
511. JEWRIA METROU (2005�06)
ASKHSEIS � FULLADIO 1

(HmeromhnÐa Par�doshc: 14 OktwbrÐou 2005)

1. 'Estw f : [0, 1] → R. Upojètoume ìti gia k�je ε > 0 up�rqei gε : [0, 1] → R oloklhr¸simh
¸ste |f(x)− gε(x)| < ε gia k�je x ∈ [0, 1]. DeÐxte ìti h f eÐnai oloklhr¸simh sto [0, 1].

2. 'Estw f : [0, 1] → R fragmènh sun�rthsh me thn idiìthta: gia k�je 0 < b ≤ 1 h f eÐnai
oloklhr¸simh sto di�sthma [b, 1]. DeÐxte ìti h f eÐnai oloklhr¸simh sto [0, 1].

3. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh.
(a) DeÐxte ìti up�rqoun a1 < b1 sto [a, b] ¸ste b1 − a1 < 1 kai

sup{f(x) : a1 ≤ x ≤ b1} − inf{f(x) : a1 ≤ x ≤ b1} < 1.

(b) DeÐxte ìti up�rqoun a2 < b2 sto (a1, b1) ¸ste b2 − a2 < 1/2 kai

sup{f(x) : a2 ≤ x ≤ b2} − inf{f(x) : a2 ≤ x ≤ b2} <
1
2
.

(g) Epagwgik� orÐste kibwtismèna diast mata [an, bn] ⊆ (an−1, bn−1) me m koc mikrìtero apì
1/n, ¸ste

sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

.

(d) H tom  aut¸n twn kibwtismènwn diasthm�twn perièqei akrib¸c èna shmeÐo. DeÐxte ìti h f
eÐnai suneq c se autì.
(e) T¸ra deÐxte ìti h f èqei �peira shmeÐa sunèqeiac sto [a, b].

4. 'Estw f : [a, b] → R oloklhr¸simh (ìqi anagkastik� suneq c) sun�rthsh me f(x) > 0 gia
k�je x ∈ [a, b]. DeÐxte ìti ∫ b

a

f(x)dx > 0.

5. Exet�ste an eÐnai oloklhr¸simh h sun�rthsh f : [0, 1] → R me

f(x) =





0 , x /∈ Q   x = 0

1
q , x = p

q , p, q ∈ N, MKD(p, q) = 1.

6. 'Estw f : [0, 1] → R suneq c sun�rthsh. DeÐxte ìti

lim
n→∞

∫ 1

0

nxnf(x) dx = f(1).

7. 'Estw f : [0, 1] → R suneq c sun�rthsh. OrÐzoume mia akoloujÐa (an) jètontac

an =
∫ 1

0

f(xn)dx.

DeÐxte ìti an → f(0).

8. 'Estw f : [0, 1] → R suneq c sun�rthsh. DeÐxte ìti

lim
n→∞

∫ 1

0

nf(x)e−nx dx = f(0).


