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1. AfoÔ lim sup
n→∞

λ(An) = 1, gia k�je ε > 0 kai gia k�je m ∈ N mporoÔme na broÔme n > m ¸ste

λ(An) > 1− ε.
'Estw 0 < α < 1. Epagwgik�, brÐskoume k1 < k2 < · · · < kn < kn+1 < · · · ¸ste

λ(Akn
) > 1− 1− α

2n
.

Tìte, an jèsoume Ac
kn

:= [0, 1] \Akn , èqoume

λ
(∪∞n=1A

c
kn

) ≤
∞∑

n=1

λ(Ac
kn

) <

∞∑
n=1

1− α

2n
= 1− α.

Sunep¸c,
λ (∩∞n=1Akn) = 1− λ

(∪∞n=1A
c
kn

)
> α.

2. (a) Gia k�je m ∈ N èqoume ∪∞n=mAn ⊇ Am, �ra

λk (∪∞n=mAn) ≥ λk(An) ≥ c.

An jèsoume Em = ∪∞n=mAn, tìte Em ↘ lim sup An kai λk(E1) ≤ λk(E) < ∞. Sunep¸c,

λk(lim sup An) = lim
m→∞

λk(Em) ≥ c > 0.

(b) AfoÔ λk(lim sup An) > 0, èqoume lim sup An 6= ∅. Dhlad , up�rqei x ∈ E to opoÐo an kei
se �peira to pl joc An. IsodÔnama, up�rqei gnhsÐwc aÔxousa akoloujÐa {kn} fusik¸n me thn
idiìthta x ∈ ∩∞n=1Akn . Me �lla lìgia, ∩∞n=1Akn 6= ∅.

3. AfoÔ h f eÐnai Lebesgue oloklhr¸simh, èqoume
∫

Z

f dλ = 0 an Z ⊂ [a, b] me λ(Z) = 0.

Apì thn upìjesh èpetai ìti an a ≤ c < d ≤ b tìte
∫

[c,d]

f dλ =
∫

[a,d]

f dλ−
∫

[a,c]

f dλ = 0.

'Estw G ⊂ [a, b] anoiktì. Tìte, to G gr�fetai sth morf  G = ∪∞n=1[cn, dn] me ta [cn, dn] mh
epikaluptìmena. Sunep¸c (exhg ste giatÐ, jewr¸ntac tic f+ kai f−),

∫

G

f dλ =
∞∑

n=1

∫

[cn,dn]

f dλ = 0.

An H eÐnai èna Gδ uposÔnolo tou [a, b], tìte up�rqei fjÐnousa akoloujÐa {Gn} anoikt¸n uposu-
nìlwn tou [a, b] ¸ste H = ∩∞n=1Gn. 'Eqoume fχH = lim

n→∞
(fχGn) kai |fχGn | ≤ |f |. AfoÔ h |f |

eÐnai oloklhr¸simh, to je¸rhma kuriarqhmènhc sÔgklishc mac dÐnei

0 =
∫

Gn

f dλ =
∫

[a,b]

fχGn dλ →
∫

[a,b]

fχH dλ =
∫

H

f dλ.

Tèloc, an E eÐnai tuqìn metr simo uposÔnolo tou [a, b], mporoÔme na gr�youme to E sth morf 
E = H \ Z ìpou H eÐnai Gδ uposÔnolo tou [a, b] kai Z xèno proc to E, me λ(Z) = 0. Tìte,

∫

E

f dλ =
∫

H

f dλ−
∫

Z

f dλ = 0− 0 = 0.



AfoÔ
∫

E
f dλ = 0 gia k�je metr simo E ⊆ [a, b], sumperaÐnoume ìti f = 0 λ-sqedìn pantoÔ sto

[a, b] (arkeÐ na jewr soume ta E1 = {f > 0} kai E2 = {f < 0}).

4. OrÐzoume Em = E ∩ [m,m + 1), m ∈ Z. K�je Em eÐnai Lebesgue metr simo, ta Em eÐnai xèna
an� dÔo, kai h ènwsh touc eÐnai to E.

Jètoume Fm = Em −m = {x−m : x ∈ Em}. Parathr ste ìti Fm ⊆ [0, 1) gia k�je m ∈ Z.
Ja deÐxoume ìti up�rqoun m 6= n sto Z ¸ste Fm ∩ Fn 6= ∅. Pr�gmati, an ta Fm  tan xèna an�
dÔo, tìte ja eÐqame

1 = λ([0, 1)) ≥ λ (∪m∈ZFm) =
∑

m∈Z
λ(Fm).

'Omwc, λ(Fm) = λ(Em) gia k�je m, kai sunep¸c,
∑

m∈Z
λ(Fm) =

∑

m∈Z
λ(Em) = λ(E) > 1.

Sundu�zontac tic parap�nw anisìthtec katal goume se �topo: 1 > 1.
Up�rqoun loipìn m 6= n ¸ste (Em − m) ∩ (En − n) 6= ∅. Dhlad , up�rqoun x ∈ Em kai

y ∈ En ¸ste
x−m = y − n.

Me �lla lìgia, up�rqoun x, y sto E ¸ste x− y = m− n ∈ Z \ {0}.

5. JewroÔme thn f =
∑N

i=1 χEi . AfoÔ k�je x ∈ [0, 1] an kei se toul�qiston k apì ta E1, . . . , EN ,
èqoume

f(x) =
N∑

i=1

χEi(x) ≥ k

gia k�je x ∈ [0, 1]. Sunep¸c,

N∑

i=1

λ(Ei) =
N∑

i=1

∫

[0,1]

χEi(x) dλ(x) =
∫

[0,1]

f dλ ≥ k.

'Epetai ìti
max

1≤i≤N
λ(Ei) ≥ k

N
.

Dhlad , up�rqei i0 ∈ {1, . . . , N} me thn idiìthta λ(Ei0) ≥ k
N .

6. 'Estw α > 0. AfoÔ h f eÐnai gnhsÐwc jetik , an jèsoume Em = {f > 1/m} tìte Em ↗ E.
Sunep¸c,

lim
m→∞

λk(Em) = λk(E) < ∞.

Up�rqei loipìn m ∈ N ¸ste
λk(E)− λk(Em) <

α

2
.

'Estw A metr simo uposÔnolo tou E me λk(A) > α. Tìte,

λk(A ∩ Em) + λk(A ∩ (E \ Em)) = λk(A) > α,

�ra
λk(A ∩ Em) > α− λk(A ∩ (E \ Em)) ≥ α− λk(E \ Em) > α− α

2
=

α

2
.

'Epetai ìti ∫

A

f dλk ≥
∫

A∩Em

f dλk ≥ 1
m
· λk(A ∩ Em) ≥ α

2m
.

'Ara, to zhtoÔmeno isqÔei me δ = α/(2m).



7. H fn : [0, 1] → R me fn(x) = αn√
|x−qn|

eÐnai metr simh, kai

∫

[0,1]

|fn| = |αn|
(∫ qn

0

1√
qn − x

+
∫ 1

qn

1√
x− qn

)
= 2|αn|

(√
qn +

√
1− qn

)
≤ 4|αn|.

AfoÔ
∞∑

n=1

∫

[0,1]

|fn| ≤ 4
∞∑

n=1

|αn| < +∞,

h
∞∑

n=1

αn√
|x− qn|

sugklÐnei apolÔtwc sqedìn pantoÔ sto [0, 1].

8. Ta oloklhr¸mata upologÐzontai me stoiqei¸dh trìpo: jètontac y = 1 + n2x2, paÐrnoume

∫ 1

0

nx

1 + n2x2
dx =

1
2n

∫ 1+n2

1

dy

y
=

ln(1 + n2)
2n

→ 0.

Tèloc, ∫ 1

0

n3/2x

1 + n2x2
dx =

√
n

∫ 1

0

nx

1 + n2x2
dx =

ln(1 + n2)
2
√

n
→ 0.


