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1. Upojètoume ìti f−1((q, +∞]) ∈ A gia k�je q ∈ Q. 'Estw α ∈ R. Up�rqei gnhsÐwc fjÐnousa
akoloujÐa rht¸n qn → α. Gr�foume

{x ∈ X : f(x) > α} =
∞⋃

n=1

{x ∈ X : f(x) > qn}.

Pr�gmati, an f(x) > α tìte telik� èqoume f(x) > qn (kai antÐstrofa, an f(x) > qn gia k�poion
n ∈ N, tìte f(x) > α). AfoÔ {x ∈ X : f(x) > qn} ∈ A gia k�je n, èpetai ìti {x ∈ X : f(x) >
α} ∈ A. AfoÔ to α ∈ R  tan tuqìn, h f eÐnai A�metr simh. H antÐstrofh kateÔjunsh eÐnai
profan c: xèroume ìti an h f eÐnai A�metr simh tìte f−1((α, +∞]) ∈ A gia k�je α ∈ R.

2. 'Estw {qn : n ∈ N} mia arÐjmhsh tou Q. Gia k�je n ∈ N jètoume

En = {x ∈ X : f(x) = qn}.

AfoÔ h f eÐnaiA�metr simh, èqoume En ∈ A gia k�je n ∈ N. Jètoume E = ∪∞n=1En. Parathr ste
ìti g = 1− χE . AfoÔ E ∈ A, h g eÐnai A�metr simh.

3. Pr¸toc trìpoc. Elègxte ìti gia k�je α ∈ R to sÔnolo {x ∈ R : f(x) > α} eÐnai (anoikt   
kleist ) hmieujeÐa   to kenì sÔnolo   to R.
DeÔteroc trìpoc. AfoÔ h f eÐnai aÔxousa, to sÔnolo A twn shmeÐwn asunèqeiac thc f eÐnai
arijm simo.

Ja deÐxoume ìti k�je sun�rthsh f : R → R me arijm simo sÔnolo shmeÐwn asunèqeiac eÐnai
Borel metr simh. 'Estw C = R \A to sÔnolo twn shmeÐwn sunèqeiac thc f . 'Estw U èna anoiktì
uposÔnolo tou R. Gr�foume

f−1(U) =
(
f−1(U) ∩ C

) ∪ (
f−1(U) ∩A

)
.

To f−1(U)∩A eÐnai arijm simo, �ra an kei sthn B(R). To f−1(U)∩C eÐnai anoiktì sto C: èstw
x ∈ C ¸ste f(x) ∈ U . AfoÔ to U eÐnai anoiktì, up�rqei ε > 0 ¸ste (f(x)−ε, f(x)+ε) ⊂ U . AfoÔ
h f eÐnai suneq c sto x, up�rqei δ > 0 ¸ste an |y − x| < δ tìte f(y) ∈ (f(x)− ε, f(x) + ε) ⊂ U .
Dhlad , f−1(U) ∩ C ⊇ (x− δ, x + δ) ∩ C.

EÐdame ìti to f−1(U)∩C eÐnai anoiktì sto C, �ra up�rqei V anoiktì uposÔnolo tou R ¸ste
f−1(U)∩C = V ∩C. 'Omwc, V ∈ B(R) kai C = R\A ∈ B(R). 'Ara, f−1(U)∩C = V ∩C ∈ B(R).

Apì ta parap�nw èpetai ìti to f−1(U) eÐnai Borel wc ènwsh dÔo sunìlwn Borel. AfoÔ autì
isqÔei gia k�je anoiktì U ⊆ R, h f eÐnai Borel metr simh.

4. (a) 'Estw U ∈ B(R). AfoÔ h h eÐnai Borel metr simh, èqoume h−1(U) ∈ B(R). H g eÐnai
suneq c, �ra g−1(h−1(U)) ∈ B(R) ('Askhsh 3(g), Full�dio 2). EÐdame ìti (h ◦ g)−1(U) =
g−1(h−1(U)) ∈ B(R) gia k�je U ∈ B(R). 'Ara, h h ◦ g : R→ R eÐnai Borel metr simh.
(b) JewroÔme th sun�rthsh Cantor–Lebesgue f : [0, 1] → R kai orÐzoume m : [0, 1] → R me
m(x) = f(x)+x

2 . H m eÐnai gnhsÐwc aÔxousa kai epÐ tou [0, 1]. JewroÔme thn antÐstrofh sun�rthsh
thc m kai thn epekteÐnoume se suneq  sun�rthsh g : R → R jètontac g(x) = 0 an x < 0 kai
g(x) = 1 an x > 1. GnwrÐzoume ìti h eikìna m(C) tou sunìlou tou Cantor mèsw thc m èqei
jetikì mètro (Ðso me 1/2), �ra up�rqei mh�metr simo A ⊆ m(C) (to opoÐo den perièqei ta 0, 1).
An E = g(A), tìte to E perièqetai sto C, �ra eÐnai Lebesgue metr simo. 'Epetai ìti h sun�rthsh
h = χE : R→ R eÐnai Lebesgue metr simh.

JewroÔme thn h ◦ g = χE ◦ g. Parathr ste ìti h h ◦ g paÐrnei mìno tic timèc 0 kai 1, kai ìti
(h ◦ g)(x) = 1 an kai mìno an g(x) ∈ E, dhlad  an kai mìno an x ∈ A. 'Ara,

h ◦ g = χE ◦ g = χA.

AfoÔ to A eÐnai mh�metr simo, h h ◦ g den eÐnai Lebesgue metr simh.



5. (a) An t < s tìte {f > s} ⊆ {f > t}, �ra

ωf (s) = λ({f > s}) ≤ λ({f > t}).

Dhlad , h ωf eÐna fjÐnousa. 'Estw t ∈ R. ParathroÔme pr¸ta ìti an Et = {f > t} kai
Et,n = {f > t + 1

n}, tìte Et,n ↗ Et, �ra ωf (t + 1
n ) → ωf (t). 'Estw t¸ra ε > 0. Up�rqei n0 ∈ N

¸ste 0 ≤ ωf (t)−ωf (t+ 1
n0

) < ε. Tìte, gia k�je t < s < t+ 1
n0

èqoume ωf (t)−ωf (s) < ε. 'Epetai
ìti h ωf eÐnai suneq c apì dexi�.

Me ton Ðdio trìpo mporeÐte na deÐxete ìti lim
s→t−

ωf (s) = λ({f ≥ t}). 'Ara, h ωf eÐnai suneq c

sto t an kai mìno an λ({f ≥ t}) = λ({f > t}). Dhlad , an λ({f = t}) = 0.
(b) 'Estw t ∈ R. An orÐsoume Fk,t = {fk > t} kai Ft = {f > t}, tìte Fk,t ↗ Ft: pr�gmati, apì
thn fk ≤ fk+1 èqoume

fk(x) > t =⇒ fk+1(x) > t,

dhlad  Fk,t ⊆ Fk+1,t. EpÐshc, f(x) ≥ fk+1(x) gia k�je x ∈ E, �ra Ft ⊇ ∪∞k=1Fk,t. AntÐstrofa,
an f(x) > t tìte lim

k→∞
fk(x) > a, �ra up�rqei k ∈ N ¸ste fk(x) > t. Sunep¸c, Ft ⊆ ∪∞k=1Fk,t.

EÐdame ìti Fk,t ↗ Ft, �ra
λ(Fk,t) ↗ λ(Ft).

IsodÔnama, ωfk
(t) ↗ ωf (t).

6. (a) Jètoume En = {fn > α}. Tìte,

∞∑
n=1

λ(En) =
∞∑

n=1

λ({x : fn(x) > α}) < ∞,

�ra λ(lim supn En) = 0. Dhlad , up�rqei N ⊂ R me λ(N) = 0 ¸ste x /∈ lim supn En gia k�je
x /∈ N . 'Estw x /∈ N . Tìte, x /∈ ∩∞k=1 ∪∞n=k En, �ra up�rqei k = k(x) ∈ N ¸ste: gia k�je n ≥ k
isqÔei x /∈ En =⇒ fn(x) ≤ α. 'Omwc tìte, lim supn fn(x) ≤ α.
(b) 'Opwc prin, blèpoume ìti up�rqei N ⊂ R me λ(N) = 0 ¸ste gia k�je x /∈ N isqÔei to ex c:
up�rqei k = k(x) ∈ N ¸ste gia k�je n ≥ k isqÔei fn(x) ≤ εn. AfoÔ εn → 0, sumperaÐnoume ìti
fn(x) → 0.

7. StajeropoioÔme n ∈ N kai orÐzoume Fn,m := {|fn| > m}. ParathroÔme ìti Fn,m ↘ ∅. 'Ara,
up�rqei βn > 0 ¸ste λ({x : |fn(x)| > βn}) < 1/2n (p�rte βn = m gia m arket� meg�lo).

Jètoume αn = nβn. Tìte, an jèsoume

En =
{

x ∈ [0, 1] :
|fn(x)|

αn
>

1
n

}
= {x ∈ [0, 1] : |fn(x)| > βn},

èqoume
∞∑

n=1

λ

({
x ∈ [0, 1] :

|fn(x)|
αn

>
1
n

})
<

∞∑
n=1

1
2n

< ∞.

Apì thn prohgoÔmenh 'Askhsh (me εn = 1/n) èpetai ìti up�rqei N ⊂ R me λ(N) = 0 ¸ste
lim

n→∞
fn(x)

αn
= 0 gia k�je x /∈ N .

8. Gia k�je k ∈ N qwrÐzoume to [0, 1] se k Ðsa diast mata
[

j−1
k , j

k

)
, j = 1, . . . , k. OrÐzoume

fk : [0, 1]× [0, 1] → R me

fk(x, y) = f

(
j − 1

k
, y

)
an

j − 1
k

≤ x <
j

k

kai fk(1, y) = f(1, y). H fk eÐnai metr simh diìti eÐnai suneq c sqedìn pantoÔ: an j−1
k < x < j

k ,
y ∈ [0, 1] kai ε > 0, mporoÔme na broÔme δ > 0 ¸ste: (x− δ, x + δ) ⊂ [

j−1
k , j

k

)
kai

∣∣∣∣f
(

j − 1
k

, y

)
− f

(
j − 1

k
, y′

)∣∣∣∣ an |y − y′| < δ



apì th sunèqeia thc f
(

j−1
k , y

)
wc proc y. Tìte, an (x′, y′) ∈ (x− δ, x + δ)× (y− δ, y + δ) èqoume

|fk(x′, y′)− fk(x, y)| =
∣∣∣∣f

(
j − 1

k
, y′

)
− f

(
j − 1

k
, y

)∣∣∣∣ < ε.

Dhlad , h fk eÐnai suneq c sto [0, 1]× [0, 1] \ ∪k
j=0({ j

k} × [0, 1]).
ParathroÔme t¸ra ìti an y < 1, tìte fk(x, y) → f(x, y): afoÔ h f(x, y) eÐnai suneq c wc proc

x, gia to tuqìn ε > 0 up�rqei δ > 0 ¸ste: an |x′ − x| < δ tìte |f(x′, y)− f(x, y)| < ε. Up�rqei
k0 ¸ste 1

k < δ gia k�je k ≥ k0. Tìte, gia k�je k ≥ k0 èqoume

|fk(x, y)− f(x, y)| =
∣∣∣∣f

(
j − 1

k
, y

)
− f (x, y)

∣∣∣∣ < ε

diìti
∣∣ j−1

k − x
∣∣ ≤ 1

k < δ.
DeÐxame ìti h f eÐnai kat� shmeÐo ìrio miac akoloujÐac metr simwn sunart sewn, �ra h f eÐnai

metr simh.


