·‖X/Y eÐnai q¸roc
Banach.

Apìdeixh: (1) An ‖ξ‖X/Y = 0 gia k�poio ξ ∈ X/Y , tìte up�rqei akoloujÐa
{xn} sto ξ ¸ste ‖xn‖ → 0, opìte xn → 0 ston X. To ξ gr�fetai ξ = b + Ygia k�poio b ∈ X kai, epeid  k�je metafor� eÐnai omoiomorfismìc tou X meton eautì tou, sunep�getai ìti to ξ eÐnai kleistì uposÔnolo tou X. 'Ara 0 ∈ ξ,opìte ξ = Y , to mhdenikì stoiqeÐo tou X/Y .An κ ∈ F , tìte ‖κξ‖X/Y = inf{ ‖x‖ |x ∈ κξ} = inf{ ‖κy‖ |y ∈ ξ} =
|κ| inf{ ‖y‖ |y ∈ ξ} = |κ| ‖ξ‖X/Y .An x ∈ ξ ∈ X/Y kai y ∈ η ∈ X/Y , tìte x+ y ∈ ξ + η, opìte ‖ξ + η‖X/Y ≤
‖x+ y‖ ≤ ‖x‖+ ‖y‖. 'Ara ‖ξ + η‖X/Y ≤ ‖ξ‖X/Y + ‖η‖X/Y .(2) 'Estw akoloujÐa Cauchy {ξn} ston X/Y . Gia k�je k up�rqei nk ¸ste
‖ξn − ξm‖X/Y ≤ 1

2k gia k�je n,m ≥ nk. EÐnai eÔkolo na epilèxoume ta nk¸ste nk < nk+1 gia k�je k. ParathroÔme, t¸ra, ìti ∥∥ξnk
− ξnk+1

∥∥
X/Y

≤ 1
2kgia k�je k.
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Epilègoume tuqìn x1 ∈ ξn1 . Epeid  ‖ξn1 − ξn2‖X/Y ≤ 1
2 , up�rqei x2 ∈ ξn2¸ste ‖x1 − x2‖ ≤ 1. Epeid  ‖ξn2 − ξn3‖X/Y ≤ 1

22 , up�rqei x3 ∈ ξn3 ¸ste
‖x2 − x3‖ ≤ 1

2 . SuneqÐzontac epagwgik�, kataskeu�zoume akoloujÐa {xk} ston
X ¸ste xk ∈ ξnk

kai ‖xk − xk+1‖ ≤ 1
2k−1 gia k�je k.An k < l, tìte ‖xk − xl‖ ≤ ‖xk − xk+1‖+ · · ·+ ‖xl−1 − xl‖ ≤ 1

2k−1 + · · ·+
1

2l−2 ≤ 1
2k−2 kai, epomènwc, h {xk} eÐnai akoloujÐa Cauchy ston X. 'Ara xk → xgia k�poio x ∈ X.PaÐrnoume ξ = [x]Y , opìte ‖ξnk

− ξ‖X/Y ≤ ‖xk − x‖ → 0. Tèloc, epeid 
nk ≥ k gia k�je k, sunep�getai ‖ξk − ξ‖X/Y ≤ ‖ξk − ξnk

‖X/Y + ‖ξnk
− ξ‖X/Y

→ 0 ìtan k → +∞.
H epìmenh prìtash perigr�fei to fusiologikì trìpo na dhmiourghjeÐ nìr-ma apì mÐa hminìrma: tautÐzoume ta stoiqeÐa tou q¸rou ta opoÐa mhdenÐzei hhminìrma.

Prìtash 3.13 'Estw grammikìc q¸roc X kai mÐa hminìrma p ston X.
(1) To Y = {y ∈ X|p(y) = 0} eÐnai grammikìc upìqwroc tou X.
(2) Gia k�je x, z ∈ X isqÔei ìti [z]Y = [x]Y an kai mìnon an p(z − x) = 0.
(3) H ‖·‖X/Y : X/Y → R+

0 me tÔpo

‖ξ‖X/Y = p(x)

gia k�je ξ ∈ X/Y , ìpou x ∈ ξ, orÐzetai kal¸c kai eÐnai nìrma ston X/Y .
(4) 'Estw ìti gia k�je {xn} ston X me p(xk − xl) → 0 up�rqei x ∈ X ¸ste
p(xn − x) → 0. Tìte o X/Y eÐnai q¸roc Banach.

Apìdeixh: (1) 'Ameso apì tic idiìthtec thc p.(2) [z]Y = [x]Y an kai mìnon an z − x ∈ Y an kai mìnon an p(z − x) = 0.(3) An x, x′ ∈ ξ ∈ X/Y , tìte x− x′ ∈ Y , opìte |p(x)− p(x′)| ≤ p(x− x′) = 0.'Ara p(x) = p(x′) kai o orismìc thc ‖·‖X/Y eÐnai kalìc. To ìti h ‖·‖X/Y eÐnainìrma ston X/Y apodeiknÔetai eÔkola apì tic idiìthtec thc p.(4) 'Estw ‖ξk − ξl‖X/Y → 0 kaj¸c k, l→ +∞. PaÐrnoume opoiad pote xn ∈ ξn,opìte xk − xl ∈ ξk − ξl kai, epomènwc, p(xk − xl) = ‖ξk − ξl‖X/Y → 0 kaj¸c
k, l → +∞. 'Ara up�rqei x ∈ X ¸ste p(xn − x) → 0. PaÐrnoume ξ = [x]Y ,opìte xn − x ∈ ξn − ξ kai, epomènwc, ‖ξn − ξ‖X/Y = p(xn − x) → 0.
3.1.8 Q¸roi sunart sewn

Orismìc 3.11 'Estw A èna mh-kenì sÔnolo kai B(A) o q¸roc ìlwn twn frag-
mènwn sunart sewn apì to A sto F . OrÐzoume ‖·‖u : B(A) → R+

0 me tÔpo

‖f‖u = sup{|f(a)| |a ∈ A}

gia k�je f ∈ B(A). EÔkola faÐnetai ìti h ‖·‖u eÐnai nìrma ston B(A) kai
onom�zetai omoiìmorfh nìrma ston B(A).

An h {fn} kai h f eÐnai ston B(A) kai ‖fn − f‖u → 0, lème ìti h {fn}
sugklÐnei omoiìmorfa sthn f sto A.
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Je¸rhma 3.5 'Estw mh-kenì sÔnolo A. O B(A) me thn omoiìmorfh

nìrma eÐnai q¸roc Banach.

Apìdeixh: 'Estw {fn} ston B(A) me ‖fk − fl‖u → 0 ìtan k, l→ +∞. Gia k�je
a ∈ A isqÔei |fk(a)− fl(a)| ≤ ‖fk − fl‖u → 0, opìte up�rqei to lim fn(a) ∈ F .OrÐzoume f : A→ F me tÔpo f(a) = lim fn(a) gia k�je a ∈ A.Up�rqei N ¸ste |fk(a)− fl(a)| ≤ ‖fk − fl‖u ≤ 1 gia k�je k, l ≥ N kai k�je
a ∈ A. PaÐrnontac ìrio ìtan l → +∞, brÐskoume |fN (a) − f(a)| ≤ 1 gia k�je
a ∈ A kai, epomènwc, |f(a)| ≤ 1 + |fN (a)| ≤ 1 + ‖fN‖u gia k�je a ∈ A. 'Ara
f ∈ B(A).OmoÐwc, up�rqei N ¸ste |fk(a)− fl(a)| ≤ ‖fk − fl‖u ≤ ε gia k�je k, l ≥ Nkai k�je a ∈ A. PaÐrnontac ìrio ìtan l → +∞, brÐskoume |fk(a) − f(a)| ≤ εgia k�je k ≥ N kai k�je a ∈ A kai, epomènwc, ‖fk − f‖u ≤ ε gia k�je k ≥ N .'Ara ‖fk − f‖u → 0.
Orismìc 3.12 'Estw A ènac topologikìc q¸roc kai BC(A) o q¸roc ìlwn twn
fragmènwn kai suneq¸n sunart sewn apì to A sto F . OrÐzoume ‖·‖u : BC(A) →
R+

0 me tÔpo
‖f‖u = sup{|f(a)| |a ∈ A}

gia k�je f ∈ BC(A). EÐnai profanèc ìti h ‖·‖u eÐnai o periorismìc ston BC(A)
thc omoiìmorfhc nìrmac tou B(A) kai onom�zetai omoiìmorfh nìrma ston
BC(A).

Je¸rhma 3.6 'Estw A topologikìc q¸roc. O BC(A) me thn omoiì-

morfh nìrma eÐnai q¸roc Banach.

Apìdeixh: ArkeÐ na apodeÐxoume ìti o BC(A) eÐnai kleistì uposÔnolo tou B(A).JewroÔme {fn} ston BC(A) kai f ∈ B(A) ¸ste ‖fn − f‖u → 0. PaÐrnoume
a ∈ A kai tuqìn ε ∈ R+. Up�rqei N ¸ste |fk(b) − f(b)| ≤ ‖fk − f‖u ≤ 1

3 εgia k�je k ≥ N kai k�je b ∈ A. Epeid  h fN eÐnai suneq c sto a, up�rqeianoiktì O sto A, ¸ste a ∈ O kai |fN (b) − fN (a)| ≤ 1
3 ε gia k�je b ∈ O. Tìte

|f(b)−f(a)| ≤ |f(b)−fN (b)|+|fN (b)−fN (a)|+|fN (a)−f(a)| ≤ 1
3 ε+

1
3 ε+

1
3 ε = εgia k�je b ∈ O. 'Ara h f eÐnai suneq c se k�je a kai, epomènwc, sto A.

H anisìthta Hölder gia oloklhr¸mata. 'Estw p, q > 1 me 1
p + 1

q = 1
kai (Ω,Σ, µ) ènac q¸roc mètrou. Gia k�je f, g ∈M(Ω) isqÔei∣∣∫

Ω

fg
∣∣ ≤ (∫

Ω

|f |p
) 1

p
(∫

Ω

|g|q
) 1

q

kai ∣∣∫
Ω

fg
∣∣ ≤ (∫

Ω

|f |
)
ess.supΩ|g|.

Autì shmaÐnei ìti, an oi dexièc pleurèc eÐnai peperasmènec,

tìte h fg eÐnai oloklhr¸simh kai isqÔoun oi anisìthtec.

Apìdeixh: Gia th deÔterh anisìthta èqoume ìti |f(a)g(a)| ≤ |f(a)|ess.supΩ|g|
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gia µ-sqedìn k�je a ∈ A, opìte ∫
Ω
|fg| ≤

(∫
Ω
|f |

)
ess.supΩ|g| < +∞. 'Ara h fgeÐnai oloklhr¸simh kai ∣∣∫

Ω
fg

∣∣ ≤ ∫
Ω
|fg| ≤

(∫
Ω
|f |

)
ess.supΩ|g|.Gia thn pr¸th anisìthta upojètoume kat' arq n ìti ∫

Ω
|f |p =

∫
Ω
|g|q = 1kai oloklhr¸noume thn anisìthta |f(a)||g(a)| ≤ 1

p |f(a)|p + 1
q |g(a)|

q, opìte brÐ-
skoume ∫

Ω
|fg| ≤ 1

p

∫
Ω
|f |p + 1

q

∫
Ω
|g|q = 1.

An ∫
Ω
|f |p,

∫
Ω
|g|q 6= 0, jètoume A =

(∫
Ω
|f |p

) 1
p kai B =

(∫
Ω
|g|q

) 1
q kai

parathroÔme ìti ∫
Ω

∣∣ f
A

∣∣p =
∫
Ω

∣∣ g
B

∣∣q = 1. Epomènwc, ∫
Ω
|fg| = AB

∫
Ω

∣∣ f
A

g
B

∣∣ ≤
AB.An èna apì ta ∫

Ω
|f |p,

∫
Ω
|g|q eÐnai Ðso me 0, h teleutaÐa anisìthta eÐnaiprofan c.An h dexi� pleur� thc pr¸thc anisìthtac eÐnai peperasmènh, tìte ∫

Ω
|fg| <

+∞ kai h fg eÐnai oloklhr¸simh. 'Ara ∣∣∫
Ω
fg

∣∣ ≤ ∫
Ω
|fg| ≤

(∫
Ω
|f |p

) 1
p
(∫

Ω
|g|q

) 1
q .

H anisìthta Minkowski gia oloklhr¸mata. 'Estw p ≥ 1 kai (Ω,Σ, µ)
ènac q¸roc mètrou. Gia k�je f, g ∈M(Ω) isqÔei(∫

Ω

|f + g|p
) 1

p ≤
(∫

Ω

|f |p
) 1

p +
(∫

Ω

|g|p
) 1

p

kai

ess.supΩ|f + g| ≤ ess.supΩ|f |+ ess.supΩ|g|.
Apìdeixh: Gr�foume |f(a) + g(a)| ≤ ess.supΩ|f | + ess.supΩ|g| gia µ-sqedìnk�je a ∈ Ω, opìte ess.supΩ|f+g| ≤ ess.supΩ|f |+ess.supΩ|g|. EpÐshc, h pr¸thanisìthta eÐnai profan c ìtan p = 1.JewroÔme, epomènwc, p > 1 kai orÐzoume q = p

p−1 , opìte 1
p + 1

q = 1. Tìte
gr�foume ∫

Ω
|f + g|p ≤

∫
Ω
|f ||f + g|p−1 +

∫
Ω
|g||f + g|p−1 kai, b�sei thc anisì-

thtac Hölder,
∫
Ω
|f + g|p ≤

(∫
Ω
|f |p

) 1
p
(∫

Ω
|f + g|p

) 1
q +

(∫
Ω
|g|p

) 1
p
(∫

Ω
|f + g|p

) 1
q .AplopoioÔme kai katal goume sthn pr¸th anisìthta.

An (Ω,Σ, µ) eÐnai ènac q¸roc mètrou kai p ≥ 1, orÐzoume pp(f) =
(∫

Ω
|f |p

) 1
p

gia k�je f ∈ Lp(Ω). EpÐshc, an p = +∞, orÐzoume p∞(f) = ess.supΩ|f | giak�je f ∈ L∞(Ω).H anisìthta Minkowski sunep�getai ìti h pp eÐnai hminìrma ston antÐstoiqo
Lp(Ω). ParathroÔme ìti pp(f) = 0 an kai mìnon an f(a) = 0 gia µ-sqedìnk�je a ∈ A. An jèsoume Y = {f ∈ M(Ω)|pp(f) = 0} = {f ∈ M(Ω)|f(a) =
0 gia µ-sqedìn k�je a ∈ Ω}, tìte, sÔmfwna me thn Prìtash 3.13, o Y eÐnaigrammikìc upìqwroc k�je q¸rou Lp(Ω). EpÐshc, an f ∈ Lp(Ω), tìte to stoiqeÐo
ξ = [f ]Y tou Lp(Ω)/Y apoteleÐtai apì ìlec tic sunart seic ston Lp(Ω) oiopoÐec eÐnai Ðsec me thn f µ-sqedìn pantoÔ sto Ω: [f ]Y = {g ∈ M(Ω)|g(a) =
f(a) gia µ-sqedìn k�je a ∈ Ω}. B�sei thc Prìtashc 3.13, o epìmenoc orismìceÐnai kalìc.
Orismìc 3.13 'Estw 1 ≤ p ≤ +∞ kai

Y = {f ∈M(Ω)|f(a) = 0 gia µ-sqedìn k�je a ∈ Ω}.
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OrÐzoume

Lp(Ω) = Lp(Ω,Σ, µ) = Lp(Ω)/Y

kai

‖[f ]Y ‖p =
{ (∫

Ω
|f |p

) 1
p , an 1 ≤ p < +∞,

ess.supΩ|f |, an p = +∞,

gia k�je [f ]Y ∈ Lp(Ω).

Je¸rhma 3.7 H ‖·‖p : Lp(Ω) → R+
0 eÐnai nìrma ston Lp(Ω) (onom�ze-

tai p-nìrma) kai o Lp(Ω) me aut n th nìrma eÐnai q¸roc Banach.

Apìdeixh: H Prìtash 3.13 apodeiknÔei ìti h ‖·‖p eÐnai nìrma. EpÐshc, sÔmfwname thn Ðdia prìtash, gia na apodeÐxoume ìti o Lp(Ω) eÐnai q¸roc Banach, arkeÐna apodeÐxoume ìti an h {fn} eÐnai ston Lp(Ω) kai pp(fk−fl) → 0, tìte up�rqei
f ∈ Lp(Ω) ¸ste pp(fn − f) → 0.Gia k�je k up�rqei nk ¸ste p(fn − fm) ≤ 1

2k gia k�je n,m ≥ nk. Epeid ,profan¸c, mporoÔme na epilèxoume ta nk ¸ste nk < nk+1 gia k�je k, èqoumeupo-akoloujÐa {fnk
} ¸ste pp(fnk

− fnk+1) ≤ 1
2k gia k�je k.Kat' arq n, èstw 1 ≤ p < +∞.OrÐzoume sk = |fn1 | + |fn2 − fn1 | + · · · + |fnk

− fnk−1 | ∈ Lp(Ω), opìte, b�-
sei thc anisìthtac Minkowski,

(∫
Ω
sp

k

) 1
p ≤ (

∫
Ω
|fn1 |p

) 1
p + (

∫
Ω
|fn2 − fn1 |p

) 1
p +

· · · + (
∫
Ω
|fnk

− fnk−1 |p
) 1

p ≤ pp(fn1) + 1
2 + · · · + 1

2k−1 ≤ pp(fn1) + 1. H te-leutaÐa posìthta den exart�tai apì to k kai h {sp
k} eÐnai aÔxousa akolou-jÐa ston L1(Ω). SÔmfwna me to je¸rhma Monìtonhc SÔgklishc, gia th su-n�rthsh S = limk→+∞ sp

k : Ω → R+
0 ∪ {+∞} isqÔei ∫

Ω
S < +∞ kai, epo-mènwc, S(a) < +∞ gia µ-sqedìn k�je a ∈ Ω. 'Ara gia aut� ta a h seir�

fn1 +
∑+∞

k=2(fnk
− fnk−1) sugklÐnei apolÔtwc kai, epomènwc, sugklÐnei. Dhlad up�rqei to limk→+∞

(
fn1(a) + (fn2(a)− fn1(a)) + · · ·+ (fnk

(a)− fnk−1(a))
)

=
limk→+∞ fnk

(a) ∈ F gia µ-sqedìn k�je a ∈ Ω.OrÐzoume f(a) = limk→+∞ fnk
(a) an S(a) < +∞ kai f(a) = 0 an S(a) =

+∞. EÐnai fanerì ìti |fnk
|p = |fn1 + (fn2 − fn1) + · · · + (fnk

− fnk−1)|p ≤
sp

k ≤ S, µ-sqedìn pantoÔ sto Ω kai, epomènwc, |f |p ≤ S, µ-sqedìn pantoÔ sto
Ω. Epeid  ∫

Ω
S < +∞, sÔmfwna me to je¸rhma Kuriarqhmènhc SÔgklishc,

pp(fnk
− f) =

(∫
Ω
|fnk

− f |p
) 1

p → 0.AfoÔ nk ≥ k gia k�je k, katal goume sto pp(fk − f) ≤ pp(fk − fnk
) +

pp(fnk
− f) → 0.Tèloc, èstw p = +∞.PaÐrnontac thn ènwsh arijm simou pl jouc sunìlwn µ-mètrou mhdèn, blè-poume ìti up�rqei Ω′ ⊆ Ω me µ(Ω\Ω′) = 0 ¸ste |fk(a)−fl(a)| ≤ ess.supΩ|fk−fl|gia k�je a ∈ Ω′ kai k�je k, l. 'Ara up�rqei to ìrio limn fn(a) gia k�je a ∈ Ω′.OrÐzoume f(a) = limn fn(a) gia a ∈ Ω′ kai f(a) = 0 gia a ∈ Ω \ Ω′.Gia tuqìn ε > 0 up�rqei N ¸ste |fk(a) − fl(a)| ≤ ess.supΩ|fk − fl| ≤ εgia k�je a ∈ Ω′ kai k�je k, l ≥ N . PaÐrnoume ìrio ìtan l → +∞, opìte

|fk(a) − f(a)| ≤ ε gia k�je a ∈ Ω′ kai k�je k ≥ N . 'Ara ess.supΩ|fk − f | ≤ εgia k�je k ≥ N kai, epomènwc, ess.supΩ|fk − f | → 0.
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Epeid  h ‖·‖p eÐnai nìrma ston Lp(Ω) en¸ h pp den eÐnai nìrma ston Lp(Ω)(ektìc an to monadikì uposÔnolo tou Ω me µ-mètro mhdèn eÐnai to kenì), se ìlectic efarmogèc twn q¸rwn aut¸n qrhsimopoieÐtai en gènei o Lp(Ω). Epeid , ìmwc,to sÔmbolo [f ]Y eÐnai dÔsqrhsto, gr�foume p�ntote f antÐ [f ]Y . TautÐzoume,dhlad , k�je kl�sh isodunamÐac me opoiod pote stoiqeÐo thc, èqontac kat�nou ìti, kat' autìn ton trìpo, opoiad pote f tautÐzetai me opoiad pote �llhsun�rthsh h opoÐa isoÔtai me thn f µ-sqedìn pantoÔ. Gr�foume, loipìn,
‖f‖p =

(∫
Ω

|f |p
) 1

p

antÐ twn tupik� swstìterwn ‖[f ]Y ‖p =
(∫

Ω
|f |p

) 1
p kai pp(f) =

(∫
Ω
|f |p

) 1
p .

Orismìc 3.14 'Estw U èna anoiktì uposÔnolo tou Rn, m to mètro Lebesgue,
k ∈ N0 kai 1 ≤ p < +∞. OrÐzoume

‖f‖k,p =

{(∑
|α|≤k

∫
U
|Dαf |p dm

) 1
p , an 1 ≤ p < +∞∑

|α|≤k ‖Dαf‖u , an p = +∞

gia k�je f ∈ Ck(U).
EpÐshc, orÐzoume Ck,p(U) wc ton q¸ro ìlwn twn f ∈ Ck(U) me ‖f‖k,p < +∞.

Prìtash 3.14 H ‖·‖k,p : Ck,p(U) → R+
0 eÐnai nìrma ston Ck,p(U).

Apìdeixh: An 1 ≤ p < +∞, ‖f + g‖k,p =
(∑

|α|≤k

∫
U
|Dαf + Dαg|p dm

) 1
p ≤(∑

|α|≤k

[(∫
U
|Dαf |p dm

) 1
p +

(∫
U
|Dαg|p dm

) 1
p
]p

) 1
p ≤

(∑
|α|≤k

∫
U
|Dαf |p dm

) 1
p

+
(∑

|α|≤k

∫
U
|Dαg|p dm

) 1
p = ‖f‖k,p + ‖g‖k,p , ìpou qrhsimopoi jhkan oi anisì-thtec Minkowski gia ajroÐsmata kai gia oloklhr¸mata. 'Olec oi upìloipecidiìthtec thc nìrmac eÐnai �mesec, ìpwc kai h perÐptwsh p = +∞.

Orismìc 3.15 'Estw topologikìc q¸roc X kai f : X → F suneq c ston X.
To supp(f) = cl({x ∈ X|f(x) 6= 0}) onom�zetai forèac thc f . An to supp(f)
eÐnai sumpagèc, tìte lème ìti h f èqei sumpag  forèa.

EÐnai eÔkolo na doÔme ìti to X \ supp(f) eÐnai to megalÔtero anoiktì upo-sÔnolo tou X sto opoÐo h f eÐnai tautotik� mhdèn.
Orismìc 3.16 Ck,p

c (U) = {f ∈ Ck,p(U)|h f èqei sumpag  forèa ⊆ U}.

L mma 3.1 'Estw topologikìc q¸roc X, κ ∈ F kai f, g : X → F suneqeÐc
ston X. Tìte supp(κf) ⊆ supp(f) kai supp(f + g) ⊆ supp(f) ∪ supp(g).

Apìdeixh: 'Askhsh.
Prìtash 3.15 O Ck,p

c (U) me th nìrma ‖·‖k,p eÐnai upìqwroc tou Ck,p(U).
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Apìdeixh: Apì to teleutaÐo l mma eÐnai fanerì ìti an oi f, g ∈ Ck,p(U) èqounta supp(f), supp(g) sumpag  uposÔnola tou U , tìte to supp(κf), wc kleistìuposÔnolo tou supp(f), eÐnai sumpagèc uposÔnolo tou U kai to supp(f+g), wckleistì uposÔnolo tou sumpagoÔc supp(f)∪supp(g), eÐnai sumpagèc uposÔnolotou U . 'Ara κf, f + g ∈ Ck,p

c (U).
Kanènac apì touc Ck,p(U), Ck,p

c (U) den eÐnai pl rhc, ektìc apì ton Ck,∞(U).
Je¸rhma 3.8 O Ck,∞(U) eÐnai q¸roc Banach.

Apìdeixh: An k = 0, tìte C0,∞(U) = BC(U) kai gnwrÐzoume  dh ìti eÐnaiq¸roc Banach.'Estw k ≥ 1 kai akoloujÐa Cauchy {fm} ston Ck,∞(U). Dhlad ∑
|α|≤k ‖Dαfm −Dαfl‖u → 0 ìtan m, l → +∞. 'Ara gia k�je α me |α| ≤ kèqoume ‖Dαfm −Dαfl‖u → 0 ìtan m, l → +∞, opìte h {Dαfm} eÐnai ako-loujÐa Cauchy ston BC(U). 'Ara up�rqei fα : U → F suneq c sto U ¸ste

‖Dαfm − fα‖u → 0 ìtan m→ +∞.JewroÔme x = (x1, . . . , xj , . . . , xn) ∈ U kai mikrì h ∈ R ¸ste to eujÔgram-mo tm ma me �kra to x kai to x + hej = (x1, . . . , xj + h, . . . , xn) na perièqetaisto U . Tìte gia k�je m, fm(x1, . . . , xj + h, . . . , xn)− fm(x1, . . . , xj , . . . , xn) =∫ h

0
∂fm

∂xj
(x1, . . . , xj + t, . . . , xn)dt. An m → +∞, tìte h arister  pleur� su-

gklÐnei sto f(0,...,0)(x1, . . . , xj + h, . . . , xn) − f(0,...,0)(x1, . . . , xj , . . . , xn) en¸ h
dexi� pleur� sugklÐnei sto ∫ h

0
f(0,...,1,...,0)(x1, . . . , xj + t, . . . , xn)dt, ìpou to 1ston teleutaÐo poludeÐkth emfanÐzetai sth j jèsh. 'Ara f(0,...,0)(x1, . . . , xj + h,

. . . , xn)− f(0,...,0)(x1, . . . , xj , . . . , xn) =
∫ h

0
f(0,...,1,...,0)(x1, . . . , xj + t, . . . , xn)dt.Epeid  h sun�rthsh mèsa sto olokl rwma eÐnai suneq c sun�rthsh tou t, sÔm-fwna me to Jemeli¸dec Je¸rhma tou apeirostikoÔ logismoÔ, mporoÔme na pa-

ragwgÐsoume wc proc h sto h = 0 kai paÐrnoume ∂f(0,...,0)

∂xj
(x) = f(0,...,1,...,0)(x).

'Ara, an orÐsoume f = f(0,...,0), tìte f(0,...,1,...,0) = ∂f
∂xj

sto U .Me ton Ðdio trìpo mporoÔme epagwgik� na apodeÐxoume ìti gia k�je α me
|α| ≤ k isqÔei fα = Dαf sto U .'Ara gia k�je α me |α| ≤ k isqÔei ‖Dαfm −Dαf‖u → 0 ìtan m → +∞,opìte ‖fm − f‖k,∞ =

∑
|α|≤k ‖Dαfm −Dαf‖u → 0 ìtan m→ +∞.

Orismìc 3.17 Ck,∞
o (U) orÐzetai na eÐnai h kleist  j kh tou Ck,∞

c (U) ston
Ck,∞(U) kai k�je stoiqeÐo tou lème ìti eÐnai sun�rthsh h opoÐa eÐnai k forèc
suneq¸c paragwgÐsimec sto U kai mhdenÐzetai aut  kai ìlec oi par�gwgoÐ
thc t�xhc ≤ k sto sÔnoro, ∂(U), tou U .

3.1.9 Merik� jewr mata prosèggishc

L mma 3.2 H seir� 1 −
∑+∞

k=1
1·3···(2n−3)

2nn! (1 − t2)n sugklÐnei omoiìmorfa sto
[−1, 1] sth sun�rthsh |t|.

Apìdeixh: Efarmìzontac to je¸rhma Taylor, paÐrnoume ìti √1− x = 1 −∑+∞
k=1

1·3···(2n−3)
2nn! xn gia k�je x me 0 ≤ x < 1. 'Ara ∑+∞

k=1
1·3···(2n−3)

2nn! xn <
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1 gia ta Ðdia x. Epeid  k�je ìroc eÐnai mh-arnhtikìc, gia k�je N èqoume∑N
k=1

1·3···(2n−3)
2nn! xn < 1 kai, paÐrnontac ìrio ìtan x → 1−, ∑N

k=1
1·3···(2n−3)

2nn! ≤
1. 'Ara ∑+∞

k=1
1·3···(2n−3)

2nn! ≤ 1 kai, epomènwc, h seir� 1 −
∑+∞

k=1
1·3···(2n−3)

2nn! xn

sugklÐnei omoiìmorfa sto [0, 1] kai orÐzei sun�rthsh suneq  sto Ðdio di�sth-
ma. 'Ara √1− x = 1−

∑+∞
k=1

1·3···(2n−3)
2nn! xn omoiìmorfa sto [0, 1]. Apomènei najèsoume x = 1− t2 me t ∈ [−1, 1].

Je¸rhma 3.9 (Kakutani-Krein) 'Estw sumpag c topologikìc q¸roc

A kai X ènac grammikìc upìqwroc tou C(A) = BC(A) me thn omoiì-

morfh nìrma kai me F = R. An o X èqei tic idiìthtec:

(1) h stajer  sun�rthsh 1 an kei ston X,

(2) |f | ∈ X gia k�je f ∈ X,

(3) gia k�je a, a′ ∈ A me a 6= a′ up�rqei f ∈ X ¸ste f(a) 6= f(a′),
tìte cl(X) = C(A).

Apìdeixh: JewroÔme tuqoÔsa f ∈ C(A) kai èstw a, a′ ∈ A me a 6= a′. Tìteup�rqei h ∈ X ¸ste h(a) 6= h(a′). EÐnai profanèc ìti, me kat�llhlh epilog twn κ1, κ2 ∈ R, h ga,a′ = κ1h + κ2 ∈ X èqei thn idiìthta ga,a′(a) = f(a) kai
ga,a′(a′) = f(a′). Up�rqei anoikt  perioq  Va′ tou a′ ¸ste |ga,a′(b) − f(b)| ≤
|ga,a′(b) − ga,a′(a′)| + |f(a′) − f(b)| < ε gia k�je b ∈ Va′ . Lìgw sump�geiac,up�rqoun a′1, . . . , a′n ∈ A ¸ste A = Va′1

∪ · · · ∪ Va′n .H (2) sunep�getai ìti gia k�je f1, f2 ∈ X isqÔei ìti max(f1, f2) = 1
2 (f1 +

f2 + |f1 − f2|) ∈ X kai min(f1, f2) = 1
2 (f1 + f2 − |f1 − f2|) ∈ X.Epomènwc, h sun�rthsh ga = max(ga,a′1

, . . . , ga,a′n) an kei ston X kai isqÔeiìti ga(a) = f(a) kai ga(b) > f(b)− ε gia k�je b ∈ A.Up�rqei anoikt  perioq  Ua tou a ¸ste |ga(b) − f(b)| ≤ |ga(b) − ga(a)| +
|f(a)− f(b)| < ε gia k�je b ∈ Ua. Lìgw sump�geiac, up�rqoun a1, . . . , am ∈ A¸ste A = Va1 ∪ · · · ∪ Vam

. H sun�rthsh g = min(ga1 , . . . , gam
) an kei ston Xkai isqÔei ìti f(b)− ε < g(b) < f(b) + ε gia k�je b ∈ A.'Ara h f proseggÐzetai aperiìrista me stoiqeÐa tou X kai, epomènwc, f ∈

cl(X). 'Ara cl(X) = C(A).
Je¸rhma 3.10 (Stone-Weierstrass) 'Estw sumpag c topologikìc q¸-

roc A kai X ènac grammikìc upìqwroc tou C(A) = BC(A) me thn o-

moiìmorfh nìrma. An o X èqei tic idiìthtec:

(1) fg ∈ X gia k�je f, g ∈ X,

(2) h stajer  sun�rthsh 1 an kei ston X,

(3) f ∈ X gia k�je f ∈ X,

(4) gia k�je a, a′ ∈ A me a 6= a′ up�rqei f ∈ X ¸ste f(a) 6= f(a′),
tìte cl(X) = C(A).

Apìdeixh: JewroÔme to q¸ro CR(A) ⊆ C(A) me stoiqeÐa ìlec tic pragma-tikèc sunart seic ston C(A) kaj¸c kai ton antÐstoiqo XR. Tìte o XR eÐnaigrammikìc upìqwroc tou CR(A) kai èqei, profan¸c, tic idiìthtec (1) kai (2). An
a, a′ ∈ A me a 6= a′ up�rqei f ∈ X ¸ste f(a) 6= f(a′). Tìte oi <f = 1

2 (f+f) kai
=f = 1

2i (f−f) an koun ston XR kai eÐte <f(a) 6= <f(a′) eÐte =f(a) 6= =f(a′).
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'Ara o XR èqei kai thn idiìthta (4). EÐnai eÔkolo na doÔme ìti kai o upìqwroc
cl(XR) èqei tic idiìthtec (1),(2) kai (4).'Estw tuqoÔsa f ∈ cl(XR) kai ε > 0. PaÐrnoume K > 0 ¸ste −K ≤ f(a) ≤
K gia k�je a ∈ A kai pragmatikì polu¸numo P (t) ¸ste ∣∣|t|−P (t)

∣∣ ≤ ε
K gia k�je

t ∈ [−1, 1]. H Ôparxh tou P exasfalÐzetai apì to prohgoÔmeno l mma. Tìte∣∣| f(a)
K | − P ( f(a)

K )
∣∣ ≤ ε

K kai, epomènwc, ∣∣|f(a)| −KP ( f(a)
K )

∣∣ ≤ ε gia k�je a ∈ A.
ParathroÔme ìti h sun�rthsh KP ( f

K ) gr�fetai κ0 + κ1f + · · ·+ κnf
n, opìte,lìgw thc (1), eÐnai stoiqeÐo tou cl(XR). 'Ara h |f | proseggÐzetai aperiìristaapì stoiqeÐa tou cl(XR) kai, epeid  autìc eÐnai kleistìc, |f | ∈ cl(XR).Epomènwc, o cl(XR) ikanopoieÐ tic upojèseic tou Jewr matoc 3.9, opìte

cl(XR) = CR(A).An f ∈ C(A), tìte <f,=f ∈ CR(A), opìte <f,=f ∈ cl(XR) kai, epomènwc,
f ∈ cl(X).

Ta dÔo epìmena apotelèsmata eÐnai gnwstèc efarmogèc tou Jewr matoc
Stone-Weierstrass.

Je¸rhma 3.11 (Weierstrass) An A ⊆ Rn eÐnai sumpagèc, tìte gia

k�je sun�rthsh f : A→ F suneq  sto A kai k�je ε > 0 up�rqei polu-

¸numo P (x1, . . . , xn), me suntelestèc apì to F, ¸ste |f(x) − P (x)| ≤ ε
gia k�je x ∈ A.

Apìdeixh: An Y ⊆ C(A) eÐnai o grammikìc upìqwroc twn poluwnÔmwn P mesuntelestèc apì to F , tìte o Y ikanopoieÐ ìlec tic upojèseic tou Jewr matoc
Stone-Weierstrass ektìc apì to na eÐnai kleistìc. Epomènwc o cl(Y ) ikanopoieÐìlec tic upojèseic, opìte cl(Y ) = C(A).
Orismìc 3.18 Sunart seic oi opoÐec eÐnai grammikoÐ sunduasmoÐ me suntele-
stèc apì to F sunart sewn thc morf c ei2π(k1x1+···+knxn), ìpou k1, . . . , kn ∈ Z,
onom�zontai ekjetik� polu¸numa.

Je¸rhma 3.12 Gia k�je f : Rn → F, 1-periodik  wc proc k�je me-

tablht  kai suneq  ston Rn, kai k�je ε > 0 up�rqei ekjetikì polu-

¸numo P ¸ste |f(x)− P (x)| ≤ ε gia k�je x ∈ Rn.

Apìdeixh: JewroÔme to sÔnolo T = {y ∈ R2| ‖y‖2 = 1}, thn perifèreia kèntrou
0 kai aktÐnac 1 ston R2, kai to sÔnolo Q = T×· · ·×T , me n ìrouc sto ginìmeno,to opoÐo eÐnai sumpagèc wc uposÔnolo tou R2n.K�je f : Rn → F h opoÐa eÐnai 1-periodik  wc proc k�je metablht  kaisuneq c ston Rn orÐzei sun�rthsh f̃ : Q→ F me tÔpo

f̃(y1, . . . , yn) = f(x1, . . . , xn)

ìpou yk = ei2πxk gia k�je k me 1 ≤ k ≤ n.Se k�je yk antistoiqoÔn poll� xk ta opoÐa, ìmwc, an� dÔo diafèroun kat�akèraio arijmì, opìte, lìgw 1-periodikìthtac thc f , h tim  f̃(y1, . . . , yn) eÐnaikal¸c orismènh. EÐnai eÔkolo na apodeiqjeÐ ìti h f̃ eÐnai suneq c sto Q. Pr�g-mati, an ta (y1, . . . , yn), (y′1, . . . , y
′
n) èqoun mikr  apìstash, tìte ta antÐstoiqa
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(x1, . . . , xn), (x′1, . . . , x
′
n) mporoÔn na epilegoÔn ¸ste na èqoun epÐshc mikr  a-pìstash, opìte oi timèc f(x1, . . . , xn), f(x′1, . . . , x

′
n) diafèroun el�qista.Antistrìfwc, k�je f̃ : Q→ F suneq c sto Q orÐzei mÐa f : Rn → F h opoÐaeÐnai 1-periodik  wc proc k�je metablht  kai suneq c ston Rn me tÔpo

f(x1, . . . , xn) = f̃(ei2πx1 , . . . , ei2πxn).

PaÐrnoume, t¸ra, 1-periodik  f : Rn → F suneq  stonRn kai thn antÐstoiqh
f̃ : Q → F h opoÐa eÐnai suneq c sto sumpagèc Q ⊆ R2n. SÔmfwna me toprohgoÔmeno je¸rhma, up�rqei polu¸numo P̃ ¸ste |f̃(y) − P̃ (y)| ≤ ε gia k�je
y ∈ Q. Tìte h P : Rn → F pou orÐzetai apì thn P̃ eÐnai ekjetikì polu¸numokai |f(x)− P (x)| ≤ ε gia k�je x ∈ Rn.

Ta prohgoÔmena apotelèsmata anafèrontai se prosèggish wc proc thn o-moiìmorfh nìrma. To epìmeno anafèretai se prosèggish wc proc thn p-nìrma.
Je¸rhma 3.13 An 1 ≤ p < +∞, tìte to sÔnolo {f ∈ C(Rn)|h f èqei

sumpag  forèa} eÐnai puknì ston Lp(Rn,B(Rn),m).

Apìdeixh: 'Estw diast mata I = [a, b] kai I ′ = [a′, b′] me a < a′ < b′ < b.OrÐzoume th suneq  sto R sun�rthsh gI,I′ h opoÐa eÐnai Ðsh me 1 sto I ′, Ðsh me
0 èxw apì to I kai grammik  sta [a, a′] kai [b′, b]. An P = [a1, b1]×· · ·×[an, bn] kai
P ′ = [a′1, b

′
1]×· · ·× [a′n, b

′
n] eÐnai parallhlepÐpeda ston Rn me aj < a′j < b′j < bjgia k�je j, jewroÔme th suneq  sto Rn sun�rthsh gP,P ′ = gI1,I′1

· · · gIn,I′n hopoÐa eÐnai Ðsh me 1 sto P ′, Ðsh me 0 èxw apì to P kai isqÔei 0 ≤ gP,P ′ ≤ 1 sto
P \ P ′. An m(P \ P ′) ≤ δ, tìte ‖χP − gP,P ′‖p ≤ δ

1
p .JewroÔme tuqoÔsa f ∈ Lp(Rn,B(Rn),m) kai ε > 0. Up�rqei apl  sun�rth-sh h =

∑K
k=1 akχAk

, ìpou ak ∈ F kai Ak ∈ B(Rn) gia k�je k, ¸ste ‖f − h‖p ≤
1
3 ε. Gia k�je k up�rqei sÔnolo Bk = Pk,1∪ · · ·∪Pk,nk

me ìla ta Pk,1, . . . , Pk,nkna eÐnai xèna an� dÔo parallhlepÐpeda kai m(Ak4Bk) ≤
(

ε
3KA

)p, ìpou A =
max(|a1|, . . . , |aK |). An jèsoume q =

∑K
k=1 akχBk

, tìte ‖h− q‖p ≤
∑K

k=1 |ak|
‖χAk

− χBk
‖p ≤ KA ε

3KA = 1
3 ε.Tèloc, gia k�je Pk,j paÐrnoume lÐgo mikrìtero parallhlepÐpedo P ′k,j ¸ste

m(Pk,j \ P ′k,j) ≤
(

ε
3KAN

)p, ìpou N = max(n1, . . . , nK). EpÐshc, jètoume g =∑K
k=1 ak

∑nk

j=1 gPk,j ,P ′
k,j

kai èqoume ‖q − g‖p ≤ KAN ε
3KAN = 1

3 ε.H g eÐnai suneq c ston Rn, èqei sumpag  forèa kai ‖f − g‖ < ε.
3.1.10 Q¸roi mètrwn

Orismìc 3.19 'Estw (Ω,Σ) ènac metr simoc q¸roc, dhlad  èna mh-kenì sÔ-
nolo Ω kai Σ mÐa s-�lgebra uposunìlwn tou Ω. 'Estw kai èna migadikì mètro µ
orismèno sthn Σ. OrÐzoume gia k�je A ∈ Σ,

|µ|(A) = sup{
n∑

m=1

|µ(Am)| |n ∈ N, Am ∈ Σ eÐnai xèna an� dÔo kai ∪n
m=1Am ⊆ A}.
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To |µ|(A) onom�zetai olik  kÔmansh tou µ sto A.

L mma 3.3 'Estw K èna peperasmèno uposÔnolo tou C. Tìte up�rqei k�poio
M ⊆ K, ¸ste |

∑
κ∈M κ| ≥ 1

6

∑
κ∈K |κ|.

Apìdeixh: To C eÐnai ènwsh twn Q1 = {κ|<(κ) ≥ |=(κ)|}, Q2 = {κ|<(κ) ≤
−|=(κ)|}, Q3 = {κ|=(κ) ≥ |<(κ)|}, Q4 = {κ|=(κ) ≤ −|<(κ)|}.An k�poioi λ1, . . . , λN perièqontai sto Q1, tìte |λ1 + · · · + λN | ≥ <(λ1 +
· · ·+λN ) = <(λ1)+ · · ·+<(λN ) ≥ 1√

2
(|λ1|+ · · ·+ |λN |). H Ðdia anisìthta isqÔei

an ìloi oi λ1, . . . , λN perièqontai se èna apì ta Q2, Q3, Q4.QwrÐzoume to K se tèssera xèna an� dÔo uposÔnola K1,K2,K3,K4 ìpouto kajèna perièqei stoiqeÐa tou K sta Q1, Q2, Q3, Q4 antistoÐqwc. Tìte giaèna toul�qiston apì aut�, to opoÐo ja onom�soume M , ja isqÔei ∑
κ∈M |κ| ≥

1
4

∑
κ∈K |κ|. B�sei thc prohgoÔmenhc paragr�fou, |∑κ∈M κ| ≥ 1√

2

∑
κ∈M |κ| ≥

1
4
√

2

∑
κ∈K |κ| ≥ 1

6

∑
κ∈K |κ|.

Je¸rhma 3.14 An to µ eÐnai migadikì mètro ston (Ω,Σ), tìte to

|µ| eÐnai mh-arnhtikì pragmatikì mètro ston (Ω,Σ). Eidik¸tera,

|µ|(Ω) < +∞.

Apìdeixh: EÐnai profanèc ìti |µ|(A) ≥ 0 gia k�je A ∈ Σ kai ìti |µ|(∅) = 0.'Estw A1, A2, . . . ∈ Σ xèna an� dÔo kai A = ∪+∞
j=1A

j .
PaÐrnoume A1, . . . , An ∈ Σ xèna an� dÔo me ∪n

m=1Am ⊆ A. Jètoume Aj
m =

Aj∩Am, opìte Am = ∪+∞
j=1A

j
m kai ∪n

m=1A
j
m ⊆ Aj . Epomènwc, ∑n

m=1 |µ(Am)| =∑n
m=1 |

∑+∞
j=1 µ(Aj

m)| ≤
∑n

m=1

∑+∞
j=1 |µ(Aj

m)| =
∑+∞

j=1

∑n
m=1 |µ(Aj

m)| ≤∑+∞
j=1 |µ|(Aj). 'Ara |µ|(A) ≤

∑+∞
j=1 |µ|(Aj).PaÐrnoume tuqìn M kai gia k�je j = 1, . . . ,M tuqìntec arijmoÔc λj <

|µ|(Aj). Tìte up�rqoun Aj
1, . . . , A

j
nj
∈ Σ xèna an� dÔo me ∪nj

m=1A
j
m ⊆ Aj kai

λj <
∑nj

m=1 |µ(Aj
m)|. Tìte ta sÔnola A1

1, . . . , A
M
nM

eÐnai xèna an� dÔo kai h
ènws  touc perièqetai sto A. 'Ara ∑M

j=1 λj <
∑M

j=1

∑nj

m=1 |µ(Aj
m)| ≤ |µ|(A).

'Ara ∑M
j=1 |µ|(Aj) ≤ |µ|(A) kai, epomènwc, ∑+∞

j=1 |µ|(Aj) ≤ |µ|(A).
Katal goume sto ∑+∞

j=1 |µ|(Aj) = |µ|(A), opìte to |µ| eÐnai mètro kai apomè-nei na apodeÐxoume ìti |µ|(Ω) < +∞.'Estw |µ|(Ω) = +∞. Ja apodeÐxoume ìti up�rqoun B1, B2, . . . ∈ Σ ¸ste
B1 ⊇ B2 ⊇ . . ., |µ|(Bk) = +∞ kai |µ(Bk)| ≥ k − 1 gia k�je k. PaÐrnou-me B1 = Ω kai èstw ìti èqoume apodeÐxei thn Ôparxh twn B1, . . . , Bk. AfoÔ
|µ|(Bk) = +∞, up�rqoun A1, . . . , An ∈ Σ xèna an� dÔo ¸ste ∪n

m=1Am ⊆ Bk kai∑n
m=1 |µ(Am)| ≥ 6(|µ(Bk)|+k). SÔmfwna me to prohgoÔmeno l mma, up�rqounk�poia apì ta A1, . . . , An, ta opoÐa me allag  arÐjmhshc upojètoume ìti eÐnai ta

A1, . . . , Al, ¸ste |∑l
m=1 µ(Am)| ≥ 1

6

∑n
m=1 |µ(Am)| ≥ |µ(Bk)| + k. OrÐzoume

S = ∪l
m=1Am ⊆ Bk, opìte |µ(S)| ≥ |µ(Bk)|+ k. Epeid  |µ|(S) + |µ|(Bk \ S) =

|µ|(Bk) = +∞, sunep�getai ìti eÐte |µ|(S) = +∞ eÐte |µ|(Bk \ S) = +∞. Sthnpr¸th perÐptwsh jètoume Bk+1 = S ⊆ Bk, opìte |µ(Bk+1)| ≥ |µ(Bk)|+ k ≥ k.Sth deÔterh perÐptwsh jètoume Bk+1 = Bk \ S ⊆ Bk, opìte |µ(Bk+1)| ≥
|µ(S)| − |µ(Bk)| ≥ k.
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T¸ra orÐzoume ta xèna an� dÔo A1 = B1 \B2, A2 = B2 \B3, . . . kai to B∞ =
∩+∞

k=1Bk, opìte µ(B1)−µ(B∞) = µ(B1 \B∞) = µ(∪+∞
m=1Am) =

∑+∞
m=1 µ(Am) =

limk→+∞
∑k−1

m=1 µ(Am) = limk→+∞(µ(B1) − µ(Bk)). 'Ara limk→+∞ µ(Bk) =
µ(B∞) kai katal goume se antÐfash.
Orismìc 3.20 An to µ eÐnai migadikì mètro ston (Ω,Σ), tìte to mh-arnhtikì
pragmatikì mètro |µ| onom�zetai apìluth kÔmansh tou µ kai o arijmìc |µ|(Ω)
onom�zetai olik  kÔmansh tou µ.

SumbolÐzoume ‖µ‖ = |µ|(Ω).

Je¸rhma 3.15 H ‖·‖ : A(Ω,Σ) → R+
0 eÐnai nìrma ston A(Ω,Σ) kai o

q¸roc autìc eÐnai q¸roc Banach.

Apìdeixh: 'Estw ‖µ‖ = 0. Tìte, gia k�je A ∈ Σ, |µ(A)| ≤ |µ|(Ω) = 0, opìte
µ(A) = 0. 'Ara to µ eÐnai to mhdenikì mètro.An κ ∈ F , tìte eÔkola apodeiknÔetai ìti ‖κµ‖ = |κ| ‖µ‖.'Estw µ, ν ∈ A(Ω,Σ). Gia k�je A1, . . . , An ∈ Σ xèna an� dÔo èqoume∑n

m=1 |(µ + ν)(Am)| ≤
∑n

m=1 |µ(Am)| +
∑n

m=1 |ν(Am)| ≤ ‖µ‖ + ‖ν‖. 'Ara
‖µ+ ν‖ ≤ ‖µ‖+ ‖ν‖.'Estw {µ(n)} ston A(Ω,Σ) me ∥∥µ(k) − µ(l)

∥∥ → 0. Gia tuqìn A ∈ Σ èqoume
|µ(k)(A)−µ(l)(A)| ≤

∥∥µ(k) − µ(l)
∥∥ → 0, opìte up�rqei to ìrio limn→+∞ µ(n)(A)sto F .OrÐzoume µ : Σ → F me tÔpo µ(A) = limn→+∞ µ(n)(A) gia k�je A ∈ Σ.Profan¸c, µ(∅) = limn→+∞ µ(n)(∅) = 0.'Estw A1, A2, . . . ∈ Σ xèna an� dÔo kai A = ∪+∞

j=1Aj . Gia tuqìn ε > 0 up�rqei
N ¸ste ∥∥µ(k) − µ(l)

∥∥ ≤ ε gia k�je k, l ≥ N . Epeid  ∑+∞
j=1 µ

(N)(Aj) = µ(N)(A),
up�rqei J0 ¸ste |µ(N)(A) −

∑J
j=1 µ

(N)(Aj)| ≤ ε gia k�je J ≥ J0. An l ≥ N ,
tìte |(µ(N)(A)−µ(l)(A))−

∑J
j=1(µ

(N)(Aj)−µ(l)(Aj))| = |
∑+∞

j=J+1(µ
(N)(Aj)−

µ(l)(Aj))| ≤
∑+∞

j=J+1 |µ(N)(Aj) − µ(l)(Aj)| ≤
∥∥µ(N) − µ(l)

∥∥ ≤ ε. PaÐrnontac
ìrio kaj¸c l→ +∞ brÐskoume |(µ(N)(A)−µ(A))−

∑J
j=1(µ

(N)(Aj)−µ(Aj))| ≤ ε

kai, epomènwc, |µ(A)−
∑J

j=1 µ(Aj)| ≤ 2ε gia k�je J ≥ J0. 'Ara ∑+∞
j=1 µ(Aj) =

µ(A), opìte µ ∈ A(Ω,Σ).Gia tuqìn ε > 0 epilègoume N ìpwc prin. An A1, . . . , An ∈ Σ eÐnai xè-na an� dÔo, tìte gia k�je k, l ≥ N èqoume ∑n
m=1 |µ(k)(Am) − µ(l)(Am)| ≤∥∥µ(k) − µ(l)

∥∥ ≤ ε. PaÐrnontac ìrio ìtan l→ +∞ brÐskoume ∑n
m=1 |µ(k)(Am)−

µ(Am)| ≤ ε, opìte ∥∥µ(k) − µ
∥∥ ≤ ε gia k�je k ≥ N . 'Ara ∥∥µ(k) − µ

∥∥ → 0.
Orismìc 3.21 An to µ eÐnai pragmatikì mètro ston (Ω,Σ), tìte ta mh-arnhti-
k� pragmatik� mètra µ+ = 1

2 (|µ|+ µ) kai µ− = 1
2 (|µ| − µ) onom�zontai jetik 

kÔmansh tou µ kai arnhtik  kÔmansh tou µ antistoÐqwc.

To ìti ta mètra aut� eÐnai mh-arnhtik� isqÔei diìti, lìgw tou orismoÔ tou
|µ|(A), èqoume |µ|(A) ≥ |µ(A)| gia k�je A ∈ Σ. Oi dÔo tautìthtec

µ = µ+ − µ− kai |µ| = µ+ + µ−



3.1. Q�WROI ME N�ORMA 79
eÐnai profaneÐc. EpÐshc, eÐnai eÔkolo na apodeiqjoÔn, me ton orismì, oi

|<µ|, |=µ| ≤ |µ| kai |µ| ≤ |<µ|+ |=µ|

ìpwc kai oi genikìterec
|µ1 + µ2| ≤ |µ1|+ |µ2| , |µ| = |µ| kai |κµ| = |κ||µ| .

3.1.11 Diaqwrisimìthta

Orismìc 3.22 'Enac q¸roc me nìrma onom�zetai diaqwrÐsimoc an èqei arij-
m simo puknì uposÔnolo.

Prìtash 3.16 'Oloi oi q¸roi lp me 1 ≤ p < +∞ kai oi c, c0 eÐnai diaqwrÐsimoi.
O l∞ den eÐnai diaqwrÐsimoc.

Apìdeixh: 'Enac κ ∈ C onom�zetai rhtìc an <κ,=κ ∈ Q. EÐnai profanèc ìti tosÔnolo twn rht¸n migadik¸n arijm¸n eÐnai puknì sto C.JewroÔme to A = {λ1e1 + · · · + λnen|n ∈ N, λ1, . . . , λn eÐnai rhtoÐ sto F},ìpou ej = (0, . . . , 0, 1, 0, . . .) èqei ìlec tic suntetagmènec Ðsec me mhdèn ektìcthc j suntetagmènhc pou eÐnai Ðsh me 1. To A eÐnai arijm simo.'Estw tuqìn x = (x1, x2, . . .) ∈ lp (1 ≤ p < +∞) kai tuqìn ε > 0. Up�rqei
N ¸ste ∑+∞

j=N+1 |xj |p ≤ εp

2 . Gia k�je j = 1, . . . , N up�rqei rhtì λj ∈ F

¸ste |xj − λj | ≤ ε

2
1
p N

1
p
. Tìte ‖x− (λ1e1 + · · ·+ λNeN )‖p

p =
∑N

j=1 |xj − λj |p +∑+∞
j=N+1 |xj |p ≤ εp, opìte ‖x− (λ1e1 + · · ·+ λNeN )‖p ≤ ε. 'Ara to A eÐnaipuknì ston lp kai o lp eÐnai diaqwrÐsimoc.An p�roume tuqìn x = (x1, x2, . . .) ∈ c0 kai tuqìn ε > 0, up�rqei N ¸ste

|xj | ≤ ε gia k�je j ≥ N + 1. Gia k�je j = 1, . . . , N up�rqei rhtì λj ∈ F ¸ste
|xj − λj | ≤ ε. Tìte ‖x− (λ1e1 + · · ·+ λNeN )‖∞ = sup{|x1 − λ1|, . . . , |xN −
λN |, |xN+1|, . . .} ≤ ε. 'Ara to A eÐnai puknì ston c0 kai o c0 eÐnai diaqwrÐsimoc.Gia ton c jewroÔme to arijm simo sÔnolo B = {λe+ λ1e1 + · · ·+ λnen|n ∈
N, λ, λ1, . . . , λn eÐnai rhtoÐ sto F}, ìpou e = (1, 1, . . .) èqei ìlec tic suntetagmè-nec Ðsec me 1. 'Estw tuqìn x = (x1, x2, . . .) ∈ c kai tuqìn ε > 0. An κ = limxj ,tìte x − κe ∈ c0. PaÐrnoume rhtì λ ∈ F ¸ste |κ − λ| ≤ ε

2 kai, me b�shta prohgoÔmena, a ∈ A ¸ste ‖(x− κe)− a‖∞ ≤ ε
2 . Tìte ‖x− (λe+ a)‖∞ ≤

‖(x− κe)− a‖∞ + ‖κe− λe‖∞ ≤ ε. Epeid  λe + a ∈ B, sunep�getai ìti to BeÐnai puknì ston c.Tèloc, èstw ìti o l∞ èqei arijm simo puknì uposÔnolo C = {x(1), x(2), . . .}.
Gia k�je j paÐrnoume xj ∈ F ¸ste |xj | ≤ 1 kai |xj −x(j)

j | ≥ 1 kai sqhmatÐzoume
to x = (x1, x2, . . .). Tìte to x an kei ston l∞ kai ∥∥x− x(j)

∥∥
∞ ≥ |xj −x(j)

j | ≥ 1gia k�je j. 'Ara den up�rqei stoiqeÐo tou C se apìstash apì to x mikrìterhapì 1. 'Atopo.
Prìtash 3.17 An A ⊆ Rn eÐnai sumpagèc, tìte o C(A) me thn omoiìmorfh
nìrma eÐnai diaqwrÐsimoc.
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Apìdeixh: JewroÔme to sÔnolo B me stoiqeÐa ìla ta polu¸numa Q(x1, . . . , xn)twn opoÐwn oi suntelestèc eÐnai ìloi rhtoÐ sto F . To B eÐnai arijm simo kaipuknì ston C(A). Diìti, an p�roume tuqoÔsa f ∈ C(A) kai ε > 0, up�rqei,sÔmfwna me to Je¸rhma 3.11, polu¸numo P (x1, . . . , xn) me suntelestèc apì to
F ¸ste |f(x) − P (x)| ≤ 1

2 ε gia k�je x ∈ A. 'Estw ìti to P èqei N ìrouc thc
morf c axk1

1 · · ·xkn
n , ìti k1, . . . , kn ≤ K gia k�je ìro tou P kai ‖x‖2 ≤ R giak�je x ∈ A. Gia k�je suntelest  a epilègoume rhtì b ∈ F ¸ste |b − a| ≤ δ =

ε
2NRnK . An sqhmatÐsoume to polu¸numo Q me touc Ðdiouc ìrouc tou P all�me suntelestèc b antÐ a, tìte |Q(x) − P (x)| ≤ NδRnK = 1

2 ε gia k�je x ∈ A.Epomènwc, |f(x)−Q(x)| ≤ ε gia k�je x ∈ A.
Prìtash 3.18 'Estw q¸roc mètrou (Ω,Σ, µ) kai upojètoume ìti up�rqei mÐa
arijm simh sullog  Ξ ⊆ Σ ¸ste gia k�je A ∈ Σ me µ(A) < +∞ kai k�je ε > 0
up�rqei B ∈ Ξ me µ(B4A) ≤ ε. Tìte, gia k�je p me 1 ≤ p < +∞ o Lp(Ω,Σ, µ)
eÐnai diaqwrÐsimoc.

Apìdeixh: JewroÔme tuqoÔsa f ∈ Lp(Ω,Σ, µ) kai ε > 0. GnwrÐzoume apìth stoiqei¸dh jewrÐa mètrou ìti up�rqei apl  sun�rthsh g =
∑n

k=1 κkχAk
∈

Lp(Ω,Σ, µ), (opìte µ(Ak) < +∞ gia k�je k) me κ1, . . . , κn ∈ F kai A1, . . . , An ∈
Σ ¸ste (∫

Ω
|f − g|p dµ

) 1
p < 1

2 ε.Epilègoume η > 0 to opoÐo exart�tai apì to ε me trìpo pou ja prosdiorÐsou-me se lÐgo. Gia k�je k brÐskoume Bk ∈ Ξ ¸ste µ(Bk 4 Ak) ≤ η kai brÐskoumerhtì λk ∈ F ¸ste |λk − κk| ≤ η. Jètoume h =
∑n

k=1 λkχBk
kai èqoume

(∫
Ω

|f − h|p dµ
) 1

p ≤
(∫

Ω

|f − g|p dµ
) 1

p +
(∫

Ω

|g − h|p dµ
) 1

p

≤ 1
2
ε+

n∑
k=1

|κk − λk|
(∫

Ω

|χBk
|p dµ

) 1
p

+
n∑

k=1

|κk|
(∫

Ω

|χAk
− χBk

|p dµ
) 1

p

=
1
2
ε+

n∑
k=1

|κk − λk|(µ(Bk))
1
p +

n∑
k=1

|κk|(µ(Bk 4Ak))
1
p

≤ 1
2
ε+ η

n∑
k=1

(µ(Ak) + η)
1
p + η

1
p

n∑
k=1

|κk|.

Epeid  η
∑n

k=1(µ(Ak) + η)
1
p + η

1
p

∑n
k=1 |κk| → 0 kaj¸c η → 0+, mporoÔmena epilèxoume to η ¸ste to teleutaÐo �jroisma na eÐnai ≤ 1

2 ε kai, epomènwc,(∫
Ω
|f − h|p dµ

) 1
p ≤ ε.'Ara to Q = {

∑n
k=1 λkχBk

|n ∈ N, λ1, . . . , λn eÐnai rhtoÐ, B1, . . . , Bn ∈ Ξ}eÐnai arijm simo kai puknì ston Lp(Ω,Σ, µ).
EÐnai gnwstì ìti an to Ω eÐnai Borel-sÔnolo ston Rn, Σ = B(Ω) kai µ = meÐnai to mètro Lebesgue, tìte h sullog  Ξ twn sunìlwn thc morf c B = P ∩Ω,
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ìpou P eÐnai ènwsh peperasmènou pl jouc parallhlepipèdwn twn opoÐwn oikorufèc èqoun rhtèc suntetagmènec, èqei thn idiìthta sthn upìjesh thc teleu-taÐac prìtashc. 'Ara oi antÐstoiqoi q¸roi Lp(Ω,B(Ω),m), 1 ≤ p < +∞, eÐnaidiaqwrÐsimoi.
3.1.12 Sump�geia

'Eqoume  dh apodeÐxei ìti k�je kleistì kai fragmèno uposÔnolo enìc q¸roupeperasmènhc di�stashc me nìrma eÐnai sumpagèc. Ja doÔme ìti k�ti tètoioeÐnai adÔnato se q¸ro �peirhc di�stashc.
Je¸rhma 3.16 (L mma tou F. Riesz)'Estw q¸roc X me nìrma ‖·‖ kai

gn sioc kleistìc upìqwroc Y tou X. Tìte gia k�je t me 0 < t < 1
up�rqei x ∈ X ¸ste ‖x‖ = 1 kai ‖x− y‖ ≥ t gia k�je y ∈ Y .

Apìdeixh: PaÐrnoume x0 ∈ X \ Y kai, epeid  o Y eÐnai kleistì uposÔnolo tou
X, up�rqei r ∈ R+ ¸ste B(x0; r) ∩ Y = ∅. JewroÔme to d = inf{‖y − x0‖ |y ∈
Y }. Profan¸c, to d eÐnai peperasmèno, afoÔ d ≤ ‖0− x0‖, kai d ≥ r >
0. An 0 < t < 1, up�rqei y0 ∈ Y ¸ste ‖y0 − x0‖ ≤ d

t kai orÐzoume x =
1

‖y0−x0‖ (y0 − x0). Tìte ‖x‖ = 1 kai gia k�je y ∈ Y isqÔei ìti ‖x− y‖ =
1

‖y0−x0‖ ‖(y0 − x0)− ‖y0 − x0‖ · y‖ = 1
‖y0−x0‖ ‖y1 − x0‖ ≥ 1

‖y0−x0‖d ≥ t, ìpou
y1 = y0 − ‖y0 − x0‖ y ∈ Y .
Prìtash 3.19 An o X eÐnai q¸roc �peirhc di�stashc me nìrma, tìte k�je
sumpagèc uposÔnolì tou èqei kenì eswterikì.

Apìdeixh: 'Estw ìti o X me nìrma ‖·‖ èqei �peirh di�stash, to K ⊆ X eÐnaisumpagèc kai èqei eswterikì shmeÐo x0. Tìte up�rqei r ∈ R+ ¸ste h klei-st  mp�la cl(B(x0; r)) na perièqetai sto K, opìte aut  h kleist  mp�la eÐnaisumpagèc sÔnolo. H kleist  mp�la cl(B(0; 1)) = {x ∈ X| ‖x‖ ≤ 1} prokÔpteiapì thn cl(B(x0; r)) me metafor� kat� −x0 kai omoiojesÐa me lìgo 1
r . 'Ara h

{x ∈ X| ‖x‖ ≤ 1} eÐnai sumpagèc uposÔnolo tou X.PaÐrnoume tuqìn x1 me ‖x1‖ = 1. O Y1 =< {x1} > eÐnai grammikìc upì-qwroc peperasmènhc di�stashc kai, epomènwc, eÐnai gn sioc kleistìc upìqw-roc tou X. SÔmfwna me to L mma tou F. Riesz up�rqei x2 me ‖x2‖ = 1 kai
‖x2 − x1‖ ≥ 1

2 . O Y2 =< {x1, x2} > eÐnai grammikìc upìqwroc peperasmè-nhc di�stashc kai, epomènwc, eÐnai gn sioc kleistìc upìqwroc tou X. SÔm-fwna me to L mma tou F. Riesz up�rqei x3 me ‖x3‖ = 1 kai ‖x3 − x1‖ ≥ 1
2 ,

‖x3 − x2‖ ≥ 1
2 . SuneqÐzontac epagwgik� blèpoume ìti up�rqei akoloujÐa {xn}sto sumpagèc {x ∈ X| ‖x‖ ≤ 1} ¸ste ‖xm − xn‖ ≥ 1

2 gia k�je n,m me n 6= m.Autì, ìmwc, èrqetai se antÐfash me to ìti prèpei na up�rqei sugklÐnousa upo-akoloujÐa thc {xn}.
To epìmeno apotèlesma apoteleÐ mh-tetrimmèno par�deigma sumpagoÔc su-nìlou se q¸ro me nìrma �peirhc di�stashc.

Orismìc 3.23 'Estw topologikìc q¸roc A kai F mÐa sullog  sunart sewn
f : A→ F .
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(i) H F onom�zetai fragmènh sto a ∈ A an up�rqei K > 0 ¸ste |f(a)| ≤ K
gia k�je f ∈ F .
(ii) H F onom�zetai isosuneq c sto a ∈ A an gia k�je ε > 0 up�rqei anoikt 
perioq  U tou a ¸ste |f(a′)− f(a)| < ε gia k�je a′ ∈ U kai k�je f ∈ F .

Je¸rhma 3.17 (Arzelà-Ascoli) 'Estw sumpag c topologikìc q¸roc A
kai F ⊆ C(A) mÐa sullog  sunart sewn f : A→ F fragmènh kai iso-

suneq c se k�je shmeÐo tou A. Tìte to cl(F) eÐnai sumpagèc ston

C(A) me thn omoiìmorfh nìrma.

Apìdeixh: PaÐrnoume tuqìn n ∈ N kai gia k�je a ∈ A brÐskoume anoikt perioq  Ua,n tou a ¸ste |f(a′)− f(a)| < 1
n gia k�je a′ ∈ Ua,n kai k�je f ∈ F .Lìgw sump�geiac tou A, up�rqoun an,1, . . . , an,mn ∈ A ¸ste A = Uan,1,n ∪

· · · ∪ Uan,mn ,n. SqhmatÐzoume to arijm simo sÔnolo B ⊆ A me stoiqeÐa ta
an,1, . . . , an,mn

gia ìla ta n ∈ N. Ek kataskeu c to B èqei thn idiìthta: sek�je b ∈ B antistoiqeÐ mÐa anoikt  perioq  tou, Vb, ¸ste gia k�je ε > 0up�rqoun b1, . . . , bn ∈ B me A = Vb1 ∪ · · · ∪ Vbn
kai |f(a)− f(bj)| ≤ ε gia k�je

a ∈ Vbj kai k�je f ∈ F .'Estw tuqoÔsa akoloujÐa {fk} sto F . Tìte gia k�je b ∈ B h {fk(b)} eÐnaifragmènh akoloujÐa sto F , opìte èqei suglÐnousa upo-akoloujÐa. Epeid  to BeÐnai arijm simo, qrhsimopoi¸ntac to diag¸nio epiqeÐrhma tou Cantor, blèpoumeìti up�rqei upo-akoloujÐa {fkl
} ¸ste gia k�je b ∈ B h {fkl

(b)} sugklÐnei sto
F . 'Estw tuqìn ε > 0. Epilègoume b1, . . . , bn ∈ B me A = Vb1 ∪ · · · ∪ Vbn kai
|f(a) − f(bj)| ≤ ε gia k�je a ∈ Vbj kai k�je f ∈ F . PaÐrnoume opoiod pote
a ∈ A, opìte a ∈ Vbj

gia k�poio j = 1, . . . , n. Tìte |fkl
(a) − fkm

(a)| ≤
|fkl

(a)−fkl
(bj)|+|fkl

(bj)−fkm
(bj)|+|fkm

(bj)−fkm
(a)| ≤ 2ε+|fkl

(bj)−fkm
(bj)|.Epeid  ta b1, . . . , bn eÐnai peperasmèna, up�rqei M ¸ste |fkl

(bj)− fkm
(bj)| ≤ εgia k�je l,m ≥M kai k�je j = 1, . . . , n. Epomènwc, |fkl

(a)− fkm(a)| ≤ 3ε giak�je l,m ≥M kai k�je a ∈ A. Dhlad  ‖fkl
− fkm‖u ≤ 3ε gia k�je l,m ≥M .'Ara h {fkl

} eÐnai akoloujÐa Cauchy ston C(A) kai, epomènwc, sugklÐnei sestoiqeÐo tou C(A). ApodeÐxame, loipìn, ìti k�je akoloujÐa sto F èqei upo-akoloujÐa sugklÐnousa ston C(A). Autì arkeÐ gia na isqÔei ìti to cl(F) eÐnaisumpagèc. Pr�gmati, èstw akoloujÐa {gk} sto cl(F). Gia k�je k paÐrnoume
fk ∈ F me ‖gk − fk‖u ≤

1
k . Up�rqei {fkl

} ¸ste fkl
→ g gia k�poio g ∈ C(A),opìte ‖gkl

− g‖u ≤
1
kl

+ ‖fkl
− g‖u → 0 ìtan l → +∞. Profan¸c, g ∈ cl(F).'Ara k�je akoloujÐa sto cl(F) èqei upo-akoloujÐa sugklÐnousa sto cl(F), opìteto cl(F) eÐnai sumpagèc.

3.1.13 Omoiìmorfa kurtèc nìrmec

Orismìc 3.24 MÐa nìrma ‖·‖ se grammikì q¸ro X onom�zetai omoiìmorfa
kurt  an gia k�je ε > 0 up�rqei δ > 0 ¸ste ‖x‖ , ‖y‖ ≤ 1 kai

∥∥ 1
2 (x+ y)

∥∥ > 1−δ
sunep�getai ìti ‖x− y‖ < ε.

To epìmeno je¸rhma eÐnai arket� qr simo. ExasfalÐzei, k�tw apì orismènecsunj kec, thn elaqistopoÐhsh thc apìstashc shmeÐou apì kurtì sÔnolo. 'Opwc
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eÐdame, h sump�geia h opoÐa eÐnai h sunhjismènh sunj kh gia elaqistopoÐhshsuneqoÔc sun�rthshc, den isqÔei akìmh kai gia apl� kurt� sÔnola, ìpwc oikleistèc mp�lec se apeirodi�stato q¸ro me nìrma.
Je¸rhma 3.18 'Estw q¸roc X me omoiìmorfa kurt  nìrma ‖·‖ kai èna

kurtì kai pl rec K ⊆ X. Tìte gia k�je x ∈ X up�rqei monadikì

y0 ∈ K ¸ste ‖y0 − x‖ = inf{‖y − x‖ | y ∈ K}.

Apìdeixh: An x ∈ K, tìte to monadikì y0 eÐnai, profan¸c, to y0 = x.'Estw x /∈ K. Epeid  to K eÐnai kleistì, sunep�getai ìti up�rqei r > 0¸ste B(x; r) ∩K = ∅. An jèsoume D = inf{‖y − x‖ | y ∈ K}, tìte D ≥ r > 0.Up�rqei {yn} sto K ¸ste ‖yn − x‖ → D. OrÐzoume xn = 1
‖yn−x‖ (yn − x) kai

èqoume ìti ‖xn‖ = 1 kai 1
2 (xn+xm) =

(
1

2‖yn−x‖+
1

2‖ym−x‖
)( ‖ym−x‖
‖yn−x‖+‖ym−x‖ yn+

‖yn−x‖
‖yn−x‖+‖ym−x‖ ym−x

). IsqÔei ìti ‖ym−x‖
‖yn−x‖+‖ym−x‖ yn + ‖yn−x‖

‖yn−x‖+‖ym−x‖ ym ∈ K,
afoÔ toK eÐnai kurtì, opìte ∥∥ 1

2 (xn + xm)
∥∥ ≥ (

1
2‖yn−x‖+ 1

2‖ym−x‖
)
D → 1. 'Ara

‖xn − xm‖ → 0. Tìte ‖yn − ym‖ → 0 kai, epeid  to K eÐnai pl rec, up�rqei
y0 ∈ K ¸ste yn → y0. 'Ara ‖y0 − x‖ = lim ‖yn − x‖ = D.'Estw D = ‖y0 − x‖ = ‖y′0 − x‖ me y0, y′0 ∈ K. Jètoume x0 = 1

‖y0−x‖ (y0 −
x) = 1

D (y0−x) kai x′0 = 1

‖y′0−x‖ (yn−x) = 1
D (y′0−x), opìte ‖x0‖ = ‖x′0‖ = 1.

Tìte ∥∥ 1
2 (x0 + x′0)

∥∥ = 1
D

∥∥ 1
2 (y0 + y′0)− x

∥∥ ≥ 1 kai, epomènwc ‖x0 − x′0‖ = 0.
L mma 3.4 'Estw 0 < t ≤ 1 kai κ, λ ∈ C. An 1 < p ≤ 2, tìte

[
(1+ t)p−1 +(1− t)p−1

]
|κ|p +

[(1
t
+1

)p−1−
(1
t
−1

)p−1
]
|λ|p ≤ |κ+λ|p + |κ−λ|p.

An 2 ≤ p < +∞, tìte h prohgoÔmenh anisìthta isqÔei me ≥ antÐ ≤ .
An, epiplèon, 0 < λ ≤ κ kai t = λ

κ , tìte h prohgoÔmenh anisìthta isqÔei wc
isìthta gia k�je p me 1 < p < +∞.

Apìdeixh: Me melèth thc parag¸gou thc sun�rthshc (wc proc t) sthn arister pleur� thc anisìthtac prokÔptei ìti, an 0 < t ≤ 1, tìte isqÔei [
(1 + t)p−1 +

(1 − t)p−1
]
|κ|p +

[(
1
t + 1

)p−1 −
(

1
t − 1

)p−1
]
|λ|p ≤ ||κ| + |λ||p + ||κ| − |λ||p, an

1 < p ≤ 2, kai h Ðdia anisìthta me ≥ antÐ ≤ , an 2 ≤ p < +∞.Apomènei na apodeiqjeÐ h ||κ| + |λ||p + ||κ| − |λ||p ≤ |κ + λ|p + |κ − λ|p, an
1 < p ≤ 2, kai h Ðdia anisìthta me ≥ antÐ ≤ , an 2 ≤ p < +∞.Jètoume λ

κ = r cos θ + ir sin θ kai anagìmaste sth sÔgkrish tou (1 + r)p +
(1−r)p me to (1+r2 +2rs)

p
2 +(1+r2−2rs)

p
2 ìtan −1 ≤ s ≤ 1. P�li me melèththc parag¸gou, blèpoume ìti h sun�rthsh (1+ r2 +2rs)

p
2 +(1+ r2−2rs)

p
2 èqeisto di�sthma [−1, 1] el�qisth tim  sta s = ±1, an 1 < p ≤ 2, kai mègisth tim sta Ðdia shmeÐa, an 2 ≤ p < +∞. H tim  aut  eÐnai Ðsh me (1 + r)p + (1− r)p.

Prìtash 3.20 (Anisìthtec Hanner.) An 1 < p ≤ 2, tìte

‖x+ y‖p
p + ‖x− y‖p

p ≥
∣∣ ‖x‖p + ‖y‖p

∣∣p +
∣∣ ‖x‖p − ‖y‖p

∣∣p
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gia k�je x, y ston lp   se q¸ro peperasmènhc di�stashc kai

‖f + g‖p
p + ‖f − g‖p

p ≥
∣∣ ‖f‖p + ‖g‖p

∣∣p +
∣∣ ‖f‖p − ‖g‖p

∣∣p
gia k�je f, g ∈ Lp(Ω,Σ, µ).

An 2 ≤ p < +∞, tìte isqÔoun oi Ðdiec anisìthtec me ≤ .

Apìdeixh: Estw 1 < p ≤ 2.Jètoume κ = xj kai λ = yj sthn anisìthta tou prohgoÔmenou l mmatockai prosjètoume gia 1 ≤ j ≤ n. Tìte, ∑n
j=1 |xj + yj |p +

∑n
j=1 |xj − yj |p ≥[

(1+t)p−1+(1−t)p−1
]∑n

j=1 |xj |p+
[(

1
t +1

)p−1−
(

1
t−1

)p−1
] ∑n

j=1 |yj |p. An upo-
jèsoume ìti 0 <

∑n
j=1 |yj |p ≤

∑n
j=1 |xj |p, tìte jètoume tp =

∑n

j=1
|yj |p∑n

j=1
|xj |p

kai brÐ-
skoume ∑n

j=1 |xj +yj |p +
∑n

j=1 |xj−yj |p ≥
∣∣∣(∑n

j=1 |xj |p
) 1

p +
(∑n

j=1 |yj |p
) 1

p

∣∣∣p +∣∣∣(∑n
j=1 |xj |p

) 1
p −

(∑n
j=1 |yj |p

) 1
p

∣∣∣p. H anisìthta aut  isqÔei, profan¸c, ìtan∑n
j=1 |yj |p = 0 kai, lìgw summetrÐac, ìtan ∑n

j=1 |yj |p ≥
∑n

j=1 |xj |p.An 2 ≤ p < +∞, tìte h anisìthta isqÔei me ≤ .An dim(X) = n kai ‖·‖p eÐnai h p-nìrma tou X (wc proc opoiad pote b�sh),tìte aut  h anisìthta gr�fetai
‖x+ y‖p

p + ‖x− y‖p
p ≥

∣∣ ‖x‖p + ‖y‖p

∣∣p +
∣∣ ‖x‖p − ‖y‖p

∣∣p,
an 1 < p ≤ 2, kai me ≤ , an 2 ≤ p < +∞.PaÐrnontac ìrio ìtan n→ +∞, apodeiknÔontai oi Ðdiec anisìthtec ston lp.An jèsoume κ = f(a) kai λ = g(a) kai akolouj soume thn Ðdia diadikasÐabrÐskoume

‖f + g‖p
p + ‖f − g‖p

p ≥
∣∣ ‖f‖p + ‖g‖p

∣∣p +
∣∣ ‖f‖p − ‖g‖p

∣∣p
gia k�je f, g ∈ Lp(Ω,Σ, µ), an 1 < p ≤ 2, kai me ≤ , an 2 ≤ p < +∞.
Je¸rhma 3.19 An 1 < p < +∞, h p-nìrma ston Lp(Ω,Σ, µ), ston lp

kai se k�je q¸ro peperasmènhc di�stashc eÐnai omoiìmorfa kurt .

Apìdeixh: 'Estw 2 ≤ p < +∞.An ‖x‖p , ‖y‖p ≤ 1 kai ∥∥ 1
2 (x+ y)

∥∥
p
≥ 1 − δ, tìte ‖x‖p + 1 ≥ ‖x+ y‖p >

2− 2δ, opìte ‖x‖p > 1− 2δ kai, omoÐwc, ‖y‖p > 1− 2δ. 'Ara −2δ < ‖x‖p − 1 ≤
‖x‖p − ‖y‖p ≤ 1− ‖y‖p < 2δ, dhlad  ∣∣ ‖x‖p − ‖y‖p

∣∣ < 2δ.
B�sei thc anisìthtac Hanner, 2p(1−δ)p+‖x− y‖p

p < ‖x+ y‖p
p+‖x− y‖p

p ≤

2p +
∣∣ ‖x‖p − ‖y‖p

∣∣p < 2p + 2pδp. 'Ara ‖x− y‖p < 2
(
1 + δp − (1 − δ)p

) 1
p < ε,an to δ eÐnai arket� mikrì. H Ðdia apìdeixh isqÔei kai gia sunart seic, opìteèqoume apodeÐxei ìti h p-nìrma eÐnai omoiìmorfa kurt , an 2 ≤ p < +∞.'Estw 1 < p ≤ 2. Antikajist¸ntac sthn anisìthta Hanner ta x, y me x+y

2kai x−y
2 , brÐskoume ‖x‖p

p + ‖x‖p
p ≥

∣∣ ∥∥x+y
2

∥∥
p
+

∥∥x−y
2

∥∥
p

∣∣p +
∣∣ ∥∥x+y

2

∥∥
p
−

∥∥x−y
2

∥∥
p

∣∣p.
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An ‖x‖p , ‖y‖p ≤ 1 kai ∥∥ 1

2 (x+ y)
∥∥

p
≥ 1 − δ, tìte qrhsimopoioÔme thn ani-

sìthta |1 + t|p + |1 − t|p ≥ 2 + p(p − 1)t2 gia k�je t me 0 < t < 1 kai èqoumeta ex c. An ∥∥x−y
2

∥∥
p
≥

∥∥x+y
2

∥∥
p
, tìte paÐrnoume 2 ≥ ‖x‖p

p + ‖y‖p
p ≥ 2

∥∥x−y
2

∥∥p

p
+

p(p− 1)
∥∥x−y

2

∥∥p−2

p

∥∥x+y
2

∥∥2

p
≥ (2 + p(p− 1))

∥∥x+y
2

∥∥p

p
> (2 + p(p− 1))(1− δ)p kai,

epomènwc, δ > 1−
(

2
2+p(p−1)

) 1
p .

'Ara, epilègontac δ < 1 −
(

2
2+p(p−1)

) 1
p , sunep�getai ìti ∥∥x−y

2

∥∥
p
≤

∥∥x+y
2

∥∥
p
,

opìte 2 ≥ ‖x‖p
p + ‖y‖p

p ≥ 2
∥∥x+y

2

∥∥p

p
+ p(p − 1)

∥∥x+y
2

∥∥p−2

p

∥∥x−y
2

∥∥2

p
≥ 2(1 − δ)p +

p(p − 1)(1 − δ)p−2
∥∥x−y

2

∥∥2

p
. Epomènwc, ‖x− y‖p ≤ 2

( 2−2(1−δ)p

p(p−1)(1−δ)p−2

) 1
2 < ε, anto δ eÐnai arket� mikrì. 'Ara h p-nìrma eÐnai omoiìmorfa kurt , an 1 < p ≤ 2.

3.1.14 Seirèc

Orismìc 3.25 'Estw I èna mh-kenì sÔnolo deikt¸n kai {αi|i ∈ I} èna sÔnolo
mh-arnhtik¸n pragmatik¸n arijm¸n. Lème ìti h seir�

∑
i∈I αi sugklÐnei an

sup{
∑

i∈J αi|J peperasmèno ⊆ I} < +∞. Tìte lème ìti h seir� sugklÐnei
sto S   ìti to S eÐnai to �jroisma thc {αi|i ∈ I} kai gr�foume

∑
i∈I αi = S,

ìpou S eÐnai h tim  autoÔ tou supremum.

Prìtash 3.21 'Estw I èna mh-kenì sÔnolo deikt¸n kai {αi|i ∈ I} ⊆ R+
0 . An

h
∑

i∈I αi sugklÐnei kai èqei �jroisma S, tìte to I0 = {i ∈ I|ai 6= 0} eÐnai to
polÔ arijm simo uposÔnolo tou I. EpÐshc, an I0 = {i1, i2, . . .} eÐnai opoiad pote
arÐjmhsh tou I0, tìte

S =
N∑

k=1

αik
,

ìpou N = card(I0) eÐnai eÐte mh-arnhtikìc akèraioc arijmìc eÐte N = +∞.

Apìdeixh: OrÐzoume In = {i ∈ I|αi ≥ 1
n}, opìte I0 = ∪+∞

n=1In. PaÐrnoumeopoiod pote peperasmèno uposÔnoloM tou In, opìte 1
n card(M) ≤

∑
i∈M αi ≤

S. 'Ara card(M) ≤ nS kai, epomènwc, to In eÐnai peperasmèno me card(In) ≤
nS. 'Ara to I0 eÐnai to polÔ arijm simo.'Estw I0 = {i1, i2, . . .} opoiad pote arÐjmhsh tou I0 kai N = card(I0).An N < +∞, opìte I0 = {i1, . . . , iN}, tìte to mègisto �jroisma pepera-smènou pl jouc stoiqeÐwn tou {αi|i ∈ I} eÐnai, profan¸c, to ∑N

k=1 αik
. 'Ara

S =
∑N

k=1 αik
.'Estw N = +∞. Gia k�je n ∈ N to {i1, . . . , in} eÐnai peperasmèno upo-sÔnolo tou I kai, epomènwc, ∑n

k=1 αik
≤ S. EpÐshc, gia k�je ε > 0, up�rqeipeperasmèno J ⊆ I ¸ste ∑

i∈J αi > S − ε. MporoÔme, profan¸c, na upojè-soume ìti J ⊆ I0, opìte up�rqei k�poio n0 ∈ N ¸ste J ⊆ {i1, . . . , in} gia k�je
n ≥ n0. Tìte, ìmwc, S − ε <

∑
i∈J αi ≤

∑n
k=1 αik

≤ S gia k�je n ≥ n0. 'Ara
S =

∑+∞
k=1 αik

.
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Orismìc 3.26 'Estw X q¸roc me nìrma ‖·‖ kai akoloujÐa {xn} ston X. Lème
ìti h

∑+∞
n=1 xn sugklÐnei sto s ∈ X an x1 + · · · + xn → s. Tìte lème ìti h∑+∞

n=1 xn èqei �jroisma s kai gr�foume s =
∑+∞

n=1 xn.

Je¸rhma 3.20 'Estw X q¸roc Banach me nìrma ‖·‖ kai {xi|i ∈ I} ⊆ X
ìpou I eÐnai èna mh-kenì sÔnolo deikt¸n. An h seir�

∑
i∈I ‖xi‖ su-

gklÐnei, tìte to I0 = {i ∈ I|xi 6= 0} eÐnai to polÔ arijm simo.

An card(I0) = +∞ kai an I0 = {i1, i2, . . .} eÐnai tuqoÔsa arÐjmhsh

tou I0, tìte h seir�
∑+∞

k=1 xik
sugklÐnei ston X kai to �jroisma

s =
∑+∞

k=1 xik
den exart�tai apì thn arÐjmhsh tou I0.

Apìdeixh: SÔmfwna me thn prohgoÔmenh prìtash, to I0 eÐnai to polÔ arijm -simo. Upojètoume ìti card(I0) = +∞ kai èstw I0 = {i1, i2, . . .} opoiad potearÐjmhsh tou I0. Tìte h ∑+∞
k=1 ‖xik

‖ sugklÐnei.Jètoume sn = xi1 + · · ·+xin
, opìte, an n ≤ m, ‖sm − sn‖ ≤

∥∥xin+1

∥∥+ · · ·+
‖xim

‖ → 0 ìtan n,m→ +∞. 'Ara sn → s gia k�poio s ∈ X.JewroÔme opoiad pote �llh arÐjmhsh I0 = {j1, j2, . . .} kai paÐrnoume tuqìn
ε > 0. Tìte up�rqei n1 ¸ste ∑+∞

k=n1+1 ‖xik
‖ < ε. EpÐshc, up�rqei n2 ¸ste

{i1, . . . , in1} ⊆ {j1, . . . , jn} gia k�je n ≥ n2. An n0 = max(n1, n2), tìte to
{i1, . . . , in1} perièqetai sto {i1, . . . , in} kai sto {j1, . . . , jn} gia k�je n ≥ n0.'Ara gia k�je n ≥ n0, to ∑n

k=1 xik
−

∑n
k=1 xjk

den perièqei ìrouc me deÐktec apìto {i1, . . . , in1} kai perièqei to polÔ ènan ìro gia k�je deÐkth apì to {in1+1, . . .}me suntelest  ±1. Epomènwc, ‖∑n
k=1 xik

−
∑n

k=1 xjk
‖ ≤

∑+∞
k=n1+1 ‖xik

‖ < ε

gia k�je n ≥ n0. 'Ara lim
∑n

k=1 xik
= lim

∑n
k=1 xjk

kai, tèloc, ∑+∞
k=1 xik

=∑+∞
k=1 xjk

.
Orismìc 3.27 'Estw X q¸roc me nìrma ‖·‖ kai {xi|i ∈ I} ⊆ X ìpou I eÐnai
èna mh-kenì sÔnolo deikt¸n.
(i) An h seir�

∑
i∈I ‖xi‖ sugklÐnei, lème ìti h

∑
i∈I xi sugklÐnei apolÔtwc.

(ii) An to I0 = {i ∈ I|xi 6= 0} eÐnai to polÔ arijm simo, h
∑+∞

k=1 xik
sugklÐnei

ston X gia k�je arÐjmhsh I0 = {i1, i2, . . .} kai to �jroisma den exart�tai apì
thn arÐjmhsh, tìte lème ìti h seir�

∑
i∈I xi sugklÐnei qwrÐc proüpojèseic.

Epomènwc, to teleutaÐo je¸rhma lèei ìti se q¸ro Banach, an mÐa seir�sugklÐnei apolÔtwc, tìte sugklÐnei qwrÐc proüpojèseic.
3.2 Q¸roi me eswterikì ginìmeno
3.2.1 Eswterikì ginìmeno kai nìrma

Orismìc 3.28 'Estw grammikìc q¸roc X epÐ tou F kai sun�rthsh ( · | · ) :
X ×X → F ¸ste gia k�je x, y, z ∈ X kai k�je κ ∈ F
(i) (x+ z|y) = (x|y) + (z|y), (κx|y) = κ(x|y)
(ii) (y|x) = (x|y)
(iii) (x|x) ≥ 0
(iv) (x|x) = 0 an kai mìnon an x = 0.
H sun�rthsh ( · | · ) onom�zetai eswterikì ginìmeno ston X.
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Apì tic (i) kai (ii) sunep�getai ìti (x|y + z) = (x|y) + (x|z) kai (x|λy) =

λ(x|y). An sundu�soume ìla aut� paÐrnoume to genikìtero
(

n∑
k=1

κkxk|
m∑

l=1

λlyl) =
n∑

k=1

m∑
l=1

κkλl(xk|yl).

An F = R, tìte, fusik�, paraleÐpoume to sÔmbolo tou migadikoÔ suzugoÔcapì ìla ta prohgoÔmena, afoÔ λ = λ gia k�je λ ∈ R.
Je¸rhma 3.21 (Anisìthta tou Schwarz) 'Estw X q¸roc me eswterikì

ginìmeno ( · | · ). Tìte

|(x|y)|2 ≤ (x|x)(y|y)

gia k�je x, y ∈ X. H anisìthta aut  isqÔei wc isìthta an kai mì-

non an èna apì ta x, y eÐnai pollapl�sio tou �llou.

Apìdeixh: An x = 0, tìte af' enìc (0|0) = (0|y) = 0, opìte h anisìthta isqÔeiwc isìthta, af' etèrou 0 = 0y kai to 0 eÐnai pollapl�sio tou y. ArkeÐ, epomènwc,na upojèsoume ìti x 6= 0.Gia k�je κ ∈ F èqoume
0 ≤ (κx+ y|κx+ y)

= (x|x)|κ|2 + 2<
(
(x|y)κ

)
+ (y|y)

=
∣∣∣√(x|x)κ+

(x|y)√
(x|x)

∣∣∣2 +
(x|x)(y|y)− |(x|y)|2

(x|x)
.

T¸ra jètoume κ = − (x|y)
(x|x) kai brÐskoume (x|x)(y|y)− |(x|y)|2 ≥ 0.

An h anisìthta isqÔei wc isìthta, (x|x)(y|y) = |(x|y)|2, tìte me thn Ðdia
epilog  gia to κ èqoume (− (x|y)

(x|x) x+y|− (x|y)
(x|x) x+y) = 0 kai, epomènwc, y = (x|y)

(x|x) xopìte to y eÐnai pollapl�sio tou x.An, antistrìfwc, y = κx gia k�poio κ ∈ F , tìte |(x|κx)|2 = |κ|2(x|x)2 =
(x|x)(κx|κx). OmoÐwc, an to x eÐnai pollapl�sio tou y, tìte h anisìthta isqÔeiwc isìthta.

ParathroÔme ìti h idiìthta (iv) tou eswterikoÔ ginomènou qrhsimopoi jhkemìno gia thn perÐptwsh thc isìthtac sthn anisìthta tou Schwarz.
EÐnai qr simo na gnwrÐzoume ìti h anisìthta tou Schwarz isqÔei

gia k�je sun�rthsh ( · | · ) h opoÐa ikanopoieÐ tic idiìthtec (i), (ii)
kai (iii) tou eswterikoÔ ginomènou.

Orismìc 3.29 'Estw X q¸roc me eswterikì ginìmeno ( · | · ). OrÐzoume ‖x‖ =√
(x|x) gia k�je x ∈ X. H sun�rthsh ‖·‖ : X → R+

0 lème ìti eÐnai h nìrma
pou ep�getai apì to eswterikì ginìmeno.

Prìtash 3.22 H sun�rthsh ‖·‖ : X → R+
0 pou mìlic orÐsjhke eÐnai nìrma

ston X.
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Apìdeixh: Gia k�je x, y ∈ X èqoume ‖x+ y‖2 = (x+y|x+y) = (x|x)+2<(x|y)+
(y|y) ≤ (x|x)+2

√
(x|x)

√
(y|y)+(y|y) = ‖x‖2+2 ‖x‖ ‖y‖+‖y‖2 =

(
‖x‖+‖y‖

)2.'Ara ‖x+ y‖ ≤ ‖x‖+ ‖y‖.Oi upìloipec idiìthtec thc nìrmac apodeiknÔontai polÔ eÔkola.
H nìrma ‖·‖ h opoÐa ja emfanÐzetai sth melèth mac twn idiot twn enìc q¸roume eswterikì ginìmeno ( · | · ) ja eÐnai h nìrma pou ep�getai apì to eswterikìginìmeno.Epomènwc, k�je q¸roc me eswterikì ginìmeno eÐnai q¸roc me nìrma kai, wcek toÔtou, metrikìc q¸roc.

Prìtash 3.23 'Estw X q¸roc me eswterikì ginìmeno ( · | · ). Tìte h sun�rth-
sh ( · | · ) : X ×X → F eÐnai suneq c sto X ×X.

Apìdeixh: |(x|y)− (x′|y′)| ≤ ‖x‖ ‖y − y′‖+ ‖y‖ ‖x− x′‖ + ‖x− x′‖ ‖y − y′‖ giak�je x, x′, y, y′ ∈ X.
Orismìc 3.30 'Estw X q¸roc me eswterikì ginìmeno ( · | · ). An o Y eÐnai
grammikìc upìqwroc tou X, tìte o periorismìc tou ( · | · ) sto Y × Y apoteleÐ
eswterikì ginìmeno ston Y kai o Y me autì to eswterikì ginìmeno onom�zetai
upìqwroc tou X.

3.2.2 IsometrÐec

Orismìc 3.31 'Estw X,Y q¸roi me eswterik� ginìmena ( · | · )X kai ( · | · )Y .
An up�rqei 1-1 kai epÐ grammikìc telest c T : X → Y ¸ste (Tx |Tz )Y =
(x | z )X gia k�je x, z ∈ X, tìte o T onom�zetai isometrÐa tou X me ton Y ,

lème ìti o X eÐnai isometrikìc me ton Y kai gr�foume X
iso= Y .

H sqèsh thc isometrÐac eÐnai, profan¸c, sqèsh isodunamÐac. Wc sun jwc,tautÐzoume dÔo isometrikoÔc q¸rouc me eswterikì ginìmeno.
Prìtash 3.24 'EstwX,Y q¸roi me eswterik� ginìmena ( · | · )X kai ( · | · )Y kai
antÐstoiqec nìrmec ‖·‖X kai ‖·‖Y . EpÐshc, èstw 1-1 kai epÐ grammikìc telest c
T : X → Y . Tìte o T eÐnai isometrÐa an kai mìnon an ‖Tx‖Y = ‖x‖X gia k�je
x ∈ X.

Apìdeixh: An o T eÐnai isometrÐa, tìte ‖Tx‖Y =
√

(Tx |Tx )Y =
√

(x |x )X =
‖x‖X .Antistrìfwc, èstw ìti ‖Tx‖Y = ‖x‖X gia k�je x ∈ X. Tìte gia x, z ∈ X
èqoume ‖Tx‖2Y + 2<(Tx |Tz )Y + ‖Tz‖2Y = ‖T (x+ z)‖2Y = ‖x+ z‖2X = ‖x‖2X +
2<(x | z )X + ‖z‖2X . 'Ara <(Tx |Tz )Y = <(x | z )X gia k�je x, z ∈ X.An F = R, tìte (Tx |Tz )Y = (x | z )X gia k�je x, z ∈ X.An F = C, tìte jètoume ix sth jèsh tou x kai paÐrnoume =(Tx |Tz )Y =
=(x | z )X kai, epomènwc, (Tx |Tz )Y = (x | z )X gia k�je x, z ∈ X.

'Ara ènac T eÐnai isometrÐa q¸rwn wc proc to eswterikì touc ginìmeno ankai mìnon an eÐnai isometrÐa twn Ðdiwn q¸rwn wc proc th nìrma touc.
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3.2.3 H omoiìmorfh kurtìthta thc nìrmac

Prìtash 3.25 (Tautìthta tou Parallhlogr�mmou) 'Estw X q¸roc me eswte-
rikì ginìmeno ( · | · ). Tìte

‖x+ y‖2 + ‖x− y‖2 = 2 ‖x‖2 + 2 ‖y‖2

gia k�je x, y ∈ X.

Je¸rhma 3.22 H nìrma h opoÐa ep�getai apì eswterikì ginìmeno

eÐnai omoiìmorfa kurt .

Apìdeixh: 'Amesh apì thn tautìthta tou parallhlogr�mmou.
Je¸rhma 3.23 'Estw X q¸roc me eswterikì ginìmeno kai K pl rec

kai kurtì uposÔnolo tou X. Tìte gia k�je x ∈ X up�rqei monadikì

y0 ∈ K ¸ste ‖x− y0‖ = inf{‖x− y‖ | y ∈ K}. Epiplèon, isqÔei ìti

<(y − y0|x− y0) ≤ 0 gia k�je y ∈ K.

Apìdeixh: H Ôparxh kai h monadikìthta tou y0 eÐnai �mesh sunèpeia tou Jew-r matoc 3.18.'Estw tuqìn y ∈ K. Tìte gia k�je t me 0 < t < 1 èqoume ty+(1− t)y0 ∈ K,opìte
‖x− y0‖2 ≤ ‖x− (ty + (1− t)y0)‖2

= ‖x− y0‖2 − 2t<(y − y0|x− y0) + t2 ‖y − y0‖2 .

'Ara <(y − y0|x − y0) ≤ 1
2 t ‖y − y0‖2 gia k�je t me 0 < t < 1 kai, paÐrnontacìrio ìtan t→ 0+, brÐskoume <(y − y0|x− y0) ≤ 0.

3.2.4 Q¸roi Hilbert

Orismìc 3.32 'Estw X q¸roc me eswterikì ginìmeno ( · | · ). O X onom�zetai
q¸roc Hilbert an eÐnai pl rhc.

Orismìc 3.33 Se grammikì q¸roX me dim(X) < +∞, paÐrnoume opoiad pote
b�sh {b1, . . . , bn} kai orÐzoume eswterikì ginìmeno me tÔpo

(x|y)2 = x1y1 + · · ·+ xnyn

gia k�je x = x1b1 + · · ·+ xnbn, y = y1b1 + · · ·+ ynbn ∈ X.

Orismìc 3.34 Ston l2 orÐzoume eswterikì ginìmeno me tÔpo

(x|y)2 =
+∞∑
j=1

xjyj

gia k�je x = (x1, x2, . . .), y = (y1, y2, . . .) ∈ l2.
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Orismìc 3.35 Ston L2(Ω,Σ, µ) orÐzoume eswterikì ginìmeno me tÔpo

(f |g)2 =
∫

Ω

f(a)g(a) dµ(a)

gia k�je f, g ∈ L2(Ω,Σ, µ).

EÐnai profanèc ìti se kajènan apì touc treic autoÔc q¸rouc to eswterikìginìmeno pou orÐsjhke ep�gei thn antÐstoiqh 2-nìrma. EpÐshc, parathroÔme ìtih anisìthta tou Schwarz eÐnai h anisìthta Hölder me p = q = 2.
Je¸rhma 3.24 Oi q¸roi peperasmènhc di�stashc, o l2 kai oi q¸roi

L2(Ω,Σ, µ) eÐnai q¸roi Hilbert me to eswterikì ginìmeno (·|·)2 pou

ep�gei thn 2-nìrma.

Apìdeixh: Profan c.
Je¸rhma 3.25 (Pl rwsh q¸rou me eswterikì ginìmeno) Gia k�je q¸ro

X me eswterikì ginìmeno up�rqei q¸roc Hilbert X̃ ¸ste o X na eÐ-

nai puknìc upìqwroc tou X̃.

An o X̂ èqei tic Ðdiec idiìthtec me ton X̃, up�rqei isometrÐa

tou X̃ me ton X̂ thc opoÐac o periorismìc ston X eÐnai h tautoti-

k  apeikìnish tou X.

Apìdeixh: An ‖·‖ eÐnai h nìrma tou X pou ep�getai apì to eswterikì ginìmeno
(·|·) tou X, gnwrÐzoume ìti up�rqei q¸roc Banach X̃ me nìrma ‖·‖̃ , ¸ste o X naeÐnai puknìc upìqwroc tou X̃. Apomènei na epekteÐnoume to eswterikì ginìmeno
(·|·) tou X se eswterikì ginìmeno (·|·)̃ tou X̃, ¸ste h ‖·‖̃ na ep�getai apì to
(·|·)̃.Gia tuqìnta x, y ∈ X̃ paÐrnoume {xn} kai {yn} ston X me xn → x kai
yn → y ston X̃. EÐnai eÔkolo na deÐxoume ìti, epeid  autèc oi akoloujÐec eÐnaiakoloujÐec Cauchy, h {(xn|yn)} eÐnai akoloujÐa Cauchy sto F kai, epomènwc,èqei ìrio sto F . EpÐshc, apodeiknÔoume ìti, an {x′n} kai {y′n} eÐnai ston X kai
x′n → x kai y′n → y ston X̃, tìte lim(x′n|y′n) = lim(xn|yn). 'Ara orÐzetai kal¸cto (x|y)̃ = lim(xn|yn).'Olec oi idiìthtec tou eswterikoÔ ginomènou apodeiknÔontai eÔkola. Giapar�deigma, èstw ìti x ∈ X̃ kai (x|x)̃ = 0. Tìte, me {xn} ston X kai xn →
x, èqoume 0 = (x|x)̃ = lim(xn|xn) = lim ‖xn‖2 = lim ‖xn‖̃ 2 = ‖x‖̃ 2 kai,epomènwc, x = 0.Fusik�, o Ðdioc upologismìc apodeiknÔei ìti h ‖·‖̃ ep�getai apì to (·|·)̃.Tèloc, h isometrÐa q¸rwn me nìrma pou gnwrÐzoume ìti up�rqei an�mesastouc X̃ kai X̂ eÐnai, sÔmfwna me thn Prìtash 3.24, isometrÐa q¸rwn me esw-terikì ginìmeno.
Orismìc 3.36 An o X eÐnai q¸roc me eswterikì ginìmeno, k�je q¸roc Hilbert
X̂ me thn idiìthta o X na eÐnai puknìc upìqwroc tou X̂ onom�zetai pl rwsh
tou X se q¸ro Hilbert .
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To prohgoÔmeno je¸rhma lèei ìti opoiesd pote plhr¸seic tou X eÐnai iso-metrikoÐ q¸roi Hilbert kai, epomènwc, sun jwc anaferìmaste sthn pl rwshtou X se q¸ro Hilbert .

3.2.5 Kajetìthta

Orismìc 3.37 'Estw X q¸roc me eswterikì ginìmeno ( · | · ).
(i) Ta x, y ∈ X onom�zontai k�jeta an (x|y) = 0. S' aut n thn perÐptwsh
gr�foume x⊥y.
(ii) Lème ìti to x ∈ X eÐnai k�jeto sto S ⊆ X an x⊥y gia k�je y ∈ S.
Gr�foume x⊥S.
(iii) Lème ìti ta S, T ⊆ X eÐnai k�jeta an x⊥y gia k�je x ∈ T kai k�je y ∈ S.
Gr�foume T⊥S.

Prìtash 3.26 'Estw X q¸roc me eswterikì ginìmeno ( · | · ).
(i) Gia k�je x ∈ X isqÔei x⊥x an kai mìnon an x = 0.
(ii) An x⊥y, tìte y⊥x.
(iii) An to x ∈ X eÐnai k�jeto se k�poia stoiqeÐa tou X, tìte eÐnai k�jeto kai se
k�je stoiqeÐo to opoÐo eÐnai ìrio grammik¸n sunduasm¸n aut¸n twn stoiqeÐwn.
Dhlad , an x⊥S, tìte x⊥cl(< S >).

Apìdeixh: 'Askhsh.
Orismìc 3.38 'Estw X q¸roc me eswterikì ginìmeno ( · | · ) kai mh-kenì S
uposÔnolo tou X. OrÐzoume

S⊥ = {x ∈ X|x⊥y gia k�je y ∈ S}.

Prìtash 3.27 'Estw X q¸roc me eswterikì ginìmeno ( · | · ) kai mh-ken� S, T
uposÔnola tou X.
(i) To S⊥ eÐnai kleistìc upìqwroc tou X.
(ii) cl(< S >) ⊆ (S⊥)⊥.
(iii) An S ⊆ T , tìte T⊥ ⊆ S⊥.
(iv) [cl(< S >)]⊥ = S⊥.

Apìdeixh: 'Askhsh.
Je¸rhma 3.26 'Estw X q¸roc me eswterikì ginìmeno, pl rhc upìqw-

roc Y tou X kai tuqìn x ∈ X. Tìte

(i) up�rqei monadikì y0 ∈ Y me ‖x− y0‖ = infy∈Y ‖x− y‖
(ii) gia to y0 tou (i) isqÔei x− y0⊥Y
(iii) to x gr�fetai me monadikì trìpo x = y0+z0 me y0 ∈ Y kai z0⊥Y .
(iv) X = Y + Y ⊥ kai Y ∩ Y ⊥ = {0}.
(v) Y = (Y ⊥)⊥.

An o X eÐnai q¸roc Hilbert, tìte ta prohgoÔmena isqÔoun gia

k�je kleistì upìqwro Y tou X.
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Apìdeixh: (i) To Je¸rhma 3.23.
(ii) Apì to Je¸rhma 3.23 èqoume ìti <(x − y0|y − y0) ≤ 0 gia k�je y ∈ Y .Jètoume y + y0 sth jèsh tou y kai paÐrnoume <(x− y0|y) ≤ 0 gia k�je y ∈ Y .Jètontac −y sth jèsh tou y, paÐrnoume <(x − y0|y) ≥ 0 gia k�je y ∈ Y kai,epomènwc, <(x− y0|y) = 0 gia k�je y ∈ Y . An F = R, tìte (x− y0|y) = 0 giak�je y ∈ Y . An F = C, jètontac iy sth jèsh tou y paÐrnoume =(x− y0|y) = 0kai, epomènwc, (x− y0|y) = 0 gia k�je y ∈ Y . Se k�je perÐptwsh, x− y0⊥Y .
(iii) An z0 = x − y0, tìte x = y0 + z0 kai z0⊥Y . An x = y1 + z1 me y1 ∈ Ykai z1⊥Y , tìte z0 − z1 = y1 − y0 ∈ Y ∩ Y ⊥, opìte (z0 − z1|z0 − z1) = 0. 'Ara
z0 = z1 kai y0 = y1.
(iv) To X = Y + Y ⊥ mìlic apodeÐqjhke kai, an x ∈ Y ∩ Y ⊥, tìte (x|x) = 0,opìte x = 0.
(v) GnwrÐzoume  dh ìti Y ⊆ (Y ⊥)⊥. 'Estw x ∈ (Y ⊥)⊥. Gr�foume x = y0+z0 me
y0 ∈ Y kai z0⊥Y , opìte x⊥z0 (afoÔ z0 ∈ Y ⊥). Apì ta x⊥z0, y0⊥z0 sunep�getaiìti z0 = x0 − y0⊥ z0 kai, epomènwc, z0 = 0. 'Ara x = y0 ∈ Y .

To (v) tou teleutaÐou jewr matoc diatup¸netai isodÔnama: an o Y eÐnai

pl rhc upìqwroc q¸rou me eswterikì ginìmeno, tìte k�je stoiqeÐo

pou eÐnai k�jeto se ìla ta stoiqeÐa pou eÐnai k�jeta ston Y an -

kei ston Y .

Je¸rhma 3.27 An o X eÐnai q¸roc Hilbert, tìte gia k�je mh-kenì

S ⊆ X isqÔei cl(< S >) = (S⊥)⊥.

Apìdeixh: Efarmìzoume to prohgoÔmeno je¸rhma me Y = cl(< S >).
To teleutaÐo je¸rhma diatup¸netai isodÔnama: an to S eÐnai mh-kenì

uposÔnolo enìc q¸rou Hilbert, tìte k�je stoiqeÐo pou eÐnai k�jeto

se ìla ta stoiqeÐa pou eÐnai k�jeta sto S proseggÐzetai aperiìri-

sta me grammikoÔc sunduasmoÔc stoiqeÐwn tou S.

3.2.6 Orjokanonik� sÔnola

Orismìc 3.39 'Estw X q¸roc me eswterikì ginìmeno (·|·) kai epag¸menh nìr-
ma ‖·‖ kai A ⊆ X. To A onom�zetai orjog¸nio an a 6= 0gia k�je a ∈ A kai
(a|a′) = 0 gia k�je a, a′ ∈ A me a 6= a′.

To A onom�zetai orjokanonikì an ‖a‖ = 1gia k�je a ∈ A kai (a|a′) = 0 gia
k�je a, a′ ∈ A me a 6= a′.

EÐnai profanèc ìti k�je orjog¸nio sÔnolo A metatrèpetai se orjokanonikì
A′ = { 1

‖a‖ a|a ∈ A}.
Orismìc 3.40 'Estw X q¸roc me eswterikì ginìmeno (·|·) kai orjokanonikì
sÔnolo A ⊆ X. To A onom�zetai maximal orjokanonikì sÔnolo sto X an
den up�rqei orjokanonikì sÔnolo gn sia megalÔtero apì to A.

To A onom�zetai orjokanonik  b�sh tou X an cl(< A >) = X.
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Me �lla lìgia, to orjokanonikì sÔnolo A eÐnai maximal an den up�rqei

x ∈ X me x 6= 0 kai x⊥A. EpÐshc, to A eÐnai orjokanonik  b�sh an k�je x ∈ XproseggÐzetai aperiìrista apì grammikoÔc sunduasmoÔc stoiqeÐwn tou A.
Prìtash 3.28 Se q¸ro me eswterikì ginìmeno k�je orjokanonik  b�sh eÐnai
maximal orjokanonikì sÔnolo.

Se q¸ro Hilbert k�je maximal orjokanonikì sÔnolo eÐnai orjokanonik  b�sh.

Apìdeixh: 'Estw orjokanonik  b�sh A tou q¸rou X me eswterikì ginìmeno (·|·)kai epag¸menh nìrma ‖·‖. An up�rqei x ∈ X me x⊥A, tìte x⊥cl(< A >) = X,opìte x⊥x kai, epomènwc, x = 0. 'Ara to A eÐnai maximal orjokanonikì sÔnolo.'Estw ìti o X eÐnai q¸roc Hilbert kai to A eÐnai maximal orjokanonikìsÔnolo. JewroÔme ton kleistì upìqwro Y = cl(< A >) kai paÐrnoume tuqìn
x ∈ X. Gr�foume x = y0 + z0 me y0 ∈ Y kai z0⊥Y . Tìte z0⊥A kai, epomènwc,
z0 = 0. 'Ara x ∈ cl(< A >).
Je¸rhma 3.28 K�je q¸roc X 6= {0} me eswterikì ginìmeno èqei maxi-

mal orjokanonikì sÔnolo kai k�je q¸roc Hilbert èqei orjokanonik 

b�sh.

An K eÐnai orjokanonikì sÔnolo ston X, tìte to maximal orjo-

kanonikì sÔnolo   h orjokanonik  b�sh mporoÔn na epilegoÔn ¸ste

na perièqoun to K.

Apìdeixh: 'Estw X q¸roc me eswterikì ginìmeno (·|·) kai epag¸menh nìrma ‖·‖.SqhmatÐzoume th sullog  A me stoiqeÐa ìla ta orjokanonik� uposÔnola tou
X   ta orjokanonik� sÔnola pou perièqoun to K, an to K jewreÐtai dedomèno.An a 6= 0 eÐnai tuqìn stoiqeÐo tou X, tìte to { 1

‖a‖ a} eÐnai stoiqeÐo thc A  , anto K eÐnai dedomèno, to K eÐnai stoiqeÐo thc A. JewroÔme sthn A th di�taxhtou egkleismoÔ kai paÐrnoume opoiad pote olik� diatetagmènh uposullog  C.OrÐzoume to A0 =
⋃
{A|A ∈ C}. K�je a ∈ A0 an kei se k�poio A ∈ C kai,epomènwc, ‖a‖ = 1. An a, a′ ∈ A0 kai a 6= a′, tìte up�rqoun A,A′ ∈ C ¸ste

a ∈ A kai a′ ∈ A′. Ta a, a′ an koun se èna apì ta A,A′, opìte (a|a′) = 0. 'Ara
A0 ∈ A kai, profan¸c, eÐnai �nw-fr�gma thc C. SÔmfwna me to L mma tou
Zorn up�rqei maximal stoiqeÐo thc A.
Je¸rhma 3.29 (Anisìthta Bessel.) 'Estw q¸roc X me eswterikì gi-

nìmeno (·|·) kai epag¸menh nìrma ‖·‖ kai orjokanonikì sÔnolo A ⊆ X.

Gia k�je x ∈ X isqÔei ∑
a∈A

|(x|a)|2 ≤ ‖x‖2 .

Apìdeixh: JewroÔme opoiod pote peperasmèno {a1, . . . , an} ⊆ A kai orÐzoumeto z = x−
∑n

k=1(x|ak)ak. Tìte gia k�je j me 1 ≤ j ≤ n èqoume
(z|aj) = (x|aj)−

n∑
k=1

(x|ak)(ak|aj) = (x|aj)− (x|aj) = 0.
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Opìte
‖x‖2 =

∥∥∥∥∥z +
n∑

k=1

(x|ak)ak

∥∥∥∥∥
2

= ‖z‖2 +
n∑

k=1

|(x|ak)|2 ‖ak‖2

≥
n∑

k=1

|(x|ak)|2.

SÔmfwna me ton Orismì 3.24, sunep�getai ∑
a∈A |(x|a)|2 ≤ ‖x‖2 .

Je¸rhma 3.30 (F.Riesz, Fischer ) 'Estw q¸roc Hilbert X me esw-

terikì ginìmeno (·|·) kai epag¸menh nìrma ‖·‖ kai orjokanonikì sÔ-

nolo A ⊆ X.

Gia k�je sÔnolo {κa ∈ F |a ∈ A} me
∑

a∈A |κa|2 < +∞, h seir�∑
a∈A κa a sugklÐnei qwrÐc proüpojèseic ston X. An x =

∑
a∈A κa a,

tìte

(i) (x|a) = κa gia k�je a ∈ A,
(ii) ‖x‖2 =

∑
a∈A |κa|2 kai

(iii) (x|y) =
∑

a∈A κa(y|a) gia k�je y ∈ X.

Apìdeixh: Apo thn Prìtash 3.21 èqoume ìti to A0 = {a ∈ A|κa 6= 0} eÐnaito polÔ arijm simo. JewroÔme opoiad pote arÐjmhsh A0 = {a1, a2, . . .}, opìte∑
a∈A |κa|2 =

∑N
k=1 |κak

|2, ìpou N = card(A0). Kat' arq n upojètoume ìti
N = +∞.An jèsoume sn =

∑n
k=1 κak

ak, gia k�je n,m me n < m èqoume ‖sm − sn‖2 =∥∥∑m
k=n+1 κak

ak

∥∥2 =
∑m

k=n+1 |κak
|2 → 0 ìtan n,m→ +∞. 'Ara up�rqei x ∈ X

¸ste sn → x. Dhlad  x =
∑+∞

k=1 κak
ak. EpÐshc, profan¸c, x ∈ cl(< A >)kai (x|a) = lim(sn|a) = lim

∑n
k=1 κak

(ak|a) =
∑+∞

k=1 κak
(ak|a) = κa gia k�je

a ∈ A.An jewr soume opoiad pote �llh arÐjmhsh A0 = {a′1, a′2, . . .}, tìte up�rqeip�li to x′ =
∑+∞

k=1 κa′
k
a′k ∈ X kai x′ ∈ cl(< A >) me (x′|a) = κa gia k�je

a ∈ A. Tìte x − x′ ∈ cl(< A >) kai x − x′⊥cl(< A >) (afoÔ x − x′⊥A).'Ara x − x′ = 0 kai, epomènwc, to �jroisma thc seir�c den exart�tai apì thnarÐjmhsh tou A0. Epomènwc h seir� ∑
a∈A κa a sugklÐnei qwrÐc proüpojèseic

ston X kai ∑
a∈A κa a = x =

∑+∞
k=1 κak

ak.Gia k�je y ∈ X èqoume ìti (x|y) = lim(sn|y) = lim
∑n

k=1 κak
(ak|y) =∑+∞

k=1 κak
(ak|y) =

∑+∞
k=1 κak

(y|ak) =
∑

a∈A κa(y|a), afoÔ to apotèlesma denexart�tai apì thn arÐjmhsh tou A0.Aut  eÐnai h isìthta (iii) kai, jètontac y = x, paÐrnoume thn (ii).H perÐptwsh N < +∞ eÐnai teleÐwc stoiqei¸dhc.
Orismìc 3.41 'Estw X q¸roc me eswterikì ginìmeno (·|·), A orjokanonikì
sÔnolo ston X kai x ∈ X. Oi arijmoÐ (x|a) onom�zontai suntelestèc Fourier
tou x kai h seir�

∑
a∈A(x|a)a onom�zetai seir� Fourier tou x wc proc to A.
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Je¸rhma 3.31 'Estw q¸roc Hilbert X me eswterikì ginìmeno (·|·),
epag¸menh nìrma ‖·‖ kai orjokanonik  b�sh A ⊆ X. Tìte gia k�je

x ∈ X h seir�
∑

a∈A(x|a) a sugklÐnei qwrÐc proüpojèseic ston X kai

(i) x =
∑

a∈A(x|a) a,
(ii) ‖x‖2 =

∑
a∈A |(x|a)|2 kai

(iii) (x|y) =
∑

a∈A(x|a)(y|a) gia k�je y ∈ X.

Oi dÔo teleutaÐec isìthtec onom�zontai tautìthtec Parseval.

Apìdeixh: Apì ta dÔo prohgoÔmena jewr mata èqoume ìti h seir� ∑
a∈A(x|a) asugklÐnei qwrÐc proüpojèseic ston X. An jèsoume x′ =

∑
a∈A(x|a) a, tìte

(x′|a) = (x|a) gia k�je a ∈ A. Epomènwc x − x′⊥A kai, epeid  to A eÐnai
maximal orjokanonikì sÔnolo, sunep�getai ìti x = x′. 'Ara x =

∑
a∈A(x|a) akai ta (ii), (iii) prokÔptoun apì to prohgoÔmeno je¸rhma.

3.2.7 Orjog¸niec probolèc

Orismìc 3.42 'Estw q¸roc X me eswterikì ginìmeno (·|·) kai upìqwroc Y tou
X. An up�rqei upìqwroc Z ¸ste
(i) Z + Y = X kai Z ∩ Y = {0}
(ii) Z ⊥Y
tìte o Z onom�zetai orjog¸nio sumpl rwma tou Y kai lème ìti o Y èqei
orjog¸nio sumpl rwma.

Profan¸c, an o Z eÐnai orjog¸nio sumpl rwma tou Y , tìte o Y eÐnai orjo-g¸nio sumpl rwma tou Z.
Prìtash 3.29 'Estw q¸roc X me eswterikì ginìmeno (·|·) kai upìqwroc Y tou
X. An o Y èqei orjog¸nio sumpl rwma, tìte o Y eÐnai kleistìc kai to orjog¸nio
sumpl rwm� tou eÐnai o Y ⊥.

Apìdeixh: 'Estw ìti up�rqei upìqwroc Z ¸ste Z + Y = X, Z ∩ Y = {0} kai
Z ⊥Y . An h {yn} eÐnai ston Y kai yn → x ∈ X, gr�foume x = z + y me z ∈ Zkai y ∈ Y . Tìte (z|x) = lim(z|yn) = 0 kai, epeid  (z|y) = 0, sunep�getai ìti
(z|z) = (z|x) − (z|y) = 0. 'Ara z = 0 kai x = y ∈ Y . Epomènwc, o Y eÐnaikleistìc.EÐnai profanèc ìti Z ⊆ Y ⊥. PaÐrnoume tuqìn x ∈ Y ⊥ kai to gr�foume
x = z + y me z ∈ Z kai y ∈ Y . Tìte z⊥Y kai x⊥Y , opìte y = x− z⊥Y . 'Ara
y = 0 kai x = z ∈ Z.
Prìtash 3.30 K�je pl rhc upìqwroc q¸rou me eswterikì ginìmeno kai k�je
kleistìc upìqwroc q¸rou Hilbert èqei orjog¸nio sumpl rwma.

Apìdeixh: 'Amesh apì to Je¸rhma 3.26.
Orismìc 3.43 'Estw q¸roc X me eswterikì ginìmeno (·|·) kai upìqwroc Y tou
X me orjog¸nio sumpl rwma Y ⊥. OrÐzoume sun�rthsh PY : X → X me tÔpo
PY (x) = y, ìpou x = y + z me y ∈ Y kai z ∈ Y ⊥.

Summetrik�, orÐzetai kai h PY ⊥ : X → X me tÔpo PY ⊥(x) = z.
H PY onom�zetai orjog¸nia probol  tou X ston Y .
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Prìtash 3.31 'Estw q¸roc X me eswterikì ginìmeno (·|·) kai upìqwroc Y tou
X me orjog¸nio sumpl rwma Y ⊥. Tìte
(1) PY , PY ⊥ ∈ L(X,X) kai R(PY ) = Y = N(PY ⊥), N(PY ) = Y ⊥ = R(PY ⊥),
(2) PY PY = PY kai PY ⊥PY ⊥ = PY ⊥ ,
(3) PY +PY ⊥ = I kai PY PY ⊥ = PY ⊥PY = O, ìpou I eÐnai o tautotikìc telest c
tou X kai O eÐnai o mhdenikìc telest c tou X.

Apìdeixh: 'Askhsh.
Prìtash 3.32 'Estw q¸roc X me eswterikì ginìmeno (·|·) kai pl rhc upìqw-
roc Y tou X, opìte o Y èqei orjokanonik  b�sh A kai orjog¸nio sumpl rwma.
Tìte gia k�je x ∈ X isqÔei

PY (x) =
∑
a∈A

(x|a) a .

Apìdeixh: An x ∈ X, gr�foume x = y+z me y ∈ Y kai z ∈ Y ⊥. Efarmìzoume toJe¸rhma 3.31 ston Y kai paÐrnoume PY (x) = y =
∑

a∈A(y|a) a =
∑

a∈A(x|a) a,afoÔ (y|a) = (x|a)− (z|a) = (x|a).
3.2.8 Diaqwrisimìthta

Je¸rhma 3.32 (E. Schmidt) 'Estw diaqwrÐsimoc q¸roc X me eswte-

rikì ginìmeno kai �peirh di�stash. Tìte

(1) o X èqei arijm simh orjokanonik  b�sh kai k�je orjokanonik 

b�sh tou X eÐnai arijm simh,

(2) an o X eÐnai q¸roc Hilbert, tìte o X eÐnai isometrikìc me

ton l2.

Apìdeixh: (1) 'Estw A = {a1, a2, . . .} èna arijm simo puknì uposÔnolo tou X.An C eÐnai opoiod pote orjokanonikì sÔnolo ston X, tìte gia k�je c ∈ C
jewroÔme th mp�la B(c;

√
2

2 ) kai parathroÔme ìti oi mp�lec autèc eÐnai an� dÔo
xènec. Gia k�je c ∈ C up�rqei a ∈ A ∩ B(c;

√
2

2 ). OrÐzetai, loipìn, sun�rthsh
C 3 c 7→ a ∈ A h opoÐa eÐnai 1-1. 'Ara to C eÐnai to polÔ arijm simo. An, epi-plèon, to C eÐnai orjokanonik  b�sh touX, tìte eÐnai arijm simo. Diaforetik�,ja  tan C = {c1, . . . , cn}, opìte to X = cl(< {c1, . . . , cn} >) =< {c1, . . . , cn} >ja eÐqe peperasmènh di�stash. (QrhsimopoioÔme to ìti k�je upìqwroc pepera-smènhc di�stashc eÐnai kleistìc.)'Estw n1 o el�qistoc fusikìc ¸ste an1 6= 0. Katìpin, èstw n2 o el�qistocfusikìc ¸ste to an2 na mhn eÐnai pollapl�sio tou an1 . SuneqÐzontac epagwgi-k�, an èqoume breÐ ta n1, . . . , nk−1, èstw nk o el�qistoc fusikìc ¸ste to ankden eÐnai grammikìc sunduasmìc twn an1 , . . . , ank−1 . An aut  h diadikasÐa sta-mat sei se k�poio st�dio, tìte up�rqei N ¸ste ìla ta aN+1, . . . eÐnai grammikoÐsunduasmoÐ twn a1, . . . , aN . Tìte, ìmwc, k�je stoiqeÐo tou X proseggÐzetai a-periìrista me stoiqeÐa tou {a1, . . . , aN}   grammikoÔc sunduasmoÔc stoiqeÐwntou. Dhlad , X = cl(< {a1, . . . , aN} >) =< {a1, . . . , aN} > kai, epomènwc, o
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X èqei peperasmènh di�stash. Autì eÐnai �topo, opìte dhmiourgoÔme to arij-m simo sÔnolo B = {an1 , an2 , . . .} ⊆ A.Epeid  kanèna ank

den eÐnai grammikìc sunduasmìc twn an1 , . . . , ank−1 , sune-p�getai ìti to B eÐnai grammik� anex�rthto.'Estw tuqìn x ∈ X kai ε > 0. Tìte up�rqei aj ∈ A ¸ste ‖x− aj‖ < ε.Tìte up�rqei k ¸ste j < nk, opìte to aj eÐnai grammikìc sunduasmìc twn
an1 , . . . , ank−1 . 'Ara to tuqìn x proseggÐzetai aperiìrista apì grammikoÔc sun-duasmoÔc stoiqeÐwn tou B kai, epomènwc, X = cl(< B >).Q�rin aplìthtac, sumbolÐzoume bk = ank

.OrÐzoume c1 = 1
‖b1‖ b1, opìte < {c1} >=< {b1} >, kai èstw ìti èqoume

orÐsei ta c1, . . . , ck−1 ¸ste to {c1, . . . , ck−1} na eÐnai orjokanonikì sÔnolo kai
< {c1, . . . , ck−1} >=< {b1, . . . , bk−1} >.An sumbolÐsoume Mk−1 =< {c1, . . . , ck−1} >=< {b1, . . . , bk−1} >, tìte
bk /∈ Mk−1, opìte bk − PMk−1 6= 0. OrÐzoume ck = 1

‖bk−PMk−1‖
(bk − PMk−1)

kai èqoume ìti to ck eÐnai k�jeto ston Mk−1 me ‖ck‖ = 1. EpÐshc, to ckeÐnai grammikìc sunduasmìc twn b1, . . . , bk kai to bk eÐnai grammikìc sundua-smìc twn c1, . . . , ck. Epomènwc to {c1, . . . , ck} eÐnai orjokanonikì sÔnolo kai
< {c1, . . . , ck} >=< {b1, . . . , bk} >.EÐnai fanerì ìti dhmiourgeÐtai to sÔnolo C = {c1, c2, . . .} to opoÐo eÐnaiorjokanonikì kai èqei thn idiìthta < C >=< B >, opìte X = cl(< B >) =
cl(< C >). 'Ara to C eÐnai arijm simh orjokanonik  b�sh tou X.(2) 'Estw C = {c1, c2, . . .} orjokanonik  b�sh tou X. An x ∈ X, tìte, sÔmfwname to Je¸rhma 3.31, ∑+∞

k=1 |(x|ck)|2 = ‖x‖2 < +∞, opìte orÐzetai h sun�rthsh
T : X → l2 me tÔpo

Tx =
(
(x|c1), (x|c2), . . .

)
gia k�je x ∈ X. EÐnai eÔkolo na doÔme ìti o T eÐnai grammikìc telest c.An Tx = Ty, tìte (x − y|ck) = 0 gia k�je k, opìte x − y = 0, afoÔ to CeÐnai maximal orjokanonikì sÔnolo. 'Ara o T eÐnai 1-1.An κ = (κ1, κ2, . . .) ∈ l2, tìte, apì to Je¸rhma 3.30 èqoume ìti up�rqei
x ∈ X ¸ste (x|ck) = κk gia k�je k. 'Ara Tx = κ kai o T eÐnai epÐ.O T eÐnai isometrÐa, afoÔ ‖Tx‖22 =

∑+∞
k=1 |(x|ck)|2 = ‖x‖2.

To teleutaÐo je¸rhma eÐnai arket� qr simo, afoÔ polloÐ klassikoÐ q¸roi
Hilbert, ìpwc oi L2(Ω,B(Ω),m) me Ω na eÐnai Borel-sÔnolo ston Rn kai m naeÐnai to mètro Lebesgue, eÐnai diaqwrÐsimoi.
3.2.9 TrÐa paradeÐgmata orjokanonik¸n b�sewn

Prìtash 3.33 To sÔnolo {e1, e2, . . .} apoteleÐ orjokanonik  b�sh tou l2.

Apìdeixh: SÔmfwna me thn apìdeixh thc Prìtashc 3.16, an C = {e1, e2, . . .},tìte cl(< C >) = l2. To ìti to C eÐnai orjokanonikì eÐnai profanèc.
JewroÔme ton L2([−1, 1]) wc proc thn σ-�lgebra B([−1, 1]) kai to mètro

Lebesgue m. SÔmfwna me to Je¸rhma 3.13, to C([−1, 1]) eÐnai puknì ston
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L2([−1, 1]). Pr�gmati, paÐrnoume f ∈ L2([−1, 1]) kai ε > 0 kai jètoume F = fsto [−1, 1] kai F = 0 sto R \ [−1, 1]. Tìte F ∈ L2(R), opìte up�rqei G
suneq c kai me sumpag  forèa sto R ¸ste (∫

R
|G − F |2dm

) 1
2 < ε. Tìteo periorismìc g thc G sto [−1, 1] eÐnai suneq c sto [−1, 1] kai ikanopoieÐ thn(∫ 1

−1
|g−f |2dm

) 1
2 < ε. Apì to Je¸rhma 3.11 sunep�getai ìti max[−1,1] |g−P | <

ε gia k�poio polu¸numo P . 'Ara, (∫ 1

−1
|P − f |2dm

) 1
2 ≤

(∫ 1

−1
|g − f |2dm

) 1
2 +(∫ 1

−1
|g − P |2dm

) 1
2 ≤ ε+

√
2 max[−1,1] |g − P | < 3ε.

Autì mac lèei ìti to sÔnolo A = {p0, p1, p2, . . .}, ìpou pk(t) = tk, èqei thnidiìthta cl(< A >) = L2([−1, 1]).To A eÐnai, profan¸c, grammik� anex�rthto kai, epomènwc, mporoÔme naefarmìsoume th diadikasÐa sthn apìdeixh tou Jewr matoc 3.32 kai na broÔmeorjokanonik  b�sh C tou L2([−1, 1]) apoteloÔmenh apì polu¸numa. Upolo-
gÐzoume to pr¸to stoiqeÐo thc b�shc Q0(t) = p0(t)

‖p0‖2
= 1√

2
. Katìpin Q1(t) =

p1(t)−(p1|Q0)2Q0(t)
‖p1−(p1|Q0)2Q0‖2

=
√

3
2 t, Q2(t) = p2(t)−(p2|Q0)2Q0(t)−(p2|Q1)2Q1(t)

‖p1−(p1|Q0)2Q0−(p2|Q1)2Q1‖2
= 1

2

√
5
2 (3t2

−1) kai oÔtw kaj' ex c. H sugkekrimènh orjokanonik  b�sh C = {Q0, Q1, . . .}èqei �mesh sqèsh me ta klassik� polu¸numa Legendre,

Pn(t) =
1

2nn!
Dn

(
(t2 − 1)n

)
, me Dn =

dn

dtn
.

ParathroÔme ìti to Pn eÐnai polu¸numo bajmoÔ n, me suntelest  megisto-
b�jmiou ìrou to (2n)!

2n(n!)2 kai ìti gia k�je k = 0, 1, . . . , n − 1 to Dk
(
(t2 − 1)n

)
mhdenÐzetai sta t = ±1.

An n < m, tìte 2n+mn!m!(Pn|Pm)2 =
∫ 1

−1
Dn

(
(t2−1)n

)
Dm

(
(t2−1)m

)
dt =

−
∫ 1

−1
Dn+1

(
(t2 − 1)n

)
Dm−1

(
(t2 − 1)m

)
dt = · · · = (−1)n+1

∫ 1

−1
D2n+1

(
(t2 −

1)n
)
Dm−n−1

(
(t2 − 1)m

)
dt = 0, katìpin diadoqik¸n oloklhr¸sewn kat� mèrhkai parathr¸ntac ìti D2n+1

(
(t2 − 1)n

)
= 0.

Me ton Ðdio trìpo, 22n(n!)2(Pn|Pn)2 = (−1)n
∫ 1

−1
D2n

(
(t2−1)n

)
(t2−1)ndt =

(2n)!
∫ 1

−1
(1− t2)ndt = 22n+1(n!)2

2n+1 .
Epomènwc, an Q∗n =

√
n+ 1

2 Pn, tìte to sÔnolo {Q∗0, Q∗1, . . .} eÐnai orjo-
kanonikì kai k�je Q∗n èqei bajmì n. 'Ara < {Q0, . . . , Qn} >=< {Q∗0, . . . , Q∗n} >gia k�je n, opìte Qn = κnQ

∗
n + · · · + κ0Q

∗
0 gia k�poia κn, . . . , κ0 ∈ F . Tìte

0 = (Qn|Q∗k)2 = κk gia k = n− 1, . . . , 0 kai, epeid  ta Qn, Q
∗
n èqoun Ðdia nìrma,Ðsh me 1, sumperaÐnoume Qn = Q∗n. 'Ara apodeÐxame to

Je¸rhma 3.33 O L2([−1, 1]) èqei wc orjokanonik  b�sh to sÔnolo

{
√
n+ 1

2 Pn |n ∈ N0}, ìpou Pn eÐnai to n-ostì polu¸numo Legendre.

Gia k�je f, g ∈ L2([−1, 1]) isqÔei

(1) f =
∑+∞

n=0(n+ 1
2 )(f |Pn)2Pn,

(2) ‖f‖22 =
∑+∞

n=0(n+ 1
2 )|(f |Pn)2|2,

(3) (f |g)2 =
∑+∞

n=0(n+ 1
2 )(f |Pn)2(g|Pn)2,

ìpou h seir� sthn (1) sugklÐnei wc proc th nìrma tou L2([−1, 1]).
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'Estw o q¸roc L2(Q0) = L2(Q0,B(Q0),m), ìpou Q0 = [0, 1]× · · · × [0, 1] ⊆

Rn kai m eÐnai to mètro Lebesgue.PaÐrnoume opoiad pote f ∈ L2(Q0) kai jètoume F = f sto Q0 kai F = 0 sto
Rn\Q0. Tìte F ∈ L2(Rn), opìte up�rqeiG suneq c kai me sumpag  forèa ston
Rn ¸ste (∫

Rn |G−F |2 dm
) 1

2 ≤ ε. An g eÐnai o periorismìc thc G sto Q0, tìte h
g eÐnai suneq c sto Q0 kai (∫Q0

|g−f |2 dm
) 1

2 ≤ ε. JewroÔme èna lÐgo mikrìtero
kÔbo Q′0 ⊆ Q0 kai th sun�rthsh gQ0,Q′

0
pou sunant same sthn apìdeixh tou

Jewr matoc 3.13. Tìte (∫
Q0
|g−ggQ0,Q′

0
|2 dm

) 1
2 ≤

(∫
Q0\Q′

0
|g|2 dm

) 1
2 ≤ ε, arkeÐ

to m(Q0 \Q′0) na eÐnai arket� mikrì. Epomènwc, (∫
Q0
|f −ggQ0,Q′

0
|2 dm

) 1
2 ≤ 2ε,

opìte h f proseggÐzetai aperiìrista ston L2(Q0) me sunart seic g1 = ggQ0,Q′
0oi opoÐec eÐnai suneqeÐc sto Q0 kai eÐnai Ðsec me mhdèn sto sÔnoro tou Q0. Gi'autìn to lìgo , h g1 epekteÐnetai wc sun�rthsh 1-periodik  wc proc ìlec ticmetablhtèc kai suneq c sto Rn. Thn epèktash sumbolÐzoume, epÐshc, g1.SÔmfwna me to Je¸rhma 3.12, up�rqei ekjetikì polu¸numo P ¸ste |g1(x)−

P (x)| ≤ ε gia k�je x ∈ Rn. Tìte (∫
Q0
|P − f |2 dm

) 1
2 ≤ 3ε.

'Ara to sÔnolo twn ekjetik¸n poluwnÔmwn eÐnai puknì ston L2(Q0). Dhla-d , h kleist  grammik  j kh tou sunìlou {ei2π(k1x1+···+knxn) | k1, . . . , kn ∈ Z}isoÔtai me ton L2(Q0). Epeid  to sÔnolo autì eÐnai kai orjokanonikì, èqoumeapodeÐxei to
Je¸rhma 3.34 To sÔnolo {ei2π(k|·) | k ∈ Zn} eÐnai orjokanonik  b�sh

ston L2(Q0). Gia k�je f, g ∈ L2(Q0) isqÔei:

(1) f =
∑

k∈Zn(f |ei2π(k|·))2ei2π(k|·),

(2) ‖f‖22 =
∑

k∈Zn |(f |ei2π(k|·))2|2,
(3) (f |g)2 =

∑
k∈Zn(f |ei2π(k|·))2(g|ei2π(k|·))2 ,

ìpou h seir� sto (1) sugklÐnei wc proc th nìrma tou L2(Q0).

Apì tic seirèc pou anafèrontai se autì to je¸rhma proèrqontai oi ìroi:seir� Fourier kai suntelestèc Fourier. O Fourier melèthse tic seirèc autèc,sthn perÐptwsh n = 1, se sqèsh me to prìblhma di�doshc thc jermìthtac.

3.3 Topik� kurtoÐ q¸roi
3.3.1 Topik� kurt  topologÐa

Orismìc 3.44 'Estw X ènac grammikìc q¸roc epÐ tou F kai P mÐa mh-ken 
sullog  hminorm¸n ston X me thn idiìthta: gia k�je x ∈ X me x 6= 0 u-
p�rqei p ∈ P ¸ste p(x) > 0. Tìte, h P onom�zetai diaqwrÐzousa sullog 
hminorm¸n ston X.

Orismìc 3.45 'Estw X ènac grammikìc q¸roc epÐ tou F kai P mÐa diaqwrÐ-
zousa sullog  hminorm¸n ston X.



100 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROI

OrÐzoume th sullog  N 0
P thc opoÐac stoiqeÐa eÐnai ìla ta uposÔnola U0 tou

X pou gr�fontai U0 = {x ∈ X|p1(x) < ε1} ∩ · · · ∩ {x ∈ X|pn(x) < εn}, ìpou to
n ∈ N, oi p1, . . . , pn ∈ P kai ta ε1, . . . , εn > 0 eÐnai aujaÐreta.

Tèloc, orÐzoume th sullog  TP thc opoÐac stoiqeÐo eÐnai k�je sÔnolo O me
thn idiìthta: gia k�je x ∈ O up�rqei U0 ∈ N 0

P ¸ste x+ U0 ⊆ O.

Prìtash 3.34 'Estw X ènac grammikìc q¸roc epÐ tou F kai P mÐa diaqwrÐ-
zousa sullog  hminorm¸n ston X.
(1) K�je U0 ∈ N 0

P perièqei to 0, eÐnai kurtì, isorrophmèno kai aporrof� ton X.
(2) An U0

1 , . . . , U
0
m ∈ N 0

P , tìte U
0
1 ∩ · · · ∩ U0

m ∈ N 0
P .

(3) K�je U0 ∈ N 0
P an kei sthn TP .

Apìdeixh: (1) EÔkolo, afoÔ k�je sÔnolo {x ∈ X|p(x) < ε} perièqei to 0, eÐnaikurtì, isorrophmèno kai aporrof� ton X.(2) Profanèc.(3) 'Estw U0 = {x ∈ X|p1(x) < ε1}∩· · ·∩{x ∈ X|pn(x) < εn} me p1, . . . , pn ∈ P.PaÐrnoume tuqìn x ∈ U0 kai δj = εj−pj(x) > 0 gia k�je j = 1, . . . , n. Jètoume
V 0 = {y ∈ X|p1(y) < δ1} ∩ · · · ∩ {y ∈ X|pn(y) < δn}, to opoÐo eÐnai stoiqeÐothc N 0

P , kai blèpoume eÔkola ìti x+ V 0 ⊆ U0. 'Ara U0 ∈ TP .
Je¸rhma 3.35 'Estw X ènac grammikìc q¸roc epÐ tou F kai P mÐa

diaqwrÐzousa sullog  hminorm¸n ston X. H TP eÐnai h el�qisth

topologÐa ston X me tic idiìthtec:

(i) o X me thn TP eÐnai q¸roc Hausdorff,

(ii) oi pr�xeic + : X ×X → X kai · : F ×X → X eÐnai suneqeÐc,

(iii) k�je p ∈ P eÐnai suneq c.

Apìdeixh: EÐnai profanèc ìti ∅, X ∈ TP . T¸ra, èstw O1, . . . , Om ∈ TP . Giatuqìn x ∈ O1∩· · ·∩Om up�rqoun U0
1 , . . . , U

0
m ∈ N 0

P ¸ste x+U0
j ⊆ Oj gia k�je

j. Apì thn prohgoÔmenh prìtash èqoume ìti U0 = U0
1 ∩ · · · ∩U0

m ∈ N 0
P kai tìte

x+ U0 ⊆ O1 ∩ · · · ∩Om. 'Ara O1 ∩ · · · ∩Om ∈ TP . Tèloc, èstw C opoiad poteupo-sullog  thc TP kai O =
⋃
{O′|O′ ∈ C}. Gia tuqìn x ∈ O up�rqei O′ ∈ C¸ste x ∈ O′, opìte up�rqei U0 ∈ N 0

P me x + U0 ⊆ O′. Tìte x + U0 ⊆ O kai,epomènwc, O ∈ TP .'Ara h TP eÐnai topologÐa ston X.'Estw x ∈ X kai U0 ∈ N 0
P . Tìte x+U0 ∈ TP . Pr�gmati, an p�roume tuqìn

z ∈ x+ U0, tìte z − x ∈ U0 kai apì thn prohgoÔmenh prìtash sunep�getai ìtiup�rqei V 0 ∈ N 0
P ¸ste z − x+ V 0 ⊆ U0. Epomènwc, z + V 0 ⊆ x+ U0.'Estw x, y ∈ X me x 6= y. PaÐrnoume p ∈ P ¸ste δ = p(x − y) > 0 kaito U0 = {z ∈ X|p(z) < 1

2 δ} ∈ N 0
P . Tìte, sÔmfwna me thn prohgoÔmenhpar�grafo, ta x+U0, y+U0 eÐnai anoikt� kai, ìpwc faÐnetai polÔ eÔkola, xènametaxÔ touc. 'Ara o X eÐnai q¸roc Hausdorff.'Estw x, y ∈ X kai O ∈ TP me x + y ∈ O. Up�rqei U0 = {z ∈ X|p1(z) <

ε1} ∩ · · · ∩ {z ∈ X|pn(z) < εn} me p1, . . . , pn ∈ P ¸ste x + y + U0 ⊆ O.PaÐrnoume V 0 = {z ∈ X|p1(z) < 1
2 ε1} ∩ · · · ∩ {z ∈ X|pn(z) < 1

2 εn} ∈ N 0
P ,opìte (x + V 0) + (y + V 0) = x + y + V 0 + V 0 ⊆ x + y + U0 ⊆ O. Tìte, ta

x + V 0, y + V 0 eÐnai anoikt� (dhlad , an koun sthn TP), perièqoun ta x, y kai
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h + apeikonÐzei to (x + V 0) × (y + V 0) sto O. 'Ara h prìsjesh eÐnai suneq csto (x, y) ∈ X ×X.'Estw κ ∈ F , x ∈ X kai O ∈ TP me κx ∈ O. Up�rqei U0 = {z ∈ X|p1(z) <
ε1}∩ · · · ∩ {z ∈ X|pn(z) < εn} me p1, . . . , pn ∈ P ¸ste κx+U0 ⊆ O. PaÐrnoume
δj < min(1, εj

pj(x)+|κ|+1 ), δ ≤ min(δ1, . . . , δn) kai N = {λ ∈ F | |λ − κ| < δ},
V 0 = {z ∈ X|p1(z) < δ1} ∩ · · · ∩ {z ∈ X|pn(z) < δn} ∈ N 0

P . Tìte eÐnai eÔkolona doÔme ìti to N×(x+V 0) apeikonÐzetai me ton pollaplasiasmì sto κx+U0.Epeid  to N 3 κ eÐnai anoiktì sto F kai to x + V 0 3 x eÐnai anoiktì ston X,sunep�getai ìti o pollaplasiasmìc eÐnai suneq c sto (κ, x).Tèloc, èstw x ∈ X, p ∈ P kai ε > 0. PaÐrnoume U0 = {z ∈ X|p(z) < ε} ∈
N 0
P , opìte to x+U0 3 x eÐnai anoiktì ston X kai gia k�je y ∈ x+U0 èqoume

y − x ∈ U0, opìte |p(y)− p(x)| ≤ p(y − x) < ε. 'Ara h p eÐnai suneq c sto x.'Estw, t¸ra, opoiad pote topologÐa T ston X me tic idiìthtec (i), (ii) kai
(iii). Tìte gia k�je ε > 0 kai k�je p ∈ P, to {x ∈ X|p(x) < ε} an kei sthn
T wc antÐstrofh eikìna anoiktoÔ sto F mèsw suneqoÔc sun�rthshc. 'Ara kaik�je tom  peperasmènou pl jouc tètoiwn sunìlwn, dhlad  k�je stoiqeÐo thc
N 0
P , an kei sthn T . Epeid  h prìsjesh eÐnai suneq c, sunep�getai ìti, gi� k�je

U0 ∈ N 0
P kai k�je x ∈ X, to x+U0 an kei sthn T . T¸ra, k�je stoiqeÐo O thc

TP eÐnai, ex orismoÔ, ènwsh sunìlwn thc morf c x+U0 me x ∈ X kai U0 ∈ N 0
P .'Ara, epeid  h T eÐnai topologÐa, k�je O thc TP an kei sthn T . Epomènwc,

TP ⊆ T .
Orismìc 3.46 'Estw X ènac topologikìc q¸roc me topologÐa T kai x ∈ X.
An N x eÐnai mÐa sullog  apì anoikt� sÔnola pou perièqoun to x ¸ste gia k�je
anoiktì sÔnolo O to opoÐo perièqei to x up�rqei U ∈ N x me U ⊆ O, tìte h N x

onom�zetai b�sh anoikt¸n perioq¸n tou x.

SÔmfwna me ton orismì autìn, se k�je metrikì q¸ro X me metrik  d hsullog  {B(x; 1
n )|n ∈ N} twn mpal¸n me kèntro to x apoteleÐ b�sh anoikt¸nperioq¸n tou x.An X eÐnai ènac grammikìc q¸roc epÐ tou F kai P mÐa diaqwrÐzousa sullog hminorm¸n ston X, tìte h N 0

P apoteleÐ b�sh anoikt¸n perioq¸n tou 0 sthntopologÐa TP kai gia k�je x ∈ X h sullog  {x+ U0|U0 ∈ N 0
P} apoteleÐ b�shanoikt¸n perioq¸n tou x.

Orismìc 3.47 'Estw X ènac grammikìc q¸roc epÐ tou F kai mÐa topologÐa T
ston X ¸ste oi pr�xeic thc prìsjeshc kai tou pollaplasiasmoÔ na eÐnai suneqeÐc
kai o X na eÐnai Hausdorff. An up�rqei b�sh anoikt¸n perioq¸n tou 0 ìla ta
stoiqeÐa thc opoÐac eÐnai kurt�, isorrophmèna kai aporrofoÔn ton X, tìte lème
ìti h T eÐnai topik� kurt  topologÐa kai ìti o X eÐnai topik� kurtìc
q¸roc.

Epomènwc, an o X eÐnai ènac grammikìc q¸roc epÐ tou F kai P eÐnai mÐadiaqwrÐzousa sullog  hminorm¸n ston X, tìte o X me thn topologÐa TP eÐnaitopik� kurtìc q¸roc. To epìmeno je¸rhma ekfr�zei to antÐstrofo.
Je¸rhma 3.36 'Estw X grammikìc q¸roc epÐ tou F me mÐa topik�

kurt  topologÐa. Tìte up�rqei diaqwrÐzousa sullog  P hminorm¸n

ston X ¸ste h topologÐa tou na tautÐzetai me thn TP.
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Apìdeixh: 'Estw T h topologÐa ston X ¸ste o X na eÐnai Hausdorff, oi pr�xeicthc prìsjeshc kai tou pollaplasiasmoÔ na eÐnai suneqeÐc kai na up�rqei b�sh
N 0 anoikt¸n perioq¸n tou 0 ìla ta stoiqeÐa thc opoÐac eÐnai kurt�, isorroph-mèna kai aporrofoÔn ton X.JewroÔme gia k�je U0 ∈ N 0 to antÐstoiqo sunarthsoeidèc-Minkowski pU0 ,to opoÐo eÐnai hminìrma, kai th sullog  P = {pU0 |U0 ∈ N 0}.An x ∈ X kai x 6= 0, tìte up�rqei U0 ∈ N 0 ¸ste x /∈ U0. Epomènwc,
pU0(x) ≥ 1, opìte h P eÐnai diaqwrÐzousa.'Estw U0 ∈ N 0 kai x ∈ U0. Epeid  to U0 eÐnai anoiktì, o pollaplasiasmìceÐnai suneq c kai 1 · x ∈ U0, sunep�getai ìti up�rqei δ > 0 ¸ste κ · x ∈ U0

gia k�je κ ∈ F me |κ − 1| < δ. Eidik¸tera, (1 + 1
2 δ)x ∈ U0, opìte pU0((1 +

1
2 δ)x) ≤ 1 kai, epomènwc, pU0(x) < 1. 'Ara U0 ⊆ {x ∈ X|pU0(x) < 1}. OantÐstrofoc egkleismìc eÐnai genik  idiìthta, opìte U0 = {x ∈ X|pU0(x) < 1}.Amèswc sunep�getai ìti gia k�je ε > 0 isqÔei {x ∈ X|pU0(x) < ε} = εU0

kai, epeid  o pollaplasiasmìc eÐnai suneq c, k�je sÔnolo {x ∈ X|pU0(x) < ε}eÐnai anoiktì. 'Ara kai k�je tom  peperasmènou pl jouc tètoiwn sunìlwn eÐnaianoiktì sÔnolo. Dhlad , h sullog  N 0
P apoteleÐtai apì anoiktèc (sthn T )perioqèc tou 0. Epiplèon, eÐnai fanerì ìti h N 0

P apoteleÐ b�sh perioq¸n tou 0gia thn T , afoÔ ta sÔnola U0 = {x ∈ X|pU0(x) < 1} eÐnai stoiqeÐa thc N 0
P kaih sullog  touc, N 0, apoteleÐ b�sh perioq¸n tou 0 gia thn T .'Estw, t¸ra, O anoiktì sÔnolo sthn topologÐa TP . PaÐrnoume tuqìn x ∈ O,opìte up�rqei V 0 ∈ N 0

P ¸ste x + V 0 ⊆ O. 'Opwc eÐdame, V 0 ∈ T kai, epeid h prìsjesh eÐnai suneq c wc proc thn topologÐa T , sunep�getai ìti to x+ V 0

eÐnai anoiktì sthn T . 'Ara to O eÐnai anoiktì sthn T .'Estw O anoiktì sthn T kai tuqìn x ∈ O. Epeid  h prìsjesh eÐnai suneq ckai 0 + x ∈ O, up�rqei U0 ∈ N 0 ¸ste U0 + x ⊆ O. To U0 eÐnai anoiktìsthn topologÐa TP kai, epeid  h prìsjesh eÐnai suneq c kai wc proc aut n thntopologÐa, to U0 + x eÐnai anoiktì sthn TP . 'Ara to O eÐnai anoiktì sthn TP .'Ara oi topologÐec TP kai T tautÐzontai.
An mÐa diaqwrÐzousa sullog  hminorm¸n P ston grammikì q¸ro X apo-teleÐtai apì mÐa mìnon hminìrma, P = {p}, tìte aut  prèpei na eÐnai nìrma,

p = ‖·‖, kai tìte h topologÐa TP èqei wc b�sh anoikt¸n perioq¸n tou 0 thsullog  ìlwn twn mpal¸n {x ∈ X| ‖x‖ < ε}, ε > 0. Epomènwc, h TP tautÐzetaime thn topologÐa pou ep�getai apì th nìrma. SumperaÐnoume, loipìn, ìti k�je
q¸roc me nìrma eÐnai topik� kurtìc q¸roc.Ston Orismì 3.46 jewreÐtai dedomènh mÐa topologÐa ston grammikì q¸ro
X me k�poia b�sh anoikt¸n perioq¸n tou 0. To epìmeno je¸rhma perigr�feitic proüpojèseic kai ton trìpo me ton opoÐo mÐa dedomènh sullog  uposunìlwnenìc grammikoÔ q¸rou ep�gei topik� kurt  topologÐa sto q¸ro ¸ste h sullog aut  na apoteleÐ b�sh anoikt¸n perioq¸n tou 0 gia aut n thn topologÐa.
Je¸rhma 3.37 'Estw grammikìc q¸roc X epÐ tou F kai mh-ken 

sullog  N 0 uposunìlwn tou X me tic idiìthtec:

(1) k�je U0 ∈ N 0 eÐnai kurtì, isorrophmèno kai aporrof� ton X,

(2) gia k�je x ∈ X me x 6= 0 up�rqei U0 ∈ N 0 ¸ste x /∈ U0,
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(3) gia k�je U0, V 0 ∈ N 0 up�rqei W 0 ∈ N 0 ¸ste W 0 ⊆ U0 ∩ V 0,

(4) gia k�je U0 ∈ N 0 up�rqei V 0 ∈ N 0 ¸ste V 0 + V 0 ⊆ U0,

(5) gia k�je U0 ∈ N 0 kai x ∈ U0 up�rqei V 0 ∈ N 0 ¸ste x+ V 0 ⊆ U0.

Tìte up�rqei monadik  topologÐa T ston X me tic idiìthtec:

(i) o X me thn T eÐnai topik� kurtìc q¸roc,

(ii) h N 0 apoteleÐ b�sh anoikt¸n perioq¸n tou 0 ston X me thn T .

Apìdeixh: ArkeÐ na apodeÐxoume ìti up�rqei topologÐa T ston X ¸ste o X naeÐnai q¸roc Hausdorff, oi pr�xeic na eÐnai suneqeÐc kai h N 0 na apoteleÐ b�shanoikt¸n perioq¸n tou 0 ston X. EpÐshc, ìti h topologÐa me autèc tic idiìthteceÐnai monadik .OrÐzoume th sullog  T stoiqeÐa thc opoÐac eÐnai ìla ta O ⊆ X me thnidiìthta: gia k�je x ∈ O up�rqei U0 ∈ N 0 ¸ste x+ U0 ⊆ O.Profan¸c, ta ∅, X an koun sthn T . An C eÐnai opoiad pote upo-sullog thc T kai O =
⋃
{O′|O′ ∈ C}, tìte O ∈ T . Pr�gmati, gia tuqìn x ∈ Oup�rqei O′ ∈ C ¸ste x ∈ O′, opìte up�rqei U0 ∈ N 0 ¸ste x + U0 ⊆ O′ ⊆ O.Tèloc, an O1, . . . , On ∈ T kai p�roume tuqìn x ∈ O1 ∩ · · · ∩On, tìte up�rqoun

U0
1 , . . . , U

0
n ∈ N 0 ¸ste x + U0

1 ⊆ O1, . . . , x + U0
n ⊆ On. Apì thn idiìthta (2)sunep�getai ìti up�rqei U0 ∈ N 0 ¸ste U0 ⊆ U0

1 ∩ · · · ∩ U0
n kai, epomènwc,

x+ U0 ⊆ O. 'Ara O ∈ T .Epomènwc h T eÐnai topologÐa ston X.Apì thn idiìthta (5) sunep�getai ìti k�je U0 ∈ N 0 eÐnai anoiktì (dhlad an kei sthn T ) kai, epomènwc, apì ton orismì thc T sunep�getai ìti h N 0

apoteleÐ b�sh anoikt¸n perioq¸n tou 0 gia thn T . Akìmh, an U0 ∈ N 0 kai
x ∈ X kai p�roume tuqìn y ∈ x+U0, tìte y − x ∈ U0, opìte up�rqei V 0 ∈ N 0

¸ste y − x + V 0 ⊆ U0. 'Ara y + V 0 ⊆ x + U0 kai, epomènwc, to x + U0 eÐnaianoiktì.'Estw x, y ∈ X me x 6= y. Apì tic idiìthtec (2) kai (4) sunep�getai ìtiup�rqei V 0 ∈ N 0 ¸ste x − y /∈ V 0 + V 0. An z ∈ (x + V 0) ∩ (y + V 0), tìte
z − x ∈ V 0 kai z − y ∈ V 0 kai, epeid  to V 0 eÐnai isorrophmèno, x− z ∈ V 0 kai
z − y ∈ V 0. 'Ara x− y = (x− z) + (z − y) ∈ V 0 + V 0. Autì eÐnai �topo, opìteta anoikt� sÔnola x+ V 0, y + V 0 ta opoÐa perièqoun ta x, y eÐnai xèna. 'Ara o
X eÐnai q¸roc Hausdorff.An x, y ∈ X kai to O eÐnai anoiktì me x + y ∈ O, lìgw thc (4), up�rqei
V 0 ∈ N 0 ¸ste (x+ V 0) + (y+ V 0) = x+ y+ V 0 + V 0 ⊆ O. Ta x+ V 0 3 x kai
y+ V 0 3 y eÐnai anoikt� kai h prìsjesh apeikonÐzei to (x+ V 0)× (y+ V 0) sto
O. 'Ara h prìsjesh eÐnai suneq c sto tuqìn (x, y) ∈ X ×X.'Estw κ ∈ F , x ∈ X kai anoiktì O me κx ∈ O. PaÐrnoume U0 ∈ N 0 ¸ste
κx + U0 ⊆ O. Me b�sh thn (4) paÐrnoume V 0 ∈ N 0 ¸ste V 0 + V 0 ⊆ U0.Epeid  to V 0 eÐnai isorrophmèno kai aporrof� ton X, up�rqei ε ∈ (0, 1] ¸ste
µx ∈ V 0 gia k�je µ ∈ F me |µ| ≤ ε. Katìpin, brÐskoume arket� meg�lo n ¸ste
2n ≥ |κ| + 1 kai, me b�sh thn (4), W 0 ∈ N 0 ¸ste W 0 + · · · +W 0 ⊆ V 0, ìpouto �jroisma èqei 2n ìrouc. Epeid  0 ∈W 0, sunep�getai ìti |κ|W 0 +W 0 ⊆ V 0,opìte sundu�zontac ìla ta prohgoÔmena, èqoume gia k�je λ ∈ F me |λ− κ| < εkai k�je y ∈ x + W 0 ìti λy = κx + (λ − κ)x + (λ − κ)(y − x) + κ(y − x) ∈
κx+V 0+εW 0+|κ|W 0 ⊆ κx+V 0+W 0+|κ|W 0 ⊆ κx+V 0+V 0 ⊆ κx+U0 ⊆ O.
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T¸ra, to N = {λ ∈ F | |λ − κ| < ε} 3 κ eÐnai anoiktì sto F , to x + W 0 3 xeÐnai anoiktì ston X kai o pollaplasiasmìc apeikonÐzei to N × (x+W 0) sto
O. 'Ara o pollaplasiasmìc eÐnai suneq c sto tuqìn (κ, x) ∈ F ×X.Tèloc, èstw T ′ topologÐa ston X ¸ste o X na eÐnai topik� kurtìc q¸rockai h N 0 na eÐnai b�sh anoikt¸n perioq¸n tou 0. Epeid  h prìsjesh eÐnaisuneq c kai wc proc tic dÔo topologÐec sunep�getai ìti k�je metafor� eÐnaiomoiomorfismìc tou X kai wc proc tic dÔo topologÐec, opìte eÐnai profanèc ìtih sullog  N x = {x + U0|U0 ∈ N 0} eÐnai b�sh anoikt¸n perioq¸n tou x ∈ Xkai wc proc tic dÔo topologÐec. An to O eÐnai anoiktì wc proc thn T ′ kaip�roume tuqìn x ∈ O, tìte up�rqei U0 ∈ N 0 ¸ste x+U0 ⊆ O. 'Ara to O eÐnaianoiktì kai wc proc thn T . Summetrik�, k�je sÔnolo anoiktì wc proc thn TeÐnai anoiktì kai wc proc thn T ′.

Ta Jewr mata 3.35 kai 3.37 dÐnoun dÔo trìpouc me touc opoÐouc ènac gram-mikìc q¸roc efodi�zetai me topik� kurt  topologÐa: b�sei mÐac sullog c hmi-norm¸n   b�sei mÐac sullog c �perioq¸n� tou mhdenìc. To Je¸rhma 3.36 lèeiìti oi dÔo autoÐ trìpoi eÐnai isodÔnamoi.Tèloc, eÐnai qr simo na doÔme pìte dÔo sullogèc hminorm¸n   dÔo sullogèc�perioq¸n� tou mhdenìc orÐzoun thn Ðdia topologÐa.
Prìtash 3.35 'Estw grammikìc q¸roc X kai N 1 b�sh anoikt¸n perioq¸n tou
0 gia mÐa topik� kurt  topologÐa T1 tou X kai N 2 b�sh anoikt¸n perioq¸n tou 0
gia mÐa deÔterh topik� kurt  topologÐa T2 tou X. Oi dÔo topologÐec tautÐzontai
an kai mìnon an gia k�je U1 ∈ N 1 up�rqei U2 ∈ N 2 ¸ste U2 ⊆ U1 kai gia
k�je U2 ∈ N 2 up�rqei U1 ∈ N 1 ¸ste U1 ⊆ U2.

Apìdeixh: 'Estw ìti oi T1 kai T2 tautÐzontai. K�je U1 ∈ N 1 eÐnai anoiktì wcproc thn T1, opìte eÐnai anoiktì kai wc proc thn T2. Epeid  0 ∈ U1, sunep�getaiìti up�rqei U2 ∈ N 2 ¸ste U2 ⊆ U1. Summetrik� apodeiknÔetai kai ìti gia k�je
U2 ∈ N 2 up�rqei U1 ∈ N 1 ¸ste U1 ⊆ U2.Antistrìfwc, èstw ìti gia k�je U1 ∈ N 1 up�rqei U2 ∈ N 2 ¸ste U2 ⊆ U1

kai gia k�je U2 ∈ N 2 up�rqei U1 ∈ N 1 ¸ste U1 ⊆ U2. PaÐrnoume tuqìn Oanoiktì wc proc thn T1. Tìte gia k�je x ∈ O, to −x+O eÐnai anoiktì wc procthn T1 kai perièqei to 0. 'Ara up�rqei U1 ∈ N 1 ¸ste U1 ⊆ −x+O. Tìte, ìmwc,up�rqei kai U2 ∈ N 2 ¸ste U2 ⊆ −x+O. T¸ra, to x+U2 3 x eÐnai anoiktì wcproc thn T2 kai x+U2 ⊆ O. AfoÔ to x eÐnai tuqìn stoiqeÐo tou O, sunep�getaiìti to O eÐnai anoiktì kai wc proc thn T2. Summetrik� apodeiknÔetai kai ìti, anto O eÐnai anoiktì wc proc thn T2, tìte eÐnai anoiktì kai wc proc thn T1.
L mma 3.5 'Estw grammikìc q¸roc X, hminìrmec p, p1, . . . , pn ston X kai α,
α1, . . . , αn > 0. Tìte {x ∈ X|p1(x) < α1} ∩ · · · ∩ {x ∈ X|pn(x) < αn} ⊆ {x ∈
X|p(x) < α} an kai mìnon an p(x) ≤ αmax1≤k≤n

pk(x)
αk

.

Apìdeixh: An p(x) ≤ αmax1≤k≤n
pk(x)

αk
kai p1(x) < α1, . . . , pn(x) < αn, tìte

p(x) < α.Antistrìfwc, èstw ìti {x ∈ X|p1(x) < α1} ∩ · · · ∩ {x ∈ X|pn(x) < αn} ⊆
{x ∈ X|p(x) < α} kai paÐrnoume tuqìn x ∈ X. An p1(x) = · · · = pn(x) = 0,
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tìte gia k�je t > 0 isqÔei p1(tx) = 0 < α1, . . . , pn(tx) = 0 < αn, opìte
tp(x) = p(tx) < α. 'Ara p(x) = 0 ≤ αmax1≤k≤n

pk(x)
αk

.An pk(x) > 0 gia toul�qiston èna k, tìte gia tuqìn t > 1 jètoume z =
1

t max1≤k≤n
pk(x)

αk

x. Gia k�je j paÐrnoume pj(z) ≤ pj(x)

t
pj(x)

αj

< αj . Epomènwc,
p(z) < α, opìte p(x) < α tmax1≤k≤n

pk(x)
αk

kai, paÐrnontac ìrio ìtan t → 1+,
sumperaÐnoume ìti p(x) ≤ αmax1≤k≤n

pk(x)
αk

kai s' aut n thn perÐptwsh.
Prìtash 3.36 'Estw grammikìc q¸roc X kai P1 diaqwrÐzousa sullog  hmi-
norm¸n pou ep�gei thn topik� kurt  topologÐa TP1 ston X kai P2 diaqwrÐzousa
sullog  hminorm¸n pou ep�gei thn topik� kurt  topologÐa TP2 ston X. Oi
dÔo topologÐec tautÐzontai an kai mìnon an gia k�je p(1) ∈ P1 up�rqoun C > 0
kai p

(2)
1 , . . . , p

(2)
n ∈ P2 ¸ste p(1) ≤ Cmax1≤k≤n p

(2)
k kai gia k�je p(2) ∈ P2

up�rqoun D > 0 kai p
(1)
1 , . . . , p

(1)
m ∈ P1 ¸ste p(2) ≤ Dmax1≤k≤m p

(1)
k .

Apìdeixh: 'Estw ìti oi TP1 kai TP2 tautÐzontai. Gia k�je p(1) ∈ P1 to {x ∈
X|p(1)(x) < 1} eÐnai anoiktì wc proc thn TP1 , kai, epomènwc, kai wc proc thn
TP2 , kai perièqei to 0. 'Ara up�rqoun p(2)

1 , . . . , p
(2)
n ∈ P2 kai ε1, . . . , εn > 0

¸ste {x ∈ X|p(2)
1 (x) < ε1} ∩ · · · ∩ {x ∈ X|p(2)

n (x) < εn} ⊆ {x ∈ X|p(x) < 1}.Apì to prohgoÔmeno l mma sunep�getai ìti, me C = 1
min1≤k≤n εk

, isqÔei p(1) ≤

Cmax1≤k≤n p
(2)
k . Summetrik� apodeiknÔetai ìti gia k�je p(2) ∈ P2 up�rqoun

D > 0 kai p(1)
1 , . . . , p

(1)
m ∈ P1 ¸ste p(2) ≤ Dmax1≤k≤m p

(1)
k .Tèloc, h apìdeixh tou antÐstrofou eÐnai parìmoia kai af netai wc eÔkolh�skhsh.

3.3.2 Q¸roi Fréchet.

Prìtash 3.37 'Estw X ènac topik� kurtìc q¸roc. Ta parak�tw eÐnai isodÔ-
nama.
(1) O X eÐnai metrikopoi simoc.
(2) Up�rqei arijm simh b�sh anoikt¸n perioq¸n tou 0 ston X.
(3) Up�rqei arijm simh diaqwrÐzousa sullog  P hminorm¸n ston X ¸ste h
topologÐa tou na tautÐzetai me thn TP .

Apìdeixh: (1) 'Estw ìti o X eÐnai metrikopoi simoc, opìte up�rqei metrik  dston X ¸ste h topologÐa tou X na tautÐzetai me thn topologÐa pou ep�getaiapì thn d. Tìte h arijm simh sullog  mpal¸n B(0; 1
n ) = {x ∈ X|d(x, 0) < 1

n},
n ∈ N, apoteleÐ b�sh anoikt¸n perioq¸n tou 0 ston X.(2) 'Estw ìti h {Vn|n ∈ N} eÐnai b�sh anoikt¸n perioq¸n tou 0 ston X. 'Estw
P ′ sullog  hminorm¸n ston X ¸ste h topologÐa tou na tautÐzetai me thn TP′ .Tìte gia k�je n up�rqei U0

n = {x ∈ X|pn,1(x) < εn,1}∩· · ·∩{x ∈ X|pn,mn
(x) <

εn,mn} ∈ N 0
P′ , me pn,1, . . . , pn,mn ∈ P ′, ¸ste U0

n ⊆ Vn.JewroÔme thn arijm simh sullog  P = ∪+∞
n=1{pn,1, . . . , pn,mn}.An x ∈ X me x 6= 0, epeid  o X eÐnai q¸roc Hausdorff, up�rqei k�poio n¸ste x /∈ Vn. Epomènwc pn,j(x) > 0 gia toul�qiston èna j = 1, . . . ,mn. 'Ara h

P eÐnai diaqwrÐzousa.
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Ja apodeÐxoume, t¸ra, ìti oi topologÐec TP kai TP′ tautÐzontai. 'Estw Oanoiktì wc proc thn TP . PaÐrnoume tuqìn x ∈ O, opìte up�rqei U0 ∈ N 0
P ¸ste

x + U0 ⊆ O. Epeid , ìmwc, U0 ∈ N 0
P′ , (afoÔ P ⊆ P ′), sunep�getai ìti to OeÐnai anoiktì kai wc proc thn TP′ . Antistrìfwc, èstw ìti to O eÐnai anoiktì wcproc thn TP′ . An x ∈ O, up�rqei Vn ¸ste x+ Vn ⊆ O. Opìte gia thn U0

n ∈ N 0
PisqÔei ìti x+ U0

n ⊆ O kai, epomènwc, to O eÐnai anoiktì kai wc proc thn TP .(3) Tèloc, èstw ìti up�rqei arijm simh diaqwrÐzousa sullog  P = {pn|n ∈ N}hminorm¸n ston X ¸ste h topologÐa tou na tautÐzetai me thn TP . OrÐzoume
d : X ×X → R+

0 me tÔpo
d(x, y) =

+∞∑
n=1

1
2n

pn(x− y)
1 + pn(x− y)

gia k�je x, y ∈ X.EÐnai polÔ eÔkolo na apodeiqjoÔn oi idiìthtec thc metrik c gia thn d. Giapar�deigma, an d(x, y) = 0, tìte pn(x− y) = 0 gia k�je n kai, epeid  h P eÐnaidiaqwrÐzousa, sunep�getai ìti x = y. EpÐshc, h trigwnik  anisìthta eÐnai �meshsunèpeia thc stoiqei¸douc anisìthtac α+β
1+α+β ≤

α
1+α + β

1+β gia k�je α, β ≥ 0.Ja apodeÐxoume, t¸ra, ìti h topologÐa pou ep�getai apì thn d tautÐzetai methn TP .'Estw sÔnolo O ⊆ X anoiktì wc proc thn d. PaÐrnoume tuqìn x ∈ O, opìteup�rqei ε > 0 ¸ste {y ∈ X|d(x, y) < ε} ⊆ O. JewroÔme N ¸ste 1
2N < 1

2 ε kaito U0 = {z ∈ X|p1(z) < 1
2 ε} ∩ · · · ∩ {z ∈ X|pN (z) < 1

2 ε} ∈ N 0
P . Gia k�je

z ∈ U0 isqÔei d(x, x+ z) =
∑+∞

n=1
1
2n

pn(z)
1+pn(z) ≤

∑N
n=1

1
2n pn(z) +

∑+∞
n=N+1

1
2n ≤

1
2 ε

∑N
n=1

1
2n + 1

2N < ε. Epomènwc, x+ U0 ⊆ {y ∈ X|d(x, y) < ε} ⊆ O, opìte to
O eÐnai anoiktì wc proc thn topologÐa TP .'Estw O anoiktì wc proc thn TP kai paÐrnoume x ∈ O. Tìte up�rqoun
p1, . . . , pN ∈ P kai U0 = {z ∈ X|p1(z) < ε1} ∩ · · · ∩ {z ∈ X|pN (z) < εN} ∈ N 0

P¸ste x + U0 ⊆ O. JewroÔme ε = min( 1
2

ε1
1+ε1

, . . . , 1
2N

εN

1+εN
), opìte gia k�je

y ∈ X me d(x, y) < ε èqoume 1
2n

pn(y−x)
1+pn(y−x) <

1
2n

εn

1+εn
gia k�je n me 1 ≤ n ≤ N .

Tìte pn(y − x) < εn gia k�je n me 1 ≤ n ≤ N kai, epomènwc, y ∈ x + U0.'Ara {y ∈ X|d(x, y) < ε} ⊆ x + U0 ⊆ O. 'Ara to O eÐnai anoiktì wc proc thntopologÐa pou ep�getai apì thn d.
Orismìc 3.48 O X onom�zetai q¸roc Fréchet an eÐnai topik� kurtìc, metri-
kopoi simoc kai pl rhc.

Oi q¸roi Banach kai oi q¸roi Hilbert apoteloÔn ta profan  paradeÐgmataq¸rwn Fréchet kai sth sunèqeia ja doÔme arket� paradeÐgmata topik� kurt¸nq¸rwn kai q¸rwn Fréchet oi opoÐoi den eÐnai q¸roi me nìrma.
Prìtash 3.38 (Kolmogorov) 'Estw topik� kurtìc q¸roc X. Tìte h topologÐa
tou X ep�getai apì k�poia nìrma an kai mìnon an up�rqei anoikt  perioq  V 0

tou 0 me thn idiìthta: gia k�je anoikt  perioq  U0 tou 0 up�rqei t > 0 ¸ste
tV 0 ⊆ U0.
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Apìdeixh: 'Estw ìti h topologÐa tou X ep�getai apì th nìrma ‖·‖. PaÐrnoume
V 0 = B(0; 1) = {x ∈ X| ‖x‖ < 1}. An U0 eÐnai opoiad pote anoikt  perioq tou 0, up�rqei r > 0 ¸ste B(x; r) ⊆ U0, opìte rV 0 ⊆ U0.Antistrìfwc, èstw anoikt  perioq  V 0 tou 0 me thn parap�nw idiìthta.Autì shmaÐnei ìti h sullog  {tV 0|t > 0} apoteleÐ b�sh anoikt¸n perioq¸n tou
0. An P eÐnai h diaqwrÐzousa sullog  hminorm¸n h opoÐa ep�gei thn topologÐatou X, tìte up�rqoun p1, . . . , pn ∈ P kai ε1, . . . , εn > 0 ¸ste {x ∈ X|p1(x) <
ε1} ∩ · · · ∩ {x ∈ X|pn(x) < εn} ⊆ V 0.

OrÐzoume hminìrma p me tÔpo p(x) = max1≤k≤n
pk(x)

εk
gia k�je x ∈ X kaiisqÔei ìti {x ∈ X|p(x) < 1} = {x ∈ X|p1(x) < ε1} ∩ · · · ∩ {x ∈ X|pn(x) < εn},opìte {x ∈ X|p(x) < 1} ⊆ V 0. 'Ara h anoikt  perioq  W 0 = {x ∈ X|p(x) < 1}tou 0 èqei thn idiìthta ìti h sullog  {tW 0|t > 0} apoteleÐ b�sh anoikt¸nperioq¸n tou 0.An x ∈ X me x 6= 0, up�rqei t > 0 ¸ste x /∈ tW 0, opìte p(x) > 0. 'Ara h peÐnai nìrma, p = ‖·‖, opìte W 0 = B(0; 1). Epomènwc, h sullog  {B(0; t)|t > 0}eÐnai b�sh anoikt¸n perioq¸n tou 0, opìte h ‖·‖ ep�gei thn topologÐa tou X.

3.3.3 Q¸roi akolouji¸n

Orismìc 3.49 Ston s orÐzoume gia k�je n ∈ N thn hminìrma pn me tÔpo

pn(x) = |xn|

gia k�je x = (x1, x2, . . .) ∈ s. H P = {pn|n ∈ N} eÐnai diaqwrÐzousa sullog 
hminorm¸n ston s kai, epomènwc, ep�gei topik� kurt  topologÐa ston s. Epeid 
h P eÐnai arijm simh, o s eÐnai metrikopoi simoc.

Metrik  ston s eÐnai h d me tÔpo
d(x, y) =

+∞∑
n=1

1
2n

pn(x− y)
1 + pn(x− y)

=
+∞∑
n=1

1
2n

|xn − yn|
1 + |xn − yn|

gia k�je x = (x1, x2, . . .), y = (y1, y2, . . .) ∈ s.
Prìtash 3.39 An {x(m)} eÐnai akoloujÐa stoiqeÐwn tou s kai x ∈ s, tìte
x(m) → x, wc proc thn topologÐa tou s pou mìlic orÐsame, an kai mìnon an

x
(m)
n → xn gia k�je n.

Apìdeixh: 'Estw x(m) → x ston s. Epeid  k�je pn eÐnai suneq c, sunep�getai
ìti |x(m)

n − xn| = pn(x(m) − x) → 0.
Antistrìfwc, èstw ìti x(m)

n → xn gia k�je n. PaÐrnoume tuqìn anoiktì
O me x ∈ O, opìte up�rqoun N kai ε1, . . . , εN > 0 ¸ste {y ∈ s|p1(y − x) <
ε1}∩· · ·∩{y ∈ s|pN (y−x) < εN} ⊆ O. Epeid  to N eÐnai peperasmèno, up�rqei
M ¸ste p1(x(m) − x) = |x(m)

1 − x1| < ε1, . . . , pN (x(m) − x) = |x(m)
N − xN | < εNgia k�je m ≥M . Autì shmaÐnei ìti x(m) ∈ O gia k�je m ≥M kai, epomènwc,

x(m) → x.
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Orismìc 3.50 Ex aitÐac tou apotelèsmatoc thc prohgoÔmenhc prìtashc, h
topo-logÐa ston s h opoÐa ep�getai apì thn P = {pn|n ∈ N} onom�zetai to-
pologÐa thc kat� suntetagmènh sÔgklishc.

Je¸rhma 3.38 O s me thn topologÐa thc kat� suntetagmènh sÔgkli-

shc eÐnai q¸roc Fréchet.

Apìdeixh: Apomènei na apodeÐxoume ìti o s eÐnai pl rhc. 'Estw, loipìn, akolou-
jÐa {x(m)} ston s me d(x(k), x(l)) → 0. Tìte gia k�je n èqoume 1

2n

|x(k)
n −x(l)

n |
1+|x(k)

n −x
(l)
n |

≤

d(x(k), x(l)) → 0, opìte gia k�je n isqÔei ìti |x(k)
n − x

(l)
n | → 0. 'Ara gia k�je

n up�rqei xn ∈ F ¸ste x(m)
n → xn. Jètoume x = (x1, x2, . . .) ∈ s kai èqoume

x(m) → x ston s.
3.3.4 Q¸roi sunart sewn

To epìmeno par�deigma eÐnai genÐkeush tou s.
Orismìc 3.51 'Estw mh-kenì sÔnolo A kai jewroÔme to grammikì q¸ro FA.
Gia k�je a ∈ A orÐzoume thn hminìrma pa ston FA me tÔpo

pa(f) = |f(a)|

gia k�je f ∈ FA. EÐnai profanèc ìti h P = {pa|a ∈ A} eÐnai diaqwrÐzousa
sullog  hminorm¸n, opìte ep�gei topik� kurt  topologÐa ston FA.

Ta sÔnola U0 = {f ∈ FA|pa1(f) < ε1}∩ · · ·∩{f ∈ FA|pan
(f) < εn} = {f ∈

FA||f(a1)| < ε1} ∩ · · · ∩ {f ∈ FA||f(an)| < εn}, ìpou ta n ∈ N, a1, . . . , an ∈ Akai ε1, . . . , εn > 0 eÐnai aujaÐreta, apoteloÔn b�sh anoikt¸n perioq¸n tou 0 ston
FA me aut n thn topologÐa.
Prìtash 3.40 An {fm} eÐnai akoloujÐa stoiqeÐwn tou FA kai f ∈ FA, tìte
fm → f , wc proc thn topologÐa tou FA pou mìlic orÐsame, an kai mìnon an
fm(a) → f(a) gia k�je a ∈ A.

Apìdeixh: 'Estw fm → f ston FA. Epeid  k�je pa eÐnai suneq c, sunep�getaiìti |fm(a)− f(a)| = pa(fm − f) → 0.Antistrìfwc, èstw ìti fm(a) → f(a) gia k�je a ∈ A. PaÐrnoume tuqìnanoiktì O me f ∈ O, opìte up�rqoun n, a1, . . . , an ∈ A kai ε1, . . . , εn > 0 ¸ste
{g ∈ FA||g(a1)−f(a1)| < ε1}∩· · ·∩{g ∈ FA||g(an)−f(an)| < εn} ⊆ O. Epeid to n eÐnai peperasmèno, up�rqei M ¸ste |fm(a1) − f(a1)| < ε1, . . . , |fm(an) −
f(an)| < εn gia k�je m ≥M . Autì shmaÐnei ìti fm ∈ O gia k�je m ≥M kai,epomènwc, fm → f .
Orismìc 3.52 H topik� kurt  topologÐa pou ep�getai sto FA apì th sullog 
hminorm¸n {pa|a ∈ A} onom�zetai topologÐa thc kat� shmeÐo sÔgklishc.

Epomènwc, èqoume apodeÐxei to
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Je¸rhma 3.39 To FA me thn topologÐa thc kat� shmeÐo sÔgklishc

eÐnai topik� kurtìc q¸roc.

Orismìc 3.53 'Estw topologikìc q¸roc A. Gia k�je sumpagèc K ⊆ A orÐzou-
me hminìrma pK ston C(A) me tÔpo

pK(f) = max
a∈K

|f(a)|

gia f ∈ C(A). H sullog  P = {pK |K eÐnai sumpagèc uposÔnolo tou A} eÐnai
diaqwrÐzousa sullog  hminorm¸n ston C(A) kai orÐzei topik� kurt  topologÐa
ston C(A).

Prìtash 3.41 An {fm} eÐnai akoloujÐa stoiqeÐwn tou C(A) kai f ∈ C(A),
tìte fm → f , wc proc thn topologÐa tou C(A) pou mìlic orÐsame, an kai mìnon
an, gia k�je sumpagèc K ⊆ A, fm → f omoiìmorfa sto K.

Apìdeixh: 'Estw fm → f ston C(A). Epeid  k�je pK eÐnai suneq c, sunep�getaiìti maxa∈K |fm(a) − f(a)| = pK(fm − f) → 0. 'Ara fm → f omoiìmorfa sto
K. Antistrìfwc, èstw ìti fm → f omoiìmorfa sto K gia k�je sumpagèc
K ⊆ A. PaÐrnoume tuqìn anoiktì O me f ∈ O, opìte up�rqoun sumpag 
K1, . . . ,Kn ⊆ A kai ε1, . . . , εn > 0 ¸ste {g ∈ C(A)|maxa∈K1 |g(a) − f(a)| <
ε1}∩ · · · ∩ {g ∈ C(A)|maxa∈Kn

|g(a)− f(a)| < εn} ⊆ O. Epeid  to n eÐnai pepe-rasmèno, up�rqei M ¸ste maxa∈K1 |fm(a)− f(a)| < ε1, . . . ,maxa∈Kn
|fm(a)−

f(a)| < εn gia k�je m ≥ M . Autì shmaÐnei ìti fm ∈ O gia k�je m ≥ M kai,epomènwc, fm → f .
Orismìc 3.54 'Estw topologikìc q¸roc A. H topik� kurt  topologÐa pou
ep�getai ston C(A) apì th sullog  {pK |K eÐnai sumpagèc uposÔnolo tou A}
onom�zetai topologÐa thc omoiìmorfhc sÔgklishc sta sumpag  uposÔnola
tou A.

MÐa arket� qr simh eidik  perÐptwsh perigr�fetai parak�tw.
Orismìc 3.55 'Estw topologikìc q¸roc A.
(1) An up�rqei mÐa akoloujÐa {Kk} sumpag¸n uposunìlwn tou A me tic idiìth-
tec:
(i) Kk ⊆ Kk+1 gia k�je k,
(ii) gia k�je sumpagèc K ⊆ A up�rqei k ¸ste K ⊆ Kk,
tìte o A onom�zetai σ-sumpag¸c paragìmenoc.
(2) An gia k�je x ∈ A up�rqei anoikt  perioq  V tou x ¸ste to cl(V ) na eÐnai
sumpagèc, tìte o A onom�zetai topik� sumpag c.

'Ena par�deigma eÐnai ìtan o Ðdioc o A eÐnai sumpag c, opìte paÐrnoume
Kk = A gia k�je k kai V = A.'Ena pio endiafèron par�deigma eÐnai ìtan A = U eÐnai opoiod pote anoiktìuposÔnolo tou Rn. EÐnai eÔkolo na deÐxoume ìti gia k�je k to sÔnolo

Uk = {x ∈ U | ‖x‖2 < k, ‖x− y‖2 >
1
k
gia k�je y /∈ U}



110 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROI

eÐnai anoiktì, ìti Uk ⊆ Uk+1 kai ìti U = ∪+∞
k=1Uk. EpÐshc, ìti to

Kk = cl(Uk) = {x ∈ U | ‖x‖2 ≤ k, ‖x− y‖2 ≥
1
k
gia k�je y /∈ U}

eÐnai sumpagèc uposÔnolo tou U , ìti Kk ⊆ Uk+1 ⊆ Kk+1 gia k�je k kai ìti giak�je sumpagèc K ⊆ U up�rqei k ¸ste K ⊆ Kk.EpÐshc, gia k�je x ∈ U up�rqei mikrì r > 0 ¸ste cl(B(x; r)) ⊆ U .'Ara k�je anoiktì uposÔnolo tou Rn eÐnai σ-sumpag¸c paragìmeno kai to-pik� sumpagèc.
Je¸rhma 3.40 'Estw σ-sumpag¸c paragìmenoc kai topik� sumpag c

topologikìc q¸roc A. Ston C(A) h topologÐa thc omoiìmorfhc sÔ-

gklishc sta sumpag  uposÔnola tou A ep�getai apì th diaqwrÐzousa

arijm simh sullog  hminorm¸n {pKk
|k ∈ N}, ìpou Kk eÐnai ta sÔnola

tou prohgoÔmenou orismoÔ, kai o C(A) eÐnai q¸roc Fréchet.

Apìdeixh: An P = {pK |K eÐnai sumpagèc uposÔnolo tou A} kai P ′ = {pKk
|k ∈

N}, tìte k�je pKk
an kei sthn P kai gia k�je pK ∈ P up�rqei Kk ⊇ K kai,epomènwc, pK ≤ pKk
. Apì thn Prìtash 3.36 sunep�getai ìti oi P kai P ′ep�goun thn Ðdia topologÐa ston C(A).Epeid  h P ′ eÐnai arijm simh, sunep�getai ìti o C(A) eÐnai metrikopoi simocme metrik  d me tÔpo

d(f, g) =
+∞∑
k=1

1
2k

maxa∈Kk
|f(a)− g(a)|

1 + maxa∈Kk
|f(a)− g(a)|

gia k�je f, g ∈ C(A). Mènei na apodeÐxoume ìti o C(A) eÐnai pl rhc.'Estw {fm} ston C(A) me d(fm, fl) → 0. Tìte gia k�je k èqoume ìti
maxa∈Kk

|fm(a) − fl(a)| → 0 kai, epeid  o C(Kk) me thn omoiìmorfh nìrmaeÐnai pl rhc, sunep�getai ìti up�rqei f (k) ∈ C(Kk) ¸ste maxa∈Kk
|fm(a) −

f (k)(a)| → 0. EÐnai profanèc ìti, epeid  Kk ⊆ Kk+1, k�je f (k+1) eÐnai epèktashthc f (k) sto Kk+1 kai, epomènwc, orÐzetai f sto A h opoÐa eÐnai koin  epèktashìlwn twn f (k).PaÐrnoume tuqìn x ∈ A kai anoikt  perioq  V tou x ¸ste to cl(V ) na eÐnaisumpagèc. Tìte cl(V ) ⊆ Kk gia kat�llhlo k, opìte h f = f (k) eÐnai suneq csthn V . 'Ara h f eÐnai suneq c sto x kai, epomènwc, sto A.'Ara f ∈ C(A) kai h {fm} sugklÐnei sthn f omoiìmorfa se k�je Kk. 'Arah {fm} sugklÐnei sthn f omoiìmorfa se k�je sumpagèc K ⊆ A kai, epomènwc,
fm → f ston C(A).
Orismìc 3.56 'Estw anoiktì U ⊆ Rn. Sto q¸ro C∞(U) me stoiqeÐa ìlec
tic apeÐrwc paragwgÐsimec sunart seic f : U → F orÐzoume gia k�je sumpagèc
K ⊆ U kai k�je k ∈ N0 thn hminìrma pK,k me tÔpo

pK,k(f) = max
x∈K,|α|≤k

|Dαf(x)|.

H diaqwrÐzousa sullog  hminorm¸n {pK,k|K sumpagèc ⊆ U kai k ∈ N0} ep�-
gei topik� kurt  topologÐa ston C∞(U). O q¸roc autìc me th sugkekrimènh
topologÐa sumbolÐzetai E(U).
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Prìtash 3.42 An {fm} eÐnai akoloujÐa stoiqeÐwn tou E(U) kai f ∈ E(U), tìte
fm → f ston E(U) an kai mìnon an gia k�je sumpagèc K ⊆ U kai k�je α ∈ Nn

0

isqÔei Dαfm → Dαf omoiìmorfa sto K.

Apìdeixh: 'Estw fm → f ston E(U). PaÐrnoume opoiod pote sumpagèc K ⊆
U kai α ∈ Nn

0 . An k = |α|, tìte, epeid  h pK,k eÐnai suneq c, sunep�getaiìti maxx∈K |Dαfm(x) − Dαf(x)| ≤ pK,k(fm − f) → 0. 'Ara Dαfm → Dαfomoiìmorfa sto K.Antistrìfwc, èstw ìti Dαfm → Dαf omoiìmorfa sto K gia k�je sumpa-gèc K ⊆ U kai k�je α ∈ Nn
0 . PaÐrnoume opoiod pote anoiktì O ston E(U)me f ∈ O, opìte up�rqoun sumpag  K1, . . . ,KN ⊆ U , k1, . . . , kN ∈ N kai

ε1, . . . , εN > 0 ¸ste {g ∈ E(U)|maxx∈K1,|α|≤k1 |Dαg(x)−Dαf(x)| < ε1}∩ · · · ∩
{g ∈ E(U)|maxx∈KN ,|α|≤kN

|Dαg(x)−Dαf(x)| < εN} ⊆ O. Epeid  to N kai ì-la ta k1, . . . , kN eÐnai peperasmèna, up�rqeiM ¸ste maxx∈K1,|α|≤k1 |Dαfm(x)−
Dαf(x)| < ε1, . . . ,maxx∈KN ,|α|≤kN

|Dαfm(x)−Dαf(x)| < εN gia k�jem ≥M .Autì shmaÐnei ìti fm ∈ O gia k�je m ≥M kai, epomènwc, fm → f .
Je¸rhma 3.41 'Estw anoiktì U ⊆ Rn kai Uk,Kk ta sÔnola pou pe-

rigr�fontai met� ton Orismì 3.54. Tìte h topologÐa tou E(U) ep�-

getai apì thn arijm simh diaqwrÐzousa sullog  {pKk,k|k ∈ N} kai o

E(U) eÐnai q¸roc Fréchet.

Apìdeixh: An jèsoume P = {pK,k|K eÐnai sumpagèc ⊆ A kai k ∈ N0} kai
P ′ = {pKk,k|k ∈ N}, tìte k�je pKk,k an kei sthn P kai gia k�je pK,k ∈ Pup�rqei l ¸ste Kl ⊇ K kai l ≥ k, kai, epomènwc, pK,k ≤ pKl,l. Apì thn Prìtash3.36 sunep�getai ìti oi P kai P ′ ep�goun thn Ðdia topologÐa ston E(U).Epeid  h P ′ eÐnai arijm simh, sunep�getai ìti o E(U) eÐnai metrikopoi simocme metrik  d me tÔpo

d(f, g) =
+∞∑
k=1

1
2k

maxx∈Kk,|α|≤k |Dαf(x)−Dαg(x)|
1 + maxx∈Kk,|α|≤k |Dαf(x)−Dαg(x)|

gia k�je f, g ∈ E(U). Mènei na apodeÐxoume ìti o E(U) eÐnai pl rhc.'Estw {fm} ston E(U) me d(fm, fl) → 0. Tìte gia k�je k èqoume ì-ti maxx∈Kk,|α|≤k |Dαfm(x) − Dαfl(x)| → 0, opìte efarmìzontac to Je¸rh-
ma 3.8 sto sÔnolo Uk ⊆ Kk, sunep�getai ìti up�rqei f (k) ∈ Ck,∞(Uk) ¸ste
maxx∈Uk,|α|≤k |Dαfm(x) −Dαf (k)(x)| → 0. Epeid  Uk ⊆ Uk+1, eÐnai profanècìti k�je f (k+1) eÐnai epèktash thc f (k) sto Uk+1 kai, epomènwc, orÐzetai f sto
U h opoÐa eÐnai koin  epèktash ìlwn twn f (k).Gia tuqìn x ∈ U up�rqei k0 ¸ste x ∈ Uk gia k�je k ≥ k0. 'Ara f = f (k) ∈
Ck,∞(Uk) ⊆ Ck,∞(Uk0) gia k�je k ≥ k0. 'Ara h f eÐnai apeÐrwc paragwgÐsimhse k�je x ∈ U kai, epomènwc, f ∈ E(U).An p�roume tuqìn sumpagèc K ⊆ U kai α ∈ Nn

0 , tìte up�rqei k ¸ste
K ⊆ Kk kai |α| ≤ k. 'H {Dαfm} sugklÐnei sthn Dαf omoiìmorfa sto Uk+1,opìte kai sto K ⊆ Kk ⊆ Uk+1. 'Ara fm → f ston E(U).
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Orismìc 3.57 MÐa f ∈ C∞(Rn) onom�zetai sun�rthsh Schwartz an gia
k�je k ∈ N0 isqÔei supx∈Rn,|α|≤k(1 + ‖x‖2)k|Dαf(x)| < +∞.

To sÔnolo ìlwn twn sunart sewn Schwartz onom�zetai q¸roc Schwartz
kai sumbolÐzetai S(Rn).

EÐnai eÔkolo na apodeiqjeÐ ìti o q¸roc Schwartz eÐnai grammikìc q¸roc epÐtou F .
Orismìc 3.58 Ston S(Rn) orÐzoume gia k�je k thn hminìrma pk me tÔpo

pk(f) = sup
x∈Rn,|α|≤k

(1 + ‖x‖2)
k|Dαf(x)|

gia k�je f ∈ S(Rn). H arijm simh sullog  hminorm¸n P = {pk|k ∈ N0}
ep�gei topik� kurt  topologÐa ston S(Rn).

Je¸rhma 3.42 O S(Rn) eÐnai q¸roc Fréchet.

Apìdeixh: H metrik  d ston S(Rn) dÐnetai apì ton tÔpo
d(f, g) =

+∞∑
k=1

1
2k

pk(f − g)
1 + pk(f − g)

gia k�je f, g ∈ S(Rn).An h {fm} eÐnai ston S(Rn) kai d(fm − fl) → 0, tìte gia k�je k isqÔeiìti supx∈Rn,|α|≤k |Dαfm(x)−Dαfl(x)| ≤ pk(fm − fl) → 0. Epomènwc, up�rqei
f (k) ∈ Ck,∞(Rn) ¸ste gia k�je α me |α| ≤ k na èqoume ìti Dαfm → Dαf (k)

omoiìmorfa ston Rn. Eidik¸tera, fm → f (k) omoiìmorfa ston Rn, opìte ìlecoi f (k) tautÐzontai me mÐa koin  sun�rthsh f ∈ C∞(Rn) ¸ste gia k�je α naisqÔei Dαfm → Dαf omoiìmorfa ston Rn. Mènei na deÐxoume ìti d(fm, f) → 0.'Estw tuqìn ε > 0. PaÐrnoume N ¸ste 1
2N ≤ 1

2 ε. Katìpin, epeid  to N eÐnaipeperasmèno, up�rqeiM ¸ste supx∈Rn,|α|≤k(1+‖x‖2)k|Dαfm(x)−Dαfl(x)| =
pk(fm−fl) ≤ 1

2 ε gia k�je k ≤ N ìtanm, l ≥M . PaÐrnontac ìrio ìtan l→ +∞,brÐskoume p(fm− f) = supx∈Rn,|α|≤k(1 + ‖x‖2)k|Dαfm(x)−Dαf(x)| ≤ 1
2 ε giak�je k ≤ N ìtan m ≥M . 'Ara d(fm, f) =

∑+∞
k=1

1
2k

pk(fm−f)
1+pk(f−g) ≤

∑N
k=1

1
2k

1
2 ε+∑+∞

k=N+1
1
2k ≤ 1

2 ε+ 1
2N ≤ ε ìtan m ≥M .

3.4 TopologikoÐ grammikoÐ q¸roi
Orismìc 3.59 'Estw grammikìc q¸roc X epÐ tou F kai mÐa topologÐa T ston
X me tic idiìthtec:
(i) o X me thn T eÐnai q¸roc Hausdorff,
(ii) oi pr�xeic + : X ×X → X kai · : F ×X → X eÐnai suneqeÐc.

Tìte o X onom�zetai topologikìc grammikìc q¸roc.
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'Opwc eÐdame, oi q¸roi me nìrma, opìte kai oi q¸roi me eswterikì ginìmeno,all� kai oi genikìteroi topik� kurtoÐ q¸roi eÐnai eidikèc peript¸seic topologi-k¸n grammik¸n q¸rwn.Ed¸ den ja asqolhjoÔme me th genik  jewrÐa twn topologik¸n grammik¸nq¸rwn, all� mìnon ja doÔme dÔo gnwst� paradeÐgmata ta opoÐa ent�ssontaise autì to plaÐsio.

Orismìc 3.60 'Estw (Ω,Σ, µ) ènac q¸roc mètrou me µ(Ω) < +∞. Sto gram-
mikì q¸ro M(Ω,Σ) orÐzoume

d(f, g) =
∫

Ω

|f(a)− g(a)|
1 + |f(a)− g(a)|

dµ(a)

gia k�je f, g ∈M(Ω,Σ).

EÐnai eÔkolo na doÔme ìti h d èqei tic idiìthtec d(f, g) = d(g, f) kai d(f, h) ≤
d(f, g)+d(g, h) mÐac metrik c, all� d(f, g) = 0 an kai mìnon an f(a) = g(a) gia
µ-sqedìn k�je a ∈ Ω.An jèsoume Y = {f ∈ M(Ω,Σ)|f(a) = 0 gia µ-sqedìn k�je a ∈ Ω}, tìteeÐnai profanèc ìti o Y eÐnai grammikìc upìqwroc tou M(Ω,Σ).
Orismìc 3.61 'Estw (Ω,Σ, µ) ènac q¸roc mètrou me µ(Ω) < +∞. Ston gram-
mikì q¸ro-phlÐko M(Ω,Σ, µ) = M(Ω,Σ)/Y , orÐzoume metrik  d0 me tÔpo

d0([f ]Y , [g]Y ) = d(f, g) =
∫

Ω

|f(a)− g(a)|
1 + |f(a)− g(a)|

dµ(a)

gia k�je [f ]Y , [g]Y ∈M(Ω,Σ, µ).

EÐnai profanèc ìti h tim  tou d0([f ]Y , [g]Y ) den exart�tai apì touc antipro-s¸pouc twn kl�sewn isodunamÐac [f ]Y kai [g]Y .'Opwc kai gia touc q¸rouc Lp kai Lp, akoloujoÔme kai t¸ra th sun jh pra-ktik  na tautÐzoume thn kl�sh [f ]Y me to opoiod pote stoiqeÐo thc f . Dhlad ,tautÐzoume k�je dÔo sunart seic f, g an autèc eÐnai Ðsec µ-sqedìn pantoÔ sto
Ω. Gr�foume, loipìn,

d0(f, g) =
∫

Ω

|f(a)− g(a)|
1 + |f(a)− g(a)|

dµ(a)

gia k�je f, g ∈M(Ω,Σ, µ).
Prìtash 3.43 An h {fn} kai h f eÐnai ston M(Ω,Σ, µ), tìte d0(fn, f) → 0
an kai mìnon an fn → f kat� mètro. Autì shmaÐnei ìti gia k�je δ > 0 isqÔei
µ({a ∈ Ω||fn(a)− f(a)| ≥ δ}) → 0.

Apìdeixh: 'Estw d0(fn, f) → 0 kai tuqìn δ > 0. Jètoume An,δ = {a ∈
Ω||fn(a)−f(a)| ≥ δ}, opìte δ

1+δ µ(An,δ) ≤
∫

An,δ

|fn(a)−f(a)|
1+|fn(a)−f(a)| dµ(a) ≤ d0(fn, f)

→ 0. 'Ara µ(An,δ) → 0 kai, epomènwc, fn → f kat� mètro.'Estw fn → f kat� mètro. PaÐrnoume ε > 0 kai brÐskoume δ > 0 ¸ste
δ

1+δ ≤
ε

2µ(Ω) . Katìpin, brÐskoume N ¸ste µ(An,δ) ≤ 1
2 ε gia k�je n ≥ N . Tìte
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d0(fn, f) =
∫

An,δ

|fn(a)−f(a)|
1+|fn(a)−f(a)| dµ(a) +

∫
Ω\An,δ

|fn(a)−f(a)|
1+|fn(a)−f(a)| dµ(a) ≤ µ(An,δ) +

δ
1+δ µ(Ω \An,δ) ≤ 1

2 ε+ ε
2µ(Ω) µ(Ω) ≤ ε gia k�je n ≥ N . 'Ara d0(fn, f) → 0.

Je¸rhma 3.43 'Estw (Ω,Σ, µ) ènac q¸roc mètrou me µ(Ω) < +∞. O

M(Ω,Σ, µ) me th metrik  d0 eÐnai pl rhc topologikìc grammikìc

q¸roc.

Apìdeixh: O M(Ω,Σ, µ) eÐnai q¸roc Hausdorff, afoÔ eÐnai metrikìc q¸roc.'Estw d0(fn, f) → 0 kai d0(gn, g) → 0. Tìte, apì thn prohgoÔmenh prìtash,èqoume ìti fn → f kai gn → g kat� mètro. 'Ara, ìpwc eÔkola faÐnetai, fn+gn →
f + g kat� mètro, opìte d0(fn + gn, f + g) → 0.OmoÐwc, an |κn − κ| → 0 kai d0(fn, f) → 0, tìte d0(κnfn, κf) → 0.Epomènwc, oi pr�xeic eÐnai suneqeÐc kai oM(Ω,Σ, µ) eÐnai topologikìc gram-mikìc q¸roc.'Estw d0(fn, fm) → 0. An p�roume δ > 0 kai orÐsoume An,m,δ = {a ∈
Ω||fn(a) − fm(a)| ≥ δ}, tìte δ

1+δ µ(An,m,δ) ≤
∫

An,m,δ

|fn(a)−fm(a)|
1+|fn(a)−fm(a)| dµ(a) ≤

d(fn, fm) → 0. MporoÔme, t¸ra, na broÔme n1 < n2 < · · · ¸ste µ(Ank,nk+1, 1
2k

)

≤ 1
2k gia k�je k. An jèsoume Am = ∪+∞

k=mAnk,nk+1, 1
2k
, tìte µ(Am) ≤ 1

2m−1 .Den eÐnai dÔskolo na apodeiqjeÐ ìti h {fnk
} sugklÐnei omoiìmorfa se k�je

Ω \ Am. Pr�gmati, gia k�je a ∈ Ω \ Am, èqoume |fnk+1(a) − fnk
(a)| ≤ 1

2kgia k�je k ≥ m kai ∑+∞
k=m

1
2k < +∞. 'Ara h seir� fn1(a) +

∑+∞
k=1(fnk+1(a) −

fnk
(a)) sugklÐnei omoiìmorfa sto Ω\Am, opìte up�rqei to f(a) = lim fnk

(a) =
lim

(
fn1(a) +

∑k−1
j=1 (fnj+1(a)− fnj (a))

) omoiìmorfa sto Ω \Am.
'Ara h f = lim fnk

orÐzetai sto ∪+∞
m=1(Ω \ Am) kai, epeid  µ(Am) → 0,sunep�getai ìti to sumpl rwma tou ∪+∞

m=1(Ω \ Am) èqei µ-mètro mhdèn. Epo-mènwc h f mporeÐ na orisjeÐ pantoÔ sto Ω, jètontac f = 0 sto sumpl rw-
ma tou ∪+∞

m=1(Ω \ Am). Epomènwc, lim sup
∫
Ω

|fnk
(a)−f(a)|

1+|fnk
(a)−f(a)| dµ(a) ≤ µ(Am) +

lim sup
∫
Ω\Am

|fnk
(a)−f(a)|

1+|fnk
(a)−f(a)| dµ(a) ≤ 1

2m−1 , lìgw omoiìmorfhc sÔgklishc sto
Ω \ Am. Apì autì sunep�getai ìti d0(fnk

, f) → 0 kai, epomènwc, d0(fk, f) ≤
d0(fk, fnk

) + d0(fnk
, f) → 0.

Prìtash 3.44 O M([0, 1],B([0, 1]),m) den eÐnai topik� kurtìc.

Apìdeixh: ArkeÐ na apodeÐxoume ìti h monadik  kurt , anoikt  perioq  tou 0ston M([0, 1],B([0, 1]),m) eÐnai o Ðdioc o M([0, 1],B([0, 1]),m). Pr�gmati, ano q¸roc  tan topik� kurtìc, tìte ja up rqe b�sh anoikt¸n perioq¸n tou 0apoteloÔmenh apì kurt� sÔnola.'Estw kurt , anoikt  perioq  V tou 0.Tìte up�rqei r > 0 ¸ste {f | d0(f, 0) < r} ⊆ V .JewroÔme tuqoÔsa f ∈ M([0, 1],B([0, 1]),m) kai upojètoume arqik� ìti
|f(a)| ≥ 1 gia k�je a ∈ [0, 1]. 'Estw A =

∫ 1

0
|f(a)|

1+|f(a)| dm(a) kai paÐrnoume
n > 2A

r − 1. Katìpin brÐskoume a0, . . . , an ¸ste 0 = a0 < a1 < · · · < an = 1
kai ∫ aj

aj−1

|f(a)|
1+|f(a)| dm(a) = A

n gia k�je j = 1, . . . , n. OrÐzoume gj = nχ[aj−1,aj)f

gia k�je j = 1, . . . , n − 1 kai gn = nχ[an−1,an]f , opìte ∫ 1

0
|gj(a)|

1+|gj(a)| dm(a) ≤
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2n

n+1

∫ aj

aj−1

|f(a)|
1+|f(a)| dm(a) = 2A

n+1 < r gia k�je j. 'Ara ìla ta gj an koun sthn V .
Epeid  h V eÐnai kurt  kai f = 1

n (g1 + · · · + gn), sunep�getai ìti to f an keisthn V .ParathroÔme ìti k�je f ∈ M([0, 1],B([0, 1]),m) gr�fetai f = 1
2 (f1 + f2)me f1, f2 ∈ M([0, 1],B([0, 1]),m) kai |f1(a)|, |f2(a)| ≥ 1 gia k�je a ∈ [0, 1].

Pr�gmati, mporoÔme na orÐsoume f1(a) = f(a) an |f(a)| ≥ 1, f1(a) = − f(a)
|f(a)|an 0 < |f(a)| < 1 kai f1(a) = −1 an f(a) = 0 kai na orÐsoume f2 = 2f − f1.Tìte èqoume f1, f2 ∈ V kai, epeid  h V eÐnai kurt  kai f = 1

2 (f1 + f2),sunep�getai f ∈ V .'Ara h V perièqei k�je stoiqeÐo tou M([0, 1],B([0, 1]),m).
Orismìc 3.62 'Estw q¸roc mètrou (Ω,Σ, µ) kai 0 < p < 1. OrÐzoume gia k�je
f, g ∈ Lp(Ω,Σ, µ)

dp(f, g) =
∫

Ω

|f(a)− g(a)|p dµ(a).

Oi idiìthtec dp(f, g) = dp(g, f) kai dp(f, h) ≤ dp(f, g)+dp(g, h) eÐnai eÔkolona apodeiqjoÔn. H deÔterh basÐzetai sth stoiqei¸dh (α + β)p ≤ αp + βp giak�je α, β ≥ 0. Aut  eÐnai apl : 1 = α
α+β + β

α+β ≤
(

α
α+β

)p +
(

β
α+β

)p = αp+βp

(α+β)p .Epeid  dp(f, g) = 0 an kai mìnon an f(a) = g(a) gia µ-sqedìn k�je a ∈ Ω,orÐzoume, wc sun jwc, to grammikì upìqwro Y = {f ∈ Lp(Ω,Σ, µ) | f = 0 µ−sqedìn pantoÔ sto Ω} tou Lp(Ω,Σ, µ).
Orismìc 3.63 'Estw q¸roc mètrou (Ω,Σ, µ) kai 0 < p < 1. OrÐzoume sto
grammikì q¸ro Lp(Ω,Σ, µ) = Lp(Ω,Σ, µ)/Y metrik  dp me tÔpo

dp([f ]Y , [g]Y ) = dp(f, g) =
∫

Ω

|f(a)− g(a)|p dµ(a)

gia k�je [f ]Y , [g]Y ∈ Lp(Ω,Σ, µ).

EÐnai profanèc ìti h dp orÐzetai kal¸c kai ìti eÐnai metrik  ston Lp(Ω,Σ, µ).Wc sun jwc, tautÐzoume thn [f ]Y me to f .
Je¸rhma 3.44 'Estw q¸roc mètrou (Ω,Σ, µ) kai 0 < p < 1. O q¸roc

Lp(Ω,Σ, µ) me th metrik  dp eÐnai pl rhc topologikìc grammikìc q¸-

roc.

Apìdeixh: O Lp(Ω,Σ, µ) eÐnai q¸roc Hausdorff, afoÔ eÐnai metrikìc q¸roc.'Estw dp(fn, f) → 0 kai dp(gn, g) → 0. Tìte d(fn + gn, f + g) ≤ dp(fn, f) +
dp(gn, g) → 0. OmoÐwc, an |κn − κ| → 0 kai dp(fn, f) → 0, tìte dp(κnfn, κf) ≤
|κn|pdp(fn, f) + |κn − κ|pdp(f, 0) → 0.Epomènwc, oi pr�xeic eÐnai suneqeÐc kai o Lp(Ω,Σ, µ) eÐnai topologikìc gram-mikìc q¸roc. H plhrìthta tou q¸rou apodeiknÔetai me ton Ðdio trìpo pou apo-deiknÔetai h plhrìthta sthn perÐptwsh p ≥ 1.
Prìtash 3.45 O Lp([0, 1],B([0, 1]),m) den eÐnai topik� kurtìc.



116 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROI

Apìdeixh: 'Opwc sthn apìdeixh thc Prìtashc 3.44, arkeÐ na apodeÐxoume ìti hmonadik  kurt , anoikt  perioq  tou 0 ston Lp([0, 1],B([0, 1]),m) eÐnai o Ðdioc o
Lp([0, 1],B([0, 1]),m) kai èstw kurt , anoikt  perioq  V tou 0.Tìte up�rqei r > 0 ¸ste {f | dp(f, 0) < r} ⊆ V .

JewroÔme tuqoÔsa f ∈ Lp([0, 1],B([0, 1]),m) kai A =
∫ 1

0
|f(a)|p dm(a). Ka-

tìpin paÐrnoume n > (A
r )

1
1−p kai brÐskoume a0, . . . , an ¸ste 0 = a0 < a1 <

· · · < an = 1 kai ∫ aj

aj−1
|f(a)|p dm(a) = A

n gia k�je j = 1, . . . , n. OrÐzou-
me gj = nχ[aj−1,aj)f gia k�je j = 1, . . . , n − 1 kai gn = nχ[an−1,an]f , opìte∫ 1

0
|gj(a)|p dm(a) = np

∫ aj

aj−1
|f(a)|p dm(a) = Anp−1 < r gia k�je j. 'Ara ìla ta

gj an koun sthn V . Epeid  h V eÐnai kurt  kai f = 1
n (g1+· · ·+gn), sunep�getaiìti h f an kei sthn V .'Ara h V perièqei k�je stoiqeÐo tou Lp([0, 1],B([0, 1]),m).

3.5 Ask seic
1. 'Estw q¸roc X me nìrma ‖·‖. ApodeÐxte ìti gia k�je x ∈ X kai r ∈ R+:(1) cl({y ∈ X| ‖y − x‖ < r}) = {y ∈ X| ‖y − x‖ ≤ r},(2) ∂({y ∈ X| ‖y − x‖ < r}) = {y ∈ X| ‖y − x‖ = r}.
2. 'Estw {pi | i ∈ I} èna sÔnolo hminorm¸n ston grammikì q¸ro X. An
0 < supi∈I pi(x) < +∞ gia k�je x ∈ X \ {0}, apodeÐxte ìti h ‖·‖ : X → R+

0 metÔpo ‖x‖ = supi∈I pi(x) gia k�je x ∈ X eÐnai nìrma ston X.
3. 'Estw q¸roc X me nìrma kai A,B ⊆ X.(1) An ta A,B eÐnai anoikt�, apodeÐxte ìti to A+B eÐnai anoiktì.(2) An ta A,B eÐnai sumpag , apodeÐxte ìti to A+B eÐnai sumpagèc.(3) An to A eÐnai kleistì kai to B sumpagèc, apodeÐxte ìti to A+B eÐnaikleistì.(4) Ston R2 ta A = {(x, 0)|x ∈ R} kai B = {(x, y)|x, y ∈ R, xy = 1} eÐnaikleist�, all� to A+B den eÐnai kleistì.
4. (1) 'Estw grammikìc q¸roc X kai kurt� A1, . . . , An ⊆ X. ApodeÐxte ìti
co(A1 ∪ · · · ∪ An) = {t1a1 + · · · + tnan|a1 ∈ A1, . . . , an ∈ An, t1, . . . , tn ≥ 0,
t1 + · · ·+ tn = 1}.(2) 'Estw q¸roc X me nìrma kai kurt� sumpag  A1, . . . , An ⊆ X. ApodeÐxteìti to co(A1 ∪ · · · ∪An) eÐnai sumpagèc.(3) 'Estw q¸roc X me nìrma kai olik� fragmèno K ⊆ X. ApodeÐxte ìti to
co(K) eÐnai olik� fragmèno.(4) An o X eÐnai q¸roc Banach kai to K ⊆ X eÐnai sumpagèc, apodeÐxte ìti to
cl[co(K)] eÐnai sumpagèc.
5. ApodeÐxte ìti opoioid pote q¸roi peperasmènhc di�stashc me nìrma eÐnaitopologik� isomorfikoÐ an kai mìnon an èqoun thn Ðdia di�stash.
Orismìc:'Estw X grammikìc q¸roc epÐ tou F me nìrma ‖·‖ kai x1, x2, . . . ∈ X.
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Lème ìti h seir�

∑+∞
j=1 xj sugklÐnei ston X an h akoloujÐa {sn} twn merik¸n

ajroism�twn sn = x1 + · · ·+ xn sugklÐnei ston X. Se aut n thn perÐptwsh, an
sn → s, gr�foume

∑+∞
j=1 xj = s. Lème ìti h seir� sugklÐnei apolÔtwc an h∑+∞

j=1 ‖xj‖ sugklÐnei.

6. (1) ApodeÐxte ìti ènac q¸roc X me nìrma eÐnai pl rhc an kai mìnon an k�jeapolÔtwc sugklÐnousa seir� stoiqeÐwn tou X sugklÐnei ston X.(2) JewreÐste ton l1 me thn 1-nìrma kai ton upìqwro X =< {ej | j ∈ N} >.ApodeÐxte ìti ston X h ∑+∞
j=1

1
j2 ej sugklÐnei apolÔtwc all� de sugklÐnei.

Orismìc: 'Estw X q¸roc Banach. To {bj |j ∈ N} onom�zetai b�sh Schau-
der tou X an gia k�je x ∈ X up�rqoun monadik� κ1, κ2, . . . ∈ F ¸ste x =∑+∞

j=1 κjbj .

7. BreÐte b�sh Schauder gia touc lp, 1 ≤ p < +∞.
8. ApodeÐxte ìti ta stoiqeÐa mÐac b�shc Schauder se q¸ro Banach eÐnai memo-nwmèna.
9. 'Estw q¸roc X me nìrma kai Y kleistìc upìqwroc tou X.(1) An oi Y,X/Y eÐnai pl reic, apodeÐxte ìti o X eÐnai pl rhc.(2) An oi Y,X/Y eÐnai diaqwrÐsimoi, apodeÐxte ìti o X eÐnai diaqwrÐsimoc.
10. (1) An o X eÐnai q¸roc me nìrma kai o Y eÐnai gn sioc upìqwroc tou X,apodeÐxte ìti int(Y ) = ∅.(2) An o X eÐnai q¸roc Banach kai Yn eÐnai gn sioi upìqwroi tou X pepera-smènhc di�stashc, apodeÐxte ìti int(∪+∞

n=1Yn) = ∅.(3) ApodeÐxte ìti den up�rqei apeirodi�statoc q¸roc Banach me arijm simh b�-sh.
11. (1) 'Estw q¸rocX peperasmènhc di�stashc me nìrma ‖·‖ kai grammikìc upì-qwroc Y 6= X. ApodeÐxte ìti up�rqei x ∈ X me ‖x‖ = inf{‖y − x‖ |y ∈ Y } = 1.(2) Ston C([0, 1]) = BC([0, 1]) me thn omoiìmorfh nìrma jewroÔme ton upìqwro
X = {f ∈ C([0, 1])|f(0) = 0} kai ton Y = {f ∈ X|

∫ 1

0
f = 0}. ApodeÐxte ìtio X eÐnai kleistìc upìqwroc tou C([0, 1]), ìti Y 6= X kai ìti, gia opoiod pote

f ∈ X me ‖f‖u = 1, isqÔei inf{‖g − f‖u |g ∈ Y } < 1.
12. (1) 'Estw q¸roc X me nìrma, M kleistìc upìqwroc tou X kai Y upìqwroctou X me dim(Y ) < +∞ kaiM∩Y = {0}. ApodeÐxte ìti oM+Y eÐnai kleistìcupìqwroc tou X.(2) ApodeÐxte to Ðdio apotèlesma me tic Ðdiec upojèseic ektìc thc M ∩Y = {0}.
13. 'Estw q¸roc X me nìrma,M kleistìc upìqwroc tou X me codim(M) < +∞kai Y upìqwroc tou X. ApodeÐxte ìti o M +Y eÐnai kleistìc upìqwroc tou X.
14. Ston q¸ro l2 jewroÔme touc upìqwrouc M = cl(< {e2j |j ∈ N} >) kai
Y = cl(< {e2j + 1

j e2j−1|j ∈ N} >). ApodeÐxte ìti o M + Y eÐnai puknìc ston
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l2 kai (1, 0, 1
2 , 0,

1
3 , 0, . . .) /∈M + Y . 'Ara o M + Y den eÐnai kleistìc.

15. 'Estw X ènac grammikìc q¸roc epÐ tou F o opoÐoc eÐnai apeirodi�statoc
kai èstw B mÐa b�sh tou X. OrÐzoume ‖·‖(1) kai ‖·‖(2) ston X me tÔpo

‖x‖(1) =
n∑

j=1

|κj |, ‖x‖(2) = max
1≤j≤n

|κj |

gia k�je x ∈ X, ìpou x =
∑n

j=1 κjxj me κ1, . . . , κn ∈ F kai x1, . . . , xn ∈ B.
ApodeÐxte ìti oi ‖·‖(1), ‖·‖(2) eÐnai nìrmec ston X kai ìti den eÐnai isodÔnamec.
16. JewroÔme ton l1 kai gia k�je x = (x1, x2, . . .) ∈ l1 orÐzoume ‖x‖′ =∑+∞

j=1
1
2j |xj |. ApodeÐxte ìti h ‖·‖′ eÐnai nìrma ston l1 h opoÐa den eÐnai iso-

dÔnamh me thn 1-nìrma tou l1 kai ìti o l1 den eÐnai pl rhc wc proc thn ‖·‖′.
Orismìc: MÐa sun�rthsh f : R → F onom�zetai sun�rthsh fragmènhc kÔ-

manshc an up�rqei M ≥ 0 ¸ste
∑n−1

j=1 |f(tj+1) − f(tj)| ≤ M gia k�je n ∈ N
kai t1, . . . , tn ∈ R me t1 < · · · < tn.

OrÐzoume to sÔnolo BV (R) me stoiqeÐa ìlec tic sunart seic fragmènhc kÔ-
manshc sto R kai gia k�je f ∈ BV (R) orÐzoume

‖f‖BV = |f(0)|+ sup{
n−1∑
j=1

|f(tj+1)− f(tj)| |n ∈ N, t1 < · · · < tn}.

17. ApodeÐxte ìti o BV (R) eÐnai grammikìc q¸roc epÐ tou F , ìti h ‖·‖BV eÐnainìrma ston BV (R) kai ìti o BV (R) eÐnai q¸roc Banach me aut n th nìrma.
Orismìc: 'Estw 0 < α ≤ 1. MÐa sun�rthsh f : R → F onom�zetai sun�rthsh
Lipschitz t�xhc α an up�rqeiM ≥ 0 ¸ste |f(t)−f(s)| ≤Mδα gia k�je δ > 0
kai gia k�je t, s ∈ R me |t− s| ≤ δ.

OrÐzoume Lipα ton q¸ro me stoiqeÐa ìlec tic sunart seic Lipschitz t�xhc α
kai gia k�je f ∈ Lipα orÐzoume ωδ(f) = sup{|f(t)− f(s)| | |t− s| ≤ δ} kai

‖f‖Lipα
= |f(0)|+ sup

δ>0

ωδ(f)
δα

.

18. ApodeÐxte ìti o Lipα eÐnai grammikìc q¸roc epÐ tou F , ìti h ‖·‖Lipα
eÐnainìrma ston Lipα kai ìti o Lipα eÐnai q¸roc Banach.

Orismìc: 'Estw 0 < α ≤ 1. OrÐzoume to sÔnolo lipα me stoiqeÐa ìlec tic

sunart seic f ∈ Lipα me thn idiìthta limδ→0+
ωδ(f)

δα = 0.

19. ApodeÐxte ìti o lipα eÐnai kleistìc upìqwroc tou Lipα. ApodeÐxte ìti tastoiqeÐa tou lip1 eÐnai oi stajerèc sunart seic.
Orismìc: 'Estw ∆ = {z ∈ C | |z| < 1} o anoiktìc monadiaÐoc dÐskoc sto C.
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Gia 1 ≤ p < +∞ jewroÔme to sÔnolo Hp(∆) me stoiqeÐa ìlec tic sunart seic oi

opoÐec eÐnai olìmorfec sto ∆ me thn idiìthta sup0≤r<1

∫ 2π

0
|f(reiθ)|pdθ < +∞.

Gia k�je f ∈ Hp(∆) orÐzoume

‖f‖p = sup
0≤r<1

( 1
2π

∫ 2π

0

|f(reiθ)|pdθ
) 1

p

.

20. ApodeÐxte ìti to Hp(∆) eÐnai grammikìc q¸roc epÐ tou C, ìti h ‖·‖p eÐnainìrma ston Hp(∆) kai ìti o Hp(∆) eÐnai q¸roc Banach.

Orismìc: OrÐzoume to sÔnoloH∞(∆) me stoiqeÐa ìlec tic sunart seic oi opoÐec
eÐnai olìmorfec sto ∆ kai èqoun thn idiìthta supz∈∆ |f(z)| < +∞.

Gia k�je f ∈ H∞(∆) orÐzoume

‖f‖∞ = sup
z∈∆

|f(z)|.

21. ApodeÐxte ìti to H∞(∆) eÐnai grammikìc q¸roc epÐ tou C, ìti h ‖·‖∞ eÐnainìrma ston H∞(∆) kai ìti o H∞(∆) eÐnai q¸roc Banach.

Orismìc: OrÐzoume to sÔnolo A(∆) me stoiqeÐa ìlec tic sunart seic f oi opoÐec
eÐnai suneqeÐc sto cl(∆) = {z ∈ C| |z| ≤ 1} kai olìmorfec sto ∆.

Gia k�je f ∈ A(∆) orÐzoume

‖f‖∞ = max
z∈cl(∆)

|f(z)|.

22. ApodeÐxte ìti to A(∆) eÐnai grammikìc q¸roc epÐ tou C, ìti h ‖·‖∞ eÐnainìrma ston A(∆) kai ìti o A(∆) eÐnai q¸roc Banach.

23. 'Estw q¸roc X me eswterikì ginìmeno (·|·) kai epag¸menh nìrma ‖·‖.(1) An oi {xn}, {yn} eÐnai ston X me ‖xn‖ ≤ 1, ‖yn‖ ≤ 1 kai (xn|yn) → 1,apodeÐxte ìti ‖xn − yn‖ → 0.(2) An h {xn} kai to x eÐnai ston X me ‖xn‖ → ‖x‖ kai (xn|y) → (x|y) gia k�je
y ∈ X, apodeÐxte ìti ‖xn − x‖ → 0.
24. 'Estw q¸roc X me nìrma ‖·‖ kai èstw ìti isqÔei h tautìthta tou parallh-logr�mmou.(1) An F = R kai orÐsoume (x|y) = 1

4 ‖x+ y‖2 + 1
4 ‖x− y‖2 gia k�je x, y ∈ X,apodeÐxte ìti to (·|·) eÐnai eswterikì ginìmeno ston X kai ep�gei thn ‖·‖.(2) An F = C, apodeÐxte to Ðdio pr�gma me (x|y) = 1

4 ‖x+ y‖2 − 1
4 ‖x− y‖2 +

i
4 ‖x+ iy‖2 − i

4 ‖x− iy‖2 gia k�je x, y ∈ X.
25. ApodeÐxte ìti k�je orjog¸nio sÔnolo se q¸ro me eswterikì ginìmeno eÐnaigrammik� anex�rthto.
26. 'Estw q¸roc X me eswterikì ginìmeno (·|·) kai epag¸menh nìrma ‖·‖. An
x, y ∈ X, prosdiorÐste ìlec tic peript¸seic ¸ste na isqÔei h isìthta ‖x+ y‖ =
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‖x‖+ ‖y‖.
27. ApodeÐxte ìti, an 1 ≤ p ≤ +∞ kai p 6= 2, o lp me thn p-nìrma den eÐnai q¸rocme eswterikì ginìmeno. ApodeÐxte to Ðdio gia ton Lp(Ω,Σ, µ) me thn p-nìrma,ektìc apì el�qistec exairèseic tic opoÐec prèpei na prosdiorÐsete.
28. 'Estw q¸roc X me nìrma ‖·‖, s ∈ X kai {xi}i∈I ston X. ApodeÐxte ìti∑

i∈I xi = s qwrÐc proüpojèseic an kai mìnon an gia k�je ε > 0 up�rqei pepera-smèno Iε ⊆ I ¸ste ∥∥∑
i∈J xi − s

∥∥ < ε gia k�je peperasmèno J me Iε ⊆ J ⊆ I.
29. 'Estw q¸roc X me eswterikì ginìmeno (·|·) kai epag¸menh nìrma ‖·‖.(1) An x, a1, . . . , an ∈ X kai to {a1, . . . , an} eÐnai orjokanonikì, apodeÐxte ìtito mìno stoiqeÐo tou < {a1, . . . , an} > to opoÐo èqei thn el�qisth apìstash apìto x eÐnai to (x|a1)a1 + · · ·+ (x|an)an.(2) An A eÐnai orjokanonik  b�sh tou X, apodeÐxte ìti x =

∑
a∈A(x|a)a giak�je x ∈ X.

30. JewroÔme ton upìqwro c00 tou l2 me stoiqeÐa ìlec tic akoloujÐec x =
(x1, x2, . . .) oi opoÐec èqoun to polÔ peperasmènou pl jouc mh-mhdenikèc sunte-tagmènec.(1) ApodeÐxte ìti to K = {y ∈ c00|

∑+∞
j=1

1
j yj = 1} eÐnai kleistì kai kurtì all�ìti den up�rqei y0 ∈ K me ‖y0‖2 = infy∈K ‖y‖2.(2) An Y = {y ∈ c00|

∑+∞
j=1

1
j yj = 0}, apodeÐxte ìti o Y eÐnai kleistìc upìqwroc

tou c00, all� Y 6= (Y ⊥)⊥.
31. ApodeÐxte ìti ston upìqwro Y =< {

∑+∞
k=1

1
k ek, e2, e3, . . .} > tou l2 to

{e2, e3, . . .} eÐnai maximal orjokanonikì sÔnolo all� ìqi orjokanonik  b�sh.
Orismìc: (EujÔ �jroisma q¸rwn me eswterikì ginìmeno) 'Estw ìti gia k�-
je i ∈ I o Xi eÐnai q¸roc me eswterikì ginìmeno (·|·)i kai epag¸menh nìrma
‖·‖i. OrÐzoume

⊕
i∈I Xi na eÐnai to sÔnolo ìlwn twn x = (xi)i∈I ∈

∏
i∈I Xi me∑

i∈I ‖xi‖2i < +∞.

32. Gia x = (xi)i∈I , y = (yi)i∈I ∈
⊕

i∈I Xi orÐzoume (x|y) =
∑

i∈I(xi|yi)i.(1) ApodeÐxte ìti h seir� pou orÐzei to (x|y) sugklÐnei qwrÐc proüpojèseic kaito (·|·) eÐnai eswterikì ginìmeno ston ⊕
i∈I Xi.(2) ApodeÐxte ìti, an k�je Xi eÐnai pl rhc, tìte kai o ⊕

i∈I Xi eÐnai pl rhc.
Orismìc: 'Estw Xi = F gia k�je i ∈ I. OrÐzoume l2(I) =

⊕
i∈I F . Dhla-

d , gia k�je x = (xi)i∈I , y = (yi)i∈I ∈
⊕

i∈I F eÐnai (x|y) =
∑

i∈I xiyi kai

‖x‖2 =
∑

i∈I |xi|2.

33. ApodeÐxte ìti o l2(I) eÐnai q¸roc Hilbert.

34. ApodeÐxte ìti k�je dÔo maximal orjokanonik� sÔnola enìc q¸rou me esw-terikì ginìmeno èqoun ton Ðdio plhj�rijmo.
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Orismìc: An X eÐnai q¸roc me eswterikì ginìmeno kai A eÐnai opoiod pote
maximal orjokanonikì sÔnolo tou X, o card(A) onom�zetai di�stash Hilbert
tou X.

35. 'Estw q¸roc Hilbert X me orjokanonik  b�sh {xi|i ∈ I}. ApodeÐxte ìti
X

iso= l2(I).
36. 'Estw o q¸roc H2(∆) o opoÐoc orÐsjhke akrib¸c prÐn apì thn �skhsh 41.K�je f ∈ H2(∆) gr�fetai f(z) =

∑
n=0 anz

n gia k�je z ∈ ∆, ìpou h dunamo-seir� aut  sugklÐnei omoiìmorfa sthn f se k�je sumpagèc uposÔnolo tou ∆.
(1) ApodeÐxte ìti gia k�je r ∈ [0, 1) isqÔei 1

2π

∫ 2π

0
|f(reiθ)|2 dθ =

∑+∞
n=1 |an|2r2n.

(2) ApodeÐxte ìti h 1
2π

∫ 2π

0
|f(reiθ)|2 dθ eÐnai aÔxousa sun�rthsh tou r kai ìti

‖f‖2 = limr→1−

(
1
2π

∫ 2π

0
|f(reiθ)|2 dθ

) 1
2 .

(3) An h f eÐnai olìmorfh sto ∆ kai f(z) =
∑

n=0 anz
n gia k�je z ∈ ∆, apo-deÐxte ìti f ∈ H2(∆) an kai mìnon an ∑+∞

n=1 |an|2 < +∞ kai ìti, s' aut n thnperÐptwsh, ‖f‖2 =
∑+∞

n=1 |an|2.(4) ApodeÐxte ìti gia k�je f, g ∈ H2(∆) me f(z) =
∑

n=0 anz
n kai g(z) =∑

n=0 bnz
n gia k�je z ∈ ∆, h seir� ∑

n=0 anbn sugklÐnei kai ìti, an orÐsoume
(f |g)2 =

∑
n=0 anbn, tìte to (·|·)2 eÐnai eswterikì ginìmeno ston H2(∆) to o-poÐo ep�gei th nìrma ‖·‖2.

37. 'Estw U anoiktì uposÔnolo touRn kai k ∈ N0. Gia k�je f, g ∈ Ck,2(U) orÐ-zoume (f |g)k,2 =
∑

|α|≤k

∫
U
DαfDαg dm. ApodeÐxte ìti to (·|·)k,2 eÐnai eswteri-kì ginìmeno ston Ck,2(U) kai ìti ep�gei th nìrma ‖·‖k,2.

Orismìc: (Sunart seic me timèc se q¸ro me eswterikì ginìmeno). 'Estw dia-
qwrÐsimoc q¸roc X me eswterikì ginìmeno (·|·)X kai q¸roc mètrou (Ω,Σ, µ).
An f : Ω → X, lème ìti h f eÐnai metr simh an gia k�je x ∈ X h (f(·)|x)X :
Ω → F eÐnai metr simh.

38. 'Estw diaqwrÐsimoc q¸roc X me eswterikì ginìmeno (·|·)X kai epag¸-menh nìrma ‖·‖X . An oi f, g : Ω → X eÐnai metr simec, apodeÐxte ìti oi
‖f(·)‖X : Ω → R+

0 kai (f(·)|g(·))X : Ω → F eÐnai metr simec.
Orismìc: (Sunart seic me timèc se q¸ro me eswterikì ginìmeno). 'Estw dia-
qwrÐsimoc q¸roc X me eswterikì ginìmeno (·|·)X kai epag¸menh nìrma ‖·‖X .
OrÐzoume to L2(Ω,Σ, µ;X) wc to sÔnolo ìlwn twn metr simwn f : Ω → X me∫
Ω
‖f(a)‖2X dµ(a) < +∞.

39. 'Estw diaqwrÐsimoc q¸roc X me eswterikì ginìmeno (·|·)X , epag¸menh nìr-ma ‖·‖X kai orjokanonik  b�sh {x1, x2, . . .}.(1) ApodeÐxte ìti gia k�je f, g ∈ L2(Ω,Σ, µ;X) to (f |g) =
∫
Ω
(f(a)|g(a))X dµ(a)sugklÐnei kai ìti to (·|·) eÐnai eswterikì ginìmeno ston L2(Ω,Σ, µ;X).(2) Gia k�je f, g ∈ L2(Ω,Σ, µ;X) apodeÐxte ìti f(·) =

∑+∞
k=1(f(·)|xk)Xxk kai

(f |g) =
∑+∞

k=1

∫
Ω
(f(a)|xk)X(g(a)|xk)X dµ(a).
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40. 'Estw µ1 kai µ2 dÔo mètra ston Ðdio metr simo q¸ro (Ω,Σ), ta opoÐa eÐnai
amoibaÐa idi�zonta, µ1⊥µ2. ApodeÐxte ìti L2(Ω,Σ, µ1 + µ2)

iso= L2(Ω,Σ, µ1) ⊕
L2(Ω,Σ, µ2).
41. 'Estw q¸roc X me eswterikì ginìmeno (·|·)X . Gia k�je x1, . . . , xn ∈ Xjètoume G(x1, . . . , xn) = det

(
(xi|xj)

).(1) ApodeÐxte ìti G(x1, . . . , xn) ≥ 0 kai ìti isqÔei G(x1, . . . , xn) = 0 an kaimìnon an to {x1, . . . , xn} eÐnai grammik� exarthmèno.(2) An x ∈ X, M =< {x1, . . . , xn} > kai to {x1, . . . , xn} eÐnai grammik� ane-
x�rthto, apodeÐxte ìti miny∈M ‖x− y‖2 = G(x,x1,...,xn)

G(x1,...,xn) .
(3) An to {x1, . . . , xn} eÐnai grammik� anex�rthto sÔnolo ston Rn, apodeÐxte ìtio ìgkoc tou parallhlepÐpedou P = {t1x1+· · ·+tnxn|0 ≤ t1 ≤ 1, . . . , 0 ≤ tn ≤ 1}eÐnai Ðsoc me √

G(x1, . . . , xn).
42. 'Estw q¸rocX me eswterikì ginìmeno kai orjokanonikì sÔnoloA. An h sei-r� ∑

a∈A κaa sugklÐnei qwrÐc proüpojèseic, apodeÐxte ìti ∑
a∈A |κa|2 < +∞.

Orismìc: Ta polu¸numa Hermite orÐzontai gia k�je n ∈ N0 me ton tÔpo

Hn(t) = (−1)net2Dn(e−t2).

43. ApodeÐxte ìti oi sunart seic ψn(t) = 1√√
π2nn!

Hn(t)e−
1
2 t2 , n ∈ N0, apote-

loÔn orjokanonikì sÔnolo ston L2(R,B(R),m).
Orismìc: Ta polu¸numa Laguerre orÐzontai me ton tÔpo Ln(t) = etDn(tne−t)
gia k�je n ∈ N0.

44. ApodeÐxte ìti oi sunart seic φn(t) = 1
n! Ln(t)e−

1
2 t, n ∈ N0, apoteloÔnorjokanonikì sÔnolo ston L2(R+,B(R+),m).

Orismìc: OrÐzoume tic sunart seic Rademacher rk, k ∈ N0, na eÐnai oi
1− periodikèc sunart seic sto R me r0(t) = 1, an 0 ≤ t < 1

2 , kai r0(t) = −1, an
1
2 ≤ t < 1 kai me rk(t) = r0( 1

2k t) gia k�je k ≥ 1 kai t ∈ R.

Oi sunart seic Walsh Wn, n ∈ N0, orÐzontai wc ex c: W0(t) = 1 gia k�je
t ∈ R kai, an n ≥ 1, gr�foume th duadik  anapar�stash n =

∑+∞
k=0 ξk2k (me

anagkastik� peperasmènou pl jouc ìrouc) tou n, ìpou ξk ∈ {0, 1} gia k�je k,
kai jètoume Wn(t) =

∏+∞
k=0(rk(t))ξk .

45. ApodeÐxte ìti to sÔnolo twn sunart sewn Walsh apoteleÐ orjokanonikìsÔnolo ston L2([0, 1],B([0, 1]),m).
46. 'Estw anoiktì U ⊆ Rn kai Cc(U) to sÔnolo ìlwn twn f : U → F suneq¸nkai me sumpag  forèa supp(f) ⊆ U . PaÐrnoume opoiad pote sumpag  Kk ⊆ U ,
k ∈ N, me Kk ⊆ Kk+1 gia k�je k ¸ste gia k�je sumpagèc K ⊆ U na up�rqei
k me K ⊆ Kk. Katìpin, gia k�je akoloujÐa E = {εk} sto R+, jewroÔmeta Bk(εk) = {f ∈ C(U)| supp(f) ⊆ Kk, ‖f‖u < εk} gia k�je k kai to U0

E =
co

(
∪+∞

k=1Bk(εk)
).
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ApodeÐxte ìti orÐzetai topik� kurt  topologÐa ston Cc(U) ¸ste h sullog 

N 0 = {U0
E |E} na apoteleÐ b�sh anoikt¸n perioq¸n tou 0.

47. 'Estw {fm} kai f ston Cc(U). ApodeÐxte ìti fm → f wc proc thn topo-logÐa pou orÐsjhke sthn prohgoÔmenh �skhsh an kai mìnon an up�rqei k ¸ste
supp(fm) ⊆ Kk gia k�je m kai fm → f omoiìmorfa sto U .
48. 'Estw anoiktì U ⊆ Rn kai C∞c (U) to sÔnolo ìlwn twn f : U → FapeÐrwc paragwgÐsimwn kai me sumpag  forèa supp(f) ⊆ U . PaÐrnoume opoia-d pote sumpag  Kk ⊆ U , k ∈ N, me Kk ⊆ Kk+1 gia k�je k ¸ste gia k�jesumpagèc K ⊆ U na up�rqei k me K ⊆ Kk. Katìpin, gia k�je akoloujÐa
E = {εk} sto R+ kai gia k�je akoloujÐa N = {nk} sto N0, jewroÔme ta
Bk(εk, nk) = {f ∈ C(U)| supp(f) ⊆ Kk, pKk,nk

(f) < εk} gia k�je k kai to
U0

E,N = co
(
∪+∞

k=1Bk(εk, nk)
).ApodeÐxte ìti orÐzetai topik� kurt  topologÐa ston C∞c (U) ¸ste h sullog 

N 0 = {U0
E,N |E,N} na apoteleÐ b�sh anoikt¸n perioq¸n tou 0.

Orismìc: O C∞c (U) me thn topik� kurt  topologÐa pou orÐsjhke sthn proh-
goÔmenh �skhsh sumbolÐzetai D(U) kai onom�zetai q¸roc twn test functions
sto U .

49. 'Estw {fm} kai f ston D(U). ApodeÐxte ìti fm → f wc proc thn topo-logÐa pou orÐsjhke sthn prohgoÔmenh �skhsh an kai mìnon an up�rqei k ¸ste
supp(fm) ⊆ Kk gia k�je m kai Dαfm → Dαf omoiìmorfa sto U gia k�je α.
50. 'Estw topik� kurtìc q¸roc X tou opoÐou h topologÐa ep�getai apì thn sul-log  hminorm¸n {p1, . . . , pn}. ApodeÐxte ìti h p = max(p1, . . . , pn) eÐnai nìrmaston X kai ìti ep�gei thn topologÐa tou X.
51. ApodeÐxte ìti k�je topik� kurt  topologÐa se q¸ro peperasmènhc di�sta-shc X tautÐzetai me thn topologÐa h opoÐa ep�getai ston X apì opoiad potenìrma tou.
52. 'Estw X opoiosd pote topik� kurtìc q¸roc. ApodeÐxte ìti k�je grammikìcupìqwroc Y tou X me dim(Y ) < +∞ eÐnai pl rhc.
53. 'Estw X opoiosd pote topik� kurtìc q¸roc. ApodeÐxte ìti k�je sumpagècuposÔnolo tou X èqei kenì eswterikì.
54. 'Estw topik� kurtìc q¸roc X tou opoÐou h topologÐa ep�getai apì thndiaqwrÐzousa sullog  hminorm¸n P.(1) An p eÐnai opoiad pote hminìrma ston X, apodeÐxte ìti h p eÐnai sune-q c ston X an kai mìnon an up�rqoun C > 0 kai p1, . . . , pn ∈ P ¸ste p ≤
Cmax(p1, . . . , pn).(2) An P0 eÐnai h sullog  ìlwn twn hminorm¸n ston X oi opoÐec eÐnai suneqeÐcston X, apodeÐxte ìti h topik� kurt  topologÐa tou X h opoÐa ep�getai apì thn
P0 tautÐzetai me thn arqik  topologÐa tou X.



124 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROI



Kef�laio 4

O duikìc q¸roc

4.1 Fragmèna grammik� sunarthsoeid 
Orismìc 4.1 'Estw q¸roc X me nìrma ‖·‖ kai grammikì sunarthsoeidèc x′ :
X → F . To x′ onom�zetai fragmèno an up�rqei C ≥ 0 ¸ste

|x′(x)| ≤ C ‖x‖

gia k�je x ∈ X.

Prìtash 4.1 'Estw q¸roc X me nìrma ‖·‖ kai grammikì sunarthsoeidèc x′ :
X → F . Ta parak�tw eÐnai isodÔnama:
(1) To x′ eÐnai suneq c sun�rthsh ston X.
(2) To x′ eÐnai suneq c sun�rthsh sto 0 ∈ X.
(3) To x′ eÐnai fragmèno.

Apìdeixh: EÐnai profanèc ìti to (1) sunep�getai to (2).An to x′ den eÐnai fragmèno, tìte gia k�je n ∈ N up�rqei xn ∈ X me
|x′(xn)| > n ‖xn‖. Tìte xn 6= 0 kai, jètontac yn = 1

n‖xn‖ xn, èqoume yn → 0
all� |x′(yn)| > 1, opìte to x′ den eÐnai suneq c sun�rthsh sto 0.'Estw ìti up�rqei C ≥ 0 ¸ste |x′(x)| ≤ C ‖x‖ gia k�je x ∈ X. An xn → xston X, tìte |x′(xn) − x′(x)| = |x′(xn − x)| ≤ C ‖xn − x‖ → 0 kai, epomènwc,to x′ eÐnai suneq c sun�rthsh ston X.
Orismìc 4.2 'Estw q¸roc X me nìrma ‖·‖. To sÔnolo ìlwn twn suneq¸n
ston X  , isodÔnama, fragmènwn grammik¸n sunarthsoeid¸n tou X onom�zetai
duikìc q¸roc tou X kai sumbolÐzetai X∗.

EÐnai fanerì ìti o q¸roc X∗ eÐnai grammikìc upìqwroc tou q¸rou X ′ ìlwntwn grammik¸n sunarthsoeid¸n tou X. Ja sumbolÐzoume ta stoiqeÐa tou X∗

me ta sÔmbola x∗, y∗ klp.EÐnai gnwstì ìti o mhdenìqwroc enìc grammikoÔ sunarthsoeidoÔc eÐnai gram-mikìc upìqwroc sundi�stashc 1   0. To epìmeno apotèlesma dÐnei sqetikìqara-kthrismì thc sunèqeiac.
125
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Prìtash 4.2 'Estw q¸roc X me nìrma ‖·‖ kai x∗ ∈ X∗. To x∗ eÐnai fragmèno
an kai mìnon an o N(x∗) eÐnai kleistìc.

Apìdeixh: An to x∗ eÐnai suneqèc, tìte to N(x∗) = (x∗)−1({0}) eÐnai kleistìwc antÐstrofh eikìna kleistoÔ sunìlou.'Estw ìti to N(x∗) eÐnai kleistì. An x∗ eÐnai to mhdenikì sunarthsoeidèctìte eÐnai, profan¸c, suneqèc. An ìqi, tìte up�rqei x0 ∈ X ¸ste x∗(x0) = 1.Epeid  oi metaforèc eÐnai omoiomorfismoÐ tou X, to uperepÐpedo x0 +N(x∗) =
{x ∈ X|x∗(x) = 1} eÐnai kleistì ston X. Kai, epeid  0 /∈ x0 +N(x∗), up�rqei
R > 0 ¸ste B(0;R) ∩ (x0 +N(x∗)) = ∅. 'Estw, t¸ra, ìti |x∗(x)| > 1

R ‖x‖ giak�poio x ∈ X. BrÐskoume κ ∈ F ¸ste |κ| < 1 kai κx∗(x) = 1
R ‖x‖ kai jètoume

y = κR
‖x‖ x. Tìte y ∈ B(0;R) kai x∗(y) = κR

‖x‖ x
∗(x) = 1. Autì eÐnai �topo,

opìte |x∗(x)| ≤ 1
R ‖x‖ gia k�je x ∈ X.

Prìtash 4.3 'Estw q¸roc X me nìrma ‖·‖ kai x∗ ∈ X∗. Tìte up�rqei to
min{C ≥ 0 | |x∗(x)| ≤ C ‖x‖ gia k�je x ∈ X}.

Apìdeixh: 'Estw C0 = inf{C ≥ 0 | |x∗(x)| ≤ C ‖x‖ gia k�je x ∈ X}. PaÐrnou-me opoiod pote C ≥ 0 me |x∗(x)| ≤ C ‖x‖ gia k�je x ∈ X kai, krat¸ntacstajerì to tuqìn x ∈ X, paÐrnoume to infimum thc dexi�c pleur�c wc proc to
C. BrÐskoume |x∗(x)| ≤ C0 ‖x‖ gia to tuqìn x ∈ X.
Orismìc 4.3 'Estw q¸roc X me nìrma ‖·‖ kai x∗ ∈ X∗. OrÐzoume th nìrma
tou x∗ me ton tÔpo

‖x∗‖ = min{C ≥ 0 | |x∗(x)| ≤ C ‖x‖ gia k�je x ∈ X}.

'Ara
|x∗(x)| ≤ ‖x∗‖ ‖x‖

gia k�je x ∈ X kai k�je x∗ ∈ X∗.
Prìtash 4.4 'Estw q¸roc X me nìrma ‖·‖ kai x∗ ∈ X∗. Tìte

‖x∗‖ = sup
x∈X,‖x‖≤1

|x∗(x)| = sup
x∈X,‖x‖=1

|x∗(x)| = sup
x∈X,x 6=0

|x∗(x)|
‖x‖

.

Apìdeixh: Jètoume C = supx∈X,x 6=0
|x∗(x)|
‖x‖ , opìte |x∗(x)| ≤ C ‖x‖ gia k�je

x ∈ X me x 6= 0. Epeid  autì isqÔei kai gia x = 0, o orismìc thc nìrmac
tou x∗ dÐnei thn pr¸th apì tic aniso/isìthtec ‖x∗‖ ≤ supx∈X,x 6=0

|x∗(x)|
‖x‖ =

supx∈X,x 6=0 |x∗( x
‖x‖ )| = supx∈X,‖x‖=1 |x∗(x)| ≤ supx∈X,‖x‖≤1 |x∗(x)| ≤ ‖x∗‖.

Prìtash 4.5 'Estw q¸roc X me nìrma ‖·‖. H sun�rthsh ‖·‖ : X∗ → R+
0

pou orÐsjhke ston teleutaÐo orismì eÐnai nìrma ston X∗ kai o X∗ eÐnai q¸roc
Banach.

Apìdeixh: An x∗ ∈ X∗ kai ‖x∗‖ = 0, tìte x∗(x) = 0 gia k�je x ∈ X, opìte to
x∗ eÐnai to mhdenikì stoiqeÐo tou X∗.
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Gia k�je x ∈ X kai k�je x∗1, x∗2 ∈ X∗ èqoume |(x∗1 + x∗2)(x)| ≤ |x∗1(x)| +

|x∗2(x)| ≤ ‖x∗1‖ ‖x‖ + ‖x∗2‖ ‖x‖ = (‖x∗1‖ + ‖x∗2‖) ‖x‖. Epomènwc ‖x∗1 + x∗2‖ ≤
‖x∗1‖+ ‖x∗2‖.Gia k�je x∗ ∈ X∗ kai κ ∈ F èqoume ‖κx∗‖ = supx∈X,‖x‖≤1 |(κx∗)(x)| =
supx∈X,‖x‖≤1 |κ||x∗(x)| = |κ| supx∈X,‖x‖≤1 |x∗(x)| = |κ| ‖x∗‖.

'Ara h ‖·‖ : X∗ → R+
0 eÐnai nìrma ston X∗.'Estw {x∗n} ston X∗ me ‖x∗n − x∗m‖ → 0. Gia tuqìn x ∈ X èqoume |x∗n(x)−

x∗m(x)| = |(x∗n−x∗m)(x)| ≤ ‖x∗n − x∗m‖ ‖x‖ → 0, opìte h {x∗n(x)} eÐnai akoloujÐa
Cauchy sto F . 'Ara up�rqei to ìriì thc sto F . OrÐzoume x∗ : X → F me tÔpo
x∗(x) = limx∗n(x) gia k�je x ∈ X. Epeid  k�je x∗n eÐnai grammikì, isqÔei giak�je x, y ∈ X kai κ ∈ F ìti x∗(x+y) = limx∗n(x+y) = limx∗n(x)+limx∗n(y) =
x∗(x) + x∗(y) kai x∗(κx) = limx∗n(κx) = κ limx∗n(x) = κx∗(x). 'Ara to x∗ eÐnaigrammikì sunarthsoeidèc tou X.Epeid  up�rqei N ¸ste ‖x∗n − x∗m‖ ≤ 1 gia k�je n,m ≥ N , èqoume |x∗n(x)−
x∗N (x)| ≤ ‖x∗n − x∗N‖ ‖x‖ ≤ ‖x‖ gia k�je n ≥ N kai x ∈ X kai, paÐrnontac ìrioìtan n→ +∞, brÐskoume |x∗(x)−x∗N (x)| ≤ ‖x‖. 'Ara |x∗(x)| ≤ |x∗N (x)|+‖x‖ ≤
(‖x∗N‖+ 1) ‖x‖ gia k�je x ∈ X. Epomènwc to x∗ eÐnai fragmèno kai x∗ ∈ X∗.Gia tuqìn ε > 0 up�rqei N ¸ste ‖x∗n − x∗m‖ ≤ ε gia k�je n,m ≥ N . Tìte
|x∗n(x) − x∗m(x)| ≤ ‖x∗n − x∗m‖ ‖x‖ ≤ ε ‖x‖ gia k�je n,m ≥ N kai k�je x ∈ X.PaÐrnontac ìrio ìtan m → +∞ brÐskoume |x∗n(x) − x∗(x)| ≤ ε ‖x‖ gia k�je
n ≥ N kai k�je x ∈ X, opìte ‖x∗n − x∗‖ ≤ ε gia k�je n ≥ N . 'Ara x∗n → x∗ston X∗.

4.2 Q¸roi peperasmènhc di�stashc
Je¸rhma 4.1 An o X eÐnai q¸roc me nìrma kai dim(X) < +∞, tìte

X∗ ∼= X.

Apìdeixh: 'Estw ‖·‖ h nìrma tou X kai {b1, . . . , bn} mÐa b�sh tou. Epeid  ìlecoi nìrmec tou X eÐnai isodÔnamec, up�rqoun C, c > 0 ¸ste c ‖z‖ ≤ ‖z‖2 ≤ C ‖z‖gia k�je z ∈ X.PaÐrnoume tuqìn x ∈ X, gr�foume x = x1b1 + · · · + xnbn kai orÐzoume
lx(y) = x1y1 + · · · + xnyn gia k�je y = y1b1 + · · · + ynbn ∈ X. EÐnai eÔkolona apodeiqjeÐ ìti h sun�rthsh lx : X → F eÐnai grammikì sunarthsoeidèctou X. EpÐshc, |lx(y)| ≤ ‖x‖2 ‖y‖2 ≤ C ‖x‖2 ‖y‖ kai, epomènwc, lx ∈ X∗ me
‖lx‖ ≤ C ‖x‖2 ≤ C2 ‖x‖.JewroÔme th sun�rthsh T : X → X∗ me tÔpo T (x) = lx gia k�je x ∈ X.An x = x1b1 + · · · + xnbn kai x′ = x′1b1 + · · · + x′nbn, tìte lx+x′(y) = (x1 +
x′1)y1 + · · ·+(xn +x′n)yn = lx(y)+ lx′(y) gia k�je y ∈ X, opìte lx+x′ = lx + lx′ .'Ara T (x+x′) = T (x)+T (x′). OmoÐwc apodeiknÔetai ìti T (κx) = κT (x), opìteo T : X → X∗ eÐnai grammikìc telest c.An T (x) = T (x′), tìte xj = lx(bj) = lx′(bj) = x′j gia k�je j kai, epomènwc,
x = x′. 'Ara o T eÐnai 1− 1.JewroÔme tuqìn l ∈ X∗ kai orÐzoume x = l(b1)b1 + · · ·+ l(bn)bn ∈ X. Tìtegia k�je y = y1b1 + · · · + ynbn ∈ X èqoume lx(y) = l(b1)y1 + · · · + l(bn)yn =
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l(y1b1 + · · ·+ ynbn) = l(y), opìte T (x) = lx = l. 'Ara o T eÐnai epÐ.'Hdh èqoume ìti ‖T (x)‖ = ‖lx‖ ≤ C2 ‖x‖ gia k�je x ∈ X. EpÐshc, gia k�je
x = x1b1 + · · · + xnbn ∈ X me x 6= 0 paÐrnoume z = x1b1 + · · · + xnbn kai
èqoume ìti ‖T (x)‖ = ‖lx‖ ≥ |lx(z)|

‖z‖ = ‖x‖22
‖z‖ ≥ c

‖x‖22
‖z‖2

≥ c2 ‖x‖. Epomènwc o T
eÐnai topologikìc isomorfismìc.

EÐnai profanèc apì thn prohgoÔmenh apìdeixh ìti, an o X (me dim(X) <
+∞) èqei thn 2-nìrma, opìte C = c = 1, tìte X∗ iso= X.An B = {b1, . . . , bn} eÐnai h b�sh tou X, T : X → X∗ eÐnai o prohgoÔmenocisomorfismìc kai jèsoume b∗j = T (bj) = lbj gia k�je j = 1, . . . , n, tìte to
B∗ = {b∗1, . . . , b∗n} apoteleÐ b�sh tou X∗ h opoÐa onom�zetai duik  b�sh thc
B. K�je b∗j qarakthrÐzetai apì th dr�sh tou sta stoiqeÐa thc b�shc B wc ex c:
b∗j (bi) = 1 an i = j kai b∗j (bi) = 0 an i 6= j.

4.3 Q¸roi akolouji¸n
Je¸rhma 4.2 'Estw 1 ≤ p < +∞ kai 1

q + 1
p = 1.

(1) Gia k�je l ∈ (lp)∗ up�rqei monadikì x = (x1, x2, . . .) ∈ lq ¸ste ‖l‖ =
‖x‖q kai l(y) = x1y1 + x2y2 + · · · gia k�je y = (y1, y2, . . .) ∈ lp.
(2) (lp)∗ iso= lq.

Sthn perÐptwsh p = +∞, q = 1 up�rqei isometrik  emfÔteush tou l1

ston (l∞)∗.

Apìdeixh: PaÐrnoume tuqìn x = (x1, x2 . . .) ∈ lq kai orÐzoume lx : lp → F metÔpo lx(y) = x1y1 + x2y2 + · · · gia k�je y = (y1, y2, . . .) ∈ lp. EÐnai profanècìti h lx eÐnai grammikì sunarthsoeidèc tou lp. EpÐshc, |lx(y)| ≤ ‖x‖q ‖y‖p giak�je y ∈ lp kai, epomènwc, lx ∈ (lp)∗ me ‖lx‖ ≤ ‖x‖q.An 1 < p < +∞, opìte 1 < q < +∞, tìte jètoume yj = xj |xj |q−2 an xj 6= 0kai yj = 0 an xj = 0. Tìte |y1|p + |y2|p + · · · = |x1|q + |x2|q + · · · < +∞, opìteto y = (y1, y2, . . .) an kei ston lp, kai x1y1 + x2y2 + · · · = |x1|q + |x2|q + · · ·.
Epomènwc, ‖x‖q

q = lx(y) ≤ ‖lx‖ ‖y‖p = ‖lx‖ ‖x‖
q
p
q , opìte ‖x‖q ≤ ‖lx‖.An p = +∞, opìte q = 1, tìte, epilègontac to Ðdio y, èqoume ‖x‖1 =

x1y1 + x2y2 + · · · = lx(y) ≤ ‖lx‖ ‖y‖∞ = ‖lx‖.An p = 1, opìte q = +∞, tìte |xj | = |lx(ej)| ≤ ‖lx‖ ‖ej‖1 = ‖lx‖ gia k�je
j, opìte ‖x‖∞ ≤ ‖lx‖.'Ara se k�je perÐptwsh ‖x‖q = ‖lx‖.JewroÔme thn T : lq → (lp)∗ me tÔpo T (x) = lx gia k�je x ∈ lq. 'Opwckai sthn apìdeixh tou prohgoÔmenou jewr matoc, eÐnai eÔkolo na doume ìti o
T eÐnai grammikìc telest c. 'Eqoume  dh apodeÐxei ìti ‖T (x)‖ = ‖lx‖ = ‖x‖qgia k�je x ∈ lq. Apì thn isìthta aut  sunep�getai ìti o T eÐnai 1-1 (diìti,an x = 0, tìte T (x) = 0) kai ìti, an deÐxoume ìti o T eÐnai epÐ, tìte o T eÐnaiisometrÐa.'Estw, t¸ra, opoiod pote l ∈ (lp)∗.
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'Estw, kat' arq n, ìti 1 < p < +∞, opìte jètoume xj = l(ej) gia k�je jkai zj = xj |xj |q−2 an xj 6= 0 kai zj = 0 an xj = 0. Tìte gia k�je N èqoume

|x1|q + · · ·+ |xN |q = x1z1 + · · ·+xNzN = l(z1e1 + · · ·+zNeN ) ≤ ‖l‖ (|z1|p + · · ·+
|zN |p)

1
p = ‖l‖ (|x1|q+· · ·+|xN |q)

1
p . Sunep�getai ìti |x1|q+· · ·+|xN |q ≤ ‖l‖q giak�je N , opìte, an orÐsoume x = (x1, x2, . . .), tìte x ∈ lq kai ‖x‖q ≤ ‖l‖ < +∞.An p = 1, jètontac p�li xj = l(ej), èqoume |xj | ≤ ‖l‖ ‖ej‖1 = ‖l‖ gia k�je

j, opìte, an orÐsoume x = (x1, x2, . . .), tìte x ∈ l∞ kai ‖x‖∞ ≤ ‖l‖ < +∞.'Ara se k�je perÐptwsh èqoume x ∈ lq.Gia k�je y = (y1, y2, . . .) ∈ lp paÐrnoume y(N) = (y1, . . . , yN , 0, 0, . . .) kaièqoume lx(y(N)) = x1y1 + · · · + xNyN = l(e1)y1 + · · · + l(eN )yN = l(y(N)).Epeid  ta lx, l eÐnai suneq  kai y(N) → y ston lp, sunep�getai ìti lx(y) = l(y).'Ara T (x) = lx = l kai o T eÐnai epÐ.
AxÐzei, sthn perÐptwsh p = +∞, q = 1, na skeftoÔme se poiì shmeÐo touparousi�zei prìblhma to mèroc thc prohgoÔmenhc apìdeixhc to opoÐo afor� stoan o T eÐnai epÐ. To prìblhma eÐnai ìti den isqÔei gia k�je y ∈ l∞ ìti y(N) → yston l∞ !

Je¸rhma 4.3 (1) Gia k�je l ∈ (c0)∗ up�rqei monadikì x = (x1, x2, . . .)
∈ l1 me ‖l‖ = ‖x‖1 kai l(y) = x1y1 + x2y2 + · · · gia k�je y = (y1, y2, . . .) ∈
c0.
(2) Gia k�je l ∈ c∗ up�rqei monadikì x = (x0, x1, . . .) ∈ l1 ¸ste ‖l‖ =
‖x‖1 kai l(y) = x0 lim yn + x1y1 + · · · gia k�je y = (y1, y2, . . .) ∈ c.
(3) IsqÔei ìti (c0)∗

iso= l1 kai c∗
iso= l1.

Apìdeixh: PaÐrnoume tuqìn x = (x1, x2 . . .) ∈ l1 kai orÐzoume lx : c0 → F metÔpo lx(y) = x1y1 + x2y2 + · · · gia k�je y = (y1, y2, . . .) ∈ c0. H seir� aut sugklÐnei (apolÔtwc) diìti h y eÐnai fragmènh akoloujÐa kai eÐnai profanèc ìti h
lx eÐnai grammikì sunarthsoeidèc tou c0. EpÐshc, |lx(y)| ≤ ‖x‖1 ‖y‖∞ gia k�je
y ∈ c0 kai, epomènwc, lx ∈ (c0)∗ me ‖lx‖ ≤ ‖x‖1.Jètoume yj = xj

|xj | an xj 6= 0 kai yj = 0 an xj = 0. Tìte gia k�je N
èqoume |x1| + · · · + |xN | = x1y1 + · · · + xNyN = lx

(
(y1, . . . , yN , 0, . . .)

)
≤

‖lx‖ ‖(y1, . . . , yN , 0, . . .)‖∞ ≤ ‖lx‖. Epeid  to N eÐnai tuqìn, sunep�getai ìti
‖x‖1 ≤ ‖lx‖ kai, epomènwc ‖x‖1 = ‖lx‖.JewroÔme thn T : l1 → (c0)∗ me tÔpo T (x) = lx gia k�je x ∈ l1. EÐnaieÔkolo na doume ìti o T eÐnai grammikìc telest c kai èqoume  dh apodeÐxei ìti
‖T (x)‖ = ‖lx‖ = ‖x‖1 gia k�je x ∈ l1. 'Ara arkeÐ na apodeiqjeÐ ìti o T eÐnaiepÐ ¸ste na eÐnai isometrÐa.'Estw, t¸ra, opoiod pote l ∈ (c0)∗. Jètoume xj = l(ej) gia k�je j kai
zj = xj

|xj | an xj 6= 0 kai zj = 0 an xj = 0. Tìte gia k�je N èqoume |x1|+ · · ·+
|xN | = x1z1 + · · · + xNzN = l(z1e1 + · · · + zNeN ) ≤ ‖l‖ max(|z1|, · · · , |zN |) ≤
‖l‖. 'Ara, an orÐsoume x = (x1, x2, . . .), tìte x ∈ l1 kai ‖x‖1 ≤ ‖l‖. Giak�je y = (y1, y2, . . .) ∈ c0 paÐrnoume y(N) = (y1, . . . , yN , 0, 0, . . .) kai èqoume
lx(y(N)) = x1y1 + · · · + xNyN = l(e1)y1 + · · · + l(eN )yN = l(y(N)). Epeid ta lx, l eÐnai suneq  kai y(N) → y ston c0, sunep�getai ìti lx(y) = l(y). 'Ara
T (x) = l kai o T eÐnai epÐ.
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Sthn perÐptwsh tou c qrhsimopoioÔme kai to stoiqeÐo e = (1, 1, . . .) ektìcapì ta ej kai, q�rin eukolÐac, to sumbolismì x = (x0, x1, . . .) gia ta stoiqeÐatou l1. H apìdeixh eÐnai parìmoia me tic prohgoÔmenec, opìte paÐrnoume x =
(x0, x1 . . .) ∈ l1 kai orÐzoume lx : c → F me tÔpo lx(y) = x0 lim yn + x1y1 + · · ·gia k�je y = (y1, y2, . . .) ∈ c. H lx eÐnai grammikì sunarthsoeidèc tou c kai
|lx(y)| ≤ ‖x‖1 ‖y‖∞ gia k�je y ∈ c, opìte lx ∈ c∗ me ‖lx‖ ≤ ‖x‖1.Gia j ≥ 0 jètoume yj = xj

|xj | an xj 6= 0 kai yj = 0 an xj = 0. Tì-
te gia k�je N èqoume |x0| + |x1| + · · · + |xN | + xN+1y0 + xN+2y0 + · · · =
x0y0+x1y1+· · ·+xNyN +xN+1y0+xN+2y0+· · · = lx

(
(y1, . . . , yN , y0, y0, . . .)

)
≤

‖lx‖ ‖(y1, . . . , yN , y0, y0, . . .)‖∞ ≤ ‖lx‖. Epeid  to N eÐnai tuqìn kai epeid 
xN+1y0 + xN+2y0 + · · · → 0 ìtan N → +∞, sunep�getai ìti ‖x‖1 ≤ ‖lx‖kai, epomènwc ‖x‖1 = ‖lx‖.JewroÔme thn T : l1 → c∗ me tÔpo T (x) = lx gia k�je x ∈ l1. O T eÐnaigrammikìc telest c kai èqoume apodeÐxei ìti ‖T (x)‖ = ‖lx‖ = ‖x‖1 gia k�je
x ∈ l1, opìte apomènei na apodeiqjeÐ ìti o T eÐnai epÐ.'Estw, t¸ra, opoiod pote l ∈ c∗. Kat' arq n, jètoume xj = l(ej) gia k�je j
kai zj = xj

|xj | an xj 6= 0 kai zj = 0 an xj = 0. Tìte gia k�je N èqoume |x1|+· · ·+
|xN | = x1z1+· · ·+xNzN = l(z1e1+· · ·+zNeN ) ≤ ‖l‖ max(|z1|, · · · , |zN |) ≤ ‖l‖.'Ara h seir� x1 + x2 + · · · sugklÐnei (apolÔtwc) kai jètoume x0 = l(e) − x1 −
x2 − · · ·. Sumplhr¸noume me z0 = x0

|x0| an x0 6= 0 kai z0 = 0 an x0 = 0
kai orÐzoume x = (x0, x1, . . .), opìte x ∈ l1. Gia k�je N paÐrnoume z(N) =
(z1, . . . , zN , z0, z0, . . .) ∈ c kai èqoume |x0| + · · · + |xN | = x0z0 + · · · + xNzN =
z0l(e) + (z1 − z0)l(e1) + · · ·+ (zN − z0)l(eN )− z0(xN+1 + · · ·) ≤ l

(
z0e+ (z1 −

z0)e1 + · · · + (zN − z0)eN

)
+ |z0|(|xN+1| + · · ·) = l(z(N)) + |xN+1| + · · · ≤

‖l‖
∥∥z(N)

∥∥
∞+|xN+1|+· · · ≤ ‖l‖+|xN+1|+· · ·. PaÐrnontac ìrio ìtan N → +∞,brÐskoume ‖x‖1 ≤ ‖l‖.Gia k�je y = (y1, y2, . . .) ∈ c jètoume y(N) = (y1, . . . , yN , lim yn, lim yn, . . .)kai èqoume lx(y(N)) = x0 lim yn + x1y1 + · · · + xNyN + xN+1 lim yn + · · · =

l(e) lim yn + l(e1)(y1 − lim yn) + · · · + l(eN )(yN − lim yn) = l(y(N)). Epeid ta lx, l eÐnai suneq  kai y(N) → y ston c, sunep�getai ìti lx(y) = l(y). 'Ara
T (x) = l kai o T eÐnai epÐ.

4.4 Q¸roi Hilbert

Orismìc 4.4 'Estw grammikoÐ q¸roi X,Y epÐ tou F kai T : X → Y . O T
onom�zetai anti-grammikìc telest c an

T (x+ x′) = T (x) + T (x′) kai T (κx) = κT (x)

gia k�je x, x′ ∈ X kai κ ∈ F .
An o T eÐnai kai 1-1 kai epÐ, tìte onom�zetai anti-isomorfismìc.

An oi X,Y eÐnai q¸roi me nìrma kai, ektìc twn anwtèrw, ‖T (x)‖Y = ‖x‖X

gia k�je x ∈ X, tìte o T onom�zetai anti-isometrÐa.
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Je¸rhma 4.4 (F. Riesz)'Estw q¸roc Hilbert X.

(1) Gia k�je x∗ ∈ X∗ up�rqei monadikì x ∈ X ¸ste x∗(u) = (u|x) gia

k�je u ∈ X.

(2) Up�rqei anti-isometrÐa T : X → X∗.

Apìdeixh: Gia tuqìn x ∈ X orÐzoume lx : X → F me tÔpo lx(u) = (u|x) giak�je u ∈ X. EÐnai profanèc ìti h lx eÐnai grammikì sunarthsoeidèc tou X kaièqoume ìti |lx(u)| ≤ ‖x‖ ‖u‖ gia k�je u ∈ X. 'Ara lx ∈ X∗ kai ‖lx‖ ≤ ‖x‖.
EpÐshc, ‖x‖2 = (x|x) = lx(x) ≤ ‖lx‖ ‖x‖. 'Ara ‖x‖ ≤ ‖lx‖ kai, epomènwc,

‖x‖ = ‖lx‖.OrÐzoume T : X → X∗ me tÔpo T (x) = lx, opìte eÔkola blèpoume ìti
T (x + x′) = T (x) + T (x′) kai T (κx) = κT (x) gia k�je x, x′ ∈ X kai κ ∈ F .'Eqoume  dh apodeÐxei ìti ‖T (x)‖ = ‖lx‖ = ‖x‖.An T (x) = T (x′), tìte (x − x′|x − x′) = (x − x′|x) − (x − x′|x′) = lx(x −
x′)− lx′(x− x′) = 0, opìte x = x′ kai o T eÐnai 1-1.'Estw tuqìn l ∈ X∗. An l eÐnai to mhdenikì sunarthsoeidèc, tìte me x = 0èqoume, profan¸c, ìti T (x) = lx = l. Upojètoume ìti to l den eÐnai to mhdenikìsunarthsoeidèc, opìte o N(l) eÐnai kleistìc upìqwroc tou X, kai paÐrnoume
x0 ∈ X me l(x0) = 1. Tìte to x0 gr�fetai x0 = y0 + z0 me y0 ∈ N(l) kai
z0⊥N(l), opìte l(z0) = 1. Katìpin, paÐrnoume opoiod pote u ∈ X kai gr�foume
u = y+z me y ∈ N(l) kai z⊥N(l). UpologÐzoume l(z− l(z)z0) = l(z)− l(z) = 0,opìte z − l(z)z0 ∈ N(l). Epeid  z − l(z)z0⊥N(l) sunep�getai z − l(z)z0 = 0kai, epomènwc, z = l(z)z0. 'Ara (u|z0) = (y|z0) + (z|z0) = (z|z0) = l(z) ‖z0‖2 =
l(u) ‖z0‖2. Jètoume x = 1

‖z0‖2
z0, opìte lx(u) = (u|x) = l(u) gia k�je u ∈ X.

Dhlad , T (x) = lx = l kai o T eÐnai epÐ.

4.5 Q¸roi sunart sewn
Orismìc 4.5 'Estw q¸roc mètrou (Ω,Σ, µ) kai ν ∈ A(Ω,Σ).
(i) To µ onom�zetai σ-peperasmèno an up�rqoun A1, A2, . . . ∈ Σ me Ω = A1 ∪
A2 ∪ · · · kai µ(Aj) < +∞ gia k�je j.
(ii) To ν onom�zetai apolÔtwc suneqèc wc proc to µ an ν(A) = 0 gia k�je
A ∈ Σ me µ(A) = 0.

To epìmeno je¸rhma eÐnai èna gnwstì apotèlesma thc klassik c jewrÐacmètrou kai ed¸ ja doÔme thn apìdeix  tou apì ton von Neumann me mejìdoucq¸rwn Hilbert.

Je¸rhma 4.5 (Radon-Nikodym) 'Estw q¸roc mètrou (Ω,Σ, µ) kai èstw

ν ∈ A(Ω,Σ). An to µ eÐnai σ-peperasmèno kai to ν eÐnai apolÔtwc

suneqèc wc proc to µ, tìte up�rqei monadik  h ∈ L1(Ω,Σ, µ) ¸ste

ν(A) =
∫

A
h dµ gia k�je A ∈ Σ.

Apìdeixh: 1. Kat' arq n jewroÔme thn perÐptwsh pou to ν eÐnai mh-arnhtikìkai µ(Ω) < +∞.
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Jètoume λ(A) = µ(A) + ν(A) gia k�je A ∈ Σ, opìte to λ : Σ → R eÐnaimh-arnhtikì mètro me λ(Ω) < +∞. Katìpin, orÐzoume l : L2(Ω,Σ, λ) → F metÔpo
l(f) =

∫
Ω

f dν , f ∈ L2(Ω,Σ, λ).

To l eÐnai grammikì sunarthsoeidèc tou L2(Ω,Σ, λ) kai |l(f)| ≤
∫
Ω
|f | dν ≤∫

Ω
|f | dλ ≤ (λ(Ω))

1
2 (

∫
Ω
|f |2 dλ)

1
2 = (λ(Ω))

1
2 ‖f‖2 gia k�je f ∈ L2(Ω,Σ, λ).Epomènwc, to l eÐnai suneqèc kai, epeid  o L2(Ω,Σ, λ) eÐnai q¸roc Hilbert, su-nep�getai ìti up�rqei g ∈ L2(Ω,Σ, λ) ¸ste ∫
Ω
f dν = l(f) =

∫
Ω
fg dλ gia k�je

f ∈ L2(Ω,Σ, λ).PaÐrnoume tuqìn n ∈ N kai to An = {a ∈ Ω| =g(a) ≥ 1
n} ∈ Σ. An sthnteleutaÐa isìthta jèsoume f = χAn , h opoÐa an kei ston L2(Ω,Σ, λ) (afoÔ

λ(Ω) < +∞), kai an exis¸soume ta fantastik� mèrh twn dÔo pleur¸n, brÐskou-me 0 ≥ 1
n λ(An). 'Ara λ(An) = 0 kai, epeid  {a ∈ Ω|=g(a) > 0} = ∪+∞

n=1An,sunep�getai ìti λ({a ∈ Ω|=g(a) > 0}) = 0. Me ton Ðdio trìpo apodeiknÔetai ìti
λ({a ∈ Ω|=g(a) < 0}) = 0, opìte g(a) ∈ R gia λ-sqedìn k�je a ∈ Ω. Katìpin,gia tuqìn n jètoume An = {a ∈ Ω|<g(a) ≥ 1 + 1

n} kai f = χAn sthn isìth-ta kai exis¸noume pragmatik� mèrh. 'Etsi brÐskoume ν(An) ≥ (1 + 1
n )λ(An)kai, epomènwc, λ(An) = 0. 'Ara λ({a ∈ Ω|<g(a) > 1}) = 0. Tèloc, me

An = {a ∈ Ω|<g(a) ≤ − 1
n} kai f = χAn

, brÐskoume ν(An) ≤ − 1
n λ(An),opìte λ(An) = 0 kai λ({a ∈ Ω|<g(a) < 0}) = 0.'Ara 0 ≤ g(a) ≤ 1 gia λ-sqedìn k�je a ∈ Ω, opìte mporoÔme na upojèsoumeìti 0 ≤ g(a) ≤ 1 gia k�je a ∈ Ω.H isìtht� mac gr�fetai isodÔnama,∫

Ω

f(1− g) dν =
∫

Ω

fg dµ

gia k�je f ∈ L2(Ω,Σ, λ), opìte, an jèsoume B = {a ∈ Ω|g(a) = 1} kai f = χB ,paÐrnoume 0 = µ(B) kai, epomènwc, ν(B) = 0. 'Ara mporoÔme na upojèsoumeìti 0 ≤ g(a) < 1 gia k�je a ∈ Ω.T¸ra gia tuqìn A ∈ Σ jètoume f = (1 + g+ g2 + · · ·+ gn)χA kai paÐrnoume∫
A
(1 − gn+1) dν =

∫
A
(g + g2 + · · · + gn+1) dµ. PaÐrnontac ìrio ìtan n → +∞sÔmfwna me to je¸rhma Monìtonhc SÔgklishc, brÐskoume ν(A) =

∫
A

g
1−g dµ.OrÐzoume h = g

1−g , opìte ν(A) =
∫

A
h dµ gia k�je A ∈ Σ. IsqÔei, profan¸c, ìti

0 ≤ h(a) < +∞ gia k�je a ∈ Ω kai, me A = Ω, èqoume ∫
Ω
h dµ = ν(Ω) < +∞,opìte h ∈ L1(Ω,Σ, µ).2. JewroÔme, t¸ra, thn perÐptwsh pou to ν eÐnai mh-arnhtikì kai up�rqoun

A1, A2, . . . ∈ Σ me A1 ∪A2 ∪ · · · = Ω kai µ(Aj) < +∞ gia k�je j.Jètoume B1 = A1, B2 = A2 \ A1, B3 = A3 \ (A1 ∪ A2), . . ., opìte ta
B1, B2, . . . ∈ Σ eÐnai xèna an� dÔo kai B1 ∪ B2 ∪ · · · = Ω me µ(Bj) < +∞gia k�je j.'Estw h σ-�lgebra uposunìlwn tou Bj pou orÐzetai wc Σj = {A ∈ Σ|A ⊆
Bj} kai µj , νj oi periorismoÐ twn µ, ν sthn Σj . EÐnai profanèc ìti to νj eÐnaimh-arnhtikì kai apolÔtwc suneqèc wc proc to µj , opìte up�rqei mh-arnhtik 
hj ∈ L1(Bj ,Σj , µj) ¸ste νj(A) =

∫
A
hj dµj gia k�je A ∈ Σj .
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T¸ra, orÐzoume th mh-arnhtik  sun�rthsh h sto Ω me h(a) = hj(a) an

a ∈ Bj . Gia k�je A ∈ Σ jètoume Cj = A ∩ Bj ∈ Σj , opìte ν(A) = ν(C1) +
ν(C2)+ · · · = ν1(C1)+ ν2(C2)+ · · · =

∫
C1
h1 dµ1 +

∫
C2
h2 dµ2 + · · · =

∫
C1
h dµ+∫

C2
h dµ+ · · · =

∫
A
h dµ.

Me A = Ω èqoume ∫
Ω
h dµ = ν(Ω) < +∞, opìte h ∈ L1(Ω,Σ, µ).3. T¸ra, upojètoume ìti to ν eÐnai pragmatikì mètro.JewroÔme thn apìluth kÔmansh |ν| kaj¸c kai th jetik  kÔmansh ν+ =

1
2 (|ν|+ν) kai thn arnhtik  kÔmansh ν− = 1

2 (|ν|−ν) tou ν sthn Σ. An µ(A) = 0kai jewr soume opoiad pote xèna an� dÔo A1, . . . , Am ∈ Σ me A1∪· · ·∪Am ⊆ A,tìte µ(Aj) = 0, opìte ν(Aj) = 0, gia k�je j. 'Ara |ν(A1)|+ · · ·+ |ν(Am)| = 0,opìte apì ton orismì tou |ν|(A) èqoume |ν|(A) = 0 kai, epomènwc, ν+(A) =
ν−(A) = 0. 'Ara ta |ν|, ν+ kai ν− eÐnai apolÔtwc suneq  wc proc to µ.SÔmfwna me to deÔtero mèroc, up�rqoun h+ ≥ 0 kai h− ≥ 0 ston L1(Ω,Σ, µ)¸ste ν+(A) =

∫
A
h+ dµ kai ν−(A) =

∫
A
h− dµ gia k�je A ∈ Σ. Jètoume

h = h+ − h− ∈ L1(Ω,Σ, µ) kai èqoume ν(A) = ν+(A) − ν−(A) =
∫

A
h dµ giak�je A ∈ Σ.4. JewroÔme, tèloc, th genik  perÐptwsh.PaÐrnoume ta pragmatik� mètra <ν kai =ν, ta opoÐa eÐnai apolÔtwc suneq wc proc to µ, opìte up�rqoun pragmatikèc h1, h2 ∈ L1(Ω,Σ, µ) ¸ste <ν(A) =∫

A
h1 dµ kai =ν(A) =

∫
A
h2 dµ gia k�je A ∈ Σ. Tìte me h = h1 + ih2 ∈

L1(Ω,Σ, µ) èqoume ν(A) =
∫

A
h dµ gia k�je A ∈ Σ.5. An h1, h2 ∈ L1(Ω,Σ, µ) me ∫

A
h1 dµ =

∫
A
h2 dµ gia k�je A ∈ Σ, jètoume

h = h1 − h2 ∈ L1(Ω,Σ, µ) kai èqoume ∫
A
h dµ = 0 gia k�je A ∈ Σ. Gia k�je ndokim�zoume An = {a ∈ Ω|<h(a) ≥ 1

n} sthn isìthta, exis¸noume ta pragmatik�mèrh twn dÔo pleur¸n kai brÐskoume 1
n µ(An) ≤ 0. 'Ara µ(An) = 0 gia k�je

n, opìte µ({a ∈ Ω|<h(a) > 0}) = 0. Me ton Ðdio trìpo apodeiknÔoume ìti
µ({a ∈ Ω|<h(a) < 0}) = 0, opìte <h = 0 µ-sqedìn pantoÔ. OmoÐwc, =h = 0 µ-sqedìn pantoÔ kai, epomènwc, oi h1 kai h2 eÐnai to Ðdio stoiqeÐo tou L1(Ω,Σ, µ).
Je¸rhma 4.6 'Estw q¸roc mètrou (Ω,Σ, µ) kai 1 < p < +∞, 1

p + 1
q = 1.

(1) Gia k�je l ∈
(
Lp(Ω,Σ, µ)

)∗
up�rqei monadik  f ∈ Lq(Ω,Σ, µ) ¸ste

l(g) =
∫
Ω
gf dµ gia k�je g ∈ Lp(Ω,Σ, µ).

(2)
(
Lp(Ω,Σ, µ)

)∗ iso= Lq(Ω,Σ, µ).
An to µ eÐnai σ-peperasmèno, tìte ta prohgoÔmena isqÔoun kai

sthn perÐptwsh p = 1, q = +∞.

Sthn perÐptwsh p = +∞, q = 1 up�rqei isometrik  emfÔteush tou

L1(Ω,Σ, µ) ston (L∞(Ω,Σ, µ)
)∗
.

Apìdeixh: Gia k�je f ∈ Lq(Ω,Σ, µ) orÐzoume lf : Lp(Ω,Σ, µ) → F me tÔpo
lf (g) =

∫
Ω

gf dµ

gia k�je g ∈ Lp(Ω,Σ, µ). To olokl rwma eÐnai kal¸c orismèno lìgw thc ani-sìthtac Hölder , h lf eÐnai grammikì sunarthsoeidèc kai |lf (g)| ≤ ‖f‖q ‖g‖p gia
k�je g ∈ Lp(Ω,Σ, µ). 'Ara lf ∈ (

Lp(Ω,Σ, µ)
)∗ kai ‖lf‖ ≤ ‖f‖q.
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An 1 < p < +∞, opìte 1 < q < +∞, jètoume g(a) = f(a)|f(a)|q−2 an
f(a) 6= 0 kai g(a) = 0 an f(a) = 0 kai èqoume ìti g ∈ Lp(Ω,Σ, µ), afoÔ∫
Ω
|g|p dµ =

∫
Ω
|f |q dµ < +∞. EpÐshc, ∫

Ω
fg dµ =

∫
Ω
|f |q dµ kai, epomènwc,

‖f‖q
q = lf (g) ≤ ‖lf‖ ‖g‖p = ‖lf‖ ‖f‖

q
p
q . 'Ara ‖f‖q ≤ ‖lf‖.An p = +∞, q = 1, me thn Ðdia g èqoume ‖f‖1 = lf (g) ≤ ‖lf‖ ‖g‖∞ ≤ ‖lf‖.An p = 1, q = +∞ kai to µ eÐnai σ-peperasmèno, tìte, ìpwc eÐdame sthnapìdeixh tou prohgoÔmenou jewr matoc, up�rqoun xèna an� dÔo B1, B2, . . . ∈ Σme Ω = B1∪B2∪· · · kai µ(Bj) < +∞ gia k�je j. An ‖f‖∞ = 0, tìte f = 0, to lfeÐnai to mhdenikì sunarthsoeidèc kai epomènwc ‖lf‖ = ‖f‖∞ = 0. An ‖f‖∞ > 0,tìte gia tuqìnta j kai n paÐrnoume Bn,j = {a ∈ Bj | |f(a)| ≥ (1 − 1

n ) ‖f‖∞}kai g = f
|f | χBn,j . 'Eqoume, loipìn, (1− 1

n ) ‖f‖∞ µ(Bn,j) ≤ lf (g) ≤ ‖lf‖ ‖g‖1 =
‖lf‖µ(Bn,j). Epeid  µ(Bn,j) > 0 gia toul�qiston èna j, sunep�getai gia k�je
n ≥ 2 ìti (1− 1

n ) ‖f‖∞ ≤ ‖lf‖, opìte, paÐrnontac ìrio ìtan n→ +∞, brÐskoumeìti ‖f‖∞ ≤ ‖lf‖.'Ara se k�je perÐptwsh isqÔei ìti ‖lf‖ = ‖f‖q gia k�je f ∈ Lq(Ω,Σ, µ).
OrÐzoume T : Lq(Ω,Σ, µ) →

(
Lp(Ω,Σ, µ)

)∗ me tÔpo T (f) = lf gia k�je
f ∈ Lq(Ω,Σ, µ). EÐnai profanèc ìti o T eÐnai grammikìc telest c kai èqoume dh apodeÐxei ìti ‖T (f)‖ = ‖f‖q gia k�je f ∈ Lq(Ω,Σ, µ). Autì sunep�getaiìti o T eÐnai 1-1 kai ìti arkeÐ na eÐnai epÐ gia na eÐnai isometrÐa.1. Upojètoume kat' arq n ìti µ(Ω) < +∞ kai 1 ≤ p < +∞.PaÐrnoume tuqìn l ∈ (

Lp(Ω,Σ, µ)
)∗ kai orÐzoume ν(A) = l(χA) gia k�je

A ∈ Σ.Profan¸c, ν(∅) = 0. An ta A1, A2, . . . ∈ Σ eÐnai xèna an� dÔo kai A =
A1 ∪ A2 ∪ · · ·, jètoume Cn = A1 ∪ · · · ∪ An, opìte ν(A) − ν(Cn) = l(χA) −
l(χCn) = l(χA − χCn) = l(χA\Cn

) ≤ ‖l‖
∥∥χA\Cn

∥∥
p

= ‖l‖
(
µ(A \ Cn)

) 1
p → 0,

diìti 1 ≤ p < +∞, A \ Cn ↓ ∅ kai to µ eÐnai peperasmèno. 'Ara ν(Cn) → ν(A).Epomènwc, ν(A1) + · · ·+ ν(An) = l(χA1) + · · ·+ l(χAn
) = l(χA1 + · · ·+ χAn

) =
l(χCn) = ν(Cn) → ν(A). 'Ara ν(A) = ν(A1)+ν(A2)+· · · kai to ν eÐnai migadikìmètro sthn Σ.

An µ(A) = 0, tìte |ν(A)| = |l(χA)| ≤ ‖l‖ ‖χA‖p = ‖l‖
(
µ(A)

) 1
p = 0. 'Ara to

ν eÐnai apolÔtwc suneqèc wc proc to µ, opìte up�rqei f ∈ L1(Ω,Σ, µ) ¸ste
ν(A) =

∫
A

f dµ

gia k�je A ∈ Σ. An g = κ1χA1+· · ·+κnχAn
eÐnai tuqoÔsa apl  sun�rthsh, tìte

l(g) = κ1l(χA1)+· · ·+κnl(χAn
) = κ1ν(A1)+· · ·+κnν(An) = κ1

∫
A1
f dµ+· · ·+

κn

∫
An

f dµ =
∫
Ω
fg dµ. Gia opoiad pote g ∈ L∞(Ω,Σ, µ) up�rqei akoloujÐaapl¸n sunart sewn {gk} ¸ste gk → g ston L∞(Ω,Σ, µ). Epeid  to µ eÐnaipeperasmèno, sunep�getai ìti gk → g kai ston Lp(Ω,Σ, µ). T¸ra, epeid  to

l eÐnai suneqèc, èqoume ìti l(gk) → l(g). EpÐshc, | ∫
Ω
fgk dµ −

∫
Ω
fg dµ| ≤

‖f‖1 ‖gk − g‖∞ → 0. 'Ara l(g) = lim l(gk) = lim
∫
Ω
fgk dµ =

∫
Ω
fg dµ gia k�jefragmènh g.An 1 < p < +∞, tìte gia tuqìn n jètoume An = {a ∈ Ω| |f(a)| ≤ n} kai

g(a) = f(a)|f(a)|q−2 χAn
(a) an f(a) 6= 0 kai g(a) = 0 an f(a) = 0. H g eÐnai
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fragmènh, opìte ∫

An
|f |q dµ =

∫
Ω
fg dµ = l(g) ≤ ‖l‖ ‖g‖p = ‖l‖

(∫
An
|f |q dµ

) 1
p .

'Ara ∫
An
|f |q dµ ≤ ‖l‖q gia k�je n kai, epomènwc ‖f‖q ≤ ‖l‖ < +∞.

An p = 1 jètoume An,m = {a ∈ Ω| (1 + 1
m ) ‖l‖ ≤ |f(a)| ≤ n} kai g =

f
|f |χAn,m , opìte (1 + 1

m ) ‖l‖µ(An,m) ≤
∫

An,m
|f | dµ =

∫
Ω
fg dµ ≤ ‖l‖ ‖g‖1 =

‖l‖µ(An,m). 'Ara µ(An,m) = 0 gia k�je n,m kai, epomènwc |f | ≤ ‖l‖ µ-sqedìnpantoÔ. 'Ara ‖f‖∞ ≤ ‖l‖ < +∞.
'Ara se k�je perÐptwsh, f ∈ Lq(Ω,Σ, µ). Tìte gia k�je g ∈ Lp(Ω,Σ, µ)paÐrnoume akoloujÐa apl¸n sunart sewn {gk} me gk → g ston Lp(Ω,Σ, µ)kai, epeid  to l eÐnai suneqèc kai lìgw thc anisìthtac Hölder, sunep�getai ìti

l(g) = lim l(gk) = lim
∫
Ω
fgk dµ =

∫
Ω
fg dµ = lf (g). 'Ara l = lf = T (f) kai o TeÐnai epÐ.2. T¸ra upojètoume ìti to µ eÐnai σ-peperasmèno, opìte up�rqoun A1, A2, . . . ∈

Σ me Ω = A1∪A2∪· · · kai µ(Aj) < +∞ gia k�je j. JètoumeDn = A1∪· · ·∪An ∈
Σ, opìte Dn ↑ Ω kai µ(Dn) < +∞ gia k�je n. 'Estw l ∈

(
Lp(Ω,Σ, µ)

)∗.
JewroÔme th σ-�lgebra Σn = {A ∈ Σ|A ⊆ Dn} uposunìlwn tou Dn kaiton periorismì µn tou µ sthn Σn. Gia k�je gn ∈ Lp(Dn,Σn, µn) paÐrnoume thnepèktas  thc me tÔpo g(a) = gn(a) an a ∈ Dn kai g(a) = 0 an a ∈ Ω \ Dnkai orÐzoume ln(gn) = l(g). EÐnai profanèc ìti to ln eÐnai grammikì sunarth-

soeidèc tou Lp(Dn,Σn, µn) kai |ln(gn)| ≤ ‖l‖ ‖g‖p = ‖l‖
(∫

Dn
|gn|p dµn

) 1
p gia

k�je gn ∈ Lp(Dn,Σn, µn). 'Ara ln ∈
(
Lp(Dn,Σn, µn)

)∗ kai ‖ln‖ ≤ ‖l‖. Apìto pr¸to mèroc sunep�getai ìti up�rqei fn ∈ Lq(Dn,Σn, µn) me ‖fn‖q = ‖ln‖kai ln(gn) =
∫

Dn
gnfn dµn =

∫
Dn

gnfn dµ gia k�je gn ∈ Lp(Dn,Σn, µn). An f ′neÐnai o periorismìc thc fn+1 sto Dn kai gn+1 eÐnai h epèktash thc opoiasd pote
gn ∈ Lp(Dn,Σn, dµn) sto Dn+1 me gn+1(a) = 0 an a ∈ Dn+1 \ Dn, tìte oi
gn, gn+1 èqoun thn Ðdia epèktash g sto Ω, opìte ln(gn) = l(g) = ln+1(gn+1) =∫

Dn+1
gn+1fn+1 dµ =

∫
Dn

gnf
′
n dµ. Lìgw monadikìthtac thc fn, sunep�getai ìti

f ′n = fn. Epomènwc, orÐzetai kal¸c h koin  epèktash f ìlwn twn fn sto Ω.
An p = 1, tìte eÐnai profanèc ìti ‖f‖∞ = supn ‖fn‖∞ = supn ‖ln‖ ≤ ‖l‖ <

+∞. An 1 < p < +∞, tìte ∫
Dn
|f |q dµ =

∫
Dn
|fn|q dµ = ‖ln‖q ≤ ‖l‖q gia k�je

n, opìte f ∈ Lq(Ω,Σ, µ) kai ‖f‖q ≤ ‖l‖.
Gia tuqoÔsa g ∈ Lp(Ω,Σ, µ) jewroÔme ton periorismì gn sto Dn kai thn

g′n = gχDn . Tìte ∫
Ω
g′nf dµ =

∫
Dn

gnfn dµ = ln(gn) = l(g′n) apì ton orismìtou ln. Epeid  g′n → g ston Lp(Ω,Σ, µ), epeid  to l eÐnai suneqèc kai lìgw thcanisìthtac Hölder, sunep�getai ìti ∫
Ω
gf dµ = l(g). 'Ara l = lf = T (f) kai o TeÐnai epÐ.3. Tèloc, jewroÔme th genik  perÐptwsh me 1 < p < +∞ kai tuqìn l ∈(

Lp(Ω,Σ, µ)
)∗.

PaÐrnoume opoiod pote B ∈ Σ me µ(B) < +∞ kai jewroÔme th σ-�lgebra
ΣB = {A ∈ Σ|A ⊆ B} uposunìlwn tou B kai ton periorismì µB tou µsthn ΣB . Gia k�je gB ∈ Lp(B,ΣB , µB) jewroÔme thn epèktash g sto Ωme g = 0 sto Ω \ B kai orÐzoume lB(gB) = l(g). Tìte to lB eÐnai grammi-kì sunarthsoeidèc tou Lp(B,ΣB , µB) kai m�lista suneqèc, afoÔ |lB(gB)| ≤
‖l‖ ‖g‖p = ‖l‖

(∫
B
|gB |p dµB

) 1
p , opìte ‖lB‖ ≤ ‖l‖. Apì to pr¸to mèroc sunep�-
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getai ìti up�rqei monadik  fB ∈ Lq(B,ΣB , µB) me (∫
B
|fB |q dµ

) 1
q = ‖lB‖ kai

lB(gB) =
∫

B
gBfB dµB =

∫
B
gBfB dµ gia k�je gB ∈ Lp(B,ΣB , µB).'Opwc apodeÐxame sto deÔtero mèroc, an B ⊆ B′ me µ(B′) < +∞, tìte operiorismìc thc fB′ sto B tautÐzetai me thn fB . Opìte eÔkola blèpoume ìti,genikìtera, an µ(B), µ(B′) < +∞, tìte oi periorismoÐ twn fB , fB′ sto B ∩ B′tautÐzontai me thn fB∩B′ . EpÐshc, eÐnai profanèc ìti, an µ(B), µ(B′) < +∞ kai

B ∩B′ = ∅, tìte ∫
B∪B′ |fB∪B′ |q dµ =

∫
B
|fB |q dµ+

∫
B′ |fB′ |q dµ.

OrÐzoume M = sup{
(∫

B
|fB |q dµ

) 1
q |B ∈ Σ me µ(B) < +∞} ≤ ‖l‖ kai paÐr-

noume {Bn} me µ(Bn) < +∞ kai (∫
Bn
|fBn

|q dµ
) 1

q → M . SÔmfwna me thnteleutaÐa parat rhsh sthn prohgoÔmenh par�grafo, an jèsoume Dn = B1 ∪
· · · ∪Bn ∈ Σ kai D = D1 ∪D2 ∪ · · ·, èqoume Dn ↑ D kai (∫

Dn
|fDn

|q dµ
) 1

q ↑M .Epeid  o periorismìc thc fDn+1 stoDn tautÐzetai me thn fDn
, orÐzetai kal¸c

h koin  epèktash f ìlwn twn fDn
sto D kai èqoume ìti (∫

D
|f |q dµ

) 1
q = M .

JewroÔme thn f epektetamènh me f = 0 sto Ω \ D, opìte (∫
Ω
|f |q dµ

) 1
q =(∫

D
|f |q dµ

) 1
q = M .'Estw tuqìn B ∈ Σ me µ(B) < +∞ kai B ∩D = ∅. Apì ton orismì tou Mèqoume Mq ≥

∫
B∪Dn

|fB∪Dn
|q dµ =

∫
B
|fB |q dµ+

∫
Dn
|fDn

|q dµ ↑
∫

B
|fB |q dµ+

Mq kai, epomènwc, ∫
B
|fB |q dµ = 0. Dhlad , fB = 0 kai to lB eÐnai to mhdenikìsunarthsoeidèc ston Lp(B,ΣB , µB).JewroÔme, t¸ra, opoiad pote g ∈ Lp(Ω,Σ, µ) kai tic g(1) = gχD kai g(2) =

gχΩ\D. EpÐshc, jètoume Bn = {a ∈ Ω \ D| |g(a)| ≥ 1
n} kai g(2)

n = g(2)χBn =
gχBn .Epeid  1

npµ(Bn) ≤
∫
Ω
|g|p dµ < +∞, sunep�getai ìti µ(Bn) < +∞ kai, epei-

d  Bn∩D = ∅, sunep�getai (apì ton orismì tou lBn
) ìti l(g(2)

n ) = lBn
(g(2)

n ) = 0.
Epomènwc, epeid  to l eÐnai suneqèc kai g(2)

n → g(2) ston Lp(Ω,Σ, µ), sunep�ge-tai ìti l(g(2)) = 0. 'Ara l(g) = l(g(1)) = lim l(g(1)χDn) = lim
∫

Dn
g(1)χDnf dµ =∫

D
g(1)f dµ =

∫
Ω
gf dµ = lf (g), afoÔ f = 0 èxw apì to D.'Ara T (f) = lf = l kai o T eÐnai epÐ.

To epìmeno apotèlesma eÐnai eidik  perÐptwsh enìc gnwstoÔ L mmatoc tou
Urysohn.

L mma tou Urysohn: An X eÐnai sumpag c, Hausdorff topologikìc

q¸roc kai K,L dÔo xèna metaxÔ touc kleist� uposÔnola tou X, tìte

up�rqei sun�rthsh f : X → [0, 1] suneq c ston X me f = 0 sto K kai

f = 1 sto L.

Apìdeixh: GnwrÐzoume (Prìtash 1.16) ìti k�je uposÔnolo tou X eÐnai kleistìan kai mìnon an eÐnai sumpagèc.'Estw kleistì A kai anoiktì B me A ⊆ B ⊆ X. SÔmfwna me thn Prìtash1.19, up�rqoun xèna metaxÔ touc anoikt� sÔnola O,Q ¸ste A ⊆ O kai X \B ⊆
Q. Tìte to X \Q eÐnai kleistì kai perièqei to O, opìte A ⊆ O ⊆ cl(O) ⊆ B.SumbolÐzoume A0 = K kai B1 = X \ L. Tìte up�rqei anoiktì B 1

2
¸ste
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A0 ⊆ B 1

2
⊆ cl(B 1

2
) ⊆ B1. OmoÐwc, up�rqoun anoikt� B 1

4
kai B 3

4
¸ste A0 ⊆

B 1
4
⊆ cl(B 1

4
) ⊆ B 1

2
⊆ cl(B 1

2
) ⊆ B 3

4
⊆ cl(B 3

4
) ⊆ B1. SuneqÐzontac epagwgik�,

se k�je rhtì thc morf c r = k
2n me 0 < k ≤ 2n antistoiqÐzoume èna anoiktìsÔnolo Br, me thn idiìthta A0 ⊆ Br ⊆ cl(Br) ⊆ Bs gia k�je dÔo tètoioucrhtoÔc r, s me r < s. 'Estw Qd to sÔnolo me stoiqeÐa ìlouc autoÔc touc rhtoÔc.OrÐzoume f(x) = inf{r ∈ Qd|x ∈ Br} an x ∈ B1 kai f(x) = 1 an x ∈ X \B1.Amèswc blèpoume ìti f = 0 sto K kai f = 1 sto L kaj¸c kai ìti f : X →

[0, 1] kai mènei na deÐxoume ìti h f eÐnai suneq c ston X.'Estw x ∈ X kai ε > 0. An 0 < f(x) < 1 up�rqoun r, r′, s ∈ Qd ¸ste
f(x) − ε < r < r′ < f(x) < s < f(x) + ε. An y ∈ Bs, tìte f(y) ≤ s <
f(x) + ε. An y ∈ (X \ cl(Br)), tìte y /∈ Br, opìte f(y) ≥ r > f(x)− ε. EpÐshc,
x ∈ Bs kai x /∈ Br′ , opìte x ∈ (X \ cl(Br)). Epomènwc, to anoiktì sÔnolo
V = Bs ∩ (X \ cl(Br)) perièqei to x kai f(x) − ε < f(y) < f(x) + ε gia k�je
y ∈ V . 'Ara h f eÐnai suneq c sto x.An f(x) = 1, paÐrnoume, ìpwc prin, r, r′ ∈ Qd ¸ste 1 − ε < r < r′ < 1 kaiblèpoume ìti to anoiktì V = X\cl(Br) perièqei to x kai 1−ε < f(y) ≤ 1 < 1+εgia k�je y ∈ V . OmoÐwc, an f(x) = 0, paÐrnoume s ∈ Qd ¸ste 0 < s < ε kaièqoume ìti to anoiktì V = Bs perièqei to x kai −ε < 0 ≤ f(y) < ε gia k�je
y ∈ V . 'Ara se k�je perÐptwsh h f eÐnai suneq c sto x.

Prèpei na poÔme ìti to teleutaÐo l mma isqÔei genikìtera stouc kanonikoÔctopologikoÔc q¸rouc, dhlad  stouc q¸rouc Hausdorff stouc opoÐouc gia k�jedÔo xèna kleist� touc uposÔnola up�rqoun dÔo xèna anoikt� uposÔnola pouta perièqoun. Aut  eÐnai h mình idiìthta pou qrhsimopoi jhke sthn apìdeixhtou l mmatoc. MÐa kathgorÐa tètoiwn q¸rwn eÐnai, ìpwc eÐdame, oi sumpageÐc
Hausdorff topologikoÐ q¸roi kai mÐa �llh eÐnai oi metrikoÐ q¸roi. M�lista, sthnperÐptwsh metrikoÔ q¸rou X to l mma èqei idiaÐtera apl  apìdeixh: jewroÔme
th sun�rthsh me tÔpo f(x) = d(x,K)

d(x,K)+d(x,L) gia k�je x ∈ X, ìpou d(x,A) =
infy∈A d(x, y) gia opoiod pote A ⊆ X.
L mma 4.1 (DiamerÐseic thc mon�dac) 'Estw X sumpag c, Hausdorff topolo-
gikìc q¸roc, sumpagèc K ⊆ X kai anoikt� U1, . . . , Un ⊆ X ¸ste K ⊆ U1 ∪
· · · ∪Un. Up�rqoun f1, . . . , fn : X → [0, 1] suneqeÐc ston X ¸ste supp(fj) ⊆ Uj

gia k�je j kai f1 + · · ·+ fn = 1 sto K.

Apìdeixh: Apì thn upìjesh sunep�getai ìti K \ (U2 ∪ · · · ∪ Un) ⊆ U1 opìteup�rqei anoiktì V1 ¸ste K \ (U2 ∪ · · · ∪ Un) ⊆ V1 ⊆ cl(V1) ⊆ U1. Tìte
K ⊆ V1 ∪ U2 ∪ · · · ∪ Un kai, epomènwc, K \ (V1 ∪ U3 ∪ · · · ∪ Un) ⊆ U2. 'Araup�rqei anoiktì V2 ¸ste K \ (V1 ∪ U3 ∪ · · · ∪ Un) ⊆ V2 ⊆ cl(V2) ⊆ U2. Tìte
K ⊆ V1 ∪V2 ∪U3 ∪ · · · ∪Un. SuneqÐzontac epagwgik� antikajistoÔme diadoqik�ta U1, . . . , Un me anoikt� V1, . . . , Vn ¸ste K ⊆ V1 ∪ · · · ∪ Vn kai cl(Vj) ⊆ Uj giak�je j.H diadikasÐa epanalamb�netai, opìte up�rqoun anoikt� W1, . . . ,Wn ¸ste
K ⊆W1 ∪ · · · ∪Wn kai cl(Wj) ⊆ Vj ⊆ cl(Vj) ⊆ Uj gia k�je j.SÔmfwna me to L mma tou Urysohn up�rqoun g1, . . . , gn : X → [0, 1] ¸ste
gj = 1 sto cl(Wj) kai gj = 0 èxw apì to Vj . EpÐshc up�rqei g0 : X → [0, 1] ¸ste
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g0 = 0 sto K kai g0 = 1 èxw apì to W1 ∪ · · · ∪Wn. Jètoume fj = gj

g0+g1+···+gngia k�je j = 1, . . . , n.An gia to x ∈ X den isqÔei g0(x) = 1, tìte x ∈ W1 ∪ · · · ∪ Wn, opìte
gj(x) = 1 gia k�poio j = 1, . . . , n. 'Ara g0 + g1 + · · ·+ gn ≥ 1 ston X, opìte oi
f1, . . . , fn : X → [0, 1] eÐnai suneqeÐc ston X.An x /∈ Vj , tìte gj(x) = 0, opìte fj(x) = 0. 'Ara supp(fj) ⊆ cl(Vj) ⊆ Uj .EpÐshc, f1 + · · ·+ fn = g1+···+gn

g0+g1+···+gn
= 1 sto K, diìti g0 = 0 sto K.

Orismìc 4.6 'Estw topologikìc q¸roc X, K sumpagèc, U1, . . . , Un anoikt�
uposÔnola tou X kai K ⊆ U1 ∪ · · · ∪ Un. An oi f1, . . . , fn : X → [0, 1] eÐnai
suneqeÐc ston X me supp(fj) ⊆ Uj gia k�je j kai f1 + · · ·+fn = 1 sto K, tìte h
sullog  {f1, . . . , fn} onom�zetai diamèrish thc mon�dac gia to K wc proc
thn anoikt  tou k�luyh {U1, . . . , Un}.

UpenjumÐzetai ìti èna Borel-mètro µ se topologikì q¸ro X eÐnai mètro ori-smèno sth σ-�lgebra B(X) twn Borel-sunìlwn tou X me µ(K) < +∞ gia k�jesumpagèc K ⊆ X.
L mma 4.2 'Estw topologikìc q¸roc X kai µ èna migadikì Borel-mètro ston
X. Gia k�je f ∈ C(X) isqÔei

∣∣∫
X
f dµ

∣∣ ≤ ∫
X
|f | d|µ| ≤ ‖f‖u ‖µ‖.

Apìdeixh: ArkeÐ na apodeÐxoume thn arister  anisìthta. Aut  eÐnai gnwst  anh f eÐnai pragmatik  kai to µ eÐnai mh-arnhtikì.An h f eÐnai pragmatik  kai to µ pragmatikì, gr�foume µ = µ+−µ−, opìte∣∣∫
X
f dµ

∣∣ ≤ ∣∣∫
X
f dµ+

∣∣ +
∣∣∫

X
f dµ−

∣∣ ≤ ∫
X
|f | dµ+ +

∫
X
|f | dµ− =

∫
X
|f | d|µ|.

An h f eÐnai migadik  kai to µ eÐnai migadikì, tìte ∣∣∫
X
f dµ

∣∣ ≤ ∣∣∫
X
<f d<µ

∣∣+∣∣∫
X
<f d=µ

∣∣ +
∣∣∫

X
=f d<µ

∣∣ +
∣∣∫

X
=f d=µ

∣∣ ≤ ∫
X
|<f | d|<µ| +

∫
X
|<f | d|=µ| +∫

X
|=f | d|<µ|+

∫
X
|=f | d|=µ| ≤ 4

∫
X
|f | d|µ|.T¸ra diamerÐzoume to dÐsko {κ ∈ C | |κ| ≤ ‖f‖u} se xèna an� dÔo Borel-sÔnola Q1, . . . , Qn ìpou to kajèna apì aut� èqei di�metro to polÔ ε > 0kai jètoume Aj = {x ∈ X| f(x) ∈ Qj}. EpÐshc, epilègoume gia k�je j è-na κj ∈ Qj kai upologÐzoume ∣∣∫

X
f dµ

∣∣ ≤ ∑n
j=1

∣∣∫
Aj
f dµ

∣∣ ≤ ∑n
j=1

∣∣∫
Aj

(f −
κj) dµ

∣∣ +
∑n

j=1 |κj ||µ(Aj)| ≤ 4
∑n

j=1 ε|µ|(Aj) +
∑n

j=1 |κj ||µ|(Aj) ≤ 4ε|µ|(X) +∑n
j=1

∫
Aj
|f | d|µ|+

∑n
j=1

∫
Aj
|f − κj | d|µ| ≤ 5ε|µ|(X) +

∫
X
|f | d|µ|. Epeid  to ε

eÐnai tuqìn, sunep�getai ∣∣∫
X
f dµ

∣∣ ≤ ∫
X
|f | d|µ|.

Orismìc 4.7 'Estw topologikìc q¸roc X kai µ èna Borel-mètro ston X. To
µ onom�zetai omalì an gia k�je Borel-sÔnolo A isqÔei:
(i) µ(A) = inf{µ(U)|U anoiktì kai A ⊆ U ⊆ X} kai
(ii) µ(A) = sup{µ(K)|K sumpagèc kai K ⊆ A}.

An to µ eÐnai pragmatikì Borel-mètro ston X, tìte to µ onom�zetai omalì an
ta µ+, µ− eÐnai omal�.

An to µ eÐnai migadikì Borel-mètro ston X, tìte to µ onom�zetai omalì an
ta <µ,=µ eÐnai omal�. To sÔnolo ìlwn twn migadik¸n Borel-mètrwn ston X
sumbolÐzetai AR(X,B(X)).
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EÐnai profanèc ìti, an to µ eÐnai Borel-mètro kai µ(A) < +∞, tìte ta (i)kai (ii) ston orismì eÐnai isodÔnama me to ìti gia k�je ε > 0 up�rqoun anoiktì

O ⊇ A kai sumpagèc K ⊆ A ¸ste µ(O \K) < ε.
Prìtash 4.6 'Estw topologikìc q¸roc X kai µ èna migadikì Borel-mètro ston
X. To µ eÐnai omalì an kai mìnon an to |µ| eÐnai omalì.

Apìdeixh: 'Estw ìti to µ eÐnai pragmatikì. An to µ eÐnai omalì, tìte ta
µ+ kai µ− eÐnai omal�, opìte gia k�je Borel-sÔnolo A kai ε > 0 up�rqounanoikt� O+, O− ⊇ A kai sumpag  K+,K− ⊆ A ¸ste µ+(O+ \ K+) < ε kai
µ−(O− \K−) < ε. Jètoume K = K+ ∪K− ⊆ A kai O = O+ ∩O− ⊇ A, opìte
µ+(O \K) < ε kai µ−(O \K) < ε. Prosjètoume kai brÐskoume |µ|(O \K) < 2εkai, epomènwc, to |µ| eÐnai omalì.'Estw ìti to |µ| eÐnai omalì. Tìte gia k�je Borel-sÔnolo A kai ε > 0up�rqoun anoiktì O ⊇ A kai sumpagèc K ⊆ A me |µ|(O \ K) < ε kai, epeid 
µ+, µ− ≤ |µ|, èqoume tic Ðdiec anisìthtec gia ta µ+ kai µ−. Epomènwc, ta µ+

kai µ− eÐnai omal�, opìte kai to µ eÐnai omalì.An to µ eÐnai migadikì, h apìdeixh eÐnai parìmoia kai qrhsimopoieÐ tic anisì-thtec |<µ|, |=µ| ≤ |µ| kai |µ| ≤ |<µ|+ |=µ|.
Je¸rhma 4.7 An o X eÐnai topologikìc q¸roc, tìte o AR(X,B(X))
eÐnai kleistìc grammikìc upìqwroc tou A(X,B(X)) kai, epomènwc,

eÐnai q¸roc Banach.

Apìdeixh: An µ1 kai µ2 eÐnai omal� migadik� Borel-mètra ston X, tìte ta
|µ1| kai |µ2| eÐnai omal�. 'Ara gia k�je Borel-sÔnolo A kai ε > 0 up�rqounanoikt� O1, O2 ⊇ A kai sumpag  K1,K2 ⊆ A ¸ste |µ1|(O1 \ K1) < ε kai
|µ2|(O2 \K2) < ε. Jètoume K = K1 ∪K2 ⊆ A kai O = O1 ∩ O2 ⊇ A, opìtepaÐrnoume tic Ðdiec anisìthtec gia ta K kai O. Prosjètoume qrhsimopoi¸ntacthn |µ1 + µ2| ≤ |µ1|+ |µ2| kai brÐskoume |µ1 + µ2|(O \K) < 2ε kai, epomènwc,to |µ1 + µ2| eÐnai omalì. 'Ara to µ1 + µ2 eÐnai omalì.Akìmh piì apl� apodeiknÔetai ìti, an to µ eÐnai omalì kai κ ∈ F , tìte to
κµ eÐnai omalì.'Ara o AR(X,B(X)) eÐnai grammikìc upìqwroc tou A(X,B(X)).'Estw, t¸ra, ìti h {µn} eÐnai akoloujÐa omal¸n migadik¸n Borel-mètrwnston X kai µn → µ, ìpou to µ eÐnai migadikì Borel-mètro. PaÐrnoume tuqìn
Borel-sÔnolo A kai ε > 0 kai brÐskoume N ¸ste ‖µN − µ‖ < ε kai, katìpin,epeid  to |µN | eÐnai omalì, brÐskoume anoiktì O ⊇ A kai sumpagèc K ⊆ A ¸ste
|µN |(O \K) < ε. Epomènwc, |µ|(O \K) ≤ |µN |(O \K) + ‖µN − µ‖ < 2ε, opìteto µ eÐnai omalì. Dhlad , o AR(X,B(X)) eÐnai kleistìc.

IsqÔei ìti an o X eÐnai sumpag c metrikìc q¸roc   an o X eÐnai sumpag c,
Hausdorff topologikìc q¸roc tou opoÐou k�je anoiktì uposÔnolo eÐnai ènwsharijm simou pl jouc sumpag¸n sunìlwn, tìte AR(X,B(X)) = A(X,B(X)).
Je¸rhma 4.8 (F.Riesz-Radon-Banach-Kakutani)'Estw X sumpag c,

Hausdorff topologikìc q¸roc.
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(1) Gia k�je l ∈ C(X)∗ up�rqei monadikì omalì migadikì Borel-mètro

µ ston X ¸ste ‖l‖ = ‖µ‖ kai l(f) =
∫

X
f dµ gia k�je f ∈ C(X).

An to l eÐnai mh-arnhtikì, dhlad  l(f) ≥ 0 gia k�je mh-arnhtik 

f ∈ C(X), tìte to µ eÐnai mh-arnhtikì.

An to l eÐnai pragmatikì, dhlad  l(f) ∈ R gia k�je pragmatik 

f ∈ C(X), tìte to µ eÐnai pragmatikì.

(2) C(X)∗ iso= AR(X,B(X)).

Apìdeixh: Gia k�je omalì migadikì Borel-mètro µ stonX orÐzoume lµ : C(X) →
F me tÔpo

lµ(f) =
∫

X

f dµ

gia k�je f ∈ C(X). H lµ eÐnai grammikì sunarthsoeidèc tou C(X) kai |lµ(f)| =∣∣∫
X
f dµ

∣∣ ≤ ‖µ‖ ‖f‖u gia k�je f ∈ C(X). 'Ara lµ ∈ C(X)∗ kai ‖lµ‖ ≤ ‖µ‖.Apì ton orismì tou ‖µ‖ sunep�getai ìti up�rqoun xèna an� dÔo Borel-sÔnola
A1, . . . , An ⊆ X ¸ste ‖µ‖ − ε < |µ(A1)| + · · · + |µ(An)|. Epeid  to µ eÐnaiomalì, gia k�je j up�rqei sumpagèc Kj ⊆ Aj ¸ste |µ|(Aj \ Kj) < 1

n ε. Epo-mènwc, ‖µ‖ − 2ε < |µ(K1)| + · · · + |µ(Kn)|. Epeid  ta K1, . . . ,Kn eÐnai xènaan� dÔo, eÐnai eÔkolo na apodeÐxoume b�sei thc Prìtashc 1.19 ìti up�rqounxèna an� dÔo anoikt� O1, . . . , On ¸ste Kj ⊆ Oj gia k�je j kai, paÐrnont�cta mikrìtera an qreiasteÐ, |µ|(Oj \ Kj) < 1
n ε gia k�je j. Gia k�je j up�rqei

fj : X → [0, 1] suneq c ston X ¸ste fj = 1 sto Kj kai fj = 0 èxw apì to Oj .
Tèloc, jètoume κj =

∫
Oj

fj dµ∣∣∫
Oj

fj dµ
∣∣ an ∫

Oj
fj dµ 6= 0 kai κj = 0 an ∫

Oj
fj dµ = 0

kai f = κ1f1 + · · · + κnfn. UpologÐzoume ‖lµ‖ ≥ ‖f‖u ‖lµ‖ ≥
∣∣∫

X
f dµ

∣∣ =∣∣∑n
j=1 κj

∫
Oj
fj dµ

∣∣ =
∑n

j=1

∣∣∫
Oj
fj dµ

∣∣ ≥ ∑n
j=1 |µ(Kj)|−

∑n
j=1

∣∣∫
Oj\Kj

fj dµ
∣∣ >

‖µ‖ − 2ε −
∑n

j=1 |µ|(Oj \Kj) > ‖µ‖ − 3ε. Epeid  to ε > 0 eÐnai tuqìn, sumpe-raÐnoume ‖lµ‖ ≥ ‖µ‖ kai, epomènwc, ‖lµ‖ = ‖µ‖.'Estw ìti lµ(f) ∈ R gia k�je pragmatik  f ∈ C(X). JewroÔme tuqìn Borel-sÔnolo A, sumpagèc K ⊆ A kai anoiktì O ⊇ A me |µ|(O \K) < ε. PaÐrnoume
f : X → [0, 1] suneq  sto X me f = 1 sto K kai f = 0 èxw apì to O. Tìte
0 =

∣∣= ∫
X
f dµ

∣∣ ≥ |=µ(K)| −
∣∣= ∫

O\K f dµ
∣∣ ≥ |=µ(A)| − |=µ(A \K)| − |µ|(O \

K) ≥ |=µ(A)| − 2|µ|(O \ K) ≥ |=µ(A)| − 2ε. 'Ara =µ(A) = 0 kai to µ eÐnaipragmatikì mètro.'Estw ìti lµ(f) ≥ 0 gia k�je mh-arnhtik  f ∈ C(X). Me thn Ðdia epilog  twn
A,K,O, f ìpwc sthn prohgoÔmenh par�grafo, èqoume 0 ≤

∫
X
f dµ = µ(K) +∫

O\K f dµ ≤ µ(A) + 2|µ|(O \ K) ≤ µ(A) + 2ε. 'Ara µ(A) ≥ 0 kai to µ eÐnaimh-arnhtikì.OrÐzoume T : AR(X,B(X)) → C(X)∗ me tÔpo T (µ) = lµ. EÐnai eÔkolo naapodeiqjeÐ ìti o T eÐnai grammikìc kai eÐdame  dh ìti ‖T (µ)‖ = ‖lµ‖ = ‖µ‖gia k�je µ ∈ AR(X,B(X)). ArkeÐ, epomènwc, na apodeiqjeÐ ìti o T eÐnai epÐ.Dhlad  prèpei na apodeÐxoume ìti gia k�je l ∈ C(X)∗ up�rqei migadikì (an
F = C)   pragmatikì (an F = R) Borel-mètro µ ¸ste l(f) =

∫
X
f dµ gia k�je
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f ∈ C(X).(A) 'Estw l ∈ C(X)∗ kai upojètoume kat' arq n ìti to l eÐnai mh-arnhtikì.Gia k�je anoiktì O ⊆ X kai k�je f ∈ C(X) sumbolÐzoume f ≺ O ìtan
f : X → [0, 1] kai supp(f) ⊆ O.Gia k�je anoiktì O orÐzoume

µ(O) = sup{l(f) | f ≺ O}

kai, katìpin, gia k�je E ⊆ X orÐzoume
µ∗(E) = inf{µ(O) |O anoiktì ⊇ E}.

An ta O,O′ eÐnai anoikt� kai O ⊆ O′, tìte f ≺ O sunep�getai f ≺ O′,opìte µ(O) ≤ µ(O′). 'Ara µ∗(O) = µ(O) gia k�je anoiktì O.An f ≺ O, tìte l(f) ≤ ‖l‖ ‖f‖u ≤ ‖l‖. 'Ara µ(O) ≤ ‖l‖ kai, epomènwc,
µ∗(E) ≤ ‖l‖ gia k�je E ⊆ X.EÐnai profanèc ìti µ∗(∅) = µ(∅) = 0, ìpwc, epÐshc, ìti µ∗(E) ≤ µ∗(E′) giak�je E,E′ me E ⊆ E′. 'Estw, t¸ra, E = E1 ∪ E2 ∪ · · ·. Gia k�je j brÐskoumeanoiktì Oj ⊇ Ej ¸ste µ(Oj) < µ∗(Ej) + ε

2j kai jètoume O = O1 ∪ O2 ∪ · · ·.'Estw f ≺ O, opìte jètoume K = supp(f) ⊆ O. Up�rqei, epomènwc, N ¸ste
K ⊆ O1∪· · ·∪ON kai jewroÔme diamèrish thc mon�dac {f1, . . . , fN} gia toK wcproc thn {O1, . . . , ON}. Tìte f = ff1+· · ·+ffN kai supp(ffj) ≺ Oj gia k�je j,opìte l(f) = l(ff1)+ · · ·+ l(ffN ) ≤ µ(O1)+ · · ·+µ(ON ) ≤ µ(O1)+µ(ON )+ · · ·.Sunep�getai ìti µ(O) ≤ µ(O1) + µ(ON ) + · · · ≤ µ∗(E1) + µ∗(E2) + · · ·+ ε kai,epeid  E ⊆ O, èqoume µ∗(E) ≤ µ∗(E1)+µ∗(E2)+ · · ·+ ε. To ε > 0 eÐnai tuqìn,opìte µ∗(E) ≤ µ∗(E1)+µ∗(E2)+ · · ·. 'Ara to µ∗ eÐnai exwterikì mètro orismènosto dunamosÔnolo tou X.SÔmfwna me th diadikasÐa Caratheodory, orÐzetai h σ-�lgebra twn µ∗-metr -simwn uposunìlwn tou X sthn opoÐa periorismèno to µ∗ apoteleÐ mètro.JewroÔme tuqìn anoiktì O kai opoiod pote E. PaÐrnoume anoiktì O′ ⊇ Eme µ(O′) < µ∗(E)+ε kai f ≺ O′∩O ¸ste l(f) > µ(O′∩O)−ε. To O′ \supp(f)eÐnai anoiktì, opìte paÐrnoume g ≺ O′ \supp(f) ¸ste l(g) > µ(O′ \supp(f))− ε.ParathroÔme ìti f + g ≺ O′, opìte µ∗(E) + ε > µ(O′) ≥ l(f + g) = l(f) +
l(g) > µ(O′ ∩ O) + µ(O′ \ supp(f)) − 2ε ≥ µ∗(E ∩ O) + µ∗(E \ O) − 2ε. 'Ara
µ∗(E) ≥ µ∗(E ∩O) + µ∗(E \O) kai autì shmaÐnei ìti to O eÐnai µ∗-metr simo.Epomènwc, h σ-�lgebra twn µ∗-metr simwn sunìlwn èqei wc stoiqeÐa ìla taanoikt� sÔnola, opìte perièqei thn B(X). OrÐzoume µ na eÐnai o periorismìctou µ∗ sthn B(X), opìte to µ eÐnai mh-arnhtikì Borel-mètro µ ston X. (To µtautÐzetai me to  dh orismèno µ sta anoikt� sÔnola, afoÔ èqei  dh apodeiqjeÐìti µ∗(O) = µ(O) gia k�je anoiktì O.)T¸ra ja apodeÐxoume ìti

(]) µ(K) = inf{l(f) | f ∈ C(X) kai χK ≤ f ston X}
gia k�je sumpagèc K ⊆ X.PaÐrnoume opoiad pote f ∈ C(X) me f ≥ χK (dhlad , f ≥ 0 ston X kai,eidik�, f ≥ 1 sto K) kai jewroÔme to anoiktì sÔnolo O = {x ∈ X| f(x) >
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1 − ε} ⊇ K. An g ≺ O, tìte g ≤ 1
1−ε f ston X, opìte l(g) ≤ 1

1−ε l(f) afoÔ
to l eÐnai mh-arnhtikì. 'Ara µ(O) ≤ 1

1−ε l(f), opìte µ(K) ≤ 1
1−ε l(f). Epeid to ε > 0 eÐnai tuqìn, sunep�getai ìti µ(K) ≤ l(f) kai, epomènwc, µ(K) ≤

inf{l(f) | f ∈ C(X) kai χK ≤ f ston X}. T¸ra, paÐrnoume anoiktì O ⊇ K me
µ(O) < µ(K) + ε kai, katìpin, mÐa f : X → [0, 1] suneq  sto X me f = 1 sto
K kai supp(f) ⊆ O. Tìte f ≥ χK kai f ≺ O, opìte l(f) ≤ µ(O) < µ(K) + ε.AfoÔ to ε eÐnai tuqìn, inf{l(f) | f ∈ C(X) kai χK ≤ f ston X} ≤ µ(K).Katìpin ja apodeÐxoume thn omalìthta tou µ.Gia k�je Borel-sÔnolo E èqoume µ(E) = µ∗(E) = inf{µ(O) |O anoiktì ⊇
E} kai aut  eÐnai h pr¸th sunj kh omalìthtac. PaÐrnoume tuqìn Borel-sÔnolo
E kai brÐskoume anoiktì O ⊇ E ¸ste µ(O) < µ(E) + ε. Katìpin, brÐskoume
g ≺ O ¸ste l(g) > µ(O)− ε kai jètoume K = supp(g) ⊆ O. Gia k�je f ∈ C(X)me f ≥ χK , sunep�getai ìti f ≥ g, opìte l(f) ≥ l(g). Apì thn (]) sunep�getaiìti µ(K) ≥ l(g). 'Ara èqoume sumpagèc K ⊆ O me µ(K) > µ(O) − ε. Epeid 
µ(O\E) = µ(O)−µ(E) < ε, up�rqei anoiktì O′ ⊇ O\E ¸ste µ(O′) < 2ε. T¸rajètoume L = K \O′ kai parathroÔme ìti to L eÐnai sumpagèc uposÔnolo tou Ekai ìti E \ L ⊆ (O \K) ∪ O′. 'Ara µ(E)− µ(L) ≤ µ(O \K) + µ(O′) < 3ε kai,epomènwc, µ(E) = sup{µ(L)|L sumpagèc ⊆ E}. Aut  eÐnai h deÔterh sunj khomalìthtac.Tèloc, ja apodeÐxoume ìti l(f) =

∫
X
f dµ gia k�je f ∈ C(X) kai, lìgwgrammikìthtac, arkeÐ na to apodeÐxoume gia pragmatik  f . (Fusik�, an F =

R, tìte ìlec oi sunart seic pou melet�me eÐnai pragmatikèc.) An h f eÐnaipragmatik , gr�foume f+ = 1
2 (|f | + f) ≥ 0 kai f− = 1

2 (|f | − f) ≥ 0, opìte
f = f+ − f−. 'Ara arkeÐ na jewr soume f ≥ 0 kai, pollaplasi�zontac mekat�llhlh jetik  stajer�, upojètoume ìti f ∈ C(X) kai 0 ≤ f ≤ 1 ston X.PaÐrnoume tuqìn N kai jètoume Kk = {x ∈ X| f(x) ≥ k

N } gia 0 ≤ k ≤ N .K�je Kk eÐnai sumpagèc sÔnolo kai, profan¸c, K0 = X. EpÐshc, gia k�je
j = 0, . . . , N − 1 jètoume

fj = min
(
max

(
f,

j

N

)
,
j + 1
N

)
− j

N
,

opìte k�je fj eÐnai suneq c ston X kai isqÔei
1
N
χKj+1 ≤ fj ≤

1
N
χKj

gia k�je j = 0, . . . , N − 1 kaj¸c kai
f = f0 + f1 + · · ·+ fN−1.

Prosjètontac tic teleutaÐec anisìthtec kai oloklhr¸nontac paÐrnoume
1
N

(µ(K1) + · · ·+ µ(KN )) ≤
∫

X

f dµ ≤ 1
N

(µ(K0) + · · ·+ µ(KN−1)).

Apì thn χKj+1 ≤ Nfj kai thn (]) sunep�getai ìti µ(Kj+1) ≤ l(Nfj) =
Nl(fj). Apì thn Nfj ≤ χKj

sunep�getai Nfj ≺ O kai, epomènwc, Nl(fj) ≤
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µ(O) gia k�je anoiktì O ⊇ Kj . 'Ara, apì ton orismì tou µ(Kj) = µ∗(Kj)èqoume ìti Nl(fj) ≤ µ(Kj). 'Ara

1
N
µ(Kj+1) ≤ l(fj) ≤

1
N
µ(Kj)

kai prosjètontac paÐrnoume
1
N

(µ(K1) + · · ·+ µ(KN )) ≤ l(f) ≤ 1
N

(µ(K0) + · · ·+ µ(KN−1)).

Epomènwc ∣∣∫
X
f dµ− l(f)

∣∣ ≤ 1
N (µ(K0) + · · ·+µ(KN−1))− 1

N (µ(K1) + · · ·+
µ(KN )) = 1

N µ(K0\KN ) ≤ 1
N µ(X) kai, epeid  toN eÐnai aujaÐreto, sunep�getai

l(f) =
∫

X

f dµ

kai telei¸same me thn perÐptwsh pou to l eÐnai mh-arnhtikì.(B) 'Estw, t¸ra, ìti to l eÐnai pragmatikì. Gia k�je mh-arnhtik  f ∈ C(X)orÐzoume
l+(f) = sup{l(g) | g ∈ C(X), 0 ≤ g ≤ f ston X}.

Profan¸c, l+(f) ≥ l(0) = 0 kai l+(f) ≥ l(f). EpÐshc, an 0 ≤ g ≤ f , tìte
|l(g)| ≤ ‖l‖ ‖g‖u ≤ ‖l‖ ‖f‖u, opìte l+(f) = |l+(f)| ≤ ‖l‖ ‖f‖u < +∞.Gia k�je κ > 0 kai mh-arnhtik  f ∈ C(X) èqoume l+(κf) = sup{l(g) | g ∈
C(X), 0 ≤ g ≤ κf ston X} = sup{l(κh) |h ∈ C(X), 0 ≤ h ≤ f ston X} =
κ sup{l(h) |h ∈ C(X), 0 ≤ h ≤ f ston X} = κl+(f).An f1, f2 ∈ C(X) eÐnai mh-arnhtikèc, 0 ≤ g1 ≤ f1 kai 0 ≤ g2 ≤ f2, tìte
l(g1) + l(g2) = l(g1 + g2) kai, epeid  0 ≤ g1 + g2 ≤ f1 + f2, sunep�getai
l(g1)+l(g2) ≤ l+(f1+f2). PaÐrnontac supremum wc proc tic g1 kai g2 brÐskoume
l+(f1) + l+(f2) ≤ l+(f1 + f2). T¸ra, èstw 0 ≤ g ≤ f1 + f2. Jètoume g1 =
min(f1, g), opìte 0 ≤ g1 ≤ f1 kai g1 ≤ g. An jèsoume g2 = g − g1, tìte eÐnaieÔkolo na doÔme ìti 0 ≤ g2 ≤ f2 kai, fusik�, g = g1 + g2. 'Ara l(g) = l(g1) +
l(g2) ≤ l+(f1)+ l+(f2), opìte l+(f1 + f2) ≤ l+(f1)+ l+(f2). SumperaÐnoume ìti
l+(f1 + f2) = l+(f1) + l+(f2).Mèqri t¸ra to l+(f) eÐnai orismèno mìnon gia mh-arnhtikèc f ∈ C(X). Giaopoiad pote pragmatik  f ∈ C(X) jètoume f+ = 1

2 (|f | + f) ≥ 0 kai f− =
1
2 (|f | − f) ≥ 0, opìte f = f+ − f−. OrÐzoume, loipìn, gia k�je pragmatik 
f ∈ C(X)

l+(f) = l+(f+)− l+(f−).

ParathroÔme ìti an f = g − h gia opoiesd pote mh-arnhtikèc g, h ∈ C(X),tìte f+ + h = f− + g, opìte l+(f+) + l+(h) = l+(f+ + h) = l+(f− + g) =
l+(f−) + l+(g). 'Ara l+(f) = l+(g)− l+(h).An f1, f2 ∈ C(X) eÐnai pragmatikèc, tìte apì thn teleutaÐa tautìthta èqou-me f1+f2 = (f+

1 +f+
2 )−(f−1 +f−2 ), opìte l(f1+f2) = l(f+

1 +f+
2 )−l(f−1 +f−2 ) =

l(f+
1 ) + l(f+

2 )− l(f−1 )− l(f−2 ) = l(f1) + l(f2).An f ∈ C(X) eÐnai pragmatik  kai κ ≥ 0, tìte l+(κf) = l+(κf+) −
l+(κf−) = κl+(f+) − κl+(f−) = κl+(f), en¸ an κ < 0, tìte l+(κf) =
l+(|κ|f−)− l+(|κ|f+) = |κ|l+(f−)− |κ|l+(f+) = κl+(f).
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An F = R, èqoume  dh apodeÐxei ìti to l+ : C(X) → R eÐnai grammikìsunarthsoeidèc.An F = C, gia k�je migadik  f ∈ C(X) orÐzoume
l+(f) = l+(<f) + il+(=f)

kai eÐnai eÔkolo na doÔme ìti h l+ : C(X) → C eÐnai grammikì sunarthsoei-dèc. An h f ∈ C(X) eÐnai pragmatik , tìte |l+(f)| = |l+(f+) − l+(f−)| ≤
max(l+(f+), l+(f−)) ≤ max(‖l‖ ‖f+‖u , ‖l‖ ‖f−‖u) = ‖l‖ ‖f‖u. En¸, an h feÐnai migadik , tìte, me kat�llhlo κ ∈ C me |κ| = 1 èqoume |l+(f)| = κl+(f) =
l+(κf) = <

(
l+(κf)

)
= l+(<(κf)) ≤ ‖l‖ ‖<(κf)‖u ≤ ‖l‖ ‖f‖u. Epomènwc, to l+eÐnai mh-arnhtikì suneqèc grammikì sunarthsoeidèc tou C(X) me ‖l+‖ ≤ ‖l‖.OrÐzoume, epÐshc, l− = l+ − l : C(X) → F . Autì eÐnai, profan¸c, suneqècgrammikì sunarthsoeidèc tou C(X) kai eÐnai mh-arnhtikì, afoÔ gia k�je mh-arnhtik  f ∈ C(X) isqÔei l−(f) = l+(f)− l(f) ≥ 0.SÔmfwna me to mèroc (A), up�rqoun dÔo mh-arnhtik� Borel-mètra µ1 kai µ2ston X ¸ste l+(f) =

∫
X
f dµ1 kai l−(f) =

∫
X
f dµ2 gia k�je f ∈ C(X). 'Aragia to pragmatikì Borel-mètro µ = µ1 − µ2 èqoume l(f) = l+(f) − l−(f) =∫

X
f dµ1 −

∫
X
f dµ2 =

∫
X
f dµ gia k�je f ∈ C(X).Sto shmeÐo autì telei¸nei h apìdeixh, an F = C kai to l eÐnai pragmatikì  an F = R (opìte to l eÐnai autom�twc pragmatikì).(G) An F = C kai to l eÐnai migadikì, tìte ta <l kai =l eÐnai suneq  prag-matik� R-grammik� sunarthsoeid  ston C(X) kai, epomènwc, eÐnai suneq  R-grammik� sunarthsoeid  ston CR(X), ton R-grammikì q¸ro twn pragmatik¸nsuneq¸n sunart sewn ston X. SÔmfwna me to (B), up�rqoun dÔo pragmati-k� Borel-mètra µ1 kai µ2, ¸ste <l(f) =

∫
X
f dµ1 kai =l(f) =

∫
X
f dµ2 giak�je pragmatik  f ∈ C(X). 'Ara, an jèsoume µ = µ1 + iµ2, tìte to µ eÐ-nai migadikì Borel-mètro ston X kai gia k�je pragmatik  f ∈ C(X) èqoume

l(f) = <l(f) + i=l(f) =
∫

X
f dµ1 + i

∫
X
f dµ2 =

∫
X
f dµ. Epomènwc, gia k�je

f ∈ C(X) isqÔei l(f) = l(<f) + il(=f) =
∫

X
<f dµ+ i

∫
X
=f dµ =

∫
X
f dµ.

4.6 To je¸rhma Hahn-Banach

To epìmeno eÐnai èna apì ta jemeli¸dh apotelèsmata thc jewrÐac twn q¸rwnme nìrma.
Je¸rhma 4.9 (Hahn-Banach)'Estw q¸roc X me nìrma ‖·‖ kai upìqwroc

Y tou X. Gia k�je y∗ ∈ Y ∗ up�rqei x∗ ∈ X∗ ¸ste x∗(y) = y∗(y) gia

k�je y ∈ Y kai ‖x∗‖ = ‖y∗‖.

Apìdeixh: JewroÔme thn hminìrma p : X → R+
0 me tÔpo p(x) = ‖y∗‖ ‖x‖gia k�je x ∈ X. Tìte to grammikì sunarthsoeidèc y∗ tou Y ikanopoieÐ thn

|y∗(y)| ≤ p(y) gia k�je y ∈ Y .An F = C, tìte apì to Je¸rhma 2.2 sunep�getai ìti up�rqei grammikìsunarthsoeidèc x∗ tou X me x∗(y) = y∗(y) gia k�je y ∈ Y kai |x∗(x)| ≤
p(x) = ‖y∗‖ ‖x‖ gia k�je x ∈ X. Epomènwc x∗ ∈ X∗ kai ‖x∗‖ ≤ ‖y∗‖. 'Omwc,



4.6. TO JE�WRHMA HAHN-BANASH 145
‖y∗‖ = supy∈Y,‖y‖≤1 |y∗(y)| = supy∈Y,‖y‖≤1 |x∗(y)| ≤ supx∈X,‖x‖≤1 |x∗(x)| =
‖x∗‖. 'Ara ‖x∗‖ = ‖y∗‖.An F = R, epeid  y∗(y) ≤ p(y) gia k�je y ∈ Y , apì to Je¸rhma 2.1sunep�getai ìti up�rqei grammikì sunarthsoeidèc x∗ tou X me x∗(y) = y∗(y)gia k�je y ∈ Y kai x∗(x) ≤ p(x) = ‖y∗‖ ‖x‖ gia k�je x ∈ X. An sthn anisìthtaaut  jèsoume −x sth jèsh tou x, paÐrnoume −‖y∗‖ ‖x‖ ≤ x∗(x) kai, epomènwc,
|x∗(x)| ≤ ‖y∗‖ ‖x‖ gia k�je x ∈ X. 'Opwc prohgoumènwc, sunep�getai ìti
‖x∗‖ = ‖y∗‖.
Orismìc 4.8 'Estw q¸roc X me nìrma ‖·‖.
(i) An S ⊆ X, orÐzoume S⊥ = {x∗ ∈ X∗|x∗(a) = 0 gia k�je a ∈ S}.
(ii) An S ⊆ X∗, orÐzoume ⊥S = {x ∈ X|a∗(x) = 0 gia k�je a∗ ∈ S}

Sthn perÐptwsh pou o X eÐnai q¸roc me eswterikì ginìmeno (·|·) kai S ⊆ X,tìte to S⊥ èqei orisjeÐ me dÔo trìpouc: S⊥ = {x ∈ X|(a|x) = 0 gia k�je a ∈
S} kai S⊥ = {x∗ ∈ X∗|x∗(a) = 0 gia k�je a ∈ S}. GnwrÐzoume apì to pr¸tomèroc thc apìdeixhc tou Jewr matoc 4.4 ìti up�rqei 1-1 apeikìnish X 3 x 7→
lx ∈ X∗ ¸ste ‖x‖ = ‖lx‖ gia k�je x ∈ X. To lx èqei tÔpo lx(u) = (u|x) giak�je u ∈ X, opìte (a|x) = 0 an kai mìnon an lx(a) = 0. Blèpoume, loipìn, ìti heikìna tou pr¸tou S⊥ mèsa ston X∗ mèsw thc parap�nw emfÔteushc perièqetaisto deÔtero S⊥. An, epiplèon, o X eÐnai q¸roc Hilbert, opìte h apeikìnish
x 7→ lx eÐnai epÐ, tìte h eikìna tou pr¸tou S⊥ tautÐzetai me to deÔtero S⊥.
Prìtash 4.7 'Estw q¸roc X me nìrma ‖·‖.
(1) An S ⊆ X, tìte to S⊥ eÐnai kleistìc upìqwroc tou X∗.
(2) An S ⊆ X∗, tìte to ⊥S eÐnai kleistìc upìqwroc tou X.

Apìdeixh: 'Askhsh.
Je¸rhma 4.10 'Estw q¸roc X me nìrma ‖·‖, x ∈ X kai Y upìqwroc

tou X. Tìte

max
x∗∈Y ⊥,‖x∗‖≤1

|x∗(x)| = inf
y∈Y

‖x− y‖ .

Apìdeixh: Gia k�je x∗ ∈ Y ⊥ me ‖x∗‖ ≤ 1 kai gia k�je y ∈ Y èqoume |x∗(x)| =
|x∗(x)− x∗(y)| = |x∗(x− y)| ≤ ‖x∗‖ ‖x− y‖ ≤ ‖x− y‖. 'Ara

sup
x∗∈Y ⊥,‖x∗‖≤1

|x∗(x)| ≤ inf
y∈Y

‖x− y‖ .

Epomènwc, mènei na apodeÐxoume ìti up�rqei x∗ ∈ Y ⊥ me ‖x∗‖ ≤ 1 kai
|x∗(x)| = infy∈Y ‖x− y‖.An x ∈ Y , tìte infy∈Y ‖x− y‖ = 0 kai |x∗(x)| = 0 gia k�je x∗ ∈ Y ⊥. 'Ara,sthn perÐptwsh aut , h apìdeixh eÐnai pl rhc. 'Estw, loipìn, ìti x /∈ Y , opìtejewroÔme ton grammikì upìqwro Y1 tou X o opoÐoc par�getai apì to Y ∪ {x}.EÐnai eÔkolo na apodeiqjeÐ ìti k�je stoiqeÐo tou Y1 gr�fetai me monadikì trìpowc y + κx me y ∈ Y kai κ ∈ F : Y1 = {y + κx | y ∈ Y, κ ∈ F}. OrÐzoume, t¸ra,
y∗ : Y1 → F me tÔpo

y∗(y + κx) = κd
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gia k�je y ∈ Y kai κ ∈ F , ìpou jètoume d = infy∈Y ‖x− y‖. EÐnai profanècìti h y∗ eÐnai grammikì sunarthsoeidèc tou Y1.An κ = 0, tìte |y∗(y + κx)| = |κ|d = 0 ≤ ‖y + κx‖, en¸ an κ 6= 0, tìte
|y∗(y + κx)| = |κ|d ≤ |κ|

∥∥x− (
− 1

κ y
)∥∥ = ‖y + κx‖. 'Ara y∗ ∈ Y ∗1 kai ‖y∗‖ ≤ 1.Apì to je¸rhma Hahn-Banach sunep�getai ìti up�rqei x∗ ∈ X∗ ¸ste x∗(y+

κx) = κd gia k�je y ∈ Y kai κ ∈ F kai ‖x∗‖ = ‖y∗‖ ≤ 1. T¸ra, x∗(y) =
x∗(y+0x) = 0d = 0 gia k�je y ∈ Y , opìte x∗ ∈ Y ⊥, kai |x∗(x)| = |x∗(0+1x)| =
1d = d.
Je¸rhma 4.11 'Estw q¸roc X me nìrma ‖·‖. Tìte gia k�je x ∈ X

‖x‖ = max
‖x∗‖≤1

|x∗(x)| .

Apìdeixh: EÐnai �mesh efarmog  tou prohgoÔmenou jewr matoc me Y = {0}.Tìte {0}⊥ = X∗ kai infy∈{0} ‖x− y‖ = ‖x− 0‖ = ‖x‖.
Je¸rhma 4.12 'Estw q¸roc X me nìrma ‖·‖, S ⊆ X kai x ∈ X. Tìte

x ∈ cl(< S >) an kai mìnon an x∗(x) = 0 gia k�je x∗ ∈ S⊥.
Apìdeixh: An x∗ ∈ S⊥, tìte x∗(a) = 0 gia k�je a ∈ S, opìte, lìgw grammi-kìthtac, x∗(a) = 0 gia k�je a to opoÐo eÐnai grammikìc sunduasmìc stoiqeÐwntou S, dhlad  gia k�je a ∈< S >. 'Ara, an x ∈ cl(< S >), opìte up�rqei {an}sto < S > me an → x, èqoume, lìgw sunèqeiac, x∗(x) = limx∗(an) = 0.Antistrìfwc, upojètoume ìti x∗(x) = 0 gia k�je x∗ ∈ S⊥, all� x /∈ Y ,ìpou jètoume Y = cl(< S >). Epeid  o Y eÐnai kleistìc, sunep�getai ìti
infy∈Y ‖x− y‖ > 0. 'Ara, apì to Je¸rhma 4.10 sunep�getai ìti up�rqei x∗ ∈
Y ⊥ me x∗(x) 6= 0. 'Omwc, epeid  S ⊆ Y , èqoume ìti x∗ ∈ S⊥ kai katal goumese antÐfash.
L mma 4.3 'Estw q¸roc X epÐ tou C me nìrma ‖·‖.
(1) Gia k�je C-grammikì suneqèc sunarthsoeidèc x∗ : X → C to pragmatikì
tou mèroc <x∗ : X → R eÐnai R-grammikì suneqèc sunarthsoeidèc, x∗(x) =
<x∗(x)− i<x∗(ix) gia k�je x ∈ X kai ‖x∗‖ = ‖<x∗‖.
(2) Gia k�je R-grammikì suneqèc sunarthsoeidèc x∗R : X → C, up�rqei monadi-
kì C-grammikì suneqèc sunarthsoeidèc x∗ : X → C ¸ste na isqÔei <x∗ = x∗R
ston X kai tìte ‖x∗‖ = ‖x∗R‖.
Apìdeixh: To mìno pou apomènei apì to L mma 2.2 eÐnai na apodeiqjeÐ h isìthtatwn norm¸n. EÐnai profanèc ìti |<x∗(x)| ≤ |x∗(x)| ≤ ‖x∗‖ ‖x‖ gia k�je x ∈ X,opìte ‖<x∗‖ ≤ ‖x∗‖.Gia k�je x ∈ X èqoume, me kat�llhlo κ ∈ C me |κ| = 1, ìti |x∗(x)| =
κx∗(x) = x∗(κx) = <x∗(κx) ≤ |<x∗(κx)| ≤ ‖<x∗‖ ‖κx‖ = ‖<x∗‖ ‖x‖. 'Ara
‖x∗‖ ≤ ‖<x∗‖.
Je¸rhma 4.13 (Mazur) 'Estw q¸roc X me nìrma ‖·‖, kurtì sÔnolo A
to opoÐo èqei to 0 wc eswterikì shmeÐo kai kurtì sÔnolo B xèno

proc to A. Tìte

(1) Up�rqei x∗ ∈ X∗ ¸ste <x∗(a) ≤ 1 gia k�je a ∈ A kai <x∗(b) ≥ 1
gia k�je b ∈ B. An B(0;R) ⊆ A, tìte ‖x∗‖ ≤ 1

R.

(2) An, akìmh, to A eÐnai anoiktì, tìte <x∗(a) < 1 gia k�je a ∈ A.
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Apìdeixh: 'Estw B(0;R) ⊆ A. EÐnai profanèc ìti h mp�la B(0;R) kai, epomè-nwc, to A aporrofoÔn ton X. EpÐshc, an to A eÐnai anoiktì, tìte to A aporrof�ton X me kèntro k�je shmeÐo tou.An F = R, apì to Je¸rhma 2.5 sunep�getai ìti up�rqoun mh-mhdenikìgrammikì sunarthsoeidèc x∗ : X → R kai κ = 0   κ = 1 ¸ste to A na perièqetaise ènan apì touc kleistoÔc hmiq¸rouc oi opoÐoi orÐzontai kai to B na perièqetaiston �llo. Epeid  0 ∈ A kai x∗(0) = 0, apokleÐetai to A na perièqetai ston
{x ∈ X|x∗(x) ≥ 1}. An p�roume x0 me x∗(x0) 6= 0, tìte kai ta dÔo shmeÐa
± R

2‖x0‖ x0 an koun sthn B(0;R) kai s' aut� to x∗ èqei antÐjetec timèc. 'Ara
to A den perièqetai se kanènan apì touc hmiq¸rouc {x ∈ X|x∗(x) ≤ 0} kai
{x ∈ X|x∗(x) ≥ 0}.Epomènwc, x∗(a) ≤ 1 gia k�je a ∈ A kai x∗(b) ≥ 1 gia k�je b ∈ B. EpÐshc,an to A eÐnai anoiktì, tìte x∗(a) < 1 gia k�je a ∈ A.PaÐrnoume, t¸ra, opoiod pote t > 1 kai x ∈ X me x 6= 0. Tìte ± R

t‖x‖ x ∈
B(0;R), opìte x∗(± R

t‖x‖ x) ≤ 1. 'Ara |x∗(x)| ≤ t
R ‖x‖ kai, epeid  to t > 1 eÐnai

tuqìn, sunep�getai ìti |x∗(x)| ≤ 1
R ‖x‖. H anisìthta aut  isqÔei kai gia x = 0,opìte to x∗ eÐnai fragmèno kai ‖x∗‖ ≤ 1

R .An F = C, jewroÔme tonX wc R-grammikì q¸ro kai brÐskoume, apì to pr¸-to mèroc, R-grammikì suneqèc sunarthsoeidèc x∗R me ‖x∗R‖ ≤ 1
R ¸ste x∗R(a) ≤ 1gia k�je a ∈ A kai x∗R(b) ≥ 1 gia k�je b ∈ B. Ta upìloipa eÐnai apl  efarmog tou L mmatoc 4.3(2).

Prìtash 4.8 'Estw q¸roc X me nìrma ‖·‖. An o X∗ eÐnai diaqwrÐsimoc, tìte
kai o X eÐnai diaqwrÐsimoc.

Apìdeixh: 'Estw {x∗n|n ∈ N} arijm simo puknì uposÔnolo tou X∗. Gia k�je
n paÐrnoume xn ∈ X ¸ste ‖xn‖ = 1 kai |x∗n(xn)| ≥ 1

2 ‖x
∗
n‖ kai jètoume S =

{xn|n ∈ N}.An up�rqei x ∈ X me x /∈ cl(< S >), tìte sÔmfwna me to prohgoÔmenoje¸rhma up�rqei x∗ ∈ S⊥ me x∗(x) 6= 0. Dhlad , x∗(xn) = 0 gia k�je n, en¸to x∗ den eÐnai to mhdenikì sunarthsoeidèc kai, epomènwc, ‖x∗‖ > 0.Epeid  to {x∗n|n ∈ N} eÐnai puknì, up�rqei N ¸ste ‖x∗ − x∗N‖ < 1
3 ‖x

∗‖.Tìte ‖x∗N‖ ≥ ‖x∗‖ − ‖x∗ − x∗N‖ > 2 ‖x∗ − x∗N‖, opìte 1
2 ‖x

∗
N‖ ≤ |x∗N (xN )| =

|x∗N (xN )− x∗(xN )| ≤ ‖x∗N − x∗‖ < 1
2 ‖x

∗
N‖ kai katal goume se �topo.'Ara k�je x ∈ X an kei ston cl(< S >). Autì shmaÐnei ìti gia k�je ε > 0up�rqoun n ∈ N kai κ1, . . . , κn ∈ F ¸ste ‖x− (κ1x1 + · · ·+ κnxn)‖ < ε. T¸rapaÐrnoume rhtoÔc λ1, . . . , λn ∈ F ¸ste |λj−κj | < ε

n‖xj‖ gia k�je j kai brÐskoumeeÔkola ìti ‖x− (λ1x1 + · · ·+ λnxn)‖ < 2ε.'Ara to arijm simo sÔnolo me stoiqeÐa ìlouc touc grammikoÔc sunduasmoÔcstoiqeÐwn tou S me rhtoÔc suntelestèc eÐnai puknì ston X.
Pìrisma O l1 den eÐnai topologik� isomorfikìc me ton (l∞)∗.
Apìdeixh: 'Estw ìti up�rqei grammikìc telest c T : l1 → (l∞)∗ o opoÐoc eÐnaiepÐ kai stajerèc c, C > 0 ¸ste c ‖x‖1 ≤ ‖T (x)‖ ≤ C ‖x‖1 gia k�je x ∈ l1.
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O l1 eÐnai diaqwrÐsimoc, opìte up�rqei puknì uposÔnolì tou, {xn|n ∈ N}.Tìte to {T (xn)|n ∈ N} eÐnai puknì ston (l∞)∗. Pr�gmati, an l ∈ (l∞)∗,paÐrnoume x ∈ l1 me T (x) = l kai n ¸ste ‖x− xn‖1 < ε. Tìte ‖l − T (xn)‖ =
‖T (x)− T (xn)‖ < Cε.Epomènwc, o (l∞)∗ eÐnai diaqwrÐsimoc, opìte kai o l∞ eÐnai diaqwrÐsimoc.Autì, ìmwc, eÐnai l�joc.
Je¸rhma 4.14 'Estw q¸roc X me nìrma ‖·‖, upìqwroc Y tou X kai

x∗ ∈ X∗. Tìte

sup
y∈Y,‖y‖≤1

|x∗(y)| = min
z∗∈Y ⊥

‖x∗ − z∗‖ .

Apìdeixh: Gia k�je y ∈ Y me ‖y‖ ≤ 1 kai k�je z∗ ∈ Y ⊥ èqoume |x∗(y)| =
|x∗(y)− z∗(y)| ≤ ‖x∗ − z∗‖ ‖y‖ ≤ ‖x∗ − z∗‖. 'Ara

sup
y∈Y,‖y‖≤1

|x∗(y)| ≤ inf
z∗∈Y ⊥

‖x∗ − z∗‖ .

Mènei na apodeÐxoume ìti up�rqei z∗ ∈ Y ⊥ ¸ste supy∈Y,‖y‖≤1 |x∗(y)| =
‖x∗ − z∗‖.An onom�soume y∗ ton periorismì tou x∗ ston Y , tìte èqoume ìti ‖y∗‖ =
supy∈Y,‖y‖≤1 |y∗(y)| = supy∈Y,‖y‖≤1 |x∗(y)|. Apì to je¸rhma Hahn-Banach su-nep�getai ìti up�rqei x∗1 ∈ X∗ ¸ste x∗1(y) = y∗(y) = x∗(y) gia k�je y ∈ Ykai ‖x∗1‖ = ‖y∗‖. Jètoume z∗ = x∗ − x∗1 ∈ X∗, opìte ‖x∗ − z∗‖ = ‖y∗‖ =
supy∈Y,‖y‖≤1 |x∗(y)| kai z∗(y) = x∗(y) − x∗1(y) = 0 gia k�je y ∈ Y , opìte
z∗ ∈ Y ⊥.
4.7 DÔo jewr mata parembol c
Je¸rhma 4.15 'Estw q¸roc X me nìrma ‖·‖, èna sÔnolo deikt¸n I,
{xi|i ∈ I} ⊆ X, {ai|i ∈ I} ⊆ F kai M ≥ 0. Ta ex c eÐnai isodÔnama:

(1) Up�rqei x∗ ∈ X∗ me ‖x∗‖ ≤M kai x∗(xi) = ai gia k�je i ∈ I.
(2) IsqÔei |κ1ai1 +· · ·+κnain

| ≤M ‖κ1xi1 + · · ·+ κnxin
‖ gia k�je n ∈ N,

i1, . . . , in ∈ I kai κ1, . . . , κn ∈ F.

Apìdeixh: An isqÔei to (1), tìte |κ1ai1+· · ·+κnain
| = |x∗(κ1xi1+· · ·+κnxin

)| ≤
M ‖κ1xi1 + · · ·+ κnxin‖.Antistrìfwc, èstw ìti isqÔei to (2). JewroÔme ton upìqwro Y =< {xi|i ∈
I} >, opìte k�je y ∈ Y gr�fetai y = κ1xi1 + · · ·+κnxin

, kai orÐzoume y∗(y) =
κ1ai1 + · · ·+κnain

. An to y gr�fetai me dÔo trìpouc y = κ1xi1 + · · ·+κnxin
=

κ′1xi1 + · · · + κ′nxin
, tìte |(κ1ai1 + · · · + κnain

) − (κ′1ai1 + · · · + κ′nain
)| =

|(κ1 − κ′1)ai1 + · · · + (κn − κ′n)ain | ≤ M ‖(κ1 − κ′1)xi1 + · · ·+ (κn − κ′n)xin‖ =
‖y − y‖ = 0. Epomènwc, o orismìc tou y∗(y) eÐnai kalìc kai eÐnai polÔ eÔkolo nadoÔme ìti to y∗ eÐnai grammikì sunarthsoeidèc tou Y kai ìti |y∗(y)| = |κ1ai1 +
· · ·+ κnain

| ≤M ‖κ1xi1 + · · ·+ κnxin
‖ ≤M ‖y‖ gia k�je y ∈ Y .'Ara y∗ ∈ Y ∗ kai ‖y∗‖ ≤ M , opìte up�rqei x∗ ∈ X∗ me ‖x∗‖ = ‖y∗‖ ≤ Mkai x∗(y) = y∗(y) gia k�je y ∈ Y . Eidik¸tera, x∗(xi) = y∗(xi) = ai gia k�je

i ∈ I.
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L mma 4.4 'Estw grammikìc q¸roc X epÐ tou F kai grammik� sunarthsoeid 
x′, x′1, . . . , x

′
n tou X ¸ste x′(x) = 0 gia k�je x ∈ X me x′1(x) = · · · = x′n(x) = 0.

Tìte up�rqoun κ1, . . . , κn ∈ F ¸ste x′ = κ1x
′
1 + · · ·+ κnx

′
n.

Apìdeixh: Ja qrhsimopoi soume epagwg  kai arqÐzoume me n = 1: x′(x) = 0gia k�je x ∈ X me x′1(x) = 0. An x′ eÐnai to mhdenikì sunarthsoeidèc, tìte
x′ = 0x′1. An ìqi, tìte up�rqei x0 ¸ste x′(x0) 6= 0 kai, epomènwc, x′1(x0) 6= 0.UpologÐzoume: x′1(x′1(x0)x − x′1(x)x0

)
= x′1(x0)x′1(x) − x′1(x)x

′
1(x0) = 0. 'Ara

x′
(
x′1(x0)x − x′1(x)x0

)
= 0 kai, epomènwc, x′1(x0)x′(x) − x′1(x)x

′(x0) = 0 gia
k�je x ∈ X. 'Ara x′(x) = κx′1(x) gia k�je x ∈ X, ìpou κ = x′(x0)

x′1(x0)
.

'Estw ìti to apotèlesma isqÔei gia opoiond pote X kai k�je x′, x′1, . . . , x′nkai èstw x′(x) = 0 gia k�je x ∈ X me x′1(x) = · · · = x′n(x) = x′n+1(x) = 0.JewroÔme ton N(x′n+1), opìte x′(x) = 0 gia k�je x ∈ N(x′n+1) me x′1(x) =
· · · = x′n(x) = 0. 'Ara up�rqoun κ1, . . . , κn ∈ F ¸ste x′ = κ1x

′
1 + · · · + κnx

′
nston N(x′n+1). Dhlad  to x′ − (κ1x

′
1 + · · ·+ κnx

′
n) mhdenÐzetai gia k�je x ∈ Xme x′n+1(x) = 0. Apì to pr¸to mèroc sunep�getai ìti up�rqei kn+1 ∈ F ¸ste

x′ − (κ1x
′
1 + · · ·+ κnx

′
n) = κn+1x

′
n+1.

L mma 4.5 'Estw grammikìc q¸roc X epÐ tou F kai grammik� sunarthsoeid 
x′1, . . . , x

′
n touX. An aut� eÐnai grammik� anex�rthta, tìte gia k�je a1, . . . , an ∈

F up�rqei x ∈ X ¸ste x′j(x) = aj gia k�je j = 1, . . . , n.

Apìdeixh: Upojètoume ìti to sumpèrasma den isqÔei, opìte to sÔnolo tim¸n
R(T ) tou grammikoÔ telest  T : X → Fn me tÔpo Tx = (x′1(x), . . . , x

′
n(x))den isoÔtai me ton Fn. 'Ara o R(T ) eÐnai gn sioc grammikìc upìqwroc tou Fn,opìte up�rqei mh-mhdenikì (κ1, . . . , κn)⊥R(T ). Autì shmaÐnei ìti κ1x

′
1(x) +

· · ·+ κnx
′
n(x) = 0 gia k�je x ∈ X kai, epomènwc, κ1x

′
1 + · · ·+ κnx

′
n = 0.

Je¸rhma 4.16 (Helly)'Estw q¸roc X me nìrma ‖·‖, x∗1, . . . , x
∗
n ∈ X∗,

M ≥ 0 kai a1, . . . , an ∈ F. Ta ex c eÐnai isodÔnama:

(1) Gia k�je ε > 0 up�rqei x ∈ X me ‖x‖ < M + ε kai x∗j (x) = aj gia

k�je j = 1, . . . , n.
(2) IsqÔei |κ1a1+· · ·+κnan| ≤M ‖κ1x

∗
1 + · · ·+ κnx

∗
n‖ gia k�je κ1, . . . , κn

∈ F.

Apìdeixh: An isqÔei to (1), tìte me to kat�llhlo x èqoume |κ1a1+· · ·+κnan| =
|κ1x

∗
1(x) + · · · + κnx

∗
n(x)| ≤ ‖κ1x

∗
1 + · · ·+ κnx

∗
n‖ ‖x‖ ≤ ‖κ1x

∗
1 + · · ·+ κnx

∗
n‖

(M+ε). 'Ara |κ1a1 + · · ·+κnan| ≤ (M+ε) ‖κ1x
∗
1 + · · ·+ κnx

∗
n‖ kai, paÐrnontacìrio ìtan ε→ 0+, brÐskoume to (2).'Estw ìti isqÔei to (2) kai ac upojèsoume, kat' arq n, ìti to {x∗1, . . . , x∗n}eÐnai grammik� anex�rthto.Apì to L mma 4.5 sunep�getai ìti up�rqei x0 ∈ X ¸ste x∗1(x0) = a1, . . . ,

x∗n(x0) = an. An den isqÔei to (1), tìte h anoikt  mp�la B(0;M + ε) eÐnai xènhproc to mh-kenì kurtì sÔnolo {x ∈ X|x∗1(x) = a1, . . . , x
∗
n(x) = an}.Apì to Je¸rhma 4.13 sunep�getai ìti up�rqei mh-mhdenikì x∗ ∈ X∗ ¸ste

‖x∗‖ ≤ 1
M+ε kai <x∗(x) < 1 gia k�je x ∈ B(0;M + ε) kai <x∗(x) ≥ 1 gia k�je

x ∈ X me x∗1(x) = a1, . . . , x
∗
n(x) = an.
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An up rqan dÔo x, x̂ ∈ X me x∗1(x) = x∗1(x̂) = a1, . . . , x
∗
n(x) = x∗n(x̂) = an¸ste <x∗(x) 6= <x∗(x̂), tìte, kaj¸c to κ diatrèqei to R, gia to y = κx+(1−κ)x̂èqoume x∗1(y) = a1, . . . , x

∗
n(y) = an en¸ <x∗(y) = κ<x∗(x) + (1− κ)<x∗(x̂) < 1gia kat�llhla κ. 'Ara up�rqei akrib¸c èna λ ≥ 1 ¸ste <x∗(x) = λ gia k�je

x ∈ X me x∗1(x) = a1, . . . , x
∗
n(x) = an. PaÐrnoume èna x0 ∈ X me x∗1(x0) =

a1, . . . , x
∗
n(x0) = an kai èqoume ìti gia k�je x ∈ X me x∗1(x) = · · · = x∗n(x) = 0isqÔei x∗1(x + x0) = a1, . . . , x

∗
n(x + x0) = an, opìte <x∗(x + x0) = λ, opìte

<x∗(x) = 0. 'Omwc, an gia to x isqÔei x∗1(x) = · · · = x∗n(x) = 0, tìte toÐdio isqÔei kai gia to ix, opìte <x∗(ix) = 0 kai, epomènwc, x∗(x) = <x∗(x) −
i<x∗(ix) = 0. Apì to L mma 4.4 sunep�getai ìti up�rqoun κ1, . . . , κn ∈ F ¸ste
x∗ = κ1x

∗
1 + · · ·+ κnx

∗
n.Tèloc, 1 ≤ λ = <x∗(x0) = <(κ1x

∗
1(x0) + · · ·+ κnx

∗
n(x0)) = <(κ1a1 + · · ·+

κnan) ≤ M ‖κ1x
∗
1 + · · ·+ κnx

∗
n‖ = M ‖x∗‖ ≤ M

M+ε < 1 kai katal goume se�topo.An to {x∗1, . . . , x∗n} den eÐnai grammik� anex�rthto, dialègoume èna maximalgrammik� anex�rthto uposÔnolì tou, to opoÐo met� apì allag  arÐjmhshc,upojètoume ìti eÐnai to {x∗1, . . . , x∗m} kai, epomènwc, k�je x∗m+1, . . . , x
∗
n eÐnaigrammikìc sunduasmìc twn x∗1, . . . , x∗m.Apì ta prohgoÔmena sunep�getai ìti up�rqei x ∈ X me ‖x‖ < M + εkai x∗j (x) = aj gia k�je j = 1, . . . ,m. Gia k�je j = m + 1, . . . , n up�r-qoun λ1, . . . , λm ∈ F ¸ste x∗j = λ1x

∗
1 + · · · + λmx

∗
m. Apì thn (2) sunep�-getai ìti aj = λ1a1 + · · · + λmam, opìte x∗j (x) = λ1x
∗
1(x) + · · · + λmx

∗
m(x) =

λ1a1 + · · ·+ λmam = aj .

4.8 O deÔteroc duikìc
O deÔteroc duikìc q¸roc X∗∗ = (X∗)∗ enìc q¸rou X me nìrma eÐnai q¸roc
Banach me nìrma ‖·‖ h opoÐa èqei tÔpo

‖x∗∗‖ = sup
x∗∈X∗,‖x∗‖≤1

|x∗∗(x∗)|

gia k�je x∗∗ ∈ X∗∗.
Orismìc 4.9 'Estw X q¸roc me nìrma. Gia k�je x ∈ X orÐzoume sun�rthsh
τx : X∗ → F me tÔpo

τx(x∗) = x∗(x)

gia k�je x ∈ X.

Je¸rhma 4.17 'Estw X q¸roc me nìrma. Gia k�je x ∈ X h τx eÐnai

stoiqeÐo tou X∗∗ kai h sun�rthsh

J : X → X∗∗

me tÔpo J(x) = τx gia k�je x ∈ X eÐnai isometrik  emfÔteush.
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Apìdeixh: 'Eqoume τx(x∗1 +x∗2) = (x∗1 +x∗2)(x) = x∗1(x)+x

∗
2(x) = τx(x∗1)+τx(x∗2)kai τx(κx∗) = (κx∗)(x) = κx∗(x) = κτx(x∗) gia k�je x∗1, x∗2, x∗ ∈ X∗ kai κ ∈ F .Apo to Je¸rhma 4.11 sunep�getai sup‖x∗‖≤1 |τx(x∗)| = sup‖x∗‖≤1 |x∗(x)| =

‖x‖ kai autì shmaÐnei ìti τx ∈ X∗∗ me ‖τx‖ = ‖x‖.T¸ra, τx1+x2(x
∗) = x∗(x1 + x2) = x∗(x1) + x∗(x2) = τx1(x

∗) + τx2(x
∗) giak�je x∗ ∈ X∗ kai, epomènwc, τx1+x2 = τx1 + τx2 . EpÐshc, τκx(x∗) = x∗(κx) =

κx∗(x) = κτx(x∗) gia k�je x∗ ∈ X∗ kai, epomènwc, τκx = κτx. 'Ara h J eÐnaigrammik .'Opwc eÐdame, ‖J(x)‖ = ‖τx‖ = ‖x‖ gia k�je x ∈ X, opìte h J eÐnai isome-trik  emfÔteush.
Orismìc 4.10 'Estw X q¸roc me nìrma. H isometrik  emfÔteush J : X →
X∗∗ tou prohgoÔmenou jewr matoc onom�zetai fusiologik  emfÔteush tou
X ston X∗∗.

An h J eÐnai epÐ, tìte o X onom�zetai autopaj c.

Epomènwc, an ènac q¸roc X me nìrma eÐnai autopaj c, tìte X iso= X∗∗.'Omwc, to antÐstrofo den isqÔei: up�rqoun q¸roi X me nìrma oi opoÐoi eÐnaiisometrikoÐ me touc deÔterouc duikoÔc twn, qwrÐc ìmwc h fusiologik  emfÔteush
J na eÐnai epÐ.ParathroÔme ìti anagkaÐa sunj kh gia na eÐnai ènac q¸roc autopaj c eÐnaih plhrìtht� tou.MÐa deÔterh parat rhsh eÐnai ìti h eikìna J(X) ⊆ X∗∗ tou X eÐnai q¸rocisometrikìc me ton X, opìte an tautÐsoume ton X me ton J(X), tìte o X1 =
cl(J(X)) apoteleÐ pl rwsh tou X: af' enìc o X1 eÐnai kleistìc upìqwroc toupl rouc q¸rou X∗∗ kai, epomènwc, eÐnai pl rhc, af' etèrou o X eÐnai puknìcston X1.
Prìtash 4.9 K�je q¸roc Hilbert eÐnai autopaj c.

Apìdeixh: JewroÔme thn anti-isometrÐa tou Jewr matoc 4.4, T : X → X∗,me tÔpo Tx(u) = (u|x) gia k�je x ∈ X kai u ∈ X. Ja apodeÐxoume ìtih fusiologik  emfÔteush J : X → X∗∗ eÐnai epÐ. PaÐrnoume, loipìn, tuqìn
x∗∗ ∈ X∗∗ kai jewroÔme thn apeikìnish x∗∗ ◦ T : X → F . EÐnai eÔkolo naapodeiqjeÐ ìti aut  eÐnai grammik  kai |x∗∗ ◦ T (u)| = |x∗∗(Tu)| = |x∗∗(Tu)| ≤
‖x∗∗‖ ‖Tu‖ = ‖x∗∗‖ ‖u‖, opìte x∗∗ ◦ T ∈ X∗.'Ara up�rqei x ∈ X ¸ste x∗∗ ◦ T = Tx. Dhlad , x∗∗(Tu) = (u|x) gia k�je
u ∈ X. Sunep�getai ìti x∗∗(Tu) = (x|u) = Tu(x) = Jx(Tu) gia k�je x ∈ Xkai, epeid  o T eÐnai epÐ, ìti x∗∗(x∗) = Jx(x∗) gia k�je x∗ ∈ X∗. 'Ara x∗∗ = Jxkai h J eÐnai epÐ.
Prìtash 4.10 An 1 < p < +∞ kai (Ω,Σ, µ) eÐnai q¸roc mètrou, tìte oi q¸roi
lp kai Lp(Ω,Σ, µ) eÐnai autopajeÐc.

Apìdeixh: JewroÔme to q me 1
p + 1

q = 1 kai tic isometrÐec T (p) : lq → (lp)∗

kai T (q) : lp → (lq)∗ me tÔpouc T (p)x(y) =
∑+∞

j=1 xjyj = T (q)y(x) gia k�je
x = (x1, x2, . . .) ∈ lq kai y = (y1, y2, . . .) ∈ lp. JewroÔme kai th fusiologik emfÔteush J : lp → (lp)∗∗.
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PaÐrnoume tuqìn y∗∗ ∈ (lp)∗∗ kai orÐzoume to grammikì sunarthsoeidèc
y∗∗ ◦ T (p) : lq → F . Tìte |y∗∗ ◦ T (p)(x)| ≤ ‖y∗∗‖

∥∥T (p)x
∥∥ = ‖y∗∗‖ ‖x‖ gia k�je

x ∈ lq, opìte y∗∗◦T (p) ∈ (lq)∗. Epomènwc, up�rqei y ∈ lp ¸ste y∗∗◦T (p) = T (q)y.'Ara Jy(T (p)x) = T (p)x(y) = T (q)y(x) = y∗∗(T (p)x) gia k�je x ∈ lq. Epeid  o
T (p) eÐnai epÐ, sunep�getai Jy(y∗) = y∗∗(y∗) gia k�je y∗ ∈ (lp)∗. 'Ara Jy = y∗∗kai o J eÐnai epÐ.H perÐptwsh tou Lp(Ω,Σ, µ) èqei thn Ðdia apìdeixh.
Je¸rhma 4.18 (Milman) K�je omoiìmorfa kurtìc q¸roc Banach eÐnai

autopaj c.

Apìdeixh: 'Estw omoiìmorfa kurtìc q¸roc Banach X me nìrma ‖·‖ kai èstwtuqìn x∗∗ ∈ X∗∗ me ‖x∗∗‖ = 1.PaÐrnoume opoiad pote {x∗n} ston X∗ me ‖x∗n‖ = 1 kai |x∗∗(x∗n)| → 1. Giak�je n isqÔei ìti |κ1x
∗∗(x∗1)+ · · ·+κnx

∗∗(x∗n)| ≤ ‖κ1x
∗
1 + · · ·+ κnx

∗
n‖ gia k�je

κ1, . . . , κn ∈ F . 'Ara apì to Je¸rhma tou Helly sunep�getai ìti gia k�je nup�rqei xn ∈ X ¸ste ‖xn‖ ≤ 1+ 1
n kai x∗1(xn) = x∗∗(x∗1), . . . , x

∗
n(xn) = x∗∗(x∗n).'Eqoume ìti ‖xn‖ → 1, diìti |x∗∗(x∗n)| = |x∗n(xn)| ≤ ‖x∗n‖ ‖xn‖ ≤ 1 + 1

n .An n < m, tìte 2|x∗∗(x∗n)| = |x∗n(xn+xm)| ≤ ‖x∗n‖ ‖xn + xm‖ = ‖xn + xm‖.Lìgw thc omoiìmorfhc kurtìthtac sunep�getai ìti ‖xn − xm‖ → 0 ìtan n,m→
+∞. 'Ara up�rqei to x = limxn ∈ X.Profan¸c, ‖x‖ = 1 kai x∗j (x) = x∗∗(x∗j ) gia k�je j = 1, 2, . . ..An up�rqei k�poio y ∈ X me ‖y‖ = 1 kai x∗j (y) = x∗∗(x∗j ) gia k�je j =
1, 2, . . ., tìte 2|x∗∗(x∗j )| = |x∗j (y+x)| ≤

∥∥x∗j∥∥ ‖y + x‖ = ‖y + x‖. P�li lìgw thcomoiìmorfhc kurtìthtac sunep�getai ìti y = x.T¸ra, èstw tuqìn x∗ ∈ X∗ me ‖x∗‖ = 1. An jewr soume thn akoloujÐa
x∗, x∗1, x

∗
2, . . . tou X, tìte isqÔoun kai gi' aut n ìsa eÐpame gia thn {x∗n}. 'Araup�rqei y ∈ X me ‖y‖ = 1 kai x∗(y) = x∗∗(x∗), x∗j (y) = x∗∗(x∗j ) gia k�je

j = 1, 2, . . .. Apì thn prohgoÔmenh par�grafo sumperaÐnoume ìti y = x, opìte
x∗(x) = x∗∗(x∗). Epeid  autì isqÔei gia k�je x∗ ∈ X∗ me ‖x∗‖ = 1, sunep�getaiìti isqÔei gia k�je x∗ ∈ X∗ kai, epomènwc, Jx = x∗∗, ìpou J eÐnai h fusiologik emfÔteush tou X ston X∗∗.'Ara h J eÐnai epÐ.

To apotèlesma autì, se sunduasmì me to Je¸rhma 3.19, parèqei deÔterhapìdeixh tou ìti oi q¸roi lp kai Lp(Ω,Σ, µ) eÐnai autopajeÐc gia k�je p me
1 < p < +∞. Me th seir� tou, autì dÐnei deÔterh apìdeixh thc isometrÐacan�mesa ston (lp)∗ kai ton lq ìpwc kai an�mesa ston (

Lp(Ω,Σ, µ)
)∗ kai ton

Lq(Ω,Σ, µ).
Pìrisma An 1 < p < +∞ kai 1

p + 1
q = 1, tìte (lp)∗ iso= lq kai (

Lp(Ω,Σ, µ)
)∗ iso=

Lq(Ω,Σ, µ).
Apìdeixh: GnwrÐzoume  dh thn isometrik  emfÔteush lq 3 x 7→ lx ∈ (lp)∗, ìpou
lx(y) =

∑+∞
j=1 xjyj gia k�je y = (y1, y2, . . .) ∈ lp. Autì pou apomènei eÐnaina apodeiqjeÐ ìti h emfÔteush aut  eÐnai epÐ. JewroÔme tuqìn y∗∗ ∈ (lp)∗∗



4.9. ARQ�H OMOI�OMORFOU FR�AGMATOS 153
kai upojètoume ìti y∗∗(lx) = 0 gia k�je x ∈ lq. Lìgw thc autop�jeiac tou
lp, up�rqei y ∈ lp ¸ste y∗∗ = Jy, ìpou J eÐnai h fusiologik  emfÔteush tou
lp ston (lp)∗∗. Autì shmaÐnei ìti 0 = y∗∗(lx) = lx(y) =

∑+∞
j=1 xjyj gia k�je

x ∈ lq. Dokim�zontac ta x = ej , brÐskoume ìti yj = 0 gia k�je j kai, epomènwc,
y = 0. 'Ara to y∗∗ eÐnai to mhdenikì sunarthsoeidèc kai apì to Je¸rhma 4.12sunep�getai ìti h eikìna thc emfÔteushc x 7→ lx eÐnai olìklhroc o (lp)∗.Sthn perÐptwsh twn q¸rwn sunart sewn jewroÔme, en suntomÐa, thn isome-trik  emfÔteush Lq(Ω,Σ, µ) 3 f 7→ lf ∈

(
Lp(Ω,Σ, µ)

)∗, ìpou lf (g) =
∫
Ω
fg dµ

gia k�je g ∈ Lp(Ω,Σ, µ). PaÐrnoume tuqìn g∗∗ ∈ (
Lp(Ω,Σ, µ)

)∗∗ ¸ste g∗∗(lf ) =
0 gia k�je f ∈ Lq(Ω,Σ, µ) kai brÐskoume g ∈ Lp(Ω,Σ, µ) ¸ste g∗∗ = Jg. Tì-te 0 = g∗∗(lf ) = lf (g) =

∫
Ω
fg dµ gia k�je f ∈ Lq(Ω,Σ, µ). Jètoume An =

{a ∈ Ω|<g(a) ≥ 1
n}, opìte µ(An) < +∞ kai, epomènwc, χAn

∈ Lq(Ω,Σ, µ).Sthn teleutaÐa isìthta dokim�zoume f = χAn , paÐrnoume pragmatik� mèrh kaisumperaÐnoume ìti µ(An) = 0. AfoÔ to n eÐnai tuqìn, sunep�getai ìti to sÔ-nolo ìpou <g > 0 èqei µ-mètro mhdèn. Me ton Ðdio trìpo ergazìmaste giata sÔnola ìpou <g < 0, =g > 0 kai =g < 0 kai katal goume sto ìti g = 0
µ-sqedìn pantoÔ. 'Ara g∗∗ eÐnai to mhdenikì sunarthsoeidèc, opìte apì to Je-¸rhma 4.12 sunep�getai ìti h eikìna thc emfÔteushc f 7→ lf eÐnai olìklhroc o(
Lp(Ω,Σ, µ)

)∗.
Je¸rhma 4.19 'Estw q¸roc X me nìrma kai kleistìc upìqwroc Y tou

X. An o X eÐnai autopaj c, tìte kai o Y eÐnai autopaj c.

Apìdeixh: 'Estw y∗∗ ∈ Y ∗∗. OrÐzoume x∗∗ : X∗ → F me tÔpo x∗∗(x∗) = y∗∗(x∗Y )gia k�je x∗ ∈ X∗, ìpou x∗Y ∈ Y ∗ eÐnai o periorismìc tou x∗ ∈ X∗ ston Y .EÐnai jèma routÐnac na apodeiqjeÐ ìti to x∗∗ eÐnai grammikì kai |x∗∗(x∗)| =
|y∗∗(x∗Y )| ≤ ‖y∗∗‖ ‖x∗Y ‖ ≤ ‖y∗∗‖ ‖x∗‖ gia k�je x∗ ∈ X∗. 'Ara x∗∗ ∈ X∗∗ kai,epeid  o X eÐnai autopaj c, up�rqei x ∈ X ¸ste Jx = x∗∗, ìpou J eÐnai hfusiologik  emfÔteush tou X ston X∗∗. Autì shmaÐnei ìti x∗∗(x∗) = x∗(x)gia k�je x∗ ∈ X∗ kai, epomènwc, y∗∗(x∗Y ) = x∗(x) gia k�je x∗ ∈ X∗.JewroÔme tuqìn x∗ ∈ Y ⊥ kai èqoume ìti x∗Y = 0, opìte x∗(x) = y∗∗(0) = 0.Apì to Je¸rhma 4.10 sunep�getai ìti infy∈Y ‖x− y‖ = 0 kai, epeid  o Y eÐnaikleistìc, x ∈ Y .'Ara y∗∗(x∗Y ) = x∗(x) = x∗Y (x) gia k�je x∗ ∈ X∗. T¸ra, apì to je¸rhma
Hahn-Banach sunep�getai ìti gia k�je y∗ ∈ Y ∗ up�rqei x∗ ∈ X∗ ¸ste x∗Y = y∗.'Ara gia k�je y∗ ∈ Y ∗ èqoume y∗∗(y∗) = y∗(x) = J ′x(y∗), ìpou J ′ eÐnai hfusiologik  emfÔteush tou Y ston Y ∗∗. 'Ara y∗∗ = J ′x me x ∈ Y kai o J ′ eÐnaiepÐ.
4.9 Arq  Omoiìmorfou Fr�gmatoc
Arq  Omoiìmorfou Fr�gmatoc: JewroÔme pl rh metrikì q¸ro X,

metrikì q¸ro Y , y0 ∈ Y kai sullog  F sunart sewn f : X → Y sune-

q¸n ston X. Upojètoume ìti supf∈F d(f(x), y0) < +∞ gia k�je x ∈ X
Tìte up�rqei anoiktì O ⊆ X kai M ≥ 0 ¸ste d(f(x), y0) ≤M gia k�je

x ∈ O kai k�je f ∈ F. Dhlad , supx∈O,f∈F d(f(x), y0) < +∞.
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Apìdeixh: Gia k�je n ∈ N jètoume Pn = {x ∈ X | d(f(x), y0) ≤ n gia k�je f ∈
F} =

⋂
f∈F{x ∈ X | d(f(x), y0) ≤ n}.

To Pn eÐnai kleistì uposÔnolo tou X kai X = ∪+∞
n=1Pn. An On = X \ Pn,sunep�getai ìti k�je On eÐnai anoiktì kai ∩+∞

n=1On = ∅. Apì to Je¸rhma tou
Baire sunep�getai ìti up�rqei N ¸ste to ON den eÐnai puknì ston X. AutìshmaÐnei ìti up�rqei anoiktì O ⊆ PN , opìte katal goume sto epidiwkìmenosumpèrasma me M = N .
Je¸rhma 4.20 'Estw q¸roc Banach X kai F ⊆ X∗ ¸ste supx∗∈F |x∗(x)|
< +∞ gia k�je x ∈ X. Tìte supx∗∈F ‖x∗‖ < +∞.

Apìdeixh: Apì thn Arq  Omoiìmorfou Fr�gmatoc sunep�getai ìti up�rqei
x0 ∈ X, R > 0 kai M ≥ 0 ¸ste |x∗(x)| ≤M gia k�je x∗ ∈ F kai x ∈ B(x0;R).Gia k�je x ∈ B(0;R) èqoume ìti |x∗(x)| ≤ |x∗(x + x0)| + |x∗(x0)| ≤ 2Mgia k�je x∗ ∈ F . 'Ara gia k�je x 6= 0 kai t > 1 isqÔei |x∗( R

t‖x‖ x)| ≤ 2M kai,
epomènwc, |x∗(x)| ≤ 2Mt

R ‖x‖ gia k�je x∗ ∈ F . 'Ara |x∗(x)| ≤ 2M
R ‖x‖ gia k�je

x ∈ X kai x∗ ∈ F .SumperaÐnoume ìti supx∗∈F ‖x∗‖ ≤ 2M
R .

Je¸rhma 4.21 'Estw q¸roc X me nìrma kai F ⊆ X me supx∈F |x∗(x)|
< +∞ gia k�je x∗ ∈ X∗. Tìte supx∈F ‖x‖ < +∞.

Apìdeixh: JewroÔme th fusiologik  emfÔteush J : X → X∗∗ kai th sullog 
J(F) ⊆ X∗∗ twn sunart sewn Jx : X∗ → F gia k�je x ∈ F . Efarmìzoume toprohgoÔmeno je¸rhma ston q¸ro Banach X∗ kai sth sullog  J(F) ⊆ (X∗)∗,afoÔ supJx∈J(F) |Jx(x∗)| = supx∈F |x∗(x)| < +∞ gia k�je x∗ ∈ X∗.SumperaÐnoume ìti supx∈F ‖x‖ = supJx∈J(F) ‖Jx‖ < +∞.

4.10 Asjen c sÔgklish kai asjen c∗ sÔgklish
Orismìc 4.11 'Estw q¸roc X me nìrma.
(i) Lème ìti h {xn} ston X sugklÐnei asjen¸c sto x ∈ X an x∗(xn) → x∗(x)
gia k�je x∗ ∈ X∗. Tìte gr�foume xn

w→ x   x = w − limxn.
(ii) Lème ìti h {x∗n} ston X∗ sugklÐnei asjen¸c∗ sto x∗ ∈ X∗ an x∗n(x) →
x∗(x) gia k�je x ∈ X. Gr�foume x∗n

w∗

→ x∗   x∗ = w∗ − limx∗n.

Fusik�, ìtan gr�foume xn → x   x∗n → x∗ ennooÔme ‖xn − x‖ → 0  
‖x∗n − x∗‖ → 0, antistoÐqwc. Gia na tonÐsoume th diafor� an�mesa stic sugklÐ-seic, lème pollèc forèc ìti h {xn} sugklÐnei isqur� sto x, an xn → x,  ìti h {x∗n} sugklÐnei isqur� sto x∗, an x∗n → x∗, kai gr�foume xn

s→ x  
x = s− limxn kai x∗n s→ x∗   x∗ = s− limx∗n , antistoÐqwc. H orologÐa aut ofeÐletai sthn
Prìtash 4.11 'Estw q¸roc X me nìrma. An xn → x ston X, tìte xn

w→ x

kai, an x∗n → x∗, tìte x∗n
w∗

→ x∗.
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Apìdeixh: An xn → x ston X, tìte gia k�je x∗ ∈ X∗ èqoume |x∗(xn)−x∗(x)| ≤
‖x∗‖ ‖xn − x‖ → 0. 'Ara xn

w→ x.An x∗n → x∗ ston X∗, tìte gia k�je x ∈ X èqoume |x∗n(x) − x∗(x)| ≤
‖x∗n − x∗‖ ‖x‖ → 0. 'Ara x∗n w∗

→ x∗.
Prìtash 4.12 'Estw q¸roc X me nìrma.

(1) An xn
w→ x, yn

w→ y ston X kai κn → κ sto F , tìte xn + yn
w→ x + y kai

κnxn
w→ κx.

(2) An x∗n
w∗

→ x∗, y∗n
w∗

→ y∗ ston X∗ kai κn → κ sto F , tìte x∗n + y∗n
w∗

→ x∗ + y∗

kai κnx
∗
n

w∗

→ κx∗.

(3) An xn
w→ x kai xn

w→ x̂ ston X, tìte x = x̂.

(4) An x∗n
w∗

→ x∗ kai x∗n
w∗

→ x̂∗ ston X∗, tìte x∗ = x̂∗.

Apìdeixh: (1) kai (2). 'Askhsh.(3) Gia k�je x∗ ∈ X∗ èqoume x∗(x) = limx∗(xn) = x∗(x̂), opìte x∗(x− x̂) = 0.Apì to Je¸rhma 4.11 sunep�getai ìti x− x̂ = 0.(4) Gia k�je x ∈ X èqoume x∗(x) = limx∗n(x) = x̂∗(x), opìte x∗ = x̂∗.
EÐnai axioprìsekth h diafor� sth fÔsh twn (3) kai (4) thc prohgoÔmenhcprìtashc, h opoÐa antanakl�tai sth diafor� duskolÐac twn apodeÐxe¸n twn.

ParadeÐgmata: 1. An 1 < p ≤ +∞, tìte en
w→ 0 ston lp kai stouc c, c0,en¸ h {en} den èqei asjenèc ìrio ston l1.Se ìlec tic peript¸seic h nìrma twn en eÐnai stajer  kai Ðsh me 1 kai h {en}de sugklÐnei diìti h nìrma thc diafor�c diadoqik¸n ìrwn eÐnai stajer  kai Ðshme arijmì 6= 0.2. An to {an|n ∈ N} eÐnai orjokanonikì sÔnolo se q¸ro X me eswterikìginìmeno, tìte an

w→ 0 ston X.
Je¸rhma 4.22 'Estw q¸roc X me nìrma kai xn

w→ x ston X. Tìte

supn ‖xn‖ < +∞ kai ‖x‖ ≤ lim inf ‖xn‖.

Apìdeixh: Gia k�je x∗ ∈ X∗ h {x∗(xn)} sugklÐnei sto x∗(x) sto F , opìte eÐnaifragmènh. Apì to Je¸rhma 4.21 sunep�getai ìti supn ‖xn‖ < +∞.'Estw q = lim inf ‖xn‖. Gia k�je ε > 0 up�rqei upoakoloujÐa {xnk
} ¸ste

‖xnk
‖ ≤ q + ε gia k�je k. Tìte gia k�je x∗ ∈ X∗ isqÔei ìti x∗(xnk

) → x∗(x),opìte |x∗(x)| ≤ ‖x∗‖ (q + ε). Apì to Je¸rhma 4.11 sunep�getai ìti ‖x‖ =
max‖x∗‖≤1 |x∗(x)| ≤ q + ε kai, epomènwc, ‖x‖ ≤ q.
Je¸rhma 4.23 'Estw q¸roc Banach X kai x∗n

w∗

→ x∗ ston X∗. Tìte

supn ‖x∗n‖ < +∞ kai ‖x∗‖ ≤ lim inf ‖x∗n‖.

Apìdeixh: Gia k�je x ∈ X h {x∗n(x)} sugklÐnei sto x∗(x) sto F , opìte eÐnaifragmènh. Apì to Je¸rhma 4.20 sunep�getai ìti supn ‖x∗n‖ < +∞.'Estw q = lim inf ‖x∗n‖. Gia k�je ε > 0 up�rqei upoakoloujÐa {x∗nk
} ¸ste∥∥x∗nk

∥∥ ≤ q + ε gia k�je k. Tìte gia k�je x ∈ X isqÔei ìti x∗nk
(x) → x∗(x),
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opìte |x∗(x)| ≤ ‖x‖ (q+ ε). 'Ara ‖x∗‖ = sup‖x‖≤1 |x∗(x)| ≤ q+ ε kai, epomènwc,
‖x∗‖ ≤ q.
Orismìc 4.12 'Estw q¸roc X me nìrma.
(i) 'Ena K ⊆ X onom�zetai akoloujiak� asjen¸c kleistì an gia k�je {xn}
sto K h opoÐa sugklÐnei asjen¸c ston X isqÔei ìti w − limxn ∈ K.
(ii) 'Ena K ⊆ X∗ onom�zetai akoloujiak� asjen¸c∗ kleistì an gia k�je
{x∗n} sto K h opoÐa sugklÐnei asjen¸c∗ ston X∗ isqÔei ìti w∗ − limxn ∈ K.

EÐnai profanèc apì thn Prìtash 4.11 ìti, an èna sÔnolo eÐnai akoloujiak�asjen¸c kleistì   akoloujiak� asjen¸c∗ kleistì, tìte eÐnai kleistì.
Je¸rhma 4.24 'Estw q¸roc X me nìrma kai kurtì K ⊆ X. To K
eÐnai kleistì an kai mìnon an eÐnai akoloujiak� asjen¸c kleistì.

Apìdeixh: Upojètoume ìti to K eÐnai kleistì kai ja apodeÐxoume ìti an h {xn}eÐnai sto K kai xn
w→ x ston X, tìte x ∈ K. Kat' arq n upojètoume ìti F = R.Efarmìzontac metafor� kat� −x, mporoÔme na upojèsoume ìti xn

w→ 0 giana apodeÐxoume ìti 0 ∈ K. An 0 /∈ K, up�rqei R > 0 ¸ste K∩B(0;R) = ∅. Apìto Je¸rhma 4.13 sunep�getai ìti up�rqei mh-mhdenikì x∗ ∈ X∗ me ‖x∗‖ ≤ 1
R¸ste <x∗(z) < 1 gia k�je z ∈ B(0;R) kai <x∗(z) ≥ 1 gia k�je z ∈ K.T¸ra, gia k�je n èqoume <x∗(xn) ≥ 1, en¸ x∗(0) = 0. Epeid  xn

w→ 0sunep�getai ìti x∗(xn) → x∗(0) = 0 kai katal goume se antÐfash. 'Ara 0 ∈ K.
Orismìc 4.13 'Estw q¸roc X me nìrma.
(i) To K ⊆ X onom�zetai akoloujiak� asjen¸c sumpagèc an k�je akoloujÐa
sto K èqei upoakoloujÐa h opoÐa sugklÐnei asjen¸c ston X se stoiqeÐo tou K.
(ii) To K ⊆ X∗ onom�zetai akoloujiak� asjen¸c∗ sumpagèc an k�je ako-
loujÐa sto K èqei upoakoloujÐa h opoÐa sugklÐnei asjen¸c∗ ston X se stoiqeÐo
tou K.

Prìtash 4.13 'Estw q¸roc X me nìrma.
(1) An to K ⊆ X eÐnai akoloujiak� asjen¸c sumpagèc, tìte eÐnai akoloujiak�
asjen¸c kleistì kai fragmèno.
(2) An to K ⊆ X∗ eÐnai akoloujiak� asjen¸c∗ sumpagèc, tìte eÐnai akoloujiak�
asjen¸c∗ kleistì kai, an o X eÐnai q¸roc Banach, fragmèno.

Apìdeixh: (1) An to K den eÐnai fragmèno, up�rqei {xn} sto K ¸ste ‖xn‖ →
+∞. PaÐrnoume upoakoloujÐa {xnk

} h opoÐa sugklÐnei asjen¸c se k�poio
x ∈ K kai katal goume se �topo lìgw tou Jewr matoc 4.22.An h {xn} eÐnai sto K kai sugklÐnei asjen¸c sto x ∈ X, paÐrnoume {xnk

}h opoÐa sugklÐnei asjen¸c se k�poio x̂ ∈ K. Tìte x = w− limxnk
= x̂ apì thnPrìtash 4.12. 'Ara x ∈ K.(2) H apìdeixh eÐnai Ðdia me thn apìdeixh tou (1).

Je¸rhma 4.25 'Estw autopaj c q¸roc X me nìrma kai kurtì K ⊆ X.

Tìte to K eÐnai akoloujiak� asjen¸c sumpagèc an kai mìnon an eÐ-

nai kleistì kai fragmèno.



4.10. ASJEN�HS S�UGKLISH KAI ASJEN�HS∗ S�UGKLISH 157
Apìdeixh: 'Estw fragmèno, kurtì, kleistì uposÔnolo K tou X kai {xn} sto
K. Epeid  to K eÐnai fragmèno, up�rqei M ≥ 0 ¸ste ‖xn‖ ≤M gia k�je n.Jètoume Y = cl

(
< {xn|n ∈ N} >

), opìte o Y eÐnai kleistìc upìqwroctou X. K�je y ∈ Y proseggÐzetai apì grammikoÔc sunduasmoÔc stoiqeÐwn tou
{xn|n ∈ N}, opìte kai apì grammikoÔc sunduasmoÔc me rhtoÔc suntelestècstoiqeÐwn tou {xn|n ∈ N}. 'Ara o Y eÐnai diaqwrÐsimoc. Epeid  o X eÐnaiautopaj c kai o Y kleistìc, apì to Je¸rhma 4.19 sunep�getai ìti o Y eÐnaiautopaj c. 'Ara kai o Y ∗∗, wc isometrikìc me ton Y , eÐnai diaqwrÐsimoc. Apìthn Prìtash 4.8 sunep�getai ìti kai o Y ∗ eÐnai diaqwrÐsimoc.JewroÔme èna arijm simo puknì uposÔnolo {y∗m|m ∈ N} tou Y ∗. Gia k�je
y∗m isqÔei ìti |y∗m(xn)| ≤ ‖y∗m‖ ‖xn‖ ≤ ‖y∗m‖M , opìte h akoloujÐa {y∗m(xn)}eÐnai fragmènh sto F . Efarmìzontac to diag¸nio epiqeÐrhma tou Cantor, brÐ-skoume upoakoloujÐa {xnk

} ¸ste na up�rqei to limk y
∗
m(xnk

) ∈ F gia k�je m.PaÐrnoume, t¸ra, opoiod pote y∗ ∈ Y ∗ kai brÐskoume m ¸ste ‖y∗ − y∗m‖ < ε.Tìte |y∗(xnk
)−y∗(xnl

)| ≤ |y∗(xnk
)−y∗m(xnk

)|+|y∗m(xnk
)−y∗m(xnl

)|+|y∗m(xnl
)−

y∗(xnl
)| ≤ εM + |y∗m(xnk

) − y∗m(xnl
)| + εM . 'Ara lim supk,l→+∞ |y∗(xnk

) −
y∗(xnl

)| ≤ 2εM gia k�je ε > 0 kai, epomènwc, up�rqei to lim y∗(xnk
) ∈ F .OrÐzoume y∗∗ : Y ∗ → F me tÔpo y∗∗(y∗) = limk y

∗(xnk
) gia k�je y∗ ∈ Y ∗.EÐnai aplì na apodeiqjeÐ ìti to y∗∗ eÐnai grammikì kai |y∗∗(y∗)| ≤ M ‖y∗‖ giak�je y∗ ∈ Y ∗. 'Ara y∗∗ ∈ Y ∗∗.Lìgw thc autop�jeiac tou Y , up�rqei y ∈ Y ¸ste J ′y = y∗∗, ìpou J ′eÐnai h fusiologik  emfÔteush tou Y ston Y ∗∗. Dhlad , y∗(y) = y∗∗(y∗) =

limk y
∗(xnk

) gia k�je y∗ ∈ Y ∗.'Estw, t¸ra, tuqìn x∗ ∈ X∗. PaÐrnoume y∗ ∈ Y ∗ na eÐnai o periorismìc tou
x∗ ston Y . AfoÔ ìla ta xnk

kai to y an koun ston Y , isqÔei x∗(y) = y∗(y) =
limk y

∗(xnk
) = limk x

∗(xnk
). 'Ara y = w − limk xnk

. Tèloc, epeid  to K eÐnaikurtì kai kleistì, apì to Je¸rhma 4.24 sunep�getai ìti y ∈ K.'Ara to K eÐnai akoloujiak� asjen¸c sumpagèc.Antistrìfwc, èstw ìti toK eÐnai kurtì kai akoloujiak� asjen¸c sumpagèc.Apì thn Prìtash 4.13 sunep�getai ìti eÐnai fragmèno kai akoloujiak� asjen¸ckleistì kai, epomènwc, kleistì.
IsqÔei kai to antÐstrofo tou teleutaÐou jewr matoc kai se (fainomenik�)isqurìterh morf . Dhlad : an h kleist  monadiaÐa mp�la enìc q¸rou

Banach eÐnai akoloujiak� asjen¸c sumpag c, tìte o q¸roc eÐnai au-

topaj c. Autì eÐnai èna je¸rhma twn Eberlein-Shmulyan.

Je¸rhma 4.26 'Estw autopaj c q¸roc X me nìrma kai kurtì, klei-

stì K ⊆ X. Tìte gia k�je x ∈ X up�rqei y0 ∈ K ¸ste ‖x− y0‖ =
inf{‖x− y‖ | y ∈ K}.

Apìdeixh: 'Estw y1 ∈ K kai R = ‖x− y1‖. Jètoume K1 = K ∩ cl(B(x;R)),opìte to K1 eÐnai kurtì, kleistì kai fragmèno. PaÐrnoume {yn} sto K ¸ste
‖x− yn‖ → d, ìpou d = inf{‖x− y‖ | y ∈ K}, kai ‖x− yn‖ ≤ R gia k�je n.Tìte h {yn} eÐnai sto K1 kai apì to prohgoÔmeno je¸rhma sunep�getai ìtiup�rqei upoakoloujÐa {ynk

} ¸ste na up�rqei to y0 = w − lim ynk
sto K.
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Apì to Je¸rhma 4.22 sunep�getai ìti d ≤ ‖x− y0‖ ≤ lim inf ‖x− ynk
‖ = d.'Ara ‖x− y0‖ = d.

Je¸rhma 4.27 (Helly)'Estw diaqwrÐsimoc q¸roc Banach X me nìrma.

'Ena K ⊆ X∗ eÐnai akoloujiak� asjen¸c∗ sumpagèc an kai mìnon an

eÐnai akoloujiak� asjen¸c∗ kleistì kai fragmèno.

Eidik¸tera, h kleist  monadiaÐa mp�la tou X∗ eÐnai akoloujiak�

asjen¸c∗ sumpag c.

Apìdeixh: 'Estw ìti to K eÐnai akoloujiak� asjen¸c∗ kleistì kai fragmèno.PaÐrnoume {x∗n} sto K, opìte up�rqei M ≥ 0 ¸ste ‖x∗n‖ ≤M gia k�je n.JewroÔme arijm simo {xm|m ∈ N} puknì stonX. Tìte gia opoiod pote xmèqoume |x∗n(xm)| ≤ M ‖xm‖ gia k�je n, opìte h {x∗n(xm)} eÐnai fragmènh sto
F . Me to diag¸nio epiqeÐrhma tou Cantor brÐskoume upoakoloujÐa {x∗nk

} ¸stegia k�je xm na up�rqei to limk x
∗
nk

(xm) sto F . T¸ra gia opoiod pote x ∈ Xup�rqei xm me ‖x− xm‖ < ε, opìte |x∗nk
(x) − x∗nl

(x)| ≤ |x∗nk
(x) − x∗nk

(xm)| +
|x∗nk

(xm) − x∗nl
(xm)| + |x∗nl

(xm) − x∗nl
(x)| ≤ εM + |x∗nk

(xm) − x∗nl
(xm)| + εM .'Ara lim supk,l→+∞ |x∗nk

(x) − x∗nl
(x)| ≤ 2εM kai, epeid  to ε > 0 eÐnai tuqìn,sunep�getai ìti up�rqei to limk x
∗
nk

(x) sto F .Jètoume x∗ : X → F me tÔpo x∗(x) = limk x
∗
nk

(x) gia k�je x ∈ X. EÐnaijèma routÐnac na apodeiqjeÐ ìti to x∗ eÐnai grammikì stonX kai |x∗(x)| ≤M ‖x‖gia k�je x ∈ X. 'Ara x∗ ∈ X∗ kai x∗ = w∗ − limk x
∗
nk
. Epeid  to K eÐnaiakoloujiak� asjen¸c∗ kleistì, sunep�getai ìti x∗ ∈ K kai, epomènwc to KeÐnai akoloujiak� asjen¸c∗ sumpagèc.To antÐstrofo perièqetai sthn Prìtash 4.13.Apomènei na apodeiqjeÐ ìti h kleist  monadiaÐa mp�la tou X∗ eÐnai ako-loujiak� asjen¸c∗ kleist . 'Estw {x∗n} ston X∗ me ‖x∗n‖ ≤ 1 gia k�je n kai

x∗n
w∗

→ x∗ ∈ X∗. Apì to Je¸rhma 4.23 sunep�getai ìti ‖x∗‖ ≤ 1.

4.11 AsjeneÐc topologÐec
Orismìc 4.14 'Estw grammikìc q¸roc X kai L mÐa mh-ken  sullog  gram-
mik¸n sunarthsoeid¸n tou X me thn idiìthta: gia k�je x ∈ X me x 6= 0 up�rqei
x′ ∈ L ¸ste x′(x) 6= 0. Tìte h L onom�zetai diaqwrÐzousa sullog  gramm.
sunarthsoeid¸n tou X.

ParathroÔme, t¸ra, ìti, an jèsoume P = {|x′| |x′ ∈ L}, tìte h P eÐnaidiaqwrÐzousa sullog  hminorm¸n tou X. Epomènwc, orÐzetai h sullog  N 0
P ,thn opoÐa sth sugkekrimènh perÐptwsh sumbolÐzoume N 0

L, me stoiqeÐa ìla tauposÔnola U0 tou X pou gr�fontai U0 = {x ∈ X| |x′1(x)| < ε1} ∩ · · · ∩ {x ∈
X| |x′n(x)| < εn}, ìpou to n ∈ N, ta x′1, . . . , x′n ∈ L kai ta ε1, . . . , εn > 0 eÐnaiaujaÐreta.EpÐshc, orÐzetai h sullog  TP , thn opoÐa t¸ra sumbolÐzoume TL, me stoiqeÐaìla ta sÔnola O me thn idiìthta: gia k�je x ∈ O up�rqei U0 ∈ N 0

L ¸ste
x+ U0 ⊆ O.
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'Amesh efarmog  thc Prìtashc 3.34 apoteloÔn ta:(1) K�je U0 ∈ N 0

L perièqei to 0, eÐnai kurtì, isorrophmèno kai aporrof� ton
X.(2) An U0

1 , . . . , U
0
m ∈ N 0

L, tìte U0
1 ∩ . . . ∩ U0

m ∈ N 0
L.(3) K�je U0 ∈ N 0

L an kei sthn TL.
L mma 4.6 'Estw grammikìc q¸roc X, x′ grammikì sunarthsoeidèc tou X kai
T topologÐa ston X wc proc thn opoÐa h pr�xh + : X×X → X eÐnai suneq c.
Tìte to x′ eÐnai suneqèc ston X an kai mìnon an h hminìrma |x′| eÐnai suneq c
ston X.

Apìdeixh: 'Estw ìti to x′ eÐnai suneqèc sto tuqìn x ∈ X. Tìte gia k�je ε > 0up�rqei anoikt  perioq  O tou x ¸ste |x′(y)− x′(x)| < ε gia k�je y ∈ O. 'Ara
||x′(y)| − |x′(x)|| < ε gia k�je y ∈ O kai, epomènwc, h |x′| eÐnai suneq c sto x.Antistrìfwc, èstw ìti h |x′| eÐnai suneq c sto 0. Autì eÐnai tautìshmo meto ìti to x′ eÐnai suneqèc sto 0. Dhlad , gia k�je ε > 0 up�rqei anoikt  perioq 
O tou 0 ¸ste |x′(y)| < ε gia k�je y ∈ O. Lìgw thc sunèqeiac thc prìsjeshc,to sÔnolo O + x eÐnai anoikt  perioq  tou x kai, profan¸c, |x′(y) − x′(x)| =
|x′(y − x)| < ε gia k�je y ∈ O + x. 'Ara to x′ eÐnai suneqèc sto x.

Me to l mma autì na exasfalÐzei thn isqÔ tou parak�tw (iii), to Je¸rhma3.35 diatup¸netai, t¸ra, wc ex c.
H TL eÐnai h el�qisth topologÐa ston X me tic idiìthtec:

(i) o X me thn TL eÐnai q¸roc Hausdorff,
(ii) oi pr�xeic + : X ×X → X kai · : F ×X → X eÐnai suneqeÐc,

(iii) k�je x′ ∈ L eÐnai suneq c.

Orismìc 4.15 'Estw grammikìc q¸roc X kai diaqwrÐzousa sullog  L gramm.
sunarthsoeid¸n tou X. Tìte h topik� kurt  topologÐa TL tou X onom�zetai h
asjen c topologÐa tou X h opoÐa ep�getai apì thn L kai sumbolÐzetai
σ(X,L).

An o X eÐnai q¸roc me nìrma, tìte apì to je¸rhma Hahn-Banach sunep�-getai ìti h L = X∗ eÐnai diaqwrÐzousa sullog  grammik¸n sunarthsoeid¸n.
Orismìc 4.16 'Estw q¸roc X me nìrma. H σ(X,X∗) onom�zetai h asjen c
topologÐa tou X.

'Ena uposÔnolo tou X to opoÐo eÐnai anoiktì   kleistì   sumpagèc wc proc
thn σ(X,X∗) onom�zetai asjen¸c anoiktì   asjen¸c kleistì   asjen¸c
sumpagèc, antistoÐqwc.

An o X eÐnai q¸roc me nìrma, tìte kai o X∗ eÐnai q¸roc me nìrma kai oduikìc tou eÐnai o X∗∗. 'Ara h asjen c topologÐa tou X∗ eÐnai h σ(X∗, X∗∗).'Omwc, ston X∗ orÐzetai akìma mÐa endiafèrousa topologÐa.
Orismìc 4.17 'Estw q¸roc X me nìrma kai J : X → X∗∗ h fusiologik 
emfÔteush. H σ(X∗, J(X)) onom�zetai h asjen c∗ topologÐa tou X∗. Lìgw
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thc taÔtishc tou X me thn eikìna tou, J(X), h topologÐa aut  sumbolÐzetai,
q�rin eukolÐac, σ(X∗, X).

'Ena uposÔnolo tou X∗ to opoÐo eÐnai anoiktì   kleistì   sumpagèc wc proc
thn σ(X∗, X) onom�zetai asjen¸c∗ anoiktì   asjen¸c∗ kleistì   asjen¸c∗

sumpagèc, antistoÐqwc.

H tupik  anoikt  perioq  tou 0 wc proc thn σ(X,X∗) eÐnai h {x ∈ X | |x∗1(x)|
< ε1} ∩ · · · ∩ {x ∈ X | |x∗n(x)| < εn}, ìpou to n ∈ N, ta x∗1, . . . , x

∗
n ∈ X∗

kai ta ε1, . . . , εn > 0 eÐnai aujaÐreta. OmoÐwc, h tupik  anoikt  perioq  tou
0 wc proc thn σ(X∗, X∗∗) eÐnai h {x∗ ∈ X∗ | |x∗∗1 (x∗)| < ε1} ∩ · · · ∩ {x∗ ∈
X∗ | |x∗∗n (x∗)| < εn}, en¸ h tupik  anoikt  perioq  tou 0 wc proc thn σ(X∗, X)eÐnai h {x∗ ∈ X∗ | |x∗(x1)| < ε1} ∩ · · · ∩ {x∗ ∈ X∗ | |x∗(xn)| < εn}.Epomènwc, se k�je q¸ro X me nìrma èqoume orÐsei dÔo topologÐec: thnasjen  topologÐa kai thn topologÐa pou ep�getai apì th nìrma tou X, h opoÐaonom�zetai kai h isqur  topologÐa tou X.EpÐshc, ston X∗ èqoume orÐsei treÐc topologÐec: thn isqur  topologÐa, thnasjen  topologÐa kai thn asjen ∗ topologÐa tou X∗.EÐnai profanèc ìti, an o X eÐnai autopaj c, tìte h asjen c topolo-

gÐa kai h asjen c∗ topologÐa tou X∗ tautÐzontai.Ston X∗∗ èqoume orÐsei dÔo topologÐec: thn isqur  kai thn asjen ∗ topolo-gÐa.H epìmenh prìtash ekfr�zei th sqèsh an�mesa sthn asjen  topologÐa tou
X kai thn asjen ∗ topologÐa tou X∗∗ mèsw thc fusiologik c emfÔteushc tou
X ston X∗∗. Autì pou sumbaÐnei eÐnai ìti, me thn taÔtish twn X kai J(X), hasjen c topologÐa tou X kai h asjen c∗ topologÐa tou J(X) (akribèstera, operiorismìc thc asjenoÔc∗ topologÐac tou X∗∗ sto J(X)) tautÐzontai.
Prìtash 4.14 'Estw q¸roc X me nìrma kai J : X → X∗∗ h fusiologik 
emfÔteush. An oX èqei thn asjen  topologÐa, oX∗∗ thn asjen ∗ topologÐa kai
to J(X) thn topologÐa-upìqwrou, tìte h J : X → J(X) eÐnai omoiomorfismìc.

Apìdeixh: 'Estw tuqìn x ∈ X. Me paramètrouc ta n ∈ N, x∗1, . . . , x∗n ∈ X∗

kai ε1, . . . , εn > 0 èqoume thn anoikt  perioq  Ux = {z ∈ X | |x∗1(z) − x∗1(x)| <
ε1} ∩ · · · ∩ {z ∈ X | |x∗n(z) − x∗n(x)| < εn} tou x wc proc thn asjen  topo-logÐa tou X. Me tic Ðdiec paramètrouc èqoume thn anoikt  perioq  {z∗∗ ∈
X∗∗ | |z∗∗(x∗1)−Jx(x∗1)| < ε1}∩· · ·∩{z∗∗ ∈ X∗∗ | |z∗∗(x∗n)−Jx(x∗n)| < εn} tou Jxwc proc thn asjen ∗ topologÐa tou X∗∗. PeriorÐzontac to z∗∗ sto J(X), dhlad jètontac z∗∗ = Jz, kai gr�fontac Jx(x∗j ) = x∗j (x) kai Jz(x∗j ) = x∗j (z), paÐrnou-me thn anoikt  perioq  V Jx = {Jz ∈ J(X) | |x∗1(z)− x∗1(x)| < ε1} ∩ · · · ∩ {Jz ∈
J(X) | |x∗n(z)− x∗n(x)| < εn} tou x wc proc thn topologÐa-upìqwrou tou J(X).EÐnai fanerì ìti V Jx = J(Ux).An O eÐnai anoiktì wc proc thn topologÐa-upìqwrou tou J(X) kai Jx ∈ O,tìte up�rqei V Jx ⊆ O. 'Ara gia thn antÐstoiqh Ux isqÔei ìti Jz ∈ O gia k�je
z ∈ Ux. Autì shmaÐnei ìti h J eÐnai suneq c sto x.An Q eÐnai asjen¸c anoiktì ston X kai x ∈ Q, tìte up�rqei Ux ⊆ Q. 'Aragia thn antÐstoiqh V Jx isqÔei ìti J−1(Jz) ∈ Q gia k�je Jz ∈ V Jx. AutìshmaÐnei ìti h J−1 eÐnai suneq c sto Jx.
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Prìtash 4.15 'Estw q¸roc X me nìrma.

(1) IsqÔei xn
w→ x ston X an kai mìnon an h {xn} sugklÐnei sto x wc proc thn

asjen  topologÐa tou X.

(2) IsqÔei x∗n
w∗

→ x∗ ston X∗ an kai mìnon an h {x∗n} sugklÐnei sto x∗ wc proc
thn asjen ∗ topologÐa tou X∗.

Apìdeixh: (1) 'Estw xn
w→ x ston X. JewroÔme tuqìn anoiktì O wc prìcthn σ(X,X∗) me x ∈ O. Tìte up�rqei U0 = {y ∈ X | |x∗1(y)| < ε1} ∩ · · · ∩

{y ∈ X | |x∗n(y)| < εn}, me n ∈ N, x∗1, . . . , x∗n ∈ X∗ kai ε1, . . . , εn > 0, ¸ste
x + U0 ⊆ O. Epeid  x∗(xn) → x∗(x) gia k�je x∗ ∈ X∗, up�rqei N ¸ste
|x∗j (xn − x)| = |x∗j (xn) − x∗j (x)| < εj gia k�je n ≥ N kai k�je j = 1, . . . , n.Autì shmaÐnei ìti xn− x ∈ U0 gia k�je n ≥ N kai, epomènwc, xn ∈ O gia k�je
n ≥ N . 'Ara h {xn} sugklÐnei sto x wc proc thn asjen  topologÐa tou X.Antistrìfwc, èstw ìti h {xn} sugklÐnei sto x wc proc thn asjen  topologÐatou X. PaÐrnoume tuqìn x∗ ∈ X∗ kai thn anoikt  perioq  x+{y ∈ X | |x∗(y)| <
ε} tou x. Tìte up�rqei N ¸ste xn ∈ x+ {y ∈ X | |x∗(y)| < ε} gia k�je n ≥ N ,opìte |x∗(xn)−x∗(x)| = |x∗(xn−x)| < ε gia k�je n ≥ N . 'Ara x∗(xn) → x∗(x)gia tuqìn x∗ ∈ X∗, opìte xn

w→ x ston X.(2) H apìdeixh eÐnai ìmoia.
Prìtash 4.16 'Estw q¸roc X me nìrma.
(1) H asjen c topologÐa tou X eÐnai mikrìterh   Ðsh apì thn isqur  topologÐa
tou X.
(2) H asjen c∗ topologÐa touX∗ eÐnai mikrìterh   Ðsh apì thn asjen  topologÐa
tou X∗ kai aut  eÐnai mikrìterh   Ðsh apì thn isqur  topologÐa tou X∗.

Apìdeixh: 'Askhsh.
Prìtash 4.17 'Estw grammikìc q¸roc X kai diaqwrÐzousa sullog  L gram-
mik¸n sunarthsoeid¸n tou X. OrÐzoume sun�rthsh φ : X →

∏
x′∈L F me tÔpo

φ(x) =
(
x′(x)

)
x′∈L gia k�je x ∈ X. Dhlad , h x′-suntetagmènh tou φ(x) eÐnai

h φ(x)x′ = x′(x) gia k�je x′ ∈ L. Tìte h φ eÐnai 1-1.
An o X èqei thn asjen  topologÐa σ(X,L), o

∏
x′∈L F èqei thn topologÐa-

ginìmeno (ìpou k�je F èqei thn eukleÐdia topologÐa) kai to φ(X) èqei thn
topologÐa-upìqwrou, tìte h φ : X → φ(X) eÐnai omoiomorfismìc tou X me
to φ(X).

Apìdeixh: 'Estw ìti x1, x2 ∈ X kai φ(x1) = φ(x2). Tìte φ(x1)x′ = φ(x2)x′kai, epomènwc, x′(x1) = x′(x2) gia k�je x′ ∈ L. Epeid  h L eÐnai diaqwrÐzousa,sunep�getai ìti x1 = x2. 'Ara h φ eÐnai 1-1.'Ara h φ : X → φ(X) eÐnai 1-1 kai epÐ kai mènei na apodeÐxoume ìti aut  kaih φ−1 : φ(X) → X eÐnai suneqeÐc se k�je shmeÐo tou pedÐou orismoÔ touc.An x ∈ X, tìte me paramètrouc ta n ∈ N, x′1, . . . , x′n ∈ L kai ε1, . . . , εn > 0orÐzetai h anoikt  perioq  Ux = {z ∈ X | |x′1(z) − x′1(x)| < ε1} ∩ · · · ∩ {z ∈
X | |x′n(z)− x′n(x)| < εn} tou x wc proc thn σ(X,L).H Ðdia epilog  twn paramètrwn aut¸n orÐzei thn anoikt  perioq  {w ∈∏

x′∈L F | |wx′1
− yx′1

| < ε1} ∩ · · · ∩ {w ∈
∏

x′∈L F | |wx′n − yx′n | < εn} tou y
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sto ∏
x′∈L F wc proc thn topologÐa-ginìmeno. T¸ra, an periorÐsoume ta y, wsto φ(X) kai jèsoume y = φ(x), w = φ(z) me x, z ∈ X, ja èqoume anoikt perioq  V y tou y ∈ φ(X) sto φ(X) wc proc thn topologÐa-upìqwrou. Gr�-fontac yx′

j
= x′j(x) kai wx′

j
= x′j(z) gia k�je j = 1, . . . , n, brÐskoume ìti

V y = {φ(z) ∈ φ(X) | |x′1(z)−x′1(x)| < ε1}∩ · · ·∩{z ∈ X | |x′n(z)−x′n(x)| < εn}.ParathroÔme ìti V y = φ(Ux).'Estw tuqìn x ∈ X kai O 3 y = φ(x) anoiktì sto φ(X) wc proc thntopologÐa-upìqwrou. Dhlad , up�rqei anoikt  perioq  thc morf c V y ¸ste
V y ⊆ O. JewroÔme thn antÐstoiqh anoikt  perioq  Ux tou x kai èqoume ìti giak�je z ∈ Ux isqÔei φ(z) ∈ φ(Ux) = V y, opìte φ(z) ∈ O. 'Ara h φ eÐnai suneq csto x.'Estw tuqìn y = φ(x) ∈ φ(X) kai Q 3 x = φ−1(y) anoiktì sto X wc procthn σ(X,L). Dhlad , up�rqei anoikt  perioq  thc morf c Ux ¸ste Ux ⊆ Q.JewroÔme thn antÐstoiqh anoikt  perioq  V y tou y kai èqoume ìti gia k�je
w ∈ V y isqÔei φ−1(w) ∈ φ−1(V y) = Ux, opìte φ−1(w) ∈ Q. 'Ara h φ−1 eÐnaisuneq c sto y.
Prìtash 4.18 'Estw q¸roc X me nìrma.
(1) An to K ⊆ X eÐnai asjen¸c sumpagèc, tìte eÐnai asjen¸c kleistì kai
fragmèno.
(2) An to K ⊆ X∗ eÐnai asjen¸c∗ sumpagèc, tìte eÐnai asjen¸c∗ kleistì kai,
an o X eÐnai q¸roc Banach, fragmèno.

Apìdeixh: (1) Epeid  o X me thn topologÐa σ(X,X∗) eÐnai q¸roc Hausdorff,sunep�getai ìti to asjen¸c sumpagèc K ⊆ X eÐnai asjen¸c kleistì. K�je
x∗ ∈ X∗ eÐnai suneq c stonX me thn σ(X,X∗), opìte eÐnai fragmènh sun�rthshsto K. Dhlad  supx∈K |x∗(x)| < +∞ gia k�je x∗ ∈ X∗. Apì to Je¸rhma 4.21sunep�getai ìti supx∈K ‖x‖ < +∞, opìte to K eÐnai fragmèno.(2) 'Askhsh.
Je¸rhma 4.28 (Alaoglou) 'Estw q¸roc X me nìrma. An K ⊆ X∗ eÐ-

nai asjen¸c∗ kleistì kai fragmèno, tìte eÐnai asjen¸c∗ sumpagèc.

Eidik¸tera, h kleist  monadiaÐa mp�la tou X∗ eÐnai asjen¸c∗

sumpag c.

Antistrìfwc, an to K eÐnai asjen¸c∗ sumpagèc, tìte eÐnai asje-

n¸c∗ kleistì kai, an o X eÐnai q¸roc Banach, fragmèno.

Apìdeixh: Efarmìzoume thn Prìtash 4.17 sto q¸ro X∗ me L = J(X) ⊆ X∗∗

kai thn epag¸menh asjen ∗ topologÐa tou X∗. JewroÔme ton omoiomorfismì
φ : X∗ → φ(X∗) ⊆

∏
J(x)∈J(X) F =

∏
x∈X F thc prohgoÔmenhc prìtashc.JewroÔme asjen¸c∗ kleistì kai fragmèno K ⊆ X∗, opìte up�rqei M ≥ 0¸ste ‖x∗‖ ≤ M gia k�je x∗ ∈ K. Tìte gia k�je x ∈ X kai x∗ ∈ K èqoume

|φ(x∗)x| = |Jx(x∗)| = |x∗(x)| ≤ M ‖x‖. Epomènwc, an x∗ ∈ K, tìte φ(x∗)x ∈
[−M ‖x‖ ,M ‖x‖] gia k�je x ∈ X. 'Ara

φ(K) ⊆ φ(X∗) ∩
∏
x∈X

[−M ‖x‖ ,M ‖x‖] ⊆
∏
x∈X

F.
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ArkeÐ na apodeÐxoume ìti to φ(K) eÐnai kleistì uposÔnolo tou ∏

x∈X Fwc proc thn topologÐa-ginìmeno. Tìte to φ(K) ja eÐnai kleistì uposÔnolotou ∏
x∈X [−M ‖x‖ ,M ‖x‖], to opoÐo eÐnai sumpagèc lìgw tou Jewr matoc tou

Tychonov. 'Ara to φ(K) ja eÐnai sumpagèc kai, epomènwc, to K, wc suneq ceikìna tou φ(K), eÐnai asjen¸c∗ sumpagèc.'Estw y = (yx)x∈X ∈
∏

x∈X F shmeÐo suss¸reushc tou φ(K). JewroÔmetuqìnta x1, x2 ∈ X, κ ∈ F kai ε > 0 kai thn anoikt  perioq  tou y thc morf c
{w ∈

∏
x∈X F | |wx1 − yx1 | < ε} ∩ {w ∈

∏
x∈X F | |wx2 − yx2 | < ε} ∩ {w ∈∏

x∈X F | |wx1+x2−yx1+x2 | < ε}∩{w ∈
∏

x∈X F | |wκx1−yκx1 | < ε}. PaÐrnoume
x∗ ∈ K ¸ste to φ(x∗) na an kei sthn perioq  aut . Autì shmaÐnei ìti |x∗(x1)−
yx1 |, |x∗(x2)−yx2 |, |x∗(x1+x2)−yx1+x2 |, |x∗(κx1)−yκx1 | < ε. Epeid  to x∗ eÐnaigrammikì, eÔkola apodeiknÔoume ìti |yx1+x2−yx1−yx2 | < 3ε kai |yκx1−κyx1 | <
(1+ |κ|)ε. Tèloc, epeid  to ε eÐnai aujaÐreto, sunep�getai ìti yx1+x2 = yx1 +yx2kai yκx1 = κyx1 gia k�je x1, x2 ∈ X kai κ ∈ F .Epeid  φ(K) ⊆

∏
x∈X [−M ‖x‖ ,M ‖x‖] kai to ginìmeno autì eÐnai kleistìsto ∏

x∈X F , sunep�getai ìti y ∈ ∏
x∈X [−M ‖x‖ ,M ‖x‖], opìte |yx| ≤ M ‖x‖gia k�je x ∈ X.OrÐzoume x∗ : X → F me tÔpo x∗(x) = yx gia k�je x ∈ X. Apì taprohgoÔmena sunep�getai amèswc ìti x∗ ∈ X∗ kai φ(x∗) = y. Epeid  h φ−1

eÐnai suneq c sto y ∈ φ(X∗), sunep�getai ìti to x∗ eÐnai shmeÐo suss¸reushctou K wc proc thn asjen ∗ topologÐa kai, epomènwc, x ∈ K. 'Ara y ∈ φ(K).To antÐstrofo perièqetai sthn Prìtash 4.18.Mènei na apodeÐxoume ìti h kleist  monadiaÐa mp�la tou X∗ eÐnai asjen¸c∗kleist . 'Estw tuqìn x∗ ∈ X∗ me ‖x∗‖ > 1. PaÐrnoume x ∈ X ¸ste ‖x‖ = 1kai |x∗(x)| > 1, jètoume ε = |x∗(x)| − 1 > 0 kai jewroÔme thn anoikt  perioq 
Ux∗ = {z∗ ∈ X∗ | |z∗(x) − x∗(x)| < ε} tou x∗ wc proc thn asjen ∗ topologÐatou X∗. Tìte gia k�je z∗ ∈ Ux∗ èqoume ‖z∗‖ ≥ |z∗(x)| > |x∗(x)| − ε = 1 kai,epomènwc, h Ux∗ eÐnai xènh proc thn kleist  monadiaÐa mp�la tou X∗.
Je¸rhma 4.29 'Estw q¸roc X me nìrma kai kurtì K ⊆ X. Tìte to

K eÐnai asjen¸c kleistì an kai mìnon an eÐnai kleistì.

Apìdeixh: 'Estw ìti to K eÐnai kurtì kai kleistì. PaÐrnoume tuqìn x /∈ K kaija apodeÐxoume ìti up�rqei anoikt  perioq  tou x wc proc thn asjen  topologÐatou X xènh proc to K. Epeid  k�je metafor� eÐnai omoiomorfismìc kai wc procthn isqur  kai wc proc thn asjen  topologÐa, mporoÔme na upojèsoume ìti
x = 0. Katìpin paÐrnoume R > 0 ¸ste B(0;R) ∩K = ∅.Apì to Je¸rhma 4.13 sunep�getai ìti up�rqei mh-mhdenikì x∗ ∈ X∗ me
‖x∗‖ ≤ 1

R ¸ste <x∗(x) < 1 gia k�je x ∈ B(0;R) kai <x∗(x) ≥ 1 gia k�je
x ∈ K.H anoikt  perioq  U0 = {x ∈ X | |x∗(x)| < 1} tou 0 wc proc thn asjen topologÐa tou X eÐnai, profan¸c, xènh proc to K.
Je¸rhma 4.30 'Estw autopaj c q¸roc X me nìrma kai kurtì K ⊆ X.

Tìte to K eÐnai asjen¸c sumpagèc an kai mìnon an eÐnai kleistì

kai fragmèno.



164 KEF�ALAIO 4. O DUIK�OS Q�WROS

Apìdeixh: Apì thn Prìtash 4.18 sunep�getai ìti, an to K eÐnai asjen¸c sumpa-gèc, tìte eÐnai fragmèno kai asjen¸c kleistì kai, epomènwc, kleistì.
Antistrìfwc, èstw ìti to K eÐnai kurtì, kleistì kai fragmèno. Apì toJe¸rhma 4.29 sunep�getai ìti to K eÐnai asjen¸c kleistì.
'Eqoume  dh parathr sei ìti, mèsw thc taÔtishc twnX,X∗∗, h asjen c topo-logÐa tou X kai h asjen c∗ topologÐa tou X∗∗ tautÐzontai. Pio sugkekrimèna,apì thn Prìtash 4.14 sunep�getai ìti h fusiologik  emfÔteush J : X → X∗∗

eÐnai omoiomorfismìc an o X èqei thn asjen  topologÐa kai o X∗∗ èqei thnasjen ∗ topologÐa.
Epomènwc, to J(K) eÐnai kurtì, fragmèno kai asjen¸c∗ kleistì ston X∗∗,opìte apì to Je¸rhma 4.28 sunep�getai ìti eÐnai asjen¸c∗ sumpagèc. 'Ara,lìgw tou omoiomorfismoÔ, to K eÐnai asjen¸c sumpagèc.

Je¸rhma 4.31 'Estw q¸roc X me nìrma kai J : X → X∗∗ h fusiolo-

gik  emfÔteush. An BX eÐnai h kleist  monadiaÐa mp�la tou X,

tìte to J(BX) eÐnai puknì sthn BX∗∗ wc proc thn asjen ∗ topolo-

gÐa tou X∗∗.

Apìdeixh: Epeid  h J eÐnai isometrik  emfÔteush, èqoume ìti J(BX) ⊆ BX∗∗ .
'Estw x∗∗ me ‖x∗∗‖ ≤ 1 kai asjen¸c∗ anoiktì sÔnolo O ⊆ X∗∗ me x∗∗ ∈ O.Tìte up�rqoun x∗1, . . . , x

∗
n ∈ X∗ kai ε1, . . . , εn > 0 ¸ste h anoikt  perioq 

Ux∗∗ = {z∗∗ ∈ X∗∗ | |z∗∗(x∗1) − x∗∗(x∗1)| < ε1} ∩ · · · ∩ {z∗∗ ∈ X∗∗ | |z∗∗(x∗n) −
x∗∗(x∗n)| < εn} tou x∗∗ wc prìc thn asjen ∗ topologÐa na perièqetai sto O.

Jètoume ε = min
(

ε1
‖x∗1‖

, . . . , εn

‖x∗n‖
) kai efarmìzoume to Je¸rhma 4.16. Gia

k�je κ1, . . . , κn ∈ F èqoume ìti |κ1x
∗∗(x∗1) + · · · + κnx

∗∗(x∗n)| = |x∗∗(κ1x
∗
1 +

· · · + κnx
∗
n)| ≤ ‖κ1x

∗
1 + · · ·+ κnx

∗
n‖. 'Ara up�rqei z ∈ X ¸ste ‖z‖ < 1 + ε kai

x∗j (z) = x∗∗(x∗j ) gia k�je j = 1, . . . , n.
Jètoume x = 1

1+ε z, opìte ‖x‖ ≤ 1 kai |Jx(x∗j ) − x∗∗(x∗j )| = |x∗j (x) −
x∗∗(x∗j )| = ε

1+ε |x
∗∗(x∗j )| < ε

∥∥x∗j∥∥ ≤ εj gia k�je j. 'Ara Jx ∈ Ux∗∗ ⊆ O kai,epomènwc, to x∗∗ eÐnai shmeÐo suss¸reushc tou J(BX) wc prìc thn asjen ∗topologÐa tou X∗∗.
To epìmeno apotèlesma eÐnai to antÐstrofo tou Jewr matoc 4.30.

Je¸rhma 4.32 'Enac q¸roc Banach eÐnai autopaj c an kai mìnon an

h kleist  monadiaÐa mp�la tou eÐnai asjen¸c sumpag c.

Apìdeixh: 'Estw ìti o X eÐnai autopaj c. Apì to Je¸rhma 4.30 sunep�getaiìti h BX eÐnai asjen¸c sumpag c.
Antistrìfwc, èstw ìti h BX eÐnai asjen¸c sumpag c. Apì thn Prìtash4.14 sunep�getai ìti to J(BX) eÐnai asjen¸c∗ sumpagèc uposÔnolo tou BX∗∗ .Apì to prohgoÔmeno je¸rhma sunep�getai ìti J(BX) = BX∗∗ kai, epomènwc,

J(X) = X∗∗.
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4.12 To je¸rhma twn Krein kai Milman

Orismìc 4.18 'Estw grammikìc q¸roc X kai M,K dÔo mh-ken� uposÔnola
tou X me M ⊆ K. To M onom�zetai akraÐo uposÔnolo tou K an èqei thn
ex c idiìthta: an x, y ∈ K, 0 < κ < 1 kai κx+ (1− κ)y ∈M , tìte x, y ∈M .

An a ∈ K, to a onom�zetai akraÐo shmeÐo tou K an to {a} eÐnai akraÐo
uposÔnolo tou K.

Dhlad , to ìti to a ∈ K eÐnai akraÐo shmeÐo touK shmaÐnei ìti: an x, y ∈ K,
0 < κ < 1 kai κx+ (1− κ)y = a, tìte x = y = a.EÐnai profanèc ìti k�je mh-kenì sÔnoloK eÐnai akraÐo uposÔnolo tou eautoÔtou.'Olec oi korufèc, ìlec oi akmèc kai, en gènei, ìlec oi k-di�statec èdrec(0 ≤ k ≤ n) enìc kurtoÔ poluèdrou ston Rn eÐnai akraÐa uposÔnol� tou. E-pÐshc, k�je shmeÐo thc epif�neiac miac eukleÐdiac mp�lac tou Rn eÐnai akraÐoshmeÐo thc mp�lac. Autì isqÔei genikìtera se opoiond pote q¸ro me eswterikìginìmeno kai apodeiknÔetai eÔkola.
L mma 4.7 'Estw grammikìc q¸roc X kai K ⊆ X.
(1) An to M eÐnai akraÐo uposÔnolo tou K kai to N eÐnai akraÐo uposÔnolo tou
M , tìte to N eÐnai akraÐo uposÔnolo tou K.
(2) An ìla ta stoiqeÐa thc sullog c M eÐnai akraÐa uposÔnola tou K, tìte to⋂
M, an den eÐnai kenì, eÐnai akraÐo uposÔnolo tou K.

(3) An to x′ eÐnai R-grammikì sunarthsoeidèc tou X kai to sÔnolo K ′ = {x ∈
K|x′(x) = minK x′} eÐnai mh-kenì, tìte to K ′ eÐnai akraÐo uposÔnolo tou K.

Apìdeixh: 'Askhsh.
To fusiologikì plaÐsio tou Jewr matoc twn Krein kai Milman eÐnai au-tì twn topik� kurt¸n q¸rwn kai ja qreiastoÔme th genÐkeush enìc basikoÔapotelèsmatoc twn q¸rwn me nìrma.

Je¸rhma 4.33 (Mazur) 'Estw grammikìc q¸roc X me thn topik� kur-

t  topologÐa TP h opoÐa ep�getai apì thn diaqwrÐzousa sullog  h-

minorm¸n P. An to A eÐnai kurtì uposÔnolo tou X kai èqei to 0
wc eswterikì shmeÐo kai an to B eÐnai mh-kenì kurtì uposÔnolo tou

X xèno proc to A, tìte up�rqei suneqèc grammikì sunarthsoeidèc

x′ tou X ¸ste

<x′(a) ≤ 1 ≤ <x′(b)

gia k�je a ∈ A kai k�je b ∈ B.

Apìdeixh: JewroÔme mÐa anoikt  perioq  U0 = {x ∈ X|p1(x) < ε1} ∩ · · · ∩ {x ∈
X|pn(x) < εn} tou 0 wc proc thn TP , ìpou p1, . . . , pn ∈ P kai ε1, . . . , εn > 0. H
U0 aporrof� ton X, opìte kai to A aporrof� ton X.Upojètoume, kat' arq n ìti F = R, opìte apì to Je¸rhma 2.5 sunep�getaiìti up�rqoun mh-mhdenikì grammikì sunarthsoeidèc x′ tou X kai κ = 0   1¸ste to A na perièqetai ston ènan apì touc kleistoÔc hmiq¸rouc pou orÐzontai
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kai to B na perièqetai ston �llo. Epeid  0 ∈ A kai x′(0) = 0, apokleÐetai to
A na perièqetai ston {x ∈ X|x′(x) ≥ 1}. An p�roume x0 me x′(x0) 6= 0, epeid h U0 aporrof� ton X kai eÐnai isorrophmènh, up�rqei t > 0 ¸ste kai ta dÔoshmeÐa ±tx0 na perièqontai sthn U0. 'Omwc to x′ èqei antÐjetec timèc sta dÔoaut� shmeÐa, opìte to A den perièqetai se kanènan apì touc {x ∈ X|x′(x) ≤ 0}kai {x ∈ X|x′(x) ≥ 0}.'Ara <x′(a) ≤ 1 ≤ <x′(b) gia k�je a ∈ A kai k�je b ∈ B.Sunep�getai ìti x′(±x) ≤ 1, opìte |x′(x)| ≤ 1 < 2 gia k�je x ∈ U0. 'Ara
|x′(x)| < ε gia k�je x ∈ ε

2 U
0, opìte eÐnai fanerì ìti to x′ eÐnai suneqèc sto 0kai, epomènwc, se k�je shmeÐo tou X.An F = C, jewroÔme ton X wc R-grammikì q¸ro, opìte, sÔmfwna meta prohgoÔmena, up�rqei R-grammikì suneqèc sunarthsoeidèc x′R tou X ¸ste

x′R(a) ≤ 1 ≤ x′R(b) gia k�je a ∈ A kai k�je b ∈ B. Ta upìloipa eÐnai �meshefarmog  tou L mmatoc 2.2.
Pìrisma 'Estw topik� kurtìc q¸roc X. Gia k�je x1, x2 ∈ X me x1 6= x2

up�rqei suneqèc grammikì sunarthsoeidèc x′ tou X ¸ste <x′(x1) 6= <x′(x2).

Apìdeixh: Jètoume x0 = x1−x2 6= 0 kai paÐrnoume mÐa hminìrma p apì autèc pouep�goun thn topologÐa tou X ¸ste p(x0) > 0. JewroÔme thn anoikt  perioq 
U0 = {x ∈ X|p(x) < 1

2 p(x0)} kai efarmìzoume to prohgoÔmeno je¸rhma staxèna kurt� sÔnola U0 kai {x0}. SumperaÐnoume ìti up�rqei suneqèc grammikìsunarthsoeidèc x′ tou X ¸ste 1 ≤ <x′(x0), opìte <x′(x1) 6= <x′(x2).
Je¸rhma 4.34 (Krein-Milman) 'Estw K èna mh-kenì sumpagèc uposÔ-

nolo enìc topik� kurtoÔ q¸rou X. Tìte.

(1) Up�rqei toul�qiston èna akraÐo shmeÐo tou K.

(2) An E eÐnai to sÔnolo ìlwn twn akraÐwn shmeÐwn tou K, tìte

K ⊆ cl(co(E)).
(3) An to K eÐnai kai kurtì, tìte K = cl(co(E)).

Apìdeixh: (1) JewroÔme th sullog  M ìlwn twn sumpag¸n akraÐwn uposunì-lwn tou K. H M den eÐnai ken , afoÔ perièqei to K. Sthn M jewroÔme thdi�taxh ≺ h opoÐa orÐzetai ¸c ex c: M1 ≺M2 an M2 ⊆M1. Katìpin paÐrnoumeèna olik� diatetagmèno uposÔnolo C tou M kai jètoume M0 =
⋂
C. Tìte:

(i) To M0 eÐnai mh-kenì kai sumpagèc.To M0 eÐnai sumpagèc wc tom  sumpag¸n sunìlwn. An M0 = ∅, tìte paÐr-noume opoiod pote M ′ ∈ C kai parathroÔme ìti h sullog  {X \M |M ∈ C,M ⊆
M ′} apoteleÐ anoikt  k�luyh tou M ′. Epomènwc, up�rqoun M1, . . . ,Mn ∈ C,ìla uposÔnola touM ′, ¸steM ′ ⊆ (X \M1)∪· · ·∪(X \Mn). Autì sunep�getaiìti M1 ∩ · · · ∩Mn = ∅, to opoÐo eÐnai adÔnaton afoÔ aut  h tom  eÐnai èna apìta M1, . . . ,Mn.
(ii) To M0 eÐnai akraÐo uposÔnolo tou K.H apìdeix  tou eÐnai �mesh apì to L mma 4.7(2).Apì ta (i) kai (ii) sunep�getai ìti toM0 eÐnai �nw-fr�gma thc C. 'Ara apì toL mma tou Zorn sumperaÐnoume ìti up�rqei sumpagèc akraÐo uposÔnolo M tou
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K, tou opoÐou kanèna gn sio uposÔnolo den eÐnai sumpagèc akraÐo uposÔnolotou K.Ac upojèsoume ìti toM perièqei toul�qiston dÔo diaforetik� shmeÐa x1, x2.Tìte, sÔmfwna me to prohgoÔmeno pìrisma, up�rqei suneqèc grammikì sunar-thsoeidèc x′ tou X ¸ste <x′(x1) 6= <x′(x2). Epeid  to M eÐnai sumpagèc, tosÔnolo M ′ = {x ∈ M |<x′(x) = minM <x′} eÐnai mh-kenì kai sumpagèc gn siouposÔnolo tou M . Apì to L mma 4.7(3) kai (1) sunep�getai ìti, kat' arq n, to
M ′ eÐnai akraÐo uposÔnolo tou M kai, katìpin, tou K.Katal goume se �topo, opìte to mh-kenì M eÐnai opwsd pote monosÔnolokai, fusik�, to monadikì stoiqeÐo tou eÐnai akraÐo shmeÐo tou K.(2) Ac upojèsoume ìti up�rqei x0 ∈ K \ cl(co(E)). Apì to Je¸rhma 4.33sunep�getai eÔkola ìti up�rqei suneqèc grammikì sunarthsoeidèc x′ touX ¸ste
<x′(x0) < infcl(c0(E)) <x′. (ArkeÐ na parathr soume ìti to 0 den perièqetai stokleistì kurtì cl(co(E))−x0 kai na jewr soume anoikt  kurt  perioq  U0 tou
0 xènh proc to sÔnolo autì.) Epomènwc, an jèsoume K ′ = {x ∈ K|<x′(x) =
minK <x′}, tìte to K ′ eÐnai mh-kenì, sumpagèc, xèno proc to cl(co(E)) kai,sÔmfwna me to L mma 4.7(3), akraÐo uposÔnolo tou K. Apì to mèroc (1)gnwrÐzoume ìti to K ′ èqei toul�qiston èna akraÐo shmeÐo x1. Apì to L mma4.7(1) sunep�getai ìti to x1 eÐnai akraÐo shmeÐo kai tou K.Epomènwc, to akraÐo shmeÐo x1 tou K an kei sto K ′, to opoÐo eÐnai xènoproc to E. Autì apoteleÐ, fusik�, antÐfash.(3) An to K eÐnai kai kurtì, tìte eÐnai fanerì ìti cl(co(E)) ⊆ K.
Prìtash 4.19 'Estw q¸roc X me nìrma. Tìte h kleist  monadiaÐa mp�la BX∗

tou X∗ eÐnai Ðsh me thn asjen¸c∗ kleist  kurt  j kh tou sunìlou twn akraÐwn
shmeÐwn thc.

Apìdeixh: GnwrÐzoume apì to Je¸rhma 4.28 ìti h BX∗ eÐnai asjen¸c∗ sumpag c.Epeid  h σ(X∗, X) eÐnai topik� kurt  topologÐa, to sumpèrasma eÐnai �meshsunèpeia tou Jewr matoc 4.34.
Par�deigma: To sÔnolo twn akraÐwn shmeÐwn thc kleist c monadiaÐac mp�lac
Bl1 tou l1 eÐnai to {λej |j ∈ N, |λ| = 1}.Pr�gmati, èstw opoiod pote x = (x1, x2, . . .) ∈ l1 me ‖x‖1 ≤ 1. An 0 <

‖x‖1 < 1, tìte paÐrnoume y = x
‖x‖1 , z = − x

‖x‖1 kai κ = 1+‖x‖1
2 kai blèpoume

eÔkola ìti x = κy+(1−κ)z. 'Ara to x den eÐnai akraÐo shmeÐo thc Bl1 . OmoÐwc,oÔte to 0 eÐnai akraÐo shmeÐo thc Bl1 , afoÔ 0 = 1
2e1 + 1

2 (−e1).JewroÔme, t¸ra, opoiod pote x me ‖x‖1 = 1 to opoÐo èqei toul�qiston dÔomh-mhdenikèc suntetagmènec: xn 6= 0 kai xm 6= 0 me m < n. Tìte 0 < |xn| < 1kai 0 < |xm| < 1, kai mporoÔme na broÔme ε, δ ∈ (0, 1) ¸ste ε|xm| = δ|xn|.Jètoume y = (. . . , (1+ ε)xm, . . . , (1− δ)xn, . . .) kai z = (. . . , (1− ε)xm, . . . , (1+
δ)xn, . . .), ìpou yj = zj = xj gia k�je j 6= m,n. Kat' arq n, eÐnai profanèc ìti
x = 1

2y+ 1
2z kai ìti y 6= x 6= z. Akìmh, ‖y‖1 = ‖x‖1 + ε|xm| − δ|xn| = ‖x‖1 = 1kai ‖z‖1 = ‖x‖1 − ε|xm|+ δ|xn| = ‖x‖1 = 1, opìte to x den eÐnai akraÐo shmeÐothc Bl1 .Tèloc, an to x èqei mÐa mìnon mh-mhdenik  suntetagmènh, tìte up�rqei j ∈ Nkai λ me |λ| = 1 ¸ste x = λej kai ja apodeÐxoume ìti to x eÐnai akraÐo shmeÐo
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thc Bl1 . An y, z ∈ Bl1 , 0 < κ < 1 kai λej = κy + (1 − κ)z, tìte 1 = |λ| =
|κyj + (1 − κ)zj | ≤ κ|yj | + (1 − κ)|zj | ≤ κ + (1 − κ) = 1. Sunep�getai ìti
|yj | = |zj | = 1 kai yj = zj . Epomènwc, yn = zn = 0 gia k�je n 6= j, opìte
y = z = λej = x.
Par�deigma: H kleist  monadiaÐa mp�la Bc0 tou c0 den èqei kanèna akraÐoshmeÐo.Gia na to apodeÐxoume jewroÔme opoiod pote x = (x1, x2, . . .) ∈ Bc0 kai,epeid  xn → 0, up�rqei n ¸ste |xn| < 1. PaÐrnoume opoiod pote λ 6= 0 ¸ste
|λ|+ |xn| ≤ 1 kai jètoume y = (. . . , xn + λ, . . .) kai z = (. . . , xn − λ, . . .), ìpou
yj = zj = xj gia k�je j 6= n. EÐnai fanerì ìti x = 1

2y + 1
2z, ìti y 6= x 6= z kaiìti y, z ∈ Bc0 . 'Ara to x den eÐnai akraÐo shmeÐo thc Bc0 .

4.13 Ask seic
1. 'Estw q¸roc X me nìrma.
(1) An o Y eÐnai grammikìc upìqwroc tou X, apodeÐxte ìti Y ∗ iso= X∗/Y ⊥.(Upìd.: Gia k�je [x∗]Y ⊥ jewreÐste th sun�rthsh T ([x∗]Y ⊥) : Y → F me tÔpo
T ([x∗]Y ⊥)(y) = x∗(y) gia k�je y ∈ Y . ApodeÐxte ìti o orismìc eÐnai kalìc kaiìti o T eÐnai isometrÐa tou X∗/Y ⊥ me ton Y ∗.)
(2) An o Y eÐnai kleistìc upìqwroc tou X, apodeÐxte ìti (

X/Y
)∗ iso= Y ⊥.(Upìd.: Gia k�je x∗ ∈ Y ⊥ jewreÐste th sun�rthsh S(x∗) : X/Y → F me tÔpo

S(x∗)([x]Y ) = x∗(x). ApodeÐxte ìti o orismìc eÐnai kalìc kai ìti o S eÐnaiisometrÐa tou Y ⊥ me ton (
X/Y

)∗.)
2. 'Estw q¸rocX me nìrma kai kleistìc upìqwroc Y touX. Gia k�je x ∈ X jè-toume PY (x) = {y0 ∈ Y | ‖x− y0‖ = d(x, Y )}, ìpou d(x, Y ) = infy∈Y ‖x− y‖.An x ∈ X \ Y kai y0 ∈ Y , apodeÐxte ìti y0 ∈ PY (x) an kai mìnon an up�rqei
x∗ ∈ Y ⊥ me ‖x∗‖ = 1 kai x∗(x− y0) = ‖x− y0‖.
3. 'Estw q¸roc X me nìrma. ApodeÐxte ìti gia k�je x∗ ∈ X∗ up�rqei x ∈ Xme ‖x‖ = 1 kai x∗(x) = ‖x∗‖ an kai mìnon an k�je kleistì uperepÐpedo tou Xperièqei stoiqeÐo el�qisthc nìrmac.
4. An o X eÐnai q¸roc Banach, apodeÐxte ìti o X eÐnai autopaj c an kai mìnonan o X∗ eÐnai autopaj c.(Upìd.: JewreÐste tic fusiologikèc emfuteÔseic J0 : X → X∗∗ kai J1 : X∗ →
X∗∗∗. An o X eÐnai autopaj c, p�rte x∗∗∗ ∈ X∗∗∗, jewreÐste to x∗ = x∗∗∗ ◦ J0kai apodeÐxte ìti x∗∗∗ = J1(x∗). Antistrìfwc, èstw ìti o X∗ eÐnai autopa-j c, en¸ o X den eÐnai. ApodeÐxte ìti o J0(X) eÐnai gn sioc kleistìc upìqwroctou X∗∗ kai ìti up�rqei mh-mhdenikì x∗∗∗ ∈ X∗∗∗ me x∗∗∗(J0(x)) = 0 gia k�je
x ∈ X. Katal xte se �topo.)
5. An o X eÐnai autopaj c, apodeÐxte ìti gia k�je x∗ ∈ X∗ up�rqei x ∈ X me
‖x‖ = 1 kai x∗(x) = ‖x∗‖.
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6. 'Estw grammikìc q¸roc X, L mÐa diaqwrÐzousa sullog  grammik¸n sunar-thsoeid¸n tou X kai x′ èna grammikì sunarthsoeidèc tou X. ApodeÐxte ìti to
x′ eÐnai suneqèc ston X wc proc thn topologÐa σ(X,L) an kai mìnon an to x′ a-n kei sth grammik  j kh thc L. Katìpin, apodeÐxte ìti σ(X,< L >) = σ(X,L).(Upìd.: DeÐte ti shmaÐnei h sunèqeia tou x′ sto 0 gia ε = 1 kai efarmìste toL mma 4.3.)
7. 'Estw grammikìc q¸roc X �peirhc di�stashc kai L mÐa diaqwrÐzousa sullo-g  grammik¸n sunarthsoeid¸n tou X. ApodeÐxte ìti k�je anoikt  perioq  tou
0 wc proc thn topologÐa σ(X,L) perièqei ènan upìqwro �peirhc di�stashc.
8. 'Estw q¸roc X me nìrma. ApodeÐxte ìti h asjen c topologÐa tou X tau-tÐzetai me thn isqur  topologÐa tou an kai mìnon an o X èqei peperasmènhdi�stash.
9. 'Estw q¸roc X me nìrma kai ac eÐnai X̂ h pl rws  tou. ApodeÐxte ìti
X∗ = (X̂)∗, all� ìti oi topologÐec σ(X∗, X) kai σ(X∗, X̂) den tautÐzontai.
10. 'Estw q¸roc X me nìrma kai xn

w→ x ston X. ApodeÐxte ìti up�rqei {yn}ston X k�je ìroc thc opoÐac eÐnai kurtìc sunduasmìc ìrwn thc {xn} ¸ste
yn → x.
11. 'Estw autopaj c q¸roc X me nìrma kai Z ènac grammikìc upìqwroc tou
X∗. ApodeÐxte ìti o Z apoteleÐ diaqwrÐzousa sullog  grammik¸n sunarthsoei-d¸n tou X an kai mìnon an eÐnai puknìc ston X∗.
12. 'Estw q¸roc X me nìrma. ApodeÐxte ìti o X eÐnai autopaj c an kai mìnonan k�je kleistìc upìqwroc tou X∗ eÐnai asjen¸c∗ kleistìc.(Upìd.: An o X eÐnai autopaj c, tìte h asjen c kai h asjen c∗ topologÐa tou
X∗ tautÐzontai. Gia to antÐstrofo, p�rte mh-mhdenikì x∗∗ ∈ X∗∗ kai jewreÐsteto {x∗ ∈ X∗|x∗∗(x∗) = 1}. ApodeÐxte ìti autì eÐnai asjen¸c∗ kleistì ston X∗

kai p�rte anoikt  perioq  tou 0 wc proc thn σ(X∗, X) h opoÐa na eÐnai xènh procto sÔnolo autì. Efarmìste to L mma 4.3.)
Orismìc: 'Estw topologikìc q¸roc A kai B ⊆ A. To B onom�zetai sÔnolo
pr¸thc kathgorÐac ston A an up�rqoun Bn ⊆ A me B = ∪+∞

n=1Bn ¸ste k�je
cl(Bn) na èqei kenì eswterikì. To B onom�zetai sÔnolo deÔterhc kathgorÐac
ston A an den eÐnai sÔnolo pr¸thc kathgorÐac ston A.

13. ApodeÐxte ìti k�je pl rhc metrikìc q¸roc eÐnai sÔnolo pr¸thc kathgorÐacston eautì tou.
14. 'Estw q¸roc X me nìrma.(1) 'Estw ìti to M eÐnai sÔnolo deÔterhc kathgorÐac ston X∗. An K ⊆ X kai
supx∈K |x∗(x)| < +∞ gia k�je x∗ ∈M , apodeÐxte ìti supx∈K ‖x‖ < +∞.(2) 'Estw ìti to M eÐnai sÔnolo deÔterhc kathgorÐac ston X. An K ⊆ X∗ kai
supx∗∈K |x∗(x)| < +∞ gia k�je x ∈M , apodeÐxte ìti supx∗∈K ‖x∗‖ < +∞.
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15. (1) 'Estw 1 ≤ p < +∞ kai x = (x1, x2, . . .) ∈ s. An gia k�je y =
(y1, y2, . . .) ∈ lp h seir� ∑+∞

k=1 xkyk sugklÐnei, apodeÐxte ìti x ∈ lq, ìpou
1
p + 1

q = 1.
(Upìd.: Gia k�je n ∈ N jewreÐste to ln ∈ (lp)∗ me tÔpo ln(y) =

∑n
k=1 xkyk giak�je y ∈ lp kai upologeÐste th nìrma tou ln.)(2) 'Estw x = (x1, x2, . . .) ∈ s. An gia k�je y = (y1, y2, . . .) ∈ c0 h seir�∑+∞

k=1 xkyk sugklÐnei, apodeÐxte ìti x ∈ l1.
16. 'Estw (Ω,Σ, µ) ènac q¸roc mètrou kai µ-metr simh sun�rthsh f : Ω → F .(1) An 1 < p ≤ +∞ kai fg ∈ L1(Ω,Σ, µ) gia k�je g ∈ Lp(Ω,Σ, µ), apodeÐxteìti f ∈ Lq(Ω,Σ, µ), ìpou 1

p + 1
q = 1.

(2) An to µ eÐnai σ-peperasmèno kai fg ∈ L1(Ω,Σ, µ) gia k�je g ∈ L1(Ω,Σ, µ),apodeÐxte ìti f ∈ L∞(Ω,Σ, µ).
17. 'Estw q¸roc Banach X kai mÐa b�sh Schauder B = {b1, b2, . . .} tou X.Jètoume K = {κ = (κ1, κ2, . . .) | h seir� ∑+∞

j=1 κjbj sugklÐnei ston X}, kaj¸c
kai ‖κ‖K = supn

∥∥∥∑n
j=1 κjbj

∥∥∥ gia k�je κ ∈ K.
(1) ApodeÐxte ìti h ‖·‖K eÐnai nìrma ston K kai ìti o K me th nìrma aut  eÐnaiq¸roc Banach.(2) Jètoume T : K → X me tÔpo T (κ) =

∑+∞
j=1 κjbj gia k�je κ = (κ1, κ2, . . .) ∈

K. ApodeÐxte ìti o T eÐnai topologikìc isomorfismìc tou K me ton X.(3) Jètoume L = {λ = (λ1, λ2, . . .) | h seir� ∑+∞
j=1 κjλj sugklÐnei gia k�je κ ∈

K} kai ‖λ‖L = sup‖T (κ)‖≤1

∣∣∑+∞
j=1 κjλj

∣∣. ApodeÐxte ìti h ‖·‖L eÐnai nìrma ston
L kai ìti L iso= X∗.
Orismìc: 'Estw q¸rocX me nìrma kai upìqwroc L touX∗. Lème ìti o L pros-
diorÐzei th nìrma tou X an up�rqei c > 0 ¸ste c ‖x‖ ≤ supx∗∈L, ‖x∗‖≤1 |x∗(x)|
gia k�je x ∈ X.

18. 'Estw q¸roc X me nìrma kai ‖·‖ upìqwroc L tou X∗ o opoÐoc prosdiorÐzeith nìrma tou X.(1) Jètoume ‖x‖′ = supx∗∈L, ‖x∗‖≤1 |x∗(x)| gia k�je x ∈ X. ApodeÐxte ìti h ‖·‖′eÐnai nìrma ston X isodÔnamh me thn ‖·‖.(2) An K ⊆ X kai supx∈K |x∗(x)| < +∞ gia k�je x∗ ∈ L, apodeÐxte ìti
supx∈K ‖x‖ < +∞.
19. 'Estw q¸roc X me nìrma.(1) 'Estw cl(< L >) = X∗. ApodeÐxte ìti, an x∗(xn) → x∗(x) gia k�je x∗ ∈ Lkai supn ‖xn‖ < +∞, tìte xn

w→ x ston X.(2) 'Estw cl(< L >) = X. ApodeÐxte ìti, an x∗n(x) → x∗(x) gia k�je x ∈ L kai
supn ‖x∗n‖ < +∞, tìte x∗n w∗

→ x∗ ston X∗.
20. Ston l2 gia k�jem,n me 1 ≤ m < n jewroÔme to stoiqeÐo em,n = em+men.Jètoume A = {em,n|1 ≤ m < n}. ApodeÐxte ìti to 0 an kei sthn kleist  j khtou A wc proc thn asjen  topologÐa, all� den up�rqei akoloujÐa sto A h opoÐa
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sugklÐnei asjen¸c sto 0.
21. 'Estw diaqwrÐsimoc q¸roc X me nìrma. ApodeÐxte ìti h asjen c∗ topologÐasthn kleist  monadiaÐa mp�la tou X∗ eÐnai metrikopoi simh.
22. 'Estw q¸roc X me nìrma kai asjen¸c∗ sumpagèc K ⊆ X∗.(1) An o X eÐnai diaqwrÐsimoc, apodeÐxte ìti to K eÐnai akoloujiak� asjen¸c∗sumpagèc.(2) An o X eÐnai autopaj c, apodeÐxte ìti to K eÐnai akoloujiak� asjen¸c∗sumpagèc.
23. (1) An 1 < p ≤ +∞, tìte en

w→ 0 ston lp kai stouc c, c0, en¸ h {en} denèqei asjenèc ìrio ston l1.(2) An to {an|n ∈ N} eÐnai orjokanonikì sÔnolo se q¸ro X me eswterikì gi-nìmeno, tìte an
w→ 0 ston X.

24. 'Estw 1 < p < +∞. ApodeÐxte ìti x(n) w→ x ston lp an kai mìnon an
supn

∥∥x(n)
∥∥

p
< +∞ kai x(n)

m → xm sto F gia k�je m ∈ N.
25. (Schur) ApodeÐxte ìti x(n) w→ x ston l1 an kai mìnon an x(n) → x ston l1.
26. 'Estw diaqwrÐsimoc q¸roc Banach X.(1) ApodeÐxte ìti o X∗ perièqei arijm simo uposÔnolo to opoÐo apoteleÐ dia-qwrÐzousa sullog  suneq¸n grammik¸n sunarthsoeid¸n tou X.(2) An to K ⊆ X eÐnai asjen¸c sumpagèc apodeÐxte ìti h asjen c topologÐasto K eÐnai metrikopoi simh.
27. 'Estw q¸roc X me nìrma. ApodeÐxte ìti up�rqei sumpag c, Hausdorff to-pologikìc q¸roc K kai isometrik  emfÔteush T : X → C(K).(Upìd.: Efarmìste to je¸rhma tou Alaoglou.)

28. 'Estw q¸roc Banach X kai asjen¸c∗ sumpagèc K ⊆ X∗. ApodeÐxte ìti hasjen¸c∗ kleist  kurt  j kh tou K eÐnai asjen¸c∗ sumpag c.
29. An o X eÐnai autopaj c q¸roc me nìrma kai o Y eÐnai kleistìc upìqwroctou X, apodeÐxte ìti o X/Y eÐnai autopaj c.
30. 'Estw q¸roc �peirhc di�stashc X me nìrma. ApodeÐxte ìti h kleist  j khtou {x ∈ X| ‖x‖ = 1} wc proc thn asjen  topologÐa eÐnai h kleist  monadiaÐamp�la tou X.
31. 'Estw 1 < p < +∞ kai xn

w→ x ston lp. ApodeÐxte ìti ‖xn − x‖ → 0 an kaimìnon an ‖xn‖ → ‖x‖.
Orismìc: 'Estw q¸roc X me nìrma kai akoloujÐa {xn} ston X. H {xn} o-
nom�zetai asjen¸c sugklÐnousa an to limn x

∗(xn) up�rqei sto F gia k�je
x∗ ∈ X∗. O X onom�zetai akoloujiak� asjen¸c pl rhc an k�je asjen¸c
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sugklÐnousa akoloujÐa tou X sugklÐnei asjen¸c se k�poio stoiqeÐo tou.

H {x∗n} ston X∗ onom�zetai asjen¸c∗ sugklÐnousa an to limn x
∗
n(x) up�r-

qei sto F gia k�je x ∈ X. O X∗ onom�zetai akoloujiak� asjen¸c∗ pl rhc
an k�je asjen¸c∗ sugklÐnousa akoloujÐa tou X∗ sugklÐnei asjen¸c∗ se k�poio
stoiqeÐo tou.

32. 'Estw sumpag c, Hausdorff topologikìc q¸roc A kai {fn} ston C(A) hopoÐa sugklÐnei kat� shmeÐo sto A se mÐa f : A→ F h opoÐa den eÐnai suneq csto A. An supn ‖fn‖u < +∞, apodeÐxte ìti h {fn} eÐnai asjen¸c sugklÐnousaston C(A), all� ìti de sugklÐnei asjen¸c se kanèna stoiqeÐo tou C(A).
33. (1) An o X eÐnai autopaj c q¸roc me nìrma, tìte o X eÐnai akoloujiak�asjen¸c pl rhc.(Upìd.: 'Estw {xn} ston X me to limn x

∗(xn) na up�rqei sto F gia k�je
x∗ ∈ X∗. Jèsate x∗∗(x∗) = limn x

∗(xn) kai apodeÐxte ìti x∗∗ ∈ X∗∗.)(2) An o X eÐnai q¸roc Banach, apodeÐxte ìti o X∗ eÐnai akoloujiak� asjen¸c∗pl rhc.
34. (Vitali-Hahn-Saks) (1) 'Estw q¸roc mètrou (Ω,Σ, µ) kai akoloujÐa migadi-k¸n (  pragmatik¸n) mètrwn {λn} ston A(Ω,Σ). Upojètoume ìti k�je λn eÐnaiapolÔtwc suneqèc wc proc to µ kai ìti to limn λn(A) up�rqei sto F gia k�je
A ∈ Σ. Jètoume λ(A) = limn λn(A) gia k�je A ∈ Σ. ApodeÐxte ìti to λ an keiston A(Ω,Σ) kai ìti eÐnai apolÔtwc suneqèc wc proc to µ.(2) 'Estw metr simoc q¸roc (Ω,Σ) kai akoloujÐa migadik¸n (  pragmatik¸n)mètrwn {λn} ston A(Ω,Σ). Upojètoume ìti to limn λn(A) up�rqei sto F giak�je A ∈ Σ. Jètoume λ(A) = limn λn(A) gia k�je A ∈ Σ. ApodeÐxte ìti to λan kei ston A(Ω,Σ).
35. 'Estw q¸roc mètrou (Ω,Σ, µ) kai akoloujÐa {fn} ston L1(Ω,Σ, µ). ApodeÐ-xte ìti h {fn} sugklÐnei asjen¸c se k�poio stoiqeÐo tou L1(Ω,Σ, µ) an kaimìnon an supn ‖fn‖1 < +∞ kai to limn

∫
A
fn dµ up�rqei sto F gia k�je A ∈ Σ.

ApodeÐxte ìti o L1(Ω,Σ, µ) eÐnai akoloujiak� asjen¸c pl rhc.
36. 'Estw q¸roc mètrou (Ω,Σ, µ) kai fn

w→ f ston L1(Ω,Σ, µ). ApodeÐxte ìti
fn → f an kai mìnon an fn → f kat� mètro se k�je A ∈ Σ me µ(A) < +∞.
37. (Olokl rwma Riemann sunart sewn me timèc se q¸ro Banach.) 'Estwq¸roc Banach X, a, b ∈ R me a < b kai f : [a, b] → X suneq c sto [a, b].ApodeÐxte ìti up�rqei monadikì x ∈ X me thn idiìthta: gia k�je ε > 0 up�r-qei δ > 0 ¸ste gia k�je diamèrish t0 = a < t1 < · · · < tn−1 < tn = b me
max1≤j≤n |tj − tj−1| < δ kai k�je epilog  shmeÐwn ξ1, . . . , ξn me tj−1 ≤ ξj ≤ tj

isqÔei ∥∥∥∑n
j=1 f(ξj)(tj − tj−1)− x

∥∥∥ < ε.
Orismìc: 'Estw q¸roc Banach X, a, b ∈ R, a < b kai f : [a, b] → X suneq c
sto [a, b]. To x ∈ X me thn idiìthta thc prohgoÔmenhc �skhshc onom�zetai

olokl rwma Riemann thc f kai sumbolÐzetai
∫ b

a
f .
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38. 'Estw q¸roc Banach X, a, b ∈ R me a < b kai f : [a, b] → X suneq csto [a, b]. Parathr ste ìti gia k�je x∗ ∈ X∗ h sun�rthsh x∗ ◦ f : [a, b] → FeÐnai suneq c sto [a, b] me timèc sto F kai, epomènwc, orÐzetai sto plaÐsio tou
apeirostikoÔ logismoÔ to ∫ b

a
x∗ ◦ f . ApodeÐxte ìti ∫ b

a
x∗ ◦ f = x∗

(∫ b

a
f
).

39. 'Estw q¸roc Banach X, a, b, c ∈ R me a < c < b, f, g : [a, b] → X suneqeÐc
sto [a, b] kai κ ∈ F . ApodeÐxte tic anamenìmenec idiìthtec: ∫ b

a
(f + g) =

∫ b

a
f +∫ b

a
g, ∫ b

a
(κf) = κ

∫ b

a
f kai ∫ b

a
f =

∫ c

a
f +

∫ b

c
f . EpÐshc, thn ∣∣∫ b

a
f
∣∣ ≤ (b− a) ‖f‖u.

Orismìc: (Olìmorfec sunart seic me timèc se q¸ro Banach.) 'Estw q¸roc
Banach X epÐ tou C, anoiktì uposÔnolo U tou C kai f : U → X.
(i) H f onom�zetai olìmorfh sto U an up�rqei g : U → X ¸ste

lim
C3h→0

f(z + h)− f(z)
h

= g(z)

gia k�je z ∈ U . Tìte h g onom�zetai par�gwgoc thc f kai sumbolÐzetai f ′.
(ii) H f onom�zetai asjen¸c olìmorfh sto U an h x∗ ◦ f : U → C eÐnai
olìmorfh sto U (me th gnwst  ènnoia) gia k�je x∗ ∈ X∗.

40. 'Estw q¸roc Banach X epÐ tou C, anoiktì uposÔnolo U tou C kai f :
U → X. ApodeÐxte ìti h f eÐnai olìmorfh sto U an kai mìnon an eÐnai asjen¸colìmorfh sto U kai ìti tìte (x∗ ◦ f)′ = x∗ ◦ f ′ gia k�je x∗ ∈ X∗.
41. 'Estw q¸roc Banach X epÐ tou C, anoiktì uposÔnolo U tou C, κ ∈ C kai
f, g : U → X kai h : U → C olìmorfec sto U .(1) ApodeÐxte ìti oi κf , f + g kai hg eÐnai olìmorfec sto U .(2) ApodeÐxte ìti h f eÐnai suneq c sto U kai, epomènwc, orÐzetai to epikampÔlio
olokl rwma ∫

γ
f(z) dz =

∫ b

a
f ◦ z z′ gia k�je kampÔlh γ sto U me parametri-

kopoÐhsh z : [a, b] → U , ìpou h z′ eÐnai suneq c sto [a, b].(3) (Je¸rhma tou Cauchy.) ApodeÐxte ìti ∫
γ
f(z) dz = 0 an to U eÐnai apl�-

sunektikì   an h γ eÐnai omìlogh tou mhdenìc wc proc to U (dhlad , ind(γ;w) =
0 gia k�je w ∈ C \ U).
(4) (TÔpoc tou Cauchy.) ApodeÐxte ìti f(z0)ind(γ; z0) = 1

2πi

∫
γ

f(z)
z−z0

dz gia k�-je z0 ∈ U , an to U eÐnai apl�-sunektikì   an h γ eÐnai omìlogh tou mhdenìc wcproc to U .(5) (An�ptugma Taylor.) ApodeÐxte ìti gia k�je z0 ∈ U up�rqoun a0, a1, . . . ∈ X¸ste na isqÔei f(z) =
∑+∞

k=1 ak(z − z0)k gia k�je z ∈ ∆(z0;R), ìpou R =

dist(z0,C \ U). ApodeÐxte ìti ak = f(k)(z0)
k! = 1

2πi

∫
C(z0;r)

f(z)
(z−z0)k+1 dz , me

C(z0; r) na eÐnai h perifèreia kèntrou z0 kai aktÐnac r < R me thn parametriko-poÐhsh z(t) = z0 + reit, 0 ≤ t ≤ 2π.(6) (Arq  MegÐstou.) An up�rqei z0 ∈ U ¸ste ‖f(z)‖ ≤ ‖f(z0)‖ gia k�je
z ∈ U , tìte h f eÐnai stajer  sth sunektik  sunist¸sa tou U h opoÐa perièqeito z0.(7) (Je¸rhma tou Liouville.) An U = C kai supz∈C ‖f(z)‖ < +∞, apodeÐxteìti h f eÐnai stajer  sto C.
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Kef�laio 5

Fragmènoi grammikoÐ
telestèc

5.1 Nìrmec grammik¸n telest¸n
Orismìc 5.1 'An X,Y eÐnai dÔo q¸roi me nìrma epÐ tou F kai T : X → Y eÐnai
grammikìc telest c, o T onom�zetai fragmènoc grammikìc telest c apì ton
X ston Y an up�rqei C ≥ 0 ¸ste ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X.

Pio swst�, ja èprepe na gr�foume ‖Tx‖Y ≤ C ‖x‖X gia na dhl¸netai ìti oinìrmec stic dÔo pleurèc thc anisìthtac eÐnai nìrmec diaforetik¸n q¸rwn, all�tic perissìterec forèc to agnooÔme q�rin aplìthtac.
Prìtash 5.1 'Estw q¸roi X,Y me nìrma kai grammikìc telest c T : X → Y .
Ta parak�tw eÐnai isodÔnama:
(1) O T eÐnai suneq c sun�rthsh ston X.
(2) O T eÐnai suneq c sun�rthsh sto 0 ∈ X.
(3) O T eÐnai fragmènoc.

Apìdeixh: EÐnai profanèc ìti to (1) sunep�getai to (2).An o T den eÐnai fragmènoc, tìte gia k�je n ∈ N up�rqei xn ∈ X me
‖Txn‖ > n ‖xn‖. Tìte xn 6= 0 kai, jètontac yn = 1

n‖xn‖ xn, èqoume yn → 0
all� ‖Tyn‖ > 1, opìte o T den eÐnai suneq c sun�rthsh sto 0.'Estw ìti up�rqei C ≥ 0 ¸ste ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X. An xn → xston X, tìte ‖Txn − Tx‖ = ‖T (xn − x)‖ ≤ C ‖xn − x‖ → 0 kai, epomènwc, o
T eÐnai suneq c sun�rthsh ston X.
Orismìc 5.2 'Estw q¸roi X,Y me nìrma. To sÔnolo ìlwn twn suneq¸n  ,
isodÔnama, fragmènwn grammik¸n telest¸n apì ton X ston Y sumbolÐzetai
L(X,Y ).

An Y = X, tìte sumbolÐzoume L(X) antÐ gia L(X,X).

175
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EÐnai fanerì ìti o q¸roc L(X,Y ) eÐnai grammikìc upìqwroc tou q¸rou
L(X,Y ) ìlwn twn grammik¸n telest¸n apì ton X ston Y .An Y = F , tìte, profan¸c, L(X,F ) = X∗.
Prìtash 5.2 'Estw q¸roi X,Y me nìrma kai fragmènoc grammikìc telest c
T : X → Y . Tìte up�rqei to min{C ≥ 0 | ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X}.

Apìdeixh: 'Estw C0 = inf{C ≥ 0 | ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X}. PaÐrnoumeopoiod pote C ≥ 0 me ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X kai, krat¸ntac stajerì totuqìn x ∈ X, paÐrnoume to infimum thc dexi�c pleur�c wc proc to C. BrÐskoume
‖Tx‖ ≤ C0 ‖x‖ gia to tuqìn x ∈ X.
Orismìc 5.3 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). OrÐzoume th nìr-
ma tou T me ton tÔpo

‖T‖ = min{C ≥ 0 | ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X}.

'Ara
‖Tx‖ ≤ ‖T‖ ‖x‖

gia k�je x ∈ X kai k�je T ∈ L(X,Y ) kai, an gia k�poio C isqÔei ‖Tx‖ ≤ C‖x‖gia k�je x ∈ X, tìte ‖T‖ ≤ C.
Prìtash 5.3 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Tìte

‖T‖ = sup
x∈X,‖x‖≤1

‖Tx‖ = sup
x∈X,‖x‖=1

‖Tx‖ = sup
x∈X,x 6=0

‖Tx‖
‖x‖

.

Apìdeixh: Jètoume C = supx∈X,x 6=0
‖Tx‖
‖x‖ , opìte ‖Tx‖ ≤ C ‖x‖ gia k�je

x ∈ X me x 6= 0. Epeid  autì isqÔei kai gia x = 0, o orismìc thc nìr-
mac tou T dÐnei thn pr¸th apì tic aniso/isìthtec ‖T‖ ≤ supx∈X,x 6=0

‖Tx‖
‖x‖ =

supx∈X,x 6=0

∥∥∥T ( x
‖x‖ )

∥∥∥ = supx∈X,‖x‖=1 ‖Tx‖ ≤ supx∈X,‖x‖≤1 ‖Tx‖ ≤ ‖T‖.
Gia par�deigma, an o T eÐnai isometrikìc isomorfismìc, ìpwc o tautotikìc

telest c I, tìte ‖T‖ = supx∈X,x 6=0
‖Tx‖
‖x‖ = supx∈X,x 6=0

‖x‖
‖x‖ = 1.

Prìtash 5.4 'Estw q¸roi X,Y me nìrma. H sun�rthsh ‖·‖ : L(X,Y ) → R+
0

pou orÐsjhke ston teleutaÐo orismì eÐnai nìrma ston L(X,Y ) kai, an o Y eÐnai
q¸roc Banach, tìte kai o L(X,Y ) eÐnai q¸roc Banach.

Apìdeixh: An T ∈ L(X,Y ) kai ‖T‖ = 0, tìte Tx = 0 gia k�je x ∈ X, opìte o
T eÐnai o mhdenikìc telest c.Gia k�je x ∈ X kai k�je T, S ∈ L(X,Y ) èqoume ‖(T + S)x‖ ≤ ‖Tx‖ +
‖Sx‖ ≤ ‖T‖ ‖x‖+‖S‖ ‖x‖ = (‖T‖+‖S‖) ‖x‖. Epomènwc ‖T + S‖ ≤ ‖T‖+‖S‖.Gia k�je T ∈ L(X,Y ) kai κ ∈ F èqoume ‖κT‖ = supx∈X,‖x‖≤1 ‖(κT )x‖ =
supx∈X,‖x‖≤1 |κ| ‖Tx‖ = |κ| supx∈X,‖x‖≤1 ‖Tx‖ = |κ| ‖T‖.

'Ara h ‖·‖ : L(X,Y ) → R+
0 eÐnai nìrma ston L(X,Y ).
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'Estw ìti o Y eÐnai pl rhc kai jewroÔme {Tn} ston L(X,Y ) me ‖Tn − Tm‖ →

0. Gia tuqìn x ∈ X èqoume ‖Tnx− Tmx‖ = ‖(Tn − Tm)x‖ ≤ ‖Tn − Tm‖ ‖x‖ →
0, opìte h {Tnx} eÐnai akoloujÐa Cauchy ston Y . 'Ara up�rqei to ìriì thc ston
Y . OrÐzoume T : X → Y me tÔpo Tx = limTnx gia k�je x ∈ X. Epeid  k�je TneÐnai grammikìc, isqÔei gia k�je x, y ∈ X kai κ ∈ F ìti T (x+ y) = limTn(x+
y) = limTnx+ limTny = Tx+ Ty kai T (κx) = limTn(κx) = κ limTnx = κTx.'Ara o T eÐnai grammikìc telest c apì ton X ston Y .Epeid  up�rqei N ¸ste ‖Tn − Tm‖ ≤ 1 gia k�je n,m ≥ N , sunep�getaiìti ‖Tnx− TNx‖ ≤ ‖Tn − TN‖ ‖x‖ ≤ ‖x‖ gia k�je n ≥ N kai x ∈ X kai,paÐrnontac ìrio ìtan n → +∞, brÐskoume ‖Tx− TNx‖ ≤ ‖x‖. 'Ara ‖Tx‖ ≤
‖TNx‖+ ‖x‖ ≤ (‖TN‖+ 1) ‖x‖ gia k�je x ∈ X. Epomènwc o T eÐnai fragmènockai T ∈ L(X,Y ).Gia tuqìn ε > 0 up�rqei N ¸ste ‖Tn − Tm‖ ≤ ε gia k�je n,m ≥ N . Tìte
‖Tnx− Tmx‖ ≤ ‖Tn − Tm‖ ‖x‖ ≤ ε ‖x‖ gia k�je n,m ≥ N kai k�je x ∈ X.PaÐrnontac ìrio ìtan m→ +∞ brÐskoume ‖Tnx− Tx‖ ≤ ε ‖x‖ gia k�je n ≥ Nkai k�je x ∈ X, opìte ‖Tn − T‖ ≤ ε gia k�je n ≥ N . 'Ara Tn → T ston
L(X,Y ).
Prìtash 5.5 'Estw q¸roi X,Y, Z me nìrma kai T ∈ L(X,Y ) kai S ∈ L(Y, Z).
Tìte S ◦ T ∈ L(X,Z) kai ‖S ◦ T‖ ≤ ‖S‖ ‖T‖.

Apìdeixh: Gia k�je x ∈ X èqoume ‖(S ◦ T )x‖ = ‖S(Tx)‖ ≤ ‖S‖ ‖Tx‖ ≤
‖S‖ ‖T‖ ‖x‖. 'Ara o S ◦ T eÐnai fragmènoc kai ‖S ◦ T‖ ≤ ‖S‖ ‖T‖.

Ja qrhsimopoioÔme to sumbolismì ST antÐ tou S ◦ T .
Prìtash 5.6 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Tìte o N(T ) eÐnai
kleistìc upìqwroc tou X.

Apìdeixh: O N(T ) = T−1({0}) eÐnai antÐstrofh eikìna kleistoÔ sunìlou.
H epìmenh prìtash qrhsimeÔei ìtan jèloume na metatrèyoume ènan telest se 1-1 telest .

Prìtash 5.7 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). OrÐzoume T1 :
X/N(T ) → Y me tÔpo T1ξ = Tx gia opoiod pote x ∈ X me [x]N(T ) = ξ ∈
X/N(T ). O T1 eÐnai kal¸c orismènoc fragmènoc grammikìc telest c. EpÐshc,
o T1 eÐnai 1-1 kai isqÔei ‖T1‖ = ‖T‖ kai R(T1) = R(T ).

Apìdeixh: An [x]N(T ) = [z]N(T ), tìte x−z ∈ N(T ), opìte Tx−Tz = T (x−z) =
0. 'Ara o T1 eÐnai kal¸c orismènoc. 'Eqoume T1([x]N(T ) + [z]N(T )) = T1([x +
z]N(T )) = T (x + z) = Tx + Tz = T1([x]N(T )) + T1([z]N(T )) kai T1(κ[x]N(T )) =
T1([κx]N(T )) = T (κx) = κTx = κT1([x]N(T )). 'Ara o T1 eÐnai grammikìc. EpÐ-shc, eÐnai profanèc ìti R(T1) = R(T ).T¸ra, gia k�je x me [x]N(T ) = ξ èqoume ‖T1ξ‖ = ‖Tx‖ ≤ ‖T‖ ‖x‖. PaÐr-nontac infimum wc proc ìla ta x me [x]N(T ) = ξ, sumperaÐnoume ìti ‖T1ξ‖ ≤
‖T‖ ‖ξ‖ kai, epomènwc, o T1 eÐnai fragmènoc kai ‖T1ξ‖ ≤ ‖T‖.
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An p�roume tuqìn ε > 0, up�rqei x ∈ X me ‖x‖ ≤ 1 ¸ste ‖Tx‖ > ‖T‖ − ε.PaÐrnoume ξ = [x]N(T ) kai èqoume ‖ξ‖ ≤ ‖x‖ ≤ 1 kai, epomènwc, ‖T1‖ ≥
‖T1ξ‖ = ‖Tx‖ > ‖T‖− ε. Epeid  to ε eÐnai aujaÐreto, sunep�getai ‖T1‖ ≥ ‖T‖.'Ara ‖T1‖ = ‖T‖.

To apotèlesma pou akoloujeÐ epitrèpei na epekteÐnoume èna fragmèno tele-st  sthn pl rwsh tou pedÐou orismoÔ tou.
Prìtash 5.8 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). An X̂, Ŷ eÐnai

plhr¸seic twn X,Y , tìte up�rqei monadik  epèktash T̂ ∈ L(X̂, Ŷ ) tou T kai

gia thn epèktash isqÔei ‖T̂‖ = ‖T‖.

Apìdeixh: ParathroÔme ìti T : X → Ŷ kai ‖Tx− Tz‖ ≤ ‖T‖ ‖x− z‖ gia k�je
x, z ∈ X. Apì to Je¸rhma 1.3 sunep�getai ìti up�rqei monadik  epèktash
T̂ : X̂ → Ŷ tou T ¸ste ‖T̂ x− T̂ z‖ ≤ ‖T‖ ‖x− z‖ gia k�je x, z ∈ X̂.

Apo thn anisìthta aut  sunep�getai ìti h T̂ eÐnai suneq c ston X̂.
An x, z ∈ X̂, up�rqoun {xn}, {zn} ston X ¸ste xn → x kai zn → z. Epeid o T eÐnai grammikìc, èqoume T̂ x+T̂ z = lim T̂ xn+lim T̂ zn = limTxn+limTzn =

limT (xn +zn) = lim T̂ (xn +zn) = T̂ (x+z). OmoÐwc apodeiknÔetai ìti T̂ (κx) =
κT̂x gia k�je x ∈ X̂ kai κ ∈ F kai, epomènwc, o T̂ eÐnai grammikìc telest c.

Apì thn anisìthta pou apodeÐxame sunep�getai, me z = 0, ìti ‖T̂ x‖ ≤
‖T‖ ‖x‖ gia k�je x ∈ X̂, opìte ‖T̂‖ ≤ ‖T‖.

Epeid  o T̂ eÐnai epèktash tou T , èqoume ‖T̂‖ = sup
x∈X̂,‖x‖≤1

‖T̂ x‖ ≥
supx∈X,‖x‖≤1 ‖T̂ x‖ = supx∈X,‖x‖≤1 ‖Tx‖ = ‖T‖.

'Ara ‖T̂‖ = ‖T‖.

5.2 H �lgebra L(X).
Orismìc 5.4 O grammikìc q¸roc X epÐ tou F onom�zetai �lgebra epÐ tou F
an, ektìc apì thn (eswterik ) pr�xh thc prìsjeshc kai thn (exwterik ) pr�xh
tou pollaplasiasmoÔ me stoiqeÐa tou F , èqei kai mÐa (eswterik ) pr�xh polla-
plasiasmoÔ · h opoÐa se k�je (x, y) ∈ X×X antistoiqÐzei to ginìmeno xy ∈ X
¸ste
(ix) (xy)z = x(yz) gia k�je x, y, z ∈ X
(x) x(y + z) = xy + xz kai (x+ y)z = xz + yz gia k�je x, y, z ∈ X
(xi) (κx)y = x(κy) = κ(xy) gia k�je κ ∈ F kai k�je x, y ∈ X.

An up�rqei stoiqeÐo e ∈ X \ {0} ¸ste
(xii) ex = xe = x gia k�je x ∈ X
tìte to e onom�zetai monadiaÐo stoiqeÐo thc �lgebrac X kai h X onom�zetai
�lgebra me monadiaÐo stoiqeÐo.

An isqÔei
(xiii) xy = yx gia k�je x, y ∈ X,
tìte h X onom�zetai antimetajetik  �lgebra.
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An h �lgebra X èqei monadiaÐo stoiqeÐo kai gia k�poio x ∈ X me x 6= 0

up�rqei x−1 ∈ X ¸ste xx−1 = x−1x = e, tìte to x onom�zetai antistrèyimo
kai to x−1 onom�zetai antÐstrofo tou x.

Prìtash 5.9 'Estw �lgebra X epÐ tou F .
(1) x0 = 0x = 0 gia k�je x ∈ X, ìpou 0 eÐnai to mhdenikì stoiqeÐo thc X,
(2) An up�rqei monadiaÐo stoiqeÐo, tìte autì eÐnai monadikì.
(3) An up�rqei monadiaÐo stoiqeÐo kai k�poio x ∈ X èqei antÐstrofo, tìte autì
eÐnai monadikì.
(4) An up�rqei monadiaÐo stoiqeÐo kai ta x, y ∈ X eÐnai antistrèyima, tìte to xy
eÐnai antistrèyimo kai (xy)−1 = y−1x−1.

Apìdeixh: 'Askhsh.
Orismìc 5.5 'Estw �lgebra X. An h ‖·‖ eÐnai nìrma ston grammikì q¸ro X
kai isqÔei
(iv) ‖xy‖ ≤ ‖x‖ ‖y‖ gia k�je x, y ∈ X
tìte h X onom�zetai �lgebra me nìrma.

An, epiplèon, h X eÐnai pl rhc, tìte onom�zetai �lgebra Banach.
An h X èqei monadiaÐo stoiqeÐo kai

(v) ‖e‖ = 1
tìte h X onom�zetai �lgebra me nìrma me monadiaÐo stoiqeÐo.

Prìtash 5.10 'Estw q¸roc X me nìrma. Tìte o L(X), ektìc apì th dom 
grammikoÔ q¸rou, èqei kai th dom  �lgebrac me monadiaÐo stoiqeÐo. An o X
eÐnai q¸roc Banach, tìte h L(X) eÐnai �lgebra Banach me monadiaÐo stoiqeÐo.

Apìdeixh: Wc pr�xh pollaplasiasmoÔ an�mesa sta stoiqeÐa tou L(X) jewroÔmeth sÔnjesh ◦ : L(X)×L(X) → L(X) kai wc monadiaÐo stoiqeÐo ton tautotikìtelest  I : X → X.Oi idiìthtec (TS)R = T (SR), T (S+R) = TS+TR, (T +S)R = TR+SR,
(κT )S = T (κS) = κ(TS), IT = TI = T , ‖TS‖ ≤ ‖T‖ ‖S‖ kai ‖I‖ = 1qarakthrÐzoun mÐa �lgebra me nìrma kai h apìdeix  touc eÐnai profan c.

An o T ∈ L(X) eÐnai antistrèyimoc kai o T−1 : X → X eÐnai fragmènoc,tìte o T−1 ∈ L(X) eÐnai to antÐstrofo stoiqeÐo tou T sthn �lgebra L(X):
T−1T = TT−1 = I.Ja apodeÐxoume lÐgo argìtera ìti, an o X eÐnai q¸roc Banach, tìte giak�je antistrèyimo T ∈ L(X) o T−1 eÐnai, autom�twc, fragmènoc kai, epomènwco T eÐnai antistrèyimo stoiqeÐo thc �lgebrac Banach L(X).Sthn �lgebra L(X) qrhsimopoioÔme to sumbolismì T k antÐ gia T ◦ · · · ◦ T(k forèc) ìtan k ∈ N. EpÐshc, gr�foume T 0 = I kai, an o T eÐnai antistrèyimockai T−1 ∈ L(X), jètoume T−k = (T−1)k ìtan k ∈ N.
5.3 O duikìc telest c
Prìtash 5.11 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Gia k�je y∗ ∈ Y ∗
orÐzoume T ′y∗ : X → F me tÔpo T ′y∗(x) = y∗(Tx) gia k�je x ∈ X. Tìte
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T ′y∗ ∈ X∗ kai h orizìmenh sun�rthsh T ′ : Y ∗ → X∗ eÐnai fragmènoc grammikìc
telest c me ‖T ′‖ = ‖T‖.

Apìdeixh: Epeid  T ∈ L(X,Y ) kai y∗ ∈ L(Y, F ), sunep�getai ìti T ′y∗ = y∗◦T ∈
L(X,F ) = X∗ kai ‖T ′y∗‖ ≤ ‖y∗‖‖T‖.IsqÔei T ′y∗1 + T ′y∗2 = y∗1 ◦ T + y∗2 ◦ T = (y∗1 + y∗2) ◦ T = T ′(y∗1 + y∗2) kai
T ′(κy∗) = (κy∗) ◦T = κ(y∗ ◦T ) = κT ′y∗. 'Ara o T ′ : Y ∗ → X∗ eÐnai grammikìctelest c kai apì thn ‖T ′y∗‖ ≤ ‖y∗‖‖T‖ sunep�getai ìti T ′ ∈ L(Y ∗, X∗) kai
‖T ′‖ ≤ ‖T‖.PaÐrnoume tuqìn x ∈ X, opìte, sÔmfwna me to Je¸rhma 4.11, up�rqei
y∗ ∈ Y ∗ me ‖y∗‖ ≤ 1 ¸ste ‖Tx‖ = |y∗(Tx)|. Tìte ‖Tx‖ = |T ′y∗(x)| ≤
‖T ′y∗‖‖x‖ ≤ ‖T ′‖‖x‖. Sunep�getai ìti ‖T‖ ≤ ‖T ′‖ kai, epomènwc, ‖T ′‖ = ‖T‖.
Orismìc 5.6 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). O telest c
T ′ ∈ L(Y ∗, X∗) pou orÐsjhke sthn prohgoÔmenh prìtash onom�zetai duikìc
telest c tou T .

Prìtash 5.12 (1) An T, S ∈ L(X,Y ) kai κ ∈ F , tìte (T + S)′ = T ′ + S′ kai
(κT )′ = κT ′.
(2) An T ∈ L(X,Y ) kai S ∈ L(Y,Z), tìte (ST )′ = T ′S′.
(3) I ′ = I kai 0′ = 0, ìpou I eÐnai o tautotikìc telest c kai 0 eÐnai o mhdenikìc
telest c.

Apìdeixh: 'Askhsh.
Prìtash 5.13 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Tìte
(1) N(T ′) = R(T )⊥,
(2) N(T ) = ⊥R(T ′),
(3) cl(R(T ′)) ⊆ N(T )⊥,
(4) cl(R(T )) = ⊥N(T ′).

Apìdeixh: (1) y∗ ∈ N(T ′) an kai mìnon an T ′y∗ = 0 an kai mìnon an T ′y∗(x) = 0gia k�je x ∈ X an kai mìnon an y∗(Tx) = 0 gia k�je x ∈ X an kai mìnon an
y∗ ∈ R(T )⊥.(2) x ∈ N(T ) an kai mìnon an Tx = 0 an (apì Je¸rhma 4.11) kai mìnon an
y∗(Tx) = 0 gia k�je y∗ ∈ Y ∗ an kai mìnon an T ′y∗(x) = 0 gia k�je y∗ ∈ Y ∗ ankai mìnon an x ∈ ⊥R(T ′).(3) An y∗ ∈ Y ∗, tìte gia k�je x ∈ N(T ) èqoume T ′y∗(x) = y∗(Tx) = y∗(0) = 0.'Ara T ′y∗ ∈ N(T )⊥ kai, epomènwc, R(T ′) ⊆ N(T )⊥. Epeid  o N(T )⊥ eÐnaikleistìc, sunep�getai ìti cl(R(T ′)) ⊆ N(T )⊥.(4) An x ∈ X, tìte gia k�je y∗ ∈ N(T ′) èqoume y∗(Tx) = T ′y∗(x) = 0(x) =
0. 'Ara Tx ∈ ⊥N(T ′) kai, epomènwc, R(T ) ⊆ ⊥N(T ′). Epeid  o ⊥N(T ′)eÐnai kleistìc, sunep�getai ìti cl(R(T )) ⊆ ⊥N(T ′). Antistrìfwc, èstw ìti
y /∈ cl(R(T )). Apì to Je¸rhma 4.12 sunep�getai ìti up�rqei y∗ ∈ Y ∗ ¸ste
y∗(y) 6= 0 kai y∗(Tx) = 0 gia k�je x ∈ X. Tìte T ′y∗(x) = 0 gia k�je
x ∈ X, opìte T ′y∗ = 0. Dhlad , y∗ ∈ N(T ′) kai y∗(y) 6= 0. Autì shmaÐnei ìti
y /∈ ⊥N(T ′).
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Apì ta (1) kai (4) thc teleutaÐac prìtashc sunep�getai ìti o T ′ eÐnai

1-1 an kai mìnon an o R(T ) eÐnai puknìc ston Y , en¸ apì ta (2) kai (3)sunep�getai ìti o T eÐnai 1-1 an o R(T ′) eÐnai puknìc ston X∗.
5.4 Q¸roi peperasmènhc di�stashc
'Estw n = dim(X) < +∞ kai m = dim(Y ) < +∞ kai èstw opoiad pote b�sh
B = {b1, . . . , bn} tou X kai opoiad pote b�sh C = {c1, . . . , cm} tou Y .Apì th grammik  �lgebra gnwrÐzoume ìti se k�je grammikì telest  T :
X → Y antistoiqeÐ o m × n pÐnak�c tou [T ]BC = [aij ], ìpou oi arijmoÐ aijorÐzontai monos manta apì tic sqèseic T (bj) = a1jc1 + · · · + amjcm gia k�je
j = 1, . . . , n. Antistrìfwc, k�jem×n pÐnakac [aij ] kajorÐzei monos manta ènangrammikì telest  T : X → Y ¸ste [T ]BC = [aij ]. Pr�gmati, apì touc arijmoÔc
aij kajorÐzontai ta T (bj) = a1jc1 + · · · + amjcm ∈ Y gia k�je j = 1, . . . , nkai apì aut� kajorÐzetai o T me ton tÔpo T (x) = T (κ1b1 + · · · + κnbn) =
κ1T (b1) + · · ·+ κnT (bn).'Ara o L(X,Y ) brÐsketai se amfimonos manth antistoiqÐa me to sÔnolo twn
m× n pin�kwn mèsw thc apeikìnishc T 7→ [T ]BC .An se k�je x ∈ X antistoiqÐsoume ton n × 1 pÐnaka (di�nusma tou Fn)
[x]B = [κj ], ìpou ta κj orÐzontai monos manta apì thn x = κ1b1+· · ·+κnbn, kaise k�je y ∈ Y antistoiqÐsoume ton m×1 pÐnaka (di�nusma tou Fm) [y]C = [λi],ìpou ta λi orÐzontai monos manta apì thn y = λ1c1 + · · ·+λmcm, tìte h sqèsh

y = Tx

isodunameÐ me thn
[y]C = [T ]BC [x]B ,

ìpou to ginìmeno eÐnai to gnwstì ginìmeno pin�kwn. Pr�gmati, h y = Txgr�fetai λ1c1 + · · ·+ λmcm = T (κ1b1 + · · ·+ κnbn)  , isodÔnama, λ1c1 + · · ·+
λmcm = κ1Tb1 + · · · + κnTbn  , isodÔnama, λ1c1 + · · · + λmcm = κ1(a11c1 +
· · ·+am1cm)+ · · ·+κn(a1nc1 + · · ·+amncm)  , isodÔnama, λ1c1 + · · ·+λmcm =
(a11κ1 + · · · + a1nκn)c1 + · · · + (am1κ1 + · · · + amnκn)cm  , isodÔnama, λi =
ai1κ1 + · · ·+ ainκn gia k�je i = 1, . . . ,m  , isodÔnama, [y]C = [T ]BC [x]B .Me parìmoiouc upologismoÔc routÐnac eÐnai eÔkolo na dei kaneÐc ìti gia k�je
κ ∈ F kai k�je dÔo grammikoÔc T, S : X → Y isqÔei

[κT ]BC = κ[T ]BC kai [T + S]BC = [T ]BC + [S]BC .

Autì sunep�getai ìti h apeikìnish T 7→ [T ]BC eÐnai isomorfismìc tou L(X,Y )me to sÔnolo twn m× n pin�kwn.An l = dim(Z) < +∞ kai jewr soume b�sh D = {d1, . . . , dl} tou Z, tìtegia k�je dÔo grammikoÔc T : X → Y kai S : Y → Z isqÔei
[ST ]BD = [S]CD[T ]BC .

EÐnai profanèc ìti, an I : X → X eÐnai o tautotikìc telest c, tìte o
[I]BB = [δij ] eÐnai o monadiaÐoc pÐnakac, ìpou δij = 1 an i = j kai δij = 0 an
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i 6= j. EpÐshc, an 0 : X → Y eÐnai o mhdenikìc telest c, tìte o [0]BC eÐnai omhdenikìc pÐnakac.Tèloc, sthn perÐptwsh pou m = n, o grammikìc T : X → Y eÐnai antistrè-yimoc an kai mìnon an o [T ]BC eÐnai antistrèyimoc pÐnakac kai tìte
([T ]BC)−1 = [T−1]CB .

Autì to teleutaÐo parèqei kai ènan upologistikì trìpo prosdiorismoÔ tou anènac grammikìc T : X → Y eÐnai antistrèyimoc: autì sumbaÐnei an kai mìnonan det([T ]BC) 6= 0.'Estw B∗ = {b∗1, . . . , b∗n} eÐnai h duik  b�sh thc B gia ton X∗ kai C∗ =
{c∗1, . . . , c∗n} eÐnai h duik  b�sh thc C gia ton Y ∗. Tìte h sqèsh an�mesa stoucpÐnakec tou T : X → Y kai tou duikoÔ telest  T ′ : Y ∗ → X∗ eÐnai h

[T ′]C∗B∗ = ([T ]BC)′,

ìpou [aij ]′ = [aji] eÐnai o an�strofoc tou [aij ]. Pr�gmati, autì isodunameÐme T ′(c∗i ) = ai1b
∗
1 + · · · + ainb

∗
n gia k�je i = 1, . . . ,m to opoÐo isodunameÐ me

T ′(c∗i )(bj) = (ai1b
∗
1 + · · ·+ ainb

∗
n)(bj) gia k�je i = 1, . . . ,m kai j = 1, . . . , n toopoÐo isodunameÐ me c∗i (Tbj) = aij gia k�je i = 1, . . . ,m kai j = 1, . . . , n toopoÐo isodunameÐ me c∗i (a1jc1 + · · · + amjcm) = aij gia k�je i = 1, . . . ,m kai

j = 1, . . . , n to opoÐo eÐnai alhjèc.Ja doÔme, t¸ra, ìti k�je grammikìc T : X → Y eÐnai fragmènoc. Epeid ìlec oi nìrmec se q¸ro peperasmènhc di�stashc eÐnai an� dÔo isodÔnamec, arkeÐna jewr soume tic ∞-nìrmec stouc X,Y . Autì ja mac epitrèyei na upologÐ-soume akrib¸c thn antÐstoiqh nìrma
‖T‖∞∞ = sup

x∈X,x 6=0

‖Tx‖∞
‖x‖∞

tou T .An [T ] = [aij ], tìte gia k�je x = κ1b1 + · · · + κnbn ∈ X èqoume, sÔmfwname touc prohgoÔmenouc upologismoÔc, y = Tx = (a11κ1 + · · ·+a1nκn)c1 + · · ·+
(am1κ1+· · ·+amnκn)cm, opìte ‖Tx‖∞ = max1≤i≤m |ai1κ1+· · ·+ainκn|. Gia k�-je i = 1, . . . ,m èqoume |ai1κ1+· · ·+ainκn| ≤ (|ai1|+· · ·+|ain|) max1≤j≤n |κj | =
(|ai1|+· · ·+|ain|)‖x‖∞. 'Ara ‖Tx‖∞ ≤ max1≤i≤m(|ai1|+· · ·+|ain|)‖x‖∞, opìte
‖T‖∞∞ ≤ max1≤i≤m(|ai1|+ · · ·+ |ain|).Epilègoume, t¸ra, i0 ¸ste |ai01|+ · · ·+ |ai0n| = max1≤i≤m(|ai1|+ · · ·+ |ain|)kai katìpin epilègoume κ1, . . . , κn ¸ste |κj | = 1 kai ai0jκj = |ai0j | gia k�je
j = 1, . . . , n. Tìte |ai01κ1+· · ·+ai0nκn| = |ai01|+· · ·+|ai0n|, opìte, an jèsoume
x = κ1b1 + · · ·+κnbn, èqoume ìti ‖T‖∞∞ ≥ ‖Tx‖∞ ≥ |ai01κ1 + · · ·+ ai0nκn| =
|ai01|+ · · ·+ |ai0n| = max1≤i≤m(|ai1|+ · · ·+ |ain|).'Ara

‖T‖∞∞ = max
1≤i≤m

(|ai1|+ · · ·+ |ain|).

Fusik�, gia k�je p, q me 1 ≤ p, q ≤ +∞, orÐzontai kai oi nìrmec
‖T‖pq = sup

x∈X,x 6=0

‖Tx‖q

‖x‖p
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all�, ìpwc epishm�njhke, lìgw isodunamÐac twn norm¸n, up�rqoun stajerèc
c, C > 0 ¸ste c‖T‖∞∞ ≤ ‖T‖pq ≤ C‖T‖∞∞. Den eÐnai dÔskolo na apodeiqjeÐìti oi c, C mporoÔn na epilegoÔn ¸ste na exart¸ntai mìnon apì tic paramètrouc
p, q,m, n.
5.5 Arq  omoiìmorfou fr�gmatoc
Je¸rhma 5.1 'Estw q¸roc Banach X, q¸roc Y me nìrma kai sullog 

F ⊆ L(X,Y ). An isqÔei supT∈F ‖Tx‖ < +∞ gia k�je x ∈ X, tìte

supT∈F ‖T‖ < +∞.

Apìdeixh: Apì thn Arq  Omoiìmorfou Fr�gmatoc sunep�getai ìti up�rqei
x0 ∈ X, R > 0 kai M ≥ 0 ¸ste ‖Tx‖ ≤M gia k�je T ∈ F kai x ∈ B(x0;R).Gia k�je x ∈ B(0;R) èqoume ìti ‖Tx‖ ≤ ‖T (x + x0)‖ + ‖Tx0‖ ≤ 2M giak�je T ∈ F . 'Ara gia k�je x 6= 0 kai t > 1 isqÔei ‖T ( R

t‖x‖ x)‖ ≤ 2M kai,
epomènwc, ‖Tx‖ ≤ 2Mt

R ‖x‖ gia k�je T ∈ F . 'Ara ‖Tx‖ ≤ 2M
R ‖x‖ gia k�je

x ∈ X kai T ∈ F .SumperaÐnoume ìti supT∈F ‖T‖ ≤ 2M
R .

Je¸rhma 5.2 'Estw q¸roc Banach X, q¸roc Y me nìrma kai sullog 

F ⊆ L(X,Y ). An isqÔei supT∈F |y∗(Tx)| < +∞ gia k�je x ∈ X kai

k�je y∗ ∈ Y ∗, tìte supT∈F ‖T‖ < +∞.

Apìdeixh: Apì to Je¸rhma 4.21 sunep�getai ìti supT∈F ‖Tx‖ < +∞ gia k�je
x ∈ X kai to prohgoÔmeno je¸rhma dÐnei to epijumhtì sumpèrasma.
5.6 SÔgklish ston L(X, Y ).
Orismìc 5.7 'Estw q¸roi X,Y me nìrma, akoloujÐa {Tn} ston L(X,Y ) kai
T ∈ L(X,Y ).
(i) Lème ìti h {Tn} sugklÐnei omoiìmorfa ston T  , apl¸c, ìti sugklÐnei
ston T an ‖Tn − T‖ → 0. SumbolÐzoume: Tn → T   T = limTn.
(ii) Lème ìti h {Tn} sugklÐnei isqur� ston T an Tnx → Tx (ston Y ) gia

k�je x ∈ X. SumbolÐzoume: Tn
s→ T   T = s− limTn.

(iii) Lème ìti h {Tn} sugklÐnei asjen¸c ston T an y∗(Tnx) → y∗(Tx) gia

k�je x ∈ X kai k�je y∗ ∈ Y ∗. SumbolÐzoume: Tn
w→ T   T = w − limTn.

EÐnai fanerì ìti h asjen c sÔgklish thc {Tn} ston T eÐnai tautìshmh me toìti Tnx
w→ Tx ston Y gia k�je x ∈ X.O ìroc omoiìmorfh sÔgklish dikaiologeÐtai apì thn isìthta ‖Tn − T‖ =

supx∈X,‖x‖≤1 ‖(Tn − T )x‖ = supx∈BX
‖(Tn − T )x‖.EÐnai profanèc ìti h omoiìmorfh sÔgklish sunep�getai thn isqur  sÔgklishkai aut  sunep�getai thn asjen  sÔgklish ston L(X,Y ).

Prìtash 5.14 'Estw q¸roi X,Y, Z me nìrma, {Tn} kai T ston L(X,Y ) kai
{Sn} kai S ston L(Y, Z). An Tn → T kai Sn → S, tìte SnTn → ST .
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Apìdeixh: 'Askhsh.
Prìtash 5.15 'Estw q¸roi X,Y me nìrma, akoloujÐa {Tn} ston L(X,Y ) kai
T ∈ L(X,Y ). An Tn → T , tìte T ′n → T ′.

Apìdeixh: ‖T ′n − T ′‖ = ‖(Tn − T )′‖ = ‖Tn − T‖ → 0.
Je¸rhma 5.3 'Estw q¸roc Banach X, q¸roc Y me nìrma, {Tn}, T
ston L(X,Y ). An T = s−limTn   T = w−limTn, tìte supn ‖Tn‖ < +∞
kai ‖T‖ ≤ lim infn ‖Tn‖.

Apìdeixh: To ìti supn ‖Tn‖ < +∞ eÐnai �mesh efarmog  tou Jewr matoc5.2. An T = w − limTn, tìte Tnx
w→ Tx ston Y gia k�je x ∈ X. Apì toJe¸rhma 4.21 sunep�getai ìti ‖Tx‖ ≤ lim infn ‖Tnx‖ gia k�je x ∈ X. 'Ara

‖Tx‖ ≤ (lim infn ‖Tn‖)‖x‖ gia k�je x ∈ X kai, epomènwc, ‖T‖ ≤ lim infn ‖Tn‖.
H epìmenh prìtash eÐnai merik¸c antÐstrofh tou prohgoÔmenou jewr matoc.

Prìtash 5.16 'Estw q¸roi X,Y me nìrma kai {Tn} ston L(X,Y ) ¸ste na
isqÔei supn ‖Tn‖ < +∞.
(1) An o Y eÐnai q¸roc Banach kai up�rqei to s − limTnx ston Y gia k�je x
se k�poio puknì uposÔnolo tou X, tìte up�rqei to s− limTn ston L(X,Y ).
(2) An up�rqei to w − limTnx ston Y gia k�je x se k�poio puknì uposÔnolo
tou X, tìte up�rqei to w − limTn ston L(X,Y ).

Apìdeixh: (1) 'Estw ìti to A ⊆ X eÐnai puknì ston X kai up�rqei to s −
limTnx ston Y gia k�je x ∈ A. PaÐrnoume tuqìn x ∈ X kai brÐskoume z ∈
A ¸ste ‖z − x‖ < ε. An jèsoume M = supn ‖Tn‖, tìte ‖Tnx − Tmx‖ ≤
‖Tnx− Tnz‖+ ‖Tnz − Tmz‖+ ‖Tmz − Tmx‖ ≤Mε+ ‖Tnz − Tmz‖+Mε. 'Ara
lim supn,m→+∞ ‖Tnx−Tmx‖ ≤ 2Mε kai, epomènwc, ‖Tnx−Tmx‖ → 0. Dhlad h {Tnx} eÐnai akoloujÐa Cauchy ston Y , opìte up�rqei to s − limTnx ston Ygia k�je x ∈ X.OrÐzoume T : X → Y me tÔpo Tx = s − limTnx kai eÐnai jèma routÐnac naapodeiqjeÐ ìti o T eÐnai fragmènoc grammikìc telest c me ‖T‖ ≤M . Profan¸c,
T = s− limTn.(2) 'Askhsh.
5.7 Je¸rhma anoikt c apeikìnishc
Je¸rhma 5.4 'Estw q¸roc Banach X, q¸roc Y me nìrma kai telest c

T ∈ L(X,Y ) kai K > 0. An {y ∈ Y | ‖y‖ < 1} ⊆ cl({Tx| ‖x‖ < K}), tìte

{y ∈ Y | ‖y‖ < 1} ⊆ {Tx| ‖x‖ < 2K} kai o T eÐnai epÐ tou Y .

Apìdeixh: Apì thn {y ∈ Y | ‖y‖ < 1} ⊆ cl({Tx| ‖x‖ < K}) sunep�getai eÔkolaìti {y ∈ Y | ‖y‖ < r} ⊆ cl({Tx| ‖x‖ < rK}) gia k�je r > 0.'Estw y ∈ Y me ‖y‖ < 1. Up�rqei x1 ∈ X me ‖x1‖ < K ¸ste ‖y−Tx1‖ < 1
2 .'Ara up�rqei x2 ∈ X me ‖x2‖ < K

2 ¸ste ‖y − Tx1 − Tx2‖ < 1
22 . 'Ara up�rqei

x3 ∈ X me ‖x3‖ < K
22 ¸ste ‖y − Tx1 − Tx2 − Tx3‖ < 1

23 . SuneqÐzontac
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epagwgik�, apodeiknÔoume ìti gia k�je k up�rqei xk ∈ X me ‖xk‖ < K

2k−1 ¸ste
‖y − Tx1 − · · · − Txk‖ < 1

2k .Epeid  ∑+∞
k=1 ‖xk‖ < +∞, sunep�getai apì to Je¸rhma 3.20 ìti h seir�∑+∞

k=1 xk sugklÐnei ston X kai èstw x =
∑+∞

k=1 xk. Apì thn trigwnik  anisìthtaèqoume ìti ‖x‖ ≤ ∑+∞
k=1 ‖xk‖ <

∑+∞
k=1

K
2k−1 = 2K. EpÐshc, lìgw sunèqeiac tou

T , sunep�getai ìti y =
∑+∞

k=1 Txk = T (
∑+∞

k=1 xk) = Tx.
Je¸rhma 5.5 (Anoikt c Apeikìnishc) 'Estw q¸roi Banach X,Y kai

telest c T ∈ L(X,Y ) o opoÐoc eÐnai epÐ tou Y . Tìte

(1) up�rqei M > 0 ¸ste gia k�je y ∈ Y me ‖y‖ < 1 up�rqei x ∈ X me

‖x‖ < M kai Tx = y,
(2) o T apeikonÐzei anoikt� uposÔnola tou X se anoikt� uposÔnola

tou Y ,
(3) an o T eÐnai kai 1-1, tìte T−1 ∈ L(X,Y ).

Apìdeixh: Epeid  o T eÐnai epÐ tou Y , isqÔei Y = ∪+∞
n=1{Tx| ‖x‖ < n}, opìtekai Y = ∪+∞

n=1cl({Tx| ‖x‖ < n}). Apì to Je¸rhma tou Baire sunep�getai ìtiup�rqei n ¸ste to cl({Tx| ‖x‖ < n}) na èqei mh-kenì eswterikì ston Y . Dhlad ,up�rqei y0 ∈ Y kai R > 0 ¸ste {y ∈ Y | ‖y − y0‖ < R} ⊆ cl({Tx| ‖x‖ < n}).Dhlad , gia k�je y ∈ Y me ‖y − y0‖ < R up�rqei {xk} me ‖xk‖ < n gia k�je
k kai Txk → y. 'Ara kai gia to y0 up�rqei {x(0)

k } me ‖x(0)
k ‖ < n gia k�je k

kai Tx(0)
k → y0. 'Ara T (xk − x

(0)
k ) → y − y0 kai ‖xk − x

(0)
k ‖ < 2n gia k�je k.Autì shmaÐnei ìti {y ∈ Y | ‖y‖ < R} ⊆ cl({Tx| ‖x‖ < 2n}), opìte, profan¸c,

{y ∈ Y | ‖y‖ < 1} ⊆ cl({Tx| ‖x‖ < K}, ìpou K = 2n
R .Apì to prohgoÔmeno je¸rhma sunep�getai {y ∈ Y | ‖y‖ < 1} ⊆ {Tx| ‖x‖ <

2K}, opìte apodeÐqjhke to (1) me M = 2K.'Estw anoiktì U ⊆ X gia na apodeÐxoume ìti to T (U) eÐnai anoiktì ston
Y . 'Estw tuqìn y0 = Tx0 ∈ T (U) me x0 ∈ U . Tìte up�rqei r > 0 ¸ste
{x ∈ X| ‖x−x0‖ < r} ⊆ U kai eÐnai eÔkolo na apodeiqjeÐ, lìgw grammikìthtactou T kai lìgw thc {y ∈ Y | ‖y‖ < 1} ⊆ {Tx| ‖x‖ < M}, ìti {y ∈ Y | ‖y− y0‖ <
r
M } ⊆ {Tx| ‖x− x0‖ < r} ⊆ T (U). 'Ara to T (U) eÐnai anoiktì.An o T eÐnai 1-1, tìte o T−1 : Y → X eÐnai grammikìc telest c kai eÐnaisuneq c diìti apì to (2) sunep�getai ìti to (T−1)−1(U) = T (U) eÐnai anoiktìston U gia k�je U anoiktì ston X. Me �llo trìpo: gia k�je y ∈ Y me
y 6= 0 kai t > 1 èqoume, lìgw thc {y ∈ Y | ‖y‖ < 1} ⊆ {Tx| ‖x‖ < M}, ìti
‖T−1( 1

t‖y‖ y)‖ < M . 'Ara, gia k�je y ∈ Y kai t > 1 èqoume ‖T−1y‖ < Mt‖y‖,
opìte ‖T−1y‖ ≤M‖y‖. Dhlad , o T−1 eÐnai fragmènoc kai ‖T−1‖ ≤M .
5.8 Je¸rhma kleistoÔ graf matoc
Orismìc 5.8 'Estw q¸roi X,Y me nìrma kai grammikìc telest c T : X → Y .
O T onom�zetai kleistìc an gia k�je sugklÐnousa akoloujÐa {xn} ston X gia
thn opoÐa kai h {Txn} eÐnai sugklÐnousa ston Y isqÔei ìti limTxn = T (limxn).

Dhlad , o T eÐnai kleistìc an, me thn upìjesh ìti xn → x ston X kai
Txn → y ston Y , sumperaÐnoume ìti y = Tx.
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An oi X,Y eÐnai q¸roi me nìrma, tìte to eujÔ �jroisma X⊕Y me tic pr�xeic
(x1, y1)+(x2, y2) = (x1+x2, y1+y2) kai κ(x, y) = (κx, κy) eÐnai q¸roc me nìrmaan orÐsoume ‖(·, ·)‖ : X ⊕ Y → R+

0 me tÔpo
‖(x, y)‖ = ‖x‖+ ‖y‖

gia k�je x ∈ X kai y ∈ Y .
L mma 5.1 An oi X,Y eÐnai q¸roi Banach, tìte o X⊕Y eÐnai q¸roc Banach.

Apìdeixh: 'Askhsh.
Orismìc 5.9 An f : A → B onom�zoume gr�fhma thc f to sÔnolo G(f) =
{(a, f(a))|a ∈ A} ⊆ A×B.

EÐnai stoiqei¸dec ìti an oi A,B eÐnai grammikoÐ q¸roi epÐ tou F kai h f eÐnaigrammik , tìte to G(f) eÐnai grammikìc upìqwroc tou A⊕B.
L mma 5.2 'Estw q¸roi X,Y me nìrma kai grammikìc telest c T : X → Y .
O T eÐnai kleistìc an kai mìnon an o G(T ) eÐnai kleistìc upìqwroc tou X ⊕ Y .

Apìdeixh: 'Askhsh.
Prìtash 5.17 'Estw q¸roi X,Y me nìrma kai grammikìc telest c T : X →
Y . An o T eÐnai fragmènoc, tìte o T eÐnai kleistìc.

Apìdeixh: 'Askhsh.
Je¸rhma 5.6 (KleistoÔ Graf matoc) 'Estw q¸roi Banach X,Y kai

grammikìc telest c T : X → Y . An o T eÐnai kleistìc, tìte o T
eÐnai fragmènoc.

Apìdeixh: Apì ta L mmata 5.1 kai 5.2 sunep�getai ìti o G(T ) eÐnai kleistìcupìqwroc tou q¸rou Banach X ⊕ Y kai, epomènwc, eÐnai q¸roc Banach .OrÐzoume S : G(T ) → X me tÔpo S(x, Tx) = x gia k�je x ∈ X. EÐnai pro-fanèc ìti o S eÐnai grammikìc telest c 1-1 kai epÐ. EpÐshc, o S eÐnai fragmènocdiìti ‖S(x, Tx)‖ = ‖x‖ ≤ ‖x‖+ ‖Tx‖ = ‖(x, Tx)‖ gia k�je x ∈ X.Apì to Je¸rhma Anoikt c Apeikìnishc sunep�getai ìti o S−1 eÐnai frag-mènoc, opìte up�rqei C ≥ 0 ¸ste ‖x‖ + ‖Tx‖ = ‖(x, Tx)‖ = ‖S−1x‖ ≤ C‖x‖gia k�je x ∈ X. 'Ara C ≥ 1 kai ‖Tx‖ ≤ (C − 1)‖x‖ gia k�je x ∈ X.
5.9 Telestèc se q¸rouc akolouji¸n
An T : lp → lq eÐnai grammikìc telest c, orÐzetai �peiroc pÐnakac [T ] = [aij ],ìpou oi arijmoÐ aij (1 ≤ i, j < +∞) kajorÐzontai apì tic isìthtec T (ej) =
(a1j , a2j , . . .) gia k�je j = 1, 2, . . . . To prìblhma thc eÔreshc twn pin�kwn oiopoÐoi antistoiqoÔn se fragmènouc T : lp → lq den eÐnai aplì. Ja doÔme merik�shmantik� paradeÐgmata.1. 'Estw akoloujÐa {κj} sto F kai orÐzoume T : lp → lp me tÔpo y = Tx =
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(κ1x1, κ2x2, . . .) gia k�je x = (x1, x2, . . .) ∈ lp. (O T antistoiqeÐ se diag¸niopÐnaka me diag¸nia stoiqeÐa κ1, κ2, . . . .)An {κj} ∈ l∞, tìte Tx ∈ lp gia k�je x ∈ lp kai o T : lp → lp eÐnai fragmènoc.Pr�gmati, an 1 ≤ p < +∞, tìte gia k�je x = (x1, x2, . . .) ∈ lp èqoume ‖Tx‖p

p =
|κ1x1|p+|κ2x2|p+· · · ≤ ‖{κj}‖p

∞(|x1|p+|x2|p+· · ·) = ‖{κj}‖p
∞‖x‖p

p. Epomènwc,
‖T‖ ≤ ‖{κj}‖∞. EÐnai, m�lista, eÔkolo na apodeÐxoume ìti isqÔei h isìthtasthn teleutaÐa sqèsh. PaÐrnoume tuqìn ε > 0 kai brÐskoume j0 ¸ste |κj0 | ≥
‖{κj}‖∞−ε. Tìte ‖T‖ ≥ ‖Tej0‖p = |κj0 | ≥ ‖{κj}‖∞−ε , opìte ‖T‖ ≥ ‖{κj}‖∞kai, epomènwc, ‖T‖ = ‖{κj}‖∞.H perÐptwsh p = +∞ den parousi�zei kammÐa duskolÐa.EÐnai eÔkolo na apodeÐxoume kai to antÐstrofo. Dhlad , an o T : lp → lpeÐnai fragmènoc, tìte {κj} ∈ l∞. Pr�gmati, gia k�je j èqoume |κj | = ‖Tej‖p ≤
‖T‖‖ej‖p = ‖T‖.MporoÔme, ìmwc, na apodeÐxoume kai èna isqurìtero antÐstrofo. Dhlad ,ìti an Tx ∈ lp gia k�je x ∈ lp (qwrÐc na upojèsoume ìti o T eÐnai fragmènoc),tìte o T eÐnai fragmènoc kai, epomènwc, {κj} ∈ l∞. Gia thn apìdeixh para-throÔme ìti o T eÐnai grammikìc telest c kai katìpin paÐrnoume opoiad pote
{x(n)} ston lp kai upojètoume ìti x(n) → x ston lp kai ìti Tx(n) → y ston lp.
Autì sunep�getai gia k�je j ìti x(n)

j → xj sto F kai κjx
(n)
j → yj sto F . 'Ara

yj = κjxj gia k�je j kai, epomènwc, y = Tx.Autì shmaÐnei ìti o T eÐnai kleistìc kai apì to Je¸rhma KleistoÔ Graf -matoc sunep�getai ìti o T eÐnai fragmènoc.2. JewroÔme ton telest  Sl : lp → lp me tÔpo y = Slx = (x2, x3, . . .) gia k�je
x = (x1, x2, . . .) ∈ lp. O Sl onom�zetai arister  met�jesh.OmoÐwc orÐzetai kai o telest c dexi� met�jesh Sr : lp → lp me tÔpo
y = Srx = (0, x1, x2, . . .) gia k�je x = (x1, x2, . . .) ∈ lp.EÐnai profanèc ìti kai oi dÔo telestèc eÐnai fragmènoi kai ìti oi nìrmectouc eÐnai ‖Sl‖ = ‖Sr‖ = 1. O Sl antistoiqeÐ se pÐnaka o opoÐoc èqei ìlectic suntetagmènec Ðsec me 0 ektìc apì tic suntetagmènec sth diag¸nio akrib¸cp�nw apì thn kÔria diag¸nio (dhlad  j − i = 1) oi opoÐec eÐnai Ðsec me 1. O SrantistoiqeÐ se pÐnaka o opoÐoc èqei ìlec tic suntetagmènec Ðsec me 0 ektìc apìtic suntetagmènec sth diag¸nio akrib¸c k�tw apì thn kÔria diag¸nio (dhlad 
i− j = 1) oi opoÐec eÐnai Ðsec me 1.3. DÔo akìmh paradeÐgmata eÐnai oi telestèc Toeplitz kai oi telestèc Hankel.SumfwnoÔme na gr�foume ta stoiqeÐa tou lp wc x = (x0, x1, . . .) kai jewroÔ-me opoiad pote akoloujÐa dipl c kateÔjunshc c = {ck}+∞k=−∞ sto F . OrÐzoume
Tc : lp → lp me tÔpo yi = (Tcx)i = cix0 + ci−1x1 + ci−2x2 + · · · gia k�je
i = 0, 1, . . . . O Tc onom�zetai telest c Toeplitz pou orÐzetai apì thn c kai opÐnak�c tou eÐnai thc morf c [Tc] = [aij ] ìpou aij = ci−j gia k�je i, j. Dhlad se k�je diag¸nio h opoÐa eÐnai par�llhlh me thn kÔria diag¸nio o pÐnakac èqeitic Ðdiec suntetagmènec.JewroÔme opoiad pote akoloujÐa (mon c kateÔjunshc) s = {sk}+∞k=0 kaiorÐzoume Hs : lp → lp me tÔpo yi = (Hsx)i = six0 + si+1x1 + si+2x2 + · · · giak�je i = 0, 1, . . . . O Hs onom�zetai telest c Hankel pou orÐzetai apì thn skai o pÐnak�c tou eÐnai thc morf c [Hs] = [aij ] ìpou aij = si+j gia k�je i, j.
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Dhlad  se k�je diag¸nio h opoÐa eÐnai k�jeth proc thn kÔria diag¸nio o pÐnakacèqei tic Ðdiec suntetagmènec.Oi telestèc autoÐ eÐnai idiaÐtera shmantikoÐ (kai gia tic efarmogèc touc),all� den ja touc melet soume. Akìmh kai h eÔresh ikan¸n kai anagkaÐwnsunjhk¸n gia tic akoloujÐec c kai s pou touc orÐzoun ¸ste na eÐnai fragmènoibrÐsketai pèra apì ta ìria tou maj matoc.
5.10 Telestèc se q¸rouc sunart sewn
1. To pr¸to par�deigma melet� mÐa tupik  perÐptwsh oloklhrwtikoÔ tele-
st .
Je¸rhma 5.7 'Estw σ-peperasmènoi q¸roi mètrou (Ω1,Σ1, µ1) kai

(Ω2,Σ2, µ2). JewroÔme to q¸ro mètrou (Ω1×Ω2,Σ1×Σ2, µ1×µ2) kai me-

tr simh sun�rthsh K : Ω1 × Ω2 → F. Upojètoume ìti

(i)
∫
Ω1
|K(a, b)| dµ1(a) ≤M2 gia µ2-sqedìn k�je b ∈ Ω2

(ii)
∫
Ω2
|K(a, b)| dµ2(b) ≤M1 gia µ1-sqedìn k�je a ∈ Ω1.

Tìte, gia k�je p me 1 < p < +∞ orÐzetai o fragmènoc telest c

T : Lp(Ω1,Σ1, µ1) → Lp(Ω2,Σ2, µ2) me tÔpo

Tf(b) =
∫

Ω1

K(a, b)f(a) dµ1(a)

gia µ2-sqedìn k�je b ∈ Ω2 kai

‖T‖ ≤M
1
p

1 M
1
q

2 ,

ìpou 1
p + 1

q = 1.
An p = 1, isqÔoun ta Ðdia me mình upìjesh thn (ii), en¸, an p =

+∞, isqÔoun ta Ðdia me mình upìjesh thn (i).

Apìdeixh: Upojètoume ìti 1 < p < +∞ kai èstw tuqoÔsa f ∈ Lp(Ω1,Σ1, µ1).Tìte gia µ2-sqedìn k�je b ∈ Ω2 sunep�getai apì thn anisìthta Hölder ìti∫
Ω1
|K(a, b)f(a)| dµ1(a) ≤

(∫
Ω1
|K(a, b)| dµ1(a)

) 1
q
(∫

Ω1
|K(a, b)||f(a)|p dµ1(a)

) 1
p

≤M
1
q

2

(∫
Ω1
|K(a, b)||f(a)|p dµ1(a)

) 1
p . 'Ara ∫

Ω2

(∫
Ω1
|K(a, b)f(a)| dµ1(a)

)p
dµ2(b)

≤M
p
q

2

∫
Ω2

(∫
Ω1
|K(a, b)||f(a)|p dµ1(a)

)
dµ2(b) kai, epomènwc, apì to gnwstì Je-¸rhma tou Tonelli sumperaÐnoume ìti ∫

Ω2

(∫
Ω1
|K(a, b)f(a)| dµ1(a)

)p
dµ2(b) ≤

M
p
q

2

∫
Ω1

(∫
Ω2
|K(a, b)| dµ2(b)

)
|f(a)|p dµ1(a) ≤M

p
q

2 M1

∫
Ω1
|f(a)|p dµ1(a) < +∞.

'Ara ∫
Ω1
|K(a, b)f(a)| dµ1(a) < +∞ gia µ2-sqedìn k�je b ∈ Ω2, opìte orÐze-tai to Tf(b) gia µ2-sqedìn k�je b ∈ Ω2 kai |Tf(b)| ≤

∫
Ω1
|K(a, b)f(a)| dµ1(a)gia µ2-sqedìn k�je b ∈ Ω2. Apì thn anisìthta pou apodeÐqjhke sthn prohgoÔ-

menh par�grafo sunep�getai ìti ∫
Ω2
|Tf(b)|p dµ2(b) ≤M1M

p
q

2

∫
Ω1
|f(a)|p dµ1(a)

kai, epomènwc, ‖Tf‖p ≤M
1
p

1 M
1
q

2 ‖f‖p.
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T¸ra, èstw p = 1 kai f ∈ Lp(Ω1,Σ1, µ1). Apì to Je¸rhma tou Tonelli∫

Ω2

(∫
Ω1
|K(a, b)f(a)| dµ1(a)

)
dµ2(b) =

∫
Ω1

(∫
Ω2
|K(a, b)| dµ2(b)

)
|f(a)| dµ1(a) ≤

M1

∫
Ω1
|f(a)| dµ1(a) < +∞. 'Ara ∫

Ω1
|K(a, b)f(a)| dµ1(a) < +∞ gia µ2-sqedìnk�je b ∈ Ω2, opìte orÐzetai to Tf(b) gia µ2-sqedìn k�je b ∈ Ω2 kai |Tf(b)| ≤∫

Ω1
|K(a, b)f(a)| dµ1(a) gia µ2-sqedìn k�je b ∈ Ω2. 'Ara ∫

Ω2
|Tf(b)| dµ2(b) ≤

M1

∫
Ω1
|f(a)| dµ1(a) kai, epomènwc, ‖Tf‖1 ≤M1‖f‖1.Tèloc, èstw p = +∞ kai f ∈ L∞(Ω1,Σ1, µ1). Tìte ∫

Ω1
|K(a, b)f(a)| dµ1(a)

≤ M2‖f‖∞ gia µ2-sqedìn k�je b ∈ Ω2. 'Ara to Tf(b) orÐzetai gia µ2-sqedìnk�je b ∈ Ω2 kai |Tf(b)| ≤M2‖f‖∞ gia µ2-sqedìn k�je b ∈ Ω2. 'Ara ‖Tf‖∞ ≤
M2‖f‖∞.
2. To epìmeno eÐnai to tupikì par�deigma pollaplasiastikoÔ telest .
Je¸rhma 5.8 'Estw σ-peperasmènoc q¸roc mètrou (Ω,Σ, µ), metr -

simh g : Ω → F kai 1 ≤ p ≤ +∞. Ta parak�tw eÐnai isodÔnama:

(1) Gia k�je f ∈ Lp(Ω,Σ, µ) isqÔei gf ∈ Lp(Ω,Σ, µ).
(2) g ∈ L∞(Ω,Σ, µ).

An g ∈ L∞(Ω,Σ, µ), tìte o telest c Mg : Lp(Ω,Σ, µ) → Lp(Ω,Σ, µ)
me tÔpo Mg(f) = gf gia k�je f ∈ Lp(Ω,Σ, µ) eÐnai fragmènoc kai

‖Mg‖ = ‖g‖∞.

Apìdeixh: EÐnai profanèc ìti to (2) sunep�getai to (1) kai ìti tìte o Mg eÐnaifragmènoc kai ‖Mg‖ ≤ ‖g‖∞. H upìjesh ìti to µ eÐnai σ-peperasmèno denqrei�zetai.'Estw, t¸ra, ìti isqÔei to (1). Tìte o Mg eÐnai grammikìc telest c kaieÐnai eÔkolo na doÔme ìti eÐnai kleistìc. Pr�gmati, èstw ìti fn → f ston
Lp(Ω,Σ, µ) kai gfn = Mgfn → h ston Lp(Ω,Σ, µ). MporoÔme na broÔme {fnk

}¸ste fnk
→ f kai gfnk

→ h µ-sqedìn pantoÔ sto Ω, opìte h = gf = Mgf . Apìto Je¸rhma KleistoÔ Graf matoc sunep�getai ìti o Mg eÐnai fragmènoc.Gia tuqìn n ≥ 1 jètoume An = {a ∈ Ω| |g(a)| ≥ ‖Mg‖ + 1
n}. Epeid  to µeÐnai σ-peperasmèno sunep�getai ìti up�rqoun Bk ∈ Σ ¸ste ∪+∞

k=1Bk = Ω kai
µ(Bk) < +∞ gia k�je k. Tìte An = ∪+∞

k=1(Bk ∩ An) kai µ(Bk ∩ An) < +∞gia k�je k. An µ(Bk ∩ An) > 0, paÐrnoume f = χBk∩An
kai upologÐzoume

(‖Mg‖ + 1
n )(µ(Bk ∩ An))

1
p ≤ ‖gf‖p ≤ ‖Mg‖‖f‖p = ‖Mg‖(µ(Bk ∩ An))

1
p ìtan

1 ≤ p < +∞, en¸ ‖Mg‖ + 1
n ≤ ‖gf‖∞ ≤ ‖Mg‖‖f‖∞ = ‖Mg‖ ìtan p = +∞.Kai stic dÔo peript¸seic katal goume se �topo, opìte µ(Bk∩An) = 0 gia k�je

k. 'Ara µ(An) = 0 gia k�je n, opìte ‖g‖∞ ≤ ‖Mg‖.
3. 'Estw o telest c parag¸gishcD : C1([0, 1]) → C([0, 1]) me tÔpoDf(x) =
f ′(x) gia 0 ≤ x ≤ 1 kai f ∈ C1([0, 1]). JewroÔme to C1([0, 1]) wc upìqwro tou
C([0, 1] (dhlad , me thn omoiìmorfh nìrma).O D eÐnai kleistìc. Pr�gmati, èstw {fn} me fn → f ston C1([0, 1]) kai
Dfn → h ston C([0, 1]). Dhlad , ‖fn−f‖u → 0 kai ‖f ′n−h‖u → 0. PaÐrnoume
opoiad pote a, b me 0 ≤ a < b ≤ 1 kai èqoume ìti fn(b)−fn(a) =

∫ b

a
f ′n(x) dx gia

k�je n. Lìgw omoiìmorfhc sÔgklishc sunep�getai ìti f(b)−f(a) =
∫ b

a
h(x) dx.Autì shmaÐnei ìti h = f ′ = Df .
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'Omwc, o D den eÐnai fragmènoc. Diìti, paÐrnontac fn(x) = xn upologÐzoume
‖Dfn‖u

‖fn‖u
= n gia k�je n.

Fusik�, o C1([0, 1]), wc upìqwroc tou C([0, 1]), den eÐnai q¸roc Banach.EÐnai eÔkolo na doÔme ìti o C1([0, 1]) eÐnai puknìc ston C([0, 1]). (Pr�gmati,k�je sun�rthsh f ∈ C([0, 1]) eÐnai omoiìmorfo, sto [0, 1], ìrio poluwnÔmwn,sÔmfwna me to Je¸rhma tou Weierstrass.) Dhlad , h pl rwsh tou C1([0, 1])(me thn omoiìmorfh nìrma) eÐnai o C([0, 1]).

5.11 Je¸rhma kleistoÔ sunìlou tim¸n
Je¸rhma 5.9 (KleistoÔ Sunìlou Tim¸n) (Banach) 'Estw q¸roi Banach

X,Y kai T ∈ L(X,Y ). Ta parak�tw eÐnai isodÔnama.

(1) O R(T ) eÐnai kleistìc upìqwroc tou Y .
(2) O R(T ′) eÐnai kleistìc upìqwroc tou X∗.

(3) R(T ) = ⊥N(T ′).
(4) R(T ′) = N(T )⊥.

Apìdeixh: Apì thn Prìtash 5.13(4) sunep�getai ìti ta (1) kai (3) eÐnai iso-dÔnama. EpÐshc, eÐnai profanèc ìti to (4) sunep�getai to (2). 'Ara arkeÐ naapodeÐxoume ìti ta (1) kai (2) eÐnai isodÔnama kai ìti to (1) sunep�getai to (4).
H (1) sunep�getai thn (2).O R(T ), wc kleistìc upìqwroc tou Y , eÐnai q¸roc Banach, opìte, apì toJe¸rhma Anoikt c Apeikìnishc gia ton T : X → R(T ), sunep�getai ìti u-p�rqei M > 0 ¸ste gia k�je y ∈ R(T ) me ‖y‖ < 1 up�rqei x ∈ X me
‖x‖ < M kai Tx = y. PaÐrnoume tuqìn y∗ ∈ Y ∗ kai tuqìn y ∈ R(T ) me
‖y‖ < 1. QrhsimopoioÔme to x ∈ X me ‖x‖ < M kai Tx = y kai gr�foume
|y∗(y)| = |y∗(Tx)| = |T ′y∗(x)| ≤ ‖x‖‖T ′y∗‖ < M‖T ′y∗‖. Apì to Je¸rhma 4.14sunep�getai ìti minz∗∈R(T )⊥ ‖y∗ − z∗‖ = supy∈R(T ),‖y‖<1 |y∗(y)| ≤M‖T ′y∗‖.Lìgw thc Prìtashc 5.13(1) èqoume ìti T ′y∗ = T ′(y∗ − z∗) gia k�je z∗ ∈
R(T )⊥. 'Ara h teleutaÐa anisìthta mporeÐ na diatupwjeÐ wc ex c: gia k�je
x∗ ∈ R(T ′) up�rqei y∗ ∈ Y ∗ me ‖y∗‖ ≤M‖x∗‖ ¸ste T ′y∗ = x∗.T¸ra ja apodeÐxoume ìti o R(T ′) eÐnai kleistìc. 'Estw {x∗n} ston R(T ′) kai
x∗n → x∗ ston X∗. BrÐskoume {nk} ¸ste ‖x∗nk

− x∗‖ < 1
2k+1 gia k�je k, opìte

‖x∗nk+1
−x∗nk

‖ < 1
2k gia k�je k. Katìpin brÐskoume {y∗k} ston Y ∗ ¸ste ‖y∗k‖ ≤ M

2kkai T ′y∗k = x∗nk+1
−x∗nk

gia k�je k. Epeid  ∑+∞
k=1 ‖y∗k‖ < +∞, sunep�getai ìti h

seir� ∑+∞
k=1 y

∗
k sugklÐnei ston Y ∗ kai èstw y∗ =

∑+∞
k=1 y

∗
k. Tìte, lìgw sunèqeiactou T ′ èqoume x∗ = x∗n1

+
∑+∞

k=1(x
∗
nk+1

−x∗nk
) = x∗n1

+
∑+∞

k=1 T
′y∗k = x∗n1

+T ′y∗ ∈
R(T ′). 'Ara o R(T ′) eÐnai kleistìc upìqwroc tou X∗.
H (1) sunep�getai thn (4).Lìgw thc Prìtashc 5.13(3), arkeÐ na apodeÐxoume ìti N(T )⊥ ⊆ R(T ′).'Opwc prin, èqoume ìti up�rqei M > 0 ¸ste gia k�je y ∈ R(T ) me ‖y‖ < 1up�rqei x ∈ X me ‖x‖ < M kai Tx = y.PaÐrnoume tuqìn x∗ ∈ N(T )⊥ kai orÐzoume y∗1 : R(T ) → F me tÔpo y∗1(y) =
x∗(x) gia k�je y = Tx ∈ R(T ). O orismìc eÐnai kalìc, diìti, an Tx = Tx′,
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tìte x − x′ ∈ N(T ), opìte x∗(x) − x∗(x′) = x∗(x − x′) = 0 kai eÐnai eÔkolona doÔme ìti to y∗1 eÐnai grammikì. To y∗1 eÐnai kai fragmèno, diìti gia y ∈
R(T ) me ‖y‖ < 1 paÐrnoume x ∈ X me ‖x‖ < M kai Tx = y kai èqoumeìti |y∗1(y)| = |x∗(x)| ≤ ‖x∗‖‖x‖ ≤ ‖x∗‖M . Epomènwc, ‖y∗1‖ ≤ ‖x∗‖M kai
y∗1 ∈ (R(T ))∗. Apì to Je¸rhma Hahn-Banach sunep�getai ìti up�rqei y∗ ∈ Y ∗to opoÐo eÐnai epèktash tou y∗1 apì ton R(T ) ston Y . Tìte gia k�je x ∈ Xèqoume T ′y∗(x) = y∗(Tx) = y∗1(Tx) = x∗(x) kai, epomènwc, T ′y∗ = x∗. 'Ara
x∗ ∈ R(T ′) kai N(T )⊥ ⊆ R(T ′).
H (2) sunep�getai thn (1).Epeid  o R(T ′), wc kleistìc upìqwroc tou X∗, eÐnai q¸roc Banach, sunep�-getai apì to Je¸rhma Anoikt c Apeikìnishc gia ton T ′ : Y ∗ → R(T ′) ìtiup�rqei M > 0 ¸ste gia k�je x∗ ∈ R(T ′) me ‖x∗‖ < 1 up�rqei y∗ ∈ Y ∗ me
‖y∗‖ < M kai T ′y∗ = x∗.Jètontac Y1 = cl(R(T )), ja èqoume {y ∈ Y1| ‖y‖ < 1} ⊆ cl({Tx| ‖x‖ < M}.Katìpin, apì to Je¸rhma 5.4 ja sumper�noume ìti o T eÐnai epÐ tou Y1, dhlad 
R(T ) = Y1 = cl(R(T )), kai h apìdeixh ja eÐnai pl rhc.Ja katal xoume se antÐfash upojètontac ìti up�rqei y ∈ Y1 me ‖y‖ < 1 kai
y /∈ cl({Tx| ‖x‖ < M}. Tìte up�rqei r > 0 ¸ste B(y; r) ∩ {Tx| ‖x‖ < M} = ∅.Apì to Je¸rhma 4.13 sunep�getai eÔkola ìti up�rqei y∗ ∈ Y ∗ ¸ste y∗(y) = Mkai supx∈X,‖x‖<M |y∗(Tx)| < M .To teleutaÐo shmaÐnei ìti ‖T ′y∗‖ = supx∈X,‖x‖<1 |T ′y∗(x)| < 1.'Ara up�rqei y∗0 ∈ Y ∗ me ‖y∗0‖ < M kai T ′y∗0 = T ′y∗. Opìte, gia k�je x ∈ Xèqoume y∗0(Tx) = T ′y∗0(x) = T ′y∗(x) = y∗(Tx). 'Ara ta y∗0 kai y∗ tautÐzontaiston R(T ) kai, epomènwc, kai ston Y1 = cl(R(T )). 'Ara M = y∗(y) = y∗0(y) ≤
‖y∗0‖‖y‖ ≤ ‖y∗0‖ < M kai katal goume se antÐfash.
L mma 5.3 'Estw q¸roc Banach X, q¸roc Y me nìrma kai T ∈ L(X,Y ). An
o T : X → R(T ) èqei fragmèno antÐstrofo, tìte o R(T ) eÐnai kleistìc upìqwroc
tou Y .

Apìdeixh: Apì thn upìjesh èqoume ìti up�rqei M > 0 ¸ste ‖x‖ ≤M‖Tx‖ giak�je x ∈ X.'Estw {yn} ston R(T ) me yn → y ston Y . Gia k�je n up�rqei (monadikì)
xn ∈ X ¸ste Txn = yn. Epeid  ‖xn − xm‖ ≤M‖T (xn − xm)‖ = M‖yn − ym‖,sunep�getai ìti h {xn} eÐnai akoloujÐa Cauchy kai, epomènwc, xn → x giak�poio x ∈ X. Lìgw sunèqeiac tou T sunep�getai ìti y = lim yn = limTxn =
Tx. 'Ara y ∈ R(T ) kai o R(T ) eÐnai kleistìc.
Prìtash 5.18 'Estw q¸roi Banach X,Y kai T ∈ L(X,Y ).
(1) R(T ) = Y an kai mìnon an o T ′ : Y ∗ → R(T ′) ⊆ X∗ èqei fragmèno antÐ-
strofo.
(2) R(T ′) = X∗ an kai mìnon an o T : X → R(T ) ⊆ Y èqei fragmèno antÐstrofo.

Apìdeixh: (1) An R(T ) = Y , tìte N(T ′) = R(T )⊥ = {0}, opìte o T ′ : Y ∗ →
R(T ′) eÐnai antistrèyimoc. Epeid  o R(T ) = Y eÐnai kleistìc, sunep�getai apìto Je¸rhma 5.9 ìti o R(T ′) eÐnai q¸roc Banach. Apì to Je¸rhma Anoikt cApeikìnishc sunep�getai ìti (T ′)−1 ∈ L(R(T ′), X∗).
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Antistrìfwc, èstw ìti o T ′ : Y ∗ → R(T ′) èqei fragmèno antÐstrofo, opìte,sÔmfwna me to L mma 5.3, o R(T ′) eÐnai kleistìc upìqwroc tou X∗. Apì toJe¸rhma 5.9 sunep�getai ìti R(T ) = ⊥N(T ′) = ⊥{0} = Y .(2) An R(T ′) = X∗, tìte N(T ) = ⊥R(T ′) = {0}, opìte o T : X → R(T )eÐnai antistrèyimoc. Epeid  o R(T ′) = X∗ eÐnai kleistìc, sunep�getai apìto Je¸rhma 5.9 ìti o R(T ) eÐnai q¸roc Banach. Apì to Je¸rhma Anoikt cApeikìnishc sunep�getai ìti T−1 ∈ L(R(T ), X).Antistrìfwc, èstw ìti o T : X → R(T ) èqei fragmèno antÐstrofo, opìte,apì to L mma 5.3, o R(T ) eÐnai kleistìc upìqwroc tou Y . Apì to Je¸rhma 5.9sunep�getai ìti R(T ′) = N(T )⊥ = {0}⊥ = X∗.
Je¸rhma 5.10 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ).
(1) An o T : X → Y èqei fragmèno antÐstrofo, tìte o T ′ : Y ∗ → X∗

èqei fragmèno antÐstrofo kai (T ′)−1 = (T−1)′.
(2) An o X eÐnai pl rhc, tìte isqÔei kai to antÐstrofo tou (1).

Apìdeixh: (1) 'Estw ìti o T ∈ L(X,Y ) èqei fragmèno antÐstrofo T−1 ∈
L(Y,X). Tìte T ′ ∈ L(Y ∗, X∗) kai (T−1)′ ∈ L(X∗, Y ∗) kai I = I ′ = (TT−1)′ =
(T−1)′T ′ kai I = I ′ = (T−1T )′ = T ′(T−1)′. 'Ara o T ′ : Y ∗ → X∗ èqei fragmènoantÐstrofo kai (T ′)−1 = (T−1)′.(2) Antistrìfwc, èstw ìti o X eÐnai pl rhc kai ìti o T ′ : Y ∗ → X∗ èqei frag-mèno antÐstrofo. Apì thn Prìtash 5.13 sunep�getai ìti N(T ) = ⊥R(T ′) =
⊥X∗ = {0}, opìte o T eÐnai 1-1, kai ìti cl(R(T )) = ⊥N(T ′) = ⊥{0} = Y ,opìte to R(T ) eÐnai puknì ston Y . An apodeÐxoume ìti o antÐstrofoc tou
T : X → R(T ) eÐnai fragmènoc, tìte apì to L mma 5.3 ja sumper�noume ìtito R(T ) eÐnai kleistì, opìte R(T ) = Y kai, epomènwc, o T ∈ L(X,Y ) èqeifragmèno antÐstrofo.Apì to (1) sunep�getai ìti o T ′′ : X∗∗ → Y ∗∗ èqei fragmèno antÐstrofo.Autì shmaÐnei ìti up�rqei C > 0 ¸ste ‖x∗∗‖ ≤ C‖T ′′x∗∗‖ gia k�je x∗∗ ∈ X∗∗.JewroÔme tic fusiologikèc emfuteÔseic JX : X → X∗∗ kai JY : Y → Y ∗∗kai blèpoume ìti T ′′(JXx) = JY (Tx) gia k�je x ∈ X. Pr�gmati, gia k�je y∗ ∈
Y ∗ èqoume T ′′(JXx)(y∗) = (JXx)(T ′y∗) = T ′y∗(x) = y∗(Tx) = JY (Tx)(y∗).'Ara gia k�je x ∈ X èqoume ‖x‖ = ‖JXx‖ ≤ C‖T ′′(JXx)‖ = C‖JY (Tx)‖ =
C‖Tx‖. Autì shmaÐnei ìti o antÐstrofoc tou T : X → R(T ) eÐnai fragmènoc.
5.12 F�smata telest¸n
Orismìc 5.10 'Estw q¸roc X me nìrma kai T ∈ L(X). Lème ìti o λ ∈ F
an kei sto analÔon sÔnolo tou T an o λI − T èqei tic idiìthtec:
(i) eÐnai 1-1,
(ii) o R(λI − T ) eÐnai puknìc upìqwroc tou X kai
(iii) o (λI − T )−1 : R(λI − T ) → X eÐnai fragmènoc.

An aut� isqÔoun, tìte sumbolÐzoume R(λ;T ) = (λI − T )−1 kai onom�zoume
ton R(λ;T ) analÔonta telest  tou T sto λ.

To analÔon sÔnolo tou T sumbolÐzetai ρ(T ) kai to sumpl rwm� tou sto F
onom�zetai f�sma tou T kai sumbolÐzetai σ(T ).
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'Ara, an λ ∈ σ(T ), tìte èna toul�qiston apì ta (i), (ii) kai (iii) den isqÔei.'Ara to σ(T ) diamerÐzetai sta trÐa xèna an� dÔo sÔnola pou orÐzontai wc ex c.

Orismìc 5.11 'Estw q¸roc X me nìrma kai T ∈ L(X).
(i) Pσ(T ) eÐnai to sÔnolo ìlwn twn λ ∈ F gia ta opoÐa o λI − T den eÐnai 1-1.
(ii) Rσ(T ) eÐnai to sÔnolo ìlwn twn λ ∈ F gia ta opoÐa o λI − T eÐnai 1-1 all�
den èqei puknì sÔnolo tim¸n.
(iii) Cσ(T ) eÐnai to sÔnolo ìlwn twn λ ∈ F gia ta opoÐa o λI − T eÐnai 1-1 me
puknì sÔnolo tim¸n all� me mh-fragmèno antÐstrofo.

To Pσ(T ) onom�zetai shmeiakì f�sma tou T kai ta stoiqeÐa tou onom�zo-
ntai idiotimèc tou T . To Rσ(T ) onom�zetai perijwriakì f�sma tou T kai
to Cσ(T ) onom�zetai suneqèc f�sma tou T .

Orismìc 5.12 'Estw q¸roc X me nìrma kai T ∈ L(X). EÐnai profanèc ìti to
λ eÐnai idiotim  tou T an kai mìnon an N(λI − T ) 6= {0}. O N(λI − T ) onom�-
zetai idiìqwroc tou T pou antistoiqeÐ sto λ kai h di�stas  tou onom�zetai
pollaplìthta tou λ. K�je mh-mhdenikì stoiqeÐo tou N(λI − T ), dhlad  k�je
x ∈ X me x 6= 0 kai Tx = λx, onom�zetai idiodi�nusma tou T wc proc to λ.

Par�deigma'Estw n = dim(X) < +∞ kai grammikìc telest c T : X → X. O TeÐnai autom�twc fragmènoc kai gia k�je λ ∈ F èqoume dÔo peript¸seic: eÐte o
λI − T : X → X den eÐnai 1-1, opìte to λ eÐnai idiotim  tou T , eÐte o λI − T :
X → X eÐnai 1-1, opìte eÐnai autom�twc epÐ tou X, o antÐstrofoc eÐnai kaiautìc fragmènoc kai, epomènwc, to λ an kei sto analÔon sÔnolo tou T .'Ara to f�sma tou T apoteleÐtai mìnon apì to shmeiakì f�sma, σ(T ) =
Pσ(T ).An B = {b1, . . . , bn} eÐnai opoiad pote b�sh tou X kai jewr soume tonpÐnaka tou T , [T ]BB = [aij ], wc proc th B, tìte to λ eÐnai idiotim  tou T ankai mìnon an det([λδij − aij ]) = 0. H par�stash arister� eÐnai polu¸numotou λ bajmoÔ n me suntelestèc apì to F kai onom�zetai qarakthristikì
polu¸numo tou T . 'An F = C, tìte to polu¸numo autì èqei toul�qiston mÐarÐza (kai m�lista, akrib¸c n rÐzec, an metr soume tic pollaplìthtec), opìteto f�sma tou T eÐnai p�ntote mh-kenì. An F = R, tìte up�rqei perÐptwsh toqarakthristikì polu¸numo na mhn èqei kammÐa rÐza kai to f�sma tou T na eÐnaikenì. 'Ena tètoio par�deigma, an n = 2, eÐnai o T me tÔpo T (κ1b1 + κ2b2) =
−κ2b1 + κ1b2 gia k�je κ1, κ2 ∈ R, tou opoÐou to qarakthristikì polu¸numoeÐnai to λ2 + 1.

Sto ex c periorÐzoume th melèth mac se q¸rouc Banach.

Prìtash 5.19 'Estw q¸roc Banach X kai T ∈ L(X). To λ ∈ F an kei sto
analÔon sÔnolo tou T an kai mìnon an o λI − T eÐnai 1-1 kai epÐ tou X kai
(λI − T )−1 ∈ L(X).

Apìdeixh: ArkeÐ na apodeiqjeÐ ìti, an to λ an kei sto analÔon sÔnolo tou T ,tìte R(λI − T ) = X. 'Omwc, apì to L mma 5.3 sunep�getai ìti o R(λI − T )eÐnai kleistìc kai, epeid  eÐnai puknìc ston X, sunep�getai ìti R(λI −T ) = X.
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Dhlad , ìtan o X eÐnai q¸roc Banach, tìte to λ ∈ F an kei sto analÔonsÔnolo tou T an kai mìnon an o λI−T eÐnai antistrèyimo stoiqeÐo thc �lgebrac
Banach L(X).
L mma 5.4 'Estw q¸roc Banach X kai T ∈ L(X) me ‖T‖ < 1. Tìte o I − T
eÐnai antistrèyimo stoiqeÐo tou L(X) kai ‖(I − T )−1‖ ≤ 1

1−‖T‖ .

Apìdeixh: Epeid  1 +
∑+∞

k=1 ‖T k‖ ≤ 1 +
∑+∞

k=1 ‖T‖k < +∞ kai o L(X) eÐnaiq¸roc Banach, sunep�getai ìti h seir� I +
∑+∞

k=1 T
k sugklÐnei ston L(X) kaièstw S = I +

∑+∞
k=1 T

k. Gia k�je n ∈ N èqoume (I + T + · · · + Tn)(I − T ) =
(I−T )(I+T+· · ·+Tn) = I−Tn+1. Epeid  ‖Tn+1‖ ≤ ‖T‖n+1 → 0, sunep�getaiìti Tn+1 → 0 ston L(X), opìte S(I − T ) = (I − T )S = I.'Ara o I − T eÐnai antistrèyimoc kai (I − T )−1 = S.EpÐshc, ‖S‖ ≤ 1 +

∑+∞
k=1 ‖T‖k = 1

1−‖T‖ , opìte S ∈ L(X) kai o S eÐnai to
antÐstrofo stoiqeÐo tou I − T ston L(X).
Prìtash 5.20 'Estw q¸roc Banach X kai T ∈ L(X). Tìte ρ(T ) = ρ(T ′) kai
R(λ;T )′ = R(λ;T ′) gia k�je λ ∈ ρ(T ).

Apìdeixh: Apl  efarmog  tou Jewr matoc 5.10.
Je¸rhma 5.11 'Estw q¸roc Banach X kai T ∈ L(X). Tìte to σ(T )
eÐnai sumpagèc uposÔnolo tou F kai h R( · ;T ) : ρ(T ) → L(X) eÐnai

suneq c sun�rthsh sto anoiktì ρ(T ).
Gia k�je λ, µ ∈ ρ(T ) isqÔei R(λ;T )−R(µ;T ) = (µ−λ)R(λ;T )R(µ;T ).

Apìdeixh: 'Estw λ ∈ ρ(T ), opìte o λI − T eÐnai antistrèyimoc kai R(λ;T ) =
(λI − T )−1 ∈ L(X). JewroÔme opoiod pote µ ∈ F me |µ − λ| < ‖R(λ;T )‖−1

kai gr�foume µI − T = λI − T − (λ− µ)I = (λI − T )
[
I − (λ− µ)R(λ;T )

].Apì to L mma 5.4 sunep�getai ìti o I − (λ − µ)R(λ;T ) èqei antÐstrofoston L(X). 'Ara o µI − T èqei antÐstrofo ston L(X) kai R(µ;T ) =
[
I − (λ−

µ)R(λ;T )
]−1

R(λ;T ). Epomènwc ‖R(µ;T )‖ ≤ ‖R(λ;T )‖
1−|µ−λ|‖R(λ;T )‖ .ApodeÐxame ìti, an λ ∈ ρ(T ), tìte ìla ta kontin� tou shmeÐa µ an koun sto

ρ(T ). 'Ara to ρ(T ) eÐnai anoiktì kai epomènwc to σ(T ) eÐnai kleistì uposÔnolotou F .Epeid  λI − T = λ(I − λ−1T ), apì to L mma 5.4 sunep�getai ìti, gia k�je
λ ∈ F me |λ| > ‖T‖, o λI − T eÐnai antistrèyimoc kai R(λ;T ) = (λI − T )−1 ∈
L(X). Dhlad , σ(T ) ⊆ {λ| |λ| ≤ ‖T‖} kai, epomènwc, to σ(T ) eÐnai sumpagèc.Gia k�je λ, µ ∈ ρ(T ) upologÐzoume R(λ;T ) = R(λ;T )(µI − T )R(µ;T ) =
R(λ;T )

[
(µ− λ)I + (λI − T )

]
R(µ;T ) = (µ− λ)R(λ;T )R(µ;T ) +R(µ;T ). Epo-mènwc, R(λ;T )−R(µ;T ) = (µ− λ)R(λ;T )R(µ;T ).

Apì thn teleutaÐa isìthta kai apì thn ‖R(µ;T )‖ ≤ ‖R(λ;T )‖
1−|µ−λ|‖R(λ;T )‖ ìtan

|µ− λ| < ‖R(λ;T )‖−1, paÐrnoume ‖R(λ;T )−R(µ;T )‖ ≤ |µ− λ| ‖R(λ;T )‖2
1−|µ−λ|‖R(λ;T )‖gia k�je λ ∈ ρ(T ) kai µ me |µ− λ| < ‖R(λ;T )‖−1.'Ara R(µ;T ) → R(λ;T ) ston L(X) ìtan µ→ λ sto ρ(T ).



5.12. F�ASMATA TELEST�WN 195
Orismìc 5.13 'Estw q¸roc Banach X kai T ∈ L(X). An σ(T ) 6= ∅, tìte
o mh-arnhtikìc arijmìc rσ(T ) = maxλ∈σ(T ) |λ| onom�zetai fasmatik  aktÐna
tou T .

An F = R, tìte to [−rσ(T ), rσ(T )] eÐnai to mikrìtero kleistì di�sthma mekèntro to 0 to opoÐo perièqei to σ(T ). An F = C, tìte o cl(∆(0; rσ(T ))) eÐnaio mikrìteroc kleistìc dÐskoc me kèntro to 0 o opoÐoc perièqei to σ(T ).
Je¸rhma 5.12 'Estw q¸roc Banach X kai T ∈ L(X). Tìte

(1) up�rqei to lim ‖Tn‖ 1
n kai lim ‖Tn‖ 1

n ≤ ‖T k‖ 1
k gia k�je k,

(2) an σ(T ) 6= ∅, tìte rσ(T ) ≤ lim ‖Tn‖ 1
n ,

(3) R(λ;T ) =
∑+∞

k=1 λ
−kT k−1 gia k�je λ ∈ F me |λ| > lim ‖Tn‖ 1

n kai

(4) ìtan |λ| < lim ‖Tn‖ 1
n , h

∑+∞
k=1 λ

−kT k−1 de sugklÐnei se stoiqeÐo

tou L(X).

Apìdeixh: (1) PaÐrnoume opoiod pote k ∈ N kai gia k�je n ∈ N me n ≥ kgr�foume n = pk+ q, ìpou p, q ∈ N kai 0 ≤ q ≤ k−1. Tìte, pk
n → 1 kai q

n → 0
ìtan n → +∞. Epeid  ‖Tn‖ 1

n ≤ ‖T pk‖ 1
n ‖T q‖ 1

n ≤ ‖T k‖
p
n ‖T‖

q
n , sunep�getaiìti lim sup ‖Tn‖ 1

n ≤ ‖T k‖ 1
k .AfoÔ autì isqÔei gia k�je k, sunep�getai lim sup ‖Tn‖ 1

n ≤ lim inf ‖Tn‖ 1
n .'Ara to lim ‖Tn‖ 1

n up�rqei kai lim ‖Tn‖ 1
n ≤ ‖T k‖ 1

k gia k�je k.(3) An |λ| > lim ‖Tn‖ 1
n , tìte paÐrnoume τ ¸ste |λ| > τ > lim ‖Tn‖ 1

n kai N ¸ste
τ ≥ ‖T k‖ 1

k gia k�je k ≥ N . Tìte ∑+∞
k=N+1 ‖λ−kT k−1‖ ≤

∑+∞
k=N+1 |λ|−kτk−1

< +∞, opìte h seir� ∑+∞
k=1 λ

−kT k−1 sugklÐnei se stoiqeÐo tou L(X).An S =
∑+∞

k=1 λ
−kT k−1, tìte (λI − T )S = lim(λI − T )λ−1(I + λ−1T + · · ·

+λ−nTn) = lim(I −λ−n−1Tn+1) = I. OmoÐwc apodeiknÔetai ìti S(λI −T ) = Ikai, epomènwc, R(λ;T ) =
∑+∞

k=1 λ
−kT k−1.(2) 'Amesh sunèpeia tou (3).(4) An h ∑+∞

k=1 λ
−kT k−1 sugklÐnei ston L(X), sunep�getai ìti ‖λ−k−1T k‖ → 0.

'Ara up�rqei N ¸ste ‖λ−k−1T k‖ ≤ 1 ìtan k ≥ N . Tìte |λ| k+1
k ≥ ‖T k‖ 1

k ìtan
k ≥ N , opìte |λ| ≥ lim ‖Tn‖ 1

n .
ParadeÐgmata1. PaÐrnoume opoiad pote {κk} ∈ l∞ kai jewroÔme ton telest  T : l2 → l2 metÔpo Tx = (κ1x1, κ2x2, . . .) gia k�je x = (x1, x2, . . .) ∈ l2. GnwrÐzoume ìti o TeÐnai fragmènoc kai ‖T‖ = ‖{κk}‖∞.O λ ∈ F eÐnai idiotim  tou T an kai mìnon an up�rqei mh-mhdenikì x =
(x1, x2, . . .) ∈ l2 ¸ste κjxj = λxj gia k�je j. Autì, profan¸c, eÐnai dunatìnan kai mìnon an λ = κj gia k�poio j me antÐstoiqo idiodi�nusma to ej . 'Ara
Pσ(T ) = {κj |j ∈ N}.An to λ an kei sto perijwriakì f�sma tou T , tìte to λ den eÐnai idiotim  kai o
R(λI−T ) den eÐnai puknìc ston l2, opìte up�rqei mh-mhdenikì y = (y1, y2, . . .) ∈
l2 k�jeto ston R(λI −T ). Autì isodunameÐ me (λx−Tx|y) = 0 gia k�je x ∈ l2kai, paÐrnontac x = ej , èqoume ìti (λ − κj)yj = 0 gia k�je j. AfoÔ to λ deneÐnai idiotim , katal goume se �topo, opìte to perijwriakì f�sma eÐnai kenì,
Rσ(T ) = ∅.
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'Estw, t¸ra, ìti to λ den eÐnai idiotim  tou T , opìte eÐte ja an kei stoanalÔon sÔnolo eÐte ja an kei sto suneqèc f�sma tou T . An λ ∈ ρ(T ), tìte
R(λI−T ) = l2 kai o (λI−T )−1 eÐnai fragmènoc ston l2. O tÔpoc tou (λI−T )−1

eÐnai o (λI−T )−1y = ( 1
λ−κ1

y1,
1

λ−κ2
y2, . . .) gia k�je y = (y1, y2, . . .) kai èqoumeapodeÐxei ìti autìc orÐzetai gia k�je y ∈ l2 an kai mìnon an { 1

λ−κj
} ∈ l∞

kai se aut n thn perÐptwsh eÐnai fragmènoc. To { 1
λ−κj

} ∈ l∞ isodunameÐ me
λ /∈ cl({κj |j ∈ N}).SumperaÐnoume ìti σ(T ) = cl({κj |j ∈ N}) kai, eidik¸tera, Pσ(T ) = {κj |j ∈
N}, Rσ(T ) = ∅ kai Cσ(T ) = cl({κj |j ∈ N}) \ {κj |j ∈ N}.
2. JewroÔme th dexi� met�jesh Sr : l2 → l2 me tÔpo Srx = (0, x1, x2, . . .) giak�je x = (x1, x2, . . .) ∈ l2.To λ eÐnai idiotim  tou Sr an kai mìnon an up�rqei x = (x1, x2, . . .) 6= 0 ston
l2 ¸ste λx1 = 0 kai λxj+1 = xj gia k�je j ≥ 1. EÔkola faÐnetai ìti autì eÐnaiadÔnato, opìte o Sr den èqei idiotimèc kai, epomènwc, Pσ(Sr) = ∅.To λ an kei sto perijwriakì f�sma tou Sr an kai mìnon an o R(λI − Sr)den eÐnai puknìc ston l2, dhlad , an kai mìnon an up�rqei mh-mhdenikì y =
(y1, y2, . . .) ∈ l2 k�jeto ston R(λI − Sr). Autì isodunameÐ me (λx − Srx|y)gia k�je x ∈ l2 kai autì isodunameÐ me x1(λy1 − y2) + x2(λy2 − y3) + · · · = 0gia k�je x ∈ l2, dhlad  me λyj = yj+1 gia k�je j. An |λ| < 1, tìte to
y = (1, λ, λ

2
, . . .) an kei ston l2 kai lÔnei to sÔsthma autì, opìte λ ∈ Rσ(Sr).An |λ| ≥ 1, den up�rqei lÔsh y ∈ l2 tou sust matoc, opìte λ /∈ Rσ(Sr). 'Ara

Rσ(Sr) = {λ ∈ F | |λ| < 1}.Apì to prohgoÔmeno je¸rhma gnwrÐzoume ìti rσ(Sr) ≤ ‖Sr‖ = 1. Epomè-nwc, {λ ∈ F | |λ| < 1} ⊆ σ(Sr) ⊆ {λ ∈ F | |λ| ≤ 1} kai, epeid  to σ(Sr) eÐnaikleistì, sunep�getai ìti σ(Sr) = {λ ∈ F | |λ| ≤ 1}. 'Ara Cσ(Sr) = {λ| |λ| = 1}.
3. Tèloc, jewroÔme thn arister  met�jesh Sl : l2 → l2 me Slx = (x2, x3, . . .)gia k�je x = (x1, x2, . . .) ∈ l2.To λ eÐnai idiotim  tou Sl an kai mìnon an up�rqei x = (x1, x2, . . .) 6= 0 ston
l2 ¸ste λxj = xj+1 gia k�je j ≥ 1. An |λ| ≥ 1, tìte eÔkola faÐnetai ìti autìeÐnai adÔnato, en¸, an |λ| < 1, tìte to x = (1, λ, λ2, . . .) an kei ston l2 kai lÔneito sÔsthma. 'Ara Pσ(Sl) = {λ| |λ| < 1}.To λ an kei sto perijwriakì f�sma tou Sl an kai mìnon an o R(λI − Sl)den eÐnai puknìc ston l2, dhlad , an kai mìnon an up�rqei mh-mhdenikì y =
(y1, y2, . . .) ∈ l2 k�jeto ston R(λI − Sl). Autì isodunameÐ me (λx − Slx|y) giak�je x ∈ l2 kai autì isodunameÐ me x1λy1 + x2(λy2 − y1) + · · · = 0 gia k�je
x ∈ l2, dhlad  me λy1 = 0 kai λyj+1 = yj gia k�je j. Autì eÐnai adÔnato, opìte
Rσ(Sl) = ∅.Apì to teleutaÐo je¸rhma sunep�getai ìti rσ(Sl) ≤ ‖Sl‖ = 1. Epomènwc,
{λ ∈ F | |λ| < 1} ⊆ σ(Sl) ⊆ {λ ∈ F | |λ| ≤ 1} kai, epeid  to σ(Sl) eÐnai kleistì,sunep�getai ìti σ(Sl) = {λ ∈ F | |λ| ≤ 1}. 'Ara Cσ(Sl) = {λ| |λ| = 1}.
Orismìc 5.14 'Estw q¸roc Banach Z epÐ tou C, anoiktì uposÔnolo U tou C
kai sun�rthsh f : U → Z. H f onom�zetai olìmorfh sto U me timèc ston
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Z an gia k�je λ ∈ U up�rqei to ìrio limU3κ→λ

f(κ)−f(λ)
κ−λ ston Z. To ìrio autì

sumbolÐzetai f ′(λ) kai h f ′ : U → Z onom�zetai par�gwgoc thc f sto U .

Prìtash 5.21 'Estw q¸roc Banach Z epÐ tou C, anoiktì U ⊆ C kai olìmorfh
f sto U me timèc ston Z. Tìte gia k�je z∗ ∈ Z∗ h sun�rthsh z∗ ◦ f : U → C
eÐnai olìmorfh sto U .

Apìdeixh: 'Askhsh.
Prìtash 5.22 'Estw q¸roc Banach Z epÐ tou C kai f olìmorfh sto C me
timèc ston Z. An h f eÐnai fragmènh, dhlad  up�rqei M ≥ 0 ¸ste ‖f(κ)‖ ≤M
gia k�je κ ∈ C, tìte h f eÐnai stajer  sto C.

Apìdeixh: Upojètoume ìti h f den eÐnai stajer  sto C, opìte up�rqoun κ1 kai
κ2 ¸ste f(κ1) 6= f(κ2). Apì to Je¸rhma Hahn-Banach sunep�getai ìti up�rqei
z∗ ∈ Z∗ ¸ste z∗(f(κ1)) 6= z∗(f(κ2)). H sun�rthsh z∗ ◦ f eÐnai olìmorfh, lìgwthc prohgoÔmenhc prìtashc, kai fragmènh sto C, diìti |(z∗ ◦ f)(κ)| ≤ ‖z∗‖Mgia k�je κ ∈ C. Apì to klassikì Je¸rhma tou Liouville sunep�getai ìti h z∗◦feÐnai stajer  sto C. Autì antif�skei me to ìti (z∗ ◦ f)(κ1) 6= (z∗ ◦ f)(κ2).
Je¸rhma 5.13 An X eÐnai q¸roc Banach X epÐ tou C kai T ∈ L(X),
tìte

(1) h R( · ;T ) : ρ(T ) → L(X) eÐnai olìmorfh sto ρ(T ) me timèc ston

L(X),
(2) to σ(T ) den eÐnai kenì kai

(3) rσ(T ) = lim ‖Tn‖ 1
n .

Apìdeixh: (1) Apì thn tautìthta R(λ;T ) − R(µ;T ) = (µ − λ)R(λ;T )R(µ;T )kai th sunèqeia thc R( · ;T ) sto ρ(T ) sunep�getai ìti
R′(λ;T ) = lim

ρ(T )3µ→λ

R(µ;T )−R(λ;T )
µ− λ

= −R(λ;T )2

gia k�je λ ∈ ρ(T ).(2) An to σ(T ) eÐnai kenì, tìte h R( · ;T ) eÐnai olìmorfh sto ρ(T ) = C.Epeid  ‖Tn‖ ≤ ‖T‖n gia k�je n, sunep�getai ìti lim ‖Tn‖ 1
n ≤ ‖T‖. A-pì to Je¸rhma 5.12(3) sunep�getai ìti gia k�je λ ∈ C me |λ| ≥ 2‖T‖ isqÔei

‖R(λ;T )‖ ≤
∑+∞

k=1 |λ|−k‖T‖k−1 ≤ 2|λ|−1. 'Ara h sun�rthsh R( · ;T ) eÐnai frag-mènh sto C.Apì thn Prìtash 5.22 sunep�getai ìti h R( · ;T ) eÐnai stajer  sto C. E-pÐshc, apì thn teleutaÐa anisìthta thc prohgoÔmenhc paragr�fou sunep�getaiìti lim|λ|→+∞ ‖R(λ;T )‖ ≤ lim|λ|→+∞ 2|λ|−1 = 0 kai, epomènwc, R(λ;T ) = 0gia k�je λ ∈ C. Autì eÐnai adÔnato, afoÔ o R(λ;T ) eÐnai antistrèyimoc.(3) 'Estw ìti rσ(T ) 6= lim ‖Tn‖ 1
n , opìte apì to Je¸rhma 5.12(2) sunep�getaiìti rσ(T ) < lim ‖Tn‖ 1

n . Lìgw tou (1), h R( · ;T ) eÐnai olìmorfh sto anoiktìsÔnolo {λ ∈ C| |λ| > rσ(T )} me timèc ston L(X). 'Ara gia k�je z∗ ∈ (L(X))∗h z∗ ◦ R( · ;T ) eÐnai olìmorfh sto Ðdio anoiktì sÔnolo me timèc sto C kai, e-pomènwc, èqei mia seir� Laurent: z∗(R(λ;T )) =
∑+∞

k=−∞ akλ
−k gia k�je λ me
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|λ| > rσ(T ). Oi suntelestèc ak = ak(z∗) exart¸ntai apì to z∗ kai isqÔei ognwstìc tÔpoc
ak(z∗) =

1
2πi

∫
|λ|=r

z∗(R(λ;T ))λk−1 dλ

ìpou r eÐnai opoiosd pote arijmìc me r > rσ(T ).JewroÔme r ¸ste rσ(T ) < r < lim ‖Tn‖ 1
n . Epeid  h R( · ;T ) eÐnai suneq c,up�rqei K ¸ste ‖R(λ;T )‖ ≤ K gia k�je λ me |λ| = r. 'Ara |z∗(R(λ;T ))λk−1| ≤

K‖z∗‖rk−1 gia k�je λ me |λ| = r, opìte |ak(z∗)| ≤ 1
2π K‖z

∗‖rk−12πr =
K‖z∗‖rk gia k�je k ≥ 1.Apì to Je¸rhma 5.12(3), lìgw sunèqeiac tou z∗ èqoume ìti z∗(R(λ;T )) =∑+∞

k=1 z
∗(T k−1)λ−k gia k�je λ me |λ| > lim ‖Tn‖ 1

n .Lìgw monadikìthtac thc seir�c Laurent, sunep�getai ìti ak(z∗) = z∗(T k−1)ìtan k ≥ 1 kai ak(z∗) = 0 ìtan k ≤ 0 kai
z∗(R(λ;T )) =

+∞∑
k=1

z∗(T k−1)λ−k

gia k�je λ me |λ| > rσ(T ).'Ara |z∗(T k−1)| = |ak(z∗)| ≤ K‖z∗‖rk gia k�je k ≥ 1, opìte apì to Je¸rhma4.11 sunep�getai ìti ‖T k−1‖ = maxz∗∈(L(X))∗,‖z∗‖≤1 |z∗(T k−1)| ≤ Krk gia k�je
k ≥ 1.Epomènwc, r < lim ‖Tn‖ 1

n ≤ limK
1
n r

n+1
n = r kai katal goume se �topo.

5.13 SumpageÐc telestèc
Orismìc 5.15 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). O T onom�zetai
sumpag c   teleÐwc suneq c an to T (BX) èqei sumpag  kleist  j kh ston
Y , ìpou BX eÐnai h kleist  monadiaÐa mp�la tou X.

To sÔnolo ìlwn twn sumpag¸n T ∈ L(X,Y ) sumbolÐzetai K(X,Y ) en¸ to
sÔnolo ìlwn twn sumpag¸n T ∈ L(X) sumbolÐzetai K(X).

Prìtash 5.23 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ).
(1) O T eÐnai sumpag c an kai mìnon an gia k�je fragmènh {xn} ston X up�rqei
{xnk

} ¸ste h {Txnk
} na sugklÐnei ston Y .

(2) O T eÐnai sumpag c an kai mìnon an gia k�je fragmèno K ⊆ X to T (K)
èqei sumpag  kleist  j kh ston Y .
(3) An o Y eÐnai pl rhc, tìte o T eÐnai sumpag c an kai mìnon an gia k�je
fragmèno K ⊆ X to T (K) eÐnai olik� fragmèno.

Apìdeixh: (1) 'Estw ìti o T eÐnai sumpag c kai èstw fragmènh {xn} ston X.An ‖xn‖ ≤ M gia k�je n, tìte h {T (xn

M )} eÐnai sto T (BX) kai, epomènwc,up�rqei {xnk
} ¸ste h {T (xnk

M )}, opìte kai h {Txnk
}, na sugklÐnei ston Y .Antistrìfwc, èstw {yn} sto cl(T (BX)). Gia k�je n paÐrnoume xn ∈ BX¸ste ‖Txn − yn‖ < 1

n , opìte up�rqei {xnk
} ¸ste h {Txnk

} na sugklÐnei sek�poio y ∈ Y . Tìte ynk
→ y kai, epeid  to cl(T (BX)) eÐnai kleistì, y ∈
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cl(T (BX)). 'Ara to cl(T (BX)) eÐnai sumpagèc.(2) 'Estw ìti o T eÐnai sumpag c kai èstw fragmèno K ⊆ X. Tìte up�rqei M¸ste ‖x‖ ≤ M gia k�je x ∈ K, opìte T (K) ⊆ MT (BX) = Mcl(T (BX)). 'Arato cl(T (K)) eÐnai kleistì uposÔnolo sumpagoÔc sunìlou kai, epomènwc, eÐnaisumpagèc. To antÐstrofo eÐnai profanèc.(3) An gia k�je fragmèno K ⊆ X to T (K) eÐnai olik� fragmèno, tìte kaito cl(T (K)) eÐnai olik� fragmèno. To cl(T (K)) eÐnai kai pl rec, opìte eÐnaisumpagèc. To antÐstrofo eÐnai profanèc.
Prìtash 5.24 'Estw q¸roi X,Y, Z me nìrma.
(1) O K(X,Y ) eÐnai grammikìc upìqwroc tou L(X,Y ).
(2) An o Y eÐnai pl rhc, tìte o K(X,Y ) eÐnai kleistìc upìqwroc tou L(X,Y ).
(3) An T ∈ L(X,Y ) kai S ∈ L(Y,Z), tìte o ST eÐnai sumpag c an ènac toul�qi-
ston apì touc S, T eÐnai sumpag c.

Apìdeixh: (1) 'Askhsh.(2) 'Estw {Tn} ston K(X,Y ), T ∈ L(X,Y ) kai ‖Tn − T‖ → 0. PaÐrnoumeopoiod pote fragmèno K ⊆ X, opìte up�rqei M ¸ste ‖x‖ ≤ M gia k�je
x ∈ K, kai ja apodeÐxoume ìti to T (K) eÐnai olik� fragmèno. An ε > 0,brÐskoume n ¸ste ‖Tn − T‖ < ε

2M . Epeid  to Tn(K) eÐnai olik� fragmèno,up�rqoun y1, . . . , yN ∈ Y ¸ste Tn(K) ⊆ ∪N
k=1B(yk; ε

2 ). T¸ra, eÐnai eÔkolo nadoÔme ìti T (K) ⊆ ∪N
k=1B(yk; ε), opìte to T (K) eÐnai olik� fragmèno kai o TeÐnai sumpag c. Pr�gmati, an y = Tx me x ∈ K, tìte ‖y−Tnx‖ = ‖Tx−Tnx‖ <

ε
2M M = ε

2 . Gia k�poio k = 1, . . . , N èqoume ‖Tnx − yk‖ < ε
2 kai, epomènwc,

‖y − yk‖ < ε. 'Ara k�je y ∈ T (K) an kei sthn ∪N
k=1B(yk; ε).(3) An o T eÐnai sumpag c, tìte ST (BX) ⊆ S(cl(T (BX))). To cl(T (BX)) eÐnaisumpagèc kai, epeid  o S eÐnai suneq c, to S(cl(T (BX))) eÐnai sumpagèc. 'Arato cl(ST (BX)) ⊆ S(cl(T (BX))) eÐnai sumpagèc.'Estw ìti o S eÐnai sumpag c. Epeid  o T eÐnai fragmènoc, to T (BX) eÐnaifragmèno, opìte, sÔmfwna me thn prohgoÔmenh prìtash, to cl(S(T (BX))) eÐnaisumpagèc.

Prìtash 5.25 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). An o R(T ) èqei
peperasmènh di�stash, tìte T ∈ K(X,Y ).

Apìdeixh: O R(T ) eÐnai kleistìc upìqwroc tou Y , opìte cl(T (BX)) ⊆ R(T ).Epeid  o T eÐnai fragmènoc, to T (BX) kai, epomènwc, to cl(T (BX)) eÐnai frag-mèno. 'Ara to cl(T (BX)) eÐnai kleistì kai fragmèno uposÔnolo q¸rou pepera-smènhc di�stashc, opìte eÐnai sumpagèc.
Prìtash 5.26 'Estw q¸roi X,Y me nìrma, dim(Y ) = +∞ kai T ∈ L(X,Y ).
An o T eÐnai sumpag c, tìte to T (BX) èqei kenì eswterikì. Eidik¸tera, an o T
eÐnai topologikìc isomorfismìc, tìte o T den eÐnai sumpag c.

Apìdeixh: 'Amesh apì thn Prìtash 3.19.
Je¸rhma 5.14 (Schauder) 'Estw q¸roi X,Y me nìrma kai telest c

T ∈ L(X,Y ). An o T eÐnai sumpag c tìte o T ′ eÐnai sumpag c. An

o Y eÐnai pl rhc, tìte isqÔei kai to antÐstrofo.
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Apìdeixh: 'Estw ìti o T eÐnai sumpag c. JewroÔme thn kleist  monadiaÐa mp�la
BY ∗ tou Y ∗ kai ja apodeÐxoume ìti to cl(T ′(BY ∗)) eÐnai sumpagèc. To sÔnolo
BY ∗ = {y∗ ∈ Y ∗| ‖y∗‖ ≤ 1} eÐnai mÐa sullog  sunart sewn y∗ : cl(T (Bx)) → Ffragmènh kai isosuneq c se k�je shmeÐo tou sumpagoÔc cl(T (Bx)). Pr�gmati,an p�roume opoiod pote y ∈ cl(T (Bx)) èqoume |y∗(y)| ≤ ‖y∗‖‖y‖ ≤ ‖y‖ gia k�je
y∗ ∈ BY ∗ , opìte h BY ∗ eÐnai fragmènh sto y. EpÐshc, gia k�je ε > 0 paÐrnoume
U = {u ∈ cl(T (Bx))| ‖u − y‖ < ε} kai tìte |y∗(u) − y∗(y)| ≤ ‖y∗‖‖u − y‖ < εgia k�je y∗ ∈ BY ∗ . 'Ara h BY ∗ eÐnai isosuneq c sto y.

Apì to Je¸rhma Arzelà-Ascoli sunep�getai ìti gia k�je akoloujÐa {y∗n} ∈
BY ∗ up�rqei {y∗nk

} h opoÐa sugklÐnei omoiìmorfa sto cl(T (Bx)) se k�poia su-n�rthsh f ∈ C(cl(T (Bx))). Sunep�getai ìti h {y∗nk
} sugklÐnei omoiìmorfa sto

T (Bx) sth sun�rthsh f kai, epomènwc, h {y∗nk
◦ T} sugklÐnei omoiìmorfa sto

BX sth sun�rthsh g = f ◦ T . Dhlad , T ′y∗nk
→ g omoiìmorfa sto BX . Au-tì shmaÐnei, eidik¸tera, ìti T ′y∗nk

(x) → g(x) gia k�je x ∈ BX kai, epomè-nwc,
T ′y∗nk

(x) = ‖x‖T ′y∗nk
( x
‖x‖ ) → ‖x‖g( x

‖x‖ ) gia k�je x ∈ X. 'Ara h T ′y∗nk
sugklÐneikat� shmeÐo ston X se k�poia sun�rthsh x∗ : X → F . H x∗ eÐnai, profan¸c,grammikì sunarthsoeidèc tou X kai to ìti h sÔgklish eÐnai omoiìmorfh sto

BX sunep�getai ìti ‖T ′y∗nk
− x∗‖ = supx∈BX

|T ′y∗nk
(x)− x∗(x)| → 0. Dhlad ,

T ′y∗nk
→ x∗ ston X∗.

ApodeÐxame ìti gia k�je {y∗n} ∈ BY ∗ up�rqei {y∗nk
} ¸ste h {T ′y∗nk

} na su-gklÐnei ston X∗. Apì thn Prìtash 5.23(1) sunep�getai ìti o T ′ eÐnai sumpag c.
'Estw, antistrìfwc, ìti o Y eÐnai pl rhc kai ìti o T ′ eÐnai sumpag c. Apìto pr¸to mèroc sunep�getai ìti o T ′′ : X∗∗ → Y ∗∗ eÐnai sumpag c, opìte to

cl(T ′′(BX∗∗)) eÐnai sumpagèc ston Y ∗∗.
Ja apodeÐxoume (ìpwc kai sthn apìdeixh tou Jewr matoc 5.10) ìti, an JXkai JY eÐnai oi fusiologikèc emfuteÔseic twn X kai Y stouc X∗∗ kai Y ∗∗,antistoÐqwc, tìte T ′′◦JX = JY ◦T . Pr�gmati, gia k�je x ∈ X kai k�je y∗ ∈ Y ∗èqoume T ′′(JXx)(y∗) = (JXx)(T ′y∗) = T ′y∗(x) = y∗(Tx) = JY (Tx)(y∗), opìte

T ′′(JXx) = JY (Tx), opìte T ′′ ◦ JX = JY ◦ T .Apì thn teleutaÐa sqèsh kai apì to ìti JX(BX) ⊆ BX∗∗ sunep�getai ìti
JY (T (BX)) = T ′′(JX(BX)) ⊆ T ′′(BX∗∗) ⊆ cl(T ′′(BX∗∗)). To teleutaÐo sÔ-nolo eÐnai sumpagèc kai, epomènwc, olik� fragmèno. 'Ara kai to JY (T (BX))eÐnai olik� fragmèno. Epeid  h JY eÐnai isometrik  emfÔteush, sunep�getai ìtito T (BX) eÐnai olik� fragmèno ston Y . Tèloc, epeid  o Y eÐnai pl rhc, to
cl(T (BX)) eÐnai olik� fragmèno kai pl rec, opìte eÐnai sumpagèc. 'Ara o TeÐnai sumpag c.
ParadeÐgmata.1. JewroÔme ton telest  T : lp → lp me tÔpo Tx = (κ1x1, κ2x2, . . .) gia k�je
x = (x1, x2, . . .) ∈ lp. H akoloujÐa {κk} sto F eÐnai fragmènh, opìte o T eÐnaifragmènoc. Ja apodeÐxoume ìti o T eÐnai sumpag c an kai mìnon an κk → 0.

An h {κk} de sugklÐnei sto 0, tìte up�rqei λ 6= 0 kai {kl} ¸ste κkl
→ λ.'Ara gia k�je l,m me l 6= m èqoume ìti ‖Tekl

−Tekm‖p = ‖κkl
ekl
−κkmekm‖p ≥

|λ|‖ekl
−ekm

‖p−|κkl
−λ|‖ekl

‖p−|κkm
−λ|‖ekm

‖p = 2
1
p |λ|−|κkl

−λ|−|κkm
−λ|.Epomènwc, den up�rqei sugklÐnousa upoakoloujÐa thc {Tekl

} kai o T den eÐnai
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sumpag c.T¸ra, èstw ìti κk → 0. JewroÔme gia k�je n ton telest  Tn : lp → lpme tÔpo Tnx = (κ1x1, . . . , κnxn, 0, 0, . . .) gia k�je x = (x1, x2, . . .) ∈ lp. EÐnaiprofanèc ìti R(Tn) ⊆< {e1, . . . , en} >, opìte, sÔmfwna me thn Prìtash 5.25,k�je Tn eÐnai sumpag c. Akìmh, èqoume gia k�je x ∈ lp ìti ‖Tnx − Tx‖p ≤
supk≥n+1 |κk|‖x‖p, opìte ‖Tn − T‖ ≤ supk≥n+1 |κk| → 0. Apì thn Prìtash5.24(2) sunep�getai ìti o T eÐnai sumpag c.
2. To par�deigma autì afor� se oloklhrwtikì telest  se q¸ro suneq¸n su-nart sewn.
Je¸rhma 5.15 'Estw sumpageÐc, Hausdorff topologikoÐ q¸roi X,Y ,
sun�rthsh K : X × Y → F suneq c sto X × Y kai Borel-mètro µ ston

X (me timèc sto F). Tìte o telest c, pou orÐzetai me ton tÔpo

Tf(y) =
∫

X

K(x, y)f(x) dµ(x)

gia k�je y ∈ Y , eÐnai sumpag c telest c apì ton C(X) ston C(Y ).

Apìdeixh: JewroÔme tuqoÔsa f ∈ C(X), y ∈ Y kai ε > 0. Epeid  h K eÐnaisuneq c sto X × Y , gia k�je x ∈ X up�rqoun anoiktèc perioqèc Ux tou xkai Vx tou y ¸ste |K(x′, y′) − K(x, y)| < ε gia k�je x′ ∈ Ux kai y′ ∈ Vx.BrÐskoume x1, . . . , xn ∈ X ¸ste X = ∪n
j=1Uxj

kai jètoume Vy = ∩n
j=1Vxj

.Tìte, |K(x, y′)−K(x, y)| < ε gia k�je x ∈ X kai y′ ∈ Vy. 'Ara, gia k�je y′ ∈
Vy isqÔei |Tf(y′) − Tf(y)| ≤

∫
X
|K(x, y′) −K(x, y)||f(x)| d|µ|(x) ≤ ‖µ‖‖f‖uεkai, epomènwc, h Tf eÐnai suneq c sto y. 'Ara o T eÐnai sun�rthsh tou C(X)ston C(Y ), eÐnai (profan¸c) grammikìc kai eÐnai fragmènoc diìti |Tf(y)| ≤∫

X
|K(x, y)||f(y)| d|µ|(x) ≤ ‖K‖u‖µ‖‖f‖u, opìte ‖Tf‖u ≤ ‖K‖u‖µ‖‖f‖u giak�je f ∈ C(X).Apomènei na apodeÐxoume ìti h kleist  j kh tou T (BC(X)) ston C(Y ) eÐnaisumpag c. SÔmfwna me to Je¸rhma Arzelà-Ascoli, arkeÐ na apodeÐxoume ìti to

T (BC(X)) eÐnai fragmèno kai isosuneqèc se k�je y ∈ Y . 'Omwc, kai ta dÔo aut�ta èqoume  dh apodeÐxei: pr¸ton, gia tuqìn y kai gia k�je f ∈ BC(X) èqoume
|Tf(y)| ≤ ‖K‖u‖µ‖ kai, deÔteron, gia tuqìn y kai gia k�je ε > 0 up�rqeianoikt  perioq  Vy tou y ¸ste |Tf(y′)−Tf(y)| ≤ ‖µ‖ε gia k�je f ∈ BC(X) kaik�je y′ ∈ Vy.
3. 'Ena akìmh par�deigma oloklhrwtikoÔ telest .
Je¸rhma 5.16 'Estw 1 < p < +∞, 1

p + 1
q = 1, σ-peperasmènoi q¸roi

mètrou (Ω1,Σ1, µ1) kai (Ω2,Σ2, µ2). JewroÔme to q¸ro mètrou (Ω1×Ω2,
Σ1×Σ2, µ1×µ2) kai metr simh sun�rthsh K : Ω1×Ω2 → F. Upojètoume

ìti (∫
Ω1

(∫
Ω2

|K(a, b)|p dµ2(b)
) q

p dµ1(a)
) 1

q

= M < +∞.

Tìte, orÐzetai o telest c T : Lp(Ω1,Σ1, µ1) → Lp(Ω2,Σ2, µ2) me tÔpo

Tf(b) =
∫

Ω1

K(a, b)f(a) dµ1(a)
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gia µ2-sqedìn k�je b ∈ Ω2, kai o T eÐnai sumpag c me

‖T‖ ≤M.

Apìdeixh: Upojètoume, proswrin�, ìti ta µ1 kai µ2 eÐnai peperasmèna mètrakai ìti h f kai h K eÐnai fragmènec sunart seic. Tìte, gia k�je b ∈ Ω2 jè-toume h(b) =
∫
Ω1
|K(a, b)f(a)| dµ1(a), opìte, efarmìzontac to Je¸rhma tou

Tonelli kai, katìpin, thn anisìthta Hölder, brÐskoume ìti ∫
Ω2
h(b)p dµ2(b) =∫

Ω2
h(b)h(b)p−1 dµ2(b) =

∫
Ω1

(∫
Ω2
|K(a, b)|h(b)p−1 dµ2(b)

)
|f(a)| dµ1(a) ≤(∫

Ω2
h(b)p dµ2(b)

) 1
q

∫
Ω1

(∫
Ω2
|K(a, b)p dµ2(b)

) 1
p |f(a)| dµ1(a).

Epomènwc, (∫
Ω2
h(b)p dµ2(b))

1
p ≤

∫
Ω1

(∫
Ω2
|K(a, b)p dµ2(b)

) 1
p |f(a)| dµ1(a) ≤(∫

Ω1

(∫
Ω2
|K(a, b)|p dµ2(b)

) q
p dµ1(a)

) 1
q (∫

Ω1
|f(a)|p dµ1(a)

) 1
p .

An oi proswrinèc upojèseic den isqÔoun, paÐrnoume sÔnola Ω(N)
1 kai Ω(N)

2me µ1(Ω
(N)
1 ) < +∞ kai µ2(Ω

(N)
2 ) < +∞ gia k�je N , ¸ste Ω(N)

1 ↑ Ω1 kai
Ω(N)

2 ↑ Ω2, kai jètoume fN = min(N, f) kai KN = min(N,K). Gr�foume thn
anisìthta sthn opoÐa katal xame gia ta Ω(N)

1 , Ω(N)
2 , fN , KN kai to antÐstoiqo

hN kai efarmìzoume to Je¸rhma Monìtonhc SÔgklishc. SumperaÐnoume ìti
genik� isqÔei (∫

Ω2
h(b)p dµ2(b))

1
p ≤M(

∫
Ω1
|f(a)|p dµ1(a)

) 1
p .An f ∈ Lp(Ω1,Σ1, µ1), tìte h(b) < +∞ gia µ2-sqedìn k�je b ∈ Ω2. Sunep�-getai ìti to Tf(b) =

∫
Ω1
K(a, b)f(a) dµ1(a) orÐzetai gia µ2-sqedìn k�je b ∈ Ω2

kai (∫
Ω2
|Tf(b)|p dµ2(b))

1
p ≤M(

∫
Ω1
|f(a)|p dµ1(a)

) 1
p .'Ara o T : Lp(Ω1,Σ1, µ1) → Lp(Ω2,Σ2, µ2) eÐnai fragmènoc kai ‖T‖ ≤M.Gia na apodeÐxoume ìti o T eÐnai sumpag c arkeÐ, sÔmfwna me tic Prot�seic5.24(2) kai 5.25, na apodeÐxoume ìti gia k�je ε > 0 up�rqei S : Lp(Ω1,Σ1, µ1) →

Lp(Ω2,Σ2, µ2) me dim(R(S)) < +∞ ¸ste ‖T − S‖ < ε. EÐnai profanèc, dia-sp¸ntac thn K sto pragmatikì kai sto arnhtikì mèroc thc kai kajèna apìaut� sto jetikì kai sto arnhtikì mèroc tou, ìti arkeÐ na upojèsoume pwc
K(a, b) ≥ 0 gia k�je (a, b) ∈ Ω1 × Ω2. JewroÔme, ìpwc prin, ta Ω(N)

1 , Ω(N)
2kai KN = min(N,K) kai jètoume K(N)(a, b) = KN (a, b)χ

Ω
(N)
1

(a)χ
Ω

(N)
2

(b). An
T (N) eÐnai o oloklhrwtikìc telest c pou orÐzetai me thn sun�rthsh K(N), tì-te apì to Je¸rhma Kuriarqhmènhc SÔgklishc sunep�getai ìti ‖T − T (N)‖ ≤(∫

Ω1

(∫
Ω2
|K(a, b) − K(N)(a, b)|p dµ2(b)

) q
p dµ1(a)

) 1
q → 0. 'Ara up�rqei N ¸-

ste ‖T − T (N)‖ < ε
3 . Katìpin, jewroÔme ta sÔnola Cm,M = {(a, b)|m−1

M N <

K(N)(a, b) ≤ m
MN} gia 1 ≤ m ≤ M kai jètoume LM = N

∑M
m=1

m
M χCm,M

. An
SM eÐnai o oloklhrwtikìc telest c pou orÐzetai me thn sun�rthsh LM , tìte
èqoume ‖T (N) − SM‖ ≤

(∫
Ω1

(∫
Ω2
|K(N)(a, b)−LM (a, b)|p dµ2(b)

) q
p dµ1(a)

) 1
q ≤

N
M (µ1(Ω

(N)
1 ))

1
q (µ2(Ω

(N)
2 ))

1
p . 'Ara, up�rqei M ¸ste ‖T (N) − SM‖ < ε

3 . Tèloc,gia k�je Cm,M up�rqoun Cm,M,k kajèna apì ta opoÐa eÐnai ènwsh peperasmè-nou pl jouc xènwn an� dÔo sunìlwn thc morf c A1 ×A2 me A1 ∈ Σ1, A2 ∈ Σ2¸ste χCm,M,k
↑ χCm,M

sqedìn pantoÔ sto Ω1 × Ω2. Autì sunep�getai ìti
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‖SM − SM,k‖ → 0 an SM,k eÐnai o oloklhrwtikìc telest c pou orÐzetai me thn
sun�rthsh LM,k = N

∑M
m=1

m
M χCm,M,k

.OrÐzoume S = SM,k, ìpou to k eÐnai arket� meg�lo ¸ste na isqÔei ‖SM −
SM,k‖ < ε

3 . Epomènwc, ‖T − S‖ < ε kai eÐnai eÔkolo na doÔme ìti dim(R(S)) <
+∞. Pr�gmati, o S eÐnai grammikìc sunduasmìc oloklhrwtik¸n telest¸n thcmorf c Uf(b) =

∫
Ω1
χA1×A2(a, b)f(a) dµ1(a) =

(∫
A1
f(a) dµ1(a)

)
χA2(b) kai pa-rathroÔme ìti R(U) ⊆< {χA2} >.

5.14 F�smata sumpag¸n telest¸n
L mma 5.5 (F. Riesz) 'Estw q¸roc X me nìrma, sumpag c T ∈ L(X) kai
λ ∈ F me λ 6= 0. Tìte o R(λI − T ) eÐnai kleistìc upìqwroc tou X.

Apìdeixh: 'Estw {xn} ston X me λxn − Txn → y ston X. Ja apodeÐxoume ìti
y ∈ R(λI − T ).An y = 0, tìte èqoume telei¸sei, opìte upojètoume ìti y 6= 0. Epeid  o
N(λI − T ) eÐnai kleistìc, sunep�getai ìti, apì k�poion deÐkth kai pèra, isqÔei
xn /∈ N(λI−T ). QwrÐc bl�bh thc genikìthtac, upojètoume ìti xn /∈ N(λI−T )gia k�je n.Jètoume dn = infw∈N(λI−T ) ‖xn − w‖, opìte dn > 0 kai paÐrnoume wn ∈
N(λI − T ) ¸ste dn ≤ ‖xn − wn‖ ≤ 2dn.An h {dn} eÐnai fragmènh, tìte, lìgw thc sump�geiac tou T , up�rqei {nk}¸ste na up�rqei to limT (xnk

− wnk
) ston X. Epeid  λ(xnk

− wnk
)− T (xnk

−
wnk

) → y, sunep�getai ìti up�rqei to limλ(xnk
− wnk

) ston X opìte, epeid 
λ 6= 0, up�rqei kai to x = lim(xnk

− wnk
) ston X. Lìgw sunèqeiac tou T ,èqoume ìti λx− Tx = y kai, epomènwc, y ∈ R(λI − T ).An h {dn} den eÐnai fragmènh, tìte up�rqei {nk} ¸ste ‖xnk

−wnk
‖ → +∞.

Apì th sqèsh λ(xnk
− wnk

) − T (xnk
− wnk

) → y paÐrnoume λ xnk
−wnk

‖xnk
−wnk

‖ −

T ( xnk
−wnk

‖xnk
−wnk

‖ ) → 0. Jètoume zk = xnk
−wnk

‖xnk
−wnk

‖ , opìte, p�li lìgw sump�geiac tou
T , up�rqei {kl} ¸ste na up�rqei to limT (zkl

) ston X. Apì thn λzkl
− Tzkl

→
0 sunep�getai ìti up�rqei to limλzkl

ston X kai, epeid  λ 6= 0, up�rqei to
z = lim zkl

ston X. Lìgw sunèqeiac tou T brÐskoume λz − Tz = 0, dhlad 
z ∈ N(λI − T ).

'Omwc, t¸ra, èqoume ìti 1
2 ≤

dnkl

‖xnkl
−wnkl

‖ ≤
∥∥xnkl

−wnkl
−‖xnkl

−wnkl
‖z

∥∥
‖xnkl

−wnkl
‖ =

‖znkl
− z‖ → 0 kai katal goume se �topo.

Je¸rhma 5.17 'Estw q¸roc Banach X, sumpag c T ∈ L(X) kai λ ∈ F
me λ 6= 0. An to λ den eÐnai idiotim  tou T, tìte to λ an kei sto

analÔon sÔnolo tou T.

Apìdeixh: An apodeÐxoume ìti R(λI − T ) = X, tìte o λI − T : X → X ja eÐnai1-1, epÐ kai fragmènoc, opìte, sÔmfwna me to Je¸rhma Anoikt c Apeikìnishc,ja èqei fragmèno antÐstrofo. 'Ara to λ ja an kei sto analÔon sÔnolo tou T .
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Upojètoume, gia na katal xoume se �topo, ìti o R(λI − T ) eÐnai gn siocupìqwroc tou X kai ja melet soume touc upìqwrouc Yn = R
(
(λI − T )n

) gia
n ≥ 1.
(i) K�je Yn eÐnai kleistìc upìqwroc tou X.Gia n = 1, autì eÐnai �meso sumpèrasma tou prohgoÔmenou l mmatoc. 'O-mwc, kai gia k�je �llo n parathroÔme ìti o (λI − T )n = λnI − T [nλn−1I −
· · · + (−1)n−2nλTn−2 + (−1)n−1Tn−1] èqei th morf  µI − S, ìpou µ 6= 0 kaio S eÐnai sumpag c wc ginìmeno sumpagoÔc kai fragmènou telest . 'Ara, apìto prohgoÔmeno l mma sunep�getai ìti k�je Yn = R(µI − S) eÐnai kleistìcupìqwroc tou X.
(ii) Gia k�je n, o Yn+1 eÐnai gn sioc upìqwroc tou Yn.Kat' arq n parathroÔme ìti Yn+1 = R

(
(λI − T )n+1

)
= (λI − T )n+1(X) =

(λI − T )
(
(λI − T )n(X)

)
= (λI − T )

(
R

(
(λI − T )n

))
= (λI − T )(Yn) gia k�je

n. Epeid  o Y1 = R(λI − T ) eÐnai gn sioc upìqwroc tou X kai o T eÐnai1-1, sunep�getai ìti o Y2 = (λI − T )(Y1) eÐnai gn sioc upìqwroc tou (λI −
T )(X) = Y1. An upojèsoume ìti o Yn+1 eÐnai gn sioc upìqwroc tou Yn, tìte,epeid  o λI − T eÐnai 1-1, o Yn+2 = (λI − T )(Yn+1) eÐnai gn sioc upìqwroc tou
(λI − T )(Yn) = Yn+1.Apì to Je¸rhma 3.16, lìgw twn (i) kai (ii), sunep�getai ìti gia k�je nup�rqei yn ∈ Yn me ‖yn‖ = 1 kai infy∈Yn+1 ‖yn − y‖ > 1

2 .T¸ra, gr�foume Tym − Tyn = λym −
[
λyn + (λI − T )ym − (λI − T )yn

] kaiparathroÔme ìti, an n > m to [
λyn + (λI − T )ym − (λI − T )yn

] eÐnai stoiqeÐo
tou Ym+1. 'Ara ‖Tym − Tyn‖ ≥ |λ|

2 , opìte den up�rqei {nk} ¸ste na sugklÐneih {Tynk
}. Autì antif�skei me th sump�geia tou T .

To je¸rhma autì lèei ìti, an o T ∈ L(X) eÐnai sumpag c, tìte ìla tamh-mhdenik� stoiqeÐa tou σ(T ) (an up�rqoun tètoia) eÐnai idiotimèc. Dhlad ,
σ(T ) \ {0} = Pσ(T ) \ {0}.
L mma 5.6 'Estw q¸roc X me nìrma kai T ∈ L(X). An A eÐnai sÔnolo idio-
dianusm�twn tou T ta opoÐa antistoiqoÔn se diaforetikèc an� dÔo idiotimèc tou
T , tìte to A eÐnai grammik� anex�rthto.

Apìdeixh: 'Estw ìti to A eÐnai grammik� exhrthmèno kai èstw n to el�qistopl joc grammik� exhrthmènou uposunìlou tou A. Tìte n ≥ 2, afoÔ k�je idio-di�nusma eÐnai mh-mhdenikì. 'Estw, loipìn, grammik� exhrthmèno {x1, . . . , xn} ⊆
A, ìpou λ1, . . . , λn eÐnai oi diaforetikèc an� dÔo idiotimèc tou T pou antistoiqoÔnsta x1, . . . , xn.Upojètoume ìti κ1x1 + · · · + κnxn = 0 me κn 6= 0. Tìte κ1λ1x1 + · · · +
κnλnxn = T (κ1x1 + · · ·+ κnxn) = 0, opìte κ1(λ1 − λn)x1 + · · ·+ κn−1(λn−1 −
λn)xn−1 = 0. Apì ton trìpo epilog c tou n sunep�getai ìti ìloi oi suntelestècsthn teleutaÐa isìthta eÐnai Ðsoi me 0 kai, epeid  oi idiotimèc eÐnai diaforetikècan� dÔo, sunep�getai ìti κ1 = . . . = κn−1 = 0. Autì eÐnai �topo.
L mma 5.7 'Estw q¸roc X me nìrma kai sumpag c telest c T ∈ L(X). An to
{xn|n ∈ N} eÐnai grammik� anex�rthto kai ìla ta stoiqeÐa tou eÐnai idiodianÔ-
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smata tou T , ìpou gia k�je n eÐnai λn h idiotim  pou antistoiqeÐ sto xn, tìte h
{λn} de sugklÐnei se mh-mhdenikì stoiqeÐo tou F .

Apìdeixh: 'Estw λn → λ kai λ 6= 0. Jètoume Xn =< {x1, . . . , xn} >, opìtek�je Xn eÐnai gn sioc kleistìc upìqwroc tou Xn+1. Apì to Je¸rhma 3.16èqoume ìti gia k�je n ≥ 2 up�rqei yn ∈ Xn ¸ste ‖yn‖ = 1 kai infy∈Xn−1 ‖yn −
y‖ > 1

2 .Tìte Tyn − Tym = λnyn −
[
λmym + (λnI − T )yn − (λmI − T )ym

] kaiparathroÔme ìti, an n > m ≥ 2, tìte to λmym + (λnI − T )yn − (λmI − T )ymeÐnai stoiqeÐo tou Xn−1. Pr�gmati, an jèsoume yn = κ1x1 + · · · + κnxn, tìte
(λnI−T )yn = (λn−λ1)κ1x1 + · · ·+(λn−1−λn)κn−1xn−1 ∈ Xn−1 kai, omoÐwc,
(λmI − T )ym ∈ Xm−1 ⊆ Xn−1.'Ara, an n > m ≥ 2, tìte ‖Tyn − Tym‖ ≥ |λn|

2 , opìte katal goume seantÐfash me th sump�geia tou T , afoÔ λn → λ 6= 0.
To epìmeno je¸rhma dÐnei sqedìn ìlh thn plhroforÐa gia to f�sma sumpa-goÔc telest .

Je¸rhma 5.18 (F.Riesz-Schauder) 'Estw q¸roc Banach X kai sumpa-

g c T ∈ L(X). Tìte

(1) An dim(X) = +∞, tìte to 0 eÐnai stoiqeÐo tou σ(T ).
(2) To σ(T ) eÐnai eÐte peperasmèno eÐte �peiro arijm simo. Sth

deÔterh perÐptwsh, ta stoiqeÐa tou apoteloÔn akoloujÐa h opoÐa

sugklÐnei sto 0.

(3) K�je λ ∈ σ(T ) \ {0} eÐnai idiotim  peperasmènhc pollaplìthtac.

(4) An λ 6= 0, tìte to λ eÐnai idiotim  tou T an kai mìnon an eÐ-

nai idiotim  tou T ′ kai me thn Ðdia pollaplìthta.

(5) An λ 6= 0, tìte R(λI − T ) = ⊥N(λI − T ′).
(6) An λ 6= 0, tìte R(λI − T ′) = N(λI − T )⊥.

Apìdeixh: (1) An to 0 den an kei sto σ(T ), tìte o T eÐnai topologikìc isomorfi-smìc tou X me ton eautì tou kai autì antÐkeitai sto sumpèrasma thc Prìtashc5.26.(2) 'An to sÔnolo σn(T ) = σ(T ) ∩ {λ ∈ F | rσ(T )
n ≤ |λ| ≤ rσ(T )}  tan �peiro,tìte, sÔmfwna me to Je¸rhma 5.17, ja up rqe akoloujÐa diaforetik¸n an� dÔoidiotim¸n tou T me mh-mhdenikì ìrio. Apì ta dÔo teleutaÐa l mmata sunep�-getai ìti autì eÐnai adÔnato, opìte to sÔnolo autì eÐnai peperasmèno. Epeid 

σ(T ) \ {0} = ∪+∞
n=1σn(T ), apodeÐqjhke to (2).(3) An λ 6= 0 kai h di�stash tou N(λI−T ) eÐnai �peirh, tìte up�rqei arijm simogrammik� anex�rthto sÔnolo idiodianusm�twn tou T gia thn Ðdia mh-mhdenik idiotim . Autì antif�skei me to teleutaÐo l mma.H apìdeixh twn (5) kai (6) eÐnai �mesh sunèpeia tou L mmatoc 5.5 kai tou Je-wr matoc KleistoÔ Sunìlou Tim¸n.(4) Apì thn Prìtash 5.20 sunep�getai ìti σ(T ) = σ(T ′) kai, epomènwc, σ(T ) \

{0} = σ(T ′) \ {0}. To Je¸rhma 5.14 lèei ìti o T ′ eÐnai sumpag c, opìte apì toJe¸rhma 5.17 sunep�getai ìti, an λ 6= 0, tìte to λ eÐnai idiotim  tou T an kaimìnon an eÐnai idiotim  tou T ′.
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Apomènei na apodeÐxoume ìti gia k�je λ 6= 0 isqÔei dim(N(λI − T )) =
dim(N(λI − T ′)).Upojètoume ìti λ 6= 0 eÐnai idiotim  twn T, T ′ kai jètoume n = dim(N(λI −
T )) < +∞ kai m = dim(N(λI − T ′)) < +∞.Ja katal xoume se �topo an n < m. 'Estw, loipìn, b�sh {x1, . . . , xn} tou
N(λI − T ) kai b�sh {y∗1 , . . . , y∗m} tou N(λI − T ′). Apì to Je¸rhma Hahn-
Banach sunep�getai ìti up�rqoun x∗1, . . . , x∗n ∈ X∗ ¸ste x∗i (xj) = δij kai apìto L mma 4.4 sunep�getai ìti up�rqoun y1, . . . , ym ¸ste y∗i (yj) = δij .OrÐzoume to grammikì telest  U : X → X me tÔpo Ux = x∗1(x)y1 + · · · +
x∗n(x)yn gia k�je x ∈ X. O U eÐnai fragmènoc, diìti ‖Ux‖ ≤ |x∗1(x)|‖y1‖ +
· · · + |x∗n(x)|‖yn‖ ≤ (‖x∗1‖‖y1‖ + · · · + ‖x∗n‖‖yn‖)‖x‖ gia k�je x ∈ X. Epeid 
R(U) ⊆< {y1, . . . , yn} >, apì thn Prìtash 5.25 sunep�getai ìti o U eÐnaisumpag c, opìte kai o S = T + U eÐnai sumpag c.IsqÔei ìti N(λI−S) = {0}. Pr�gmati, èstw x ∈ N(λI−S), opìte x∗1(x)y1+
· · ·+ x∗n(x)yn = λx− Tx ∈ R(λI − T ) = ⊥N(λI − T ′). Tìte, gia k�je i èqoume
x∗i (x) = y∗i (x∗1(x)y1+· · ·+x∗n(x)yn) = 0, opìte λx−Tx = 0. 'Ara x ∈ N(λI−T ),opìte x = κ1x1 + · · · + κnxn gia k�poia κ1, . . . , κn. T¸ra, gia k�je i èqoume
κi = x∗i (κ1x1 + · · ·+ κnxn) = x∗i (x) = 0, opìte x = 0.Epomènwc, to λ den eÐnai idiotim  tou sumpagoÔc S, opìte apì to Je¸rhma5.17 sunep�getai ìti R(λI−S) = X. 'Ara up�rqei x ∈ X ¸ste ym = (λI−T )x−
Ux. Tìte ym +x∗1(x)y1 + · · ·+x∗n(x)yn = (λI−T )x ∈ R(λI−T ) = ⊥N(λI−T ′)kai, epomènwc, 1 = y∗m(ym + x∗1(x)y1 + · · ·+ x∗n(x)yn) = 0, to opoÐo eÐnai �topo.SumperaÐnoume, loipìn, ìti dim(N(λI − T ′)) ≤ dim(N(λI − T )) kai, efar-mìzont�c to sto sumpag  T ′, paÐrnoume dim(N(λI−T ′′)) ≤ dim(N(λI−T ′)) ≤
dim(N(λI − T )).'Omwc, an J eÐnai h fusiologik  emfÔteush tou X ston X∗∗ kai Q ∈ L(X),èqoume apodeÐxei dÔo forèc mèqri t¸ra ìti Q′′ ◦ J = J ◦Q (deÐte tic apodeÐxeictwn Jewrhm�twn 5.10 kai 5.14). Sunep�getai amèswc ìti J(N(λI − T )) ⊆
N(λI −T ′′), opìte dim(N(λI −T )) = dim(J(N(λI −T ))) ≤ dim(N(λI −T ′′)).Apì autì sumperaÐnoume ìti dim(N(λI − T )) = dim(N(λI − T ′)).

5.15 Ask seic
1. 'Estw q¸roc Hilbert X kai T ∈ L(X). ApodeÐxte ìti up�rqei kleistìc upì-qwroc Y tou X ¸ste T = PY an kai mìnon an T 2 = T kai (Tx|z) = (x|Tz) giak�je x, z ∈ X.
2. 'Estw q¸roi Hilbert X,Y kai T ∈ L(X,Y ).(1) ApodeÐxte ìti up�rqei monadikìc T ∗ ∈ L(Y,X) ¸ste (Tx|y) = (x|T ∗y) giak�je x ∈ X kai y ∈ Y .(Upìd.: DeÐte to (T (·)|y) wc sunarthsoeidèc tou X.)(2) ApodeÐxte ìti ‖T‖ = ‖T ∗‖.(3) BreÐte th sqèsh an�mesa ston T ∗ kai ston T ′.
Orismìc: 'Estw q¸roc Hilbert X kai T ∈ L(X). O telest c T ∗, o opoÐoc
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orÐsjhke sthn prohgoÔmenh �skhsh, onom�zetai suzug c tou T .
An T = T ∗, tìte o T onom�zetai autosuzug c.

3. 'Estw q¸roi X,Y me nìrma kai grammikìc telest c T : X → Y . ApodeÐxteìti o T : X → R(T ) èqei fragmèno antÐstrofo an kai mìnon an up�rqei c > 0¸ste c‖x‖ ≤ ‖Tx‖ gia k�je x ∈ X.
4. 'Estw q¸roc Hilbert X kai T ∈ L(X). An up�rqei c > 0 ¸ste <(Tx|x) ≥
c‖x‖2 gia k�je x ∈ X, apodeÐxte ìti R(T ∗) = X.
5. 'Estw q¸roc Hilbert X kai T ∈ L(X). ApodeÐxte ìti oi I+T ∗T kai I+TT ∗eÐnai autosuzugeÐc kai èqoun fragmènouc antÐstrofouc.(Upìd.: BreÐte c > 0 ¸ste ((I + T ∗T )x|x) ≥ c‖x‖2 kai qrhsimopoieÐste thn�skhsh 120. Katìpin, prèpei na apodeÐxete ìti o R(I +T ∗T ) eÐnai kleistìc kai,tèloc, ìti R(I + T ∗T ) = X.)
6. 'Estw q¸roc Hilbert X kai T ∈ L(X). An o T eÐnai autosuzug c, deÐxte ìti
‖T‖ = supx∈X,‖x‖≤1 |(Tx|x)|.
7. 'Estw q¸roc Hilbert X kai B : X ×X → F me tic idiìthtec:
(i) B(x+ y, z) = B(x, z) +B(y, z) kai B(κx, z) = κB(x, z) gia k�je x, y, z ∈ Xkai κ ∈ F ,
(ii) B(x, y+z) = B(x, y)+B(x, z) kai B(x, κz) = κB(x, z) gia k�je x, y, z ∈ Xkai κ ∈ F ,
(iii) up�rqei C > 0 ¸ste |B(x, y)| ≤ C‖x‖‖y‖ gia k�je x, y ∈ X,
(iv) up�rqei c > 0 ¸ste B(x, x) ≥ c‖x‖2 gia k�je x ∈ X.ApodeÐxte ìti up�rqei S ∈ L(X) me fragmèno antÐstrofo S−1 ∈ L(X) me
‖S−1‖ ≤ 1

c kai ‖S‖ ≤ C ¸ste B(x, y) = (x|Sy) gia k�je x, y ∈ X.
8. 'Estw q¸roi X,Y me nìrma. An o L(X,Y ) eÐnai pl rhc, apodeÐxte ìti o YeÐnai pl rhc.
9. 'Estw q¸roc Banach X kai q¸roc Y me nìrma. An o T ∈ L(X,Y ) eÐnai epÐtou Y kai anoikt  apeikìnish, apodeÐxte ìti o Y eÐnai pl rhc.
10. 'Estw q¸roi X,Y me nìrma kai grammikìc telest c T : X → Y . An
y∗ ◦ T ∈ X∗ gia k�je y∗ ∈ Y ∗, apodeÐxte ìti T ∈ L(X,Y ).
11. 'Estw q¸roi X,Y me nìrma ènac toul�qiston ek twn opoÐwn eÐnai q¸roc
Banach. An h B : X × Y → F èqei thn idiìthta ìti gia k�je x ∈ X isqÔei
B(x, ·) ∈ Y ∗ kai gia k�je y ∈ Y isqÔei B(·, y) ∈ X∗, apodeÐxte ìti up�rqei
C ≥ 0 ¸ste |B(x, y)| ≤ C‖x‖‖y‖ gia k�je x ∈ X kai y ∈ Y .(Upìd.: Arq  Omoiìmorfou Fr�gmatoc.)
12. 'Estw q¸roc X me nìrma kai {xn} ston X me thn idiìthta ∑+∞

n=1 |x∗(xn)| <
+∞ gia k�je x∗ ∈ X∗. ApodeÐxte ìti up�rqei C > 0 ¸ste ∑+∞

n=1 |x∗(xn)| ≤
C‖x∗‖ gia k�je x∗ ∈ X∗.
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13. 'Estw X ènac kleistìc upìqwroc tou L1([0, 1]). An gia k�je f ∈ X up�rqei
p > 1 ¸ste f ∈ Lp([0, 1]), apodeÐxte ìti up�rqei p > 1 ¸ste X ⊆ Lp([0, 1]).
14. 'Estw 1 ≤ p < +∞. ApodeÐxte ìti h {Sn

l } sugklÐnei isqur� all� ìqi omoiì-morfa ston 0 kai ìti h {Sn
r } sugklÐnei asjen¸c all� ìqi isqur� ston 0.

15. 'Estw grammikìc q¸roc X me dÔo nìrmec ‖ · ‖1 kai ‖ · ‖2, o opoÐoc eÐnaipl rhc kai me tic dÔo nìrmec. An up�rqei C > 0 ¸ste ‖x‖1 ≤ C‖x‖2 gia k�je
x ∈ X, apodeÐxte ìti oi dÔo nìrmec eÐnai isodÔnamec.(Upìd.: Je¸rhma Anoikt c Apeikìnishc.)
16. 'Estw grammikìc q¸roc X me dÔo nìrmec ‖ · ‖1 kai ‖ · ‖2 ¸ste o X naeÐnai pl rhc kai me tic dÔo autèc nìrmec. Upojètoume ìti, an mÐa {xn} ston XsugklÐnei sto x wc proc thn ‖ · ‖1 kai sto x′ wc proc thn ‖ · ‖2, tìte x = x′.ApodeÐxte ìti oi dÔo nìrmec eÐnai isodÔnamec.(Upìd.: Je¸rhma KleistoÔ Graf matoc.)
17. 'Estw ‖ · ‖ opoiad pote nìrma ston C([0, 1]) me thn opoÐa o C([0, 1]) eÐnaipl rhc. An gia k�je {fn} kai f ston C([0, 1]) me ‖fn − f‖ → 0 sunep�getaiìti fn → f kat� shmeÐo sto [0, 1], apodeÐxte ìti h ‖ · ‖ eÐnai isodÔnamh me thnomoiìmorfh nìrma.
18. 'Estw X kleistìc upìqwroc tou L1([0, 2]) kai gia k�je f ∈ L1([0, 1]) up�r-qei F ∈ X thc opoÐac o periorismìc sto [0, 1] eÐnai h f . ApodeÐxte ìti up�rqei
C > 0 ¸ste gia k�je f ∈ L1([0, 1]) up�rqei F ∈ X me ‖F‖1 ≤ C‖f‖1 thc opoÐaco periorismìc sto [0, 1] eÐnai h f .
19. 'Estw q¸roi Banach X,Y kai T ∈ L(X,Y ). An o R(T ) èqei peperasmènhsundi�stash, apodeÐxte ìti o R(T ) eÐnai kleistìc.
20. 'Estw q¸roc Banach X kai kleistoÐ upìqwroi Y,Z tou X ¸ste X = Y ⊕Z.OrÐzoume touc telestèc PY , PZ : X → X me tÔpouc PY x = y kai PZx = zgia k�je x ∈ X, ìpou y, z eÐnai ta monadik� stoiqeÐa twn Y, Z ¸ste x = y + z.ApodeÐxte ìti PY , PZ ∈ L(X) kai P 2

Y = PY , P 2
Z = PZ , PY PZ = PZPY = 0 kai

R(PY ) = Y,R(PZ) = Z.
21. 'Estw q¸roc BanachX kai {xi|i ∈ N} mÐa b�sh Schauder touX. Gia k�je njewroÔme Pn : X → X me tÔpo Pnx =

∑n
i=1 κixi gia k�je x =

∑+∞
i=1 κixi ∈ X.EpÐshc, gia k�je x ∈ X orÐzoume ‖x‖′ = sup ‖Pnx‖.(1) ApodeÐxte ìti h ‖ · ‖′ eÐnai nìrma ston X.(2) ApodeÐxte ìti o X me thn ‖ · ‖′ eÐnai pl rhc.(3) ApodeÐxte ìti up�rqei C ≥ 1 ¸ste ‖x‖ ≤ ‖x‖′ ≤ C‖x‖ gia k�je x ∈ X.(4) ApodeÐxte ìti gia k�je sumpagèc K ⊆ X isqÔei ìti ‖Pnx − x‖ → 0 omoiì-morfa sto K.

22. 'Estw q¸roi Banach X,Y kai T ∈ L(X,Y ). ApodeÐxte ìti o R(T ) eÐnai klei-stìc upìqwroc tou Y an kai mìnon an up�rqei C > 0 ¸ste infz∈N(T ) ‖x− z‖ ≤
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C‖Tx‖ gia k�je x ∈ X.
23. ApodeÐxte ìti up�rqei sun�rthsh f : [0, 1] → R h opoÐa eÐnai suneq c sto
[0, 1] kai se kanèna shmeÐo tou [0, 1] paragwgÐsimh.
24. ApodeÐxte ìti up�rqei f : R → R h opoÐa eÐnai 2π-periodik  kai suneq csto R thc opoÐac h seir�-Fourier apoklÐnei se opoiod pote dosmèno shmeÐo.
25. 'Estw q¸roc Hilbert X kai grammikìc telest c T : X → X me (Tx|y) =
(x|Ty) gia k�je x, y ∈ X. ApodeÐxte ìti T ∈ L(X).
26. (1) 'Estw q¸roc Banach X kai T ∈ L(X). An gia k�je x ∈ X h seir�
x+

∑+∞
n=1 T

nx sugklÐnei ston X, apodeÐxte ìti o I−T èqei fragmèno antÐstro-fo.(Upìd.: EÐnai profanèc to p¸c ja orisjeÐ o (I − T )−1. 'Iswc qreiasjeÐ h Arq Omoiìmorfou Fr�gmatoc.)(2) 'Estw K ∈ C([0, 1] × [0, 1]). JewroÔme thn exÐswsh Volterra: f(t) =
g(t) +

∫ t

0
K(s, t)f(s) ds, ìpou g ∈ C([0, 1]). ApodeÐxte ìti h exÐswsh èqei mona-dik  lÔsh f ∈ C([0, 1]) gia k�je g ∈ C([0, 1]).

(Upìd.: Jèsate Tf(t) =
∫ t

0
K(s, t)f(s) ds gia k�je t ∈ [0, 1] kai apodeÐxte epa-

gwgik� ìti ‖Tnf‖u ≤ ‖K‖u

n! ‖f‖u.)
27. 'Estw q¸roi Banach X kai Y . An U eÐnai to sÔnolo ìlwn twn fragmènwntelest¸n apì ton X epÐ tou Y , apodeÐxte ìti to U eÐnai anoiktì uposÔnolo tou
L(X,Y ).
28. 'Estw q¸roc Banach X, T ∈ L(X) kai polu¸numo p. ApodeÐxte ìti
p(σ(T )) = σ(p(T )).
29. 'Estw q¸roc Hilbert X kai autosuzug c T ∈ L(X). ApodeÐxte ìti σ(T ) ⊆
R, ìti maxλ∈σ(T ) = sup‖x‖≤1(Tx|x) kai ìti minλ∈σ(T ) = inf‖x‖≤1(Tx|x).
30. 'Estw q¸roc Banach X epÐ tou C kai S, T ∈ L(X) me ST = TS. ApodeÐxteìti rσ(S + T ) ≤ rσ(S) + rσ(T ) kai rσ(ST ) ≤ rσ(S)rσ(T ).
31. 'Estw q¸roc Banach X, T ∈ L(X).(1) An to anoiktì U ⊆ F perièqei to σ(T ), apodeÐxte ìti up�rqei ε > 0 ¸ste
σ(S) ⊆ U gia k�je S ∈ L(X) me ‖S − T‖ < ε.(Upìd.: H R(· ;T ) eÐnai fragmènh sto F \ U . Parathr ste ìti λI − S =
[I + (T − S)R(λ;T )](λI − T ).)(2) An Tn → T ston L(X), apodeÐxte ìti lim sup rσ(Tn) ≤ rσ(T ).
32. 'Estw q¸roc Banach X kai S, T ∈ L(X). An λ ∈ F \ {0}, apodeÐxte ìti
λ ∈ σ(ST ) an kai mìnon an λ ∈ σ(TS).
33. 'Estw q¸roc Banach X kai T ∈ L(X). ApodeÐxte ìti Rσ(T ) ⊆ Pσ(T ′) kai
Pσ(T ) ⊆ Pσ(T ′) ∪Rσ(T ′).
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34. 'Estw opoiod pote sumpagèc K ⊆ F . ApodeÐxte ìti up�rqei T ∈ l2 ¸ste
σ(T ) = K.
35. 'Estw q¸roc Banach X kai T ∈ L(X). ApodeÐxte ìti, an to λ eÐnai suno-riakì shmeÐo tou σ(T ), tìte R(λI − T ) 6= X.
36. 'Estw q¸roi X,Y me nìrma kai sumpag c telest c T : X → Y . ApodeÐxteìti o R(T ) eÐnai diaqwrÐsimoc.
37. 'Estw q¸roi X,Y me nìrma kai sumpag c telest c T : X → Y . An o R(T )eÐnai pl rhc, tìte dim(R(T )) < +∞.
38. 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). ApodeÐxte ìti, an o T eÐnaisumpag c, tìte h {Txn} eÐnai sugklÐnousa ston Y gia k�je asjen¸c sugklÐ-nousa {xn} ston X. An o X eÐnai autopaj c, apodeÐxte kai to antÐstrofo.(Upìd.: Gia to pr¸to er¸thma mporeÐte na qrhsimopoi sete to ìti: an up�rqei
y ¸ste k�je upoakoloujÐa miac {yn} èqei upoakoloujÐa h opoÐa sugklÐnei sto
y tìte yn → y.)
39. 'Estw q¸roi X,Y me nìrma me dim(X) = +∞ kai sumpag c T ∈ L(X,Y ).ApodeÐxte ìti to 0 ∈ Y an kei sthn kleist  j kh tou {Tx|x ∈ X, ‖x‖ = 1}.
40. 'Estw q¸roc X me nìrma kai T ∈ L(X). An X̂ eÐnai h pl rwsh tou Xkai T̂ ∈ L(X̂) eÐnai h monadik  fragmènh epèktash tou T ston X̂, apodeÐxteìti σ(T̂ ) = σ(T ). An o T eÐnai sumpag c, tìte kai o T̂ eÐnai sumpag c kai
R(T̂ ) ⊆ X.
41. 'Estw q¸roi Banach X1 kai X2 kai q¸roc Y me nìrma. An T1 ∈ K(X1, Y ),
T2 ∈ L(X2, Y ) kai R(T2) ⊆ R(T1), apodeÐxte ìti T2 ∈ K(X2, Y ).
42. 'Estw 1 < p < +∞ kai (∑+∞

j=1

(∑+∞
i=1 |aij |p

) q
p

) 1
q

= K < +∞. ApodeÐx-
te ìti orÐzetai telest c T : lp → lp me tÔpo (Tx)i =

∑+∞
j=1 aijxj gia k�je

i = 1, 2, . . . kai k�je x = (x1, x2, . . .) ∈ lp. ApodeÐxte ìti o T eÐnai sumpag ckai ìti ‖T‖ ≤ K.
43. 'Estw q¸roc X me nìrma kai q¸roc Hilbert Y . An T ∈ K(X,Y ) apo-deÐxte ìti up�rqoun Tn ∈ L(X,Y ) me dim(R(Tn)) < +∞ gia k�je n ¸ste
‖Tn − T‖ → 0.


