
Åðé÷åéñçóéáêÞ ¸ñåõíá { Ó�ï÷áó�éêÜ Ìïí�ÝëáËõìÝíåò ÁóêÞóåéò Äõíáìéêïý �ñïãñáììá�éóìïýHillier and Lieberman, \Introdution to Operations Researh", edition 7Chapter 11: Dynami Programming�ñüâëçìá 11.2-2Ç ìïí�åëïðïßçóç �ïõ ðñïâëÞìá�ïò åßíáé åí�åëþò áíÜëïãç ì'áõ�Þí �ïõ ðáñáäåßãìá�ïò êá�áíïìÞò åíüòäéáêñé�ïý áãáèïý ðïõ Ý÷ïõìå äåé ó�çí �Üîç (êá�áíïìÞ éá�ñéêþí ïìÜäùí óå 3 ÷þñåò), ìå ìüíç äéáöïñÜ ü�éåäþ ðñÝðåé íá äïèåß �ïõëÜ÷éó�ïí ìéá ìïíÜäá áãáèïý óå êÜèå ðåñéï÷Þ, ðñÜãìá ðïõ ðåñéïñßæåé �ï óýíïëï �ùíåðé�ñåð�þí áðïöÜóåùí óå êÜèå âÞìá. ÓõãêåêñéìÝíá ïñßæïõìå:n= (ðåñéï÷Þ), n=1,2,3.sn=áñéèìüò ðùëç�þí ðïõ äåí Ý÷ïõí äéá�åèåß áêüìç ó�ï âÞìá nxn = áñéèìüò ðùëç�þí ðïõ èá äéá�åèïýí ó�çí ðåñéï÷Þ n. ÅðåéäÞ êÜèå ðåñéï÷Þ ðñÝðåé íá ðÜñåé�ïõëÜ÷éó�ïí Ýíá ðùëç�Þ, Ý÷ïõìå ü�é xn ≥ 1. �ñÝðåé üìùò íá èÝóïõìå åðéðëÝïí ðåñéïñéóìïýò ó�ï xn, ðïõíá åîáóöáëßæïõí ü�é ìå�Ü �çí áíÜèåóç ó�çí ðåñéï÷Þ n èá ìåßíïõí áñêå�ïß ðùëç�Ýò äéáèÝóéìïé þó�å êáé ïéõðüëïéðåò ðåñéï÷Ýò íá ðÜñïõí �ïõëÜ÷éó�ïí áðü Ýíá ç êÜèå ìßá. ÓõãêåêñéìÝíá, ìå�Ü �çí áíÜèåóç ó�çí ðåñéï÷Þn, ï áñéèìüò �ùí ðåñéï÷þí ðïõ ìÝíïõí åßíáé ßóïò ìå 3 − n. ÅðïìÝíùò áðü �ïõò sn ðùëç�Ýò äéáèÝóéìïõò ó�ïâÞìá n ðñÝðåé íá ìåßíïõí �ïõëÜ÷éó�ïí 3 − n áäéÜèå�ïé ãéá �á õðüëïéðá âÞìá�á, Üñá ó�ï âÞìá n ìðïñïýí íáäéá�åèïýí �ï ðïëý sn − (3 − n) = sn + n − 3 ðùëç�Ýò. Óõíïøßæïí�áò âëÝðïõìå ü�é ïé åðé�ñåð�Ýò �éìÝò �çòáðüöáóçò xn ó�çí êá�Üó�áóç sn åßíáé 1 ≤ xn ≤ sn + n− 3, êáé öõóéêÜ xn áêÝñáéïò.Áí ó�çí êá�Üó�áóç sn ðÜñïõìå �çí áðüöáóç xn, �ü�å ãéá �ï åðüìåíï âÞìá ç êá�Üó�áóç sn+1 èáåßíáé ßóç ìå �ïí áñéèìü ðùëç�þí ðïõ äåí Ý÷ïõí äéá�åèåß, äçëáäÞ sn+1 = sn − xn.Áí ó�çí êá�Üó�áóç sn ðÜñïõìå �çí áðüöáóç xn, �ï Üìåóï êÝñäïò åßíáé ç áíáìåíüìåíç áýîçóç�ùí ðùëÞóåùí ó�çí ðåñéï÷Þ n, Ýó�ù rn(xn). Ïé �éìÝò �ïõ rn(xn) äßíïí�áé ó�ïí ðßíáêá.¸ó�ù fn(sn) �ï ìÝãéó�ï ðïóü �ùí áíáìåíüìåíùí ðùëÞóåùí ãéá �á õðüëïéðáâÞìá�á ìÝ÷ñé �ï �Ýëïò, äåäïìÝíïõ ü�é ó�ï âÞìá n ìÝíïõí sn ðùëç�Ýò ðïõ äåí Ý÷ïõí äéá�åèåß áêüìç. ÇóõíÜñ�çóç �éìÞò fn(sn) éêáíïðïéåß �çí ðáñáêÜ�ù åîßóùóç âåë�éó�ü�ç�áò:fn(sn) = max
1≤xn≤sn+n−3

{rn(xn) + fn+1(sn − xn)};ãéá n = 1; 2; 3, êáé f4(s4) = 0. �éá íá ëýóïõìå �éò åîéóþóåéò âåë�éó�ü�ç�áò áêïëïõèïýìå áíáäñïìÞ ðñïò�á ðßóù, îåêéíþí�áò áðü n = 3 êáé ðñï÷ùñþí�áò äéáäï÷éêÜ ó�éò ðåñéð�þóåéò n = 2; 1. �ñïçãïõìÝíùò ðñÝðåéíá ðñïóäéïñßóïõìå ðïéåò êá�áó�Üóåéò åßíáé äõíá�Ýò óå êÜèå âÞìá. ÓõãêåêñéìÝíá ó�ï âÞìá n = 1 Ý÷ïõìås1 = 6, åðåéäÞ ìáò äßíå�áé ü�é áñ÷éêÜ õðÜñ÷ïõí 6 äéáèÝóéìïé ðùëç�Ýò. Åðßóçò Ý÷ïõìå âñåé ü�é 1 ≤ x1 ≤ 4.ÅðïìÝíùò ó�ï âÞìá n = 2 èá Ý÷ïõí Þäç äéá�åèåß áðü 1 Ýùò 4 ðùëç�Ýò, êáé åðïìÝíùò ï áñéèìüò �ùí áäéÜèå�ùíìðïñåß íá êõìáßíå�áé ìå�áîý 2 êáé 5, äçëáäÞ 2 ≤ s2 ≤ 5. Ó�ï âÞìá n = 3, ïé äéáèÝóéìïé ðùëç�Ýò èá åßíáé�ïõëÜ÷éó�ïí Ýíáò, åðåéäÞ áõ�ü åîáóöáëßæåé ï ðåñéïñéóìüò ãéá �á xn ðïõ èÝóáìå ðáñáðÜíù. Áðü �çí ÜëëçðëåõñÜ, ó�á ðñïçãïýìåíá äýï âÞìá�á Ý÷ïõí äéá�åèåß �ïõëÜ÷éó�ïí 2 ðùëç�Ýò, åðïìÝíùò ãéá �ï âÞìá 3 ìÝíïõí�ï ðïëý 4. ÅðïìÝíùò, 1 ≤ s3 ≤ 4.Ôþñá ìðïñïýìå íá ðñï÷ùñÞóïõìå ó�çí åðßëõóç �ùí åîéóþóåùí âåë�éó�ü�ç�áò:
n = 3: Ó�ï âÞìá 3 åßíáé ðñïöáíþò âÝë�éó�ï íá äéá�åèïýí üëïé ïé ðùëç�Ýò ðïõ áðïìÝíïõí ó�çí ðåñéï÷Þ 3.f3(1) = r3(1) + f4(0) = 28 + 0 = 28; x∗3(1) = 1f3(2) = r3(2) + f4(0) = 41 + 0 = 41; x∗3(2) = 2f3(3) = r3(3) + f4(0) = 63 + 0 = 63; x∗3(3) = 3f3(4) = r3(4) + f4(0) = 75 + 0 = 75; x∗3(4) = 4



n = 2: 2 ≤ s2 ≤ 5.f2(2) = r2(1) + f3(1) = 21 + 28 = 49; x∗2(2) = 1f2(3) = max

{ r2(1) + f3(2)r2(2) + f3(1)
= max

{

21 + 41
42 + 28

= 70; x∗2(3) = 2f2(4) = max











r2(1) + f3(3)r2(2) + f3(2)r2(3) + f3(1)
= max











21 + 63
42 + 41
56 + 28

= 84; x∗2(4) = 1 Þ 3f2(5) = max



















r2(1) + f3(4)r2(2) + f3(3)r2(3) + f3(2)r2(4) + f3(1)

= max



















21 + 75
42 + 63
56 + 41
70 + 28

= 105; x∗2(5) = 2

n = 1: s1 = 6 f1(6) = max



















r1(1) + f2(5)r1(2) + f2(4)r1(3) + f2(3)r1(4) + f2(2)

= max



















35 + 105
48 + 84
70 + 70
89 + 49

= 140; x∗1(6) = 1 Þ 3Áðü �ç ëýóç �ùí åîéóþóåùí ìðïñïýìå íá áíáóõíèÝóïõìå �éò âÝë�éó�åòðïëé�éêÝò: s1 = 6; x1 = 1; s2 = 5; x2 = 2; s3 = 3; x3 = 3s1 = 6; x1 = 3; s2 = 3; x2 = 2; s3 = 1; x3 = 1�ñüâëçìá 11.2-4(a) ËÜèïò. Ïé åîéóþóåéò âåë�éó�ü�ç�áò äßíïõí Ýíá �ñüðï íá õðïëïãéó�åß ç âÝë�éó�ç ðïëé�éêÞ ó�ï âÞìá n÷ñçóéìïðïéþí�áò �ç âÝë�éó�ç ðïëé�éêÞ ó�ï âÞìá n+ 1.(b) ËÜèïò. Ç ëýóç �ùí åîéóþóåùí âåë�éó�ü�ç�áò äßíåé �ç âÝë�éó�ç áðüöáóç ãéá ïðïéáäÞðï�å êá�Üó�áóç óåêÜèå âÞìá. ÅðïìÝíùò áí óå êÜðïéá êá�Üó�áóç ëçöèåß ìéá ü÷é âÝë�éó�ç áðüöáóç, ðïõ èá ïäçãÞóåé óå Üëëçêá�Üó�áóç áð ü�é ç âÝë�éó�ç, ó�ï åðüìåíï âÞìá ç âÝë�éó�ç áðüöáóç Ý÷åé Þäç õðïëïãéóèåß êáé äåí ÷ñåéÜæå�áéåðáíÜëçøç �çò äéáäéêáóßáò åðßëõóçò.() ËÜèïò. Ç ìüíç ðëçñïöïñßá ðïõ ÷ñåéÜæå�áé óå êÜèå âÞìá åßíáé ç êá�Üó�áóç ðïõ âñßóêå�áé ç äéáäéêáóßá ó'áõ�ü �ï âÞìá.�ñüâëçìá 11.3-2Ç ëýóç ðñïêýð�åé åí�åëþò áíÜëïãá ì' áõ�Þí �ïõ ðñïâëÞìá�ïò 11.2-2. Ç �åëéêÞ áðÜí�çóç åßíáé :f1(7) = 23; x1 = 2; x2 = 1; x3 = 3; x4 = 1:�ñüâëçìá 11.3-3Ç ëýóç ðñïêýð�åé åí�åëþò áíÜëïãá ì' áõ�Þí �ïõ ðñïâëÞìá�ïò 11.2-2. Ç �åëéêÞ áðÜí�çóç åßíáé :f1(6) = 28;ìå äýï âÝë�éó�åò ëýóåéò: x1 = 1; x2 = 2; x3 = 3x1 = 3; x2 = 2; x3 = 1



�ñüâëçìá 11.3-4Ç ëýóç ðñïêýð�åé åí�åëþò áíÜëïãá ì' áõ�Þí �ïõ ðñïâëÞìá�ïò 11.2-2, ìå �ç äéáöïñÜ ü�é åäþ äåí õðÜñ÷åéç áðáß�çóç ãéá áíÜèåóç �ïõëÜ÷éó�ïí ìéáò ìïíÜäáò óå êÜèå âÞìá. ÅðïìÝíùò �ï óýíïëï åöéê�þí êá�áó�Üóåùíóå êÜèå âÞìá åßíáé {0, 1, . . . , 5} êáé ïé åðé�ñåð�Ýò áðïöÜóåéò ó�çí êá�Üó�áóç (n; s) åßíáé {0; 1; : : : ; s} (üìïéáìå �ï ðáñÜäåéãìá �ùí éá�ñéêþí ïìÜäùí). Ç �åëéêÞ áðÜí�çóç åßíáé:f1(5) = 23;ìå âÝë�éó�ç ëýóç x1 = 0; x2 = 1; x3 = 1; x4 = 3:�ñüâëçìá 11.3-5Ç ëýóç ðñïêýð�åé åí�åëþò áíÜëïãá ì' áõ�Þí �ïõ ðñïâëÞìá�ïò 11.2-2, ìå �ç äéáöïñÜ ü�é åäþ äåí õðÜñ÷åéç áðáß�çóç ãéá áíÜèåóç �ïõëÜ÷éó�ïí ìéáò ìïíÜäáò óå êÜèå âÞìá. ÅðïìÝíùò �ï óýíïëï åöéê�þí êá�áó�Üóåùíóå êÜèå âÞìá åßíáé {0, 1, . . . , 6} êáé ïé åðé�ñåð�Ýò áðïöÜóåéò ó�çí êá�Üó�áóç (n; s) åßíáé {0; 1; : : : ; s} (üìïéáìå �ï ðáñÜäåéãìá �ùí éá�ñéêþí ïìÜäùí). Ç �åëéêÞ áðÜí�çóç åßíáé:f1(6) = 33;ìå âÝë�éó�åò ëýóåéò x1 = 0; x2 = 1; x3 = 3; x4 = 2x1 = 3; x2 = 1; x3 = 0; x4 = 2x1 = 3; x2 = 1; x3 = 1; x4 = 1�ñüâëçìá 11.3-8�ñüêåé�áé ãéá ðñüâëçìá êá�áíïìÞò ðüñùí ìå êñé�Þñéï �ç ìåãéó�ïðïßçóç �ïõ ãéíïìÝíïõ �ùí Üìåóùí ðëç-ñùìþí. Ç êá�áíïìÞ ãßíå�áé óå 3 âÞìá�á ðïõ áí�éó�ïé÷ïýí ó�éò 3 öÜóåéò åéóáãùãÞò �ïõ ðñïúüí�ïò ó�çí áãïñÜ.Ç êá�Üó�áóç sn ó�ï âÞìá n åßíáé �ï ðïóü ðïõ åßíáé äéáèÝóéìï ãéá �çí êáìðÜíéá ó�ç öÜóç n êáé �éò åðüìåíåò.Ç áðüöáóç xn áí�éó�ïé÷åß ó�ï ðïóü ðïõ èá îïäåõ�åß ó�ç öÜóç n. Ó�ç öÜóç 1 ðñÝðåé íá äïèåß �ïõëÜ÷éó�ïíìßá ìïíÜäá, åíþ ãéá �éò åðüìåíåò öÜóåéò äåí õðÜñ÷åé ðåñéïñéóìüò åëÜ÷éó�ïõ ðïóïý. ÅðïìÝíùò 1 ≤ x1 ≤ 4,
0 ≤ s2 ≤ 3, 0 ≤ x2 ≤ s2, 0 ≤ s3 ≤ 3, êáé x3 = s3, áöïý ç öÜóç 3 åßíáé ç �åëåõ�áßá. Åðßóçò åßíáé åýêïëï íáäïýìå ü�é ç äõíáìéêÞ �çò äéáäéêáóßáò äßíå�áé áðü �çí åîßóùóç sn+1 = sn−xn. ÔÝëïò ç ðëçñùìÞ åíüò âÞìá�ïòrn(xn) äßíå�áé áðü �ïí ðßíáêá êáé áí�éó�ïé÷åß ãéá n = 1 ó�ï ìåñßäéï áãïñÜò (r1(x1) = m(x1)), ãéá n = 2 ó�ïðïóïó�ü �ïõ ìåñéäßïõ áãïñÜò ðïõ äéá�çñåß�áé ó�ç öÜóç 2 (r2(x2) = f2(x2)) êáé ãéá n = 3 ó�ï ðïóïó�ü �ïõìåñéäßïõ áãïñÜò ðïõ äéá�çñåß�áé ó�ç öÜóç 3 (r3(x3) = f3(x3)).Óõíïøßæïí�áò �á ðáñáðÜíù ìðïñïýìå íá ãñÜøïõìå �éò åîéóþóåéò âåë�éó�ü�ç�áòfn(sn) = maxxn{rn(xn)fn+1(sn − xn)}ìå f4(0) = 1.

n = 3: f3(0) = r3(0) · f4(0) = 0:3 · 1 = 0:3; x∗3(0) = 0f3(1) = r3(1) · f4(0) = 0:5 · 1 = 0:5; x∗3(1) = 1f3(2) = r3(2) · f4(0) = 0:6 · 1 = 0:6; x∗3(2) = 2f3(3) = r3(3) · f4(0) = 0:7 · 1 = 0:7; x∗3(3) = 3

n = 2: f2(0) = r2(0) · f3(0) = 0:2 · 0:3 = 0:06; x∗2(0) = 0



f2(1) = max

{ r2(0) · f3(1)r2(1) · f3(0)
= max

{

0:2 · 0:5
0:4 · 0:3 = 0:12; x∗2(1) = 1f2(2) = max











r2(0) · f3(2)r2(1) · f3(1)r2(2) · f3(0)
= max











0:2 · 0:6
0:4 · 0:5
0:5 · 0:3 = 0:20; x∗2(2) = 1f2(3) = max



















r2(0) · f3(3)r2(1) · f3(2)r2(2) · f3(1)r2(3) · f3(0)

= max



















0:2 · 0:7
0:4 · 0:6
0:5 · 0:5
0:6 · 0:3 = 0:25; x∗2(3) = 2

n = 1: f1(4) = max



















r1(1) · f2(3)r1(2) · f2(2)r1(3) · f2(1)r1(4) · f2(0)

= max



















20 · 0:25
30 · 0:20
40 · 0:12
50 · 0:06

= 6; x∗1(4) = 2ÅðïìÝíùò ç âÝë�éó�ç ðïëé�éêÞ åßíáé x1 = 2; x2 = 1; x3 = 1, äçëáäÞ ðñÝðåé íá äïèïýí 2, 1, êáé 1 åêá�ïììýñéáó�éò öÜóåéò 1, 2 êáé 3 áí�ßó�ïé÷á, êáé êÜ�ù áðü �ç âÝë�éó�ç ðïëé�éêÞ �ï �åëéêü ìåñßäéï áãïñÜò èá åßíáé ßóïìå 6%.�ñüâëçìá 11.3-10Ôï ìç÷Üíçìá áðï�åëåß�áé áðü 3 �ìÞìá�á óå óåéñÜ, äçëáäÞ ãéá íá ëåé�ïõñãÞóåé ðñÝðåé íá ëåé�ïõñãïýí êáé �á3 �ìÞìá�á. ÊÜèå �ìÞìá ìðïñåß íá áðï�åëåß�áé áðü 1 Ýùò 3 ìïíÜäåò. ¸ó�ù pi(xi) ç ðéèáíü�ç�á íá ëåé�ïõñãåß�ï �ìÞìá i áí áðï�åëåß�áé áðü xi ìïíÜäåò (ðßíáêáò 1), êáé i(xi) �ï êüó�ïò åãêá�Üó�áóçò xi ìïíÜäùí ó�ï�ìÞìá i (ðßíáêáò 2).Ôü�å ç ðéèáíü�ç�á ëåé�ïõñãßáò �ïõ üëïõ óõó�Þìá�ïò åßíáé ßóç ìå p1(x1)p2(x2)p3(x3), åíþ ï ðåñéïñéóìüò�ïõ äéáèÝóéìïõ ðïóïý �ùí 1000$ (äçëáäÞ 10 ìïíÜäùí) ãñÜöå�áé ó�ç ìïñöÞ 1(x1) + 2(x2) + 3(x3) ≤ 10.Áðü �ç óêïðéÜ �ïõ äõíáìéêïý ðñïãñáììá�éóìïý, ðñüêåé�áé ãéá ðñüâëçìá êá�áíïìÞò ðüñïõ (äçëáäÞ �ùí 10÷ñçìá�éêþí ìïíÜäùí) óå 3 äñáó�çñéü�ç�åò (�á 3 �ìÞìá�á �ïõ ìç÷áíÞìá�ïò). Ç äéáöïñÜ áðü �á ðáñáäåßãìá�áðïõ Ý÷ïõìå äåé ìÝ÷ñé �þñá åßíáé ü�é åäþ ç áðüöáóç óå êÜèå âÞìá äåí åßíáé áõ�Þ êáèáõ�Þ ç ðïóü�ç�á ðüñïõ ðïõèá äéá�åèåß, áëëÜ ï áñéèìüò ìïíÜäùí ðïõ èá ìðïõí ó�ï áí�ßó�ïé÷ï �ìÞìá �ïõ ìç÷áíÞìá�ïò. ÓõãêåêñéìÝíá,Ýó�ù ü�é ç êá�Üó�áóç sn ó�ï âÞìá n åßíáé ï áñéèìüò �ùí ÷ñçìá�éêþí ìïíÜäùí ðïõ ðáñáìÝíïõí äéáèÝóéìåò ãéá�á �ìÞìá�á n; n + 1; :::4. ¸ó�ù xn ï áñéèìüò ìïíÜäùí ðïõ èá åãêá�áó�áèïýí ó�ï �ìÞìá n. Ôü�å �ï ÜìåóïêÝñäïò åßíáé ßóï ìå pn(xn), êáé ç åðüìåíç êá�Üó�áóç åßíáé sn+1 = sn − n(xn).ÅðïìÝíùò ïé åîéóþóåéò âåë�éó�ü�ç�áò åßíáéfn(sn) = maxxn {pn(xn) · fn+1(sn − n(xn))}ÅðåéäÞ ïé äõíá�Ýò áðïöÜóåéò êáé êá�áó�Üóåéò óå êÜèå âÞìá åßíáé äýóêïëï íá ðñïóäéïñéóèïýí áíáëõ�éêÜ,åßíáé ðñï�éìü�åñï íá ó÷åäéÜóïõìå �ï áí�ßó�ïé÷ï äßê�õï êá�áó�Üóåùí{áðïöÜóåùí. Ôï äßê�õï äßíå�áé ó�ïÓ÷Þìá 1.Ïé åîéóþóåéò âåë�éó�ü�ç�áò ìðïñïýí åýêïëá íá ëõèïýí ðÜíù ó�ï äßê�õï. ¸÷ïõìå f5(s5) = 1 ãéá êÜèå s5.
n = 4: f4(2) = 0:5; x∗4(2) = 1f4(3) = 0:7; x∗4(3) = 2f4(4) = 0:9; x∗4(4) = 3f4(5) = 0:9; x∗4(5) = 3f4(6) = 0:9; x∗4(6) = 3



Figure 1: �ñüâëçìá 11.3-10
n = 3: f3(3) = 0:7 · 0:5 = 0:35; x∗3(3) = 1f3(4) = 0:7 · 0:7 = 0:49; x∗3(4) = 1f3(5) = max

{

0:7 · 0:9
0:8 · 0:5 = 0:63; x∗3(5) = 2f3(6) = = max











0:7 · 0:9
0:8 · 0:7
0:9 · 0:5 = 0:63; x∗3(6) = 1f3(7) = max











0:7 · 0:9
0:8 · 0:9
0:9 · 0:7 = 0:72; x∗3(7) = 2

n = 2: f2(7) = 0:6 · 0:35 = 0:21; x∗2(7) = 1f2(8) = = max











0:6 · 0:63
0:7 · 0:49
0:8 · 0:35

= 0:378; x∗2(8) = 1f2(9) = = max











0:6 · 0:72
0:7 · 0:63
0:8 · 0:49

= 0:441; x∗2(9) = 2

n = 1: f1(10) = max











0:5 · 0:441
0:6 · 0:378
0:8 · 0:21

= 0:2268; x∗1(10) = 2ÅðïìÝíùò ç âÝë�éó�ç �ïðïèÝ�çóç �ùí ìïíÜäùí åßíáé x1 = 2; x2 = 1; x3 = 1; x4 = 3, êáé ç ìÝãéó�çðéèáíü�ç�á íá ëåé�ïõñãÞóåé �ï ìç÷Üíçìá åßíáé ßóç ìå 22.68%.



�ñüâëçìá 11.3-12Ìðïñïýìå íá äïýìå �ï ðñüâëçìá ùò ðñüâëçìá êá�áíïìÞò ðüñùí ìå 3 âÞìá�á. Ï ðåñéïñéóìüòa1x1 + a2x2 + a3x3 = büðïõ a1 = 2; a2 = 4; a3 = 3; b = 11, åêöñÜæåé �éò ðïóü�ç�åò �ïõ ðüñïõ ðïõ äéá�ßèåí�áé óå êÜèå âÞìá, áíÜëïãáìå �çí áðüöáóç xn. ¸ó�ù sn ç ðïóü�ç�á ðüñïõ ðïõ åßíáé äéáèÝóéìç ãéá �ï âÞìá n êáé �á åðüìåíá âÞìá�á(êá�Üó�áóç) êáé xn ç áðüöáóç ó�ï âÞìá n. �ñïöáíþò ç áñ÷éêÞ êá�Üó�áóç åßíáé s1 = b = 11. Ôü�å �ï ÜìåóïêÝñäïò åßíáé rn(xn), üðïõ r1(x1) = 18x1 − x2
1; r2(x2) = 20x2; r3(x3) = 10x3. Åðßóçò áí ó�çí êá�Üó�áóç snðáñèåß ç áðüöáóç xn, �ü�å ç íÝá êá�Üó�áóç ó�ï âÞìá n+ 1 èá åßíáé ßóç sn+1 = sn − anxn.Ïé åîéóþóåéò âåë�éó�ü�ç�áò åßíáé:fn(sn) = maxxn {rn(xn) + fn+1(sn − anxn)};ìå f4(s4) = 0 ãéá êÜèå s4.Ìå âÜóç �á ðáñáðÜíù ìðïñïýìå íá ðáñáó�Þóïõìå �ï ðñüâëçìá ìå �ï äßê�õï �ïõ Ó÷Þìá�ïò 2:

Figure 2: �ñüâëçìá 11.3-12Ôï äßê�õï ðåñéëáìâÜíåé êáé �ç âÝë�éó�ç ëýóç. ÂëÝðïõìå ü�é f1(11) = 66 êáé ç âÝë�éó�ç ëýóç åßíáéx1 = 4; x2 = 0; x3 = 1.�ñüâëçìá 11.3-13Ôï ðñüâëçìá åßíáé áíÜëïãï ìå �ï 11.3-12, ìå äýï äéáöïñÝò: �ñþ�ïí �ï êñé�Þñéï åßíáé ðïëëáðëáóéáó�éêü,üðùò Ý÷ïõìå äåé êáé óå Üëëá ðáñáäåßãìá�á, êáé äåý�åñïí, ïé ìå�áâëç�Ýò áðüöáóçò ðñÝðåé íá åßíáé ìåãáëý�åñåòÞ ßóåò �ïõ 1, üðùò åðßóçò Ý÷ïõìå äåé óå Üëëá ðñïâëÞìá�á. Åäþ èá äïýìå Ýíá äéáöïñå�éêü �ñüðï áí�éìå�þðéóçò�ïõ êÜ�ù öñÜãìá�ïò (äåí õðÜñ÷åé éäéáß�åñïò ëüãïò ðïõ èá ÷ñçóéìïðïéÞóïõìå áõ�ü �ï \�Ý÷íáóìá", áðëÜ �ïêÜíïõìå ãéá íá äïýìå åíáëëáê�éêïýò �ñüðïõò ìïí�åëïðïßçóçò ðïõ åßíáé ÷ñÞóéìïé óå ðïëëÜ ðñïâëÞìá�á).ÊÜíïõìå Ýíá ìå�áó÷çìá�éóìü �ùí ìå�áâëç�þí þó�å íá áðáëëáãïýìå áðü �ïõò ðåñéïñéóìïýò êÜ�ù öñÜã-ìá�ïò. ÅéóÜãïõìå �éò ìå�áâëç�Ýò yi = xi−1; i = 1; 2; 3. ×ñçóéìïðïéþí�áò �éò íÝåò ìå�áâëç�Ýò ç áí�éêåéìåíéêÞ



óõíÜñ�çóç åßíáé ßóç ìå Z = (y1 + 1)(y2 + 1)2(y3 + 1)3åíþ ï ðåñéïñéóìüò ãßíå�áé
(y1 + 1) + 2(y2 + 1) + 3(y3 + 1) ≤ 10ðïõ áðëïðïéåß�áé óå y1 + 2y2 + 3y3 ≤ 4ÅðïìÝíùò �ï áñ÷éêü ðñüâëçìá ãñÜöå�áé éóïäýíáìá ùò åîÞò:maximize Z = (y1 + 1)(y2 + 1)2(y3 + 1)3subjet to y1 + 2y2 + 3y3 ≤ 4y1; y2; y3 ≥ 0Ó�çí �åëåõ�áßá �ïõ ìïñöÞ �ï ðñüâëçìá åßíáé åí�åëþò áí�ßó�ïé÷ï ìå �ï ðñüâëçìá 11.3.12 ðïõ ëýèçêå ðñïç-ãïõìÝíùò, ìå ìüíç äéáöïñÜ �ï ðïëëáðëáóéáó�éêü êñé�Þñéï. Ïñßæïí�áò êá�áó�Üóåéò êáé áðïöÜóåéò ìå üìïéï�ñüðï êáé èÝ�ïí�áò a1 = 1; a2 = 2; a3 = 3; b = 4, êáé óõíÜñ�çóç Üìåóïõ êÝñäïõòr1(y1) = y1 + 1; r2(y2) = (y2 + 1)2; r3(y3) = (y3 + 1)3;ðáßñíïõìå �éò åîéóþóåéò âåë�éó�ü�ç�áòfn(sn) = maxyn {rn(yn) · fn+1(sn − anyn)};ìå f4(s4) = 1 ãéá êÜèå s4.Ïé åîéóþóåéò áõ�Ýò áí�éó�ïé÷ïýí ó�ï äßê�õï �ïõ Ó÷Þìá�ïò 3.

Figure 3: �ñüâëçìá 11.3-13Ôï äßê�õï ðåñéëáìâÜíåé êáé �ç âÝë�éó�ç ëýóç. ÂëÝðïõìå ü�é f1(4) = 16 êáé ç âÝë�éó�ç ëýóç åßíáé y1 =
1; y2 = 0; y3 = 1. ÅðïìÝíùò ç âÝë�éó�ç ëýóç ó�ï áñ÷éêü ðñüâëçìá åßíáé x1 = 2; x2 = 1; x3 = 2.�ñüâëçìá 11.4-2Ç êá�Üó�áóç sn åßíáé �ï ðïóü ðïõ Ý÷åé óõãêåí�ñùèåß ó�çí áñ÷Þ �ïõ âÞìá�ïò n (ðñéí ðáñèåß ç áðüöáóçåðÝíäõóçò óå áõ�ü �ï âÞìá). ÅðåéäÞ êÜèå åðÝíäõóç ãßíå�áé ó�ï ðïóü �ùí 5000 êáé ç áðüäïóç åßíáé ðÜí�áðïëëáðëÜóéï �ïõ 5000, üëåò ïé äõíá�Ýò êá�áó�Üóåéò óå êÜèå âÞìá åßíáé ðïëëáðëÜóéá �ïõ 5000. ÈÝ�ïí�áò ùòìïíÜäá ìÝ�ñçóçò �á $1000, Ý÷ïõìå ü�é ïé äõíá�Ýò êá�áó�Üóåéò åßíáé 0,5,10,. . . .Áí ç êá�Üó�áóç sn = 0, ç ìüíç áðüöáóç ðïõ ìðïñåß íá ëçöèåß åßíáé íá ìç ãßíåé åðÝíäõóç êáé ç åðüìåíçêá�Üó�áóç èá åßíáé sn+1 = 0. Áí sn ≥ 5, õðÜñ÷ïõí 3 äõíá�Ýò áðïöÜóåéò ó�ï âÞìá n:



• xn = A: Íá åðåíäõèïýí 5000 ó�ï Á. Ó'áõ�Þ �çí ðåñßð�ùóç ç áðüäïóç ìðïñåß íá åßíáé åß�å 0 Þ 10000,äçëáäÞ �ï áñ÷éêü êåöÜëáéï Þ èá ìåéùèåß êá�Ü 5000 Þ èá áõîçèåß êá�Ü 5000. ÅðïìÝíùò ç íÝá êá�Üó�áóçèá åßíáé sn+1 = sn − 5 ìå ðéèáíü�ç�á 0.3 Þ sn+1 = sn + 5 ìå ðéèáíü�ç�á 0.7.
• xn = Â: Íá åðåíäõèïýí 5000 ó�ï Â. Ó'áõ�Þ �çí ðåñßð�ùóç ç áðüäïóç ìðïñåß íá åßíáé åß�å 5000 Þ 10000,äçëáäÞ �ï áñ÷éêü êåöÜëáéï Þ èá ìåßíåé �ï ßäéï Þ èá áõîçèåß êá�Ü 5000. ÅðïìÝíùò ç íÝá êá�Üó�áóç èáåßíáé sn+1 = sn ìå ðéèáíü�ç�á 0.9 Þ sn+1 = sn + 5 ìå ðéèáíü�ç�á 0.1.
• xn = Ï: Íá ìç ãßíåé êáìßá åðÝíäõóç óå áõ�ü �ï âÞìá. Ó'áõ�Þ �çí ðåñßð�ùóç ç íÝá êá�Üó�áóç èá åßíáésn+1 = sn ìå ðéèáíü�ç�á 1.Êáé ó�á äýï åñù�Þìá�á �ï êñé�Þñéï åßíáé íá ìåãéó�ïðïéçèåß Ýíá ìÝ�ñï �çò �åëéêÞò êá�Üó�áóçò (åß�å çáíáìåíüìåíç �éìÞ �ïõ �åëéêïý ðïóïý, Þ ç ðéèáíü�ç�á �ï �åëéêü ðïóü íá åßíáé �ïõëÜ÷éó�ïí 10000). ÅðïìÝíùòêáé ó�á äýï åñù�Þìá�á äåí õðÜñ÷åé Üìåóï êÝñäïò ó�á åíäéÜìåóá âÞìá�á.(a) ¼�áí �ï êñé�Þñéï åßíáé ç ìåãéó�ïðïßçóç �ïõ áíáìåíüìåíïõ �åëéêïý ðïóïý, ç åîßóùóç âåë�éó�ü�ç�áòåßíáé fn(sn) = max











0:3fn+1(sn − 5) + 0:7fn+1(sn + 5);
0:9fn+1(sn) + 0:1fn+1(sn + 5);fn+1(sn)

; ãéá sn > 0fn(0) = fn+1(0)êáé ó�ï �åëéêü âÞìá f4(s) = s.Ôï äßê�õï êá�áó�Üóåùí áðïöÜóåùí öáßíå�áé ó�ï Ó÷Þìá 4, ìáæß ìå �éò óõíáñ�Þóåéò âÝë�éó�çò �éìÞò fn(sn)óçìåéùìÝíåò ðÜíù ó�ïõò êüìâïõò. �éá �ïõò õðïëïãéóìïýò ðÜíù ó�ï äßê�õï åöáñìüæïõìå �ïõò åîÞò êáíüíåòðïõ ðñïêýð�ïõí áðü �éò åîéóþóåéò âåë�éó�ü�ç�áò: �éá íá âñïýìå �çí �éìÞ óå Ýíá êüìâï êá�Üó�áóçò ðáßñíïõìå�ï ìÝãéó�ï �ùí �éìþí ðïõ áí�éó�ïé÷ïýí ó�á âÝëç (áðïöÜóåéò) ðïõ öåýãïõí áðü áõ�Þ �çí êá�Üó�áóç. �éáíá âñïýìå �çí �éìÞ óå Ýíá êüìâï ðéèáíü�ç�áò ðáßñíïõìå �çí áíáìåíüìåíç �éìÞ ðïõ áí�éó�ïé÷åß ó áõ�üí �ïíêüìâï, äçëáäÞ �ï Üèñïéóìá �ùí ðéèáíï�Þ�ùí åðß �éò áí�ßó�ïé÷åò �éìÝò ãéá �á âÝëç ðïõ öåýãïõí áðü áõ�üí �ïíêüìâï.

Figure 4: �ñüâëçìá 11.4-2(a)Áðü �ï ó÷Þìá öáßíå�áé ü�é ç âÝë�éó�ç ðïëé�éêÞ åßíáé üóï õðÜñ÷ïõí ÷ñÞìá�á íá ãßíå�áé ðÜí�á åðÝíäõóçó�ï Á.(b) Ôï êñé�Þñéï åßíáé ç ìåãéó�ïðïßçóç �çò ðéèáíü�ç�áò �ï �åëéêü ðïóü íá åßíáé �ïõëÜ÷éó�ïí ßóï ìå 10000,äçëáäÞ �çò ðéèáíü�ç�áò ç �åëéêÞ êá�Üó�áóç íá åßíáé s4 = 10; 15 Þ 20. �éá íá ìïí�åëïðïéÞóïõìå áõ�ü �ï



êñé�Þñéï èÝ�ïõìå ùò óõíÜñ�çóç �åëéêïý êÝñäïõòf4(s4) =

{

1; áí s4 = 10; 15; 20
0; áí s4 = 0; 5Ç åðéëïãÞ áõ�Þ ìáò äßíåé �ï êñé�Þñéï ðïõ èÝëïõìå, åðåéäÞ ç áíáìåíüìåíç �éìÞ �ïõ �åëéêïý êÝñäïõò åßíáé ßóç ìåE(f4(s4)) = 1 · P (s4 ≥ 10) + 0 · P (s4 < 10) = P (s4 ≥ 10), üðïõ E äçëþíåé áíáìåíüìåíç �éìÞ êáé P äçëþíåéðéèáíü�ç�á.Ïé åîéóþóåéò âåë�éó�ü�ç�áò åßíáé ïé ßäéåò ìå áõ�Ýò �ïõ (a), êáèþò õðÜñ÷ïõí áêñéâþò ïé ßäéåò áðïöÜóåéò êáéäõíáìéêÞ, êáé åðßóçò äåí õðÜñ÷åé óõíÜñ�çóç Üìåóïõ êÝñäïõò.fn(sn) = max











0:3fn+1(sn − 5) + 0:7fn+1(sn + 5);
0:9fn+1(sn) + 0:1fn+1(sn + 5);fn+1(sn)

; ãéá sn > 0fn(0) = fn+1(0)Ôï äßê�õï êá�áó�Üóåùí áðïöÜóåùí öáßíå�áé ó�ï Ó÷Þìá 5, ìáæß ìå �éò óõíáñ�Þóåéò âÝë�éó�çò �éìÞò fn(sn)óçìåéùìÝíåò ðÜíù ó�ïõò êüìâïõò. Óçìåéþíå�áé ç äéáöïñÜ áðü �ï (a) ó�éò �éìÝò �ùí �åëéêþí êüìâùí, ðïõöõóéêÜ áëëÜæåé êáé �éò �éìÝò óå üëïõò �ïõò êüìâïõò.

Figure 5: �ñüâëçìá 11.4-2(b)Áðü �ï ó÷Þìá öáßíå�áé ü�é ç âÝë�éó�ç ðïëé�éêÞ åßíáé ó�ï âÞìá 1 íá ãßíåé åðÝíäõóç ó�ï Â. Áí ç áðüäïóçåßíáé 10 �ü�å ó�ï âÞìá 2 �ï ðïóü Ý÷åé Þäç ö�Üóåé ó�ï 10 êáé áðü åêåß êáé ìå�Ü óå êÜèå âÞìá ìðïñåß åß�å íáãßíå�áé åðÝíäõóç ó�ï Â åß�å êáèüëïõ êáé ç ðéèáíü�ç�á íá åðé�åõ÷èåß ï ó�ü÷ïò åßíáé 100%. Áí áí�ßèå�á ó�ïâÞìá 1 ç áðüäïóç åßíáé 5 êáé ç íÝá êá�Üó�áóç 5, �ü�å ó�ï âÞìá 2 åßíáé ðÜëé âÝë�éó�ç ç åðÝíäõóç ó�ï Â. Áíêáé �ü�å ç áðüäïóç åßíáé 5 ó�ï âÞìá 3 ç åðÝíäõóç ðñÝðåé íá ãßíåé ó�ï Á, äéáöïñå�éêÜ ðÜëé Ý÷åé åðé�åõ÷èåß ïó�ü÷ïò.


