
511. JEWRIA METROU (2005�06)
ASKHSEIS � FULLADIO 5

(HmeromhnÐa Par�doshc: 24 NoembrÐou 2005)

1. 'Estw A kai B dÔo Lebesgue metr sima uposÔnola tou R. DeÐxte ìti to A×B eÐnai Lebesgue
metr simo uposÔnolo tou R2 kai ìti

λ2(A×B) = λ1(A) · λ2(B).

Upìdeixh. Exet�ste pr¸ta thn perÐptwsh pou ta A kai B eÐnai fragmèna.

2. 'Estw A to uposÔnolo tou [0, 1] pou apoteleÐtai apì ìlouc touc arijmoÔc pou to dekadikì
touc an�ptugma den perièqei to yhfÐo 4. DeÐxte ìti to A eÐnai Lebesgue metr simo kai breÐte to
λ(A).

3. 'Estw E kai F dÔo sumpag  uposÔnola tou Rk me E ⊂ F kai λ(E) < λ(F ). DeÐxte ìti gia
k�je α ∈ (

λ(E), λ(F )
)
mporoÔme na broÔme sumpagèc sÔnolo K ¸ste E ⊂ K ⊂ F kai λ(K) = α.

4. 'Estw A ⊆ R me λ∗(A) > 0. DeÐxte ìti gia k�je 0 < α < 1 up�rqei anoiktì di�sthma J ¸ste

λ∗(A ∩ J) ≥ α · λ∗(J).

5. 'Estw E kai F dÔo Lebesgue metr sima uposÔnola tou Rk me λ(E) > 0 kai λ(F ) > 0. DeÐxte
ìti to sÔnolo

E + F = {x + y : x ∈ E, y ∈ F}
perièqei di�sthma.

6. 'Estw E Lebesgue metr simo uposÔnolo tou Rk kai èstw T : Rk → Rk grammik  apeikìnish.
DeÐxte ìti to T (E) eÐnai Lebesgue metr simo.
Upìdeixh. Parathr ste ìti an to F ⊆ Rk eÐnai sumpagèc tìte to T (F ) eÐnai sumpagèc, kai deÐxte
ìti an to E eÐnai Fσ�sÔnolo tìte to T (E) eÐnai Fσ�sÔnolo. Katìpin, qrhsimopoi¸ntac to gegonìc
ìti h T eÐnai Lipschitz suneq c, deÐxte ìti an λ(A) = 0 tìte λ(T (A)) = 0.

7. 'Estw E èna uposÔnolo tou Rk. OrÐzoume to eswterikì mètro Lebesgue tou E jètontac

λ(i)(E) = sup{λ(F ) : F ⊆ E, F kleistì}.

(a) DeÐxte ìti λ(i)(E) ≤ λ∗(E).
(b) Upojètoume ìti λ∗(E) < ∞. DeÐxte ìti to E eÐnai Lebesgue metr simo an kai mìno an
λ(i)(E) = λ∗(E).
(g) DeÐxte ìti an λ∗(E) = ∞ tìte h isodunamÐa sto (b) den eÐnai p�nta swst .

8. DeÐxte ìti up�rqei akoloujÐa {En}∞n=1 xènwn uposunìlwn tou R ¸ste

λ∗ (∪∞n=1En) <

∞∑
n=1

λ∗(En).


