
Kef�laio 8

Olokl rwma Lebesgue kai
olokl rwma Riemann

8.1 Olokl rwma Riemann

Orismìc 8.1.1. 'Estw Q = [a1, b1] × [ak, bk] èna kleistì di�sthma ston Rk.
Diamèrish tou Q ja lème k�je peperasmènh oikogèneia ∆ = {Q1, . . . , Ql}
kleist¸n mh epikaluptìmenwn diasthm�twn Q1, . . . , Ql me Q = Q1 ∪ · · · ∪Ql.

'Estw f : Q → R mia fragmènh sun�rthsh. An ∆ = {Q1, . . . , Ql} eÐnai mia
diamèrish tou Q, gia k�je j = 1, . . . , l orÐzoume

mj := mj(f, ∆) = inf{f(x) : x ∈ Qj}

kai
Mj = Mj(f, ∆) = sup{f(x) : x ∈ Qj}.

To �nw kai to k�tw �jroisma Darboux thc f wc proc thn ∆ eÐnai oi arijmoÐ

U(f, ∆) =
l∑

j=1

Mjvolk(Qj)

kai

L(f, ∆) =
l∑

j=1

mjvolk(Qj)

antÐstoiqa. An ∆1, ∆2 eÐnai dÔo diamerÐseic tou Q, tìte

L(f, ∆1) ≤ U(f, ∆2).

OrÐzoume

(Rk)
∫

Q

f = sup
{

L(f, ∆) : ∆ diamèrish tou Q

}

kai

(Rk)
∫

Q

f = inf
{

U(f, ∆) : ∆ diamèrish tou Q

}
.
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Tìte,

(Rk)
∫

Q

f ≤ (Rk)
∫

q

f.

H f lègetai Riemann oloklhr¸simh an

(Rk)
∫

Q

f = (Rk)
∫

Q

f.

H koin  aut  tim  lègetai olokl rwma Riemann thc f sto Q kai sumbolÐ-
zetai me

(Rk)
∫

Q

f.

L mma 8.1.2 (krit rio Riemann). 'Estw f : Q → R fragmènh sun�rthsh.
H f eÐnai Riemann oloklhr¸simh an kai mìno an gia k�je ε > 0 mporoÔme na
broÔme diamèrish ∆ tou Q ¸ste

U(f, ∆)− L(f, ∆) < ε.

Je¸rhma 8.1.3. K�je suneq c sun�rthsh f : Q → R eÐnai Riemann oloklh-
r¸simh.

Je¸rhma 8.1.4. 'Estw Q kleistì di�sthma ston Rk kai èstw f : Q → R mia
Riemann oloklhr¸simh sun�rthsh. Tìte, h f eÐnai Lebesgue oloklhr¸simh kai

∫

Q

f dλk = (Rk)
∫

Q

f.

Je¸rhma 8.1.5. 'Estw Q kleistì di�sthma ston Rk kai èstw f : Q → R
mia fragmènh sun�rthsh. Tìte, h f eÐnai Riemann oloklhr¸simh an kai mìno an
eÐnai sqedìn pantoÔ suneq c.

8.2 To je¸rhma tou Lusin

Je¸rhma 8.2.1 (prosèggish oloklhr¸simwn sunart sewn). 'E-
stw f : Rk → R mia Lebesgue oloklhr¸simh sun�rthsh. Gia k�je ε > 0
mporoÔme na broÔme suneq  sun�rthsh gε : Rk → R me sumpag  forèa, ¸ste

∫

Rk

|gε − f | dλk < ε.

Pìrisma 8.2.2. 'Estw f : Rk → R Lebesgue metr simh sun�rthsh. Up�rqei
akoloujÐa suneq¸n sunart sewn me sumpag  forèa, h opoÐa sugklÐnei sthn f
sqedìn pantoÔ.

Je¸rhma 8.2.3 (Lusin). 'Estw E èna Lebesgue metr simo uposÔnolo tou
Rk me λk(E) < ∞, kai èstw f : E → R Lebesgue metr simh sun�rthsh. Gia
k�je ε > 0 mporoÔme na broÔme kleistì Fε ⊆ E me λk(E \ Fε) < ε, ¸ste h f |Fε

na eÐnai suneq c.


