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1. 'Estw {qn}∞n=1 mia arÐjmhsh tou Q ∩ [0, 1]. Gia k�je ε > 0 orÐzoume
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∞⋃

n=1

(
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2n
, qn +

ε

2n

)
.

Tèloc, jètoume A = ∩∞j=1A(1/j).
(a) DeÐxte ìti λ(A(ε)) ≤ 2ε.
(b) An ε < 1

2 deÐxte ìti to [0, 1] \A(ε) eÐnai mh kenì.
(g) DeÐxte ìti A ⊆ [0, 1] kai λ(A) = 0.
(d) DeÐxte ìti Q ∩ [0, 1] ⊆ A kai ìti to A eÐnai uperarijm simo.

2. 'Estw A ⊆ R me λ(A) = 0. DeÐxte ìti to sÔnolo B = {x2 : x ∈ A} eÐnai Lebesgue metr simo,
kai λ(B) = 0.

3. DeÐxte ìti to triadikì sÔnolo C tou Cantor eÐnai tèleio kai poujen� puknì (dhlad , eÐnai
kleistì, den èqei memonwmèna shmeÐa, den perièqei di�sthma).

4. 'Estw C = ∩∞n=0I
(n) to triadikì sÔnolo tou Cantor. DeÐxte ìti 1

4 ∈ C all�, gia k�je n ∈ N,
o 1

4 den eÐnai �kro kanenìc apì ta 2n kleist� diast mata pou sqhmatÐzoun to I(n).

5. (a) DeÐxte ìti gia k�je akoloujÐa cn sto {0, 1, 2} h seir�
∑∞

n=1
cn

3n sugklÐnei se k�poion
arijmì sto [0, 1].
(b) DeÐxte ìti gia k�je x ∈ [0, 1] up�rqei akoloujÐa cn sto {0, 1, 2} ¸ste x =

∑∞
n=1

cn

3n . Lème ìti
to 0.c1c2 · · · eÐnai èna triadikì an�ptugma tou x.
(g) DeÐxte ìti an x ∈ [0, 1] tìte o x èqei dÔo diaforetik� triadik� anaptÔgmata an kai mìno an
x = m

3n gia k�poiouc m,n ∈ N.
(d) DeÐxte ìti an x ∈ [0, 1] tìte x ∈ C an kai mìno an o x èqei toul�qiston èna triadikì an�ptugma
0.c1c2 · · · me cn ∈ {0, 2} gia k�je n ∈ N.

6. 'Estw 0 < δ < 1. Kataskeu�ste èna uposÔnolo tou [0, 1] me ton Ðdio trìpo ìpwc to sÔnolo
tou Cantor, me th diafor� ìti sto n�ostì b ma ta diast mata pou afairoÔntai èqoun m koc
δ
3n . DeÐxte ìti to sÔnolo Dδ pou prokÔptei eÐnai tèleio, den perièqei diast mata kai èqei mètro
λ(Dδ) = 1− δ.

7*. Kataskeu�ste èna Lebesgue metr simo sÔnolo E ⊆ [0, 1] me thn ex c idiìthta: gia k�je
di�sthma J ⊆ [0, 1],

λ(J ∩ E) > 0 kai λ(J \ E) > 0.


